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Communication for Boolean Functions

Anat Ganor* Gillat Kolf Ran Raz

Abstract

We show an exponential gap between communication complexity and information
complexity for boolean functions, by giving an explicit example of a partial function
with information complexity < O(k), and distributional communication complexity
> 2% This shows that a communication protocol for a partial boolean function cannot
always be compressed to its internal information. By a result of Braverman [Bral2],
our gap is the largest possible. By a result of Braverman and Rao [BR11], our example
shows a gap between communication complexity and amortized communication
complexity, implying that a tight direct sum result for distributional communication
complexity of boolean functions cannot hold, answering a long standing open problem.

Our techniques build on [GKR14], that proved a similar result for relations with
very long outputs (double exponentially long in k). In addition to the stronger result,
the current work gives a simpler proof, benefiting from the short output length of
boolean functions.

Another (conceptual) contribution of our work is the relative discrepancy method,
a new rectangle-based method for proving communication complexity lower bounds
for boolean functions, powerful enough to separate information complexity and
communication complexity.

1 Introduction

The classical works of Shannon, Fano and Huffman show that if Alice wants to send a
message = to Bob, it’s sufficient for her to send [H(x)] bits, in expectation, where H denotes
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Shannon’s entropy function [Sha48, Fan49, Huf52]. In other words, the length of the message
x can be compressed to roughly H(x), the information content of the message. Can one prove
analogous results in the interactive setting, where Alice and Bob engage in an interactive
communication protocol? The standard way to formalize this question is as whether or
not there exist gaps between the information complexity and communication complexity of
communication tasks.

Communication complexity is a central model in complexity theory that has been
extensively studied in numerous works. In the two player distributional model, each player
gets an input, where the inputs are sampled from a joint distribution that is known to both
players. The players’ goal is to solve a communication task that depends on both inputs,
such as, computing a function of both inputs. The players can use both common and private
random strings and are allowed to err with some small probability. The players communicate
in rounds, where in each round one of the players sends a message to the other player. The
communication complexity of a protocol is the total number of bits communicated by the
two players. The communication complexity of a communication task is the minimal number
of bits that the players need to communicate in order to solve the task with high probability,
where the minimum is taken over all protocols. For excellent surveys on communication
complexity see [KN97, LS09].

The information complexity model, first introduced by [CSWY01, BY JKS04, BBCR10],
studies the amount of information that the players need to reveal about their inputs in
order to solve a communication task. The model was motivated by fundamental information
theoretical questions of compressing communication, as well as by fascinating relations to
communication complexity, and in particular to the direct sum problem in communication
complexity, a problem that has a rich history, and has been studied in many works and
various settings [KRWO95, FKNN95, CSWYO01, JRS03, Sha03, HIMR07, BBCR10, Klal0,
Jaill, JPY12, BRWY12, BRWY13] (and many other works). In this paper we will mainly be
interested in internal information complexity (a.k.a, information complexity and information
cost). Roughly speaking, the internal information complexity of a protocol is the number of
information bits that the players learn about each other’s input, when running the protocol.
The information complexity of a communication task is the minimal number of information
bits that the players learn about each other’s input when solving the task, where the
minimum is taken over all protocols.

Many recent works focused on the problem of compressing interactive communication
protocols. Given a communication protocol with small information complexity, can the
protocol be compressed so that the total number of bits communicated by the protocol is also
small? There are several beautiful known results, showing how to compress communication
protocols in several cases. Barak, Braverman, Chen and Rao showed how to compress any
protocol with information complexity k& and communication complexity ¢, to a protocol
with communication complexity O(v/ck) in the general case, and O(k) in the case where
the underlying distribution is a product distribution [BBCR10] (where O hides logarithmic
factors in both k and ¢). Braverman and Rao showed how to compress any one round
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(or small number of rounds) protocol with information complexity k& to a protocol with
communication complexity O(k) [BR11]. Braverman showed how to compress any protocol
with information complexity & to a protocol with communication complexity 2°®) [Bral2]
(see also [BW12, KLLT12]). This last protocol is the most related to our work, as it
gives a compression result that works in the general case and doesn’t depend at all on
the communication complexity of the original protocol.

Another line of works shows that many of the known general techniques for proving
lower bounds for randomized communication complexity also give similar lower bounds for
information complexity [Bral2, BW12 KLL"12], and hence cannot be used to separate
information complexity and communication complexity.

In [GKRI14] we showed an exponential gap between information complexity and
communication complexity for relations with very long outputs (double exponentially long
in k). The current work builds on the techniques of [GKRI14] and gives the first gap
between information complexity and communication complexity for boolean functions.
We give an explicit example for a partial' boolean function, called the bursting noise
function, parameterized by k € N and applied on inputs distributed according to an input
distribution p. We prove that the information complexity of the function is O(k), while
any communication protocol for computing this function, with communication complexity
at most 2%, has error very close to 1/2. By the above mentioned compression protocol of
Braverman [Bral2], our result gives the largest possible gap between information complexity
and communication complexity.

Theorem 1 (Communication Lower Bound). Every randomized protocol (with shared
randomness) for the bursting noise function with parameter k, that has communication
complezity at most 2%, errs with probability € > % —27% (over the input distribution ).

Theorem 2 (Information Upper Bound). There ezists a randomized protocol for the
bursting noise function with parameter k, that has information cost O(k) and errs with
probability e < 27% (over the input distribution u).

We note that the inputs to the bursting noise function are very long, namely,
triple exponential in k. The protocol that achieves information complexity O(k) has
communication complexity double exponential in k.

The Direct Sum Problem

As mentioned above, information complexity is also related to the direct sum problem in
communication complexity.

Let u be a distribution on {0,1}" x {0,1}", and let f : supp(u) — {0,1} be a boolean
function. Let D*(f) be the communication complexity of the best protocol that computes f

'We note that since information complexity and distributional communication complexity are always
defined with respect to an input distribution u, there is no difference in this context between a partial
boolean function and a total boolean function.



with probability at least 2/3, where the probability is over inputs distributed according to u
and over the random bits of the protocol. Let D*¥(f) be the communication complexity of
the best protocol that computes f on N independent pairs sampled according to u, getting
the answer correct with probability at least 2/3 in each coordinate (where the probability is

over the inputs and over the random bits of the protocol). The amortized communication
DN (f)
N

complexity needed to solve N tasks of the same type, divided by N.

complexity of f is defined to be limy_, , that is, the limit of the communication

Braverman and Rao showed that information complexity is equal to the amortized
communication complexity [BR11]. Our result therefore shows an exponential gap between
distributional communication complexity and amortized distributional communication
complexity for a boolean function, proving that tight direct sum results cannot hold.
This gives the first gap between distributional communication complexity and amortized
distributional communication complexity for boolean functions.

Techniques

Underlying our lower bound proof is the relative discrepancy method, a new rectangle-based
method for proving communication complexity lower bounds for boolean functions, powerful
enough to separate information complexity and communication complexity. We describe this
new method in Section 3.

Our techniques build on [GKR14]. We improve the lower bound technique so that it can
be applied for boolean functions, rather than for relations with extremely long outputs. In
addition to the stronger result, the current work gives a simpler proof, benefiting from the
short output length of boolean functions. Roughly speaking, since the output length of a
boolean function is 1, it is easy to ensure that in each rectangle induced by the communication
protocol, the answer is unique and does not depend on the inputs.

Organization

The paper is organized as follows. In Section 2 we define the bursting noise function.
Section 3 describes the relative discrepancy bound. In Section 4, we give an overview of the
lower bound proof. In Section 5 we give general definitions and preliminaries. In Section 6 we
prove the graph correlation lemma, a central tool that we will use in the lower bound proof.
In Section 7 we prove the communication complexity lower bound (Theorem 1). Section 8
gives a general tool that can be used to upper bound the information cost of a protocol,
using the notion of a divergence cost of a tree. In Section 9 we give a protocol for the
bursting noise function with low information cost, thus proving the upper bound required by
Theorem 2. Section 6 and Section 8 are similar to the corresponding sections in [GKR14],
and are included here for completeness.



2 The Bursting Noise Function

The bursting noise function can be viewed as a communication game between two parties,
called the first player and the second player. The game is specified by a parameter k € N,
where k > 219 We set ¢ = 24" and w = 2100,

The game is played on the binary tree 7 with ¢ - w layers (the root is in layer 1 and the
leaves are in layer ¢ - w), with edges directed from the root to the leaves. Denote the vertex
set of T by V. Each player gets as input a bit for every vertex in the tree. Let x be the input
given to the first player, and y be the input given to the second player, where z,y € {0,1}".
For a vertex v € V', we denote by x, and vy, the bits in x and y associated with v. The input
pair (z,y) is selected according to a joint distribution g on {0,1}Y x {0,1}V, defined below.

Denote by Even(7) C V the set of non-leaf vertices in an even layer of 7 and by
Odd(T) € V the set of non-leaf vertices in an odd layer of 7. We think of the vertices
in Odd(7) as “owned” by the first player and the vertices in Even(7) as “owned” by the
second player. Let v € V be a non-leaf vertex. Let vy be the left child of v and v; be the
right child of v. Let b € {0,1}. We say that vy is the correct child of v with respect to x,y,
if either the first player owns v and x, = b, or the second player owns v and y, = b.

We think of the c¢-w layers of the tree T as partitioned into ¢ multi-layers, each consisting
of w consecutive layers (e.g., the first multi-layer consists of layers 1 to w). We denote by i*
the first layer of the i® multi-layer, that is, i* = (i — 1)w + 1.

For s <t € N, denote by [s,t] the set {s,...,t} and by [t] the set {1,...,t}. Let i € [¢]
be a multi-layer. Denote s =i* andt =s+w—1= (i+1)" — 1. Let ¢’ € [( + 1)*, cw], and
let v € V be a vertex in layer ¢’ of 7. For j € [s,t+ 1], let v; be v’s ancestor in layer j. We
say that v is typical with respect to 7, z,y, if the followings hold:

1. For at least 0.8-fraction of the indices j € [s,t]NOdd(T), the vertex v;1 is the correct
child of v; with respect to z,y.

2. For at least 0.8-fraction of the indices j € [s,t|NEven(T), the vertex vj; is the correct
child of v; with respect to z,y.

Observe that in order to decide whether v is typical with respect to i, x, y, it suffices to know
the bits that x,y assign to the vertices v, ...,v;. When z,y are clear from the context, we
omit x,y and say that v is typical with respect to multi-layer <.

We next define the distribution p on {0,1}" x {0,1}V by an algorithm for sampling an
input pair (z,y) (Algorithm 1 below). In the algorithm, when we say “set v to be non-
noisy”, we mean “select x, € {0,1} uniformly at random and set y, = z,”. By “set v to
be noisy”, we mean “select z, € {0,1} and y, € {0,1} independently and uniformly at
random”. Figure 1 illustrates Algorithm 1.

The players’ mutual goal is to output the bit b defined by Step (5) of Algorithm 1. Note
that for any leaf v € V| where v is typical with respect to i, x,y (that is, v is typical with
respect to the noisy multi-layer; see Algorithm 1), we have that z, ® v, = b, by Step (4)



Algorithm 1 Sample (z,y) according to

1. Randomly select ¢ € [¢] (the noisy multi-layer).
2. Set every vertex in multi-layer i (layers [i*,i* + w — 1]) to be noisy.

3. If i < ¢ Let L be the set of all non-typical vertices in layer i* + w = (i + 1)* with
respect to i,x,y (note that x,y were already defined on layers [i*,i* + w — 1], and
therefore the typical vertices are defined). For every v € L, set all the vertices in the
subtree rooted at v to be noisy.

4. Set all unset vertices in V' to be non-noisy.

5. Randomly select a bit b € {0, 1}.
For every leaf v € V', add b to y,, that is, y, < y, ® b.

@ = verticesin L

A = noise
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Figure 1: Tllustration of Algorithm 1



of Algorithm 1. The bit b is a boolean function of (z,y) € supp(u), since for the leaf
v € V obtained by following the path of correct children starting from the root, it holds that
T, Dy, = b. We denote by

[ supp(u) — {0, 1}

the function that assigns to every input (z,y) € supp(u) the corresponding bit b.

For i € [c], we denote by pu; the distribution p conditioned on the event that the noisy
multi-layer selected by Step 1 of the algorithm defining u, is 7. Note that p; is uniformly
distributed over supp(u;) and that p = %Zie[c} L.

For i € [¢], we denote by p? the uniform distribution over supp(u;) N f~1(0). We denote
by i the uniform distribution over supp(p;) N f~'(1). Observe that p; = 3 (ud + ),
and for every set S C {0,1}V x {0,1}V, it holds that u?(S) = 2u;(S N f71(0)) and

pi (8) = 2u(S N f7H(1)).

Remark. Observe that c is set to be double exponential in k. If ¢ were set to be just
exponential in k, a simple binary search algorithm would have been able to find the location
of the noisy multi-layer, and then find a typical leaf with respect to this multi-layer, and thus
compute the bursting noise function with communication complexity polynomial in k.

The protocol with low information cost. Consider the following protocol 7’ for the
bursting noise function. Starting from the root until reaching a leaf, at every vertex v,
if the first player owns v, she sends the bit x, with probability 0.9, and the bit 1 — z,
with probability 0.1. Similarly, if the second player owns v, she sends the bit y, with
probability 0.9, and the bit 1 —y, with probability 0.1. Both players continue to the child of
v that is indicated by the communicated bit. When they reach a leaf v they output x, ® y,.
By the Chernoff bound, the probability that the players reach a leaf that is not typical with
respect to the noisy multi-layer is at most 279, Therefore, the error probability of 7’ is
exponentially small in k.

It can be shown that if the protocol 7’ does not reach a vertex in L (a non-typical
vertex with respect to the noisy multi-layer), then it reveals a small amount of information.
Intuitively, this follows since in this case, the expected number of vertices reached by the
protocol, on which the players’ inputs disagree, is O(k) (the disagreement is only on vertices
in the noisy multi-layer). However, with exponentially small probability in &, the protocol 7’
does reach a vertex in L. In this case, the information revealed by the protocol may be
double exponential in k (as ¢ = 24k), making the information cost of 7’ too large.

For this reason, we consider a variant of 7', called 7. Informally speaking, the protocol 7
operates like 77’ but aborts if too much information about the inputs is revealed. Specifically,
a player decides to abort if the bits that she receives differ from the corresponding bits in
her input too many times. In Section 9, we formally define 7 and show that its information
cost is O(k).



3 The Relative Discrepancy Bound

In this section we present the relative discrepancy bound, a general method for proving
communication complexity lower bounds. For our lower bound proof, we will only use
Definition 1 and Proposition 3.

Definition 1 (Relative Discrepancy). Let ¢ € (0,1/2) and § € (0,1). Let u be a
distribution over {0,1}" x {0,1}" and let f : supp(u) — {0,1} be a function. We say
that (f, 1) has the (e,6) relative discrepancy property if there ezists a distribution p over
{0,1}" x {0, 1}™ such that for every rectangle R = A x B C {0, 1}" x {0,1}" with p(R) > ¢,
the following two properties hold:

p (RN f7H0))
p(RN D)

Definition 2 (Adaptive Relative Discrepancy). Let e € (0,1/2) and 6 € (0,1). Let ju be
a distribution over {0,1}" x {0,1}" and let f : supp(u) — {0, 1} be a function. We say that
(f, 1) has the (e,9) adaptive relative discrepancy property if for every rectangle partition
R ={R'...,R™} of {0,1}" x {0,1}", there exists a distribution pgr over {0,1}" x {0,1}"
such that for every rectangle R' with pr(R") > 8, the following two properties hold:

p (B F0) 2 (- ¢) - pr(R),
p (B S0) 2 (5 0) - pe(R).

Observe that the (¢, d) relative discrepancy property implies the (€, ) adaptive relative
discrepancy property. Thus, the following propositions are stated for the adaptive case, but
apply for the non-adaptive case as well.

Our first proposition shows how the adaptive relative discrepancy property can be used
to obtain distributional communication complexity lower bounds.

Proposition 3. Let e € (0,1/2) and § € (0,1). Let u be a distribution over {0, 1} x {0, 1}"
and let f : supp(u) — {0, 1} be a function. Assume that (f, u) has the (¢,6) adaptive relative
discrepancy property. Then, every randomized protocol for f with communication complezity
at most s, errs with probability at least % —e—0-2° when the inputs are distributed according
to u (that is, the protocol has advantage at most € + ¢ - 2° ). Equivalently, if the protocol has

7).

Proof. We show that the claim holds for every deterministic protocol, and therefore it also

6/

advantage larger than €, then it has communication complexity at least log (

holds for randomized protocols. Let 7 be a deterministic communication protocol for f with
communication complexity at most s. Let m = 2° and let R = {R',..., R™} be the rectangle
partition induced by the protocol 7, such that each rectangle R! is associated with an output
w' € {0,1} (the output of the protocol 7 on this rectangle). Let p = pr be the distribution
corresponding to R promised by the (¢, ) adaptive relative discrepancy property.



Let € be the set of inputs (z,y) € supp(u) that the protocol 7 errs on. Our goal is to lower
bound u(€), that is, the probability that the protocol errs when the inputs are distributed
according to p. Let L = {t € [m] : p(R") > ¢}. Tt holds that >, ., p(R") > 1 —dém. By the
(€,0) adaptive relative discrepancy property,

&) =Y RN 1=w)) = RN w)

te[m] telL

>(3—€)-> pRY)=(3-€)-(1—6m)>F—e—0-2°,

teL

]

Given the (e, 9) adaptive relative discrepancy property, Proposition 3 can only be used to
bound the communication complexity of protocols with advantage greater than e. When e is
close to 1/2, the proposition cannot be used to prove lower bounds for protocol with error,
say, 1/3. The following corollary shows that in the randomized case, by first applying error
reduction, the property can be used to prove lower bounds for protocols with error 1/3, even
when € is close to 1/2.

Corollary 4. Let v € (0,1/2) and 6 € (0,1). Let f : D — {0,1} be a function, where
D C{0,1}" x {0, 1}". Assume that there exists a distribution p over D such that (f, ) has
the (% —,0) adaptive relative discrepancy property. Then, every randomized protocol for f
with error probability at most 1/3 (on every input) has communication complezity at least

log(1/28) \
Q ( Toa(1/7) ) L

Proof. Consider a protocol for f with error probability at most 1/3 and communication

complexity s. By repeating this protocol O (log(1/7)) times we obtain a protocol with error
at most /2 and communication complexity at most ' = O(s -log(1/7)). By Proposition 3,
v —6-2" < /2, thus s’ > log(v/25). Hence

< (35) - ()

Connection to the Discrepancy Method

We show that a special case of the relative discrepancy property implies an upper bound on
the (regular) discrepancy (defined below), and vice versa.

Definition 3 (Discrepancy). Let p be a distribution over {0,1}" x {0,1}" and let
f :supp(p) — {0, 1} be a function. The discrepancy of f according to u is

Disc,(f) = max Disc,, (R, f)



where the mazimum is taken over all rectangles R C {0,1}" x {0,1}" and
Disc, (R, f) = |u (RO f7H0)) —p (RN f7H(1))]

Let € € (0,1/2) and § € (0,1). If the (¢, 0) relative discrepancy property holds when the
distribution p is equal to p, then for every rectangle R C {0,1}" x {0, 1}" with u(R) > ¢ it
holds that

(3¢ uE) <p(RNfH0) < (5+¢€) n(R),
where we used the fact that (RN f~1(1)) = u(R) — p (RN f7(0)). Therefore,
Disc,.(R, f) = |21 (RN f71(0)) — p(R)| < 2¢ - u(R).

For a rectangle R C {0,1}" x {0,1}" with u(R) < § it holds that Disc,(R, f) < . Taking
the maximum over all rectangles, we get that

Disc,,(f) < max{0, 2¢}.

On the other direction, if we have an upper bound of ¢ > 0 on the discrepancy of f
according to p, then for every rectangle R C {0,1}" x {0,1}",

p(ROFTH0)) > 5 (u(R) =€),
and

p(RNFH1) > 4 (W(R) —€).
Let € € (0,1/2) and § € (0,1) such that e > €/2. Then, for every rectangle R C
{0,1}™ x {0,1}™ with p(R) >4,

p(r0 ) > Mg

and similarly,

W(ROFHD) > (5= e) - ul(B).
Taking p to be equal to u, we get that the (e, d) relative discrepancy property holds.

4 Overview of the Lower Bound Proof

In this section, we overview the proof of the lower bound for the communication complexity
of the bursting noise function. The lower bound is proved using the relative discrepancy
bound. Let f :supp(u) — {0, 1} be the bursting noise function, with parameter k, where p
is the distribution defined by Algorithm 1. Let m = 22, ¢ = 272 and § = ¢/m. We show
that (f, ) has the (e, d) relative discrepancy property. Theorem 1 follows by Proposition 3.
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The distribution p

For i € [c], let p; be the uniform distribution over all inputs (z,y) such that x; = y-;, where
r<; and y.; are the projections of x,y, respectively, on the vertices in the first ¢ — 1 multi-
layers. We define the distribution p as £ 37,y pi- Let R C {0,1}" x {0,1}" be a rectangle
such that p(R) > §. We will show the first part of the relative discrepancy property:

p(RNF7H0) = (3 —¢€) - p(R).

The second part of the relative discrepancy property (for f~1(1)) is proved in the same way.

Good Rectangles

For i € [¢] and an assignment z to the vertices in the first ¢ — 1 multi-layers, we denote by
R? = A* x B*| the rectangle of all pairs of inputs (z,y) € R, such that the projections of both
x,1y on the vertices in the first ¢ — 1 multi-layers are equal to z. Let X* be a random variable
uniformly distributed over A%, and let Y* be a random variable uniformly distributed over
B*. We denote by X7,Y? the projections of X?*, Y* respectively, on the vertices in multi-
layer i. We denote by I(Z) := log(|2]) — H(Z) the information known about a random
variable Z, where € is the space that Z is defined over. We say that the pair (7, z) is good
if the following two properties hold:

1. I(X*#),I(Y?) < 2log(m).
2. 1(X7),1(Y7) < ™.

Let G be the set of all good pairs (i, 2).

How the Proof Works

The main intuition of the proof is that since c is significantly larger than 2¥, the protocol
cannot make progress on all multi-layers i € [¢] simultaneously. We start by showing that
with high probability, when the inputs are distributed uniformly and independently after the
noisy multi-layer, very little information is known on the noisy multi-layer. Then, we show
that even when we consider only inputs from supp(u), that agree on all non-noisy vertices
after the noisy multi-layer, still very little information is known on the noisy multi-layer.
Formally, recall that 4 is the uniform distribution over supp(u;) N f~1(0), and therefore,

1
p(ROFH0) = o (i;g 17 (R?).

Together with Equations (1) and (2) that appear below, the proof is completed.
First, we show that

21 (1=27%) > pi(R*) > (5 —¢€) - p(R). (1)

C
(3,2)€G
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That is, the probability p(R) is concentrated mainly on the rectangles R* with good (i, 2)
pairs. To prove Equation (1) we show that with high probability, where every pair (i, z)
is sampled with the probability 2 iﬁ;))
Therefore, the sum

, very little information is known about X7 and Y.

Z pi(R?)
(i,2)€G € p(R)

is close to 1.
Next, we show that for every pair (i, 2) € G,

W) = (1-27%) pu( ). 2)

Here lies the main difficulty in proving the lower bound. Using the definitions of u and p;,
we show that Equation (2) is equivalent to

Pr[(X*,Y?) € supp(1)] > (1 —27") p;(supp(u)). (3)

That is, the probability for a random pair of inputs (z,y) € R* to be in supp(u?) is not
much smaller than the probability for a uniformly distributed pair of inputs, that have the
same projection on the vertices in the first i — 1 multi-layers, to be in supp(pY). In what
follows, we outline the proof of Equation (3).

Applying the Graph Correlation Lemma

Fix a good (7, z) pair and assume that the noisy multi-layer is i. Let E be the set of all pairs
of possible assignments to the vertices in multi-layer . Observe that an input pair z;,y; of
assignments to the vertices in multi-layer ¢ determine for every vertex after multi-layer ¢ if it
is noisy or not. A pair (x,y) € R* is in supp(p?) if and only if x,y agree on all the vertices
after multi-layer ¢ that are set to be non-noisy for inputs z;, y;. Therefore, the left hand side
of Equation (3) is equal to

Z Pr (X7 =u]-Pr[Y? = w]
(u,w)eEE

-Pr[XZ, and YZ, agree on all non-noisy vertices | X7 = u, Y = w],

where X2, and YZ; are the projections of X?# Y*, respectively, on the vertices after multi-
layer i.
Our graph correlation lemma (Lemma 9), that may be interesting in its own right, gives

a general way to bound such expressions by

>(1-2%)p Y Pr[X;=u] PrlYy =], (4)

(u,w)eE\D

where D C FE is a small set, compared to the size of E, and p; is the probability for a
uniformly distributed pair of inputs (z,y), that have the same projection on the vertices in
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the first ¢ — 1 multi-layers, to agree on all the vertices after multi-layer ¢ that are set to be
non-noisy for inputs z;,y;. It holds that p; = p;(supp(?)). Thus, using Lemma 9, we are
able to bound the left hand side of Equation (3), which is an expression that depends on the
variables X* Y? by the expression in Equation (4) that depends only on the projections of
these variables to the vertices in multi-layer .

We still need to bound from below the expression

Z Pr (X7 =u] - Pr[Y? =w].

(u,w)EE\D

This sum would be equal to 1 if it was over all pairs of assignments in E, including the pairs
in the set D. Since I(X7),I(Y;?) are small, the distributions of X7 and Y;* are extremely

K3 1
close to uniform, and hence,

Z Pr(X;7 =u]-Pr|Y? =w~ —
(u,w)eD

which is negligible.

5 Definitions and Preliminaries

5.1 General Notation

Throughout the paper, all logarithms are taken with base 2, and we define 0log(0) = 0. For
a set S, when we write “z €g S” we mean that x is selected uniformly at random from the
set S. For a distribution 7, when we write “x <— 7”7 we mean that z is selected according
to the distribution 7. For Z that is either a random variable taking values in {0,1}" or an
element in {0,1}", and a set T C V, we define Z7 to be the projection of Z to T.

5.2 Information Cost

Definition 4 (Information Cost). The information cost of a protocol © over random
inputs (X,Y) that are drawn according to a joint distribution p, is defined as

IC,(m) = I(IL X|Y) + (I Y| X),

where 11 is a random variable which is the transcript of the protocol ™ with respect to p. That
is, 11 is the concatenation of all the messages exchanged during the execution of w. The €
information cost of a computational task f with respect to a distribution p s defined as

IC,(f,€) = inf IC (),

where the infimum ranges over all protocols w that solve f with error at most € on inputs
that are sampled according to .

13



5.3 Relative Entropy

Definition 5 (Relative Entropy). Let py, s : Q@ — [0,1] be two distributions, where Q
is discrete (but not necessarily finite). The relative entropy between py and o, denoted

D(p1||p2), is defined as
D (uillz) = 3 g (@) log ().

€N

Proposition 5. Let uy, pg : Q2 — [0, 1] be two distributions. Then,

D(su[p2) = 0.

The following relation is called Pinsker’s inequality, and it relates the relative entropy to
the ¢ distance.

Proposition 6 (Pinsker’s Inequality). Let py, o : Q — [0, 1] be two distributions. Then,

21n(2) - D(pa||p2) > || — pol|?,

where

s = ] =) | z)| = QmaX{Ml( ) — pa2(E)}

e

5.4 Information

Definition 6 (Information). Let u: Q2 — [0,1] be a distribution and let U be the uniform
distribution over ). The information of u, denoted I(p), is defined by

W) =D )= Y u(m)log(“(f)>: S ) log (1Q0u(x))
(1)

19 x€supp(p)

rESupp
Equivalently,
I(p) = log([€2]) — H(p),

where H(p) denotes the Shannon entropy of p.
For a random variable X taking values in Q, with distribution Px : Q — [0, 1], we define
I(X) =1(Px).

5.5 Shearer-Like Inequality for Information

The following version of Shearer’s inequality [CGFS86, Kah01] is due to [Rad03].

Lemma 7 (Shearer’s Inequality). Let Xi,..., Xy be M random wvariables. Let X =
(X1,..., Xn). Let T = {T;}ier be a collection of subsets of [M], such that each element
of [M] appears in at least K members of T. For A C [M], let X4 ={X;: j € A}. Then,

> H[X7p] > K - H[X].

el

14



We state and prove here the following “Shearer-like” inequality for information. A variant
of this lemma was proved in [MT10].

Lemma 8 (Shearer-Like Inequality for Information). Let Xi,..., Xy be M random
variables, taking values in Qq, ..., Qp, respectively. Let X = (Xy,...,Xy) be a random
variable, taking values in Qq X -+ x Qur. Let T = {T;}ier be a collection of subsets of [M],
such that each element of [M] appears in at most % fraction of the members of T'. For
AC [M], let Xa={X,: je A}. Then,

K- E [[(X)] <I(X).

iERI
Proof. Fix © € I. By the definition of information,
I(X7,) =Y log(|y]) — H[Xz].
JET;

For every j € [M], define H[X;|X.;] = H[X;|(X, : ¢ < j)]. By the chain rule for the

entropy function,
I(X) = Y (log(I%]) — HIX; XL, ).
JEM]

I(Xr,) = > (log(I%]) — HIX;|(X, : L€ Tt <))

JET;
For every j € T; it holds that H[X;|(X, : ¢ € T;,¢ < j)] > H[X;|X.;]. Therefore,
I(X1) < Y (log(1%]) — HIX;[XL,]).
JET;
Summing over all ¢ € I we get that
>o1(x5) < 303 (los(1) — HIX, X)), (5)
i€l i€l jeT;

For every j € [M], the term log(|©2;|) — H[X;|X.;] appears on the right-hand side of

Equation (5) at most ! times. Therefore,

K
1]
Soaxn) < 2 Y (log(I9]) — HIXGIXS,])
el JEIM]
7|
= — - I(X).
1)
Dividing by % we get that the claim holds. O]
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6 The Graph Correlation Lemma

Lemma 9 (Graph Correlation Lemma). ? Let G = (U U W, E) be a bipartite (multi)-
graph with sets of vertices U, W and (multi)-set of edges E, such that, G is bi-reqular and
\U|=|W|. Let M > T >k € N be such that, T < 272%M  and k > 4. For every (u,w) € E,
let T'(u,w) C [M] be a set of size T', such that, for every u € U, each element of [M] appears
in at most 272 fraction of the sets in {T(u,w)}wwyer, and for every w € W, each element
of [M] appears in at most 27*% fraction of the sets in {T(u, w)}w)cr-

Let ¥ be a finite set. For every uw € U, let X* € Y™ be a random wvariable, such
that, I(X%) < 2% and for every w € W, let Y € M be a random wvariable, such that,
I(Y®) < 2% and such that, for every uw € U and w € W, the random variables X* and Y*
are mutually independent.

For (u,w) € E, denote

PrX“7Yw [X%(u,w) = Yﬁu,w)]

:U’(uv w) = ’Z|_T
Let
D={(u,w) € FE : plu,w) <1274},
Then,
Dl _ -
— <277
|E

Proof. We will start by proving the following claim.

Claim 10. If (u,w) € D then at least one of the following two inequalities holds,
I( %(u,w)) Z 2_8k_4’
I (Yf{um) =275

Proof. Assume (u,w) € D. Thus,

94k > ulu,w) — 1= |2|T (Xf{,w[X%(u,w) - ﬁu,w)] - ‘El_T) -

|E|T ) )];{)E[X%(u,w) =] )];)E[Yﬁ“aw) =z | - |2’7T -
ZezT(u,w)
ST > (X = 2 = 1217 - (Y = 2 = [277) (®)
ZGET(u’w)

2Many variants of this lemma can be proven. In particular, a similar argument can be used to prove a
similar statement with sets T'(u, w) that are not of the same size. We state the lemma here for sets T'(u, w)
of the same size T, for convenience of notation.
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In the last sum, we can omit the positive summands (and the inequality still holds). As
for the negative summands, we split them into summands where (Pr[X7., ) = 2] — 12T

is negative and (Pr[Y7, ) = 2] — |X|~T) is positive, and summands where it’s the other way

around. In the first case, we bound the first term by
U — - T\ > _ =T
(Pr{X = 2 = 12177 = —I5I 77,
and for the second term, we use

(55 Yiww) = 2] = !2|*T) _

Pr{Yiuu = 21 = 1577

Y?JJ

Similarly, in the second case, we bound the terms the other way around. Note also that
we can add to the sum arbitrary negative summands (and the inequality still holds). Thus,
Equation (6) implies

2% > B Y () | Pel i = 2 - 2T+
zeX T (u,w)

B3 |PrlX = 2= 127 (<121 =

zeXT (u,w)

w _ o =T
DI IEE R Ty
zenT(uw,w

) LexT (uw)

u _ o -T
)I:;E[XT(u,w) — Z] ‘E‘ ‘ )

that is,

> P == BT Y

zenT(u,w) zenT(u,w)

)I?E[X%(u,w) = Z] - |E|_T‘ > 27,

Hence, for every (u,w) € D, at least one of the following two inequalities holds,

2.

2T (u,w)

u — ] 3-T| > 9—4k-1
PrXf( = 2] = [ZI77| 2 274,

w - o -T —4k—1
> [Prl i = - 21T 2 2
zexT (u,w)

The claim follows by Pinsker’s inequality. O]

We will now proceed with the proof of Lemma 9. By Claim 10, we know that one of the
following two statements must hold:

1. For at least half of the edges (u,w) € D, we have I <X§£(u7w)> > 9-8k—4

2. For at least half of the edges (u,w) € D, we have 1 (YT“’ > > 278k,

(u,w)

Without loss of generality, assume that the first statement holds.

17



Assume for a contradiction that

=S 2—4k

Thus, by an averaging argument, there exists u € U, such that, for at least 27*k~1
fraction of the edges (u,w) € FE, we have I (X;ﬁ(u w)) > 9284 Fix 4 € U that has
this property. Denote by E(u) the (multi)-set of edges in E that contain wu, that is,
E(u) = {(u,w) : (u,w) € E}. Thus,
E I(XY > 274k71 . 278k74 — 2712k75.
(u,w)ERE(u)[ ( T(u,w))} -

Since each element of [M] appears in at most 272 fraction of the sets in

{T(u, w) }(w,w)cEw), We have by Lemma 8,

I(Xu) Z 2—12k,’—5 . 220k’ — 28k’—5’

in contradiction to the assumption of the lemma. O

7 Communication Lower Bound

In this section we prove Theorem 1. That is, we show that any randomized communication
protocol for the bursting noise function with parameter k, that has communication
complexity at most 2¥, has error at least € > % —27% (when the inputs are selected according
to the distribution p). The lower bound is proved using the relative discrepancy bound
(Proposition 3).

7.1 Notation

Fix a rectangle R = A x B, for A, B C {0,1}V. Let m = 22", Let X be a random variable
taking values in {0,1}", that is uniformly distributed over A. Let ¥ be a random variable
taking values in {0, 1}V, that is uniformly distributed over B.

Let i € [c] be a multi-layer. Define V; C V to be the set of vertices in multi-layers 1
toi—1. Define V; C V to be the set of vertices in multi-layer ¢. Define V5; C V to be the set
of vertices in multi-layers ¢ to c. Define V5; C V to be the set of vertices in multi-layers i 4 1
to c. For Z that is either a random variable taking values in {0,1}" or an element in {0,1}",
we define Z.;, Z;, Z>;, Z~; to be the projections of Z to V;, V;, V5;, V5, (respectively).

Let i € [c] and z € {0,1}Y<i. Define ¥* to be the set of all elements ¢ € {0,1}"
with ¥o; = z. Tt holds that |[¥*| = [{0,1}"2¢|. Define A* = AN ¥* and B* = BN V=
Define R* = A* x B*. Let X* be a random variable taking values in W*, that is uniformly

distributed over A*. Let Y* be a random variable taking values in W#, that is uniformly
distributed over BZ.

18



7.2 The Distribution p

For i € [¢], define p; to be the uniform distribution over the set

U U x U2,

2€{0,1}V<i

That is, p; is the uniform distribution over all inputs (z,y) such that z.; = y.;. Define the
distribution p over {0,1}" x {0, 1}V as ¢ 3=, pi-

Fori € [c] and z € {0, 1}V<?, define p; , to be the uniform distribution over the set W= x U=,
That is, p;. is the uniform distribution over all inputs (z,y) such that z.; = y;, = z. In
particular,

RZ
p(R) = pin () — T

[0 x 0] ")

Recall that we fixed a rectangle R. Define p to be the distribution over the set of pairs (i, z),
where i € [c] and z € {0,1}V<', by

ooy piRE) pi(R)
P2 = 0®) T e 0, v

(8)

p(R)

7.3 Bounding the Information on the Noisy Multi-Layer

The following lemma shows that, in expectation over (i,z) sampled according to p, the
distribution of the projections of inputs in R* to multi-layer ¢ is close to uniform.

Lemma 11. [t holds that

1
E [I(X7)]< ,
(i,z)ef)[ (X0 = c-p(R)
and similarly,
1
E [I(Y?)]<
(zz)<—ﬁ[ ( ! )] T c p(R)
Proof. First observe that by Equation (8),
p(R) E (X)) = E E  [pi.(R)-T(X7)].
(i,2)¢p i€rld zegr{0,1}V<i

Therefore, it suffices to upper-bound the right hand side by 1/c.
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Fix i € [c]. It holds that

E  [pi:(R)-1(X7)]

ZER{O,I}V<i

a Z [{0,1}V=i| |{0, 1}\/21-‘2 I(X7)

ze{0,1}V<i
1 |A%] - | B?]
S - G 1z
% Z V> t
[CHNP TN
1 | A% - [{0, 1} ">
<L % (X7
= % V=, i
{0, 1}V etV {0, 1}V=7]
1
=017 A (Vi - H (X))
’ 2€{0,1}V<i
1 z z
= {011 Al Vi = YA H(X)
’ 2€{0,1}V<i
Al | A%
=y - CH (X
o (M- 2 HED
e{0,1}V<i

We have that

> Bluan- ¥ Blacix o

\ | | V_: |A|
2€{0,1}V<i ze{0,1}"<i
= E [H(X|X.=2)]=H(XX,).
Z(—X<l'
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By the chain rule for the entropy function,
E E  [pi.(R) - T(X7)]

i€rld zegr{0,1}V<i
oA
|{0 1}V] icr

~ o | S - EHX)

€[] i€][c]

E Vil = H(XG[ X))

__ 14 -

— o (V1= o (14D)

A (e
‘c-|{o,1}V|lg( A )

1
<_7
&

where the last inequality holds as —zlog(z) < 1 for z € [0, 1]. O]

7.4 Good Rectangles

For i € [c] and z € {0,1}Y</, we say that (i, z) is good if the following two properties hold:
1. I(X?),I(Y?) <2log(m).
2. 1(X7), 1(Y7) < =

Let G be the set of all good pairs (i, 2).

Lemma 12. [t holds that

4
Pr [(i,2)eG|>1— ——
(i7z)<—ﬁ[ (i, 2) ] m? - p(R)
Proof. We claim that each of the two requirements in the definition of a good pair (i, z) is

violated with probability of at most —=— ( ok

1. FI(X?) > 2log(m) or I(Y?) > 2log(m), then, by Equation (7), p; .(R) = il W

[ U2 x T2
1/m?. Since for every i € [c] there are [{0,1}"V<i| possibilities for z, by Equation (8),

the p-measure of all such pairs is at most #(R)'

2. By Lemma 11,

1
E (X)) < ——,
(i,z)(—ﬁ[ (Xl = c-p(R)

and similarly for Y;?. The claim follows by Markov’s inequality.
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7.5 Proof of Theorem 1

In this section we prove Theorem 1. Let f : supp(px) — {0, 1} be the bursting noise function,
with parameter k, where p is the distribution defined by Algorithm 1. Let ¢ = 272¥ and
5 = ¢/m. Recall that m = 22", We will show that (f, ) has the (e, ) relative discrepancy

property.
For the rest of the lower bound proof, we assume that the rectangle R satisfies p(R) > ¢.
We will show the first part of the relative discrepancy property. That is,

p(ROFH0) = (3 —¢€) - p(R).

The second part of the relative discrepancy property (for f=1(1)) is proved in the same way.
Recall that G is the set of all good pairs (i, z), see Section 7.4. By Lemma 13 (stated and
proved in Section 7.6),

1 1 1
p(RNfH0)) = % > (R > % > (R > % (1=27) > pi(RY).
{ie[i] (i,2)€G (i,2)€G
2€{0,1}V<i

By Equation (8),
% Z pi(R?) =p(R) Pr [(i,2) €gG].

(i,2)€G (20
By Lemma 12 and since p(R) > 0,

—1 1 —2k 4 1
p(RNfH0) > 5(1—2 ) (1—m) p(R) > (5 —€) p(R).

By Proposition 3, we conclude that every randomized protocol for f with communication
complexity at most 2¥, errs with probability at least % —e—6-22" > % —27% when the inputs
are distributed according to .

7.6 Applying the Graph Correlation Lemma
Lemma 13. Let (i,2) be a good pair. It holds that

PO(RF) > (1 —277%) py(R?).
Similarly,

pH(RF) > (1= 277%) py(R?).

Proof. We will prove the first part. The second part is proved in the same way. For simplicity
of notation, we denote in this proof R := R*, X := X? and Y := Y?*. Note that X and Y
are independent random variables over the domain W=,
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We first claim that the first part of the lemma is equivalent to the inequity

Pr[(X,Y) € supp(1)] > (1 —27) pi (supp(1s;)) - 9)
This is true as

lsupp(i9)| o lsupp(1y)|  |supp(uy) N R 0
— 1 (R) = . : =Pr |(X,Y) € supp(y;)|,
B = TR g P 0Y) € swpp(u)]

while, since supp(p?) C supp(p;) and R C supp(p;), it holds that

[supp(p?)| (R) — supp(p?)| | R

7 R e 7))

The rest of the proof is devoted to proving Equation (9).

Let G = (UUW, E) be the complete bipartite graph with sets of vertices U, W and set
of edges E, defined as follows: Let U = W = {0,1}"" be the set of all boolean assignments
to the vertices in multi-layer ¢. Let £ =U x W.

Let M be the number of vertices in layer (i + 1)* of the tree 7. We identify the set [M]
with the set of vertices in layer (i + 1)*. Let u € U,w € W. We define T'(u,w) C [M] to
be the set of all vertices in layer (i + 1)* that are set to be non-noisy for inputs w,w, by
Algorithm 1 defining p, when the noisy multi-layer is . That is, T'(u,w) is the set of all
typical vertices in layer (i + 1)* with respect to i, u,w. Observe that u and w determine for
every vertex in layer (i 4+ 1)* if it is noisy or not.

Note that by a symmetry argument, 7'(u,w) is of the same size T for every u,w. By
the definition of the bursting noise function and by the Chernoff bound, for any fixed u or
w and every v € [M], it holds that at most a fraction of 272% of the sets {T'(u, w)}(uuw)eE
contain v.

Denote I := max {I(X),I(Y), 1}, and note that I < 2log(m) < 281 (by Property (1) of
a good pair (i, 2)).

Define the bad sets:

Dlz{ueU - PrlX=u] =0 or I(X>i|Xi:u)>24k},

D, = {w EW i BV =uw] =0 or (VaYi = w) > 24’€}.
By the chain rule for the entropy function,

1> 1(X) = log(|¥*]) ~ H(X)
= log(|U] - [{0, 1}">/]) — H(X;, X..)
= log(|U]) + log([{0, 1}">/]) — H(X;) — H(X..[X,)
= T(X) +log({0.11Y/)) = E_[H(X.|X; = u)]

> B [I(Xs|Xi = u)].
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By Markov’s inequality,

Pr(X; € D)) < (10)

By a similar argument,

I

For u ¢ D;, we define the random variable X" to be (X5;|X; = u), that is, X" has the
distribution of X.; conditioned on the event X; = u. For u € D;, we define the random
variable X* to be uniformly distributed over {0, 1}">¢. Similarly, for w ¢ D,, we define the
random variable Y to be (Y;|Y; = w), that is, Y has the distribution of Y<; conditioned on
the event Y; = w. For w € Dy, we define the random variable Y to be uniformly distributed
over {0,1}">i. Let X be the set of all possible boolean assignments to the vertices of a subtree
of T rooted at layer (i 4+ 1)*.

By Lemma 9 applied to the graph G, there exists a set D C E such that

Dl _ a
<9tk (12)
|E]
and for every (u,w) ¢ D it holds that
Pr [ Xfw = Yituw] = (1—=27") 2] (13)

Xuyw

It holds that
0
Pr[(X,Y) € supp(i))]

= Z Pr[Xi:u]-Prm:w]';)r/[(X,Y)Esupp(,u?) | X, =u,Y; = w]

X Y
(uw,w)eEE
> Z Pr(X;=u]-Pr[V;=w]- Pr [(X,Y) €supp(yj) | X; =u,Y; =w].
X Y XY
ueU\Dy
weW\Dy
(u,w)¢D

By the definition of the bursting noise function (when the noisy multi-layer is 7), for every
u,w, the following holds: Conditioned on X; = u and Y; = w, we have (X,Y’) € supp(u))
if and only if X.; and Y-, agree on the subtrees rooted at vertices in T'(u,w) (these are
the non-noisy subtrees). Therefore, using Equation (13) and the fact that E contains all

24



pairs (u, w),

0
Pr [(X.Y) € supp(i))]
> . e u Ve
= Z I?(I‘ [Xl U] I;I. [YZ U)] X“?ﬁrhﬂ [XT(u,w) YT(u,w)}
ueU\Dy
weW\D2
(u,w)¢D
S (1 _ 94k -7 T -
> (1—27"%) 31" ) Pr[X; =u] - Pr(Y; = u].
ueU\D1,
weW\Da,
(u,w)¢D

To bound the last term, we consider four partial sums. Clearly,

Z li(r[Xi:u]-Pr[Y;:w]zl.

Y
(u,w)eUXW
By Equation (10),
1
Pr [(Xi=u] < pYE
u€D,
and by Equation (11),
1
wEDy

By Lemma 14 (stated and proved below) and Equation (12),

E Pr(X; =u] -Pr[¥; = w] < 27%.
X Y
(u,w)eD

Therefore,

I I
P06 Y) € supp(u)] = (1= 29 (277 (1= 5 - 5~ %)
> |7 (1-27%).

Finally, note that for every z,y € W? such that x; = u and y; = w, the following holds:
(z,y) € supp(p?) if and only if z and y agree on the subtrees rooted at vertices in T'(u, w)
(these are the non-noisy subtrees). Therefore,

E—T: P , c O = 0 0 7
D= P () € supp(ad)] = o (supp(i)

and the assertion follows. O

Lemma 14. Let (i,z) be a good pair. Let U =W = {0,1}Vi. Let D C U x W be such that
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D -
W S 2 4k. It holds that

C* = Z Pr[X7 =u] - Pr[Y7 =w] <273

(u,w)eD

Proof. For simplicity of notation, we denote in this proof X := X? and Y := Y*. By
Property (1) of a good pair (i,z), we have I(X),I(Y) < 2log(m), which means that
|R*| > -|W* x W=|. This implies that for every set L C W#, the probability that X is
in L is at most m* times the probability that a uniformly distributed variable over W?
obtains a value in L. In particular, for every u € U,

Pr[X; = u] % (14)

IN

Similarly, for w € W,
PrV,=w] < —. (15)

Define

By Property (2) of a good pair (i, z), we have

I(X;) <

Y

|

Using Lemma 5.12 in [KR13] (stated for convenience at the end of the section, Lemma 15)
it holds that

m3 0.1
PriX;eU']<5- (7) : (16)
Similarly,
3\ 0.1
PrY; € W] <5- (m?) . (17)

The expression C* is a sum over pairs (u,w) € D. We bound C? by a sum of three
partial sums, and work on each partial sum separately. The first partial sum is over pairs
(u,w) € U x W with u € U’, the second is over pairs (u,w) € U x W with w € W’ the
third is over pairs (u,w) € D with u ¢ U’ and w ¢ W'.

We bound the first partial sum as follows. We use Equation (15) for the first step, and
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Equation (16) for the third.

(u,w)eUXW
uel’
m4
< > PriX;=u
| | (u,w)eUxXW
uel’
=m*. ZPr[Xl:u]
uel’
m3 0.1
< 5md (_) < 005,
&

The second partial sum is bounded in a similar way. We bound the third partial sum using
the bound that we have on the size of D,

2 2
Z PI‘[XZ:U,]PI‘D/;ZM]§|D|7_§2—4k+2
(u,w)eD Ul W]
ugU’ wgw’
We conclude that C* < 273k, -

Lemma 15 (Lemma 5.12 in [KR13]). Let p : Q — [0,1] be a distribution satisfying
I=T(u) <0.01. Let A C Q be the set of elements with u(x) > 2. Then,

p(A) < 419 log (1) +1 < 517,

8 Bounding Information Cost by Tree Divergence Cost

In this section we give a general method that can be used to upper bound the information
cost of any protocol w. Our method uses the notion of divergence cost of a tree, a notion
that was implicit in [BBCR10] and was formally defined in [BR11].

Let m be a communication protocol between two players. We assume that the first player
has the private input = and the second player has the private input y, where (z,y) were
chosen according to some joint distribution p. In this section, we assume without loss of
generality that 7 does not use public randomness (but may use private randomness), as for
the purpose of upper bounding the information cost, the public randomness can always be
replaced by private randomness. We also assume, without loss of generality, that the players
take alternating turns sending bits to each other. That is, in odd rounds, the first player
sends a bit to the second player, and in even rounds the second player sends a bit to the first
player (if this is not the case, we can add dummy rounds that do not change the information
cost).

We denote by 7, the binary tree associated with the communication protocol 7. That
is, every vertex v of 7, corresponds to a possible transcript of 7, and the two edges going
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out of v are labeled by 0 and 1, corresponding to the next bit to be transmitted. We think
of the first player as owning the vertices in odd layers of 7T, (where the root is in layer 1),
and of the second player as owning the vertices in even layers of 7,. When the protocol 7
reaches a non-leaf vertex v, the player who owns v sends a bit to the other player.

Every input pair (z,y) for the protocol 7 induces a distribution P, = (p,, 1 —p,) for every
non-leaf vertex v of the tree 7., where p, is the probability that the next bit transmitted by
the protocol 7 on the vertex v and inputs z,y is 0. We think of P, as a distribution over
the two children of the vertex v. Observe that the player who owns v knows P,. Given the
binary tree 7T, and the distributions P, for every non-leaf vertex v of 7., where for each v the
player who owns v knows P,, we can assume without loss of generality that the protocol =
operates as follows: Starting from the root until reaching a leaf, at every vertex v, the player
who owns v samples a bit according to P, and sends this bit to the other player. Both players
continue to the child of v that is indicated by the communicated bit.

Assume that for every non-leaf vertex v of 7., we have an additional distribution
Q. = (¢, 1 — q,) that is known to the player who doesn’t own v. We think of every P,
as the “correct” distribution over the two children of v. This distribution is known to the
player who owns v. We think of ), as an estimation of P,, based on the knowledge of the
player who doesn’t own v. For the rest of the section, we think of 7, as the tree T, together
with the distributions P, and @, for every non-leaf vertex v in the tree 7.

To upper bound the information cost of a protocol 7 it is convenient to use the notion
of divergence cost of a tree [BBCR10, BR11].

Definition 7 (Divergence Cost [BBCR10, BR11]). Consider a binary tree T, whose root
is r, and distributions P, = (py,1 — py), Qy = (qu, 1 — q,) for every non-leaf vertex v in the
tree. We think of P, and Q, as distributions over the two children of the vertex v. We define
the divergence cost of the tree T recursively, as follows. D(T) = 0 if the tree has depth 0,
otherwise,

D(T) =D(F||@r) + E [D(T,)], (18)

v~ Py

where for every vertex v, T, is the subtree of T whose root is v.
An equivalent definition of the divergence cost of T is obtained by following the recursion
in Equation (18) and is given by the following equation:

D(T) =Y _po-D(P]Qu), (19)

where V' is the vertex set of T, and for a vertex v € V', p, is the probability to reach v by
following the distributions P,, starting from the root. Formally, if v is the root of the tree T,
then p, = 1, otherwise,

) Pupu if v is the left-hand child of u

’ Pu- (1 —pyu) if v is the right-hand child of .
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Let X be the input to the first player and Y be the input to the second player. In the
protocol 7, the players use two private random strings and no public randomness. Denote
the private random string of the first player by R;, and the private random string of the
second player by R,. For a layer d of T, let II; be the vertex in layer d that the players
reach during the execution of the protocol 7, when the inputs are (X,Y") and the private
random strings are Ry and R» (if m ends before layer d, then I, is undefined).

Let the tree 7! be the same as T, except that every distribution @,, for every non-leaf
vertex v in Ty, is replaced with the distribution Q! = (¢),1 — ¢}), where ¢, is defined as
follows: Let d be the layer of v. If v is owned by the first player, ¢, is the function of v,y
and 79, defined as

QQ/} = X],E}%l[pv|y =y, Ry =g, Iy = U]'

If v is owned by the second player, ¢, is the function of v,z and 7, defined as

q, = Y]%Q[pu|X =, Ry =1, Iy =)

We think of @)/ as the best estimation of the correct distribution P,, based on the
knowledge of the player who doesn’t own v, whereas @), is some estimation. Intuitively,
D(P,||@,) is the information that the player who doesn’t own v learns on P, from the bit
sent during the protocol at the vertex v, assuming that she expects this bit to be distributed
according to @,, whereas D(P,[|Q)) is the information that she learns based on the best
possible estimation of P,. Therefore, intuitively, the divergence cost of 7! is at most the
divergence cost of T, in expectation. This is formulated in the following lemma.

Observe that the protocol 7 induces the distributions P, (known to the player who
owns v) and @’ (known to the player who doesn’t own v), while the distribution @, may be
any distribution known to the player who doesn’t own v.

Lemma 16. For every protocol ™ and distributions @), known to the player who doesn’t
own v, as above, it holds that

E[D(7;)] < E[D(T:)],

where the expectation is over the sampling of the inputs according to u and over the
randomness.

Proof. By Equation (19),

[D(7x) = D(T7)] =

X7Y7R1 »RQ

|25 Q) - DR

XYRl,

where p, is as in Definition 7. We separate the sum on the vertices to layers and work on
each layer separately. Fix a layer d in the tree. Let L; be the set of vertices in layer d. To
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simplify notation, let A denote (X, R;), let B denote (Y, Rz), and let V' denote I1;. Then,

Z Po (D(P[|Qu) — D(P1Q5)) [D(Pv[|Qv) — D(Pv[|lQy)] .

 ABV
vELy

XYRl

(Recall that V' is undefined when the protocol ends before layer d. In that case, for simplicity,
we think of Py, Qv and @, as all being equal, and hence D(Py||Qv) = D(Py||Q},) = 0).
By the definition of relative entropy,

E [D(Pv[Qv) —D(FPv[lQy)]

ABV
PV % 1 —pv I —pv
- E log (V) —10g (2 1— 1 -
B (s () 10w (3)) + 1 (o0 (1200 - (125 )
= E |pylog % + (1 — py) log Loy ) (20)
A,B,V qv 1—qy

Assume that the first player owns the vertices in layer d. The case that the second player
owns the vertices in layer d is analogous. Consider the first summand in Equation (20). It

holds that,
dy v
B s ()] = | (oo (50)) 2]
A qv BV qv

By the definition of ¢, for fixed B,V it holds that ¢, = E4 [pv|B,V]. Since ¢, and gy
are functions of B and V, when we condition on B and V, ¢;, and gy are fixed. Therefore,
conditioned on B and V, the term log (q‘/> is independent of A. We get that,

B (o ()] - 3 fw e ()

In the same way, we get that the second summand in Equation (20) is

B (- p)log (F2%)| = B |(1— )0 (2200
AB,V 1—qy BV v 1 —qv

Put together it holds that,

E DE|Qv) -D#H[Qv)] = E [DQvQv)] =0,

A,B,V

since the divergence is non-negative. This is true for every layer d in the tree. Therefore,
summing over all layers, we get that

E [D(T))] < E [D(Tx)].

AB AB
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The following lemma relates the information cost of m to the expected divergence cost
of T:. It was shown in [BR11] (see Lemma 5.3 therein) that /C,(m) = E[D(T})]. Together
with Lemma 16 we get:

Lemma 17. For every protocol m and distributions @, known to the player who doesn’t
own v, as above, it holds that

1C,(r) = E[D(T})] < E[D(T:)].

where the expectation is over the sampling of the inputs according to p and over the
randomness.

9 Information Upper Bound

In this section we prove Theorem 2. Let (x,y) € supp(i) be an input pair to the bursting
noise function. Consider the following protocol 7’ for the bursting noise function. Starting
from the root until reaching a leaf, at every vertex v, if the first player owns v, she sends the
bit x, with probability 0.9, and the bit 1 — z,, with probability 0.1. Similarly, if the second
player owns v, she sends the bit g, with probability 0.9, and the bit 1—v, with probability 0.1.
Both players continue to the child of v that is indicated by the communicated bit. When
they reach a leaf v they output z, ® y,. By the Chernoff bound, the probability that the
players reach a leaf that is not typical with respect to the noisy multi-layer is at most 279,
That is, the error probability of #’ is exponentially small in k.

The information cost of the protocol 7" is too large. The reason is that if the protocol
reaches a non-typical vertex at the end of the noisy multi-layer (with respect to the noisy
multi-layer), an event that occurs with probability exponentially small in k, then the rest of
the protocol reveals to each player Q ((c — i)w) bits of information about the input of the
other player, in expectation (as all the vertices below a non-typical vertex are noisy), and note
that Q ((¢ —i)w) is double exponentially large (for almost all ). Thus, in expectation, the
information revealed to each player about the input of the other player is double exponential
in k.

For that reason, we consider a variant of the protocol 7/, called 7. Informally speaking,
the protocol 7 operates like 7’ but aborts if too much information about the inputs is
revealed. Recall that in every round of the protocol 7', the players are at a vertex v of 7 and
the player who owns v sends a bit b, indicating one of v’s children. In the new protocol 7,
after receiving that bit, the receiving party sends a bit a, indicating whether they should
abort the protocol, where a, = 1 stands for abort and a, = 0 stands for continue. If a bit
a, = 1, indicating an abort, was sent, the protocol terminates and both players output an
arbitrary bit, say 0. It remains to specify how the receiving party, without loss of generality
the second player, decides whether to abort or continue, that is, how she determines the
value of a,.
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To determine whether to abort, the second player considers the last ¢ = 2'0% vertices
v1, ..., 0, reached by the protocol and owned by the first player, and the corresponding bits
by, - - ., by, that were sent by the first player (if less than ¢ bits were sent by the first player so
far, then the second player does not abort). For every j € [], the second player compares b,,
and y,,. The second player decides to abort and sends a, = 1 if and only if less than 0.8¢ of
these pairs are equal (otherwise the second player sends a, = 0).

The following claim shows that the probability that m aborts is exponentially small in k.
If 7 does not abort, it gives the same output as 7’. We conclude that the error probability
of 7 is exponentially small in k.

Claim 18. Let (x,y) € supp(u) be an input pair to the bursting noise function. The protocol
7 aborts with probability at most 27 on the input (z,y).

Proof. Fix (x,y) € supp(u;) for some i € [c]. Let E be the event that the protocol 7 reaches
a non-typical vertex after multi-layer ¢ (with respect to multi-layer 7). By the Chernoff
bound, the event E occurs with probability at most 2719% as w = 2'%k. Let A be the event
that the protocol 7 aborts. Assume that E does not occur. By the Chernoff bound, the
probability of aborting after each round is at most 272™", as ¢ = 219% and since if E does not
occur then x, and ¥, can only differ for at most w vertices reached by the protocol 7. By the
union bound, the probability of abort (conditioned on —FE) is at most cw - 9-2% < 9100k,
Therefore,

Pr[A] < Pr[E] + Pr[A|-E] < 227100
O

We next upper bound the information cost of the protocol 7. Observe that after = reaches
a leaf v of the tree T, two additional bits, x, and y, are exchanged, which adds at most 2
to the information cost of m. Therefore, for the rest of the section, we ignore the exchange
of these last two bits, and think of 7 as terminating after reaching a leaf of 7.

To upper bound the information cost of the protocol © we will use Lemma 17. We denote
by 7T, the binary tree associated with the communication protocol 7, as in Section 8. That
is, every vertex v of T, corresponds to a possible transcript of 7, and the two edges going out
of v are labeled by 0 and 1, corresponding to the next bit to be transmitted. The non-leaf
vertices of the tree T, have the following structure: Every non-leaf vertex v in an odd layer
of T corresponds to a non-leaf vertex of 7, the binary tree on which the bursting noise game
is played. Since the correspondence is one-to-one, we refer to the vertex in 7 corresponding
to v also as v. The next bit to be transmitted by 7 on the vertex v is b,. For a non-leaf
vertex v in an even layer of 7., the next bit to be transmitted by 7 on the vertex v is a,,.

As explained in Section 8, every input pair (z,y) € supp(u) to the bursting noise function,
induces a distribution P, = (p,, 1 — p,) for every non-leaf vertex v of the tree T, where p, is
the probability that the next bit transmitted by the protocol 7 on the vertex v and inputs
x,y is 0. Namely, if v is in an odd layer of 7, (and recall that in this case we think of v
as both a vertex of 7, and of T), the distribution P, is the following: In the case that the
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first player owns v in 7T, if , = 0 then P, = (0.9,0.1), and if 2, = 1 then P, = (0.1,0.9).
In the case that the second player owns v, if y, = 0 then P, = (0.9,0.1), and if y, = 1 then
P, =(0.1,0.9). If v is in an even layer of 7, then P, is P, = (0,1) if the player sending a,
decides to abort, and P, = (1,0) if she decides to continue (note that given x,y,v, this
decision is deterministic).

For every non-leaf vertex v of T, we define an additional distribution @, = (¢,,1 — q.)
(depending on the input (z,y)). We think of every P, as the “correct” distribution over the
two children of v. This distribution is known to the player who sends the next bit on the
vertex v. We think of (), as an estimation of P,, based on the knowledge of the player who
doesn’t send the next bit. For a vertex v in an odd layer of 7, (and recall that in this case
we think of v as both a vertex of T, and of T), the distribution @, is the following: In the
case that the first player owns v in T, if y, = 0 then @, = (0.9,0.1), and if y, = 1 then
@, = (0.1,0.9). In the case that the second player owns v, if z, = 0 then @, = (0.9,0.1),
and if z, = 1 then @, = (0.1,0.9). If v is in an even layer of T, then Q, = (1 — =, ).

For the rest of the section, we think of 7 as the tree 7T, together with the distributions P,
and @Q,, for every vertex v in the tree 7.

Proposition 19. [t holds that
D(Tz) = O(k).

Proof. Fix (x,y) € supp(u;) for some i € [¢]. By Equation (19),
D(T.) =Y o D(P]IQu),

where p, is the probability that the protocol 7 reaches the vertex v on input (z,y). We will
bound the last sum separately for vertices v in odd layers and for vertices v in even layers.

We first sum over vertices in even layers. For every vertex v in an even layer of T, if
P, = (0,1) (protocol aborts) we have D(P,||Q,) = log(cw), and if P, = (1,0) (protocol
continues) we have D(P,||@Q,) = log (ﬁ) = log (1+ 1 ) < 2. By Claim 18, the

cw—1 cw’

probability that m aborts is at most 2719, Therefore, the sum in Equation (19) taken over
vertices in even layers is at most cw - % +2710% og(cw) < 3, as for each of the cw even
layers, the probability of reaching a vertex in this layer is at most 1.

We next sum over vertices in odd layers. Recall that each such vertex corresponds to
a vertex in 7. Let v be a vertex in an odd layer of 7.. If v corresponds to a non-noisy
vertex in 7 we have D(P,||@,) = 0, and if v corresponds to a noisy vertex in 7 we have
D(P,]|Q,) < 4. Recall that i is the noisy multi-layer. Then,

1. The vertices above multi-layer ¢ in 7 add nothing to the divergence cost.
2. Multi-layer i of T adds O(w) to the divergence cost.

3. If i < ¢ Let v be the vertex in layer i* + w of T that the players reach during the
execution of the protocol 7. If v is a typical vertex with respect to multi-layer 7, the
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vertices below v add nothing to the divergence cost. If v is a non-typical vertex, the

protocol aborts after at most 4¢ rounds in expectation. Since the probability that v is
a non-typical vertex with respect to multi-layer i is at most 27100% (as w = 2199%) the
expected divergence cost added by this case is at most 271000F . 4¢. 4 < 1.

Together, the total divergence cost is O(w) = O(k), as claimed. ]

By Proposition 19 and Lemma 17 we get that 1C,(7) < O(k).
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