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Abstract

In this paper, we have studied the information complexity for the communication model
involving more than two parties. A lot of work has already been done on the information
complexity in two party communication model and the question of extending the definition
of information complexity to the multiparty communication model was posed in [Bral2]. In
this paper, we first give a definition of internal information cost for a protocol involving more
than two parties and our definition matches the definition known for two party model. Our
definition is valid for both in NTH model and NOF model. We also extend several results known
for information complexity of two party model to multiparty communication setting. One of
them is the additivity property, which eventually gives us the direct sum theorem for both
information cost and distributional information cost. We give a lower bound for the information
complexity of a function involving more that two parties in terms of communication complexity
and this lower bound matches with the bound known for the function evaluated by only two
parties. We also show that the amortized communication complexity of a function computed by
k parties is lower bounded by the information complexity and upper bounded by (k—1) times the
information complexity and this relation is true for both distributional and non-distributional
case.

1 Introduction

The study of information theory was initiated by Shannon [Sha48] to answer the questions in the
areas of data compression and transmission. It is known from Shannon’s noiseless coding theorem
that over a noiseless channel, the cost of transmission of a message X is closely related to the
entropy H(X). This result establishes a connection between the communication cost of sending a
message from one party to another with the information content of that message. Later, Slepian-
Wolf [SW73] showed that amortized communication cost of transmitting a message is equal to the
conditional entropy. These two results act as initial stepping stones towards the connection between
the domain of communication complexity and information theory .

Over the last decade, information-theoretic techniques have been appeared as one of the main
tolls to prove lower bounds of various problems in different communication settings. In case of one
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simultaneous round of communication model, to prove a direct sum theorem, which is to deter-
mine the relationship between the amortized communication complexity and the communication
complexity of the function, Chakrabarti et. al. [CSWYO01] developed the notion of external infor-
mation cost of a protocol. Later that was used in [BJKS04] to show a linear lower bound of the
two-party disjointness function. Similar type of information-theoretic techniques can also be found
in several recent results [DWO07], [JKRO09], [LS09], [JKZ10]. The information cost of a protocol
over an a-priori input distribution for two-party communication model was mentioned explicitly in
[BBCR10], which also provides us the definition of the information complexity of a function com-
puted by two parties. It was shown that for two-party communication model, internal information
cost of a protocol over an input distribution is always upper bounded by the external cost of that
protocol and for product distribution, these two costs are equal. In [BR11], authors proved that
in distributional case, the internal information complexity of a function involving two parties is
equal to the amortized communication complexity of computing independent copies of the same
function. The result was shown by providing a way to compress one round communication protocol
depending on the internal information cost. Later, this result was extended in non-distributional
setting [Bral2]. By [Bral2], we also have a lower bound for information complexity of a function
in terms of communication complexity. Recently, Ganor et. al. [GKR14] showed an exponential
gap between the communication complexity and information complexity by providing an explicit
example and according to [Bral2], this is the largest possible.

In [Bral2|, the author posed the question whether it is possible to extend the definition of
internal information cost of a protocol to the multiparty communication model, in both number-in-
hand and number-on-forehead model. To the best of our knowledge, the question is still open. In
this paper, we give an positive answer to this question by providing with an definition of internal
information cost of a communication protocol involving more than two parties. This immediately
gives us the definition of information complexity of a function computed by more that two parties.
Our definition is valid for the number-in-hand as well as the number-on-forehead model and is
equivalent to the definition known for two party communication model. In this paper, we consider
the general public and private randomness, i.e., all the parties have access to a shared tape of
randomness and along with that, each party has access to its own private randomness. We show
that our definition of internal information cost will always be bounded by external information
cost just like two party model. Our definition obeys the additivity property and that leads to
the direct sum theorem for both the information cost and distributional information cost. By
extending the sampling lemma mentioned in [Bral2], we provide a lower bound for the information
complexity of a function involving more that two parties in terms of communication complexity and
this lower bound matches with the bound known for the function evaluated by only two parties. We
also establish a connection between the information complexity and the amortized complexity, for
distributional as well as non-distributional case. However, unlike two party communication model,
for both the cases, we have only been able to show that amortized complexity will be lower bounded
by information complexity and upper bounded by (k — 1) times the information complexity, where
k denotes the number of parties involved. It is clear from the expression that for & = 2, the relation
will become equality. Our proof technique is a straight forward generalization of that used in [BR11]
and [Bral2] to show the equality between these two quantity in two party communication model.



2 Preliminaries

2.1 Information Theory

Definition 2.1 (Entropy). The entropy of a discrete random variable X is defined as
ZPT‘ x]log Pr|X = x| = —E,.x[log Pr[X = z]|.
The joint entropy H(X,Y) is defined to be —E . x y~y[log Pr(X = z,Y = y]| and the conditional
entropy H(Y | X) is defined to be E,.x[H(Y | X = z)].
Proposition 2.1 (Chain Rule of Entropy).
HX)Y)=HX)+H(Y | X).

Definition 2.2 (Mutual Information). The mutual information between two random variables X
and Y is
I(X;Y)=H(X)-HX|Y)=HY)-H(Y | X).

Likewise, the conditional mutual information I(X;Y | Z) is H(X | Z) - H(X | Y Z).
Similar to the Chain Rule of Entropy, we have

Proposition 2.2 (Chain Rule of Mutual Information).
I(XlXQ;Y ‘ Z) = I(Xl,Y ’ Z) + I(X27Y ’ X1Z>

Definition 2.3 (Relative Entropy). The relative entropy or Kullback-Leibler distance or diver-
gence between two distributions P and @) is defined as

P(x)
Q)

D(P||Q) : Z P(z log

Proposition 2.3.
D(Py x P2[|Q1 % Q2) = D(P1|Q1) + D(P]|Q2).

Proposition 2.4. Suppose X,Y and Z are three random variables in the same probability space.
For every x in the support of X and z in the support of Z, let Y, denotesY | Z = z and Yy, denotes
Y| X=2,Z=z Then, I(X;Y | Z) =Epox .nz[D(Ya: || Y2)].

In this paper, we will extensively use the following two propositions which are just the corollaries
of the chain rule of mutual information and are taken from [Bral2].

Proposition 2.5. Suppose A, B,C and D are four random variables such that I(B; D | AC) =0,
then
I(A;B|C)>1(A;B|CD).

Proposition 2.6. Suppose A, B,C and D are four random variables such that I(B; D | C') = 0,
then
I(A;B|C)<I(A;B|CD,).



2.2 Multiparty Communication Complexity

Consider a function f: X7 X X9 X -+ X X — Zg. There are k parties Py, Ps,--- , Pi, each having
unbounded computation power and their task is to evaluate f by some sort of collaboration among
themselves. The communication between the parties is through broadcast which can be thought of
as writing on a board, i.e., any bit sent by any party is visible to all other parties. This exchange
of messages between the parties is done according to a previously fixed protocol. The protocol’s
task is the following:

e To determine whether to continue or not and if yes then the protocol should return the value
computed by the protocol and the value should be solely determined by the information
written on the board.

e If continue then the protocol should specify the party that will write down the next bit and
this as well should completely be determined by the information written on the board so far.

e Whatever a party writes down on the board should be a function of the input possessed by it,
the information written on the board so far. If the protocol under consideration is a private
coin protocol then a party can also use the private randomness available to it to write down
the next bit.

A public coin protocol is a protocol where there is a shared randomness available along with the
private coin randomness accessible to each party. This shared randomness can be thought of as a
random bit string written on the board before the protocol starts.

There are several models for multiparty communication. They can be broadly split into the
number-in-hand (NIH) model and the number-on-forehead (NOF) model. In NIH model, the i-th
party is given the input x; and in NOF model, the i-th party knows all the inputs except z;, which
is denoted as 7;. In this paper, sometimes we will use x to denote the concatenation of all the
inputs, i.e., x1x2 - - T.

Given a protocol 7 involving k parties, 7(x1,z2,- -+ ,x)) the transcript of that protocol, which
is the concatenation of public randomness and all the messages communicated during the protocol.
When rather than a specific transcript, we refer a random variable denoting a transcript, we denote
it by II(x1,x9,- -+ ,x) or just IL

Definition 2.4 (Communication Cost). The communication cost of a protocol w is the number of
bits written on the board for worst case input and is denoted by CC(7).

Definition 2.5 (Distributional Complexity). Let u be a probability distribution on X1 X Xg X -« X
Xy For a function f: X1 x Xa x -+ x Xy — Z, the distributional complexity of f, Dy (f) is the
communication cost of the best deterministic protocol that outputs the correct value of f on at least
1 — p fraction of all inputs in X1 X Xo X -+ x X.

Definition 2.6. The cost of the best randomized public coin protocol for computing the function f
with error at most p on every inputs is denoted by R,(f).

Theorem 2.1 (Yao’s Min-Max Theorem).

Ry(f) = max Dy ()



3 Information Cost for Multiparty Communication

In this section, we try to extend the definition of information complexity for two party com-
munication protocol to multiparty setting. The notion of information complexity for two party
communication was implicitly mentioned in [BJKS04] and was defined explicitly in [BBCR10].

Definition 3.1 (Internal Information Cost). Suppose there are k parties Py, Ps,- - , P, where i-th
party holds the input Xp, and there is a function f : X — Zk, where the input X is distributed
according to the probability distribution p. Then the information complexity of a protocol m is

defined as
1 —
ICﬁ(?T) = ﬁZI(H;Xpi | Xp,)

where Xp, = X \ Xp,.

It can be noted that the above definition matches the definition of internal information complex-
ity for two party system (when k = 2) defined in [BBCR10]. Consider the function f : X — Zg,
where X = Xj x X X --- x Xj. Then note that, for NIH model, Xp, = X; and for NOF model,
Xp, = X;.

We now mention a lemma which is just an easy extension of a lemma from [BR11] and the proof
is also same, hence omitted.

Lemma 3.1. Let R be the public randomness available to all the k parties. Then
ICK () = ER[IC} (nR)).

The next lemma will upper bound the internal information complexity by the communication
cost of a protocol. The proof is also similar to the two party case, but for the sake of clarity, we
provide the proof here.

Lemma 3.2. For any distribution pu, IC’ﬁ(W) < CC(n).

Proof. Let us first consider that the protocol 7 is a private coin protocol and let m,, be the n-th bit
written on the board. Then,

k
1 -
ko o\ _ .
IC#(TI') =31 ;1 I(W(X),XPZ. |Xpl.)

CC(m) k
1 — o
] Z ZI(ﬂ'n; Xp, | mima---mp—1Xp) by Proposition 2.2
n=1 i=1
1 CC(m) k
= m Z ZEVGRMW?"WTL&U(WHSXPi ’ E’YXPi)]'
n=1 =1
where E, denotes the event that the first n — 1 bits of communication is equal to . If 7 is such
that it is the i-th party’s turn to write on board and thus I(m,; Xp, | Xp,) = 0 and for all j # i,
I(mp; Xp; | Xp;) <1 as m, contains only one bit. Hence, ICﬁ(ﬂ') < CC(w).
If 7 is allowed to use public randomness, then by Lemma 3.1, we can write

ICF () = Eg[IC}(nRr)] < CC(m)

where R denotes the public randomness of 7. ]



3.1 Relationship with External Information Cost
We adopt the definition of external information complexity of a problem from [Bral2].

Definition 3.2 (External Information Cost). The external information cost of a protocol © with
respect to a probability distribution p on input X as

ICixt(ﬂ) = I(X;10).

In this section, we establish a relation between it and internal information cost of a protocol
. The relation is same as that for two party communication setting, however the proof differs in
essential details.

Theorem 3.1. For any function f and distribution pu,
IOS(T[’) < ICE“(W).

Proof. First consider the internal information cost,

k
1 .
k _ .
IC’u(ﬂ') =1 i:EI IIL Xp, | Xp,)
CC(m) k
k: 1 nE:1 ZE 1 I(Il,; Xp, | 11115 - - 11,1 Xp,) by Proposition 2.2

Whereas the external information cost is

ty — .
ICF™ (m) = I(X;10)
cC(m)
= Z I(X;10, | II}IIy - - -11,—1) by Proposition 2.2

n=1

Suppose at the n-th step of communication, it was j-th party’s turn. Then,

I(X5 1, [y - Tyq) = I(Xpy; Iy, | THIT - - - 1L, p)+
I(Xp; Iy, [ 310y - - - 1,1 Xp;) by Proposition 2.2
= [(Xpy; 1L, | T, T, ).

Now observe the following,

k

> I(Xpi, |- -1, 1 Xp,) =
=1

M-

@
Il
—

[I<XPJ7HTZ | - - Hn—IXPZ-)"i‘

I(Xp, \ Xp; 11, | 1o - - -Hn_lXpiij)] by Proposition 2.2

I
ng

I(Xp; 1L, [ Iy - - - 11, 1 X p,)

Il
—

~ DI(Xp; 10, [T - - 1T, q)
k— D)I(X;10, | Iy - - I,_y).

IN
A~ N .
w



The last inequality is due to an application of Proposition 2.5, by considering A = Xp,B =
IT,,,C = ILII,---1I,,-1 and D = Xp, and also note that k¥ — 1 factor comes in the inequality
because I(Xp;; 11, | II1Iy - - - II,,_1 X p,) = 0 when i = j. Hence, we get that,

k ex
ICH(TF) < ICj ().

4 The prior-free Information Complexity

One of our main motivation is to make the information cost independent of any prior distribution,
just like in the two party case and also we want to investigate the information cost of a given
function instead of a protocol that evaluates that function. We define the information complezity
of a function for mutiparty setting same as that for two party setting.

Definition 4.1. Consider a function f: X — {0,1} and an error parameter € > 0.

o The k-party maz-distributional information complexity is defined as

ICK (f,€) := max ICF(f.€)

w a distribution on X

where ICS(f, €) 1= Infr.pr, _, r()£f (@) <e IC”; (m).

o The k-party prior-free informational complexity is

IC*(f,€) := inf ICK(m).
¢ (f7 6) T 4s a protocol s.t.l{/lx, Prir(z)#f(z)]<e mlilx C'u (ﬂ—)

Note that in the definition of TC¥(f,¢), the probability is over the public and private coin
randomness used in the protocol. Clearly, IC*(f,e) > ICE(f,¢). For the opposite direction, we
have the following two theorems.

Theorem 4.1. Consider a function f : X — {0,1} and an error parameter ¢ > 0. For any «,
O<a<l,

i € IC’f)(f,e)
A pa

For zero-error case, the above two notions will coincide.

Theorem 4.2. Consider a function f: X — {0,1}. Then,
IC*(f,0) = ICH(f,0).

The proofs of above two theorems are same as that for two party setting [Bral2] and hence we
omit the details here.

Another important property of information complexity is convexity and the proof does not
depend on the number of parties and hence is same as that for two party system.

Theorem 4.3 ([Bral2]). For any f, the functions IC*(f,€) and IC%(f,€) are conver on the
interval € € [0, 1].



5 The additivity of Information Complexity

A task T'(x1,--- , ) is a relation R(xy,--- , 2k, Op,, -+ ,0p,) along with a required success crite-
rion, where z = 1 - - -}, is the input and Op, corresponds to the output of i-th party. Informally
a task is anything that can be solved by a k-party communication protocol. The information cost
of a task is defined similarly to the information cost of a function [Bral2]. Here we assume that
each z; € {0,1}" and D be a set of distributions on {0,1}" x --- x {0,1}".

Definition 5.1 ([Bral2]). The cost of a task T with respect to a set of distributions D is defined
as
ICH(T, D) := inf sup ICZf(Tr).

7 succeeds to perform T pED

Let Ty(xt, - ,a;,lﬁ) and Tp(z3,- - ,mz) be two tasks and Ty x Ty := T(z},--- ,x,}z,x%,u' ,azi)
be the task to perform both #; and T5 in parallel on two set of inputs. A protocol is said to be
successful on T x T if it succeeds both on T} and 75 separately.

Now lets define two products of sets of distributions. Let D; and Dy be two sets of distributions
on (z}, - ,x}) and (2%, -+, x}) respectively. Denote

e Dy X Dy ::{,ul xug:uleDl, M2€D2}.
® D1®@Dy:={p:plx1.. x)€ D1, plixz,.. x2)€ D2}

Theorem 5.1. Let T1(z1,- - ,x}) and Ty(z3,--- ,z%) be two tasks and D1 and Dy be two sets of
distributions on (z1,- - ,a:,lﬁ) and (23, ,mz) respectively. Then for T =Ty x Ts,

ICK(T, Dy x Do) = ICK(T, Dy @ Do) = ICH(Ty, D) + IC*(Ty, D).

Proof. IC*(T, Dy x Dy) < IC*(T,D; ® D). This follows from Definition 5.1 since D; x Dy C
D1 ® Ds.

ICK(T, Dy ® Do) < IC*(Ty, D) + IC*(Ty, Dy). Consider e > 0 and let 71 and 72 be two proto-
col succeeding on tasks 77 and 75 respectively such that for all yu; € Dy and ps € Ds,

ICF (m) < IC*(Ty,D1) + € and IC};, (m) < IC*(Ta, D) + €.

Now consider a protocol 7 that on random inputs X7, - - - ,X,i, X2, .. ,X% runs m; on Xi,--- ,X,%
and 7o on X12, e X ,3 independently. Clearly 7 succeeds on T. Let us consider a distribution
€ D1 ® Dy. We will show that

ICK(m) < IC(Ty, Dy) + ICH(Ty, D) + 2.

Suppose 1 = p |(X11,--~,X,§)€ Dy and pg = p ‘(Xf,m,X,f)E Ds. We have that

k
1 -
1 > I(Xp:T | Xp) = IC (m) < ICH(Ty, D) +c.
=1
and
1 -
y—] > I(X3:T0y | Xp,) = ICF, () < ICH(T3,Da) + €.

=1



Now consider the following

k
1 -
k . 1 2
ICH(m) = +— § 1 I(IL X5 X3 | XpX3)
1=

k
1 -
= 7 o [y X} X | XbXE)
i=1
1 < S -
N ﬁ [I(HL Xllal XI%l | XIIDZX]%Z) + I(Hg; Xll-_’z XIZ% | XllalXI%zr‘[l)] by Proposition 2.2
i=1
1 & _ - -
- HZ[I(HHX}%— | XpX3,) +1(ILy; X3, | Xp X3, XE)
i=1
" I(HQ;Xil%i | XIIDiX%iHl) + I(HQ;Xi}% | XIIDiXJQDiﬂlXiz%i)] by Proposition 2.2
1 o — -
= 1 Z[I(HI;X}% | X}DZX]Q:,Z) + I(TIy; XI231 ’ Xlqu,X.%znl)]
i=1
1 & _ o
< mZ[I(HﬁX}% | Xllgl) +I(H2;X123i | XI%Z)}
i=1

= IC} (m) + IC) (m3) < IC*(T1,D1) + IC*(Ta, D) + 2e.

The first inequality is due to the application of Proposition 2.5 on two terms: in the first term,
by assuming A = X}_,i,B = II,C = XII% and D = X12>i and in second term, by assuming

A=X} B=1I,,C =X} and D = X}1I;.

IC*(Ty,Dy) + IC*(Ty, Dy) < ICH(T, Dy x D3). Let puy € Dy and pg € Do be two distributions
and € > 0 be an error parameter. We will show that there are protocols m; and 75 that succeeds to
complete tasks 717 and T3 respectively such that

ICE (m) + ICF () < ICK(T, Dy x D) +e.

By the definition of IC*(T,D; x Dy), there is a protocol 7 that succeeds to complete the task
T1 x Ty such that
Ic¥

M1 X 2

(1) < ICK(T, Dy x D) +e.

Now define the protocols w1 and 7y as follows:
Protocol (1, - z1):

1. Using the public randomness, the parties together sample X2 = X2 ... ,X,f according to po.
2. The parties run (i, a:,lc, X2, ... ,X,f) and output the value of the task T7.

Protocol 7o (z?%,---z3):
1. Using the public randomness, the parties together sample X! = X{ ... X ,1 according to u.

2. The parties run m(X7{,--- X}, 2%,--- ,22) and output the value of the task Tb.



By the definition of 17 x T5, the protocols w1 and w9 succeed to complete the tasks 77 and Tb
respectively. Now we have

k
1 N
k _ . 1
IC}, (m) = 7— ;:1 I(I; X5, | XB)

k
1 JR—
= > IMX*% XL | Xp)
=1
1 < — —
= > (X% Xp | Xp) + I XE | XpX?)] by Proposition 2.2
=1

k

1 JR—

== Y I(IL X} | XpXP).
=1

and
1 & _
10}, () = =7 101 X, | X3)
=1
1 & _
=g 2 TIX X | XE)
=1
1 & _ -
= 7 2 U(XS X | Xp) + 1L XE, | XEX?)] by Proposition 2.2
=1
1 & _
=7 2 L X [ XR XY,
=1
Thus we get
1< _ -
IOk (m) + 1€} (r2) = 33 DU, | XpX?) 4+ 101 XE | XX
=1
1 & _ o - -
=7 2 UL X | XpXE XP) + I(IG X, | XpXp X])]
=1
1< _ - -
< mZ[I(H; Xb | XpXp)+ 10 X3, | X3, Xp X5
=1
1 & .
=1
- ICﬁl wpz () < ICk(T7 D1 x Dy) +e.

The first inequality is due to the application of Proposition 2.5 on the first term, by assuming
A=I1,B= X},i,C = X}%X%i and D = X12>,"

10



Now using the last theorem, we can show the following theorem on exact direct sum of information
cost and distributional information cost. The reader may refer to [Bral2] for the proof.

Theorem 5.2 ([Bral2|). Let f(x1,---,x%) be any function and € > 0 an error parameter and f™
be the problem of computing f on n sets of inputs such that in each coordinate the error is bounded
by €. Then the following holds:

1. ICK(f",€) = nICY(f,e).
2. ICF(f",€) = n.IC*(f,¢).

6 Information Complexity vs. Communication Complexity

6.1 Extended Sampling Lemma

In this section, we prove an extended version of sampling lemma which is a strict generalization
of the sampling lemma proved in [Bral2] and then using that we establish a connection between
information complexity and communication complexity for multiparty setting. The proof idea is
same as that for two party case. We start with a claim proved in [Bral2].

Claim 6.1 ([Bral2]). For any two distributions u and v and an error parameter € > 0, if D(uljv) <

1, then the following holds
2I+1

p{x Tu(a:) < p(z)} <e.
We are now ready to state and prove the extended version of the sampling lemma.

Lemma 6.1. Let p be any distribution over a universe U and I > 1 be a parameter known to all the
parties Py, --- , P,. Further let vp,,--- ,vp, be the distributions over U such that D(p||vp,) < I, for
alli, 1 <i < k. Thei-th party is given real valued functions gp,, hp, p; : U — [0,1], forall1 < j <k
and j # i such that for allx € U, p(x) = Hl?zl gp,(x) and vp,(x) = gp,(x) [1; 4 hp,py (). Lete >0
be an error parameter. Then there is a sampling protocol ©(gp,, - ,gp..hp, Py s hp, Py L, €)
that communicates total 2°0HK/9) bits such that the following holds:

1. at the end of the protocol, the parties output x; € U;
2. there is an event & such that € = x1 = x9 = -+ = 1 and Pr[¢] < e;
3. let y' is the distribution of 1 conditioned on &, then | p— u' |< e.

Proof. The parties interpret the shared tape as a source of points of the form (x;, o1, 2, , 04 )
uniformly distributed over ¢ x [0, 1]¥ and they consider N =2 | ¢/ | In1 such points. Their goal is
to find out an index 7 such that for all ¢, ar; < gp,(x;). The probability that each x; to be such
z, is Hle gp,(z;) = p(x;). Now we denote Bp, := {z : 28’“(”1)/6.1/3. < p(x)}forall 1 <i<kand
then by Claim 6.1, u(Bp,) < g for all i. Next, note that an index ¢ satisfies oy ; < gp,(z¢) for all ¢
is exactly ﬁ Hence,

1
Prir > N] < (1-— W)N < e Nl = g=2Inl/e — 2 < ¢/16.

11



Now consider the set of indices that are candidates to be 7 for a party P;’s viewpoint

Sp, = {t <N :ay; < gp,(z;) and [[aw; <220V T hp, p(20)}.
Ji i#i

Assuming z. & |J; Bp,, we claim that 7 € (), Sp,. This is true because z; ¢ Bp, implies

Hj#ng(fUT) _ () < 98k(I+1)/e
[Ljzi e py(an)  ve(zr) =

Now as Vj, a;; < gp,(z7), we have that,

[T < I1op,(xr) < 22200 T b, ()

J#i J#i J#i
and hence, for all i, 7 € Sp,. In fact, 7 is the first element in (1), Sp,. Note that for each t,
Prit € Sp] < W Thus E[|Sp,|] < 28kU+D/€21n 1 < 297k/¢ Thus by Markov inequality,

PTHSPZ‘ > 210[k/e] < 2—Ik/e < ﬁ

Now consider the event & := [z, € |J; Bp,] and & = [r > N or |Sp,| > 2!%7%/¢ for some 7] and let
¢ := &1 J&. then by union bound, Pr[{] < k.g; + 15 + k.1¢z < §. The distribution x4’ conditioned
on ¢ satisfies | — p/| < € as it is the distribution on U \ |J, Bp,- Next, we describe the sampling
protocol.

Sampling Protocol:

1. Each P; computes the set Sp, and if for some i, |Sp,| > 210Ik/¢ the protocol fails.

2. Foreach s € Sp,, P, computes d = [%+log 1+ k+2] random hash values 1 (s), hy(s), -+, h}(s),

where the hash functions are evaluated using the public randomness.
3. Py writes down the values {h;(si)}s;esp, ,1<j<d-

4. P, finds the set of indices Is of set Sp, such that for each index ¢ € I, there is a s € Sp, for
which h;(s) = h;(si), Vj:l,?,---,d-

5. Py writes down the set I3 as a characteristic sequence of length |Sp, |.
6. P3, -+, Pr_1 do the same as P» such that we get I,_1 C I_o C--- C I5.

7. Py finds the first index i € I such that there is a s € Sp, for which h(s) = h(si),
Vj=1,2,..,4 and if such 7 exists, then writes down 7 and output ;.

8. Pp,---, P,_1 output the corresponding values of x.

In the above protocol, the total number of bits communicated is bounded by 2107k/¢ g4 4 107k

9O(1+Tk/e) ‘

In the above protocol, we use the hash functions that are selected from k-universal family of hash
functions constructed using the public randomness available to the protocol. For the definition and
the construction of k-universal family of hash functions, interested readers may refer to [WC81]. To
analyze the correctness of the above protocol, lets first observe that for s; € Sp,,s2 € Sp,--- , s €
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Sp, such that they are not all equal but still h;(s1) = hj(s2) = -+ = hj(sg), forall 1 < j < dis
bounded by (2% —1)27% < W for the specified value of d. Thus by union bound, there exists
i=11°P;

some non equal s; € Sp;, but all the hash values match is bounded by §. Assuming that there is
no such s; and there is a 7 € (), Sp,, the above protocol is guaranteed to find it and this completes
the proof. O

6.2 Information vs. Communication

Lemma 6.1 implies the following connection between information and communication complexity.

Theorem 6.1. Let f : X — Zg be any function where X = X1 X Xo X -+ X X and let p,e > 0
be error parameters. Then,

1. For any distribution p over X, Dy, (f) < QO+ ICE (f.0)/€?)

2. Rypo(f) < 200K 100/

Proof. Let p be any distribution and 7 be the protocol that realizes the value I, := I C”/j( fyp). Now
by Proposition 2.4,

k 1 k

= o7 2o IR | Xp) = =7 - BonsD(ralray )

Thus for any 1 < i < k, Emw#[D(ﬂmezPi)} < (k—1)I, and so by Markov inequality,

2k(k — 1)1, €
— < —.
Pr[D(Tra:HWJ:pi) > c ] < o

Now by union bound,
2 — 1)1
€ 2

Next, we run the sampling protocol from Lemma 6.1 by considering the following in Lemma 6.1:

. . T 2k(k—1)I, c
W= T, VP, = Tap,, I = ==—* and error parameter be .
In the protocol tree, at a node v owned by a party P;, let gp, o(v) and gp, 1(v) = 1 —gp, 0(v) denote
the probabilities that the next bit sent is 0 or 1 respectively. For the node w owned by some other
party P, let hpi,Pjp(w) and gpi,pﬁl(U}) =1- gpi,Pj70(’LU) denote the probabilities that the next
bit sent is 0 or 1 respectively, estimated by the party P;. Now for each leaf node I, gp,(I) be the
product of all the values gp, 5(v) where v is owned by the party P; and hp, p; be the product of

Pr(3i: D(mg|mep, ) >

all the values hp, p, 5(v) where v is owned by the party P;. Then, Prir, =] = Hle gp, (1) and
Prirp, =1] = gp,()) 14 he.p, (1)

Thus we can apply Lemma 6.1 to obtain a sample transcript 17" using only 2
k31
2O(1+€—2“)

2(k—
o+ DIy -

bits of communication, such that |T' — 7,| < §. Hence, if Ty be the final output of
the transcript T" and 7,y be the final output of the original protocol 7, then Pr[T,y: # Tout) < 5.

13



Now let us bound the error probability of the new protocol.

2%(k — 1)1,

€

Pr{Tou # f(x)] < Pr(3i: D(mg||mep,) > ]

+ Pr[Tout ?é Tout ’ vi7D(7T£EH7T$pl.) < w] + P"“[T"out 7£ f(l‘)]

€ €

< 5 + 5 +p=p—+e
Note that in the expression Pr|[T,,; # f(x)], the probability is calculated over x ~ p and the
randomness used by the protocol. So by averaging argument, we can fix some “good” random bits
such that probability of failure will be bounded by p+ €, while calculating the probability only over
x ~ . This completes the first part of the proof.
The second part follows from the first part along with Yao’s Min-max Theorem and let y’ be the

distribution such that Dﬁ;e(f) = R,t(f) and since by definition, ICZj,(f, p) < ICK(f, p), hence,

Ryic(f) = fo;e(f) < gOU+KICE, (f,p)/€) < 90(LHKICH (1) /€2),

O]

Note that for k£ = 2, the above two relations coincide with the similar relations shown for two
party communication setting [Bral2].

7 Information Complexity and Amortized Communication

7.1 The distributional case

Let f: X — Zg be any function, where X = X7 x X5 X -+ x X;. We shall consider the problem
of computing n copies of f with error p in each coordinate of the computation.

Definition 7.1 ([BR11]). Let p be any distribution on X; x X9 X --- X Xy and consider any
1 < p < 1. The distributional complexity of computing f on each of n independent set of inputs
drawn according to p, with failure probability at most p on each of the inputs is denoted by D" (™).

Note that just by running the n copies of protocol that solves f, we can get Dy (f") <
n.D5(f). The following theorem establish a relation between information complexity and amortized
communication complexity for multiparty communication setting. The similar theorem for two
party case was given in [BR11].

Theorem 7.1. For every u, f, p, there exists a protocol w that computes the value of f with failure

probability p and communicates at most D" (f™) such that ICﬁ(ﬂ') < w and thus IC’Zj(f, p) <
Dp" (™)
—

Proof. Suppose T be a protocol realizing D" (f™) and without loss of generality we can assume
that 7 only uses private coin randomness. Now define the protocol m(x) as follows:

1. The parties publicly sample J € {1,2,--- ,n}.

2. The parties publicly sample X', X2, ... XJ/=1 XJ+1 ... X7

14



3. The parties set Xl‘é = xp, and run the protocol 7 on X!, X2 ... X" They output the result
computed for the J-th coordinate.

Note that CC(m) = CC(7) and the failure probability of 7 is p. Now let us bound ICﬁ(W).

k
1 .
k .
ICf(m) = — ;1: I(Xp:I1| Xp,)

k
1
= I(Xp; JX'X?. . X771Xx/H  X"r | Xp)
o i=1
1 o
= d I(Xp; JX'X? . XIIX X" X))+

=1
I(Xp;7| XpJX'X?. .. X771X7T .. X™)] by Proposition 2.2

k
1 Xp - 7
= SRR | XEXR XX X XX KR

k
! X5 I5>—2 J—1
< k—lz;I(XPi 7| X X3 .. XBJXp, Xp ... Xp )
1=
1 2 i—1
- —1Z ZIXP T|XPXP XIT}QXPZ XPz' "-XPiJ )
=1 =
11 g
T nk_—1 ZI (Xp, XP . -XPiTL;T | Xll?in%i . ..X%) by Proposition 2.2
ccC
= *Icﬁ"(T) < (7) by Lemma 3.2
n n

The first inequality is due to an application of Proposition 2.5, by assuming A = 7, B = X piJ,
C=XhX: . XpJXp Xpo...Xp  land D=Xp . Xp"
If 7 uses public coin randomness R, then by Lemma 3.1,

CcC(r)

n

10K () = BalICh(xr)] <  BR{ICla ()] = - BR[IC)(7)] <

This completes the proof. ]

Theorem 7.2. The parties Py, Ps,- -+ , Py are given distributions Q1,Q2, - - - , Qk respectively, where
all the distributions are over the universe U. Then for any € > 0, there is a protocol such that:

e at the end of the protocol, P, will output an element x1 distributed according to the distribution

Q1.

o P, P3, -, P, will output the elements xo,x3, - ,x) Tespectively so that for each x,

Prixy=xo=-- =z |z1=2|>1—¢
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e the number of bits communicated in this protocol is bounded by

k
Zlog(@l(:r)/Qi(x)) +log ! —I-loglog ! + (k+3) Zlog Q1(z)/Qi(x)) + 2k + logk + 7.

Proof. The protocol we designed use public coin randomness and runs as follows. All the parties in-
terpret the shared random tape as a sequence of uniformly selected elements {aj} 1 =1{(z5,q)}2 )
from the set A :=U x [0,1]. For every 1 < i < k, define the subsets Q; := {(z, q) Qi(z) > q}. For
a constant C' > 1 and for 2 < i < k, also define the subsets C.Q; := {(z,q) € A: (=, %) € Q;}.

We use the other part of the shared randomness to obtain a sequence of random hash functions
hi 1 U — {0,1} so that for any z # y € U, Pr{hy(z) = hp(y)] = 3.

Now let us present the protocol:

1. P selects the first index j such that a; = (z5,¢;) € Q1 and outputs z;.

2. P; uses 1+ log log% bits to communicate the binary encoding of [ := “g{—ﬂ (if [ is too long,
then P; communicate some arbitrary string).

3. For all t, set Cy := 2t and s, := 1 + [log 11+ [log k] + (t + 1)2

4. Repeat until every player P; produces an output, beginning with ¢ = 0:

(a) Py communicates the values of all the hash values hy,(z;), for 1 <m < s;, that have
not been communicated previously.

(b) if there is an a, = (zr,qr) such that r € {({ — 1).JU| +1,--- ,l.|U|} in C;.Q; and
him () = hm(x;), for 1 <m < s;, then P; responds “success” and outputs z,; if there is more
than one such a,., P; selects the first one.

(c) if there exists a party P; which have not responded “success” so far, increment ¢ and
repeat.

The output by P; is distributed according to the distribution ();. Now fix a choice of j and the
pair (z;,qj) by Pi. Step 4 is guaranteed to terminate when ¢ > Zf 1 log(Q1(z5)/Qi(x;)) since for
all2 <i<k, a;€ Ql x’ .Q. Denote T := \/ZZ 1 log(Q1(x5)/Qi(x;)). By iteration T', P; will have

sent s bits in step 4 and each party P;, 2 < i < k will have sent T'+ 1 bits. Thus total number of
bits communicated in step 4 is bounded by

sp 4 (k—1)(T +1) =1+ [log(1/€)] + [logk] + (T + 1)* + (k — 1)(T + 1)

k k
> 10g(Qi(x))/Qilx))) +2)* + (k = 1), | D log(Qu(x)/Qi(x;))

1
+log— +logk + 2k + 1
€

k
= log(Q1(x;)/Qi(x;)) + (k +3) Zlog Q1(z)/Qi(x5))
=1

1
+log—+2k+1logk+5
€
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So, total communication is bounded by

k

k
;bg(&(aﬁj)/@(mg’)) + (k +3) ; log(Q1(z;)/Qi(z;)) + log% + log log% + 2k + logk + 7.

Note that for any L,
Pr(l > L) = Prlaj € Qi, fori=1,2,-- , L.Ju[] = (1 — 1/|u|)" < e L,

Thus the probability that the binary encoding of [ exceeds 1 + [loglog(1/e)] bits is less than
e_glgfloglog(l/E)W < 6/2
Now let us analyze the protocol. We say that an element a = (z,q) survives iteration t, with
respect to a party P, if a € ZtQ.Qi and it satisfies hy,(z) = hp(x;), for all 1 < m < s; for this
t. Observe that “correct” element a; survives iteration ¢ with respect to a party P; if and only if
2
20 > Qu(x))/Qily).
Claim 7.1 ([BR11]). Let E,; be the event that the element selected by Py is aj, which is the j-th
element on the shared tape of random bits and let | := [j/|U|]. Conditioned on E,,, the probability

that a different element a, with r € {(I —1).]U|+1,--- ,I.|U|} survives iteration t with respect to a
party P; is bounded by ¢/k2+1.

Thus for any E,;, the probability that P;, for any 2 < ¢ < k, will output an element other than
a;j conditioned on E,; is bounded by Y ;% €/k2!"! = €/k. Hence, by union bound, some party P;
will output an element other than z; conditioned on F,; is bounded by € and this completes the
proof. O

7.1.1 Multiparty Correlated Pointer Jumping

In this subsection, we first define the k-party correlated pointer jumping problem, the solution of
which will be the main ingredient of establishing the connection between information and amortized
communication complexity. The input of this problem is a rooted tree, where

e cach non-leaf node is owned by exactly one of the parties P;, for 1 <i <k,

e cach non-leaf node owned by a particular party has a set of children that are owned by other
parties,

e cach node v is associated with k distributions on its children: child’? known to the party P;,
e the leaf nodes are labeled with the output values.

For every non-leaf vertex w in the tree, whose parent is v and v is owned by P;, define the divergence
cost of w as D(w) = Zle log(childfj (w)/childy (w)). The divergence cost of the root is set to be
0. Now given a path T from the root to the leaf, the divergence cost of the path, denoted by D(T)
is the sum of the divergence costs of all all the nodes present in that path. The divergence cost of
an instance F', denoted by D(F), is the expected sum of divergence costs of the nodes present in
the correct distribution on paths.
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Theorem 7.3. Given a k-party correlated pointer jumping instance F' having depth 1, there is a
protocol that can sample a path T' such that there is an event E, with Pr[E] > 1—Ile and conditioned
on F,

e the parties output the same sampled path T that has the correct distribution,

e the number of bits communicated is bounded by D(T') + 2llog(1/e) + (k + 3)\/ID(T) + (2k +
log k + 7)L.

Proof. We obtain the protocol to sample the correct path by repeatedly applying the protocol from
Theorem 7.2. For each step j, let E; be the event that the corresponding party sample the correct
child. By Theorem 7.2, Pr[E;] > 1 —¢€. Let E := N;E; and thus by union bound, Pr(E] > 1 — le.
Conditioned on F, the sampled path has the correct distribution.

Now, suppose the sampled path is T' = vg,v1, -+ ,v;. Then by Theorem 7.2, the total number of
bits communicate dis bounded by

!
Z (vj) +log(1/€e) +loglog(1/e) + (k + 3)\/D(v;) + 2k +logk + 7)
7j=1

MN

D(v;) + llog(1/€) + lloglog(1/e) + (k + 3) + (2k + logk + 7)1

1
< D(T) + 2llog(1/€) + (k + 3)\/ID(T) + (2k + log k + 7)I

.
Il

where the first inequality is by the Cauchy-Schwartz inequality. O

Given a public coin multiparty protocol with inputs X = X1, Xo, - , X} and public randomness
R, for every fixing of x and r, we obtain an instance of k-party correlated pointer jumping problem.
The tree is same as the protocol tree with the public randomness r. For a node v at depth d is
owned by P;, for 1 < i < k, define childvpi’mpi so that it has the same distribution as M|Xp, =
zp,,m(X)<q = rv. We denote the instance of k-party correlated pointer jumping by Fr(x,r) and
let p be the distribution on X.

Lemma 7.1. Ex g[D(Fx(z,r))] = (k — 1)ICK(x).

Proof. We first fix a r and then denote the corresponding protocol as m,.. We then use the induction
argument to prove that Ex[D(Fy, (z,7))] = (k — 1)[05(77,,). Then we use Lemma 3.1 to complete
the proof.

When the depth is 0, then terms in both the sides are 0. Now without loss of generality, lets assume
that the root node is owned by the party P; and let M denotes the child of the root sampled during
the protocol. Let F(x,r),, denotes the divergent cost of the subtree rooted at m. Then

k iy P
Ex[D(Fy, (1)) = Bx.u[3 log(childs "™ (m) /ehild,™™ (m)) + D(F(z,)m)] (1)
j=1

Note that for every x, M|X = x has the same distribution as of M|Xp, = xp, and thus by
Proposition 2.4, the expectation of the first term in Equation 1 is equal to Z?Zl I(Xp;; M | Xp,).
By the induction hypothesis, for every fix M = m, the second term is equal to (k — 1)I C/’f (7 |
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m) = Z§:1 I(Xp;;mp(X) | Xp;m), where m, | m denotes the protocol m, given that the child of the

root node of the protocol tree for m, is m. Then, these two terms together give

k k
Ex[D(Fr, (z,7)] =Y I(Xp; M | Xp)+ > I(Xp;m(X) | Xp,M)
=1 i=1
k
=Y I(Xp;m(X) | Xp,) by Proposition 2.2
j=1

— (k — 1)IC}(m,)

Now Theorem 7.3 and Lemma 7.1 together lead to the following corollary.

Corollary 7.1. Let X be the input to a I round multiparty communication protocol m, where the
number of parties involved is k and let I be the internal information cost of w. Then for every
€ > 0, there exists a protocol T, such that at the end of this protocol each party outputs a transcript
for w. Moreover, there is a event E with Pr{E] > 1 —le such that conditioned on E, all the parties
output the same transcript distributed according to w(X) and the expected communication of T is

(k=114 (k4 3)\/l(k— 1) + 2llog(1/e€) + (2k +logk + 7)L.

7.1.2 Information and amortized communication

Here we establish a tight connection between the amount of information revealed by a protocol
computing a function f and the amortized communication complexity of computing many copies
of the function f. We first recall a simple observation from [BR11].

Claim 7.2 ([BR11]). For each f, p and p, limqy—s, IC/’f(f, a) = ICﬁ(f, p).

Another simple but important observation required for our purpose is given below. Before
stating the observation, we need the following definition.

Definition 7.2 (Layered Multiparty Protocol). A mulitparty protocol 7 involving k parties P, - - , Py
1s said to be layered if the communication is done by the parties in the following order: first Py’s
turn, then Py’s turn and so on up to Py’s turn and then again Py’s turn and so on.

Lemma 7.2. For every I and input distribution u, if there is a multiparty protocol T involving k
parties, having IOﬁ(T) = I, then there exists a layered protocol w. Moreover, IC’ﬁ(ﬂ) = ICS(T) =1
and CC(m) < 2k.CC(7).

Proof. Without loss of generality we can assume that 7 is a private coin protocol as otherwise we
can fix a random string r and prove the same result and after that apply Lemma 3.1. We modify
the protocol 7 to get the desired protocol 7, in the following way:

o If 7 selects the party P; to communicate, but according to the ordering mentioned in the
statement of the lemma, it is the turn of the party P;, for j # 7, then the party P; communicate
an idle symbol ¢.
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Clearly, CC(m) < 2k.CC(7). Note that as here the communication involves a symbol other than 0
or 1, thus we get the term 2k. It remains to bound the internal information cost of .

k
1 .
k _ .
ICM(W) “k_1 E_l I(W(X),Xpi | XPi)
1 k
i E I(1(X); Xp, | Xp,)+ I(®; Xp, | Xp,7(X))] by Proposition 2.2
i=1

k
1 -
T r_1 E I(m(X); Xp, | Xp,) = ICS(T)-
i=1

where ® denotes the string of all ¢ symbols. O
Now define the amortized communication complexity of a function f.

Definition 7.3. For any function f, the amortized communication complezity with respect to a
distribution p on the input, is defined as
Diuvn
AC(f)) == lim pi(f).

n—oo n

We are now ready to state the main theorem of this section.

Theorem 7.4. For p > 0,
k k

Note that for k = 2, the above theorem results in equality between the two terms and that
matches with the theorem stated in [BR11].

Proof. ICﬁ(f, p) < AC(fF). This direction directly follows from Theorem 7.1.
AC(f8) < (k= 1)ICE(f,p). Let 6§ > 0. we will show that for sufficiently large n, D)™ (f)/n <

(k=1)ICE(f,p) +96.

By Claim 7.2, there is an a < p, such that ICS(f, a) < IC’ﬁ(f, p) +0/4. Thus there is a protocol T
that computes f with error bounded by « with respect to the input distribution g and the internal
information cost is bounded by [ := 1 Cﬁ( fyp) +6/4. By Lemma 7.2, there is a layered protocol
7 computing f with error bounded by a and internal information cost if same as that of 7, where
CC(m) < 2k.CC(1).

For every n, m™ denotes the protocol that executes the protocol 7 independently in parallel with
different sets of inputs from X™. Thus 7" has CC(w) rounds and communication complexity
nCC(m). Moreover, the error at each coordinate is bounded by a. Now we obtain our desired
protocol by compressing 7".

Let jr denote the transcript for input X7 and observe that for every j, (X7,j,) are mutually
independent. This implies [ C/’jn (m™) =nl Cl’j (). Let T™ denotes the random variable of the path
sampled in 7™ and 171, - - , T, denote the random variables of the n paths sampled in the individual
copies of 7. As the protocols run independently, E[D(T™)] = > %_, E[D(T})]. Each vertex in the
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protocol tree of 7" corresponds to an n-tuple of vertices of w. If w corresponds to the vertices
(w1, ,wy) having parents (vq,--- ,v,) owned by say P;, then

k
D(w) = 3" log(childl: (w)/child,’ (w))
j=1

k n n
= log([[ chitd?: (wm)/ T childi, (wnm))
j=1 m=1 m=1

k n
=33 log(child?: (wn)/childy), (wn))

j=1m=1

By Lemma 7.1, E[D(T})] = ICS(?T). Thus, by the central limit theorem, for large enough n,

Pr[D(T") > n((k — 1)ICS(m) +6/4)] < (p — 6)/2.

Now we use Corollary 7.1 to simulate 7", with error parameter ¢ = (p — §)/2CC(w) and get
the desired protocol having error bounded by a + (p — @) = p and truncate the protocol after
n.((k — 1)]05(7‘) +6/4) + (k+ 3)\/2k:CC(T).n.((I<: — )ICH(T) +5/4) +4kCC (1) log(1/€) + (2k +
log k + 7)2kCC(7) bits of communication. For large enough n, the per copy communication of this
protocol is at most (k — 1)[(3’5(7) +9/2, as required. O

7.2 The non-distributional case

In this subsection, we establish a relation between prior-free information complexity and amortized
communication complexity for non-distributional case. This relation is similar to the relation we
have shown for distributional case in the last subsection.

Theorem 7.5. For p >0,

b . Rp(™) .
ICK(f,p) < Tim 202 < (k = 1)ICK (£, p).
n—o00 n
Above relation will lead to equality for & = 2 and this matches the result sated in [Bral2]. We
adapt the proof technique from [BR11], to prove this relation. Before proving the above theorem,
we first state another theorem.

Theorem 7.6. Let f: X — {0,1}, where X = X1 X Xo X -+ x X}, then for each p,d1,02 > 0 there
is an N such that n > N there is a protocol 7,(zt, 2%, -+, 2™) for computing n instances of f. The
protocol T, will have communication complexity at most n(k — 1).IC*(f,p).(1 + 61) and the error
will be bounded by a quantity slightly greater that p on each copy. Furthermore, the error vector of
the protocol will behave as if n evaluations were independent, except with a probability at most do.

More precisely, let Q : {0,1}" — {0,1} be any monotone function and let p = (p1, - ,pn) be

the random variable representing m,’s output on input x',---  x™. Suppose e = (e1,--- ,e,) be the
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error vector, where e; be a indicator random variable representing p; # f(z') and b = (by,--- ,b,)
be a vector of independent Barnoulli variable b; ~ B,. Then,

Pr(Q(e) = 1] < Pr[Q(b) = 1] + d2.
Assuming the above theorem, we can now prove Theorem 7.5.

Proof of Theorem 7.5. Second part of the Theorem 5.2 implies the following
1cn(f"p) _ B3U")

n n

IC*(f.p) =

where the last inequality is due to the fact that information cost of a protocol is always upper
bounded by the communication cost (by Lemma 3.2). This shows that IC*(f, p) < lim, o0 B u™)

n
The remaining part follows from Theorem 7.6. Consider () as a one-coordinate indicator function

and this implies R} (f") < n(k — 1).ICK(f, p—02).(1+01). As 61 — 0 and n — oo, for each &5 > 0,

we have
. Rp(fM)
lim

n—00 n

< Ick(fvp_ 52)

Now as a consequence of Theorem 4.3, we get that IC¥(f, p) is continuous in p € [0,1] and this
implies that IC*(f, p) = lims, o IC*(f, p — d2). Hence,

lim LZ(]‘") <

n—+00 n

and this completes the proof. d

Now it remains to prove Theorem 7.6 and we provide it in the next subsection.

7.2.1 Proof of Theorem 7.6

The proof follows the idea used in [Bral2]. We first state two main lemmas that will be used in the
proof. Proofs of the following lemmas are same as that given in [Bral2], but for the sake of clarity,
we are providing the detailed proofs.

Lemma 7.3. Consider any 61,04 > 0. Let a layered I' < 2kl, for some l, round protocol w for
computing a function f: X1 X -+ x X — {0,1} (denote X := X x -+ x X ) involving k parties,
that satisfies 105(71') < ICK(f, p)(1461/3), is given. Then for sufficiently large n, there is a protocol
m, that takes n instance of f as an input and the following holds:

1. For every input X, |m,(x) — 7"(x)| < 64/(2n?).
2. The expected communication cost is at most n(k — 1).IC*(f, p).(1 4 2061/3).
3. The worst case communication cost is bounded by 100nkM /61, where M = max; log | X;|.

Proof. Let a > 0 be a parameter. Now consider a zero-sum game G, where first player A selects a
distribution on n sets of inputs and the second player B produces a randomized protocol 7. The
payoff for A is

Exp|7(x)] N Exp|7(x) — 7" (x)]
(k= DICH(f,p)(1+01/2) d4/(2n?)

Pa(p,7):=(1- a)n
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where x := (2!, ,2"), i.e., n sets of inputs and each 27 =27, -+ ,z7].

Let v be any mixed strategy for A and we represent 7i(x) = E,,u(x). Now observe that, for
any protocol 7, E,, Pa(u, 7) = Pa(ft, 7). Thus to prove that the value of the game is bounded by
1, it is sufficient show that for each distribution y, there is a protocol T such that Pa(u,7) < 1.

Fix a distribution u and consider its projection on n coordinates, denoted as 1, - - - , 4. Observe
that the proof of the second part of Theorem 5.1 provides us the following

ICK(x™) < Zn: 1C} (m) < nIC*(f,p).(1+ 61/3).
Jj=1

The protocol 7™ is also of [ round. Let € := fn~—§,§l. By Lemma 7.1, the protocol 7™ can be simulated
by a protocol 7 such that the expected communication is bounded by (k—1).n.IC*(f, p)(1461/3)+
(k+3)\/2kl(k — 1).n.IC*(f, p)(1 + 61/3)+4kl log(1/e)+(2k+log k+7)2kl < (k—1).n.IC*(f, p)(1+
01/2) and |7 — 7| < 2kle. Hence, we get that Pa(u,7) < 1.

By Yao’s Min-max Theorem, there exists a distribution k on protocols, such that for each
distribution g on inputs, E;.[Pa(p, 7)] < 1. Now consider 7, as a randomized protocol that
executes first selects a protocol according to the distribution s and then executes it. Clearly,
Pa(p, m,) < 1, for all distributions .

A particular input x can be thought as a singleton distribution, denoted by ux. Let a <
1—(1461/2)/(14361/5). Then for every input x, P4(ux,m,) < 1 and this implies that

K28
2n?

(%) = 7"(x)] <

and the expected number of bits of communication of 7, on input x is bounded by

n(k — DIC*(f, p)(1 +61/2)

T—a < n(k = D)ICH(f, p)(1 4 358, /5).

Now to get the worst case bound on the number of bits communicated, we use the most common
technique. We modify the protocol m, in such a way that it runs as usual for 80nkM /é; bits and
if does not terminate within this limit then just communicates all the inputs, which takes total

nkM bits. By Markov inequality, the probability that the modified protocol crosses 80nkM /d;

k k
bits of communication is bounded by 2876{1(]’; Jv(//tgi ) — 512(5,“(\;”’ ). Thus, the expected number of bits of

communication for this modified protocol is at most

SULICH(f, p)
40k M

n(k — 1)ICK(f, p)(1 4 361/5) + (nkM) < n(k — 1) IC*(f, p)(1 + 261/3).

O]

The above lemma gives us an upper bound on the expected number of bits communicated and
now the following lemma helps us to get an upper bound on the worst case communication cost.

Lemma 7.4. Consider any 61,04 > 0. Let a layered I' < 2kl, for some l, round protocol w for
computing a function f : X1 X -+ x X — {0,1} involving k parties, that satisfies ICﬁ(ﬂ') <
IC*(f,p)(1 + 61/3), is given. Suppose T be a protocol that runs on n® sets of inputs by dividing
them into n? blocks of n sets each and then executing w, (as in Lemma 7.3) on each block. If T is
truncated after n3(k — 1)IC(f, p)(1 + 1), then for each set of inputs x, |7(x) — 7™ (x)| < é4.
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Proof. First fix a set of n3 inputs. Now by union bound along with the second condition of Lemma
7.3, the probability that there exists a block among n? blocks, that is different under , than
under 7" is bounded by d4/2. Let T}, for 1 < j < n? denote the random variable representing the

communication cost by the j-th copy during the execution of 7. Denote T := Z;il T;.
Note that T} are i.i.d. and E[T}] < n(k — 1).IC*(f, p).(1 + 26;/3) and thus

100nkM
01

So, E[T] < n3(k — 1).IC*(f, p).(1 +251/3) and Var(T) < 200n*kM.IC*(f,p)/61. Now by Cheby-
shev’s inequality, we get

Var(T;) < E[T}]. < 20002 kM.IC*(f,p)/6:.

200n*kM.ICK(f, p)/61
(n3(k — 1).IC*(f, p).01/3)?

where the last inequality holds for large enough n. O

Pr[T > n®(k — 1).IC(f, p).(1 4 61)] < < 64/2

It only remains to combine Lemma 7.3 and Lemma 7.4 to get Theorem 7.6.

Proof of Theorem 7.6. Suppose for all 1 <1 < k, | X;| <2M. As a consequence of Theorem 4.3, we
get that ICF(f, p) is continuous in p € [0,1] and this implies that there exists a d3 > 0 such that

ICM(f,p = 83) < IC*(f,p)-(1+61/3).

By the definition of IC*(f, p — d3), there is a protocol 7 that on each set of inputs succeeds except
with probability at most p — d3 and for each distribution u,

ICK(T) < IC*(f,p).(1461/3)

where 7 is a [ round protocol. Now take the layered protocol 7w according to Lemma 7.2 and thus
number of rounds of 7 is bounded by 2kl. Then by setting d4 := min(ds, d3)/2, we apply Lemma
7.4 and this completes the proof. O
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