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CONSTRUCTING ELUSIVE FUNCTIONS
WITH HELP OF EVALUATION MAPPINGS

HONG VAN LE

ABSTRACT. We develop a method to construct elusive functions
using techniques of commutative algebra and algebraic geometry.
The key notions of this method are elusive subsets and evalua-
tion mappings. We also develop the effective elimination theory
combined with algebraic number field theory in order to construct
concrete points outside the image of a polynomial mapping. Us-
ing the developed methods, for F = C or R, we construct exam-
ples of (s,7)-elusive functions whose monomial coefficients are al-
gebraic numbers, which give polynomials with algebraic number
coefficients of large circuit size.
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1. INTRODUCTION

In computational algebraic complexity theory we investigate differ-
ent complexity classes of sequences (f,) of polynomials over a field
F. We also search lower or upper bounds of complexities on a given
polynomial.
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Two most important complexities of a multivariate polynomial f are
the circuit complexity L(f) and the formula size L.(f). These com-
plexities measure the minimal size of certain arithmetic circuits com-
puting f. Arithmetic circuits are the standard computational model
for computing polynomials. An arithmetic circuit, as defined, e.g., in
(14, §1.1], is a finite directed acyclic graph whose nodes are divided
into four types: nodes of in-degree 0 (input gates) labeled with an in-
put variable or the field element 1, nodes labelled with + (sum gates),
node labeled with x (product gates), and nodes of out-degree 0 (output
gates) giving the result of the computation. Every edge (u,v) in the
graph is labeled with a field element «. It computes the product of «
with the polynomial computed by u. A product gate (resp. a sum gate)
computes the product (resp. the sum) of polynomials computed by the
edges that reach it. We say that a polynomial f € F[Xy,---,X,] is
computed by a circuit if it is computed by one of the circuit output
gates. If a circuit has m output gates, then it computes a m-tuple of
polynomials f* € F[Xy,---,X,], i € [1,m]. In what follows we con-
sider only ordered m-tuples of polynomials resulting from a numeration
of the output gates of an arithmetic circuit; so an m-tuple is under-
stood as an ordered m-tuple. Further, assuming in this note that [ is
a field of characteristic 0, we also identify an m-tuple of polynomials in
n variables with a polynomial mapping from F” to F™. Let us denote
by Pol"(F™,F™) the space of all polynomial mapping of degree at most
r from F™ to F™ and set Pol(F",F™) := U Pol" (F", F™).

We define the size of a circuit as the number of its edges, and the
circuit complezity L(f) of a polynomial mapping f to be the minimum
size of an arithmetic circuit computing f [14]. The formula size L.(f) of
a polynomial mapping f is defined as the minimum size of an arithmetic
circuit computing f, which is a directed tree, i.e., all vertices have out-
degree at most 1.

The formula size and the circuit complexity of polynomial mappings
do not have clear geometric or algebraic structure. In [18] Valiant
suggested to “approximate” the formula size of a polynomial by the
determinantal complexity, observing that on the one hand, the deter-
minantal complexity is a lower bound for the formula size, and on the
other hand, the determinantal complexity has a clear algebraic and geo-
metric interpretation. Geometric and algebraic properties of the deter-
minantal complexity of a polynomial have been employed by Mignon-
Ressayre [12] and by Mulmuley-Sohoni [13] to study lower bounds on
the determinantal complexity, and to attack the problem V P versus
VNP.
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In [14] Raz proposed a geometric approach to obtain a lower bound
on the circuit complexity of a polynomial by introducing a polynomial
mapping associated with a universal graph of a given arithmetic cir-
cuit. Using his method Raz has constructed explicit polynomials whose
constant depth circuit size is large [14, Lemma 4.1], see also Remark
4.10.

Raz’s method of constructing elusive functions is combinatorial, and
it is not clear how to apply his method to find other examples of elusive
functions. In this paper we develop an algebraic-geometric method for
construction of elusive functions. The key notion of this method are
elusive subsets and evaluation mappings.

The structure of our paper is as follows. In section 2 we recall the
notion of a (s, r)-elusive function introduced by Raz in [14]. To study
(s, r)-elusive functions we introduce the notion of a (s, r)-elusive subset
(Definition 2.2) and we characterize polynomial mappings whose image
contains an (s, r)-elusive subset consisting of k points (Corollary 2.5).
This construction leads to the notions of a (s, r, k)-elusive function and
of a strong (s,r)-elusive function (Definitions 2.2, 2.9). We compare
these notions, using an interpolation formula for polynomial mappings
(Proposition 2.6, Remark 2.10). In section 3 we develop the method
invented by Kumar-Lokam-Patankar-Sarma [9] that uses the effective
elimination theory combined with algebraic number field theory in or-
der to find concrete points b which lie outside the image of a polynomial
mapping g, if g is defined over Q, such that the coordinates of b are
algebraic numbers (Proposition 3.5). Note that our method is close to
the Strassen-Schnorr-Heintz-Sieveking method of constructing polyno-
mials with algebraic coefficients which are hard to compute, but our
method and their method yield different polynomials which are hard
to compute in different complexity classes (Remark 3.8.1). In section
4 we construct examples of (s,7)-elusive functions (Proposition 4.5).
Using this, for F = R or F = C, we construct explicit examples of
sequences of polynomials f, : F?* — F" of degree 5r 4+ 1 whose coeffi-
cients are algebraic numbers such that any depth r arithmetic circuit
for f, is of size greater than n?/50r* (Proposition 4.7). We compare
our results with previously obtained results (Remark 4.10). We also
construct (s, r)-elusive functions whose monomial coeflicients are alge-
braic numbers, which give polynomials of large circuit size (Proposition
4.12, Corollary 4.14).

Finally we note that our results in effective elimination theory are
applicable for similar complexities of the same nature, e.g. the deter-
minantal complexity, the rank of tensors and the rigidity of matrices.
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2. ELUSIVE FUNCTIONS AND ASSOCIATED POLYNOMIAL MAPPINGS

In this section we recall the notion of a (s, r)-elusive function intro-
duced by Raz in [14] for constructing sequences of multivariate polyno-
mials of high circuit complexity (Definition 2.1). To study (s, r)-elusive
functions we introduce the notion of a (s,r)-elusive subset (Defini-
tion 2.2) and we find a condition for a polynomial mapping whose
image contains a (s, r)-elusive subset (Corollary 2.5). We also intro-
duce the notion of a (s, r, k)-elusive function (Definition 2.2) and the
notion of a strongly (s, r)-elusive functions (Definition 2.9). We com-
pare (s, 7)-elusive functions with (s, r, k)-elusive functions and strongly
(s,r)-elusive functions, using an interpolation formula for polynomial
mappings over F and an evaluation mapping (Proposition 2.6, Remark
2.10).

Definition 2.1 ([14], p. 2). A polynomial mapping f : F* — F™ is
called (s,r)-elusive, if for every polynomial mapping I" : F* — F™ of
degree r, we have f(F™) ¢ I'(F*).

Using the existence of elusive functions Raz has constructed poly-
nomials of large circuit size [14, §3.4]. Raz’s construction of elusive
functions is based on a certain combinatoric property of the coeffi-
cients of a special polynomial mapping [14, Lemma 4.1]. Our approach
to elusive functions is based on the concept of an (s, r)-elusive subset.

Definition 2.2. A k-tuple S, of k points in F™ is called (s, r)-elusive,
if for every polynomial mapping I'" : F* — F™ of degree r, we have
Sk & T'(F?). A polynomial mapping f : F" — F™ is called (s, k)-
elusive, if there is a k-tuple of points in the image f(F") which is
(s, r)-elusive.

Clearly any (s, r, k)-elusive function is (s, r)-elusive.

Example 2.3. (cf. [14]) A polynomial mapping f : F" — F™ is
(m — 1,1)-elusive, if and only if the image f(F") does not belong to
any hyperplane in the affine space F™. Equivalently, a (m—1, 1)-elusive
polynomial is (m—1, 1, m+ 1)-elusive. For example, the moment curve
f:C—C™ tws (t,t% - ,t™) is (m — 1, 1)-elusive, since the image
of the moment curve contains m + 1 points by := f(0) = 0,--- ,b; :=
fla;) € C™, 1 < i < m, satisfying the following condition. The val-
ues a; € F" are chosen to be distinct such that by, --- ,b,, are linear
independent vectors in C". Clearly the (m + 1)-tuple (0,b1,- -+ ,b,,) is
(m — 1, 1)-elusive, which implies that f is (m — 1,1, m 4+ 1)-elusive, see
Corollary 2.7 for a detailed explanation.
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To treat (s,r)-elusive k-tuples we consider the following evaluation
map

(2.1) EvF, o Pol"(F*,F™) x (F*)* — (F™)*,

r,8,m

<f17 e 7fm)(a17 e 7ak) = (fl(al)a e 7fm(ak))7
where f; € Pol"(F*) for 1 < j <m and a; € F* for 1 <i < k.
We identify a k-tuple S, = (by,--- ,bg), b; € F™, with the point
Sk € (F™)* whose coordinate S, 7, 1 <i <k, 1 < j < m, is equal to
the i-th coordinate b} of b; € F™.

Lemma 2.4. A k-tuple Sy, C F™ is (s, r)-elusive, if and only if Sy does
not belong to the image of Ev*

r,8,m"

k

s,rym*

a polynomial mapping f € Pol”(F*,F™) and a point a € F** such that
2.2 B, ,(f.0) = 5.

We write S, = (b1, ,b), by € F™, and a = (a1, -+ ,ax), a; € F*.
The equation (2.2) implies

(2.3) flai) = b;.

Thus Sy C f(IF®?). This proves the “only if” assertion of Lemma 2.4.
Conversely, assume that Sy C f(F®) for some f € Pol"(F*,F™).

Then there are points a; € F*, i = 1,k, such that (2.3) holds for all

i. Since (2.3) is equivalent to (2.2), it follows that Sj belongs to the

image of EvF This completes the proof of Lemma 2.4. U

r,8,m"

Proof. Assume that S; belongs to the image of Ev Then there are

Corollary 2.5. A polynomial map f : F" — F™ is (s, r, k)-elusive, if
and only if the subset f* = f(F™) X -+ Lyimes X f(F") C F™ does not
belong to the image of the evaluation mapping Ev*

s,rm*

Now we are going to find a sufficient condition for a polynomial
mapping f : F* — F™ to be (s,r, k)-elusive using an interpolation
formula for a polynomial mapping.

Interpolation of a function in many variables by a polynomial map-
ping has been investigated for a long time, but there are many inter-
esting and unsolved questions [8]. One of the main differences between
interpolation of a function in one variable and interpolation of a func-
tion in many variables is that in the former case an interpolable set,
i.e., the set at which the value of an interpolating polynomial function
(resp. a polynomial mapping) must coincide with the value of a given
interpolable function, can be arbitrary, but in the later case cannot be
arbitrary. The interpolation formula given below is likely unknown,
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though possibly, there are some similar formulas. Our interpolable set
is a lattice in a simplex in F".

Note that a monomial X|*--- X’ € Pol"(F*) can be identified with
an ordered s-tuple (i,--- ,4s) of non-negative integers i;, 1 < j < s,
such that i; + - -+ + i, < r. The following formula is well-known

(2.4) dim Pol" (F*) = (S JSF T) .
By (2.4) there exists a 1-1 mapping H! from the set Mon” of all
monomials X{' ... X € Pol"(F®) to the set S of (*!") points (i1, -- ,4,) €
. (The mapping H{ induces a linear isomorphism H{,, : Pol"(F*,F™) —
(F*)™ k= m(str) .) For aset S, of (SJT”') points in F™ we enumerate
the points in S, by by, ... ;,, where i, € Nand > iy < 7.
Now we are ready to prove

Proposition 2.6. Given a tuple S, of (Sfr) points by, ... ;. in F™,

i; € N and Zj‘:1 i; < 1, there exists an algorithmically constructed
polynomial mapping fs, . : F° — F™ of degree r such that

(25) sz,r,m (ila te ais) = bi1,'“ Jis )
for all (iy,- -+ ,is) € N° C F* satisfying 3 3;_,i; <.

Proof. Let f* (resp. b%) denote the i-th coordinate of a polynomial
mapping f : F* — F™ (resp. of a point b € F™), i.e., f = (f!,---, f™).
Note that (2.5) is equivalent to the following system of equations

(2.6) fo (iny oo yig) = b, ., forie[1,m]

and for all (iy,--- ,i,) € N° C F* satisfying ), i¢; < r. Since the system
(2.6) consists of independent subsystems each of which corresponds to
an upper index i € [1,m], it suffices to prove Proposition 2.6 for the
case m = 1.

We construct fs, , by induction on s. Note that the case s = 1
is well-known. Given an (r + 1)-tuple (bg,- - ,b,) of elements b; € F,
there is a polynomial fg,,, € F[X] taking values in (by,--- ,b,). The
Newton interpolation formula defines fg.  , by the following formula

s,r,1

(2.7) Forr(X) = Aot M X+ A X (X — 1)+ - 4 XX (X —1) -+ (X —7),

where the coefficients Ay € F are defined inductively on k£ by solving
the system of the following linear equations with coefficients in N

>\0 = bOv
>\0 + )\1 — bl,
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(2.8) Xo+ Ak N kL= by,
ete.

Next, let us assume that sy > 2 and Proposition 2.6 is valid for
s < s — 1. Now we show how to construct the required polynomial
Is...1- Recall that fs, . :F% — F is required to satisty the following

equation o
(2.9) fsso’r’l(il,ig, e gy) = biy,igy € Ssort CF
for all (iy,--- ,is,) such that X{* .. L X0 € Mon .
We set
fSSO,T,l(Xla"' 7Xso> — PT(Xl,--- 7X8071) +X50Pr71(X17 o ,Xsoq) N

(2.10) + X (Xegy = 1)+ (X =+ DPUXy, -, X))

To determine the polynomials P¥(X,--- X, 1) entered in (2.10)
for 0 < k < r we exploit the following canonical injective map

(2.11) Mon”_| — Mon, X1t ... X7 s X0 X0

as well as the following canonical inclusions

(2.12) Mon”_, D Mon"1 D> Mon’"3 > Mon" "3 > - .

Using (2.11) and (2.12) we denote the restriction of H! to Mon] *
by H;“O__kl. The image H;“O_fl(MongO__kl) is a set Sgy—1,—k of (Sofrljjfk)

elements in F*0~t C F%. Clearly, for 0 < k <r

5-)
Sep-ta—k = {(iv, -+ 1isy-1, k)| i; € Nand Y i; <r—k} C Sy

Jj=1

Next we decompose

S0
ijeNand Y i;<r} CF

J=1

Ssoﬂ“,l = {bi07i17"' Jiso

as a union of its disjoint subsets
Sso,r,l - Sso—l,r,l U Sso—l,r—l,l U---u Sso—l,(],l;
where for 0 < k <r

s
SSO*l,T*kJ = {bio,"'7iso—1,k| ij € N and ZZ] S r— k} C Sso,r,l-

j=1
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Substituting X, = 0 into (2.10), taking into account (2.9), we ob-
serve that the polynomial P"(Xy,---,Xs,_1) satisfies the following
equation

(213) Pr(il, <. 7i50—1) = bi07...’i5071’0 c 530_1’7«71 CcF
for all (iy,--- ,is,) such that (X]*-- -Xiso_l) € Mon,

so—1 so—1°
The induction assumption implies that P"(Xy, -, Xy, 1) can be de-
fined algorithmically such that (2.13) holds.

Now we will construct polynomials P"~!, P2 ...  PY% inductively
from (2.9), (2.10) and (2.13). Assume this has been done for all
Pro... P11 <k <r+ 1. Substituting X,, = k into (2.10) and
comparing this with (2.9), we obtain the following defining equation
for Pr=k . Foo-1 & F

fssw(@'h o 71'80_17]@ — Pr(ih - 71'80_1) + /fpr—l(z'h - 72'50_1) R
(2.14) FRIPT TRy, igg—1) = biy e gk
(215) — Pr_k(ila o 7?:80—1) - Tk € F

U1, ylsg—1
for all(iy, - - - ,is 1) such that (X1 --- X07') € Mon!, _, and for
rT— 1 T (s N
ilﬁ dsgo1 T E[bil,m,iso_l,k — (P"(i1, "+ yiso-1) +
FRP T iy, igg1) e KPR Gy i 1))

By the induction assumption P"~* can be algorithmically constructed
using (2.15). This completes the induction step. Hence Proposition 2.6
is valid for all s. 0

Corollary 2.7 (cf. Example 2.3). Assume that {by,--- by} are lin-
early independent vectors in ™. Then there exists a polynomial map

[ F—TF™ of degree m whose image contains the pointsby = 0,b1,- - , by,.
In other words, [ is is (m — 1, 1)-elusive.

Let us consider the interpolation problem for homogeneous polyno-
mial mappings. Since each homogeneous polynomial f € Pol; (F" F™)
C Pol"(F"1 F™) is defined uniquely by the value of its restriction to
the hyperplane b"*! = 1 in F*"*!, we get immediately from Proposition

2.6

Corollary 2.8. 1. Given a tuple Ss, ., of (Sfr) points by, ... ;. in F™,
where i; € N and 22:1 i; < r, there exists an algorithmically con-

structed homogeneous polynomial mapping fs, .. : Fstl — ™ of degree
r such that

(216) fss,r,m (7;1; e 7Z.S7 1) = bil,"',is
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for all (iy,--- i) satisfying i; € N and 3 7°_ i; <.
2. Let us abbreviate (SM) by b(s,r). Proposition 2.6 and the formulas
in its proof give a linear isomorphism

(2.17) o) Emblsr) . poln (RS, F™),

which associates any point Ss,m € Fmb(s:m) with a polynomial mapping
ISsrm € Pol"(F°,F™).

Proposition 2.6 motivates the following

Definition 2.9. A mapping f € Pol?(F",F™) is called strongly (s,r)-
elusive, if the set {f(i1,---,i,)|i; € Nand Y37 45 < p} is (s,7)-
elusive.

Remark 2.10. 1. By Lemma 2.4, a polynomial mapping f € Pol?(F" F™)
is strongly (s,r)-elusive, if and only if the point in F™(") associated
with the tuple (f(i1,--- ,4,)]i; € N and Z"_l i; < p) does not belong

to the image of the evaluation mapping Evr,(s,m).

2. A strongly (s, r)-elusive polynomial mapping f € Pol?(F™ F™) is
(s,r, k)-elusive for any k > (”;p), and, hence, it is (s, r)-elusive.
3. If f € PolP(F",F™) is (strongly) (s, r)-elusive, then it is (strongly)

(s',r)-elusive for any s’ < s.

3. ZARISKI CLOSURE OF THE IMAGE OF A POLYNOMIAL MAPPING,
EFFECTIVE ELIMINATION THEORY AND ALGEBRAIC NUMBER
FIELD THEORY

Remark 2.10 asserts that a verification of the strong (s, r)-elusiveness
of a polynomial mapping f can be reduced to the following problem.
Given a polynomial map f : F" — F™ and given a point b € F™, verify
whether b belongs to the image f(F™). This problem is in fact a part
of the elimination theory, which we discuss in this section (Lemma 3.1,
Corollary 3.2). We develop the method invented by Kumar-Lokam-
Patankar-Sarma [9] that uses effective elimination theory combined
with algebraic number field theory in order to get concrete points b
which do not belong to the Zariski closure of the image of a polyno-
mial mapping f, if f is defined over Q, such that the coordinates of b
are algebraic numbers (Proposition 3.5). This result will be used in the
next section to find a sufficient condition for a polynomial mapping f
to be strongly (s, r)-elusive. As a consequence, we will construct in the
next section concrete polynomial mappings and multivariate polyno-
mials whose circuit size is large. We note that the idea to use algebraic



10 HONG VAN LE

numbers to construct polynomials which are hard to compute first ap-
peared in the works by Strassen-Schnorr and Heintz-Sieveking (Remark
3.8.1).

Given a polynomial mapping f € Pol(F",F"**), where F = Ror F =
C and k > 1, we are interested in the image f(IF") C F*"**. There are
also several available methods to detect whether a point b belongs to the
Zariski closure f(F") of f(F") C F"* based on algebraic description
of the ideal of the sub-variety f(F"). The polynomial mapping f =
(ft, .-+, f7**) induces a ring homomorphism

f* ]FD/h aYTH-k] _>F[X17 7XTL]7 }/z'_>fZ(X17 7Xn)

Denote by I(f(IF")) the ideal of f(F™) (i.e. the ideal of all polynomials
on F™ which vanish on f(F")).

Lemma 3.1. ([4, Proposition 15.30], [7, Lemma 1.8.16]) Assume that
f is a polynomial mapping from F"™ to F"**. Then

1. Ker f* = 1(f(F")) = I(F{F").
2. Let I be the ideal in F[ Xy, -+, X,,, Y1, -+, Yoik| generated by {Y; —
floee Yo — %Y Then

ker f* = INF[Y;, -, Yol.

Remark 3.2. Let f : F* — F™ and g : F* — F™ be two polynomial
mappings. Clearly, f(F") ¢ g(F®), if f(F") ¢ g(F*), equivalently by
Lemma 3.1, if ker f* 5 ker g*.

In general it is hard to find explicitly an element in ker f*. We
know only algorithms for determining the generators of ker f* = I' N
F[Y1,: -+, Ynik] based on Grobner’s basis or on resultants for determin-
ing a special element of ker f* of the corresponding system of polyno-
mials, see e.g. [7]. These algorithms are time-consuming, and they do
not give us any partial knowledge of the generators of ker f* at the
first glance. In [9] Kumar, Lokam, Patankar and Sarma used a result
in effective elimination theory to get partial knowledge of an element
in ker f* and combining this knowledge with algebraic number field
theory they obtained concrete matrices with high rigidity. Our exten-
sion of their method also uses the same result in effective elimination
theory, namely the following

Lemma 3.3. ([3, p.6 Theorem 4]) Let [ = (f',---, %) be an ideal in
the polynomial ring F[Y1,- -+, Y] over an infinite field F. Let d be the
mazimum total degree of the generators f'. Let Z = {Y;,---,Y;} be
a subset of indeterminates {Y1,--- Y, }. If INF[Z] # 0 then there
exists a non-zero polynomial g € I NF[Z] such that g = >, , ¢'f"
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with g € F[Yy, -+, Y] and deg(g'f) < (u+1)(m + 2)(d" + 1)"*2 for
i €[1,s], where p = min{s, m}.

Set D(m,r) = (m+ 1)(m + 2)(r™ + 1)™*2,

Remark 3.4. Applying Lemmata 3.1 and 3.3 to the ideal I = (Y} —
flo Y — f7™), and to Z = {Y1,--+, Y, 4k}, observing that I N
F[Z] # 0if k > 1, we obtain the existence of a polynomial g € ker f* =
I NF[Z] whose degree is less than or equal D(n+ k,deg f). Here deg f
is the total degree of the generators f’. Thus, to prove that a point
b € F*** does not belong to the image f(F") C F** it suffices to show
that g(b) # 0 for any g € PolP(Fdeef)(Fn).

To find such a point b € F*** we use the algebraic number field
theory, assuming F = R or F = C, and that f is defined over Q,
i.e., all polynomials f? in question are defined over Q. The following

Proposition is a generalization of [9, Theorem §].

Proposition 3.5. Let s < m — 1 and f : F* — F™ be a polynomial
mapping over Q of degree r.

1. Assume that py,--- ,psi1 are distinct prime numbers such that
pi > D(m,r)+2 for all i. Set

i 2my/—1 i ¢ i1
b':=e 7 andbd = E ajb7
=1

where aé» € Q and al # 0. Then b= (b, - 05t a*2,. .. .a™) e C™
does not belong to the image of f forF = C and for any (a*T2,--- ,a™) €
Qm—s_
2. Assume that py,--- ,psi1 are distinct prime numbers such that
pi > 2D(m,r) + 3 for all i. Set
. 2my/—1 ~. : . . o
b =e ri and b’ = Za;(b] + b7)
j=1
where a;'» € Q and at #0. Then b= (61, R LA ,a™) € R™
does not belong to the image of f for F =R and for any (a**2,--- ,a™) €
Qm—s.

Proof. Proposition 3.5 is a consequence of Lemmas 3.1, 3.3, Remark
3.4 and Proposition 3.6 below. U

Proposition 3.6. Assume that p1,--- , pm are distinct prime numbers

A 2my/—1 ~ : o
such that p; > D + 2 for all i. Set b’ :=e » and b" := 23‘21 az;b’,
where a} € Q and aj # 0.
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1. Then for all g € Pol?(Q™) C Pol”(C™) we have
g(bl, - b") #0.
2. Then for all g € Poll™}(Q™) C Poll”s" J(R™) we have
g(Re(b"), -+, Re(b™)) #0,

where |ZEL] denotes the integral part of 221, and Re(a) denotes the
real part of a € C.

Proof. 1. Let us prove Proposition 3.6.1 by induction on m. For m =1
this is trivial, since [Q(0') : Q] =p; —1> D + 1.

Now suppose that the statement is true when the number of variables
of a polynomial g is strictly less than m. Assume that the statement is
not true for m, i.e. there exists g € Pol”(Q™) C PolP?(C™) such that

(3.1) g(bt, -, b™) = 0.

Let us write
d

g(Yly e 7Ym) = Zgz(yia Tt 7Ym—1)er_ia
i=0
where g; € Q[Y, -+ ,Y,,_1], since g is defined over Q. If g does not
depend on Y,,, or equivalently g; = 0 for i € [0,d — 1], the induction
assumption implies that the induction statement is also valid for m,
since g = gq € Pol?(Q™) C PolP(C™!) satisfies

9(517 e 75771) 7é 0.
Thus, we can assume that Y, enters in g. Hence
g(lN)17 o 7l~)m71)(x) # 0€ Q(i)la U 76m71)[x]'

Clearly, (3.1) implies that b™ is a root of a non-zero polynomial in one
variable of degree D over the extension Q(b*,--- ;6™ !).Thus

(32) Q-+, b™) : Q-+ b )] < D.

Since b’ = 23:1 a’b’, where a; € Q and a} # 0, we have
Q(bY,--- ,b") = Q(bt,--- ,b") for all k < m.

Thus (3.2) implies that

(3.3) Q.- b™) QY- b < D.

Since Q(b™) is a Galois extension of Q, applying [10, Theorem 1.12 p.
266) we obtain

[Q(bla 7bm) : Q(b17 ’bm_l)] = [@(bm) : Q] =pm—12>2D+1
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Thus, (3.3) does not hold. The contradiction implies that Proposition
3.6.1 is also valid for m. This completes the proof of Proposition 3.6.1.

2. Now let us prove Proposition 3.6.2. Repeating the argument in
the proof of Proposition 3.6.1 we derive Proposition 3.6.2 from the
following

Lemma 3.7. For 1 <i < m, Q(Re(bY)) is a Galois extension of Q
ond [QRe()) : Q) > |222).

Proof. Since Q(Re(b')) is a subfield of the Galois extension Q(b'), whose
Galois group is cyclic, Q(Re(b")) is also a Galois extension. Note that
the Galois group G gy of Q(Re(b")) is Zy,—1/Zs. Hence

QRe(H)) : Q) > #(Coqrny) = gt > |72,

This proves Lemma 3.7. U

This completes the proof of Proposition 3.6. O

Remark 3.8. 1. One of the main ideas of the Kumar-Lokam-Patankar-
Sarma method, adapted and developed to our case, is to relate the
separable degree of the field extension Q(avy, - - - , a,), where «; are al-
gebraic numbers, with the complexity of polynomials and polynomial
mappings whose monomial coefficients are «;. This idea has been in-
vented before by Strassen-Schnorr and Heintz-Sieveking. We refer the
reader to [2, Chapter 9] for exposition of their methods. Their tech-
nique is used to construct polynomials P, in one variable of degree n
of multiplicity complexity with lower bound of type n%, a < 1, where
the coefficients of P, are algebraic numbers. Our technique is used,
in particular, to construct (poly(n)-definable) multivariate polynomial
mappings and polynomials of constant degree, whose (constant-depth)
circuit size is high (Propositions 4.7, 4.12, Corollaries 4.9, 4.14).

2. Let f: F* — F™ be a mapping. The question whether f is a
polynomial mapping defined over Q depends on the choice of a basis
(Vi,-+-,V,) of F™ as well as on the choice of a basis (Wy,--- ,W,,) of
F™. Assume that f : F" — F™ is a polynomial mapping defined over
Q with respect to a basis (Vq,---,V},) of F” and a basis (W4, -+, W,,)
of F™. Then f is also a polynomial mapping defined over Q with
respect a basis (V{,---, V) of F* and a basis (W7, --- , W/ ) of F", if
V! = Zj A;; Vi, W!=>" BynW, and A;;, By, are rational numbers. In
other words, the basis (V;') (resp. (Wj)) is obtained from the basis (V;)
(resp. (W;)) by a linear transformation over Q.
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3. The set of all transformations (a}) € Mat,(Q) with a} = 0 if

j > i and a! # 0, which enter in Proposition 3.5, forms the solvable
group B,(Q).

4. EXAMPLES AND APPLICATIONS

In this section, using the methods developed in the previous sections,
we construct concrete examples of (s, r)-elusive functions (Proposition
4.5, 4.12). As a result, we construct a sequence of poly(n)-definable
polynomial mappings P, : F?" — F" of constant degree 5r + 1 whose
depth-r circuit size is greater than n?/(50r%), and consequently, a se-
quence of multivariate poly(n)-definable polynomials of constant degree
5r + 2 whose depth-|r/3] circuit size is greater than n?/250r2 (Propo-
sition 4.7, Corollary 4.9). We compare this result with similar results
(Remark 4.10). We also construct a sequence of elusive polynomial
mappings, whose monomial coefficients are algebraic numbers, which
give polynomials with algebraic number coefficients such that their cir-
cuit size is very large (Corollary 4.14).

To apply the effective elimination theory to elusive functions, we
need to estimate the degree of the evaluation mapping.

Lemma 4.1. The evaluation map EvF defined in (2.1), is of total

degree r + 1, it is also defined over Q.

r,8,mM7

Proof. Let us compute the degree of the evaluation map EU . Let

{V;, 1 < j < s} be a basis of F*. Let {(X}" - X)[ Y7, i < T} be

the basis consisting of monomials in Pol"(F%). Let f = (f',---,f™) €
Pol"(Fs,F™) where

fl = Z (Iil...is’l(Xlil cee X;g)
0<iy s <r
Let b= (by,--- ,b) € (F*)F where
bi =Y bV, €T

J

Then
(4.1) V() Zbﬂv L FQUBY)) € (F™)"
j=1
Clearly EUT sm 18 @ polynomlal mapping, whose degree does not depend

on k or on m. Note that for k =1 and m = 1 we have

(42) Evi,s,l(fa b) - Z gy ..y (b%)“ <. (b‘i)ls c[F.

0<ig+-+is<r
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(4.2) implies that Ev/, is of degree 1 on f and of maximal degree r

on b. This proves the second assertion of Lemma 4.1. U

Next, we need a choice of a basis of the space Pol"(F") which is not
monomial.

Definition 4.2. A polynomial (X —)(X —i+1)---X € F[X] is
called a pseudo-monomial, if i € N. A constant is also called a pseudo-
monomial. A polynomial f € F[Xq,---, X,]is called a pseudo-monomial,
if f=f'-f" where, for 1 < i <mn, f' € F[X;] and f* is a pseudo-
monomial.

Remark 4.3. 1. According to the lexicographical ordering in Pol?(F™)
the linear transformation Pol?(F™) — Pol?(F™) sending the basis con-
sisting of pseudo-monomials to the standard basis of monomials is an
element of the solvable group B(nzp) (Q). In particular, any polynomial

f € PolP(F"™) can be written in a unique way as a linear combination
of pseudo-monomials.

2. The notion of pseudo-monomials is motivated by the interpolation
formulas (2.7), (2.8), (2.9), (2.15), (2.16) for polynomial mappings.
Using these formulas we have defined the coefficients A _; of the
pseudo-monomials (X7 —i1) (X7 —i1+1) -+ X3(Xo—ig) -+ Xo -+ (X, —
in) -+ X, in the component f* of a polynomial mapping f : F* — F™
as a rational linear combination of the coordinates of the given points
b e F™.

it i
Next, we need the following

Lemma 4.4. Assume that 1 < s < m. Then there exists a (s,7)-
elusiwe K-tuple in F™, of
m(5+7‘) 4 1

S

43 K>
(4.3) p—

Proof. Note that
dim(Pol” (F*,F™) x (F*)X) = m (S i T) + K.

S

It follows that the image of the evaluation map Evfnm is a proper

subset of co-dimension at least 1 in F™¥ if K satisfies (4.3). Taking
into account Lemma 2.4, we obtain immediately Lemma 4.4. U

Using the interpolation formula in Proposition 2.6 we shall construct
from (s, r)-elusive K-tuples in F™ (s,r)-elusive polynomial mappings
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f:F" = F™ Given K satisfying (4.3), let us assume that two positive
integers n, p satisfy the following conditions

(4.4) (”+p) s s+

n m—s

By Proposition 2.6, the first inequality in (4.4) is a sufficient condition
for the existence of a polynomial mapping f € Pol?(F",F™) such that
the image f(F") contains a given K-tuple in F™.

Proposition 4.5. Assume that n,p satisfy (4.4) with K = (":p). Let
B be either the monomial basis or the pseudo-monomial basis of the
space Pol?(R™) C Pol?(C™).

1. Assume that f1,--- | f™ are polynomials in Pol?(C™) such that the
coefficients of each f7 w.r.t. the basis B, according to the lexicographical
ordering, and beginning with the smallest term, are

2my=1 2my=T1
e P]1 I e p%{
where {pz, 1 <i<K,1<j<m} are distinct prime numbers such
thatpg > D(m,r)+2. Then the polynomial mapping f = (f*,---, f™):
C" — C™ is (s,r)-elusive.

2. Assume that f*,--- | f™ are polynomials in Pol?(R") such that the
coefficients of each f7 w.r.t. the basis B, according to the lexicographical
ordering, and beginning with the smallest term, are

2ry/=T 2ry/=T
Re(e # ),--, Re(e "k ),

where {pz,l < i < K, 1 < j < m} are distinct prime numbers
such that p! > 2D(m,r) + 3. Then the polynomial mapping [ =
(fY -, f™) iR — R™ is (s, 7)-elusive.

Proof. Tt suffices to show that the polynomial mappings f defined in
Proposition 4.5 are strongly (s,r)-elusive. Equivalently, we need to
show that the set

Sic = {fir, -+ ,in)|i; € Nand Y i; <p} CF™,
j=1
F=CorF =R,isa (s,r)elusive K-tuple. We will show that the
associated point Sx € (F™)X does not belong to the image of the
evaluation map Evf,;m. By Lemma 4.1 the evaluation map Evf,fs?m is
a polynomial mapping of degree (r + 1), moreover it is defined over Q.
Remarks 3.8 and 4.3.2 imply that Lemma 4.1 also holds with respect to
the basis of (F™)X = (FX)™ = Pol?(F",F™) that is induced from the

basis of pseudo-monomials in Pol?(F"). Now we will apply Proposition
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3.5 to show that Sk does not belong to the image of Evf’s’m; more
precisely, we will verify that the coordinates of Sk with respect to the
pseudo-monomial basis in (FX)™ = Pol?(F", F™) satisfy the conditions
of Proposition 3.5. Using Remarks 3.8.2 and 4.3.1 it suffices to consider
the case of f € Pol?(F™,F™) whose pseudo-monomial coefficients are
given by the recipe in Proposition 4.5.

By the assumption of Proposition 4.5 the first m coordinates of Sk €
(FE)™ = PolP(F™,F™) are the smallest pseudo-monomials according to
the lexico-graphical ordering, i.e., they are field elements. These field

elements are numbers

e P1 e 76 Py ,
if F = C. (The case F = R is similar). Now assume that the conditions
of Proposition 3.5 hold for the first Im-coordinates of Sy € (FK)™ =
Pol"(F™, F™), for [ > 1. The interpolation formula (2.15) for the (I+1)j

coordinate (SK){+1 of Sk, 1< j <m,if F=C, has the following form

2ny=T 2ny/T
T T
1<k<l
where a; ' € Q and a5 # 0. (The case F = R is similar). Thus the
conditions in Proposition 3.5 also hold for first (I + 1)m-coordinates of
Sk € (FX)™ = Pol"(F",F™). This completes the proof of Proposition
4.5. O

In [14, §3.4] Raz proposed a method for constructing polynomials
of large complexity using (s, r)-elusive functions. Propositions 4.6, 4.7
below are sample applications of Raz’s method.

Given a tuple of n? function f;; € F[Xy,---, X,], 1 <i,j < n, we
define an n-tuple of polynomials f; € FIXy- , Xn, 21, Zy), 0 €
[1,n], as follows (cf. [14, §3.3])

(45) fz(Xb aXTLlev"' 7Zn) = Zf]l(Xla 7Xn)Zj
=1

Proposition 4.6. [14, Proposition 3.11] Let n,r < s be integers. Let
fF— F™* be a polynomial mapping. If f is (s,r)-elusive, then any
depth-r arithmetic circuit over F for the n-tuple {ﬁ 2 5 F, 4 €
[1,n]} of polynomials defined by (4.5) is of size greater than s.

Using Proposition 4.6 and our construction of (s, r)-elusive functions
in Proposition 4.5, we shall construct sequences of polynomials with
large constant-depth circuit size.
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Proposition 4.7. Let F = C or F = R, and 1 < r € N a con-
stant. There are infinitely many sequences of poly(n)-definable poly-
nomial mappings fn, € Pol® 1 (F*",F"), which satisfy the following
properties. All the coefficients of fn,r are algebraic numbers, and any

(unbounded fanin) depth-r arithmetic circuit over F for fr,n is of size
greater than 5’3%.
Proof. Let n’ > r? be an integer, and set

n = 5n'r, p:=5r, m = (n)? s:= |(n)?/2].

First we will show that the chosen values (n,p, m, s) satisfy Condition
(4.4). Since (m — s) > m/2 it suffices to show

(n)?
5n'r + 5r N 2(n/)2(L 2TJ+T) +1
5r - (n')?
Clearly (4.6) is a consequence of Lemma 4.8, which we now prove.

Lemma 4.8. We have

) (5”/2: 57~) N 2[(@ +r> o

Proof. We rewrite the LHS of (4.7) as

(5n/r + bk + 1)(5n'r + 5k +2) - - - (5n'r + 5k + 5)
(5k + 1)(5k + 2)--- (5k + 5) ’

(4.6)

(4.8) I

and RHS of (4.7) as

(n')?
+k
(4.9) 2(H;Zl% +1).

Using (4.8) and (4.9), taking into account the following inequalities

(
(n)? 2
15 kJ +k+1) §H21((n)k+2k
(5n'r 4+ 5k + 1)(5bn'r + 5k +2) - - - (5bn'r + bk + 5) - (5n’r +5k+5
(5k + 1)(5k 4+ 2) - - - (5k + 5) - 5k +5
(n' + 1)r
—
to prove Lemma 4.8 it suffices to establish the following inequality

(4.10) (n' +1)° > (n')* + 4.

Clearly (4.10) holds, since n’ > 1. This completes the proof of Lemma
4.8. O

21—, +2) < ((W)* +4)",

)5

> (

)® (since k +1 <),
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Since (4.6) is fulfilled, Proposition 4.5 implies that there exists a
(s,7)-elusive function f . € Pol?(F", F™).

We extend f, . to a polynomial mapping, denoted by f,,, from F"
to F"’ by composing f,, with the canonical embedding F)?* — F»*,
Clearly f,, is also (s, r)-elusive. Since r is fixed and all the coefficients
of f,, are given, f,, is poly(n)-definable. Let fnﬂ« : 2 — F" be the
polynomial mapping obtained from f, . : F* — F"* by recipe (4.5). Set

fﬁﬂ":::((jﬁﬂJ17"' ’<fnm)n>7
where (f,,), i € [1,7n], is the i-th coordinate of the polynomial map-
ping f,,. Since f,, € Pol® (F",F*), we have f,, € Pol> 1 (F*" F").
Furthermore, (fm)i,l < i < n, is poly(n)-definable, since r is fixed.

Taking into account Proposition 4.6 this completes the proof of Propo-
sition 4.7. O

Corollary 4.9. Let fo, = ((far)', -, (far)™) € Pol™+1(F2 F™) be
the polynomial mappings defined in Proposition 4.7. Let f,, : F*" X
F* — F be defined by
fn,’r(Xlu e 7Xn> Zl’ e 7Zn7 )/17 T 7Yn) = Z(fn,r)i(Xla e 7Zn))/z
i=1
Then any depth-|r/3| arithmetic circuit for fnm is of size greater than
2

_n-_
25072 °

Proof. We use Raz’ argument in [14, Corollary 4.6]. Baur and Strassen
proved that if a polynomial f can be computed by an arithmetic circuit
of size s and depth d, then all partial derivatives of that polynomial
can be computed by one arithmetic circuit of size 5s and depth 3d. [

Remark 4.10. In [14, Lemma 4.1] Raz proposed a combinatoric method
to construct a ([n'*1/(7)] r)-elusive function of degree 5r from F>"" to
F" . if n is prime and 1 < r < (log,n)/100. As a result, Raz obtained
a lower bound n!'*/®") for the size of any depth-r arithmetic circuit
computing f, € Pol> 1 (F*Gr+1) Fn) [14, Corollary 4.5] and a lower
bound n!*/(" /5 for any depth-|r/3] arithmetic circuit computing
fn € PolPtH(Fn(5r+2)) [14, Corollary 4.6]. Note that his polynomials
f; have coefficients taking values in {0,1}. Raz’s results is an improve-
ment of Shoup’s and Smolensky’s result [16], which gives a lower bound
of Q(dn'*/4) for depth d arithmetic circuits, for explicit polynomials
of degree O(n) over C. Shoup and Smolensky used algebraic indepen-
dent numbers and a sequence of rapidly growing integers of the form
2,2™ - 27" to construct such polynomials. We also like to mention
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better lower bounds for depth four homogeneous circuits, see e.g. [5],
but these constant deep circuits have lower bound on the fanin at the
bottom layer of product gates (and ours do not have such a bound).

Raz also generalized his construction of polynomials of large circuit
size in Proposition 4.6 as follows [14, §3.1, 3.3]. We fix m’ to be the
number of monomials of total degree exactly r in n variables, that
is, m" = (’”:71) and we fix m = m' - n. Let M be the set of all
monomials of total degree exactly r in the variables {2, -, 2,}. Let
h : M — [1,m] be the lexicographic order of monomials. Let us denote
by Polb (F", ™) the space of homogeneous polynomial mappings of
degree p from F™ to F™. Given a homogeneous polynomial mapping

f=(fa fwan) € Poly,, (F"F™) = (Poly,,[v1, -, za])™ we
define an n-tuple of polynomials fi,- -, f, € Flzq, -+ 20, 21, , 2a)
as follows (cf. (4.5))

ﬁ($17"' 73:7172:17“'2“) = Z.fh(g),i(xb'” 7xn) g =
geM

(4.11) =D fiilwn, e wa) 7).

Now we define a polynomial f € Flay, - Tp, 21,0 5 Zny Wiy v, W
using (4.11) and the following formula (cf. the formula in Corollary
4.9)

(4.12) F=> w-f
i=1
Lemma 4.11. ([14, Corollary 3.8]) Let 1 < r < n < s, and m =

n- (”’LT_I) be integers. Let f € PolP(F",F™) be a polynomial mapping.

If f z'sr(s, 2r —1)-elusive, then any arithmetic circuit for the polynomial

f 3" = T constructed by recipe (4.12) is of size > Q(y/s/1?).

In [14] Raz did not specify the value Q(y/s/r?) but it is not hard to
find that value using Raz’s results in [14]. In [11] we developed Raz’s
method, in particular we specified the lower bound for the circuit size
of f, see e.g. [11, Proposition 4.3] for a slightly generalized assertion.

Now we shall apply Lemma 4.11 and our methods to construct poly-
nomials with algebraic number coefficients with large circuit size. First
we need the following

Proposition 4.12. Given 4 <r' € N, forn € N set

st0) = (L2 ) = (7 L) o= 0r-n-,

(r'—1)r r!
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Then, forTF=C or F =R, ifn > 2(r' — 1)r' and (n+r —4)* > r!
there exists a polynomial mapping f € Pol?(F",F™™) such that f
is (s(n),2r" — 1)-elusive, moreover the monomial coefficients of f are
algebraic numbers.

Proof. Set r := 2r'—1. We will show that (n, p, m = m(n), s, r) defined
in Proposition 4.12 satisfy (4.4) for K := (";p), i.e., we need to verify
that

(4.13) ntp >M

' n -~ m-—s

Since (n +1 —4)* > r! we get

(4.14) (Mt <(ntr—dt 0" <o (nd 1) (n+71"—1).

Since 4 <7’ and n > 2, taking into account (4.14), we obtain

/ n n (n—1+7 m+ 1

4.1 e < :
(4.15) s(n) <n <o S g ( » )_ 5
Abbreviating s(n) as s, we deduce from (4.15)
(4.16)

s+r s+r s+r

+1 +1 +1 2

m(s) S(m )(s)<(m 271(+f)§2(1+_)(3+r)'

m—s m—s m— F5= m—1 5
Clearly (4.13) follows from (4.16) and the following inequality

n+p 2 s+

4.17 >2(1 4+ ——
(417 (") zeae 20 (M),

which we now prove. We rewrite the LHS of (4.17) as

(4.18)

-1 n+@"=Dk+1)(n+ " -Dk+2)---(n+ (' =1)(k+1))

k=0 (" =Dk +1)((r" =)k +2)--- (r = 1)(k+1)

Since p = (' —1)(2r' — 1) = (' — 1)r, we rewrite the RHS of (4.17) as
2 s+k

4.1 20+ —)I_,———.

(4.19) 1+ 2 om, 2

Lemma 4.13. For all 0 < k <r — 1 we have

(n+1)"! L ostktl

(k+1)m"t = k+1

(4.20)

Proof. To prove Lemma 4.13 it suffices to establish the following in-
equality

(4.21) (n+1)"t>2.0" 2 (s4+ 2 —1).
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Since r > 7 we have

1 n

s+2r—1 s 3
r 2 Q(L(r/—l)r’J)
1 n / 1 n+1 ’
4.22 R e r=l
( ) 2((r’—1)7”) 2% r )

Clearly (4.22) implies (4.21). This completes the proof of Lemma
4.13. U

Using (4.18) and Lemma 4.13 we obtain

n+p oy (n D)7 s+k
4.23 > > 1 _,(2——).
( ) ( n ) = k=0 (]'C + 1)r’—1 = k_1< L )
Taking into account (4.19), we obtain (4.17) from (4.23). This proves

(4.13).
Since (4.13)holds, we can apply Proposition 4.5 to get a (s, r)-elusive

mapping f € Pol?(F", F™), whose monomial coefficients are algebraic

2my/—1
»

This completes the proof of Proposition 4.12. U

numbers are exp( ) or its real part.

Lemma 4.11 and Proposition 4.12 yield immediately

Corollary 4.14. Assume that r' grows much slower than n, e.g. v’ =
const orr’ =1Inlnn. Letp = (1" —1)(2r'—1). Then there are sequences
of polynomials f, € PolP*"T1(F3"), whose coefficients are algebraic
numbers, such that

r’ -3
L] 2
()
Proof. Taking into account Lemma 4.11 and Proposition 4.12, it suffices
to prove that if ' = Inlnn and n is sufficient large, then (n+r—4)* > rl.
Clearly, (n +r —4)* > 7! follows from rInr < Inn. Since r > Inr for
sufficiently large r, it suffices to show that > < Inn, or equivalently

2Inr < Inlnn. The last inequality holds for large r, since 2Inr < r =
Inlnn. U

L(fn) = )-

Note that Corollary 4.14 yields a much better lower bound than
that in Proposition 4.7, whose assertion we have compared with a sim-
ilar result by Raz and with that one by Shoup and Smolensky. This
demonstrates the effectiveness of our methods.
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