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Abstract

In this paper we give subexponential size hitting sets for bounded depth multilinear
arithmetic formulas. Using the known relation between black-box PIT and lower bounds
we obtain lower bounds for these models.

For depth-3 multilinear formulas, of size exp(n®), we give a hitting set of size

exp (O (n2/3+25/3)). This implies a lower bound of exp(€(n'/?)) for depth-3 multilin-
ear formulas, for some explicit polynomial.

For depth-4 multilinear formulas, of size exp(n®), we give a hitting set of size
exp (O (n2/3+45/3)). This implies a lower bound of exp(Q(n'/4)) for depth-4 multilin-
ear formulas, for some explicit polynomial.

A regular formula consists of alternating layers of +, x gates, where all gates at layer i
have the same fan-in. We give a hitting set of size (roughly) exp (n!~°), for regular depth-d
multilinear formulas of size exp(n?), where § = O(ﬁ) This result implies a lower bound

L1
of roughly exp(€2(n v5?)) for such formulas.

We note that better lower bounds are known for these models, but also that none of
these bounds was achieved via construction of a hitting set. Moreover, no lower bound
that implies such PIT results, even in the white-box model, is currently known.

Our results are combinatorial in nature and rely on reducing the underlying formula,
first to a depth-4 formula, and then to a read-once algebraic branching program (from
depth-3 formulas we go straight to read-once algebraic branching programs).
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1 Introduction

Arithmetic circuits are the standard model for computing polynomials. Roughly speaking,
given a set of variables X = {1, ..., z, }, an arithmetic circuit uses additions and multiplications
to compute a polynomial f in the set of variables X. An arithmetic formula is an arithmetic
circuit whose computation graph is a tree. An arithmetic circuit (or formula) is multilinear if
the polynomial computed at each of its gates is multilinear (as a formal polynomial), that is,
in each of its monomials the power of every input variable is at most one (see Section 1.1 for
definition of the models studied in this paper)

Two outstanding open problems in complexity theory are to prove exponential lower bounds
on the size of arithmetic circuits, i.e., to prove a lower bound on the number of operations
required to compute some polynomial f, and to give efficient deterministic polynomial identity
testing (PIT for short) algorithms for them. The PIT problem for arithmetic circuits asks
the following question: given an arithmetic circuit ® computing a polynomial f, determine,
efficiently and deterministically, whether “f = 0”. The black-box version of the PIT problem
asks to construct a small hitting set, i.e., a set of evaluation points H, for which any such
non-zero f does not vanish on all the points in H.

It is known that solving any one of the problems (proving lower bound or deterministic
PIT), with appropriate parameters, for small depth (multilinear) formulas, is equivalent to
solving it in the general (multilinear) case [VSBR83, AV08, Koil0, GKKS13, Tav13]. It is
also known that these two problems are tightly connected and that solving one would imply a
solution to the other, both in the general case [HS80, K103, Agr05] and in the bounded depth
case! [DSY09]. We note that in the multilinear case it is only known that hitting sets imply
circuit lower bounds but not vice versa.

In this work we study the PIT problem for several models of bounded depth multilinear for-
mulas. Our main results are subexpoential size hitting sets for depth-3 and depth-4 multilinear
formulas of subexponential size and for regular depth-d multilinear formulas of subexponential
size (with construction size deteriorating among the different models). Using the connection
between explicit hitting sets and circuit lower bounds we get, as corollaries, subexponential
lower bounds for these models.

1.1 Models for Computing Multilinear Polynomials

An arithmetic circuit ® over the field F and over the set of variables X is a directed acyclic
graph as follows. Every vertex in ® of in-degree 0 is labelled by either a variable in X or a
field element in F. Every other vertex in ® is labelled by either x or +. An arithmetic circuit
is called a formula if it is a directed tree (whose edges are directed from the leaves to the root).
The vertices of @ are also called gates. Every gate of in-degree 0 is called an input gate. Every
gate of out-degree 0 is called an output gate. Every gate labelled by X is called a product gate.
Every gate labelled by + is called a sum gate. An arithmetic circuit computes a polynomial
in a natural way. An input gate labelled by y € F U X computes the polynomial y. A product

!The result of [DSY09] is more restricted than the results for circuits with no depth restrictions.



gate computes the product of the polynomials computed by its children. A sum gate computes
the sum of the polynomials computed by its children.

A polynomial f € F[X] is called multilinear if the degree of each variable in f is at most
one. An arithmetic circuit (formula) ® is called multilinear if every gate in ® computes a
multilinear polynomial.

In this work we are interested in small depth multilinear formulas. A depth-3 XII3 formula
is a formula composed of three layers of alternating sum and product gates. Thus, every
polynomial computed by a XIIY formula of size s has the following form

s d;
F=> 114

i=1 j=1

where the ¢; ; are linear functions. In a XII¥ multilinear formula, it holds that in every product
gate, H;-lizl ¢; ;, the linear functions /; 1,...,¢; 4, are supported on disjoint sets of variables.

Similarly, a depth-4 >II31I formula is a formula composed of four layers of alternating sum
and product gates. Thus, every polynomial computed by a XIIXII formula of size s has the
following form

s d;
F=>"11@is
i=1 j=1
where the @);; are computed at the bottom XII layers and are s-sparse polynomials, i.e.,
polynomials that have at most s monomials. As in the depth-3 case, we have that at every
product gate the polynomials @;1,...,Q; 4, are supported on disjoint sets of variables.

Another important definition for us is that of a regular depth-d formula. A regular depth-d
formula is specified by a list of d integers (a1, p1,az, po,...). It has d layers of alternating sum
and product gates. The fan-in of every sum gate at the (2 — 1)’th layer is a; and, similarly,
the fan-in of every product gate at the (2i)’th layer is p;. For example, a depth-4 formula that
is specified by the list (a1, p1, az, p2) has the following form:

aip Pi1

f'==j£::[l(9aj

i=1 j=1

where each @Q); ; is a polynomial of degree py that has (at most) az monomials. As before, a
regular depth-d multilinear formula is a regular depth-d formula in which every gate computes
a multilinear polynomial.

Regular formulas where first defined by Kayal, Saha and Saptharishi [KSS14], who proved
quasi-polynomial lower bounds for logarithmic-depth regular formulas. It is interesting to note
that in the reductions from general (multilinear) circuits/formulas to depth-d (multilinear)
formulas, one gets a regular depth-d (multilinear) formula [VSBR83, AV08, Koil0, Tav13].

Finally, we also need to consider the model of Read-Once Algebraic Branching Programs
(ROABPs) as our construction is based on a reduction to this case. Algebraic branching
programs were first defined in the work of Nisan [Nis91] who proved exponential lower bounds



on the size of non-commutative ABPs computing the determinant or permanent polynomials.
Roughly, an algebraic branching program (ABP) consists of a layered graph with edges going
from the ’th layer to the (i + 1)’th layer. The first layer consists of a single source node and
the last layer contains a single sink. The edges of the graph are labeled with polynomials (in
our case we only consider linear functions as labels). The weight of a path is the product of
the weights of the edges in the path. The polynomial computed by the ABP is the sum of
the weights of all the paths from the source to the sink. An ABP is called a read-once ABP
(ROABP) if the only variable appearing on edges that connect the i’th and the (i + 1)’th layer
is x;. It is clear that a ROABP whose edges are labeled with linear functions computes a
multilinear polynomial.

1.2 Polynomial Identity Testing

In the PIT problem we are given an arithmetic circuit or formula ¢, computing some polynomial
f, and we have to determine whether “f = 0”. That is, we are asking if f is the zero polynomial
in Flzy,...,z,]. By the Schwartz-Zippel-DeMillo-Lipton lemma [Zip79, Sch80, DL78], if 0 #
f €F[xy,...,x,] is a polynomial of degree < d, and aj,...,a, € A CF are chosen uniformly
at random, then f(aq,...,a,) = 0 with probability at most? d/|A|. Thus, given ®, we can
perform these evaluations efficiently, giving an efficient randomized procedure for answering
“f =077, It is an important open problem to find a derandomization of this algorithm, that
is, to find a deterministic procedure for PIT that runs in polynomial time (in the size of ®).

One interesting property of the above randomized algorithm of Schwartz-Zippel is that the
algorithm does not need to “see” the circuit ®. Namely, the algorithm only uses the circuit
to compute the evaluations f(aq,...,ay). Such an algorithm is called a black-boz algorithm.
In contrast, an algorithm that can access the internal structure of the circuit ® is called a
white-box algorithm. Clearly, the designer of the algorithm has more resources in the white-
box model and so one can expect that solving PIT in this model should be a simpler task than
in the black-box model.

The problem of derandomizing PIT has received a lot of attention in the past few years.
In particular, many works examine a specific class of circuits C, and design PIT algorithms
only for circuits in that class. One reason for this attention is the strong connection between
deterministic PIT algorithms for a class C and lower bounds for C. This connection was first
observed by Heintz and Schnorr [HS80] (and later also by Agrawal [Agr05]) for the black-
box model and by Kabanets and Impagliazzo [KI04] for the white-box model (see also Dvir,
Shpilka and Yehudayoff [DSY09] for a similar result for bounded depth circuits). Another mo-
tivation for studying the problem is its relation to algorithmic questions. Indeed, the famous
deterministic primality testing algorithm of Agrawal, Kayal and Saxena [AKS04] is based on
derandomizing a specific polynomial identity. Finally, the PIT problem is, in some sense, the
most general problem that we know today for which we have randomized coRP algorithms but
no polynomial time algorithms, thus studying it is a natural step towards a better understand-
ing of the relation between RP and P. For more on the PIT problem we refer to the survey by
Shpilka and Yehudayoff [SY10].

*Note that this is meaningful only if d < |A| < |F|, which in particular implies that f is not the zero function.



Among the most studied circuit classes we find Read-Once Algebraic Branching Pro-
grams [FS13, FSS14, AGKS14], set-multilinear formulas [RS05, FS12, ASS13], depth-3 for-
mulas [DS06, KS07, KS11, KS09, SS11], multilinear depth-4 formulas (and some generaliza-
tions of them) [KMSV13, SV11, ASSS12] and bounded-read multilinear formulas [SV08, SV09,
AvMV11, ASSS12]. We note that none of these results follow from a reduction a la Kabanets-
Impagliazzo [K104] (or the reduction of [DSY09] for bounded depth circuits) from PIT to lower
bounds. Indeed, this reduction does not work for the restricted classes mentioned here. In
particular, for the multilinear model no reduction from PIT to lower bounds is known. That
is, even given lower bounds for multilinear circuits/formulas (e.g., the exponential lower bound
of Raz and Yehudayoff [RY09] for constant depth multilinear formulas) we do not know how
to construct a PIT algorithm for a related model.

The works on depth-3 and multilinear depth-4 formulas gave polynomial time algorithms
only when the fan-in of the top gate (the output gate) is constant, and became exponential time
when the top fan-in was Q(n), both in the white-box and black-box models [KS07, SS11, SV11].
Raz and Shpilka [RS05] gave a polynomial time PIT for set-multilinear depth-3 circuits and
Forbes and Shpilka [FS13] and Agrawal, Saha and Saxena [ASS13] gave a quasi-polynomial size
hitting set for the model. Recall that in a depth-3 set-multilinear formula, the variables are
partitioned to sets, and each linear function at the bottom layer only involves variables from
a single set. Recently, Agrawal et al. [AGKS14]| gave a subexponential white-box algorithm
for a depth-3 formula that computes the sum of ¢ set-multilinear formulas, each of size s,
with respect to different partitions of the variables. The running time of their algorithm is

2
pO ' "% logs) Iy particular, for ¢ = O(loglog(n)) the running time is exp(n).

Thus, prior to this work there were no subexponential PIT algorithms, even for depth-3
multilinear formulas with top fan-in n.

1.3 Our Results

Remark. Throughout this paper, we assume that for formulas of size 2”6, the underlying field
F is of size at least |F| > 2"26P°/y1°g(”), and that if this is not the case then we are allowed to
query the formula on inputs from an extension field of the appropriate size. In particular, all
our results hold over fields of characteristic zero or over fields of size exp(n).

We give subexponential size hitting sets for depth-3, depth-4 and regular depth-d multilin-
ear formulas, of subexponential size. In particular we obtain the following results.

- 2.2
Theorem 1.1. There exists a hitting set H of size |[H| = 90(n3*5%) for the class of LIIX
multilinear formulas of size on’.

This gives a significant improvement to the recent result, mentioned above, of Agrawal
et al. [AGKS14] who studied sum of set-multilinear formulas. From the connection between
hitting sets and circuit lower bounds [HS80, Agr05] we obtain the following corollary.

Corollary 1.2. There is an explicit multilinear polynomial f € Flz1,...,x,]|, whose coeffi-
cients can be computed in exponential time, such that any depth-3 multilinear formula for f



has size exp(Q(y/n)).

This lower bound is weaker than the exponential lower bound of Nisan and Wigderson for
this model [NW96]. Yet, it is interesting to note that we can get such a strong lower bound
from a PIT algorithm. Next, we present our result for depth-4 multilinear formulas.

) for the class of SIIXII

H(n2/3+46/3

Theorem 1.3. There exists a hitting set H of size |H| = 29(
multilinear formulas of size on’.

Again, from the connection between hitting sets and circuit lower bounds we obtain the
following corollary.

Corollary 1.4. There is an explicit multilinear polynomial f € Flxy,...,z,], whose coeffi-
cients can be computed in exponential time, such that any depth-4 multilinear formula for f
has size exp(Q(n'/?)).

The best known lower bound for depth-4 multilinear formulas is exp(n'/?) due to Raz and
Yehudayoff [RY09], thus, as in the previous case, the term in the exponent of our lower bound
is the square root of the corresponding term in the best known lower bound. For regular
depth-d multilinear formulas we obtain the following result.

1-5/3

Theorem 1.5. There exists a hitting set H of size |H| = 20(n ) for the class of regqular
1

depth-d multilinear formulas of size 2"6, where § < W =0 7))

As before we obtain a lower bound for such formulas.

Corollary 1.6. There is an explicit multilinear polynomial f € Flx1,..., x|, whose coeffi-
cients can be computed in exponential time, such that any reqular depth-d multilinear formula

1
for f has size exp(Q(nsld/21+1)).

We note that Raz and Yehudayoff gave an exp(ng(é)) lower bound for depth-d multilinear
formulas, which is much stronger than what Corollary 1.6 gives. Yet, our result also gives a
PIT algorithm, which does not follow from the results of [RY09]. As we later explain, we lose
a square root in the term at the exponent for every increase of the depth and this is the reason
that we get only exp(n!/®P(@) instead of exp(n'/¢).

In addition to lower bounds, our work also implies deterministic factorization of multilinear
polynomials. In [SV10], Shpilka and Volkovich proved that if one can perform PIT determin-
istically for certain classes of multilinear polynomials then a deterministic factoring algorithm
for those classes follows. Specifically, for a class of polynomials C they defined the class Cy,
consisting of all polynomials that can be computed by circuits of the form C' = C; + Cy x Cs,
where the circuits C; belong to the class C and the circuits Co and C5 are defined over disjoint
sets of variables. They proved that if the class Cy has a deterministic PIT that runs in time
T'(n, s) for circuits on n variables of size s then there is a deterministic factoring algorithm for
the class C that runs in time O(n® - T((s)) (Theorem 1.1 in [SV10]).

In our case, since the product of two variable disjoint multilinear XII¥ (XIIXII) formulas



of size 2" is a multilinear SIIS (XIIXII) formula of size 227" which is still inside of the class
YIIY (XIIXII), the result of [SV10], when combined with our PIT results, implies that we can
deterministically factor such formulas. Therefore, we obtain the following corollary:

Corollary 1.7 (Deterministic Factorization). Given a multilinear polynomial f € Flxq, ..., zy]
that can be computed by a LI (XIIXID) formula of size 2”5, there exists an efficient determin-
istic algorithm that outputs the factors of f. The algorithm outputs X1IY (XIIXI1) formulas for
the factors if the formula for f is given to it explicitly, and black-boxes if it only has black-box

< 242
access to f. The running time of this algorithm is 90(n3¥5%) hen f is computed by a X1

~ 2,4
formula and 920n3¥3%) wihen it is computed by a XIIXIT formula.

1.4 Proof Overview

We first discuss our proof technique for the case of depth-3 multilinear formulas. Our (idealized)
aim is to reduce such a formula ® to a depth-3 multilinear formula in which each linear function
is of the form ax+ . That is, each linear function contains at most one variable. If we manage
to do that then we can use the quasi-polynomial sized hitting set of [FS12, AGKS14]| for this
model.

Of course, the problem with the above argument is that in general, depth-3 formulas have
more than one variable per linear function. To overcome this difficulty, we will partition the
variables to several sets 11, ...,7T;, and hope that each linear function in the formula contains
at most one variable from each T;. If we can do that then we would use the hitting set for each
set of variables T; and combine those sets together to get our hitting set. That is, the combined
hitting set is composed of concatenation of all vectors of the form vy o vy o... o v, where v;
comes from the hitting set restricted to the variables in 7; (the concatenation is performed in
a way that respects the partition of course). Thus, if we can carry out this procedure then we
will get a hitting set of size roughly n™1°8"™. This step indeed yields a hitting set, since when
we restrict our attention to each T; and think of the other variables as constants in some huge
extension field, then we do get a small ROABP (in the variables of T;) and hence plugging in
the hitting set of [FS12, AGKS14] gives a non-zero polynomial. Thus, we can first do this for
T1 and obtain some good assignment v; that makes the polynomial non-zero after substituting
v1 to T7. Then we can find vy etc.

There are two problems with the above argument. One problem is how to find such a good
partition. The second is that this idea simply cannot work as is. For example, if we have the
linear function z1 + - - - + x,, then it will have a large intersection with each T;.

We first deal with the second question. to overcome the difficulty posed by the example,
we would like to somehow “get rid” of all linear functions of large support and then carry out
the idea above. To remove linear functions with large support from the formula we use another
trick. Consider a variable xj that appears in a linear function ¢y that has a large support.
Assume that % % 0 as otherwise we can ignore xp. Now, because of multilinearity, we can

transform our original formula ® to a formula computing 6%. This is done by replacing each
linear function £(X) = > | a;x;+ ap with the constant ag. In particular, the function ¢y that



used to have a high support does not appear in the new formula. Furthermore, this process
does not increase the support size of any other linear function. A possible issue is that if we
have to repeat this process for every function of large support then it seems that we need to
take a fresh derivative for every such linear function. The point is that because we only care
about linear functions that have a large support to begin with, we can find a variable that
simultaneously appears in many of those functions and thus one derivative will eliminate many
of the “bad” linear functions. Working out the parameters, we see that we need to take roughly
n¢ - log |®| many derivatives to reduce to the case where all linear functions have support size
at most n!¢.

Now we go back to our first problem. We can assume that we have a depth-3 formula in
which each linear function has support size at most n' ¢ and we wish to find a partition of
the variables to sets T7,...,T}, so that each T; contains at most one variable from each linear
function. This cannot be achieved as a simple probabilistic argument shows, so we relax our
requirement and only demand that in each multiplication gate (of the formula) only a few
linear functions have a large intersection. If at most k linear functions in each gate have a
large intersection, we can expand each multiplication gate to at most n* new gates (by simply
expanding all linear functions that have large intersection) and then apply our argument. As
we will be able to handle subexponential size formulas, this blow up is tolerable for us.

Note that if we were to pick the partition at random, when m = n'=¢t7, for some small v,
then we will get that with very high probability at most n® linear functions will have interaction
at most n® with each T}, where § is such that |®| < exp(n®). To get a deterministic version
of this partitioning, we simply use an n°-wise independent family of hash functions {h : [n] —
[m]}. Each hash function h induces a partition of the variables to T; = {xy | h(k) = i}.
Because of the high independence, we are guaranteed that there is at least one hash function
that induces a good partition.

Now we have all the ingredients in place. To get our hitting set we basically do the
following (we describe the construction as a process, but it should be clear that every step can
be performed using some evaluation vectors).

1. Pick n¢ - log |®| many variables and compute a black-box for the polynomial that is
obtained by taking the derivative of f with respect to those variables. The cost of this
step is roughly (n5~l:g|q)|) . 2n“1og|®| where the first term is for picking the variables and
the second is what we have to pay to get access to the derived polynomial.

2. Partition the remaining variables to (roughly) n'~¢/? many sets using a (roughly) log |®|-

wise independent family of hash functions. The cost of this step is roughly n!°8|®l as this
is the size of the hash function family.

3. Plug in a fresh copy of the hitting set of [FS12, AGKS14] to each of the sets of variables

logn-ni—e/2

T;. The cost is roughly n

Combining everything we get a hitting set of size roughly

n . 2n€-10g|<13\ . (nlog\@) . (nlogn-nl—é/z) ~ 2@(711*6/2-1-716 log|<I>|)'
ne - log | P|

7



Optimizing the parameters we get our hitting set.

We would like to use the same approach also for the case of depth-4 formulas. Here the
problem is that in the two bottom layers the formula compute a polynomial and not a linear
function. In particular, when taking a derivative we are no longer removing functions that
have a large support. Nevertheless, we can still use a similar idea. We show there is a variable
x; that by either setting f|;,—o or considering g—xfi, we are guaranteed that the total sparsity
of all polynomials that have large supports goes down by some non-negligible factor. Thus,
repeating this process (of either setting a variable to 0 or taking a derivative) n¢ - log |®| many
times we reach a depth-4 formula where all polynomials computed at the bottom addition gate
have small supports. Next, we partition the variables to buckets and consider a single bucket
T;. Now, another issue is that even if the intersection of a low-support polynomial with some
T; is rather small, the sparsity of the resulting polynomial (which is considered as a polynomial
in the variable in the intersection) can still be exponential in the size of the intersection. This
is why we lose a bit in the upper bound compared to the depth-3 case. Combining all steps
again we get the result for depth-4 formulas.

The proof for regular formulas works by first reducing to the depth-4 case and then applying
our hitting set. The reduction is obtained in a similar spirit to the reduction of Kayal et al.
[KSS14]. We break the formula at an appropriate layer and then express the top layers as a XII
circuit and the bottom layers as products of polynomials of not too high degrees. We then use
the trivial observation that if the degree of a polynomial is at most n'~¢ then its sparsity is at
most n * and proceed as before. Due to the different requirements of the reduction and of the
hashing part, we roughly lose a constant factor in the exponent of n, in the size of the hitting
set, whenever the depth grows, resulting in a hitting set of size roughly exp(n!~1/ exp(@),

To obtain the lower bounds we simply use the idea of [HS80, Agr05]. That is, given a
hitting set we find a non-zero multilinear polynomial that vanishes on all points of the hitting
set by solving a homogeneous system of linear equations.

1.5 Related Work

The work of Agrawal, Gurjar, Korwar and Saxena [AGKS14]: The closest work to
ours is the one by Agrawal et al. [AGKS14]. In addition to other results, they gave a white-box
PIT algorithm that runs in time pO@en' " logs) fo; depth-3 formulas that can be represented
as a sum of ¢ set-multilinear formulas, each of size s (potentially with respect to different

partitions of the variables).

Theorem 1.1 improves upon this results in several ways. First, the theorem gives a hitting
set, i.e., a black-box PIT. Secondly, for ¢ = O(loglogn) the running time of the algorithm
of [AGKS14] is exp(n), whereas our construction can handle a sum of exp(n?) set-multilinear
formulas and still maintain a subexponential complexity.

Nonetheless, there are some similarities behind the basic approach of the this work and the
work of Agrawal et al. Recall that a set-multilinear depth-3 formula is based on a partition
of the variables, where each linear function in the formula contains variables from a single
partition. Agrawal et al. start with a sum of ¢ set-multilinear circuits, each with respect



to a different partitioning of the variables, and their first goal is to reduce the formula to a
set-multilinear formula, i.e., to have only one partition of the variables. For this they define a
distance between different partitions and show, using an involved combinatorial argument, that
one can find some partition 771,...,T,, of the variables so that when restricting our attention
to T;, all the ¢ set-multilinear formulas will be somewhat “close to each other”. If the distance
is A (according to their definition) then they prove that they can express the sum as a set-
multilinear circuit of size roughly s - n®, where s is the total size of the depth-3 formula.
Unlike our work, they find the partition in a white-box manner by gradually refining the given
¢ partitions of the set-multilinear circuits composing the formula. The final verification step is
done, in a similar manner to ours, by substituting the hitting set of [ASS13] (or that of [FS12])
to each of the sets T;. The step of finding the partition 77, ..., T, is technically involved and
is the only step where white-box access is required.

Lower bounds for multilinear circuits and formulas: Lower bounds for the multilinear
model were first proved by Nisan and Wigderson [NW96], who gave exponential lower bounds
for depth-3 formulas. Raz first proved quasi-polynomial lower bounds for multilinear formulas
computing the Determinant and Permanent polynomials [Raz09] and later gave a separation
between multilnear NC; and multilinear NCy [Raz06]. Raz and Yehudayoff proved a lower
bound of exp(nﬂ(%)) for depth-d multilinear formulas. As in the general case, the depth
reduction techniques of [VSBR83, AV08, Koil0, Tav13] also work for multilinear formulas.
Thus, proving a lower bound of the form exp(n%+€) for LIIXII multilinear formulas, would
imply a super-polynomial lower bound for multilinear circuits. Currently, the best lower bound
for syntactic multilinear circuits is n%/3 by Raz, Shpilka and Yehudayoff [RSY08].

Kayal, Saha and Saptharishi [KSS14] proved a quasi-polynomial lower bounds for regular
formulas that have the additional condition that the syntactic degree of the formula is at most
twice the degree of the output polynomial.

1.6 Organization

In Section 2 we provide basic definitions and notations, and also prove some general lemmas
which will be helpful in the next sections. In Section 3, we explain how to reduce general
depth-3 and depth-4 formulas to formulas such that every polynomial at the bottom has small
support. Then, in Section 4, we construct a hitting set for those types of formulas. In Section 5,
we explain how to combine the ideas of the previous two sections and construct our hitting set
for depth-3 and depth-4 multilinear formulas.

We then move on in Section 6 to depth d regular formulas, and show how to reduce them
to depth-4 formulas and obtain a hitting set for this class. In the short Section 7 we spell out
briefly how, using known observations about the relation between PIT and lower bounds, we
obtain our lower bounds for multilinear formulas. Finally, in Section 8 we discuss some open
problems and future directions for research.



2 Preliminaries

In this section, we establish notation, some definitions and useful lemmas that will be used
throughout the paper.

2.1 Notations and Basic Definitions

For any positive integer n, we denote by [n] the set of integers from 1 to n, and by (@) the
family of subsets A C [n] such that |A| < r. We often associate a subset A C [n] with a subset
of variables var(A) C {z1,...,z,} in a natural way (i.e., var(A) = {z; | i € A}). In those cases
we make no distinction between the two and use A to refer to var(A). Additionally, if A and
B are disjoint subsets of [n], we denote their disjoint union by A LI B. For a vector v € F" we
denote with v|4 the restriction of v to the coordinates A.

In order to improve the readability of the text, we omit floor and ceiling notations.

Let f(z1,...,2n) € Flz1,...,2,] be a polynomial. We will denote by 9,f the formal
derivative of f with respect to the variable z, and by f|;—o the polynomial obtained from f
by setting # = 0. Moreover, if A C [n], we will denote by d4f the polynomial obtained when
taking the formal derivative of f with respect to all variables in A. In a similar fashion, we
denote by f|a=o the polynomial obtained when we set all the variables in A to zero, and more
generally, if |A| =7 and @ = (o, ..., o) € F", f|a—g will denote the restriction of f obtained
when setting the i’th variable in A to «;, for 1 <1i <.

In addition to the conventions above, the following definitions will be very useful in the

next sections.

Definition 2.1 (Variable Set and Non-trivial Variable Set). Let f(x1,...,zy,) € Flzy, ..., 2]
be a polynomial. Define the variable set (var) and the non-trivial variable set (var*) as follows:

var(f) ={x € {z1,..., 2} | Oxf # 0}
var'(f) ={z € {z1,...,zn} | Ouf # 0 and f|z=0 # 0}.

That is, the variable set of a polynomial f is the set of variables x € {x1,...,x,} that appear
in the representation of f as a sum of monomials, whereas the non-trivial variable set is the
set of variables of f that do mot divide it.

We shall say that f has a small support if var(f) (or var*(f)) is not too large.

Definition 2.2 (Monomial Support and Sparsity). Let f(z1,...,2n) € Flz1,...,2,] be a
polynomial. We define the monomial support of f, written mon(f), as the set of monomials
that have a non-zero coefficient in f. In addition, we define the sparsity of f, written || f||, as
the size of the set mon(f), that is,

I£IF'= mon(f)].

In other words, the sparsity of f is the number of monomials that appear with a non-zero
coefficient in f.

10



In the constructions of our hitting sets we will need to combine assignments to different
subsets of variables. The following notation will be useful. For a partition of [n], 71 U T U
- UTy, = [n], and sets H; C FITil we denote with H]' x --- x HIm the set of all vectors of
length n whose restriction to 7T; is an element of #,;:

HI o {In = {v e F™ | Vi € [m], v]r, € Hy)

2.2 Depth-3 and Depth-4 Formulas

We define some special classes of depth-3 and depth-4 formulas that will be used throughout
this paper.

Definition 2.3 (Restricted Top Fan-in). Let ® be a multilinear depth-4 formula. We say that
® is a multilinear SMIISIT formula if it is of the form S H?:l fij, where m < M. If,
in addition to the conditions above, we have that each f;; is a linear function, that is, ® is
actually a depth-3 formula, we will say that ® is a multilinear LMY formula.

Our next definition considers the case where polynomials computed at the bottom layers
do not contain too many variables, that is, they have small support.

Definition 2.4 (Restricted Top Fan-in and Variable Set). Let ® be a multilinear depth-4 for-
mula. We say that ® is a multilinear SMIL(SINTY formula if it is of the form Yoy H?:l fijs
where m < M and for each 1 < i < s we have that

(1) |var(fij)| <1 foralll <j <t
(ii) var(fij,) N var(fij,) =0, for any ji # ja.

If, in addition to the conditions above, we have that each f;; is a linear function, that is, ® is
actually a depth-3 formula, we will say that ® is a multilinear SMIIL™ formula.

Since the formula will be given to us as a black-box, we can make some assumptions about
it, which will help us to preserve non-zeroness when taking derivatives or setting variables to
zero. To this end, we define a notion of simplicity of depth-4 formulas,® and prove that we can
assume without loss of generality that any input formula is simple.

Definition 2.5. Let f(x1,...,zy,) € Flxy,...,z,] be a multilinear polynomial and let
M t;
@=> I14
i=1 j=1

be a multilinear depth-4 formula computing f. We say that ® is a simple multilinear depth-
4 formula if for each variable x € var(f) that divides f, it must be the case that for every
1 <i < M, there exists j € [t;] such that f; ; = x.

3Note that this is not the same notion as used, e.g., in [DSO06].
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In words, @ is simple if whenever a variable x divides f, it also divides every product gate.
The following proposition tells us that we can indeed assume, without loss of generality, that
any multilinear depth-4 formula given to us is a simple formula.

Proposition 2.6. If ® is a depth-4 multilinear SMIIXI formula computing f(x1, ..., ),
then f can be computed by a simple depth-4 multilinear SIMIINIL formula ¥ where |W] < |®).

Proof. Since @ is a RIMIIIXIT formula, we have that
Mt
r=2 1144
i=1 j=1
Let = € var(f) be such that x | f. Notice that we can write each f; ; in the following form:
fij =a-9ij+ hij, where x & var(g;;)Uvar(h;;).

Moreover, observe that if « ¢ var(f; j), then we must have that f; ; = h; ;. Since the formula
is multilinear, for each i € [M] there exists at most one j such that « € var(f; ;). If such j
exists, we might as well assume without the loss of generality that 7 = 1.

Let A={i:1<i<M, and x € var(f;1)} and B = [M]\ A. Now, rewriting the formula
above for f, we get:

M t;
F=Y_TIFi=> fir- waZHfm

i=1 j=1 1€A zeB] 1
_ngll‘i‘hzl HhZJ+ZHh’J
i€EA zEB] 1
_Z-rgzl thg‘i’zhzl Hh,]+znh,]
€A i€EA i€B j=1

Since z | f, it follows that f = zg. Hence, we must have that (in the above equation)

> hia- Hh”+ZHh”—O

1€EA i€B j=1

and therefore
f= ngzl th
€A
gl < ||fzj|| for every i € [M] and 2 < j < k;, the

t;
Z$ gi1- Hh,j—znx'gi,l'h

1€EA €A j=2

Since [A] < M and |lgiall < | fi,
formula
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is a multilinear LMIIIYII formula computing f, of size |®| < |®| and such that x appears as
a polynomial at each product gate.

By repeating this process for each variable var(f) \ var*(f), we get our SMIIIYII formula
W. Since at each step we preserve the invariant that the size of the formula does not increase,
we must have that || < |P|. O

As a corollary, together with the simple observation that any derivative or restriction of a
multilinear formula results in a multilinear formula of at most the same size, we obtain that
partial derivatives or restrictions of a multilinear polynomial can also be computed by simple
formulas.

Corollary 2.7. If ® is a depth-4 multilinear SMIISIT formula computing flx1,...,xy,), then
for any disjoint sets A, B C var(f), Oaf|p=o can be computed by a simple depth-4 multilinear
SIMITIYII formula W where |¥| < |®|. We will refer to U as 0P| p—o.

Therefore, from now on we will always assume that any depth-4 multilinear formula given
to us is a simple formula.

2.3 ROABPs for Products of Sparse Polynomials

Another important model that we need for our constructions is that of Algebraic Branching
Programs.

Definition 2.8 (Nisan [Nis91]). An algebraic branching program (ABP) is a directed acyclic
graph with one vertex s of in-degree zero (the source) and one vertex t of out-degree zero (the
sink). The wvertices of the graph are partitioned into levels labeled 0,1,...,D. Edges in the
graph can only go from level £ — 1 to level ¢, for £ € [D]. The source is the only vertex at level
0 and the sink is the only vertex at level D. FEach edge is labeled with an affine function in the
input variables. The width of an ABP is the mazimum number of nodes in any layer, and the
size of an ABP is the number of vertices in the ABP.

Each path from s to t computes the polynomial which is the product of the labels of the path
edges, and the ABP computes the sum, over all s — t paths, of such polynomials.

Definition 2.9 (Ordered Read-Once Algebraic Branching Programs). A Ordered Read-Once
Algebraic Branching Program (ROABP) in the variable set {x1,...,xp} is an ABP of depth
D, such that each edge between layer £ — 1 and £ is labeled by a univariate polynomial in x,.

In this section we show an elementary construction of ROABPs for a very specific class of
polynomials. This construction however will be useful in the upcoming sections.

Lemma 2.10. Let F be a field, and f(y1,...,Yym) = sz\i1 H?:l fij be a multivariate polyno-
mial over F, such that for every 1 <i < M:

1. At most k different 1 < j <'t;, satisfy |var(fi ;)| > 1.

2. For every 1 < j <t;, ||fi;l

<s.
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Then f can be computed by an ROABP of width at most M - s*.

Proof. Assume without the loss of generality that for every ¢ there is k; < k such that
fias-.., fik, are those polynomials that contain more than a single variable. Note that the

sparsity of every product gidéf Hf;l fi,j is at most s®. We construct an ROABP of width s*
for each g;. The final ROABP is constructed by connecting the ROABPs for all M products
in parallel.

Fix 1 < i < M. Expanding the product g; = Hf;l fi,j we get at most s® monomials.
Now, multiply each such monomial with the remaining functions in the i’th gate, H?:kz 1 Jig-
Notice that the multiplicands in each such term can be reordered so that first 1 appears then
xo etc. Thus, we can construct a ROABP of width s* for computing each such product of a
monomial with Hzl:kl 41 Jij- Then, connecting all those ROABPs in parallel we get a ROABP
of width s* for the 7’th multiplication gate. Connecting in a similar fashion all ROABPs for
the different multiplication gates we get a ROABP of width (at most) M - s* computing f. O

2.4 Hashing

In this section we present the basic hashing tools that we will use in our construction. We first
recall the notion of a k-wise independent hash family.

Definition 2.11. A family of hash functions F = {h : [n] — [m|} is k-wise independent if
for any k distinct elements (ay,...,ax) € [n]¥ and any k (not necessarily distinct) elements
(b1,...,bg) € [m]*, we have:

hlzrf [h(ay) = by A--- Ah(ag) = by] = m™*.

Our next lemma studies the case where several sets are hashed simultaneously by the same
hash function. We present the proof in a general form and only later, in the application, fix
the parameters.

Lemma 2.12. Let 0 < § < €, and n, M € N such that M = o’ Assume Ai, ..., Ay are
families of pairwise disjoint subsets of [n] such that for every 1 < i < M and every A € A;,
|A| < n'=¢. Lety > 0 be such that v > (e — §)/2. Let F be a family of k-wise independent
hash functions from [n] to [m] for k = n® 4+ 2logn and m = 10n' =<7,

Then there exists h € F such that for every 1 <i < M and every 1 < j < m, both of the
following conditions hold:

1. For every set A € A;,

h(j)NA| <k.
2. The number of sets A € A; such that ‘hil(j) N A} > 1 is at most klogn.

Proof. We show that for a random h € F, both items 1 and 2 happen with probability at least
2/3.

14



Fix1<i<M,1<j<mand A€ A;. By k-wise independence and the assumption that
|A] < n'~7¢ we have that

Pr[p™'(/))nA| =k < > Prlvbe B h(b) = j]

BCA,|B|=k
nt—e 1
< - -
- ( k ) (10n176+7)k
1 1

<pl-9k - =

=n (n(=ak+k) " 10k

<n k. 107k, (1)

Taking a union bound over all 1 < i < M and 1 < j < m, and using the estimate (1) and
the fact that m < n, we get that item 1 in the statement of the lemma does not happen with
probability at most

M-m-n"".107F <

W =

for large enough n, by the choice of k.

Turning to item 2 in the statement of the lemma, it is convenient to partition every family
of subsets A into (1 — €) logn disjoint buckets, according to the size of the sets in A. Fix such
A, and, for 1 <7 < (1 — €)logn, define the bucket

nl—e nl—e
;= : — < < — .
B; {A €A: - <A< 221}

We show that with high probability over the choice of h, and for every j € [m], in every bucket
there are at most k sets whose intersection with h=1(j) has size larger than 1.

For every sets A € A, by k-wise independence (in particular, pairwise independence) the
probability that |ANh~1(j)| > 2 is at most

|A] 1 9 1
AP —
< 2 (10711_6"‘7)2 < |4l 100n2—2¢+2y
Fix a bucket B;. By definition, for every A € B; it holds that |A| < %, and so for every
set A € B;, the probability that |[ANh~1(j)| > 2 is at most

2—2¢
n L ooen-2y 1

- .2 922 )
222 " 100 100 " (2)

Since A is a partition, by pairwise disjointness, the number of sets in B; is at most n¢ - 2°.
Hence, by k-wise independence and (2), the probability there exist k/2 sets in the bucket B;,
with intersection sizes at least 2, is at most

€ o k e oi\ k/2 k
nC2N (L s\ (et 2N\
k/2 100 =\ k/2 100
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where we have used the inequality (‘Z) < (%)b. Observe that n°~27 < k, by the choice of .

Taking a union bound over all logn buckets, and then over all M partitions and all m
possible values of j, and using the estimation (3), we get that the probability that there more
than k/2 sets that intersect h~!(j) in more than one element, for some j, is at most

e - 93—1 k/2 nefZ'y k/2 1
M - -] . . < =
mog"(mo) <k> =3

for large enough n, by the choices of k£ and ~y. Hence, item 2 in the statement of the lemma
follows as well. ]

We conclude this section with the following well known fact (see, e.g., Chapter 16 in [AS08],
and the references therein):

Fact 2.13. There exists an explicitly constructible family F of k-wise independent hash func-
tions from [n] to [10n'=<t] of size | F| = nO®),

3 Reducing the Bottom Support of Depth-3 and Depth-4 For-
mulas

In this section we make the first step towards proving Theorems 1.1 and 1.3. As outlined
in Section 1.4, our first step is making the functions computed at the bottom layers (linear
functions in the case of depth-3 and “sparse” polynomials in the case of depth-4) have small
(variable) support. Hence, we establish reductions from any LMY or SIMITISII formula to a
MRt or B ]H(EH){T} formula, respectively. We first describe the simple depth-3 case.
We continue by elaborating on the more general case of depth-4 formulas, which is slightly
more involved. Both proofs follow the outline described in Section 1.4.

3.1 Reducing Bottom Support for Depth-3

Given a depth-3 formula Zf\i 1 H?:l ¢; ;, we would like to eliminate all linear functions that
contain many variables. To this end, we observe that there must exist a variable that appears
in many of these functions, and that taking a derivative according to that variable eliminates
those functions from the formula.

Lemma 3.1. Let f(z1,...,2,) = Zf\il H;;l l; ; be a non-zero multilinear polynomial com-

puted by a multilinear SIMITTY formula ® and let € > 0. Then, there exists a set of variables
A of size |A] < O(n€ -log M) such that Oaf is a non-zero multilinear polynomial that can be
computed by a multilinear My in' =} formula.
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Proof. Define
B={tiy | var(ti;) Nvar(f)] = n'~)

to be the set of “bad” linear functions. Those are linear functions that contain more than n'—¢
variables that also appear in f. We show how to eliminate those linear functions from the
formula while preserving non-zeroness.

Since for every £ € B, |var(¢) Nvar(f)| > n'~¢, there exists a variable x; that appears in at
least |[B|n'=¢/n = |B|/n¢ linear functions in B (and also in f). Consider the polynomial 9, f.
Since x; € var(f), this is a non-zero polynomial. Furthermore, using the fact that deriving with
respect to a variable is a linear operation, and the fact that every multiplication gate in the
formula multiplies linear functions with disjoint support, a formula for 9,, f can be obtained
from ® by replacing every linear function in which x; appears with an appropriate constant.
Therefore, every such function is removed from B, and so the set of bad linear functions in
Oy, f is of size at most |B| — |B|/n® = |B| - (1 — 1/n¢). We continue this process for at most
O(n¢ - log |B|) steps, until we reach a point where |B| < 1 and so |B| = 0.

Finally, it remains to be noted that |B| < Mn, since by multilinearity each multiplication
gate multiplies linear functions with disjoint support, and so its fan-in is at most n. ]

3.2 Reducing Bottom Support for Depth-4

The process for depth-4 formulas follows the same outline as the depth-3 case, but there are a
few more details. Given a parameter ¢t € N, we want to transform any multilinear SMITIYIT
formula computing a non-zero polynomial f(z1,...,z,) into a SMII(SIN){ formula, while
preserving non-zeroness. By Proposition 2.6, we can assume any formula that we work with is
a simple formula. We again define the “bad” polynomials as those that contain many variables
(that also appear in f). Our progress measure for their elimination will be the total sparsity
of all bad polynomials, which we define below.

Definition 3.2. Let 7 € N and ® = Zf\il ]_[2’:1 fi.j be a multilinear SMITIXTL formula comput-
ing a non-zero multilinear polynomial f(z1,...,xy) € Flx1,...,2z,]. Let B={fi; | var(fi;) >
7}, We say that ® is A-far from o SMIL(SINTY formula if

> llgll=A.

geB

We also say that a polynomial f(z1,...,y,) is A-far from o SMILSINY formula if it can
be computed by a formula that is A-far from such a formula.

Observation 3.3. Notice that a formula ® is O-far from being E[M}H(ZH){T} iff O itself is a
SMITI(sI formula.

Now that we have a measure of how far a given LIMIIXII formula (computing a non-
zero polynomial) is from being SIMII(ZI){7}, we can show the existence of a small set of
variables such that when we either take derivatives or set these variables to zero, we obtain
a SIMITI(ZI){7} formula computing another non-zero polynomial. Since we are working with
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stmple formulas, if a variable x appears in a bad polynomial f; ; € B, then it must be the
case that = € var*(f), and therefore we are free to either take a partial derivative with respect
to x or to set x to zero, while preserving non-zeroness of the input polynomial f(zy,...,x,).
Therefore, the non-zeroness condition is taken care of by simplicity.

We begin by showing that we can always make good progress in this measure. More

precisely, we have the following lemma:s:

Lemma 3.4. Let & = Zf‘il H?Zl fii be a multilinear MY formula computing a non-
zero multilinear polynomial f(x1,...,zn) € Flzy, ..., xn]. If ® is A-far from o SMII(SI){T}
formula, then there exists x € var*(f) such that one of the polynomials O, f or f|y.—o is non-zero
and is at most A(1 — 5-)-far from a M} formula.

Proof. By Proposition 2.6, we can assume without loss of generality that ® is simple. We note
that making ® simple can only reduce A.

Let B = {fi; | |var(fi;)| > 7}. Notice that by simplicity of ®, we have that |var(f;;)| >
1 = var(fi;) C var*(f). Since ® is A-far from a SIMITI(SIT){F formula, we have that

A=Y gl

geB

For each x € var*(f), let F, = {g € B | « € var(g)}. Notice that

> XMl = X warta -l > 7+ 3 lall = A

zevar*(f) \9g€Fz geB geB

This implies that there exists « € var*(f) for which

S gl > >87 (4)

ot \var* )| n
Since ||g]| = ||glz=0l| + [|0z¢g]| for any multilinear polynomial g(x1,...,x,), we have that
> lgll =" llgle=oll + > l102g]l-
geF, gEFy geF:

Hence, by equation (4), one of Z llglz=ol| or Z |0zg|| must be larger than %. If
geFy geEFy,

> llgla=oll > o7
geEFy,

by taking the derivative of f with respect to z, we have that 0, f # 0 (since x € var*(f)) and
that the distance of 9,® to a SIMII(SI){™} formula is upper bounded by

> lol+ 3 loaall = S loll = 3 lolecoll < A= 5T =2 (1= 7).

gEB\Fyy gEFy geB gEF,
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Notice that the bound above is an upper bound, since the new set of polynomials f; ; of large
support must be a subset of B.

Analogously, if } qcp [[0:C > %—g, then we take f|;—o. The upper bounds are the same
as those obtained for the first case. This finishes the proof of the lemma. O

By repeatedly applying Lemma 3.4, we obtain the following corollary, which guarantees
the existence of a small set of variables that allow us to transform our ZIMITIXIT formula into
a SIMIII(ZID){ one.

Corollary 3.5 (Reduction to Depth-4 with Small Bottom Support). Let ® be a multilin-
ear simple SIMIISIT formula computing a non-zero multilinear polynomial flxy,...,xp) €
Fl21,...,zn). There exist disjoint sets A, B C [n] with |[AU B| < 22 -log(|®|) such that the
polynomial o f|p—o is non-zero and can be computed by a simple multilinear SMII(SIT){™H
formula ®.

Proof. Let A be such that ® is A-far from being SIMII(SIN{7}. Notice that A < |®|.

We show by induction that there exist disjoint sets Ay and By, such that |Ax U Bg| < k, and
the polynomial 94, f|B,—o is non-zero and at most A(1 — ;= )*-far from being sMIT (st}

For k > 0, define Ay, B, C [n], fx(z1,...,2n) = 04, f|B,=0 and Ay be an upper bound on
how far fi(x1,...,2,) is from being SIMITI(SI){™}. Initially, set Ag = By = (. In this case,
we have that fo(z1,...,2,) = f(21,...,3,) and Ag = A = A(1 — =)°. This is the base case
for our induction.

Suppose our hypothesis is true for some k£ > 0. If A(1 — ﬁ)k < 1, then we know that our
formula is already SIMIII(ZI){7} and therefore we are done. Else, by applying Lemma 3.4, we
have that there is a variable & € var*(fx) such that either 0, fx or fi|.=o is (at most) Ag(1—4-)-
far from being TIMIII(ZIN{}. Thus, Ayl — &) < AL — £)F - (1 — &) = A(L — )k
and = € var*(fx) C [n] \ (Ax U Bg). Therefore, if 0, f) is the close polynomial then we set
A1 = A U {a}, Bgr1 = Bg. Otherwise, we set Ag1 = Ay, Brr1 = B U {x}. It is easy to
see that the inductive properties hold in this case as well. This ends the inductive proof.

Since A(1 — )% < 1 for k > 22 log A, and since 22 log(|®[) > 22 log A, it is enough to
choose at most 22 log(|®|) variables. This proves this corollary. O

4 Hitting Set for XIIX{""} and SII(SI)" ) Formulas

In this section we construct subexponential sized hitting set for the classes of yMyin' =}
and SMITI(SID) '~} multilinear formulas. Recall that in Section 3 we showed how to reduce
general depth-3 and depth-4 formulas to these types of formulas. In the next section, we will
show how to tie all loose edges and combine the arguments of Section 3 with those of this
section in order to handle the general case.

An essential ingredient in our construction is a quasi-polynomial sized hitting set for Read-
Once Algebraic Branching Programs (ROABPs) [FS13, AGKS14]. We note that in our setting,
we may assume that the reading order of the variables by the ABP is known.
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Theorem 4.1 ([FS13, AGKS14]). Let C be the class of n-variate polynomials computed by a
ROABP of width w, such that the degree of each variable is at most d, over a field F so that
|F| > poly(n,w,d). Then C has a hitting set of size poly(n,w,d)°¢™ that can be constructed in
time poly(n,w,d)8™.

We begin by describing a unified construction for both sMITTe{n' ™} and E[M}H(EH){”I_E}
formulas. We then describe how to set the parameters of the construction for each of the cases.

Construction 4.2 (Hitting set for multilinear SIS ™} and SMII(SI) ' ™ formulas).
Let 0 < 6 < € and n,k,s, M integers, such that M = o and k = nd + 2logn. Set m =
10n'=(+9/2 and t = klogn. Let F be a family of k-wise independent hash functions from [n]
to [m], as in Lemma 2.12. For every h € F, define the set Ij, as follows:

1. Partition the variables to sets* Ty U Ty L ---U Ty, =h~ M (1) UA™Y2)U--- LR Y(m).

2. For every 1 <i < m, let H; be a hitting set for ROABPs of width M - s' and individual
degree d =1 (as promised by Theorem /.1), on the variables of T; (of course, |T;| < n).

3. We define I, as the set of all vectors v such that the restriction of v to the coordinates
T;, v|1,, is in H;. Le., in the notation of Section 2.1,

I = HIY X HE2 oo x HEm,
Finally, define H = Uper In-

The following lemma gives an upper bound to the size of the hitting set constructed in
Construction 4.2.

Lemma 4.3. Let d,¢,k,n,s and M be the parameters of Construction 4.2. The set H con-

A1 (e+6)/2 51— (e46)/2
structed in Construction 4.2 has size n@®*). (M . sklog”)o(n ) — (M . sklog”)o(n ),
and it can be constructed in time poly(|H|).

Proof. This is a direct consequence of the construction, Fact 2.13 and Theorem 4.1. ]

4.1 Depth-3 Formulas

We begin by describing the argument for depth-3 formulas. The following lemma proves
that indeed, by setting the proper parameters, the set H from Construction 4.2 does hit
SMITe{n' ™} formulas.

Lemma 4.4. Let f(z1,...,2,) € Flx1,...,x,] be a multilinear polynomial computed by a
multilinear ML ™Y formula & = Zf‘il H;;l i ;. Let H be the set constructed in Con-
struction /.2 with s = k+ 1. Then there exists a point @ € H such that f(a) # 0.

“Recall that we associate subsets of [n] with subsets of the variables, and make no distinction in the notation.
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Proof. For every multiplication gate 1 <¢ < M in ®, define a partition of the variables
A; = {var(l; ;) Nvar(f) | 1 <j <t}
Let h € F be the function guaranteed by Lemma 2.12 with respect to the partition Ay, ... Ay,

and assume the setup of Construction 4.2. We claim that there exists @ € I}, such that f(@) # 0.
To that end, consider the partition of the variables induced by h:

DU UT, =h Y () Ur Q) uU---Ur™t(m).

We view the polynomial as a polynomial f; in the variables of 17, over the extension field
F(TyU- - -UT,). We claim that f can be computed by an ROABP of width M- (k + 1)F1°6™. To
see this note that, by Lemma 2.12, in any multiplication gate, at most klogn linear functions
contain more than one variable from 73, and each contains at most k variables. It follows
that the sparsity of every linear function (with respect to the variables in 77) among those
klogn functions, is at most k£ 4+ 1. By Lemma 2.10, f; can be computed by an ROABP over
F(Ty L ---UT,) of width M - (k + 1)*'°8™. By the hitting set property of Theorem 4.1, there
exists a7 € Hy C FIT1l such that fgdzeff1|T1:a—1 £ 0.

Similarly, the same conditions now hold for fs, considered as a polynomial over the field
F(T3U---UTy), and so there exists az € Hy C FI"2l such that j";),déffgkaOé—2 Z 0.

We continue this process for m steps, and at the last step we find @, such that f,,,—1(an,) =
f(aq, - ,am) # 0, with (a1, ,a5,) € F" being the length n vector obtained by filling the
entires of @; € FITil in the positions indexed by Tj. O

4.2 Depth-4 Formulas

The argument for depth-4 formulas is very similar, apart from a small change in the setting of
the parameters.

Lemma 4.5. Let f(z1,...,2,) € Flx1,...,x,] be a multilinear polynomial computed by a
multilinear SMII(SIN ™Y formula ® = Zf\il H;;l fij- Let H be the set constructed in
Lemma 4.2 with s = 2¥. Then, there exists a point @ € H such that f(a) # 0.

Proof. The proof is almost identical to that of Lemma 4.4. In this case, for every 1 < i < M
we define the partition

Ai = {var(fij) |1 <j <t}

Note that the assumptions of Lemma 2.12 still hold, and so we denote by h € F the function
guaranteed by Lemma 2.12 with respect to the partitions Aj,... Ay, and again claim that
there exists & € I, such that f(a) # 0.

Consider once more the partition on the variables induced by h,
DU U UTy, =AY ()Ur Y2 u---uh™t(m),

and view the polynomial as a polynomial f; in the variables of T}, over the field F(ToU- - -UT},).
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We now claim that f; can be computed by an ROABP of width M - (Qk)klogn = ok?logn,
The proof for this claim is exactly as in the depth-3 case, except that now the best bound we
can give on the sparsity of each polynomial which intersects 7} in more than one variable is
2% as it is a multilinear polynomials in at most k variables.

Similarly, we move on to handle 75, ..., T}, and obtain a point @ such that f(@) #0. O

5 Hitting Set for Depth-3 and Depth-4 Multilinear Formulas

Recall that, in Section 3, we showed that any non-zero LMY or SIMITIXI formula has
a non-zero partial derivative (and, possibly, a restriction) which is computed by a non-zero
SMITein' =} o E[M]H(EH){”lfe} formula, respectively. Then, in Section 4 we gave hitting
sets for such formulas. In this section we provide the final ingredient, which is to show how to
“lift” those hitting sets back to the general class, via a simple method, albeit one that requires
some notation.

Handling restrictions is fairly easy, and causes no blow up in the hitting set size: If we have
a set H C F"" that hits f|p—¢ for some multilinear polynomial f(z1,...,2,) and B C [n]
with |B| = r, then simply extending H into a subset of F™ by filling out zeros in all the entries
indexed by B will hit f itself.

In order to handle partial derivates, first note that if f(x1,...,z,) is a multilinear polyno-
mial, then

&Elf = f(.%‘l, ey Lj—1, 1,.13'7;+1,. . .,xn) — f(:L‘l, N ,33‘2;1,0,.%“,1, e ,:cn),

and so if 0., f(@) # 0 for some @ € F” then at least one of the two evaluations on the right
hand side must be non-zero as well.

Applying this fact repeatedly, given a set A C [n] we can evaluate d4f at any point by
making 214! evaluations of f. Motivated by this, we introduce the following notation:

Definition 5.1. Let f(z1,...,2,) € Flz1,...,2z,] be a multilinear polynomial and A, B C [n]
be two disjoint subsets of variables with |A| =r,|B| =r'. Let H C Fn—(r+),

We define the “lift” of H with respect to (A, B) to be
A A B
LB(3) = ({o, 1}T) x ({0}’“ ) x HW\AUB)
In the special case where B = (), we simply denote LE(H) = LA(H).

That is, for all @ € H, Eﬁ(%) contains all the possible 2" ways to extend @ into 8 € F»
by filling out zeros and ones within the r entries that are indexed by A, and zeros in all the r’
entries indexed by B.

5.1 Depth-3 Formulas

In this section we prove Theorem 1.1. For the reader’s convenience, we first restate the theorem:
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Theorem 5.2 (Theorem 1.1, restated). Let C be the class of multilinear SIMIIS formulas for
M = 2"". There exists a hitting set H of size |H| = 20 (n?/3+207%) for C, that can be constructed
in time poly(|H)|).

The size of the hitting set is subexponential for any constant § <1 /2. Also, if M = poly(n)
then the size of the hitting set is 20(*/%),

[M]

With Definition 5.1 in hand, we now provide our construction for XT3 formulas, towards

the proof of Theorem 5.2.
Construction 5.3 (Hitting set for multilinear LIMITTY formulas). Let M = 2" and ¢ =

2/3—0/3. Letr = O(n‘logM) = O(n%‘%‘s) as guaranteed by Lemma 3.1. For every A € (L"i),

construct a set Ha € Fr—I4l using Construction 4.2 with parameters 6,e,n,k,s =k+1 and M
(recall that in Construction 5.3 we set k = n% + 2logn). Finally, let

H= U La(Ha).
Ae(2))

We are now ready to prove Theorem 5.2:

Proof of Theorem 5.2. We show that the set H constructed in Construction 5.3 has the desired
properties. First, note that by Lemma 4.3, for every A C [n] with

|A| < O(nflog M) = O(n¥37%/31og M) = O(n3+39),

the set H 4 has size
n2/3+25/3)

(M . (k + 1)k10gn)é(n2/3—5/3) _ 2@( 7
where we have used the fact that, in Construction 5.3, we take k = n® 4+ 2logn. It therefore
follows that e
[La(Ha)| < 20 4] = 20027750,

and that
O(n3+39) ~
|’H’ < Z Z ‘[:A(,HA” _ 2O(n2/3+26/3).
i=0  ACln],|A|=i
To show the hitting property of H, let f(z1,...,z,) be a non-zero multilinear polynomial

computed by a LMY formula, and let A’ C [n] be the set guaranteed by Lemma 3.1.
Thus, |A’| < O(nflog M) = O(n%+§5). Then by Lemma 4.4, there exists o € H 4/ such that
Oda f(@) # 0, and so there must exist

BeLaMHa)CH

such that f(3) # 0. O
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5.2 Depth-4 Formulas

Moving on to depth-4, the construction and proof are both very similar, with a slight change
in the parameters. We first give a slightly more general form of Theorem 1.3 that we will later
use for regular formulas.

Theorem 5.4 (General theorem for multilinear XIIXII formulas). Let C be the class of mul-
tilinear SIIXIL formulas of top fan-in M and size S so that (log M)3 -logS = o(n). There

— 2O(n2/3~log M-(log S

exists a hitting set H of size |H| ') for C, that can be constructed in time

poly(|H]).

We note that Theorem 1.3 is an immediate corollary of Theorem 5.4.

Proof of Theorem 1.3. Apply Theorem 5.4 with M = S = 2"° for some constant 0 < § < 1/4
(the bound in Theorem 1.3 is meaningless for 6 > 1/4). It is clear that the conditions of
Theorem 5.4 are met. Thus, we obtain a hitting set of size |H| = 20(n*/? log M-(log )'/?)

20(”2/3+45/3) for the class. O

For the proof of Theorem 5.4 we will use the following construction that is similar to
Construction 5.3.

Construction 5.5 (Hitting set for multilinear XIIXII formulas). Let M and S be such that
(log M)3 -log S = o(n). Denote M = on’ (hence S = 20(”1_35)). Let € be such that

n¢ = n?3 .log M/(log S)*/?.

Set
r=2n‘log S = 2n*/? . log M - (logS)1/3.

For every two disjoint sets A, B C [n] with |A|,|B| <, construct a set Ha g € Fr=(AIFIBD)
using Construction 4.2 with parameters 6,¢,n, k,s = 2% and M (recall that in Construction j.2
we set k =n’ 4+ 2logn). Finally, let

H= |J LhHan).

ABe(2)
ANB=0

Proof of Theorem 5./. We show that the set H constructed in Construction 5.5 has the desired
properties. First, note that by Lemma 4.3, for every A, B C [n] with |A], |B] < 2nlog S, the
set Ha p has size

_ 26(n1—e/2+36/2)

)

)O(n1(5+5)/2) >O(n1(e+6)/2)

(M . 2k2 logn _ <2k2 logn

for k = n® + 2logn. It therefore follows that

|[’E(HA,B)‘ S 2|A| . ‘HA,B| _ 2277,5 log S | 2é(n1—6/2+3§/2)7
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and that
2nclog S

MI< > > D ILE(Han) = 90(n"log )  gO(n! /23072
ij=0 AC[n] BC[n]
Al |B1=

By our setting of parameters
’7—[| < 2O(n€ log S) 2O~(n1*5/2+35/2) _ 2O(ne logS+n1*€/2+35/2)

_ (1) 9O(n2/*log M-(log 5)'/%)

where equality (1) follows from our choice of € in Construction 5.5 and the fact that log M = n°.

To show the hitting property of H, let f(x1,...,z,) be a non-zero multilinear polynomial
computed by a multilinear SIMITISIT formula of size S, and let A/, B’ C [n] be the sets guaran-
teed by Lemma 3.5 with 7 = n'=¢. Thus, |A’|,|B’| < 2n¢logS. Then, by Corollary 4.5, there
exists @ € H 4/ p such that 0ar f|pr—o(@) # 0, and so there must exist

Belh(Haup)CH

such that f(5) # 0. O

6 Multilinear Depth-d Regular Formulas

6.1 Definition and Background

In [KSS14], Kayal et al. define regular formulas, which consist of formulas with alternating
layers of sum and product gates such that the fan-in of all the gates in any fixed layer is the
same. In addition, they require the formal (syntactic) degree of the formula must be at most
twice the (total) degree of its output polynomial. They showed that any n9M_gized arithmetic
circuit can be computed by a regular formula of size nOUog”n) anq proved a lower bound of
nf(ogn) on the size of regular formulas that compute some explicit polynomial in VNP.

In this paper, we consider multilinear reqular formulas, which are regular formulas with the
extra condition that each gate computes a multilinear polynomial. However, we will remove
the bound on the formal degree of the formula. More precisely, we have the following definition:

Definition 6.1  (Multilinear Regular  Formulas). We say that a formula
& is a  multilinear (a1,p1,a2,p2,...,a4,Pd, ag+1)-reqgular  formula  computing a
multilinear — polynomial  f(x1,...,2,) 4f it can be computed by a multilinear
ylodgiplyledrylee] | sledigledslocl formula.  Notice that the size of such a formula
is ([T1<icgr1 @) - (Ili<icqpi) and the formal degree of such a formula is given by
deg(®) = [[1<;<qpi- Since the formula is multilinear, we have that deg(®) < n.

Comparing with the definition given in Section 1.1, an (ai,pi1,as,p2,...,ad,Pd, Gd+1)-
regular formula has depth 2d + 1.
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6.2 Reduction to Depth-4 Formulas

In this section, we reduce a multilinear depth-d regular formula to a depth-4 formula. We
first give a depth reduction lemma (Lemma 6.2) that tells us that we can reduce the depth
by one with a slight blow up in the fan-ins of the regular formula. We then use this lemma
to obtain a depth-4 formula. The idea is to break the regular formula into two formulas (the
top part and the bottom part), and then to apply the depth reduction lemma separately to
these two formulas. The delicate part is that we wish to obtain a depth-4 formula that has a
subexponential size hitting set, as in Theorem 5.4. For this we need the top fan-in M and the
total size S to satisfy that (log M)? - log S = o(n). To achieve this we should carefully select
the point in which to divide the formula. This is done in Theorem 6.3.

We start with the depth reduction lemma.

Lemma 6.2 (Depth Reduction Lemma). Let ¥ be a multilinear (a1, p1, az, p2, 1)-reqular for-
mula computing a polynomial f(x1,...,xn). Then, there exists a multilinear (aiab', p1p2,1)-
regular formula ® computing f(z1,...,xy).

Proof. Notice that a multilinear (ay, pi,ag, p2, 1)-regular formula is a Bl@ITIPIsle2l11lP2] for-
mula. Writing ¥ as ) i, H]Z_l Zk 1 m(t, ji, kj, ), where each m(, jj, kj,) is a monomial that
is a product of ps input gates, and by expanding the expression above by computing all the
products, we obtain:

ai

inz m(i, ji, k ):Z Z Z iHmztk” ) (5)

i=1 ji=1k;,=1 i=1 \kii=lkio=1 ki, =1t=1

Since m(i, j;, k;;) is a product of ps input gates, and since the right hand side of (’)
computes a product of p; of these terms, each monomial computed by [[%; m(i,t, ki) is
product of p1po input gates.

Since the sums on the right hand side of (5) are over all tuples of the form
(i ki1, ki .., kip ) € [a1] X [a2]P*, we have that there are exactly a; - ab' summands. Hence,

the right hand side of (5) is the expression of a multilinear (a1ab', p1p2, 1)-regular formula. [

By repeatedly applying the depth reduction lemma above, we obtain the following theorem:

Theorem 6.3 (Depth Reduction of Regular Formulas). Let d > 2 be an integer, ¢ € R a
constant such that ¢ > 3, and ¥ a multilinear (a1, p1,a2,p2, ..., ad, Pd, @d+1)-regular formula of
size S computing a multilinear polynomial f(x1,...,xy,). Then, one of the following conditions
must happen:

—(1/eyd
(i) For M = S, there exists a SIMIISIT formula of size O(S - n™ (/e ) computing
flz1,...,zp), or

(ii) There exists t € [d — 1] such that there is a multilinear SIMIISIT formula ® computing
f(z1,...,2y), with

1—(c—1)a

M =S"" and |®| <2Mn-n" ,
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for a = i . (1)d_t.

Proof. Recall that the size of the formula S satisfies S’ = ([[;<;<qy1 @) - (I]1<j<4pi) - We have
three cases to analyze:

Case 1 (small total degree): If Hlepi < nl_(l/c)d, then we can simply write the polyno-

mial f(x1,...,2,) as a sum of monomials, which would give us a multilinear XII formula ® of
size
pl-/e)d ,
n 1—(1/c)
‘(I)’ < Z <7,) :O(nn ),
=0

which is clearly of the form SMIIXIT C BISIIXIT and of the required size for item (i).

Case 2 (large p1): If p; > n(l/c)d, then notice that the regular formula W can be written in

the form
a1 p1
> 114
i=1 j=1
where each f;; is a multilinear (a2, p2,...,aq4, pd, aq+1)-regular formula. Hence, each f;; is a

polynomial of degree bounded by H?:z pi <n/p1 < nl-/e Therefore, expanding each f; ;
into a sum of monomials, we obtain a formula ® of the form X[“IIIXIT and of size

al-/0)

— Cd — Cd
|| <ay-p1- Z (n) = O(alplnn1 e )=0(S - nn' ).

7
1=0

This too satisfies item (i).

Case 3 (high degree but small p;): In this case, we can assume that H?Zl Di > nl=@/o)"
and that p; < n/ 9. Tt follows there exists an index t € [d — 1] satisfying

(/)1 (/1D eyt

pr < and piy1>n

since otherwise, using ¢ > 3, we would have that
d d , )
[T < Tt < a0 <o < ot

which contradicts the assumption on the degree.

Notice that we can express ¥ in the form

at+1  DPt4+1

Z H Z H i, LI 1y Jt 410 (6)

11=1j1=1 tgr1=1jgy1=1
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where each fi, i1j1,jess 15 @ multilinear (as12, pit2, ..., ad, Pd, @d4+1)-regular formula. We
shall analyze separately each of the f; and the (a1, p1,...,a141, pt41, 1)-regular
formula “above” them.

Notice that each f;,

L4101 5 Jt+1

is a polynomial of degree bounded by

Lt 1,J1 5 Jt+1

d

H pi < n/p1 < pi=(/e
i=t+2

Therefore, when expressing each f;, as a sum of monomials, its sparsity is upper

bounded by

T 1,150 Jt 41

pl-(1/e)d=t

(1 /eyd—t
> @Sznnl o (7)
1

1=0

Now, if in (6) we replace each polynomial fi ;. 1. .. j1 With a new variable

Yitseoits1.d1,njes 1> UDED WE get an (a1,p1,- -, G441, Pt+1, 1)-regular formula in the y variables

al p1 at41 Pt+1

0y = Z H Z H Yit oo it 1,01t 1

11=171=1 it41=1 jey1=1

It is clear that ¥ is the composition of ®; with the assignment i . i 11, G =

fi1,---,it+1,j1,---7jt+1 .

By applying the Depth Reduction (Lemma 6.2) repeatedly to @1, we obtain that ®; be-
comes a multilinear (Hfii a; "t i, 1)—regular formula ®,, where 7, = Hle p;, for any
1<k <d(and mp = 1).

Composing P, with the assignment Yitreoits 1of1ssfer1 = fil,--.,it+1,j1,-..,jt+1v
following depth-4 regular formula ® (after some proper relabelling):

we obtain the

M Tt41 t+1
o = Z H fij, where M = Haf""l. (8)
i=1 j=1 i=1
Notice that, by our choice of the parameter ¢, we have
t+1 . d—t
M = I_Iazri*1 < 8™ = SIlizipi < SITiy /) < S”a, where o = <1> 1 )
ey c c—1
—(1/c)d—t —(c—1)a
Since, by equation (7), each f; ; has sparsity bounded by opn! W gpntTleTt) , we have
that ® is a LIMITIXII formula of size bounded by:
|®| < M - 7my4q - opl=(e=Da < pr.p . opl—(e=De
This satisfies the conditions of item (ii), and so this concludes the proof of the theorem. [
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6.3 PIT for Regular Formulas

In this section, we construct our hitting set for regular formulas. Since the reduction done
in Theorem 6.3 reduces a multilinear depth-d regular formula to one of two types of depth-4
formulas, our hitting set will be the union of two hitting sets, F4 and G4, each one designed to
hit a specific type.

Theorem 6.4 (Theorem 1.5, restated). For d > 2, let Cy be the class of multilinear polyno-

mials computed by (a1, p1,a2,p2, ..., ad, Dd, @d+1)-regular formulas of size S < on’ computing
a multilinear ~;Dolynomz'al flx1,...,xp), where § = Eﬂ%' Then, there exists a hitting set Hq of
size |[Hq| = 20(n!=0/%) for Cq, that can be constructed in time poly(|Hgql).

The proof follows by combining Theorem 6.3 with the hitting set guaranteed by Theo-
rem 5.4.

Proof. Let f(x1,...,z,) be a polynomial computed by a formula ¥ € C;. By Theorem 6.3,
with the constant ¢ = 5, there are two cases of the depth reduction to analyze. For each case
we will give a hitting set (using Theorem 5.4) and thus the union of the sets will be a hitting
set for Cy.

Case 1: For M = S < 2" there exists a SIMIISII formula ® of size |®] = O(S-n"' " ) )=
0(2"(s : n"l_sg) computing f(z1,...,2,). By Theorem 5.4, there exists a hitting set H’ that
hits all such non-zero formulas with

"H/’ _ 20(n2/3-log M-(log |<I>\)1/3).

Observe that
(log M)? -log |®| = n - (n® + n'=% .logn) = n* + =2 logn = O(n'~2).

Hence } ~ 3
|7_[,| _ 2O(n2/3~10gM-(log\<I>|)1/3) _ 20(,”2/3,”(1725)/3) _ 2o(n1—26/3)

)d—t

Case 2: There exists t € [d — 1] such that for oy = % (3 < o, there exists a multilinear

SIMITIYII formula ® computing f(z1,...,x,), where the top fan-in M = §*"* = 27" and
the size is bounded by |®| < 2Mn - nnt T Again, by Theorem 5.4, there exists a hitting set
H" that hits all such non-zero formulas with

("] = 20>/ log M-(log |B)'/?),

We now have that
(log M)3 log |<1)| -0 <n3(5+at) . (né—&-at + n1—4at>) -0 <n4(6+at) + n1+36—o<t> -0 (nl—é) ’

where the last equality holds as, by our choice of parameters, for all ¢ € [d — 1], 50 + 4oy < 1
and 46 < «ay. This implies that

‘HH| _ 26(n2/3-10gM-(10g\CI>|)1/3) — 2@(112/3-71(1_5)/3) — 2@(711_5/3)‘ 0
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We note that we did not attempt to optimize the parameters in the theorem as, using our
current proof, the exponent is going to be of the form n!~1/eP(@) anyway.

7 Lower Bounds for Bounded Depth Multilinear Formulas

As we noted earlier, the connection between construction of hitting sets and lower bounds
for explicit polynomials is well established. The following theorem was proved by Heintz and
Schnorr [HS80] and Agrawal [Agr05], albeit we cite only a special case which matches our use
of it:

Theorem 7.1 (A special case of [HS80, Agr05]). Suppose there is a black-box deterministic PIT
algorithm for a class C of multilinear circuits, that outputs a hitting set H of size |H| = 27" < 2"
and runs in time poly(|H|), such that H hits circuits of size at most 2"’ Then, there evists a
multilinear polynomial f(x1,...,2,) such that any circuit from the class C computing f must
be of size at least 2"6, and the coefficients of f can be found in time 200

Theorem 7.1 is proved by finding a non-zero polynomial f(x1,...,x,) which vanishes on
the entire hitting set H of size 2"", and then, by definition, f cannot have circuits of size on’
Finding f amounts to finding a non-zero solution to a homogenous system of linear equations
whose unknowns are the coefficients of the 2™ possible multilinear monomials in z1,...,z,. As
long as 2" > |H| = 2", a non-zero solution is guaranteed to exist.

Our lower bounds now follow as a direct application of our hitting set constructions and
Theorem 7.1.

Proofs of Corollaries 1.2, 1.4 and 1.6. In light of Theorem 7.1, we only need to pick § so that
the hitting sets we constructed have size less than 2". The appropriate choices, by Theorems
1.1, 1.3 and 1.5, respectively, can be seen to be § = 1/2 — O(loglogn/logn) (for depth-3),

d =1/4 — O(loglogn/logn) (for depth-4) and § = W =0 (ﬁ (

formulas). O

for depth-d regular

8 Conclusion and Open Questions

We conclude this paper with some obvious open problems. First, as noted in Section 1.3, the
lower bounds that we get from our hitting sets are not as good as the best lower bounds for
these models. Can one improve our construction to yield lower bounds matching the best
known lower bounds?

Currently, the size of the hitting set that we get for depth-d regular multilinear formulas
is roughly exp(n'~1/¢P(@)  Can the bound be improved to exp(n'~*1/49)) ? In our proof the
reason for this exponential loss is that we reduce the regular formula to a LMITISII formula
of size S and we need M and S to satisfy (because of Theorem 5.4) (log M)3 - log S = o(n).
In particular, if M = 9"’ and S = 2" then we require that 36 + v < 1. Notice that, in
the depth reduction theorem (Theorem 6.3), if we start with a regular formula of size on’
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then, if we break the formula at layer ¢, we roughly get a top fan-in of M = on’-prLp2pe
and bottom sparsity of (roughly) exp(n'~Pt+1). This gives a size upper bound of (roughly)
S = on’Prp2pr exp(n!~Pt+1). To match the requirement (log M)3 - log S = o(n), we get that
pe+1 must be larger than 3p; - - - p;. This leads to an argument in which we require the degree
of the product gates to increase exponentially. This is more or less the cause of the exponential
loss in our argument.

Finally, another natural question is to extend our argument from depth-d regular multilin-
ear formulas to arbitrary depth-d multilinear formula.
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