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Abstract

We develop a new notion called (1 —e€)-tester for a set M of functions f : A — C. A (1—¢€)-tester
for M maps each element a € A to a finite number of elements B, = {b1,...,b;} C B in a smaller
sub-domain B C A where for every f € M if f(a) # 0 then f(b) # 0 for at least (1 — €) fraction of
the elements b of Bg. ILe., if f(a) # 0 then Prpep, [f(b) # 0] > 1 — e. The size of the (1 — €)-tester
is maxge 4 |Ba|. The goal is to minimize this size, construct B, in deterministic almost linear time
and access and compute each map in poly-log time.

We use tools from elementary algebra and algebraic function fields to build (1 — €)-testers of small
size in deterministic almost linear time. We also show that our constructions are locally explicit, i.e.,
one can find any entry in the construction in time poly-log in the size of the construction and the
field size. We also prove lower bounds that show that the sizes of our testers and the densities are
almost optimal.

Testers were used in [Bshouty, Testers and its application, ITCS 2014] to construct almost optimal
perfect hash families, universal sets, cover-free families, separating hash functions, black box identity
testing and hitting sets. The dense testers in this paper shows that such constructions can be done
in almost linear time, are locally explicit and can be made to be dense.
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7.3 Appendix C



1 Introduction

A (1 — ¢)-tester of a class of multivariate polynomials M over n variables is a set L of maps from a
“complex” (algebraic) structure A™ (such as algebra over a field, algebraic function field, modules) to
a “simple” algebraic structure (such as field or ring) B™ that for every f € M preserve the property
f(a) # 0 for at least (1 — ¢€) fraction of the maps, i.e., for all f € M and a € A" if f(a) # 0 then
f(l(a)) # 0 for at least (1 — €) fraction of the maps ¢ € L. See a formal definition in Section 2.

In this paper we study (1 — €)-testers when A, the domain of the functions in M, is a field and B C A is
a small subfield. We use tools from elementary algebra and algebraic function fields to construct testers
of almost optimal size |L| in almost linear time.

A construction is globally explicit if it runs in deterministic polynomial time in the size of the construction
and poly-log in the size of the field. A locally explicit construction is a construction where one can find
any entry in the construction in deterministic poly-log time in the size of the construction and the size of
the field. In particular, a locally explicit construction is also globally explicit. The constructions in this
paper are locally explicit constructions and runs in almost linear time in the size of the construction.

We also give lower bounds that show that the size of our constructions and their densities are almost
optimal.

One application of (1 — €)-testers is the following: Suppose we need to construct a small set of vectors
S C X" for some alphabet ¥ that at least (1 — €) fraction of its elements satisfy some property P. We
map ¥ into a field F and find a set of functions Mp where S C " satisfies property P if and only if
S is a hitting set for Mp, i.e., for every f € Mp there is @ € S such that f(a) # 0. We then extend
F to a larger field K (or F-algebra A). Find S’ C K" that is a hitting set of density (1 — ¢) for Mp
(which supposed to be easier). Then use (1 — (e — €1))-tester to change the hitting set S” C K™ over K
to a hitting set S C F™ over F of density (1 — ¢).

Non-dense Testers were first studied in [3]. They were used to give a polynomial time constructions of
almost optimal perfect hash families, universal sets, cover-free families, separating hash functions, black
box identity testing and hitting sets. Dense Testers were first mentioned in [3] (see section 7 conclusion
and future work) where the application for new pseudorandom generators are also mentioned as one
of our future work. In [8], Guruswami and Xing, independently, used the same technique for similar
construction. The results in this paper show that all the constructions in [3] can be constructed in
almost linear time, are locally explicit and can be changed to be dense.

In this paper we consider two main classes of multivariate polynomials over finite fields IF, with ¢
elements. The first class is P(Fq,n,d), the class of all multivariate polynomials with n variables and
total degree d. The second class is HLF (Fy,n,d), the class of multilinear forms of degree d. That is,
the set of all multivariate polynomials f with dn variables x;;, i« = 1,...,d, j = 1,...,n where each
monomial in f is of the form x4, 2, - x4;4,. All the constructions in [3] are based on testers for the
above two classes.



In Section 2 we give some preliminary results. In Section 3 we give the definition of dense tester and
prove some preliminary results for dense testers. In Section 4 we give lower bounds for the size of dense
testers and for their density. In Section 5 we give the (non-polynomial time) constructions of dense
testers. The almost linear time locally explicit constructions are given in Section 6. In Subsection 6.1
and 6.2 we give constructions of dense testers for P(Fy,n,d), ¢ > d + 1, from Fy to F, with optimal
density of size within a factor of poly(d/e) of the optimal size. In [3] we show that no such tester exists
when ¢ < d. In Subsection 6.3 we give constructions of dense testers for HLF(Fy,n,d), from Fy to I,
for any q.

2 Preliminary Definitions and Results

In this section we give some definitions and results from the literature that will be used throughout the
paper

2.1 Multivariate Polynomial

In this section we define the set of multivariate polynomials over a field .

Let F be a field and * = (x1,...,2,) be indeterminates (or variables) over the field F. The ring
of multivariate polynomials in the indeterminates zi,...,z, over F is Flzi,...,z,] (or F[z]). Let
i = (i1,...,in) € N*. We denote by a* the monomial :sz .-~ Every multivariate polynomial f in
F[x] can be represented as

@)=Y aat (1)

i€l
for some finite set I C N™ and a; € F\{0} for all ¢ € I.

When the field F is infinite, the representation in (1) is unique. Not every function f’: F" — T can be
represented as multivariate polynomial. Take for example a function f’(z1) with one variable that has
infinite number of roots.

When the field F is finite, then using, for example, Lagrange interpolation, every function f’:F" — F
can be represented as multivariate polynomial f € F[x]. There may be many representations for the
same function f’ : F" — F but a unique one that satisfies I C {0,1,...,|F| — 1}". This follows from
the fact that /"l = 2 in F. We denote this unique representation by R(f’) and denote f’ by F(f).
In this paper, functions and their representations in Flz] are used exchangeably. So by R(f) we mean
R(E(f))-

For a monomial M when we say that M is a monomial in f we mean that R(M) is a monomial that
appears in R(f). The constant a; € F\{0} in (1) is called the coefficient of the monomial «* in f and it
is the coefficient of R(x?) in R(f). When «* is not a monomial in f then we say that its coefficient is 0.



The degree, deg(M), of a monomial M = x® is ij + g + - - + i,. The degree of z; in M, deg,, (M) is
ij. Therefore,

deg(M) = 3 deg,, (M).
i=1

Let f € Flz] and let ¢ = R(f). The degree (or total degree) deg(f) is the maximum degree of the
monomials in g. The degree of z; in f, deg, (f), is the maximum degree of x; in the monomials in g,
i.e., the degree of ¢ when written as a univariate polynomial in the variable x;. The wvariable degree of
[ is the maximum over the degree of each variable in f, i.e., max; deg, (f). The size of f, size(f), is
the number of monomials in g.

2.1.1 Classes of Multivariate Polynomials

In this section we define classes of multivariate polynomials that will be studied in the sequel.

We first define

1. P(F,n) is the class of all multivariate polynomials in F[z1,...,z,] of variable degree at most
|F| — 1. When F is finite, every functions f : F — F can be represented by some multivariate
polynomial in P(F,n). When F is infinite P(F,n) = Flz1,...,z,].

2. P(F,n,(d,r)) is the class of all multivariate polynomials in P(F, n) of degree at most d and variable
degree at most 7.

3. P(F,n,d) = P(F,n,(d,|F| —1)) is the class of all multivariate polynomials in P(F,n) of degree at
most d.

4. HP(F,n) is the class of all homogeneous polynomials in P(F,n). A multivariate polynomial is
called homogeneous multivariate polynomial if all its monomials have the same degree. In the
same way as above one can define HP(F,n, (d,r)) and HP(F,n,d).

2.1.2 Multivariate Form

Let y = (y1,...,Y,,) where y; = (Yi1,...,Yin) are indeterminates over F for ¢ = 1,...,m. A multi-
variate form in y is a multivariate polynomial in y. That is, an element of

F[yl,l»- . 'ayl,n, e 7ym,1> e ,ymm].

We denote this class by Fly] or Flyy,...,y,,]. Let HLF(F,n,m) be the class of all multilinear forms
f over y = (yy,...,v,,) where each monomial in f contains exactly one variable from y,; for every i.
In [3], polynomials in HLF (F, n, m) are called (n, m)-multilinear polynomials. Notice that HLF (F, n,2)
is the class of bilinear forms y? Ay, where A € F"*",



2.2 Algebraic Complexity

In this section we give some known results in algebraic complexity that will be used in the sequel

2.2.1 Complexity of Constructing Irreducible Polynomials and F

In some applications the construction of irreducible polynomials of degree n over IF, and the construction
of the field Fy: is also needed and their complexity must be included in the overall time complexity of
the problem.

To construct the field Fy: one should construct an irreducible polynomial f(z) of degree t in Fy[z] and
then use the representation Fp = Fy[z]/(f(x)). For a comprehensive survey on this problem see [14]
Chapter 3. See also [1, 5, 13]. We give here the results that will be used in this paper.

Lemma 1. Let F, be a field of characteristic p. There is an algorithm that constructs an irreducible
polynomial of degree t with T" arithmetic operations in the field Fq where T' is as described in the following
table.

’ Type ‘ Field ‘ Assumption ‘ Time =T ‘ T =0 ‘
Probabilistic | Any - 0] (t2 log?t€t + tlog glog'™e t) O(t?)
Deterministic | Any — O (pY/2+<t3+¢ 4 (log q) 2 Ft*+<) | O(p*/243 + t*)
Deterministic | Any ERH O(log? ¢ + t**€log q) O(th)
Deterministic | o — O(t37¢) O(#3)

Here ERH stands for the Extended Riemann Hypothesis and € is any small constant.

Here O(M) means O(M -t¢-poly(log q)). In the sequel when we give a complexity for constructing a field

or irreducible polynomial then O(M) means O(M - t¢ - poly(log M,log q)) but for all the constructions
in this paper O(M) will mean O(M - poly(log M,logq)).

In Lemma 14 one should construct many irreducible polynomials of certain degree. We now prove the
following result

Lemma 2. There is a deterministic algorithm that runs in time
O(mt + t3p'/? + 1)

(and O(mt +t*) assuming ERH) and construct m distinct irreducible polynomials of degree t in F,[x]
and their roots.

Proof. By Lemma 1, F ¢ can be constructed in time O (£3+<pl/2¢ + (log ¢)2*<t4+¢). It is known that a
normal basis {a, a4, oﬂ2, ... ,ozqtil} in F: can be constructed in time O(t3 +tlogtloglogtlog q), [9, 11].
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For any A = (A1, A\a, ..., \¢) € FZ, the element

1

ﬂ)‘ = )\1& + )\Qaq -+ )\30/1 SR )\t_laqF

2 —1
is a root of an irreducible polynomial of degree ¢ if and only if Sx, 85,35 ;- - ,ﬁg‘t are distinct. It is
easy to see that this is true if and only if the vectors

AO = Aa )‘1 = ()\t7>\1a s 7/\t71)a AZ = ()\tflv)\h)\lv s 7At72)a o 7At_1 = (A2a>\37 e '7>\t7)\1)

are distinct. Such A is called a vector of period t.

If we have a vector X of period t then ( is a root of irreducible polynomial fg, (x) of degree ¢ where

fas(@) = (x—Br)(x—pB) - (z— 6§\t_1). The coefficients of the polynomial f3, (x) can be computed in
time O(tlog? tloglogt). See Theorem A in [14] and references within. Therefore, it remains to construct
m vectors of period t.

Now choose any total order < on [, and consider the lexicographic order in FZ with respect to <
and consider the sequence of all the elements of Ffl with this order. It is easy to see that for any
two consecutive elements A, Ao € IFZ in this sequence there is at least one A;, i € {1,2} of period
t. Also, each irreducible polynomial fg, of degree t can be constructed by exactly t elements (i.e.,
DI L )\tfl) in the sequence. This implies that the first 2¢m elements in this sequence generate at
least m distinct irreducible polynomials. O

The following result will be used for the local explicit constructions and is proved in Appendix A.

Lemma 3. Let r = |¢'=2/2t]. There is a total order on a set of r irreducible polynomials of degree t
in Fylz] and a deterministic algorithm that with an input m runs in time

Ot p'/? + %)

and constructs the mth irreducible polynomial in that order with its roots.

The time is O(t*) assuming ERH.

Throughout this paper, the complexities are given without the assumption of ERH. When ERH is
assumed then just drop the p/2 from the complexities.

3 Dense Tester

In this section we define (1 — €)-testers and give some preliminary results.



3.1 Definition of (1 — ¢)-Tester

In this section we define (1 — €)-tester. We will assume that all the F-algebras in this paper are
commutative, although most of the results are also true for noncommutative F-algebras.

Let F be a field and A and B be two F-algebras. Let 0 < e < 1 and € = 1—e. Let M C F[z,x9,...,x,] be
a class of multivariate polynomial. Let S C A and R C B be linear subspaces over F and L = {l;,...,1,}
be a set of (not necessarily linear) maps l; : S™ — R™, i =1,...,v. We say that L is (M, S, R)-€é-tester
if for every a = (aq,...,a,) € S™ and f € M we have

fla) #0 — Prics[f((a) £0] > ¢

where the probability is uniform over the choices of [ € L.

The integer v = |L| is called the size of the €-tester. The minimum size of such tester is denoted by
vp(M, S, €). If no such tester exists then we write v(M,S,€) = co. When S and R are known from
the context we then just say that L is é-tester for M.

An (M, S, R)-tester is an (M, S, R)-é-tester for some € < 1. Tester was studied in [3]. The minimum
size of an (M, S, R)-tester is denoted by v%(M, S). Obviously we have

Ve <M,S, 1) — 15(M, S). @)

VR(M, 5)
Obviously, L is an (M, S, R)-e-tester if and only if for every L' C L where |L'| = |e|L|] + 1, L' is
(M, S, R)-tester.

We say that the e-tester L is componentwise if for every l; € L we have lj(a) = (l;1(a1),...,lin(ay))
for some l; ; : S — R. A componentwise tester is called linear if each [; ; is a linear map and is called
reducible if A and B has identity elements 14 and 13, respectively, 14 € S and [; j(1,4) = 1p for all [; ;.

We will also allow L = {l;,...,l,} to be a set of maps l; : S — R, for i = 1,...,v (rather than maps
S™ — R™). In that case l; : S — R" is defined as l;(a) = (l;(a1),...,li(an)) where @ = (ai,...,a,) €
S™. In such case we call the é-tester a symmetric €-tester.

In this paper we will mainly study é-testers for the class of multilinear forms of degree d and multivariate
polynomials of degree d.

We will use the following abbreviations

The Expression Abbreviation | or the Abbreviation
vp(P(F,n,d),S,e) vE(d, S, ) vk ((d,F), S, €)
vp(HP(F,n,d), S, €) v (d,S.e) | vET((d,F), S, e)
vp(HLF(F,n,m),S,€) | vr(m,S,€) vr((m,F), S, €)




In the abbreviations VE (d, S,€), (respectively, 1/};‘7’ (d, S,€) and vg(m, S,€)) we assume that the ground
field F is known from the context, e.g., when R = F. Otherwise, we write v} ((d,F), S,€), (respectively,
vEP((d,F), S,€) and vg((m,F), S,€))

Notice that we omitted the parameter n from the abbreviation. This is because, for the classes we will
study here, the value of v% is monotone non-decreasing in n and we are interested in the worst case size
of such testers. So one can define v} (d, S,€) = lim, o vh (P(F, n,d), S, ).

3.2 Preliminary Results for Testers

In this section we prove some preliminary results on étesters that will be frequently used in the sequel.

The first two Lemmas follows from the definition of €-tester

Lemma 4. Let A and B be commutative F-algebras. Let S1 C Sy C A, Ry C Ry C B be linear subspaces
overF, N C M CFlzy,...,x,) and €1 > €. If L is (M, Sa, Ry)-€x-tester then it is (N, S1, R1)-€1 -tester.
In particular,

szl (N, Sl,gl) < I/})g2 (M, SQ,EQ).

Lemma 5. Let A,B and C be commutative F-algebras. Let S1 C A, So C B and S3 C C be linear
subspaces over F and M C Flxy,...,x,). If Ly is a (M, S1,S2)-€i-tester and Ly is a (M, Sa, S3)-€2-
tester then Lo o Ly := {la(ly) | 11 € L1,la2 € Lo} is (M, Sy, S3)-(€1€2)-tester. In particular,

vg, (M, S1,€1€2) < vg (M, Sz, €1) - vg, (M, S1,€).
In particular we have
Corollary 6. Let K be an extension field of F and A be a K-algebra. Let M C Flxy,...,x,]. Then
vp(M, A €1€) < vp(M,K[ ) - vg (M, A, é).
In particular, for any integers mi and meo we have

Vlgq (M7qu1m27€1E2) < VIl?‘q (M,qu1 J€1) - Vlgqml (M,qu1m2,32).

The above results are also true for componentwise, linear, reducible (assuming 1 is in all the sets) and
symmetric €-testers. We state this in the following

Lemma 7. The results in Lemma 4, Lemma 5 and Corollary 6 are also true for componentwise, linear,
reducible and symmetric €-tester.
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Since €1 4+ €2 > €1€2, by Lemma 4, 5 and Corollary 6 we also have

V%S(M, Si,e1+ 62) < V%S(M,SQ,El) . V%Z(M, 51,52), (3)
VM, A e Fe) < (MK, &) - 13 (M, A, &) (4)

and
Vf;q (M, qulmg ,€1 + 62) < I/ﬂ?‘q (M, qul ,él) . l/]l?-qml (M,qu1m27€2). (5)

We now prove

Lemma 8. Let A be a commutative F-algebra and S C A be a linear subspace over F. Let

M C Flz {Zh

be a set of multivariate polynomials where x = (x1,...,x,) and y = (y1,...,Ym) are distinct indeter-

minates. Let
Mz = {Z Aihi() ] Y hi(@)gi(y) € M, AeF*, s € N}
i=1

i=1

h; € Flx], giG]F[y},SEN}

and
My:{Z)\igi(y) ‘ Zh )eEM, XeF SGN}
i=1

If Ly is a (Mg, S,F)-€x-tester and Ly is a (/\/ly, S, IF)-€y-tester then Ly x Ly is a (M, S, F)-(€x€y)-tester.
In particular,

VIE(Mv Sa Ewgy) S VIE‘(MIL‘? S? Em) ’ VICBZ(Myv Sa Ey)'
Proof. Suppose for some f(xz,y) = > .7 | hi(x)gi(y) € M and (a,b) € " we have

Pr(lw,ly)ewaLy [f(lz(a),ly(b)) # 0] < €x€y.
By Markov bound we have that more than e;|Lg| of the elements I, € L, satisfies
Pryer, [f(lz(a),ly(b)) # 0] <&y.
Since f(lz(a),y) € My and Ly is an (M,, S, F)-€,-tester it follows that for more than ez|Lg| of the

elements l, € Ly we have f(lz(a),b) = 0. Let ¢ be any linear map in A*. Then for more than eg|Ly|
of the elements I, € L, we have

S hilla(@)E(gi(b) = £(f(le(a)), b)) = 0.
=1

11



Since Y7, hi(x)0(gi(b)) € Mg and Ly is an (Mg, S,F)-€x-tester we have Y7 | hi(a)l(gi(b)) = 0.
Notice that this is true for any linear map ¢ € A*. Now let {wi,...,w,} C A be a basis for
Span y{g1(b),...,gs(b)}, the linear subspace spanned by {g1(b),...,gs(b)} over F. Let £,,,i1=1,...,s,
be linear maps in A* such that g;(b) = >7%_; £u;(9i(b))w;. Then

fla.b) = 3 hila)gd)

— Z hi(a) Z Cw; (9i(b))w;
=1

Jj=1

= Y ;Y hi(a)t, (g:(b) = 0.
j=1 i=1

O

Lemma 9. Lemma 8 is also true for componentwise, linear and reducible €-testers and not necessarily
true for symmetric €-testers.

For an indeterminate X over F and an integer k£ > 1, let F[X]; be the linear space of all polynomials in
F[X] of degree at most k.

Lemma 10. Let K/F be a field extension and o € K algebraic over F of degree t. Let @ = (x1,...,Ty)
and X be indeterminates over F and M C F[x]. There is a linear symmetric reducible (M,F(a)
,F[X]i—1)-1-tester of size 1. In particular,

VI(EIq[X]t—l(M’]th’ 1) = 1
Proof. Every element in F() can be written as wo+wja+---+w;_ 10~ where w; € Ffori =0,1,...,t—
1. Define the map Iy : F(a) — F[X];_1, Ix(wo + wia + - +wi 1ot ) =wp +wi X + -+ +wp 1 XL

Notice that for a € F(a), Ix(a)|xca = a. Therefore, for a = (a1,...,a,) € F(a)” and f € M if
fx(a1),...,lx(an)) = 0 then

fla) = f(lx(a1)|xcas---»Ix(an)|xea) = flx(a1),...,Ix(an))|xea = 0.

This gives a symmetric (M, F(a), F[X];—1)-1-tester of size 1. Since lx is a linear map and Ix(1) =1
the tester is also reducible. O

3.3 Preliminary Results for Polynomials of Degree d
In this section we prove some results related to testers for P(IFy, n,d), HP(Fq,n,d) and HLF(Fg, n,d).

We remind the reader that I/E(d, S,€) = vp(P(F,n,d),S,€), u;tﬁm(d, S,€) = vp(HP(F,n,d),S,€) and
vr(m, S,€) = va(HLF(F,n,m) , S,€).

12



Important Note 1: Throughout this paper, we will, without stating explicitly in the results, identify

every inequality in VE, 1/]7%‘7) or vg with its corresponding construction and time complexity. For example,

when we write

vp(dy + dg, S, €1€2) < vp(dy, S,€1) - vp(de, S, €2)
we also mean the following two statements:
1. From (HLF(F,n,dy), S,FF)-€i-tester of size s; and (HLF(F,n,ds) ,S,F)-éx-tester of size sy one

can construct in deterministic linear time (if not explicitly stated otherwise) a (HLF(F,n,
dy + dg), S, F)-€1€x-tester of size si1$s.

2. If any entry of any map (i.e., I(a); for any l € L and any a € S™) of the (HLF(F,n,d;), S,F)-€-
tester can be constructed and computed in time 77 and any entry of any map of the (HLF (F, n, d2)
, S, F)-€x-tester can be constructed and computed in time T5 then any entry of any map of the
(HLF(F,n, di + da2), S, F)-€1éa-tester can be constructed and computed in time 77 + 7o + O(1).

Important Note 2: In this paper, the time of the construction is the time of constructing all the maps
in the tester L. Denote this time by 7”. The time of constructing and computing any entry of any map
is the worst-case time complexity, over ¢ and all I € L, of computing the ith entry l(a);. Denote this
time by T”. Obviously, the complexity of computing I(a) is at most nT” and the time of constructing
and computing all the maps is less than 7" + |L| - nT".

We also remind the reader that O(M) means O(M - poly(log M,log q)). Here poly(logq) is added for
the complexity of the arithmetic computations in the ground field [F,.

First we prove

Lemma 11. We have
1. vg(d, S,¢) <vEP(d,S,€) < vE(d,S,e).
2. u]g (d, Fygmims, €1€9) < uf;q (d,Fgm1,€1) - Vﬁ oy (s Fgmims ).
8. vk, (d,Fgmimz, €1€2) < vp,(d, Fgm1, €1) - VF m, (d, Fgmima, €).
4. vr(di + d2, S, €1€2) < vp(dy, S, €1) - vr(da, S, €).
Proof. 1 follows from Lemma 4. 2 and 3 follows from Corollary 6. 4 follows from Lemma 8. O

The following lemma gives an upper bound for the size of a dense tester when the ground field [F, is
very large. In the sequel we show that this bound is tight.

Lemma 12. We have
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1. vl (d,Fge,€) < v (d,Fg[X]e-1,€) and vilP(d,Fye,€) < vP(d, Fy[X]i-1,).

2. If¢q>d(t—1)+1 then for any r such that g >r > d(t—1)+1 and e = d(t — 1) /r we have

d(t — 1)

V£<d7]th7€> < VIZ‘Dq(dv FQ[X]t—I;E) < B

3. If ¢ > d(t — 1) then for any r such that g+ 1>r > d(t—1)+ 1 and e = d(t — 1)/r we have

d(t —1
AP (0, F 1 8) < AP X]y,8) < & : ).

4. Forr # q+1 the above results are also true for linear symmetric reducible testers. Forr = q+ 1
result 3 is also true for linear symmetric testers.

Proof. By Lemma 5 and 10,
vh (d,Fg,€) < v (d,Fg[X]i1,) - v 15, , (d:Fge, 1) = v, (d,Fy[ X1, ).

In the same way uﬁp(d, Fgt,€) < I/ﬁp(d, F [ X]i-1,6).

We now prove 2. For every f € P(Fg,n,d) and (z1,...,2,) € Fg[X]|}; we have f(z1,...,2,) €
Fg[X]g¢-1)- Let ¢ > d(t — 1) + 1. Choose ' C Fy of size r, where ¢ > 7 > d(t — 1) + 1. Define
for every § € F the map lg : Fy[X];—1 — F, where lg(z) = 2(8). If f(z1,...,2n) # 0 then since
(21,0 2n) € Fy[X]gu—1) we have lg(f(21,...,22)) = f(lg(21),...,1s(2s)) = 0 for at most d(t — 1)
elements 8 € F. This gives a linear symmetric (P(Fq, n,d), Fq[X]i—1,Fq)-€-tester of size r. Therefore,
forg>d(t—1)+1,

d(it—1)

V£<d7th7€> SV]ZTDq(dan[X]t—I;E) <r= c

Notice that the tester is also reducible since [5(1) = 1.

We now prove 3. For r such that ¢ > r > d(t — 1) + 1 the proof is as above. It remains to prove the
statement for r = ¢ + 1. Consider f € HP(Fy,n,d) and (z1,...,2,) € F[X]} ;. Let F =, U {oc0}
and define for 2z € Fy[X]i—1, lg(2) = 2(B) if B € F, and l(2) to be the coefficient of X'~! in z.
Let L = {lg | B € F, U {oo}}. Tt is easy to see that the coefficient of X4~V in f(z,...,2,) is
Flloo(21)s -+ loo(2n))-

Now suppose f(z1,...,2n) # 0. We have two cases: If f(loo(21),...,l00(2n)) # 0 then since f(z1,...,2,)
is of degree d(t — 1) it can have at most d(t — 1) roots in F,. Otherwise, f(loo(21),.-., loo(2n)) = 0.
Then f(z1,...,2y) is of degree at most d(t — 1) — 1 and can have at most d(t — 1) — 1 roots in F,. In
both cases we have that for at most d(t — 1) elements | € L, f(I(z1), ...,1(z,)) = 0. This gives a linear
symmetric (HP(Fq,n,d),Fy[X];—1,F,)-€-tester of complexity r which implies the result. Notice that
the tester is not reducible because (1) = 0 # 1. O

14



As a consequence of Lemma 12 we get

Corollary 13. We have

1. If ¢ > d(t — 1) + 1 then for any € < 1 such that

d(t — 1)
q

€2

we have

€

(0 Fp®) < (0 Fy X0 < | M)

2. If ¢ > d(t — 1) then for any any € < 1 such that

d(t — 1)

€>
- og+1

we have

d(it—1
AP F ) < P X0 < [T

3. Testers of the above densities and sizes can be constructed in linear time O(dt/e) and any entry
of any of the above maps can be constructed and computed in time O(t).

Proof. We prove 1. The proof of 2 is similar.

Let 1 >€e>d(t—1)/(d(t—1)+1). By Lemma 7 and Theorem 29 in [3] we have I/IE (d,Fge) =d(t—1)+1
and by Lemma 4 and (2) we have

d(t—1
Vﬁ(d,th,E) < yﬁ(d,th,l/(d(t—1)+1)) :yﬁ(d,Ith) =dit-1)+1= { ( - )-‘ .
Now let d(t —1)/(d(t —1)+1) > e >d(t —1)/q and let r = [d(t — 1)/€|. Let e; = d(t — 1)/r. Since
dt—1)+1<r=1[d(t—1)/e| <qand e; <¢, by Lemma 4 and Lemma 12 we have

d(t—1
VE (d,F g, ) < VE (d,Fye, 1) < [(W _

€

Notice that all the constructions in Lemma 4 and Lemma 12 runs in linear time in td/e. Computing
one entry in a map requires substituting an element of F, in a polynomial of degree ¢. This takes time

O(t). This implies 3. m
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The next result shows how to reduce é-testers for degree d polynomials in Fy: to é-testers for degree d
polynomials in F x where k& = O(log((d/¢)t)/logq). Notice that when k = O(log((d/€)t)/logq) then
|F x| = poly(dt/e). This reduction will be used to construct é-testers with almost (within poly(d/e))
optimal size in polynomial time.

For any positive integer k, let N,(k) denotes the number of monic irreducible polynomials of degree k
over [Fy. It is known that

kN, (k) = TZ;;M <f) q (6)

where p is the Moebius function

1 n=1
u(n) =< (=1)" nis the product of ¢ distinct primes
0 otherwise
and
¢! < kNy(k) < ¢~ (7)

See for example [10].

We remind the reader that I/]Z-Dk ((d,Fq),Fy[X]t—1,€1) is vg  (P(Fg,n,d),Fg[X];—1,€1) which is different
q q

than Vf;k (d,Fg[Xi—1,€) = v  (P(Fgr,n,d),Fg[X]i—1,€ ). This notation is used when the ground field

is not evident from the context.

q

We now prove the following

Lemma 14. We have

1. For any finite field Fy, any 0 < €1,e2 < 1 and integers k and t such that

qu(k:) > w’

€1

we have

dt—d+1

Vﬁ(d, th,glgg) < ’7 o

} B (L F e e).
2. Given a (P(Fg,n,d),F i, Fy)-€x-tester of size s, one can construct a (P(Fy,n,d),Fq, Fy)-€1€2-

tester of size
dt—d+1
5= {11@} '
m time .
o) (S LRV 4 k4> .
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3. If constructing and computing any entry of any map in the (P(Fq,n,d),Fqk,Fq)—EQ—tester takes
time T then constructing and computing any entry of any map in the (P(F,n,d),Fy.,Fq)-€€-
tester takes time

O(T 4+t + K*p'/? + k).

4. If the (P(Fy,n,d), F i, Fy)-€a-tester is componentwise (respectively, linear, reducible and symmet-
ric tester) then the (P(F,n,d),Fy,F,)-€1€-tester is componentwise (respectively, linear, reducible
and symmetric tester).

Proof. By Lemma 12 and Lemma 5 we have
P S P S P NP -
vp, (d,Fge, €1€2) < v, (d,F[X]i—1,€16) < I/Fqk((d, Fo), Fg[X]i—1,€1) - vp, (d, Fgr, €2).

We now prove

_ dt —d+1
B (@) FylX]i,) < | T

€1k

Let R be the set of all monic irreducible polynomials of degree k. Since

dt —d+1

d g > _—

eg | | g kNy(k) > - ,
gER

we can choose R’ C R such that

€1 €1

dt —d+1 dt —d+1
7+§deg Hg <7++k.
geR!

Let R” be any subset of R’ where

dt—d+1<deg [ J[ 9] <dt—d+1+k
gG’R”

Let f € P(Fy,n,d), z1,...,2n € Fg[X]|t—1 and F(X) := f(z1,...,2n) € Fg[X]g—q. Now F = 0 if and
only if ' mod ([[,cr~ 9) =0 if and only if F' mod g =0 for all g € R”. It is known that F' mod g = 0
if and only if F'(8) = f(21(8),---,2n(B)) = 0 for one root 3 € F i of g. See for example Theorem 3.33
(ii) in [10].

Define for every g € R’ a map lg : Fy[X] — Fr where 8 € F i is a root for g and Ig(2) = z(B).
Let L be the set of all such maps. Then |L| = |R'|. We have shown that if f(z1,...,2,) # 0 then
fl(21),...,1(2n)) = 0 for at most |R”| — 1 maps [ in L.

17



Theref
ererore, i ‘R”’ » | ) N
Vi, | (dFg), F[X]11,1 = —=r ) <R < | ——— .

|R/| €1k
Since
IR"| —1 W -1
‘R" — dt—d+1 = €1,
e1k

the result follows from Lemma 4. This implies 1.

We now describe the construction algorithm and give the time complexity. The input of the algorithm
is some representation F: ~ F,[a]/(f1(a)) for some irreducible polynomial fi(x) € F4[z] of degree ¢ and
a (P(Fg,n,d),F i, Fy)-€x-tester of size s. Also the field F » has some representation Fx ~ Fy[3]/(f2(8))
for some irreducible polynomial fy(x) € Fy[z] of degree k. The algorithm first define a map F, to
F,[X];—1 that replaces a with X. The algorithm then constructs R’ which is a set of O(dt/(ke1))
irreducible polynomials of degree £ and finds one root in F x for each polynomial. By Lemma 2, this
takes time O((dt/e1) + k3p'/? 4 k*log? ¢). Then it constructs the maps Iz for each root 8. This takes
linear time O(dt/(e1k)). Then it uses Lemma 5 which takes linear time in the total size O(sdt/(e1k)).
Since s > k we have O(dt/e;) = O(S). This gives the time complexity. This implies 2

For accessing one map lg in the tester we need to construct the ith irreducible polynomial. By Lemma 3,
this can be done in time O(k3p'/2 + k*). Computations in the fields Fg and Fx and the map from F
to Fy[X];—1 take time O(t). This gives the complexity O(t + k®p'/2 4 k*). This implies 3

By Lemma 7, 4 is immediate from the construction. ]

We note that a slightly better bound can be obtained if R is the set of all the monic irreducible
polynomials of degree at most k. When k divides ¢, a better bound is proved in the following. We will
not use this result in this paper so we will not bother the reader with an almost linear time or local
explicit construction and just give the proof for the poly-time construction

Lemma 15. For any finite field Fq, any 0 < €1, €2 < 1 and integers k and t such that k|t and

d(t—k
> 408

we have
d(t — k)

I/ﬁ(d, ]th,g@) < ’761]{:—‘ '1/17;(1 (d, Fqk,Eg).

Given a (P(F,n,d),F,Fy)-€a-tester of size s, one can construct a (P(F,n,d),F,F,)-€1€x-tester of
size s+ [d(t —k)/(e1 - k)] in time (sd/e1) - poly(t, k,p,logq).

18



Proof. By Corollary 6 we have

VIZ“)Q (d,th,Elgg) < I/Ek (d,F(qk)t/k,El) . VIE (d,t,Fqk,EQ).

Let r = [d(t — k)/(e1k)]. By Lemma 12, since ¢* > r > d(t/k — 1) + 1 for ¢ = d(t/k — 1) /r, we have

a = d(t/k —1)
1/1[74‘2_{;c (d, F(qk)t/k,el) < Vﬁk (d7F(qk)t/k7€/) < R <7

Given a (P(F,n,d),F,F,)-€a-tester where F = Fy[u]/(g(u)) where g(u) is irreducible polynomial
in Fy of degree k. By Lemma 1 the field F xy/x can be constructed in time poly(p,t/k,klogq). By
Lemma 12 the (P(F,n,d), Fgryi/x, For)-€1-tester can be constructed in time O(dt/e1). O

4 Lower Bounds

In this section we give some lower bounds for the complexity of €tester. Then we give some lower
bound for the density € for which an é-tester exists.

4.1 Lower Bound for the Size

We first prove

Theorem 16. Let F be a field and A and B be two F-algebras. Let 0 < e <1 and M C Flzy,z2,...,Ty]

be a class of multivariate polynomial. Let S C A and R C B be linear subspaces. Then
vp(M,S8) -1
B

vp(M, S €) >

In particular,

and for ¢ = o(d)
d—1
o) 2

€ €

(1+
Wq(d,th,E> >

Proof. If L is an optimal (M, S, R)-€é-tester then any L' C L of size |L'| = |e|L|]+1is a (M, S, R)-tester.
Therefore,
Ll +1> V(M. S).

Since |€|L|] +1 < ¢|L] + 1 the result follows.
The other results follows from Theorem 27 and 29 in [3]. O
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By Theorem 16 and Corollary 13 we have
Corollary 17. We have

1. If g >d(t — 1)+ 1 then for any € < 1 such that

d(t — 1)
q

€2>

we have

_ (it —1
uﬁ(d,wqt,e)—[ ( - )]
2. If ¢ > d(t — 1) then for any € < 1 such that

d(t —1)
g+1

Vi (d,Fye, &) = {d(t_l)w :

€

€2

we have

We say that C' is a hitting set over Fy for M of density 1 — € if €' C Fy and for every f € M there are
at least (1 — €)|C| elements ¢ in C such that f(c) # 0.

For (HLF (Fg,n,d),Fg,Fy)-é-tester we give the following better bound
Theorem 18. For any q, d and t we have
t—1

d—1 :
1 —1
(1-i+ ) —a-9

V]Fq(d, th7E) >

Proof. Consider the class of functions

-1 ¢
M = { (H Z Ai,myi,m> (Yak — Yd,j)

i=1 m=1

i € PY(F,) foralli=1,...,d—1, 1§k<j§qt},

where P(F,) is the t-dimensional projective space over F,. For A = (A1, A2...,Ag_1) € PY(F,)? ! we
denote fy = Hf:_f(z%ﬂ )‘i,myi,m)- Let M’ = {(yd,k - yd,j) ’ 1<k<j< qt}-

Obviously, M C HLF(Fq,n,d) where n = ¢'. Let L = {ly,...,l,} be a (HLF(Fq,n,d),Fy,Fy)-e
tester of minimum size. Then L is an (M,Fy,F,)-é-tester. Let o be a primitive element of Fy and
consider the assignment z = (21,...,24) € (F;@)d where z; = (a%,al,...,a!710,...,0) € 7 for all

i=1,2,....,d—1and zg = (0,a%,0!,...,a7"2) Fre. Let ¢; = li(z) € (Fg)d fori =1,...,v and
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C={c;i|i=12,...,v}. Since f(z) # 0 for all f € M and L is a (M,F,F,)-é-tester, for every
f € M there are at least (1 — €)|C| elements ¢ € C such that f(¢) # 0. Therefore, C' is a hitting set
over F, for M of density 1 —e.

Notice that if for some ¢ € C' and some i = 1,2,...,d — 1 we have (¢;1,¢2,...,¢i¢) =0 then f(c) =0
for all f € M and then C\{c} is a hitting set over F, for M of density at least €. Therefore we may
assume w.l.o.g that (¢;1,¢i2,...,¢i¢) #0forallce Candi=1,2,...,d—1.

Now for every A € PY(F,)?! consider the set Cx = {c € C' | fa(c) # 0}. For every Cy = {cM, ..., e}
consider the set .
D, = {(c&},...,c&?) 1= 1,...,qt}.

Since for any 1 < k < j < ¢, C'is a hitting set for fx(y4r—ya,;) of density 1—e¢, for every 1 <k < j < ¢’
there are at least (1 — €)|C| elements ¢ € Cy such that cqi # cqj. Thus, Dy is a code of Hamming
distance (1 — €)|C|. By the Singleton bound, [12], we have

,_ log D
log g

and therefore |Cx| > (t — 1) + (1 — €)|C|. Now it is easy to see that since (¢;1,¢i2,...,¢it) # 0 for all
ceCandi=1,2,...,d— 1, every c € C appears in exactly

¢ —1 - | d—1 _ ¢t — g1 d—1
q—1 q—1 q—1
sets of {C | A € PY(F,)?!}. Therefore
Cls _Salol L IPES () + -0l
= /ot gt-1\d—1 = i o1\ d—1
q'—q q'=q
(74) (55)
o141
(45) - (@-n+a-alc)
t_t—1 d—1
(‘qul )

- (qt‘l)“((t—l)ﬂl—e)\co.

qt _ qt—l

<|Cal — (1 - IC| +1

Therefore,
t—1

d—1 :
1 —1
(1-itady) -9

vr,(d,Fg,€) =v =|C| >

This proves the result.
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Note that for Y =1—1/q+ (¢ —1)/(q(q" — 1)) and € = 6Y? for some & < 1 the bounds in Theorem 16

and Theorem 18 are
t t—1

(1-46Yd)yd=1" (1 —-4Y)Yd-1
respectively. Therefore the later bound is slightly better than the former.

4.2 Lower Bound on the Density

How small e can be? In the following we give a lower bound for e.

Theorem 19. We have

1. If there is a (HLF(Fq,n,d),Fpu,Fq)-e-tester of finite size then
> 1 <1 Ly a1 )d
e>1l—(1——4+—"—) .
q aqlg"=1)

2
6Zd—@<d2>.
q q

Therefore if € > (1 —1/q+ (¢ — 1)/(q(¢" — 1)))? then vg,(d,Fy,€) = oo.

For d = o(q)

2. If there is a (P(Fq,n,d),F ., F,)-e-tester of finite size then

d
€> —.
q

Therefore if € > 1 — d/q then for any t we have l/ﬁ (d,Fyi,€) = oo.
3. Ford > q and any t and € we have uﬁ(d, Foi,€) = VIEPq(d, Fgt) = oo.

4. If there is a (HP(Fq,n,d),Fy,Fy)-é-tester of finite size then

d
€> ——.
q+1

Therefore, if € > 1 —d/(q+ 1) then for any t we have Vﬁp(d, F,t, € = oo.

5. Ford>q+1 and any t and € we have Vﬁp(d,th@) = Z/I?;-ép(d7th) = 00.
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Proof. We first prove 1. Consider the class of functions

d t
M = {H Z Ai;mYim

i=1m=1

)\iEPt(Fq) for allizl,...,d},

where P!(F,) is the t-dimensional projective space over F,. For A = (A,A2...,Ay) € PY(F,)?
we denote fy = Hle(zt XimVim). Obviously, M C HLF(Fq4,n,d). Let L = {ly,...,l,} be

m=1
a (HLF(Fg,n,d),Fg,Fy)-étester of minimum size. Then L is an (M,Fg,F,)-é-tester. Let a be
an element of degree t in Fy and consider the assignment z = (z1,...,24) € (th)d where z; =

(¥ al,... ot 0,...,0) € th for all i« = 1,2,...,d. Notice that f(z) # 0 for all f € M. Let
S ={lLi(z),....l,(2)} C (Fg)d. We now show that there is f € M such that [{a € S| f(a) # 0}| <
(1—-1/g+ (¢ —1)/(d"" = q))S].

Define a sequence of sets S = S5y 2D 51 2 ... 2 S, recursively as follows: For the set S;, ¢ > 0, consider
the functions Z§'=1 Xijyi; where X; € P'(F,). There is X} € P*(F,) such that f; = 23':1 )\;in,j is zero
on at least |S;_1|(¢"~! —1)/(¢* — 1) elements of S;_1. Define S; = S; _1\{a € S;_1 | fi(a) = 0}. Then

t t—1

q —q 1 q—1
Sl<L ™9 g J=(1-24_-2L"" )|5_4l
15:l < gt —1 1Sil < q+q(qt—1)>|“’

Then f = fifz--- f4 € M is not zero only on the elements of Sy and |Sy| < (1 —1/q+ (¢ —1)/(¢"t! —
q))%|S|. This implies the result.

To prove 2 we take the class

M={f|f=hfafa, i=z1—Bi Bi € Fg} CP(Fy,n,d).

Let L ={l1,...,l,} be a (P(Fy,n,d),Fg:, Fy)-e-tester of minimum size. Let S = {l1(2),...,l,(2)} C Fy
where z = (a,0,0,...,0) € th and o € Fp\F,. Then f(z) # 0 for all f € M and there are
B1, B2, ..., Ba € Fy such that f is not zero on at most 1 — d/q fraction of the elements of S.

3 follows from Lemma 28 in [3].

To prove 4 we take a function of the form f = fifa--- fqg € HP(Fq,n,d) where f; = viz1 — Bixe,
(i, Bi) € F2\{(0,0)} and z = (1,,0,...,0) where a € F,\F,. It is easy to see that there is such
function that is not zero on at most 1 — d/(q + 1) fraction of the elements of S.

5 follows from Lemma 28 in [3]. ]

We note here that for 4 in Theorem 19 the following slightly better bound

) () e ()
1-= 1+ —1--+06(=
< q) ¢t —1 q ¢

can be proved if we take f = []%, 23:1 Xijxj where (\;;);; is a matrix of rank d.
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5 Constructions of Dense Testers

In this section we give some constructions of dense testers.

In Subsection 5.1 we give several constructions for testers for P(Fy, n,d) from F: to F,. By Theorem 19,
such constructions exist if ¢ > d+ 1 and € < 1 — d/q. Our constructions give testers of sizes that are
within poly(d/e) factor from optimal with any density ¢ <1 —d/q — d/q* — o(d/q?).

In Subsection 5.2 we give a construction for tester for HLF (Fy,n, d) from Fy: to F, for any g. Theorem 16
and Theorem 19 show that the size of such tester is at least (1+1/(q — 1)) and its density is at most
€< (1—1/q)% We give a tester of size (1 + (logq)/q)% of density € < (1 — (logq)/q)".

Section 6 shows how to construct such testers in almost linear time and shows that such constructions
are locally explicit.

5.1 Dense Testers for Large Fields

In this section we use algebraic function fields to construct an e-testers for large fields.

We prove

Theorem 20. For any q > d+1, any t, any constant ¢ and any € > d/q+d/q* + d/q22 o d/ g +
8d/(¢* = 1), we have

€

d
Vﬁ(d,th,E) Spoly( ) - 1.
In particular, the bound holds for vy, (d,Fq,€) and I/ﬁp(d, Fge,€).
The exact poly(d/e) is given in the following two theorems. Theorem 21 is for ¢ > 10-d and Theorem 22
is for d + 1 < ¢ < 10d. Notice that by Theorem 19, € > d/q and therefore when d + 1 < g < 10d we

have ¢ = O(1) and poly(d/e) = poly(d). This is why e does not appear in the size of the testers in
Theorem 22.

Theorem 21. For any q > 10 - d and any constant ¢ > 1 we have the following results
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q t € uﬁ(d, Fye,€) = O(:) | Result
P.S | LS. €> \/ad—l g -t2 Lemma 30
— LS. €> 2% (%) -t Lemma 31
— — €> 8% (%)3 -t Lemma 32
— — €> cg (%)4 -t Lemma 33
d d d\4+o(I)
— — €> q +o0 (5) (g) -t Lemma 33
— — €> g +0 (q%) (%)9 -t Lemma 3/
— — |e> g + (;% +o0 ((%) (%)%0(1) -t Lemma 3/

In the table, P.S. stands for “perfect square” and I.S. stands for “for infinite sequence of integers”.

Theorem 22. For any 10-d > g =d+ § where 6 > 1 and any constant ¢ < 1 we have the following

results

t € I/ﬁ(d, Fgt,€e) = O(:)
IS | e>1-2 =94 (1—¢)2 | & ¢
- | e21-92=24(1-¢2 |t
1S | e>1— g +o0 (g) = d+;’(5) d3tel) . ¢
— le>1-2%+40 (§> — d+0(d) | gato(1) .4
= q q q

In Theorem 19 we have shown that for € < d/q or ¢ < d+ 1 there is no €tester for P(Fy,n,d). This
shows that the bound ¢ > d 4+ 1 in Theorem 20 and 22 is tight and ¢ is almost tight. In Theorem 16
we have shown that 1/17;(1 (d,Fge,€) > d(t —1)/e. So the size of our étester is within a poly(d/e) factor of
the optimal size.

For l/ﬁp (and therefore for vy, ) slightly better results can be obtained.

Theorem 23. For any q > d + 1, any t, any constant integer ¢ and any € > d/(q+ 1) +d/(¢*> + 1) +
/(@ + 1)+ +d/(¢” +1) +8d/(¢*" ~1), we have

d
yﬁp(d,qu,E) < poly (e) - t.
In particular, the bound holds for vr,(d,Fq:,€).

Theorem 24. For any 10-d > gq=d+ 9 —1 where § > 1 and any constant ¢ < 1 we have the following
results
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4 € Vﬁp(d, Ft,€) = O(:)
LS. 621—%:%4—(1—0)#‘1 3t

— Jex1-=h (- |d -t

IS | e>1— % +o0 (qfﬁ) - d;—i(lé) g3+ol) ¢

— ez tghiro(gh) = GE [0

Now notice that d/(q + 1) = d/q + 6(d/q?) and therefore the bounds for € in Theorem 21 (except the

last row in the table that is included in Theorem 24) are the same for 1/%'279.

We also show

Theorem 25. All the above bounds are true for componentwise, linear reducible and symmetric €-
testers.

We note here that there are many other results that are not included in the above theorems. For example,
for infinite sequence of integers ¢, any constant ¢ > 1 and € > €,,,;n, = ¢d/q we have VHZ (d,Fy,€) < (d/e)t.
We simply avoided results that immediately follows from the above results and their proof techniques.

For notations used in this section we refer the reader to Sections 1.1 — 1.4 in [16].

We first prove

Lemma 26. Let F/F, be a function field, Py, ..., Ps be distinct places of F/F, of degree 1 and D =
Pi+Py+---+P;. Let G be a divisor of F/Fy such that (supp D)N(supp G) = O. Let L = {lp,,...,lp,} be
a set of maps lp, : L(G) — FyU{oo} where lp,(z) := x(F;). If s > ddeg(G) then L is a componentwise,
linear, reducible and symmetric (P(Fq,n,d), £ (G),F,)-(1 — ddeg G/s)-tester of size s. Therefore

I/ﬁ(d,f(G), 1 —ddegG/s) < s.

Proof. We have shown in Lemma 12.1 in [3] that any L' C L where |L'| = ddeg(G) + 1 is a symmetric
and reducible (P(Fq,n,d), Z(G),F,)-tester. This implies the result. O

In Lemma 13 in [3] we have proved

Lemma 27. Let F'/F, be a function field. Let G be a divisor of F/Fy, and Q a prime divisor of degree
deg Q = U(G) =t such that vg(G) = 0. If {(G — Q) = 0 then we have

1. The map
E:Z2(G) — Fog=Fyu
fo= f@)

is an isomorphism of linear spaces over IF
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2. L ={E~'} is a linear, reducible and symmetric (Fq[z],F,e, L (G))-1-tester where @ = (z1,...,xy).
Therefore

We now use the above two lemmas to prove

Lemma 28. Let d andt be two integers. Let F'/F, be a function field of genus g that has N > d(t+g—1)
places of degree 1. Ift > 3+ 2log, (29 + 1) then for any N > s >d(t+g—1) ande =d(t+g—1)/s
we have

dit+g—1)

v (dFp®) < ———.

Proof. First, by Corollary 5.2.10 (c) in [16], if 29 +1 < ¢*~1/2(¢"/2 — 1) then there is a prime divisor of
degree t. Since t > 3+21log,(2g+1) the inequality holds and there is at least one prime divisor of degree
t. Let @ be such divisor. Let Pi,..., P, s > d(t + g — 1), be distinct places of F'/F, of degree 1 and
D =P +Py+---+ P,. By Lemma 14 in [3] and Lemma 2.1 and 2.2 in [2], there is a divisor G of F//F,
such that (supp D) N (supp G) = O, degQ =t =4(G), vo(G) =0, (G- Q) =0 and deg G =t + g — 1.

By Lemmas 5, 26 and 27 we have

v (d,Fe, 1 —d(t+g—1)/s)

IN
9

(d, Z(G),1=d(t+g—1)/s) Vi) (d, Fye, 1)
L(G),1—d(t+g—1)/s) < s.

A
Ty

We are now ready to give the construction.

A tower of function fields over F, is a sequence F = (F©), (1 F2) ... of function fields F() /F, with
F) c F) C F®) C ... where each extension F(’”l)/F(k) is finite and separable.

There are many explicit towers known from the literature. We will use the following W; tower defined
in [6]. See also [7] Chapter 1 and [15] Chapter I. To avoid confusion we must note here that F*) here
is the function field Fj_; in [7, 15].

Lemma 29. Let x1 be indeterminate over Fy and FO) = Fpe(r1). For k > 2 let F®) = =1 ()
where .

x

a:% +xp = 7{17’;_1 .
x_1+1

Let gi. be the genus of F(k)/qu and Ny the number of places in F(k)/qu of degree 1. Then

qF —2¢%% +1 if k=0 mod 2
gk = (8)
gF —q* /2 —g*=D2 41 if k=1 mod2
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N[ (@ - 2 ifk>3,4=1 mod?2 )
BT (®—q)d" 1 +2¢> ifk>3,¢g=0 mod?2

and Ny, > (¢*> — q)¢"! for k=1,2.
We are now ready to prove Theorem 20, 21 and 22. We start with Theorem 21. The proof will be

consequence of the following lemmas. See the table in Theorem 21.

Lemmas 30-34 below prove Theorem 21.

Lemma 30. Let k be any integer, Q = ¢* and ¢ > (k +4)/q¢" be any constant such that t := cq* is an

integer. For every € such that
d

JO—1

1>€>€emin:i=(c+1)

we have

1Y\ dt
P —
VFQ(d,FQt,G) S <1 + C) ?

Proof. Consider the tower defined in Lemma 29 and the function field F(*)/ Fg2. The number of places
of degree 1 is at least N = ¢**! — ¢* and the genus is g, < ¢* — 2042 +1 = t/c— 2\/t/7(:+ 1. We now
use Lemma 28. Since t = ¢¢® > k +4 and 3 + 2log2(2gx + 1) < 4 + k the first condition in Lemma 28
holds. Therefore, for any N > s > d(t+ gr — 1) and e = d(t 4+ g, — 1)/s we have

_ dt+ gr — 1)
I/]Z;D(IQ (d, F(q2)t,€) < -

d(t—i—tE/c) —2d,\/t/c
an

dt+gr—1) _ dleg" +4" —2¢"7)
N — qk+1 _qk

d(c+1—2/c/t)
qg—1

d
< (e+ 1)(]—71 = €min-

IN

The minimal possible € is
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Although the result in Lemma 30 seems to be true for any perfect square @, the condition 1 > ¢ >
(c+1)d/(+/Q — 1) makes sense only when (c + 1)d/(v/Q — 1) < 1 and therefore Q > ((c + 1)d + 1)%.
Therefore we will ignore the condition on ¢ in the subsequent results with the understanding that for
some ¢ the results are true as the statement is void.

We note here that many other results can be obtained using different other towers. This will not be
discussed in this paper.

We now prove

Lemma 31. Let ¢ > d+ 1. Let k be any integer and ¢ > (k +4)/q* be any constant such that t := cq®
1s an integer. Then for any € such that

1>e> =2 1
€ > €min (c+ )qfl

1\ /d\?2
vE (d,Fpe,) <5 <1 + C) <€> t.

Proof. By Lemma 4, (5), Corollary 13 and Lemma 30 we have

we have

v (d,Fe,€) < v (d,Fpae, @)
< (dFQ 6/2) I/

s
(DO

Lemma 32. Let g > d+ 1 and t > 8. Then for any € such that

d
1>¢€>enin i =8——
qg—1

IN

IN

we have

d 3
v (d, Fye,€) <120 (6) t.

Proof. Let k be an integer such that ¢* <t < ¢**! and r = ¢*. Let € > €pin = 8d/(q¢ — 1). Then, since

by (7)
- Ng(r) > qqk*1 > qk+2 >qt > 7dt _72+ !
€
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by Lemma 14 and 31 we have

v (d,Fp,e) < [dt;/;l;ﬂ Z (d,Fyr,€/2)
3dt 5-2- 6/2 7“)
< 120( >3t

Lemma 33. Let ¢ >d+1,8>c¢>1+8q/(¢*> — 1) and t > 8. Then for any € such that

d d d 8d
8—>e=c->—-+—
q q q g -1

(d,Ith,e) <0 <(C_11)3 <f)4> - t.

Proof. Let ¢ = d/q and €2 = (¢ — 1)d/q. By Lemma 4, (5), Corollary 13 and Lemma 32 we have

we have

(dIFt € < P(dF2t,€1+€2)

y L gty
< (d,FqQ, ) VE2(d’Fq2t76)

q-120- <i>3t
< 120(6341)3t20 <(C_11)3 <f)4> 1.

Lemma 34. Let ¢ >d+1, 8 > ¢ > 8¢*/(¢* — 1) and t > 8. Then for any € such that

IN

d 9d d d d_d_ d 8
—t S >e=—+—St+emg>—+—5+
¢ q q q

we have



Proof. Let €1 = d/q, 2 = d/q* and €3 = cd/q?. By Lemma 4, (5), Corollary 13 and Lemma 32 we have

Vﬁ(d, Fg,€) < Vﬁ(d, Fat, €1 + €2 + €3)
< v (d.Foe, €0) - vE, (d,Foa, ) - v, (d,Fgae, 65)
d 3
< q-q2-120(€3> t

Lemmas 30-34 prove Theorem 21. We now prove Theorem 20. We show

Lemma 35. Let ¢ > d+ 1, m is any integer, 8 > ¢ > 8(]2m/(q2er1 — 1) and t > 8. Then for any
constant m and € such that

d—i-d-i- + d+9d> d+d+ +d+ d>d+d+ +d+ 8d
— J— e ye— = € = — J— —m Ci’m — J— = —_—
2 q2 1 q2 q q2 q2 q2 q 2 q2 q2 +_

qa q 1
1 d 5-2Mm—1
vh (d,Fg,€) <O <c3 (€> ) -t

Proof. Let ¢; = d/qu, i=0,1,2,...,m and €41 = cd/q*". By Lemma 4, (5), 1 in Corollary 13 and
Lemma 32 we have

m—+1
P = P
VFq(d,Ith,E) < VIFq d7Fq2m+1mZ€i
=0
<

m
(H VIE’ZQZ' (d, Fq2z‘+1 7€z)> . Vﬁval (d, Fqgm,+lt, €m+l>
1=0

m d \°
< q-¢* ¢ .120<6 +1> ¢
m

5.2m 1 1 d 5.2m—1
1204 t=o0(= (2 -t
c3 3 \e

The same proof but using 2 in Corollary 13 instead of I gives

IN
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2m+1

Lemma 36. Let ¢ > d, m is any integer, 8 > ¢ > 8¢*" /(q — 1) and t > 8. Then for any constant

m and € such that

T .
€E = — —_— e —_—_— C——
g+1 ¢?+1 " +1 0 ¢

1 d 5:2m—1
Vﬁp(d, th7€) S O g (6> - 1.

Lemma 37. Let g =d+ 9 where 1 <6 <9d. Then for any c < 1 and every € such that

we have

We now prove Theorem 22.

d 1) )
15e=2401-02=1-">cm
q q q
where p 5 52 5 5
12 12
€min = —+ —5 — —3— :1—+O<2>
q q q q
we have

P dT+1
VFq (d, ]th,g) S O (0_6)7_> ~t

where 7 = 2 for infinite number of integers ¢t and 7 = 3 for all integers t.

Proof. Let €; = d/q and
_gqe—d

=1—c.
q—d ¢

€9 :

Then it is easy to see that € = €€ and

_qe—d>qemm—d 12d

¢—d = q-d ¢

€2
By Lemma 4, Corollary 6 and 13 and Lemma 31 and 32 we have
Vﬁ(d, th’é) < Vﬁ(d, Fth,Elgg)

< V]}Z‘Dq(da IE‘(127€1) ’ VIZT—ZQ (d7 Fq%aEQ)

q- 1/1[7722 (d, qut,€2)
oo(i) )+
€2

o (e
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The same proof as above (replace each occurrence of g to ¢ + 1) gives Theorem 24.

Since all the above bounds use the componentwise, linear, reducible and symmetric testers that are
constructed in Lemma 26, 27 and Corollary 13, by Lemma 7 and 5, Theorem 25 follows.

5.2 Testers for Small Fields

In this section we use our results from the previous sections to construct testers for small fields. We give
constructions for testers for HLF (Fy,n, d) from Fy: to F, for any q. Theorem 16 and Theorem 19 show
that the size of such tester is at least (1+1/(q — 1))% and its density is at most € < (1 —1/¢)%. One of
the testers we give in this subsection is a tester of size (1 + (logq)/q)% and density € < (1 — (log q)/q).

We first prove

Theorem 38. Let g < d+ 1 be a power of prime and t be any integer. Let r be an integer such that
qQP1 <9d < q*. Let € = (ey,...,er_1,6) where €;(¢> +1) < ¢* is an integer for i =0,1,...,r — 1

and 2/3 > €. > 1/3. Let
r—1

P Z IOg(qzi +1)
7€ " o(a20 1)
i=0 e’l(q + 1)
and )
— —log(1 —¢)
=0 ei(q + 1)
Then .
& g [[ et 5 27
=0 G(d )
and

vp, (d, By, e¥) < O(d) - 260 . ¢,
Proof. By Lemma 4, Corollary 6, Lemma 11 and 12 we have
L vp, (d,F,u,€) < vp, (d,Fies, €).
2. v, (d,Fpiyen, @1€2) < v, (d,F ey, €1) - VF ) (d,F 122, €2).

3. vp,(d1 +do,Fye,€1€2) < vp (di,Fy,€1) - vp,(d2,Fgr, €2).

4. vp,(d,Fp2,€) < g+ 1 for any € < 1 such that (g + 1) is an integer and d < (g + 1).
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Let 7; = €;(¢¥ +1). Then

VIFq (d, th,?)

Now

IN

IN

IN

IN

IN

*

-1

By (1.)

_[d/n; =
V]qu. (d, F it1, 6£ /n ])> VF o (d, F(qzr)t, &) By (2.)

UF (i Fq2i+1  €i) La/m] UF (d - I_d/niJ ) IE‘q2i‘"1 ) 61))
q q

'V]Fqgr (d,F(qﬂ)t,aﬂ) By (3)

i [d/n:]
H (q2 + 1) > VF or (d,F(qzr)z,@«) By (4.)

H (qu + 1)) 2que'd> VF o (d, Fgorye, &)

—1 _ )
VFqQT (dv F(qQT)tv 67’) - 200 d

O(d%) - 2¢+<4 .t By Lemma 32

v

Y

r—1 .
e, [/ +
=0

=0

1 r—1 1 r—1 5 d
z - 21/ (ei(g® +1))
(et (M)

9~ Tg.ed

O

Proposition 52 in Appendix B will help us choose ¢; in Theorem 38 to obtain different results. We first

prove

Corollary 39. Let ¢ < d+ 1 be a power of prime. For any integer m such that 1 < m < g we have:
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For

we have

Proof. We use Theorem 38 and Proposition 52 in Appendix B. We choose €¢;(¢ + 1) = m, for i

0,1,2,...,r—1and ¢ = 1/3.

’ m ‘ €~ _ ‘ v, (d,Fye,e¥)/t ‘

m-t (1- ) (q+ 1)
= log(g +1)/c, ¢ = oflog(q + 1)) | (1~ ﬁ)d ped

m = o(q), w(log(q + 1)) (1_qT11>d <1+ )d
Sarenesne=on (]| (115
= (q+1) = (g+1)/c, c = w(1) ( _%y < mq(]jll)d
“ry-eeewm | (-tg)" | (o)

The reason for the choice of such ¢; in Theorem 39 is explained in Appendix C.

O]

The following corollary gives the minimal possible size of a tester that can be obtained from Theorem 38

)

Corollary 40. Let g < d+ 1. Let

For

we have

o0 21'
C‘I:ZM:@

22

& =2"%/0(d*)

In particular we have following values of ¢,

35

<logq
q

v, (d,Fye,e¥) < O(d%) - 2¢0% - ¢



q

2 | 1.659945821
3| 1.116191294
4] 0.867464571
)
7

0.719921672
0.548433289

Proof. We use Theorem 38. We choose €;(¢2 + 1) = ¢ fori=0,1,...,r—1lande = 1/3. O

In Theorem 19 we have shown that there is no (HLF(Fy,n,d), Fy,Fy)-é-tester of density greater than
Emin = (1 —1/¢)Y. We now use Theorem 38 to show that one can get a tester with density € =

(1 —1/q—1/poly(q))? and size @ - ¢.

Corollary 41. Let g < d+ 1. For every (logd)/d < < 1/q* we have: For

_ 1 d
6*2(1——015> ,
q

— calog, (1/6)\“
sy < (2500

for some constants c¢1 and cs.

In particular, for
_ 1 1\
(Y
q poly(q)
v, (d,Fyr, &) < ¢
Proof. Consider the integer r in Theorem 38. Let k < r be constant that will be determined later

such that (logd)/d < 2"3/q2 ' Apply Theorem 38 and consider the case where ¢;(¢*" + 1) = 1 for
i=0,....k—1, mp = ex(q? +1) =2k = Llog(q +1)/logq|, e, =1/2 for i > k+1 and ¢ = 2/3.
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Then by Theorem 38 and Proposition 52 in Appendix B,

— 1 2
> 1 1/d kl—Il 1— 1 1— M mE ﬁ 1 a2 41
B @(d2) =0 q2i +1 q2k +1 i=k+1 2

)

)
: (@&agw-(li) () (s @(ﬁ))-@-@(#))
(

—1/d

(-0 o) ()
=)+ (2)

I
7 N
—_
|
@

Denote the small term W, = 2"3/(]2k+1 and choose k such that W, < § and Wy_1 > 6. Then by
Theorem 38 and Proposition 52 in Appendix B,

s 1 [T , 2
v, (d, Fy, @)1 < ()¢ (H@Qi + U) (@ +1™ ] @+

1=0 i=k+1

< qzk_‘11@<q> —6() =0 <v2v:_11>

The last result in this subsection is

Theorem 42. All the above testers are componentwise and linear but not reducible and not symmetric.

Proof. All the testers built in the previous sections and subsections are componentwise and linear
and since all the constructions used in Theorem 38 preserve those two properties, the testers in this
subsection are componentwise and linear.

The construction in Theorem 38 uses the tester constructed in & of Lemma 12 which is not reducible
(lo(1) = 0). It also uses construction 4 of Lemma 11 that, by Lemma 9, does not preserve the symmetric
property. ]
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6 Almost Linear Time Constructions and Locally Explicit

In this section we show that a dense tester (P(Fy,n,d),Fy, F)-é-tester of size s = poly(d/e) - t can be
constructed in almost linear time in s and p and is locally explicit. Here p is the characteristic of the
field which is O(1) for all the applications we have in [3].

6.1 Dense Testers for Very Small ¢t and Large ¢

In this section give linear time constructions for small £.

In Theorem 16 we showed that the size of any (P(Fy,n,d),Fy,Fy)-é-tester is at least Q((d/e) - t). In
Theorem 19 we showed that the best possible density one can get for (P(Fy,n,d),Fg,F,)-é-tester is
€ > d/q. In this section we show that for small ¢ = o(q) one can in almost linear time build testers of
size poly(d/e) - t of density d/q + o(d/q).

We will abuse the notations 1/5, V;.BS‘P or vy and identify every inequality in VE,V%P or vr with its

corresponding construction. For example, by the first inequality in (10) below we mean the following
statement: From a (P(Fy,n,d),F2, F)-éx-tester of size s1 a (P(Fy,n,d), Fye, F)-€1€a-tester of size sy 1=
s1|(dt —d+1)/(2¢1)] can constructed in almost linear time. See Important Note 1 in Subsection 3.3.
Note that just reading the elements of the field Fy: takes time ¢logq. Therefore one cannot expect any
time complexity that is better than O(t).

Theorem 43. The following (P(Fy,n,d),F,F,)-€-tester can be constructed in deterministic time T -

poly(log(qtd/e)) = O(T) and any entry of any map in the tester can be constructed and computed in
time T" - poly(log(qtd/e)) = O(T").

Size= O(") € ¢ T T
1) ¢t ¢ > 1D ANY Size ;
2| gt ez g+ <q-1 Size +p'/? | t +pt/?
3) %(5)2 t e>(l+c )Cgl <clg—1) Size + pl/2 | ¢ 4+ pl/2
4) (%)3 €= 2—1—0(%) =o(q) Size t 4 pl/2
5) 5 (9’ o (%) —e>(1+0)8 | L <t<g§qreh? Size ¢
6) | ()" (log*?) ¢ | O ( ) e>d4o0 (g) gica/1080 < < gt | Gize t

for any 1 > ¢ >0 and any constant ¢ > 1.
Proof. By Corollary 13 we have for € > d(t — 1)/q, a tester of size O((d/¢) - t) can be constructed in

linear time in dt/e and any entry of any map in the tester can be constructed and computed in time
O(t). This implies result 1.
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We now prove result 2. Consider the field F 2. Then by (6), 2N4(2) = ¢* — ¢. By Lemma 14 and
Corollary 13, for any

dt —d+1 d
€1 > 274_ and ey > —
q° —q q
we have
dt —d—+1 dt —d+1 d
P — P _
VFq(d7 th,€1€2) S ’7261“ VFq (d, ]Fq27€2) S ’7261—‘ ’762—‘ . (10)
Notice that for t < ¢ — 1,
dt—d+1 d
27+ ¢
q° —q q

We now distinguish between two cases. When 2d/q < € we substitute €; = €2 = ¢/2 and get

v (d,Fge,€) < O ((f)z.t) =0 <<6(€jl2d/q)> .t> .

d dt—d+1 2d
e~ <e< =

q ?—q q

we substitute €2 = d/q and €; = € — €5 and get

v (d,Fye,©) <O <<€(6il2d/q)> -t> :

The time complexity follows from Lemma 14 and Lemma 1 (for constructing [F2).

When

We now prove result 3. For ¢ > (1 + ¢)d/q and t < ¢(¢ — 1) where 1 > ¢ > 0 is any constant we have
€>d/q+ (dt —d+1)/(¢*> — q) and therefore by (2),

2
v (d,Fge,€) <O (1 (f) .t> :

To prove result 4, we use (10) for e2 = d/q and € = O(dt/q*). Notice here that Size = O(q®) which is
much larger than the extra term O(p'/?).

To prove result 5, we use Lemma 14 with k = (¢/2)(¢ — 1) — 1, e1 = (¢/2)(d/q) and €3 = € — €1 >
(1+¢/2)(d/q). Now since

c dt dt —d+1 dt —d+1
= > >
2 ¢t T gl T k- Ny(k)
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we get

dt —d+1
(d, th,e) < V]F (d, th,€1€2) < ’76]?—’_-‘ Vﬁ(d, Fqk,EQ).
1

By result 3 we have Z/]F (d,F ., €) = O((1/c)(d/e2)*k) and therefore

VE (4, Fy€) = O (; (f)g.t> .

The time complexity is O((1/¢?)(d/€)3t + ¢*p'/? + ¢*log? q) = O(Size).

To prove result 6, take ¢ = ©(1/log q) such that k := ¢¢'9/1°89 1 3 < (¢/2)¢'/P=1=3 ¢ = d/(qlogq)
and €3 = (1 + ¢)(d/q). Since

dt—d+1

kNy(k) > ¢" ' > (log q)qt >
€1

by Lemma 14 and (5), for e = d/q + ©(d/(¢qlogq)),

dt —d+1
erk

o))

The above Theorem give dense testers for ¢ = O(d/q). For ¢ = w(d/q) we have

Theorem 44. The following (P(Fq,n,d),Fy,
poly(log(qtd/e)) = O(T) and any entry in any map in the tester can be constructed and computed in
time T" - poly(log(qtd/e)) = O(T")

L gty L gty

VE (d,Fg,@) < vf (d,Fp @) < { WVE(d,Fqk,ez) < O(q(log )t - (10g 9)*¢”)

F,)-€-tester can be constructed in deterministic time T -

Size= O(-) | € t T T
1) et €>(t— 1)% ANY Size t
2] (Dt [e= 2?7 <ng""! Size +3pY2 + 0t | t + Ppl/2 +
| (97t [ezspl  [q<t<gn Size t
4) (CEI)4 b |e=>4 g g <t < qqnqn_lﬂ_2 Size t

wheren < q/d is any integer. In particular for e > 34-d/q and anyt < q?" a (P(Fy,n,d),F,F,)-e-tester

of size \
5=0 ((d) )
q
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can be constructed in deterministic time O(S + p1/2) and any entry of any map in the tester can be
constructed and computed in time O(t + p'/?).

Proof. Result 1 is the same as result 1 in Theorem 43.

We now prove result 2. Consider the field Fys+1. Then by (7), (n + 1)Ny(n+1) > ¢7. By Lemma 14
and Corollary 13, for any

dt —d+1 d

6127+and €2 > 71—

q" q

we have
dt —d+1 dt —d+1 d
P S P —

d,F < | — d,F < |— || =n]. 11
e < [T A erm < [ G50 (4] .

Notice that for t < ng"*,
dt—d+1 _ d

n-—.
q" q
When 2nd/q < e we substitute e = €2 = ¢/2 and get

v (d,Fy,?) < O <<(j>2.t> .

We now prove result 3. Consider the field Fjx where k = ng"~'. Then by (7), kNg(k) > ¢*' >
(dt —d +1)/e1 where €1 > n(d/q). Let e > 2n(d/q). By Lemma 14 and result 2 we have

- dt —d +1 _ dt —d +1 d\’
l/ﬂz-)q(d, Fge,€1€2) < [k‘el-‘ I/ﬁ(d, For,€) < [kel-‘ -0 ((62> k:) . (12)

When 3nd/q < e we substitute €; = ¢/3 and ez = 2¢/3 and get

MEQLF¢¢)§()<<i>3¢>.

We now prove result 4. Consider the field F x where k = ¢"""' =2 Then by (7), EN,(k) > ¢¢1 >
(dt —d +1)/e1 where €1 > n(d/q). Let e > 3n(d/q). By Lemma 14 and result 3 we have

- dt —d +1 _ dt —d +1 d\°
l/ﬂz(d, Fge,€1€) < [kel-‘ Z/H?q(d, For, &) < [kel-‘ -0 ((62> k‘) . (13)
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When 4nd/q < e we substitute €; = ¢/4 and ez = 3¢/4 and get

v (d,Fy,?) < O <<(j>4.t> .

The final result in the Theorem follows from results 2, 3 and 4 with n = 17,4, 2 respectively. ]

6.2 Dense Testers for any t and Large ¢

In this section we first prove

Theorem 45. Let ¢ > d+ 1, ¢ > 0 be a constant and
d
€e>34- —.
q

A (P(Fy,n,d),F,,Fy)-e-tester of size

can be constructed in time T' = O(s +p1/2) and any entry of any map in the tester can be constructed
and computed in time O(t + p'/?).

Proof. By Theorem 44 we may assume that ¢t > w = ¢9". Let t; = [log,t] + 2 and t = c1¢" where

¢1 < 11is any small constant such that ¢;¢®* ! is an integer and ¢;¢* > [log,t1] +2 > c1¢"1. Since for
€1 =¢€/4
dt —d+1
BN(t) > gL > gt > L 0F 1
€1
and dty —d+1
talNg(tz) > ¢27 1 > gty > —————
€1

by Lemma 14 and Lemma 31

_ dt dtl I d 4
uﬁ(d,qu,e) < LNJ . LNJ .Vﬁ(d,wqt%e—zq) =0 <<6> -t) )

Now we prove that the above can be constructed in time T'. If ¢ < w then the time complexity follows
from Theorem 44. Now suppose ¢ > w. By Lemma 14 the reduction to F, can be done in time

O(s + t3p/? + t}) = O(s). By Lemma 31 a symmetric (P(Fy,n,d),Fyin, Fg)-(€ — 2€1)-tester of size
s = 15(d/(e — 2¢€1))?t exists. We will construct it by exhaustive search. We exhaustively search for
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linear maps L = {ly,...,ls} where s = 15(d/(e — 2e1))*t2 < ¢*log,log,t < (log,log,t)* in F.,, and
check if every |(e —2¢1)|L|| 4+ 1 elements in L is a tester. Verifying whether a set of maps is a tester
can be done in polynomial time in s [4]. The number of all possible sets L and subsets of L is at most

(|th2>23 < gtz < g2llogglogg t)°
: < <
Now notice that ¢ > 34d/e > 68 and since 2(log, log, )% < log,t for t > q?" and ¢ > 68 we have

g2 (logq log, D° < t. Therefore the time complexity of the exhaustive search is less than s. This finishes
the proof that the above can be constructed in time 7.

Now we show that any entry of any map in the tester can be constructed and computed in time (t +
pt/ 2). If t < w then the result follows from Theorem 44. Now suppose ¢ > w. Notice that d Je<q=
with respect to ¢ and therefore O(s + p'/2) = O(t). This completes the proof.

D:

We now prove
Theorem 46. Let ¢ > d+ 1,34 >c>1+34/q and € > 0 such that

d d_d 34d
34*26267274-72.
q q9 q q

i ()

can be constructed in deterministic polynomial time O(s) and any entry of any map in the tester can
be constructed and computed in time O(t + p'/?)..

A (P(Fg,n,d),F,Fq)-e-tester of size

Proof. Let ¢ = d/q and €2 = (¢ — 1)d/q. By Lemma 4, (5), Corollary 13 and Theorem 45 we have

l/]ﬁ(d, th7E) < l/]ﬁ(d, Fth,fl +€2)
< v (d,Fpe r).yf;z(d,lﬁqzt,a)

RO
Sq((i—ld/q>t
<

o (e (f))
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Notice here that s > d/e > ¢/34 > p/34. This is why p'/? does not appear in the complexity.

The complexity of constructing and computing any entry of any map in the tester follows from Corol-
lary 13 and Theorem 45. O

6.3 Dense Testers for any t and Small ¢

The following is Theorem 38 with the time complexity of constructing such tester

Theorem 47. Let q < d'/? be a power of prime and t be any mteger Let v be an integer such that
¥ <9d< q?. Lete= (€0, .-, €r_1,6) where €;(¢> +1) < ¢ is an integer for i = 0,1,...,7r — 1
and 2/3 > ¢, > 1/3. Let

a i log(q® +1)

Cq

€ T i
el +1)
and
r—1
—log(1 — ¢;)
Tge = 5 1y "
ZZ; €i(q* +1)
Then for

S H [d/(ei(@® +1)] o 2770

a (HLF(Fg,n,d),Fp,Fy)-e*-tester of size
= O(db) - 260 . ¢

can be constructed in time O(s) = O(2%<%.t). The time complexity of constructing and computing any
entry in any map in the tester is equal to O(cqed +t).

Proof. We will go over the construction and compute the total time and the time for constructing and
computing any entry of any map. We have used the following results that follows from Lemma 4,
Corollary 6, Lemma 11 and 12.

1. VR, (d, thl,E) < VR, (d, thth,E).
2' V]Fq (d7 th1t27€1€2) § VFq (da thlagl) : Vthl (d7 th1t27€2)'

3. vp,(d1 +do,Fye,€1€0) < vp (di,Fy,€1) - vp,(d2,Fg, €2).

4. vp,(d,Fp2,€) < g+ 1 for any € < 1 such that (g + 1) is an integer and d < (g + 1).
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Let n; = €;(¢¥ +1). Then the following (from the proof of Theorem 38) shows how to construct such
tester

vp, (d,Fye, ) < v (d,Fpear,e¥) By (1.) (14)
r—1
_[d/n; _
< ( ve (d, | ””)) vF, o (d, Fry @) By (2.) (15)
=0
r—1
< ( VF 5 (nianziHaEi)Ld/mJ VF (d —m Ld/mJJanm,ﬁi))
=0
VF or (d,F(gorye, &) By (3.) (16)
r—1
i [d/n:] _
< (H (q2 +1) )Wq,ﬂ (d,F(pry &) By (4) (17)
i=0
r—1 )
4 Cq,e-d —
- ((H (q2 * 1)> ? > VE o (A, Fgarye &)
=0
2
g —1 _ oo
< e (4 Fgary, &) - 200
< ©(dS) -2%<?.¢ By Theorem 45 (18)
In (14) and (15) we need to construct Foore, F gr—1y, ..., Foze from Fg which by Lemma 1 takes time

O(r(p'/223" 4+ 2%7)). Since p < ¢ < d'/?, 2" < 2log,(9d) and c4e > 1/q (see Corollary 39) the time
complexity of (14) is O(p'/?) = O(cqed). In (15), by Lemma 5, the time of the construction is linear in
the sum of time of the construction of each tester FquH — qu and in the size which is the product
of the sizes. Constructing and computing any entry in any map is linear in the sum of constructing
and computing any entry of any map in each tester. The same is true for (16). In (17), by Lemma 12,
the testers that map Fq2i+1 to qui, 1 =1,...,r — 1, are constructed in time ON(nZ/eZ) = O(dz) and
constructing and computing any entry of any map in the testers takes time O(l) Computing each
map in this tester involves substituting an element of Fqu in a quadratic polynomial which takes time

poly(2¢,1og q) = O(1). In (18) we use Theorem 45 (rather than Lemma 32) that takes construction time
O(d*t + p'/?) = O(d*). Constructing and computing any entry of any map in this tester takes time
O(t +p'/?) = O(t + c4ed). Now the time for the construction is clearly equal to O(poly(d) x s) where
s is the size of the tester and therefore is equal to O(2¢@<4 . t).

Using T'(+) for the time of constructing and computing any entry in any map in the tester, by the above
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discussion, we have

Ty, (d,Fy,€) = T, (d,Fpor, ) + Olcged)

gty

r—1
_ (Z T, (d, qum,e{d/’“)> + T e (A, Fgoryi, &) + O(r) + Oy ed)
< Ld/ni] - Ty F o (7727F 2it1, ) + TlF o (d—mild/ni], F gt &)

+TFq2r (d, ]F(qQT)t,gr) + ON(qued)
= O(cqed) + Tr 0 (d,F(gory, &) + O(cqed)
= O(cqed) + O(t + cqed) + O(cqed) = O(cqed + t).
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7 Appendices

7.1 Appendix A
We remind the reader that XA = (A, A, ..., \r) € F} is of period ¢ if
A0 = AL = (O AL A1) AT = (N A A Aa), S AT = (g, s A M)

are distinct.

By the proof of Lemma 2 it is enough to find a total order on r = ¢'~2/2t vectors A € Ffl of period t
and show how to access the mth vector in time O(logm + t2).

Define S the set of vectors (0,0,.5.,0, a1, ..., as_x) where no k consecutive zeros occurs in (o, . . ., ).
The integer k will be determined later. The following result is trivial

Claim 48. The vectors in S are of period t.

Let M(k,n) be the number vectors o = (a1, ...,a,) where no k consecutive zeros occurs in a. We
denote the set of all such vectors by S(k,n). Notice that S = {0} x S(k,t — k). Then

Claim 49. We have: M(k,n) = ¢" forn <k —1, M(k,k) = ¢* — 1 and

M(k,n)=q-M(k,n—1)—(¢—1)- M(k,n—Fk—1). (19)
Also i
M(k,n)=(q—1)- > _ M(kn—i).
i=1

Proof. The number of vectors in S(k,n — 1) that ends with one of the vectors in (F,\{0}) x {0}*~*
is (¢ — 1) M(k,n — k —1). Denote the set of such vectors by S’(k,n — 1). Notice that S(k,n) =
S'(k,n —1) x (F,\{0}) U (S(k,n —1)\S’(k,n — 1)) x F,. This implies the first result.

For the second result notice that

k
S(k,n) = {0} x (F\{0}) x S(k,n — ). (20)
i=1

We now give some lower bound for M (k,n).

Claim 50. We have

47



Proof. Follows from (19) and M (k,n — k — 1) < ¢" %=1 by induction. O

In particular,

Claim 51. For k = [log,t| + 1 we have

t—2
T
Proof. We have
IS| = M(k,t—k)>q¢ % —(t—k)g2
O
Define any total order on F, where accessing the ith element takes time loggq. Let ai,...,a4-1 be

the non-zero elements of F, in that order. The following procedure defines a total order on S(k,n)
and therefore on S when n =t — k. We denote the procedure that returns the rth element in S(k,n)
by Select(n,r). We define the order recursively using (20). That is, we first compute M (k,7) for all
i=1,...,n using (19). Find j; € {1,2,...,k} such that

a—-1 J1
(g—1)- ZM n—i)<r<(g—1)- ZM ,n—1)
1=1
Then for
-1
rli=r—(q—1)- > M(k,n—1i)
i=1

find jo € {1,2,...,q — 1} such that
(o — 1) M(k,n—j1) <7’ <jo-M(k,n— j1).

Then for
=1t = (ja = 1) - M(k,n — j1)

define the element .
{0}J1—1 % {ajg} x Select (n — j1,7“//) .

Since M (k,i) = ¢®®, computing M (k, i), =1,...,n, takes time O(n?). Computing (g—1) g:l M(k,n—
i) at each stage to ﬁnd J1 takes time O(kn) = O( ). To find js at each stage we perform binary search
for jo. This takes time O(n). Therefore, the total time complexity is O(n?) = O(t?).
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7.2 Appendix B

In this Appendix we prove

Proposition 52. Consider

and

Then
1. For m =1 we have

e(m)=1- qj—l and v(m)=(qg+1)= olog(q+1)

2. For m = (1/c)log(q + 1) where ¢ = o(log(q + 1)) we have

B 1 log(¢+1) e
E(m)_l_q—l—l_@<c(q—|—1)2> and v(m) = 2°.

3. For m = o(q) and m = w(log(q + 1)) we have

v(m) = (q+1)w =1+ m(qnj Yie <10g2(q+ 1)> .

and

and

B 2. 2(g+1) log(q + 1)
v(m) = (¢g+1) _1+7q+1 +@<(q+1)2>.

5. For m = c(q+ 1), ¢ constant we have

- In(1/(1—-¢)) 1
m=1-"rn *° <(q+1)2)

(g4 ) =4 D g (log (gt 1)
v(m) = (g + 1) =1+ 70 =5 @< (q+1)2>

and
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6. Form=(¢+1)—(¢+1)/c where ¢ = w(1) we have

1 In? 1 In?
e(m) =1 - nce +®< n-c nc >+®< n-c

c(qg+1)?

g+1 2(¢+1)2  c(g+1)

and

]/(m) = (q + 1) (q+1)—1(Q+1)/C =14+

(¢+1)

7. Form = (¢ + 1) — ¢, where ¢ = (¢ +1)°), we have

B In(g+1) log ¢
e(m)=1-— ) —|—®<q+1

and

(g+1)? (q+1)?

Proof. Sketch. For 2. we use

(1+z)= g <a>x” =1+ar—O(az?) for|z|<1l,a<1/2
n
n=0

where

o\ tra—-k+1 ala—1)-(a—n+1)
n _k=1 k B n!

For 3. we use (21) and

X n 2 5113

exzzx—:1+$+x—+—+---:1+x+@(x2) for |z| < 1.

| | |
—n 2t 3l
For /-7 we use (22) and
1 j—
1—z

Zm”zl+x+@(z2) for |z| < 1.

n=0

The following table ignores the small terms
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In(qg+ 1) In(g+1) In*(g+1)
( clg+1)  (¢+1)?

M Lo <clog(q+ 1) 10g2(q+ 1)) '

(21)

(22)



| m | e(m) | v(m) |
m=1 1-— q—l—% qg+1

m =log(q+1)/c, c = o(log(¢ +1)) | 1 - 15 2°

m = olq), w(log(q + 1)) - oy (i
m=c(g+1),c<1 c=06(1) 1- 1n(0(q(41-1)0)) 1+ 1n((;:11))
m=(q+1)—(g+1)/c,c=w(l) [1- e 1 4 2t
m=(qg+1)—c, c=0(1) 1_111((;1%1) 1+1n((13_—:1)

7.3 Appendix C

In Theorem 38 we showed the following. Let ¢ < d+ 1 and ¢ be any integer. Let r be an integer such
that ¢ < 9d < ¢* . Let € = (¢, ...,€_1,¢) where ¢;(¢* +1) < ¢ is an integer for i = 0,1,...,7r—1
and 2/3 > €, > 1/3. Let

r—1 i
log(q* +1)
Cge ‘= Che; Where ¢ e; = ——>>— 7
q,€ ; q,€,1 q,€,1 6Z(q21+1)
and 1
r_
—log(1 —¢)
Tge ‘= Tgei Where Tge;:i=——b".
iz; e +1)
Then for
— —Tg,ed
7 o d/(ez q +1 > 2 Ta,e
=1 2
we have

VF, (d, ]th,?) < 9(d5) L 9caed |y

Now our goal in this appendix is to fix 7, and minimize ¢4 ¢ or to fix ¢4 ¢ and minimize 7, . Therefore
we define

cq(m) = nin cq.c and my(c) = Canelilc Tg.e-

To find ¢4(7m) we use the method of Lagrange multipliers. Consider
Fy(€,A) = mge — Acge =€)
We have

L N S C) N
Oe; In(¢? +1)
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where

L(e):1i6+1n(1—6):g<1—}>63‘.

The function L : [0, 1] — R is monotonically increasing function, L(0) = 0 and L(1) = +o0. Therefore
the inverse function L=! : R* — [0,1] is well defined and monotonically increasing function. By (23)
we have _

log(¢* +1)

;=L (L h i = :
€ (aiL(€p)) where « log(q + 1)

Since L and L~! are monotonically increasing functions, we have
€ = L' (OZZ'L(E(])) > L1 (L(EQ)) = €p.

For a > 1 and ey/a < 1 we have

L YaL(e)) = L7 ai<1—1.> ¢

and for ey/a > 1 we have

Therefore for any ¢y we have

(24)

Then, by (24),

log(¢®" +1) € q+1 q+1
P T T 1) e g g T et VT
and ,
log(¢®" +1) e qg+1 qg+1
g.€i = W@ 1) = Cq,e0 aigﬁ < Cge0 " Qi 2l
Therefore,

Cqe = Cq,e,0 <1 + @zq)> . (25)



We now give another bound that will be used in the sequel. Let ¢ > 1 be a real number such that
€0 =1—1/t. Since L(1 —1/t) =t —Int — 1, for any ¢t and a > 1 we have

Lt <aL <1 - 1)) =L Yat—alnt—a) < L' (at —In(at) —1) < 1 — L

at’
Therefore
1 1
l—-—=¢<eg<1l—— 26
A (26)
To bound 7y ¢; we first consider the function
€
ole) = —In(1 —¢)

for 0 < e < 1. This function is monotonically decreasing and for 0 < e < 0.5, 1 > o(e) > .5.
Now by (24) and the properties of o we have

—log(l —¢) o(e) g+1 _ qg+1
al@+1) " Vola) gy 1 P

7rq7€7i -

For the upper bound, let g = 1 — 1/t. We have two cases: The first case is when

1
>1+ ——.
t=1+ 2/ — 1
Then, by (26),
o (eo) < —In(l —¢) < In(at) In o +1<4/a;lno,.

o(€) = —In(1 — ) Int ~ In(1+1/(2/a; — 1))

and therefore

o(eg) g+ 1 q+1
Tq,e,i = Tq,e,0 (( ))qu 1 Tge0 - (4/i hlo%) 21
The second case is when )
t<1l4+ —m—.
+ 2,/ai -1
Then €y < 1/(2y/a;) < 1/2 and by (24), ¢; < \/ajeo < 1/2. Then by the properties of o we get
. (60) q—+ 1 q—+ 1
Tg.ei = Tq,e,0 7~ ( ) q2, 1 <m Tq,e,0 * m
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Therefore

Now by (25) and (27) we get
log(q + 1) ( 1 )
= — 1 _—
“e =t ) \ e

_ —log(1 —€) 1
T Tl 1) (1 " e<q>) '

This shows that the optimal solution (for large ¢) is determined by the first term of ¢, and mge.
Therefore (ignoring small terms) we get

and

log(q + 1)
€= ——"—-
c(qg+1)
and
log(g+1) "log(1—1/c’ 1
el Ui ) B e T
g\¢) = M Tge = log(q + 1) - 1;% c=w (10!%(}(%1))

To get a better bounds for small ¢ one can use the following estimates

L1 (aL (1 — 1)) = LYot —alnt—a)

> L Y(at—alnt—a+1)—In(at —alnt—a+1) —1)
1- ! :
at—alnt—a+1

Therefore )

€ >1— .
! it —o;Int —a; +1
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