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Abstract

In the GAP-CLIQUE(k, %) problem, the input is an n-vertex graph GG, and the goal
k

is to decide whether G contains a clique of size k or contains no clique of size 3.
It is an open question in the study of fixed parameterized tractability whether the
GAP-CLIQUE(k, %) problem is fixed parameter tractable, i.e., whether it has an algo-
rithm that runs in time f(k)-n®, where f(k) is an arbitrary function of the parameter
k and the exponent « is a constant independent of k.

In this paper, we give some evidence that the GAP-CLIQUE(k, %) problem is not fixed
parameter tractable. Specifically, we define a constraint satisfaction problem, which we
call DEG-2-SAT, where the input is a system of k¥’ quadratic equations in &’ variables
over a finite field F of size n’, and the goal is to decide whether there is a solution
in I that satisfies all the equations simultaneously. The main result in this paper is
an “FPT-reduction” from DEG-2-SAT to the GAP-CLIQUE(k, %) problem. If one were
to hypothesize that the DEG-2-SAT problem is not fixed parameter tractable, then
our reduction would imply that the GAP-CLIQUE(k, g) problem is not fixed parameter
tractable either. The reduction relies on the algebraic techniques used in proof of the

PCP theorem.
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1 Introduction

Parameterized complexity is a promising approach to cope with A'P-hard problems [DF99,
FGO6]. For many N'P-hard problems, the input consists of a pair (x, k) where k is an integer
parameter and z is the “actual” input with size |x| = n. For instance, the input for the
VERTEX-COVER problem is a pair (G, k) where G is an n-vertex graph, and the goal is to
decide whether G has a vertex cover of size at most k. This is a well-known NP-hard
problem and a brute-force algorithm that tries out all vertex subsets of size k runs in time
O(n*). Tt is not difficult to see that there is another algorithm that runs in time O(2* - n?):
pick an edge of the graph, choose one of its endpoints to include in the vertex cover, remove
all edges incident on the chosen endpoint, and repeat this step until at most k& vertices are
chosen. The algorithm accepts if no edges are left in the graph. The factor 2% in the running
time corresponds to trying out each of the two choices in the (at most) k steps. Thus the
VERTEX-COVER problem is tractable for “fixed” values of the parameter k.

More generally, a problem parameterized by k is said to be fixed-parameter tractable
(FPT) if it can be solved in time f(k) - n®, where f is an arbitrary function depending only
on k and « is a constant independent of k. For some NP-hard problems, e.g. VERTEX-COVER
as mentioned above and LONGEST PATH as another example, such an algorithm exists, while
for some problems, e.g. CLIQUE, such algorithm is not known. Downey and Fellows [DF95a,
DF95b] define a hierarchy of classes of parameterized problems

FPT C W[1] C W[2] C ... C W[SAT] C W[P],

and identify complete problems for these classes. Each class inclusion above is believed to
be strict. In particular, classes FPT and W[1] are thought of as analogues of the classes P
and NP respectively, and are believed to be distinct. It has been shown in [DF95b] that the
CLIQUE problem is W{l]-complete under “FPT-reduction” defined below.

Definition 1.1. Given two parameterized problems A and B, an FTP-reduction from A to

B is an algorithm that gets as input an instance (z,k) of A and outputs an instance (', k')
of B such that:

1. (xz,k) € A if and only if (2/,K') € B.
2. k' depends only on k, in an arbitrary manner, but not on x.

3. The running time of the reduction is f(k) - |x|? where f is an arbitrary function de-
pending only on k and (B is a constant independent of k.

If such a reduction exists, then we write A <gpr B.

It is easily seen that the class FPT of fixed parameterized tractable problems is closed
under FPT-reductions, that is, if B € FPT and A <gpr B, then A € FPT. Since
CLIQUE is W1]-complete, it is considered unlikely that CLIQUE has a FPT-algorithm. It is,
therefore, natural to ask whether CLIQUE has a good “FPT approximation algorithm”, i.e.



given a graph G that is guaranteed to contain a clique of size k, the goal would be to find a
clique of size p(k) for some monotone function p(k), e.g. £, vk or even log k. However, the
fixed parameter complexity of the approximation problem, for CLIQUE as well as most other
natural problems, is poorly understood. In particular, no FPT approximation algorithm
is known for CLIQUE for any unbounded function p(k) and on the other hand, there is no
evidence that the approximation problem is hard either [Mar(8, CGGO6].

1.1 Our result

In this paper, we give some evidence that the CLIQUE problem is hard to approximate in the
parameterized setting. Specifically, we show that there is an FPT-reduction from a problem
that we call DEG-2-SAT to the “gap version” of the CLIQUE problem. We first define both
these problems and then remark on the plausible hardness of the DEG-2-SAT problem.

Definition 1.2. For a constant 0 < ¢ < 1, GAP-CLIQUE(k, ¢k) is the following promise
problem: given a k-partite graph G with n-vertices in each part, the goal is to decide whether
G has a clique of size k or has no clique of size k.

Clearly, GAP-CLIQUE(k,ek) can be solved in time O(n*) (or even O(n*)). Next, we
define the DEG-2-SAT problem that is central to this paper.

Definition 1.3. DEG-2-SAT(F, k) is the following problem: given a finite field F of size n
and a system of k quadratic equations

pr(z, . x,) =0, ... pr(z,...,2%) =0,

in k variables x1, . .., xy, the goal is to decide whether there is a solution v = (z1, ..., z;) € F*
that satisfies all the equations simultaneously.

Note that DEG-2-SAT, and also DEG-d-SAT where the equations have degree d, has
a trivial algorithm with running time O(n*). The algorithm simply tries every possible
assignments to xy,...,z; € F, and checks whether it satisfies all the equations. Solving
systems of polynomial equations is a classical and well studied problem. For a comprehensive
study of the topic, we refer to the book of von zur Gathen and Gerhard [vzGG03], and quote
a few of the known results here. Given a system of degree d equations over m variables, an
algorithm of Buchberger uses Grobner basis to find a solution to the DEG-d-SAT problem in
an extension field of F, if a solution exists, in time d®®(™) . poly log(|F|). However, note that
the algorithm does not necessarily find a solution in the field F. We also note that if the
number of solutions is finite in the closure of F' (known as the “zero-dimensional” case), then
there are algorithms that find all the solutions in time f(d, m)-poly log(|F|), see e.g., [Laz79].
Still, we are not aware of an FPT-algorithm for DEG-2-SAT that finds a solution in the field
F, and it might be the case that no FPT-algorithm exists.

Note also that for a field F of size |F| = n and the parameter k, there are only n
instances of the DEG-2-SAT problem. This is because each of the k equations contains
O(k?) monomials and the instance is completely specified by O(k3) coefficients of all these

O(k3)
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monomials. In this respect, the problem differs from the standard problems in W1], e.g.
CLIQUE, where there are exponentially many instances of size n. Nonetheless, we do not
know whether the fact that there are only nO*) instances necessarily rules out the possibility
that DEG-2-SAT is hard, or even W[l]-hard. Indeed, a complexity class known as MINI[1]
defined in [DECF*03] has the property that the languages in MINI[1] contain only n*
instances of size n. It has been shown in [DECF"03] that FPT C MINI[1] C W[1], and to
the best of our knowledge, it is plausible that the containments above are strict. The main
result in this paper is an FPT-reduction from DEG-2-SAT to GAP-CLIQUE.

Theorem 1.4 (Main Theorem). Let k be a parameter and let F be a finite field. There is
an FPT-reduction

kl
DEG-2-SAT(FF, k) <ppr GAP-CLIQUE (k’, 5) )

We note that, by definition of an FPT-reduction, k' depends only on k but not on F.

Thus, if! there is no FPT-algorithm for DEG-2-SAT(F, k), then one may conclude that
there is no FPT-algorithm for GAP-CLIQUE (k’, %l) either. For the GAP-CLIQUE problem,
the “gap” can be amplified by a standard graph product operation, so for any constant C, one
may conclude that there is no FPT-approximation for CLIQUE with approximation factor C.
It is likely that hardness of approximating CLIQUE implies hardness of approximating other
problems in parameterized setting, but we leave out this aspect from the current paper.

2 Proof of Theorem 1.4

Towards proving Theorem 1.4, we work with a more general version of the DEG-2-SAT
problem than the version specified in Definition 1.3. The general version allows the number
of variables, the number of equations and the arity of equations to be separate parameters.
Also, the instance is supposed to be a “gap instance”, i.e. it is promised to be either fully
satisfiable or far from satisfiable, and the “gap” itself is an additional parameter.

Definition 2.1. An instance ® of DEG-2-SAT(F, k, e, q,e) consists of a system of quadratic
equations in k variables over the field F. The number of equations is e and each equation
depends on only q out of the k variables.

Let val(®) denote the mazimum fraction of equations that can be satisfied by any assign-

ment (over the field F) to the variables. The instance is a promise instance where either
val(®) =1 (the YES instance) or else val(®) < e (the NO instance).

With this definition, we note that DEG-2-SAT(F, k) as specified in Definition 1.3, is now
denoted as

1
DEG-2-SAT (F,k,e =k,gq=ke=1-— E) ,

'We stress that we are not proposing this as conjecture.
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i.e. the number of variables and equations in the system is both k, each equation may
depend on all ¢ = k variables, and the instance is either satisfiable or not satisfiable, with
val(®) < 1 -— % in the latter case. Note that there is really no “gap” here.

2.1 Overview of the overall reduction

Our reduction starts with an instance ® of the DEG-2-SAT (IF, ke=k,g=k,e=1-— %)
problem and then transforms it, through a sequence of steps, to an instance ®’ that has a
constant gap and each equation has a constant arity. From the instance @', it is easy to
construct an instance of GAP-CLIQUE by the well-known “FGLSS reduction”. We give a

quick overview of the steps involved before presenting the actual reductions.

Creating gap: In the first step, we give a FPT-reduction that “creates” a constant gap:
1
DEG-2-SAT(F, k,e =k,q=k,e =1— E) <ppr DEG-2-SAT(F, k., ¢’ =2k, ¢ = k,&' = 0.5).

The number of variables stays the same, the number of equations doubles, each equation may
still depend on all the variables, but now, in the NO case, the instance is only 0.5-satisfiable.
The field F stays the same in this step as well as all the subsequent steps.

Simplifying equations: In the second step, we construct an instance where the equations
have a certain simplified form (the corresponding problem is referred to as SIMPLE-DEG-2-SAT):

DEG-2-SAT(F, k,e,q = k,e = 0.5) <ppr SIMPLE-DEG-2-SAT(F, k', ¢',¢' = k', ¢’ = 0.95).

The number of variables &’ and the number of equations ¢’ depend only on their initial
number k and e respectively, each equation may still depend on all the variables, and the
gap suffers (which is not much of an issue; it is still bounded away from 1). The main feature
of this reduction is that in the new instance, each equation is of the form

lU(x) =a-ly(x) - l3(x) + b Ly(z) + ¢,

where a,b,c € F and ¢4, (5, (3,04 are linear forms over the set of variables. Moreover, the
coefficients of these linear forms are from a subset L C I such that |L| is “small”, depending
only on k.

Reducing arity to constant: In the third step, starting with the “simple instance” as
above, we construct an instance where each equation depends only on a constant number of
variables:

SIMPLE-DEG-2-SAT(F, k, e,q = k,e = 0.95) <ppt DEG-2-SAT(F, k', ¢',¢' = O(1),¢' = 0.999).

The soundness suffers, but is still a constant bounded away from 1. The number of variables
k" and the number of equations ¢’ depend only on their initial number k& and e respectively
and on |L| where L C IF is the set of coefficients of the linear forms in the simple instance.



FGLSS reduction: Given a gap instance with equations of constant arity, it is straightfor-
ward to construct a gap instance of the CLIQUE problem, with the same gap.

DEG-2-SAT(F, k,e,q = O(1),e = 0.999) <ppp GAP-CLIQUE(K’, 0.999%").

The graph is k’-partite and either has a clique of size k£’ or has no clique of size 0.999%’. Here
k' = e and the number of vertices in each of the &’ groups of the k’-partite graph is at most
n°M) where n = |F|.

Combining the sequence of four reductions above, we get the desired reduction
DEG-2-SAT(F, k) <ppr GAP-CLIQUE(K’, 0.999%") <ppt GAP-CLIQUE(K",0.5k"),

where, at the end, the gap in the GAP-CLIQUE problem is boosted from 0.999 to 0.5 by the
standard operation of graph products.

The reductions are based on standard techniques used in the algebraic proof of the PCP
Theorem [FGL796, ALMT98, AS98|, though there are some new variations and ingredients.
Of the four reductions, the first and the fourth are straightforward, so we present them first.

2.1.1 Creating gap

We present a FPT-reduction that creates a constant gap to begin with:
1
DEG-2-SAT <IF, ke=k,qg=ke=1-— E) <ppr DEG-2-SAT(F, k., ¢’ = 2k, ¢ = k,&' = 0.5).

Let ® be the instance of DEG-2-SAT (IF, ke=k,g=k,e=1-— %) with equations p; =
0,...,pr = 0 in k variables over the field F. We may assume that |F| = n > 2k. We
take a 2k x k matrix M over the field F such that for every v € F¥ v # 0, it holds that at
least half of the co-ordinates of Mv are non-zero. Such matrix can be constructed, e.g., by
taking the generator matrix of the degree-k Reed-Solomon code over the field F restricted to
2k elements in the field. More specifically, we can define M by taking 2k distinct elements
ap,...ag € F, and letting M, ; = az_l.

Now construct an instance ®’ of DEG-2-SAT with the same set of variables as ®, but
whose equations are linear combinations of equations of ® using the rows of the matrix M
as coefficients. Specifically, for every i € {1,...,2k}, the instance ®' contains an equation

p; = 0 where
k
pi=>_ Mp;.
=1

Clearly, if ® has a satisfying assignment, the same assignment also satisfies all the equations
of ®. On the other hand, if ® has no satisfying assignment, any assignment x € F* satisfies
at most half of the equations in ®’. This is because,

(Ph (), - o)t = M- (pr(2), .., pe(2))

and since the vector v = (py(x),...,pr(z))7 is non-zero, at least half of the co-ordinates of
Mw are non-zero, meaning at least half of the equations p}(z) =0,...,p)(z) = 0 fail.
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2.1.2 FGLSS reduction

We describe a FPT-reduction (known as the FGLSS reduction [FGL"96]) from DEG-2-SAT
with constant gap and constant arity to the GAP-CLIQUE problem:

DEG-2-SAT(F, k,e,q = O(1),e = 0.999) <ppp GAP-CLIQUE(K’, 0.999%"),

where k' = e and the GAP-CLIQUE instance is a k’-partite graph with at most |F|? = n?
vertices in each group. Since ¢ = O(1), the exponent of n is independent of the parameters
k and e.

Given an instance ® of DEG-2-SAT(F, k,e,q = O(1),e = 0.999), construct an e-partite
graph G = (V = (V4,..., VL), E) as follows. For each equation p; = 0 of ®, i € {1,..., e},
the group of vertices V; contains at most |F|? vertices, where each vertex corresponds to
a satisfying assignment to the variables of the equation p; = 0. We note here that p;
depends only on ¢ variables. There is an edge between two vertices in the graph G if the
corresponding assignments to the variables are consistent, i.e., if the assignments agree on
the shared variables. It is easily seen that there is a one-to-one correspondence between
assignments that satisfy ¢ equations of ® and cliques of size £ in G.

2.2  Simplifying equations

In this section, we describe the reduction that leads to quadratic equations with a very simple
structure:

Lemma 2.2. There is an FPT-reduction
DEG-2-SAT(F, k,e,q = k,e = 0.5) <ppr SIMPLE-DEG-2-SAT(F, k', ¢',¢' = k', ¢’ = 0.95),
mapping an instance ® of DEG-2-SAT to an instance ' of SIMPLE-DEG-2-SAT such that:
o k' ¢ depend only on k,e.
e Fach equation may still depend on all the variables.
e Fach equation is of the form:
li=a-ly-l3+b-ly+c,

where a,b,c € F and 01,05, 03,04 are linear forms over the set of variables. Moreover,
the coefficients of these linear forms are from a subset L C F such that |L| depends
only on k.

Proof. The reduction uses algebraic ingredients used to prove the PCP Theorem, in particu-
lar the polynomial encoding method and the sum check protocol [LFKN92, Sha92]. However,
we use these ingredients in a somewhat different and restricted manner. For convenience of
the reader, the reduction below is presented directly, without using the language of proba-
bilistic verifiers.



Let S ={s1,...,s:} C T be a subset of k field elements and H be a subset of 10k? field
elements such that S C H C . Denote a typical (quadratic) equation of ® as p = 0 over

the variables x4, ..., x;. We first define the variables of ®'. There are two kinds of variables:
1. Let o : {x1,...,2,} — F be a supposed satisfying assignment to ®. Thus there exists a
(unique) univariate polynomial Q(z) of degree at most k—1 such that Q(s;) = o(x;) for

all i =1,..., k. The instance ®' has variables qq, ..., q;_1 representing the coefficients

of the polynomial Q(z), i.e. Q(z) = Zf:_ol ¢;%'. To state differently, the instance ® has
variables qq, . . ., qx—1 and the intention is that defining a polynomial Q(z) = Zfz_ol 7',
the values Q(s1),...,Q(sk) serve as a supposed satisfying assignment to ®.

2. Suppose a typical equation in ® is p = 0 where

p(l’l, e ,.Tk) = Z Ci,jajixj =+ Z C,T; + Cop.

1<i,j<k 1<igk

Let Cy(u,v) be a bi-variate polynomial of degree £ — 1 in each variable such that
Cy(si,85) = ¢y for all 4,5 = 1,..., k. Similarly, let Cy(u) be a univariate polynomial
of degree k — 1 such that Ci(s;) = ¢; for alli = 1,... k. Note that the polynomials C}
and Cy depend only on the coefficients of p, and hence can be computed explicitly.

The instance &’ will have variables that represent the coefficients of a bi-variate poly-
nomial ¥4 and the intention is that

\Ijg(uu U) = C2(u7 U)Q(U)Q(U)

Note that ¥} is intended to have degree at most 2k — 2 in each variable. Denote its
coefficients by {¢£ ;167 =0,...,2k— 2} so that these are variables of the instance @’

3k—2 w
and W5 (u,v) = > 7" U7 jutv’.

Similarly the instance ®' will have variables that represent the coefficients of a univari-
ate polynomial U} and the intention is that

Ui(u) = Ci(u)Q(w).

Note that ¥} is intended to have degree at most 2k — 2. Denote its coefficients by
{f i =0,...,2k — 2} so that these are variables of the instance ® and ¥¥(u) =

-2 i

We describe the equations of ®’ by describing how to pick one equation at random from
the set of its equations. To pick an equation of &' at random, first pick an equation p = 0
of ® at random and then, with probability % each, write one the three equations below:

e Write the equation

> Wh(u0)+ Y Wh(u) = —c.

u,vES uesS



More concretely, the equation, in terms of variables wf ; and (CART

%i¢5j (Zuv]) +%Zz¢p (Z“) _ .

3,j=0 u,vES uesS

e Pick u,v € H at random and write the equation

\Pg(uu U) = CZ(uv U)Q(“)Q(U)

More concretely, the equation, in terms of variables ¢f7 ;and qo, ..., qr—1 18
2%k—2 k—1
3oty it (St ) (S ).
i,j=0 §=0

where Cy(u,v) € F is explicitly computed.

e Pick u € H at random and write the equation

Ui (u) = Ci(u)Q(u).

More concretely, the equation, in terms of variables ¥ and qo, ..., qx_1 is
2%k—2 k—1
Z Y7 - ut = Ci(u) - (Z% : UZ) 5
i=0 i=0

where C}(u) € F is explicitly computed.

This completes the description of the instance ®" and now we proceed to show the stated prop-
erties of the instance &' and correctness of the reduction. Clearly, the number of variables
and equations in ¢’ depends only on their numbers in the instance ® (strictly speaking, the
equations in ¢’ have weights, but making copies of equations proportional to their weights,
®’ can easily be turned into an un-weighted instance). Also, each equation is of the form

€1:a-€2~€3+b-€4+c,

with a,b,c € F and ¢4, (5, (3, £, are linear forms (possibly zero) in the variables of ®'. Finally,
the coefficients of these linear forms are of the type

E u'v’, Eu’, u'v’, u', 0,

u,vES u€eS

with u,v € H and 0 < 4,57 < 2k — 2. There are at most O(k®) possibilities for these
coefficients. Now we prove the correctness of the reduction.



2.2.1 YES Case

We show that if val(®) = 1, then val(®’) = 1. This is simply by design, but we present
the details for the convenience of the reader. Let o : {z1,...,25} — F be an assignment
that satisfies every equation p = 0 in ®. Define the assignment to variables of @' i.e. to
the variables qo, ..., qr—1,Y; ], Y? so that (the polynomials C1, Cy depend on the equation p
though our notation suppresses this):

Q(z) = Z%’Zi, Q(si) = o(z:), V5(u,v) = Co(u,v)Q(u)Q(v), ¥i(u) = Cr(u)Q(u).

Now, we verify that this assignment satisfies each of the three kinds of equations in ®’. The
second and the third kind of equations are satisfied by definition of W% (u,v) and ¥} (u) as
above. For the equations of the first kind, we have

Z\Pg(u,v)jtz\lfﬁ’(u) = ZCQU'U +ZC&

u,vES ues u,vES u€es
= zk: Ca(si, 57)Q(s:)Q(s5) + Ek: Ci(5:)Q(s:)
i,jkzl . =1
= Z cijo(x)o(x;) + Z ci - o(x;)
) Z_JZ;’ i=1

where in the last step, we used the fact that o satisfies the equation p = 0.

2.2.2 NO Case

Now we show that if val(®) < 0.5, then val(®’) < 0.95. Suppose on the contrary that
val(®’) > 0.95 and fix a corresponding “highly satisfying” assignment to ®’, i.e. it is an
assignment to the variables qo, . . ., qr—1, ¥} i YP. As before, p = 0 denotes a typical equation
in ®. We may define formal polynomials

k—1 2k—2 2k—2
Q)= a7, Whuw)= > Wluivi, Wi(u) =S v
i=0 i,j=0 i=0

Since the assignment to &’ satisfies at least 0.95 fraction of its equations, by an averaging
argument, it must be the case that for at least 0.55 fraction of the equations p = 0 in &,
after picking the equation p = 0, for each of the three kinds of equations in @', at least 0.5
fraction of the equations of that kind are satisfied. Fix any such “good” equation p = 0 in ®.
Note that there is only one equation of the first kind, so that equation is satisfied. Since at
least 0.5 fraction of the equations of the second and the third kind are satisfied, we conclude
that

Pr [Wh(u,0) = Cy(u, v)Qu)Q(v)] > 0.5, (1)

u,veH
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and

Pr (W) = C(u)Q(u)] > 0.5 )
Since the polynomials W8 (u,v), ¥ (u), Cao(u,v), Ci(u), Q(u) all have degree at most 2k — 2
in each variable, and |H| = 10k? by the Schwartz-Zippel lemma, we must have a formal
identity

W5 (u,v) = Co(u, v)Q(u)Q(v),  ¥(u) = C1(u)Q(u).

Now, since the equation of the first kind is satisfied, we conclude

—cy = Z Uh(u,v) —I-Z\Ifﬁ’(u)

u,vES u€esS
= Y G(uw,v)Q)Qw) + Y Ci(u)Q(u)
u,vES u€eS
k k
= Z Co(si,85)Q(s1)Q(s5) + Z C1(s:)Q(s:)
ij=1 i=1
k k
= Z cij - Qs:)Q(s5) + ZCi - Q(si).
ij=1 i=1
Thus, the assignment o : {z1,...,2} — F defined as o(z;) = Q(s;) satisfies the equation
p =0 in ®. Since at least 0.55 fraction of the equations p = 0 in ® are “good”, it follows
that val(®) > 0.55, a contradiction. O

2.2.3 The choice of the set L in Lemma 2.2

Note that we have some degree of freedom in the choice of the set L, which we discuss below.
The choices of the sets S C H were completely arbitrary as long as |S| = k and |H| = 10k?.
The set L contains the elements

Zuivj, Zui, uv!, w0, (3)

with u,v € H and 0 < 7,7 < 2k — 2. Depending on whether the characteristic of the field F
is large or small, we choose the set L as below. Let C' be a large enough constant chosen as
below.

e Large characteristic: If p = char(F) > k®*, then we choose S = {0,...,k — 1},
H=1{0,...,10k* =1}, and let L = {0,..., D} C F,, where D = k°® is large enough
so that all the coefficients in (3) are contained in L. Our choice of the constant C' will
be such that 3k2D < p.

e Small characteristic: If p = char(F) < £“*, then we choose S and S C H to be
arbitrary subsets of IF of size k and 10k? respectively. Then, we choose L to be the
linear span, over F,, of all the, at most O(k®), elements in (3). Note that in this case,

L is closed under addition and |L| < kO*").

11



2.3 Reducing arity to constant

In this section, we describe the reduction that starts with an instance of SIMPLE-DEG-2-SAT
as in Lemma 2.2 and constructs an instance where the (quadratic) equations have constant
arity and the gap is bounded away from 1.

Lemma 2.3. There is an FPT -reduction
SIMPLE-DEG-2-SAT(F, k, e,q = k,e = 0.95) <ppt DEG-2-SAT(F, k', ¢',¢ = O(1),¢" = 0.999),
mapping an instance ® of SIMPLE-DEG-2-SAT to an instance ®' of DEG-2-SAT such that:

e k' ¢ depend only on k,e.

e Fach equation depends only on a constant number of variables.

We sketch the main idea first. Consider the instance ® of SIMPLE-DEG-2-SAT such that
each equation is of the form

€1<£L') :&'gg(l') 63($)+b€4($)+0, (4)

where a,b,c € F and the coefficients of the linear forms ¢;(x) are in L C F as in Lemma
2.2. Note that the linear forms are of the type ¢(x) = Zle u;x; where u; € L and x4, ..., x5
are the variables of the instance ®. Our reduction constructs a new instance ®' whose
variables are intended to be the values of all linear forms ¢(z) = Zle u;x; over all choices
of uy,...,ux € L. Alternately, we may think of the variables of ®' as the entries in the table
of values of a function f : L¥ — IF, where the intention is that f is a linear function defined

as .
f(ul, e ,uk) = ZUZ . O'(ZL‘Z'),
=1

and o : {xy,...,z5} — F is a supposed satisfying assignment to ®. Now consider a typical
equation (4) in ®. Since the values of the linear forms ¢;(x) are supposed to appear as
variables f(u?) in ' the equation (4) is now a quadratic equation that depends only on 4
variables of ®’, i.e. the new equations have constant arity! However, to ensure the correctness
of this reduction, one needs to ensure that the assignment to ®’ (given by an adversary) is
indeed a linear function f : L¥ — IF, or “close” to being a linear function as we see next.

To ensure that f : L* — F is close to a linear function, we perform a “linearity test” that
makes a constant number of queries to the table of f (three queries are enough). The test
itself is linear in the queries made by the tester. The tests are then thought of as equations
in the values of table f, i.e. the variables of ®’. Such linearity tests are well-studied. In
particular, a three query test is known so that if the test passes with probability close to
1, then the function f agrees with a (unique) linear function g, say on 0.99 fraction of the
inputs in L*. Having ensured that f is close to a linear function g, we are then faced with
another issue. Equation (4) involves values of f at specific inputs u € L and even though
f is close to a linear function g, it might be the case that f(u) # g(u) at these specific

12



inputs that we are interested in. It turns out that there is a “self-correction” procedure, that
given a query access to a function f that is close to a linear function g, makes a constant
number of queries to f (two queries suffice) and outputs the “correct value” g(u) with high
probability. The linearity testing and self-correction procedures were first considered in the
paper of Blum, Luby, and Rubinfeld [BLR93].

This describes the main idea behind our reduction. We recall, from Section 2.2.3, that
if the field F has small characteristic, then L C F can be taken as an additive subgroup of
F. In this case, the linearity testing and the self-correction procedures are already known,
e.g. [BLR93, BOCLROg], and can be used directly. However, if the field F has large
characteristic p > 3k?D, then L = {0,1,...,D} C F, is not closed under addition. In
this case, we design new procedures for linearity testing and self-correction that might be of
independent interest. These procedures closely mimic the corresponding procedures when L
does have an additive group structure, but one main difference is that in addition to the table
of f: L¥ — T, the “tester” needs access to additional, auxiliary table 7 : I'* — FF, where
LCT=/{0,1,...,3k*D} C F,. The table 7 is supposed to be the same linear function
as f, but evaluated over a larger domain I'*. We summarize the linearity testing and the
self-correction procedures below in Lemma 2.4, prove Lemma 2.3, and then present a proof
of Lemma 2.4.

Lemma 2.4. Let F be a finite field. Let L CTF and L CT CTF be such that
e FEither, L is an additive subgroup of F and I' = L,
e Or else, p = char(F) > 3k*D, L ={0,1,...,D}, T ={0,1,...,3k*D}.

There is a randomized 3-query test T' that gets as input a query access to a function f :
LE — T as well as an additional function © : T* — F such that 7| » = f, makes 3 queries to
(f,m) and has the following guarantee:

o The test is linear in the 3 queries.
o [f f is linear, then there exists w such that T accepts with probability 1.

o For any € > 0, if the test T accepts (f,m) with probability at least 1 — ¢, then f
is (1 — 4¢)-close to some linear function g : L¥ — F. Furthermore, there is a self-
correcting procedure C' that for any input u € L¥ makes 2 queries to (f,7) and outputs

C(u) such that
Pr(C(u) = g(u)] > 1 (de +2/k),

where the probability is over the randomness of C. The output C(u) is linear in the 2
qQUETIES.

If L has a group structure, the additional function 7 is not really needed, i.e. all queries
are made to f and then the role of 7 is redundant. Lemma 2.4 is stated so that it conveniently
applies to both the cases, when L has a group structure as well as when it doesn’t. We now
show how Lemma 2.4 implies Lemma 2.3.

13



Proof of Lemma 2.3. Given an instance ¢ of SIMPLE-DEG-2-SAT with variables zq, ...,z
and equations of the form

l(x) =a-ly(x) - L3(x) + b Ly(x) + c,

we construct an instance ®’ as follows. The variables of ®" will be the table of values of
f: L¥ — F and the table of values of 7 : I'* — F as in Lemma 2.4. In order to describe the
equations of ®’, we describe a tester that uses the linearity testing, self-correction primitives
as well as the equations of ®. The equations of ®’ then correspond to the tests on the queries
made by the tester. The tester works as follows:

1. With probability 0.5, perform linearity test 7" on (f,7) as in Lemma 2.4.
2. With probability 0.5, perform the following steps:

(a) Pick a random equation of ® of the form
51(27) =a- 62($) . gg(l’) + b- £4(l’) +c.

b) For each £;(x) let u'9 € L* be such that ¢;(z) = ’?: u(j)xi. Apply the self
j j i=1 Ui
correcting procedure C' in Lemma 2.4 to obtain the value C(u()).

(¢) Accept if and only if
ClwM)y=a -Cu?) - Cu®)+b-Cu?)+ec.

That is, the equations of ®" of the first type are independent of ®. The second type
of equations do depend on ®. Specifically, each equation of ® chosen in step (a) induces a
collection of equations of ® that come from the self-correcting procedure for each ). The
equation in step (c) depends on 8 variables of ®', since each C(u)) depends linearly on two
values of f and m. We now prove the correctness of the reduction.

Yes Case: If val(®) = 1, it is clear that val(®’) = 1. Indeed, if val(®) = 1, then there exists
an assignment o(xy),...,0(zg) € F to the variables of ® that satisfies all the equations, and
the corresponding assignment Zle u; - o(x;) for both f(u),u € L* and 7(u),u € T*, will
satisfy all equations of @'

NO Case: Now suppose that val(®') > 1 —¢ for e = 0.001. Let f: L¥ - Fand 7 :T* - F
be the assignment to the variables that satisfies 1 — ¢ of the equations of ®. Then, the
linearity test accepts (f,7) with probability at least 1 — 2¢, and so by Lemma 2.4, there
exists a linear function ¢ : L*¥ — T that agrees with f on at least 1 — 8¢ fraction of the
inputs.

Similarly, (f,7) satisfies at least 1 — 2 fraction of the equations of the second type.
Consider now an equation of ® and a collection of tests of ® of the second type defined by
this equation. By an averaging argument, it follows that for 1 — 20e fraction of the equations
of ® chosen in step (a), the induced tests in step (c) accept with probability at least 0.9.
Call such an equation of ® good. We show that values of g : L¥ — F (at specific, relevant
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inputs), when viewed as assignment to ®, satisfy every good equation of ®. Since 1 — 20e
fraction of the equations of ® are good, but val(®) < 0.95, this would be a contradiction.

Indeed, fix a good equation of ® so that the induced test in step (c) accepts with proba-
bility at least 0.9. Let £ denote the event that the test accepts. By the “furthermore” part
of Lemma 2.4 and using a union bound for «™, ... u® appearing in the equation in step
(c), we get that

Pr[C(u”) = g(u) for all i =1,...,4] > 1 — (32 + 8/k) > 0.5.

Let & denote the event that C(u?) = g(u®) for all i = 1,...,4 so that Pr[€’] > 0.5. Thus,
with probability at least 0.4, both events £ and £ occur, which is same as saying that the

values g(u”) satisfy the (good) equation. This completes the proof of Lemma 2.3.
]

2.4 Proof of Lemma 2.4 - Linearity-Testing and Self-Correcting

In this section, we prove Lemma 2.4. As we mentioned, when L has a group structure, the
lemma is well-known, e.g. in [BLR93, BOCLROS|. Therefore, we prove the lemma only for
the case when p = char(FF) is large and the set L is of the form {0,1..., D} for some D < p.
The proof follows the outline from [BOCLRO08] with appropriate modifications to our setting.
After presenting the proof, we also point out, for the benefit of non-expert readers, how the
proof works when L does have a group structure.

We recall that p = char(F) > 3k*D, L = {0,1,...,D}, and I" = {0,1,...,3k?D}. The
tester is given query access to function f : L¥ — F and to m : I'* — F such that 7|;x = f.
Since the restriction of 7 to L* coincides with f, in the following, we denote both f and =
by the same function f, keeping in mind that the “actual” function f is the restriction to
LF. The tester T works as follows:

1. With probability 0.5, perform the following test 77.
(a) Pickz € {0,1,...,D}* y € {0,1,...,k*D}* independently, uniformly at random.
(b) Accept if and only if f(z) + f(y) = f(z + ).
2. With probability 0.5, perform the following test T5.
(a) Pick x,y € {0,1,...,k?D}* independently, uniformly at random.
(b) Accept if and only if f(z) + f(y) = f(z + y).
That is, we perform the standard linearity testing as in [BLR93]. However, since the domain
of f does not have a group structure, we need to choose the distribution from which we
choose = and y carefully.

Clearly, if f is linear, i.e. f(u1,...,ux) = Zle o;u;, 0; € F, then T always accepts.
Towards proving the soundness property, suppose now that T accepts f with probability
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1 — . Note that this implies that both T} and T3 accept with probability at least 1 — 2¢
each. Our goal is to prove that the restriction of f to {0,1,...,D}* is close to a linear
function. Towards this goal, we define the following function g : {0,1,..., D}* — T,

g(z) = Plurality, (f(z +y) — f(y)),

where the plurality is taken over a uniformly random y € {0,1,...,k*D}*. To clarify, the
plurality refers to the element in F that occurs most frequently as the value f(z+y)—f(y). A
tie is broken arbitrarily, but we show next, that the plurality is in fact always an overwhelming
majority.

Claim 2.5. For each x € {0,1,...,D}*, let
Py = Prg(z) = f(a +y) = fW)],

where y is chosen uniformly at random from {0,1,... k*D}*. Then, P, > 1 — (4e + 2/k)
for every x € {0,1,..., D}*.

Proof. Let A, = Pr,,.[f(x+y)— f(y) = f(x+2)— f(2)], where y, z are chosen independently
and uniformly from {0, 1,...,k2D}*. Note first that

A, < P, (5)

Indeed,

Ao = D Prlflety) = fly) =u=flr+2) = f(2)]

ueF

= Y _Prlf(r+y) = fly) =

< max (lzr[f(wry) — f() ZU]) : (ler[f(ﬂy) — f(y) :u])
- P:m

which proves (5). On the other hand, we have

Pr(f(z +y) + f(2) # flx +2) + fy)]

Y,z

Pr{f(z +y) + f(2) # fz +y+ )] + Prlf (e +2) + f(y) # flo +y + 2)]
2-Prif(z +y) + f(2) # flz +y +2)).

1—-A,

/N

Note that the quantity Pr,.[f(z +y) + f(2) # f(x + y + 2)] is equal to Pry .[f(y) +
f(z) # f(y + 2)], where y' is chosen in the domain {0,1,...,k*D}* “shifted by #”. For this
distribution on ¢’ we have Pr, [y € {0,1,...,k*D}*] > (1 —1/k*)¥ > 1 —1/k. That is, the
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distribution of ¢’ is close to the distribution of a query in 75 and the distribution of z is the
same as in Ty. Thus, since T, accepts f with probability at least 1 — 2¢, it follows that

Prif(z+y) + f(2) # fle+y +2)] = Prif() + f(2) # f(' + 2)] < 2¢ + L/,

and hence

Ay > 1— (4e +2/k). (6)
Combining (5) with (6) we get that

P, >1— (4e 4+ 2/k),
as required. O
Claim 2.6. Suppose that k > 20 and € < 0.02. Then Prycoq, pyr[f(z) # g(w)] < 4e

Proof. Note that if we choose x € {0,1,...,D}* and y € {0,1,...,k*D}* according to the
distribution of 7} then

2 > PafTj rejects]
> ’[f<>7éf<x+y> FF() # 9(@)] - Prlf(x) # g(x)]
> 55[9(56’) f@+y) = F)lf(x) # g(2)] - Pr(f(z) # g(z)]
> min (P Pilf(e) £ gla)
> (1— (4e +2/k)) - Prlf(x) # g(a)].

Therefore, if k is sufficiently large and ¢ is sufficiently small, then Prycio1, . pye[f(2) #
g(x)] < 4e and the claim follows. O

Claim 2.7. Suppose that k > 20 and € < 0.02. Then, the restriction of g to {0,1,..., D}*
s a linear function.

Proof. In order to prove that g is linear, it is enough to show that for every x € {0,..., D}*
and for every i € [k] it holds that g(x) + g(e;) = g(z + e;), where e; € F¥ is the vector
with 1 in the i coordinate and 0 everywhere else. By Claim 2.5, we can write down the
following three inequalities. In the first inequality, e; + v is just a proxy for y and when
y € {0,1,...,k*D} is uniformly chosen, the distribution of ¢; + y is %—close to that of y.
The extra 1%2 on the R.H.S. of the first inequality accounts for this small difference.

Prlg(z) = f(x

Y

+(ei+y)— fles+y)] = 1— (4e+2/k+1/k?)
[( ) =flei+y)— fly)] = 1—(4e+2/k)
121"[9(%6@-)=f(x+ei+y)—f(y)] > 1—(de+2/k)
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Therefore, for ¢ sufficiently small and £ sufficiently large, by the union bound, all three
events hold for the same y € {0,1,...,k?D}* and thus

9@)+(e:) = (Flaterty) = f(ei+y)) + (Flet) =) = flatety) =) = gla+er).

Therefore, the restriction of g to {0,1,..., D}* is a linear function, as required. O

By combining Claim 2.6 with Claim 2.7 we conclude that if 7" accepts f with probability
1 — ¢, then the restriction of f to {0,1,..., D}* is 4e-close to a linear function g(z) =
Zle g(e;)x;. The self-correcting procedure is straightforward: on input z € {0,1,..., D}*,

e Pick y € {0,1,...,k?D}* uniformly at random.

e Output C(z) = f(x +y) — f(y).

Clearly, the procedure makes 2 queries to f and by Claim 2.5, it follows that Pr[C(z) =
g(x)] = 1 — (42 + 2/k). This completes the “furthermore” part of Lemma 2.4.

Finally, we comment on how the testing and self-correction works when L has a group
structure. In this case, the tester is given query access to f : L* — T and there is no
additional function 7w. The tester tests whether f(z) + f(y) = f(z + y) for uniformly
random x and y. A similar proof as above shows that if the tester accepts with probability
1 — ¢, then f is (1 — O(e))-close to a linear function g. Moreover, for every fixed z € L*,
g(z) = f(x+y) — f(y) for (1 —0O(e)) fraction of y € L¥ and this serves as the self-correction
procedure.
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