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Lower bounds for non-commutative skew circuits®
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Abstract

Nisan (STOC 1991) exhibited a polynomial which is computable by linear sized non-
commutative circuits but requires exponential sized non-commutative algebraic branching pro-
grams. Nisan’s hard polynomial is in fact computable by linear sized skew circuits (skew circuits
are circuits where every multiplication gate has the property that all but one of its children is an
input variable or a scalar). We prove that any non-commutative skew circuit which computes
the square of the polynomial defined by Nisan must have exponential size.

As a further step towards proving exponential lower bounds for general non-commutative
circuits, we also extend our techniques to prove an exponential lower bound for a class of circuits
which is a restriction of general non-commutative circuits and a generalization of non-commutative
skew circuits. More precisely, we consider non-commutative circuits of small non-skew depth,
which denotes the maximum number of non-skew gates on any path from the output gate to
an input gate. We show that for any k < d, there is an explicit polynomial of degree d over n
variables that has non-commutative circuits of polynomial size but such that any circuit with
non-skew depth k must have size at least n®(@/*)_ It is not hard to see that any polynomial of
degree d that has polynomial size circuits has a polynomial-sized circuit with non-skew depth d.
Hence, our results should be interpreted as proving lower bounds for the class of circuits with
non-trivially small non-skew depth.

As far as we know, this is the strongest model of non-commutative computation for which we
have superpolynomial lower bounds.

1 Introduction

If we want to design an efficient algorithm for a computational problem that is naturally stated
as a polynomial — such as the determinant or the permanent, matrix multiplication, Fast Fourier
Transform, etc. — then arithmetic circuits capture most natural candidate algorithms that we
might consider. An arithmetic circuit is an algorithm that starts with the input variables and
possibly some constants in the underlying field, and iteratively applies addition and multiplication
operations until it computes the desired polynomial. There has been a large body of work proving
upper and lower bounds on the arithmetic circuit complexity of various polynomials (see, e.g. the
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surveys [211 [6]). In particular, proving explicit superpolynomial lower bounds for general arithmetic
circuits is a celebrated open question in complexity theory and one of the possible approaches to
the P versus NP question (see, e.g., [4]). However, despite more than three decades of intensive
study, it has seen little tangible progress (in the sense of concrete lower bounds for general circuits).

In this paper, we concentrate on non-commutative arithmetic circuits, which compute polynomials
in the non-commutative polynomial ring F(X): here, variables do not commute upon multiplication;
that is, xy and yx (for distinct z,y € X) are distinct monomials. There are two reasons for looking
at such circuits. The first is that such circuits yield algorithms for polynomial functions over
non-commutative algebras, which arise naturally and can even have applications for commutative
computations (see [7, 2], in particular the use of non-commutative determinants to approximate
the commutative permanent). The second reason is that proving explicit lower bounds for non-
commutative arithmetic circuits is formally an easier problem than that of proving lower bounds
for (commutative) arithmetic circuits described in the previous paragraph, and it is hoped that
techniques discovered in the course proving non-commutative lower bounds will be useful in the
commutative setting as well.

The works of Hyafil [10] and Nisan [14] were among the first to motivate the study of arithmetic
circuits from this latter point of view. In a breakthrough result, Nisan [14] showed exponential
lower bounds for non-commutative arithmetic formulas (a restriction of general non-commutative
arithmetic circuits) and more generally for non-commutative algebraic branching programs (ABPs).
This might have led one to think that a superpolynomial lower bound for general (non-commutative)
arithmetic circuitsE] was also close at hand. However, Nisan also showed using the same techniques
that general arithmetic circuits are exponentially more powerful than arithmetic formulas and ABPs,
hinting that his techniques are not sufficient to prove lower bounds for general arithmetic circuits.
Indeed, there is no known lower bound for general non-commutative arithmetic circuits that is
stronger than those that we already have for general commutative arithmetic circuits.

In a more recent work, Hrubes, Wigderson, and Yehudayoff [9] suggested a new line of attack on
the general arithmetic circuit lower bound question. Their result introduces a “product lemma” for
general arithmetic circuits that generalizes a decomposition of ABPs due to Nisan [I4]. Using this
lemma, they are able to show that superpolynomial lower bounds for general arithmetic circuits
would follow from a strong enough lower bound for the classical Sum-of-squares problem. However,
as of now, this approach has not yielded superpolynomial arithmetic circuit lower bounds. Therefore,
the strongest known computational model for which we have superpolynomial lower bounds remains
the ABPs from the work of Nisan [14].

In this work, we prove exponential lower bounds for skew circuits. Skew circuits are arithmetic
circuits where every multiplication involves at least one argumentﬂ that is either an input variable
or a field element. They are a well-studied model of computation [22, 13| [], 12], especially in the
commutative setting, where they are equivalent in power to ABPs and to the evaluation of the
determinant polynomial. However, the picture seems more complicated in the non-commutative
setting. Nisan [I4] has shown that skew circuits are exponentially more powerful than ABPs. Thus,
our lower bound for this model can be seen as one step towards the goal of superpolynomial lower

'From here on, all circuits, formulas, ABPs, and polynomials, unless explicitly mentioned otherwise, will be
non-commutative.
2We assume fan-in 2 for all gates.



bounds for general non-commutative circuitsf|

Our result also clarifies the relative power of skew circuits vis-a-vis general arithmetic circuits.
In fact, our lower bound shows that skew circuits are exponentially less powerful than circuits with
just one non-skew gate (that is, neither of its arguments is an input variable or field element).
This is because the explicit polynomial for which we prove a lower bound is just the square of a
polynomial considered by Nisan, and this polynomial in turn has skew circuits of linear size.

We also consider the problem of extending our lower bound to more powerful classes of circuits.
A natural way to do this (and one that is analogous to many works in the Boolean circuit setting;
see, e.g. [3, Bl [I1]) is to augment a circuit for which we do have lower bounds with a few “powerful”
gates and see if one can still prove a lower bound. We therefore consider the problem of proving
lower bounds for skew circuits with a “few” non-skew multiplication gates.

We say that the non-skew depth of a non-commutative circuit is the maximum number of
non-skew gates on a path from a variable to the output gate in the DAG underlying the circuit. We
prove that for infinitely many d € N and any k,n € N, there exists a polynomial of degree d on n
variables which is computable by a polynomial sized non-commutative circuit of non-skew depth
O(k) but requires size n2(%/*) for any non-commutative circuit of non-skew depth k.

In particular our result implies that there exists a polynomial of degree d which is computable
by a polynomial sized non-commutative circuit of non-skew depth d, but requires a superpolynomial
size for any non-commutative circuit of non-skew depth k(d) = o(d). It is not hard to see that any
polynomial of degree d that can be computed by a polynomial-sized arithmetic circuit can also be
computed by a polynomial-sized arithmetic circuit of non-skew depth d: hence, strengthening our
lower bound substantially would prove lower bounds for general non-commutative circuits.

We also show that the determinant polynomial can simulate our hard polynomial, thus completing
the picture in the non-commutative setting by showing that skew circuits are exponentially less
powerful than the determinant polynomial. Finally, we show that to prove superpolynomial lower
bounds for general non-commutative circuits, our complexity measure (to be defined formally in
the upcoming section) will need to be further refined. Slightly more precisely, we show that there
is a polynomial that has polynomial-sized non-commutative circuit, but for which our complexity
measure is as large as possible.

The rest of the paper is organized as follows. We start with a proof outline in Section 2] We then
present some definitions in Section [3] and preliminaries in Section [ The proof of the lower bound
for skew circuits is presented in Section [5| and the proof for the lower bound for non-skew depth
bounded circuits is presented in Section Finally, we extend the lower bound to the permanent
and determinant polynomials in Section

3A superpolynomial lower bound for non-commutative skew circuits was claimed by Allender et al. [, but,
unfortunately, the proof of this particular result in the paper (Theorem 7.12) seems to fail because it did not take into
account possible cancellations (Meena Mahajan, personal communication).

4As skew circuits are a subset of bounded non-skew depth circuits, our lower bound for bounded non-skew depth
circuits subsumes the lower bound for skew circuits. However, for the sake of exposition we first describe the lower
bound proof for skew circuits and then prove the lower bound for bounded non-skew depth circuits.



2 Proof Outline

Our overall proof strategy is similar to that of Nisan [I4] for non-commutative formulas and
algebraic branching programs (ABPs). In his work, Nisan considered the partial derivative matrix
corresponding to a homogeneous polynomial f € F(X) of degree d — originally introduced by
Hyafil [T0] — which is defined to be an n%? x n%/? matrix M|[f] where the rows and columns are
labelled by monomials in X of degree d/2. The (mi, mg)th entry of the matrix M|[f] is defined to
be the coefficient of the monomial mims in f E|

Nisan observed that if f has a formula or ABP of small size, then f can be decomposed as a
small sum of polynomials of the form ¢ - A where g and h are homogeneous polynomials of degree
d/2. Crucially, it may be seen that for any such g, h the matrix M|g - h] has rank 1 and hence, by
subadditivity of rank, M|f] has small rank. Thus, choosing an f such that rank(M|f]) is large gives
us a lower bound.

Intuitively speaking, the rank of the matrix M|f] is a measure of how “correlated” the first half
of a monomial appearing in f is with its second half: M[f] being full rank would mean that they
are perfectly correlated, whereas M|f] being low rank would mean that they are not very correlated
at all. Nisan’s argument shows that small ABPs have “information bottlenecks” at degree d/2 (and
indeed at any degree d’ < d), and hence the amount of correlation is small.

A natural question to ask is if this argument can give a lower bound for non-commutative
skew circuits as well. Unfortunately, the answer is no, as is already implicit in Nisan’s work.
Consider the Palindrome polynomial PAL;/5(X), which is the sum of all monomials of degree d
that are palindromes when viewed as strings of length d over the alphabet X. Nisan observed that
PAL;/2(X) has a skew circuit of linear size but at the same time M [PALg/(X)] has full rank: in fact,
MIPALg/5(X)] is a permutation matrix since the first half of a palindrome uniquely determines the
second half (thus, the first and second halves of monomials appearing in f are perfectly correlated).
Hence, the partial derivative matrix of polynomials with small skew circuits can have as large a
rank as possible. This means that in our lower bound argument for skew circuits, we need to use a
different measure of complexity.

The measure that we use is a modified version of the partial derivative matrix, defined as follows:
let f € F(X) be a homogeneous polynomial of degree d over n variables, and given an ordered
partition IT = (Y, Z) of [d] into two parts, we define M|[f,II] to be the matrix whose rows and
columns are indexed by monomials in X of degree |Y| and |Z| respectively. The (m1, mg)th entry
of M[f,1I] is defined to the coefficient of the unique monomial m of degree d which equals my if
we keep only the variables indexed by locations in Y and delete the others, and equals my if we
only keep the variables indexed by locations in Z. As above, the rank of M|[f,II] measures the
correlation between the restriction of a monomial to the locations in Y and the locations in Z. We
are usually interested in II where |Y'| < |Z|, since in this case we know that the maximum possible
rank is min{n!¥! nl?l} < nl¥l,

In this notation, the measure of complexity used by Nisan is rank(M|f, ([d/2],[d] \ [d/2])]) and
we have seen above that this measure is as large as it can be for, say, the Palindrome polynomial
PAL;/2(X), which has a small skew circuit. However, it is an easy observation that if one considers

5More generally, Nisan also considered the matrix where the rows and columns are labelled by monomials of degree
d’ < d and d — d’ respectively.



the partition Iy = (Yo, Zo) where Zg := [d/4 + 1,3d/4] and Y := [d] \ Zo, then M[PALg/5(X), o]
has rank 1.

Thus, we might hope that for every polynomial f that has a small skew circuit, we could find a
IT such that M|[f,II] has low rank. We are in fact able to show something much stronger: we can
show in general that if f has a small skew circuit, then rank(M[f,IIp]) is ‘small’ for the particular
1y defined above. (Here, ‘small’ means that the rank is much smaller than full rank.)

In terms of correlation, this statement could be interpreted as saying that though skew circuits
can compute polynomials that are perfectly correlated w.r.t. Nisan’s partition ([d/2],[d] \ [d/2]),
they can only do so by correlating the initial few indices in the monomial with the final few indices,
as in the Palindrome polynomial. Consequently, these “extreme” indices end up uncorrelated with
those in the middle. This is the weakness of skew circuits that we exploit in our lower bound.

The proof of this fact rests on a decomposition of skew circuits that is motivated by the similar
ABP decomposition mentioned above. Like in the ABP decomposition, we can show that given
any homogeneous polynomial f of degree d that has a small skew circuit and any degree parameter
d' € [d], we can decompose f as a small sum of polynomials of the form g x; h where g and h are
polynomials of degree d’ and d — d’ respectively (we refer the reader to Section [3| for the definition of
X j, but it intuitively means that the polynomial g is multiplied on the left by the sum of the prefixes
of the monomials of h of degree j and on the right by the sum of the suffixes of degree d — d’' — j).
The proof of this lemma is obtained by specializing the proof of a lemma of Hrubes, Wigderson and
Yehudayoff [9] regarding general non-commutative arithmetic circuits to the case of skew circuits,
where it yields a stronger conclusion.

Given this decomposition lemma, we prove the lower bound as follows. We apply the lemma with
d' being a large number close to d: for concreteness, say d’ = 3d/4. In other words, we decompose f
as a small sum of polynomials g x; h where g and h are homogeneous polynomials of degrees 3d/4
and d/4 respectively. In each such polynomial, a set I, C [d] of 3d/4 indices corresponds to g and a
set I, = [d] \ I corresponds to the polynomial h as shown below:

As we mentioned above, we will consider the rank of the matrix Mg x; h,II]. Now, it is easy
to show that
rank(M[g x; h,Ip]) = rank(M[g,I14]) - rank(M [h, IT}])

where the partitions I, = (Yy, Z,) and I, = (Y4, Z3,) are the natural restrictions of Iy to I, and I,
respectively.

Note that if rank(M[g x; h,TIp]) is to be close to full — i.e. n*ol — then we need both
rank(M|g,T1,]) and rank(M[h, IT;]) to be close to nlYs| and n!V#| respectively. However, it is easily
seen that, irrespective of the value of j, the matrix M[h,II;] is always a rank 1 matrix (this happens
since Y}, occupies all of Ij, and thus Zj, = 0)) and hence rank(M[g x; h,IIy]) falls exponentially short



of its maximum possible value. Since f is a small sum of such polynomials, the same is true of
rank(M|[f,IIy]) as well. More generally, the same strategy shows that rank(M[f,II]) is small as
long as IT = (Y, Z) has the “left-right monochromatic” form (LRM partitions for short) shown in
Figure (1| (for d;,dy large enough).

Figure 1: Left-right monochromatic (LRM) partitions, where segments on both the left and right
ends are contained in Y

The above argument implies a strong exponential lower bound on the size of a skew circuit
computing any homogeneous polynomial F' of degree d such that M[F,II] is full rank. It is easy
to find explicit examples of such polynomials: for example, we could take F' to be the square of
PAL;/4(X) or the Lifted Identity polynomial of Hrubes et al. [9]. In either of these cases, it can
be checked that M[F,Ilo] is again a permutation matrix and hence full rank. Since (PALg/4(X))?
can be computed by a small circuit with just a single non-skew gate, this also gives an exponential
separation between skew circuits and circuits with one non-skew gate. However, this also implies
that if we want to extend our lower bound to non-commutative circuits of small non-skew depth,
then we need to modify our measure further.

We prove our lower bound for circuits of small non-skew depth by induction on the non-skew
depth k of the circuit. As in the skew case, we choose a partition II; of [d] such that no small
non-skew depth k circuit can compute a polynomial that has large rank w.r.t. the partition II;. The
inductive argument is based on showing that if a non-skew depth k circuit C' computes a polynomial
of large rank w.r.t. Ilg, then it must contain a depth £ — 1 circuit that computes a polynomial of
large rank w.r.t. IIy_; (or an even ‘harder’ partition). We then apply the inductive hypothesis to
prove the lower bound.

Let us consider the problem of constructing such a partition in the case k = 1 (i.e. non-skew
depth 1). Ideally, we would like to construct a partition II; such that if C'is a circuit of non-skew
depth 1 that is high rank w.r.t. II;, then a sub-circuit of C' is high rank w.r.t. an LRM partition as
in Figure 1] (with perhaps a slightly smaller degree). However, it can be checked that we cannot
choose such a partition even if we know beforehand that C is just a product of two skew circuits.
That is, for any candidate partition IIy, there are skew circuits of degree d’ < d and d — d’ computing
polynomials g1 and g9 such that neither the partition restricted to gi, nor the partition restricted to
go, is LRM.

Hence, we are first led to the problem of enlarging the family of partitions that are hard for skew
circuits. Building on the techniques outlined for skew circuits above, we can also show that small
skew circuits cannot compute high rank polynomials w.r.t. the larger family of “extended LRM”
(XLRM) partitions — illustrated in Figure [2] — which are obtained by extending an LRM partition
on the left and right sides with segments of length ¢ that are contained in Y and Z respectivelyﬁ
Intuitively, a skew circuit that computes a large rank polynomial w.r.t. such a partition would try to

5The actually family of partitions we consider is a little more general.



pairwise correlate indices in the segments (of length £) on the two extremes. However, after having
done this, it is still left with the task of computing a high rank polynomial w.r.t. an LRM partition,
which we know to be a hard problem.

y: Yorz: [ ] z: ]
¢

Figure 2: Extended left-right monochromatic (XLRM) partitions

We are now ready to tackle the problem of proving lower bounds for circuits of non-skew depth
k. We choose our hard partition ITy = (Y%, Zx) to have the form shown in Figure That is,
starting from the left, our partition assigns an initial segment of length roughly d/4 to Yi. The
remaining indices are assigned to Y; and Zj in k' pairs of segments of length roughly d/4k" and
d/2k respectively — for k' = O(k) — so that overall we have |Y;| = |Z;| = d/2. Note that I} is in
particular an XLRM partition, and hence is clearly hard for skew circuits. We show that any small
circuit C' of non-skew depth at most k cannot compute a polynomial of large rank w.r.t. II.

To get an idea of the proof, consider first the easier case when the output of C' is a non-skew
homogeneous multiplication gate and hence C' is a product of two homogeneous polynomials g;
and go that have small circuits of non-skew depth at most k£ — 1. In this case, the indices in [d]
are distributed between g; and g2 as shown in Figure |3l Now, as we have argued previously, if the
polynomial f computed by C' is to have rank nearly n/Y¢l w.r.t. II;, then rank(M [g;, 111, ;]) should be

close to n'ka where Iy ; = (Yj 4, Zk,i) is the natural restriction of II; to the indices corresponding
to g; for ¢ € [2]. For this to occur, however, we must have |Y}, ;| = |Z ;| for each i: since otherwise
for some i, we will have |Z, ;| much smaller than |Y} ;|, and then rank(M|g;, ITj, ;]) < nlZkil « nlYel,
However, it is easy to check that if |Y} ;| = |Z} ;| for each 4, then the only possibility is that one of
g1 or go — say gy for concreteness — has very small degree and the other “occupies” almost all the
indices in [d] and is hence already computing a polynomial of large rank w.r.t. IIx. Since g has a
small skew circuit of non-skew depth at most k — 1, this allows us to induct on go.

~ AN _/

Figure 3: The partition ITg

The general case puts together a couple of arguments we have already outlined. Using a
decomposition lemma that is similar in spirit to the skew circuit decomposition lemma described
above, we can show that any homogeneous polynomial f of degree d computed by a small circuit of



non-skew depth at most k can be written as a small sum of polynomials of the form
(91-92) xj h

where g; and g2 are homogeneous polynomials computed by small circuits of non-skew depth at
most k — 1 and h has a small skew circuit. In the easy case above, we have already handled the
case when deg(h) = 0, and so now we try to see how h can help produce a polynomial of large rank
w.r.t. the partition II;. As in the proof of the hardness of XLRM partitions, one would guess that
the worst that h could do is to match up the d/2k" indices in Y and Z on either extreme. In this
case, we can argue as in the easier case above that one of g; or go occupies all that is remaining,
which corresponds to a partition that is hard for non-skew depth at most k& — 1, as desired.

As might be expected, the actual proof is not quite as neat, since we need to handle some other
cases that we have not describe above. It turns out, however, that these cases are easy, even if
somewhat tedious, to handle.

3 Definitions

Throughout, fix the set X = {x1,...,z,} of indeterminates. We work over the non-commutative
ring of polynomials F(X).

For i,j € N, we define [i, j] to be the set {7, +1,...,7j} (the set is empty if i > j). We also use
the standard notation [i] to denote the set [1,1].

For d € N, we use My(X) to denote the set of monomials over the variables in X of degree
exactly d.

Definition 1 (j-products). Given homogeneous polynomials g,h € F(X) of degrees dy and dj,
respectively and an integer j € [0,dy], we define the j-product of g and h — denoted g x; h — as
follows:

e When g and h are monomials, then we can factor h uniquely as a product of two monomials
hiho such that deg(hi) = j and deg(h2) = dy, — j. In this case, we define g x;h to be hq-g- hs.

J dg dn —j
A A A
L 9 | ha |

Figure 4: j product for monomials g, h

o The map is extended bilinearly to general homogeneous polynomials g, h. Formally, let g, h
be general homogeneous polynomials, where g =, g¢, h =Y, hi and gy, h; are monomials
of g, h respectively. For j € [0,dy], each h; can be factored uniquely into h;,, h;, such that
deg(hi,) = j and deg(hi,) = dp — j. And g x; h is defined to be >, >, hi, gehi, .

Note that g xo h and g xgq, h are just the products g - h and h - g respectively.

The following easily verifiable facts about j-products will be useful:



Fact 2. 1. The operator x j is bilinear: i.e. (g1+g2) Xjh = g1 Xjh+gax;h and g x;(h1+hg) =
g Xj h1 + g X ha provided that g, g1, g2, h, h1, ho are such that all the above expressions are
well defined.

2. Assume g and h are such that g x; h is defined and let f be a homogeneous polynomial of
degree d. Then (g x; h)-f=gx;(h-f) and f-(gx;h)=gXayj (f-h).

3. Assume g and h are as above and further that g = g1 - g2. Then g x; h = g1 X; (g2 X j
h) = g2 Xjtdy, (91 xj h) where dg, = deg(g1). If instead we have g = g1 X g2, then

g th:gl Xj—i—k (gQ Xj h)

Given a monomial m = z;, x;, - - - 23, € F(X) and a subset S C [d], we denote by mg the product
of all the variables in the locations indexed by S: i.e. mg =[] jes Tij where the product is taken in
increasing order of j.

For any pair of subsets S, I C [d] such that S C I, we denote by Collapse(S,I) the subset of
[[7]] which contains the ranks of all elements in I which are contained in S. Formally,

Collapse(S,I) ={j € [|I]] | S contains the jth smallest element of I}.

Let IT denote a partition of [d] given by an ordered pair (Y, Z), where Y C [d] and Z = [d] \ Y.
In what follows we only use partitions of sets into two parts.

Definition 3 (Partial Derivative matrix). Let f € F(X) be a homogeneous polynomial of degree
d. Gwen a partition 11 = (Y, Z) of [d], we define a n!¥'| x nl?l matriz M[f,1I] with entries from
F as follows: the rows of M|f,11] are labelled by monomials from My |(X) and the columns by
elements of M|z (X). Let m" € My|(X) and m"” € M z(X); the (m’,m")th entry of M[f,11] is

the coefficient in the polynomial f of the unique monomial m such that my = m' and mz = m”.

We will use the rank of the matrix M[f,II] (for a suitably defined II = (Y, Z)) as a measure of
the complexity of f. Note that since the rank of the matrix is at most the number of rows, we have
for any f € F(X)

rank(M[f, 1)) < n!¥!

As in many works on multilinear formulas and circuits [I5] [16], 17, 18] 19} [§], we will be interested
in how close the rank of M|[f,II] can be to this trivial upper bound.

Definition 4 (Relative Rank). Let f € F(X) be a homogeneous polynomial of degree d. For any
Y C [d], we define the relative rank of f w.r.t. Il = (Y, Z) — denoted rel-rank(f,II) — to be

rank(M|[f, 1))

rel-rank(f,II) := Vi
n

Clearly, rel-rank(f,II) € [0,1] for any f and Y as above. Furthermore, note that since
rank(M|f,I1]) is also bounded by n!4l — the number of columns in the matrix — when |Y| > d—[Y,
this measure cannot approach 1 for any choice of f.



Figure 5: Example of Y for which rel—rank(PAL?iM, Y, 2))=1

Notation Fix any homogeneous polynomials g, h € F(X) of degree d; and d}, respectively and
[ =g %, h, where j € [0,d}]. Let d denote deg(f) = dy + dj, and I denote [j + 1,5 + d,4]. For any
partition II = (Y, Z) of [d] we use Y} to denote Collapse(Y NI, 1), i.e. the set of ranks of indices that
g occupies in g x; h which overlap with Y. Similarly, we use Y}, to denote Collapse(Y \ I,[d] \ I),
i.e. the set of ranks of indices that h occupies in g x; h which overlap with Y. Also we denote
[dg] \ Yy by Z4 and [dp,] \ Y}, by Zj. Finally, we use Iy, IIj, to denote partitions (Y, Z,) and (Y4, Z3),
respectively.

The non-skew depth of a non-commutative circuit C' is the maximum number of non-skew gates
on a path from a variable to the output gate in the DAG underlying C.

4 Preliminaries

We need the following lemmas that are straightforward adaptations of previous work.

Lemma 5 (Homogenization Lemma [9]). Let f € F(X) be a homogeneous polynomial of degree d
computed by a non-commutative circuit C of size s. Then there is a homogeneous non-commutative
circuit C' of size at most O(sd?) computing f. Moreover, if C has non-skew depth at most k, then
so does C'. In particular, if C is a skew circuit, then so is C".

Lemma 6 (Tensor Lemma). Let g,h € F(X) be homogeneous polynomials of degree dg and dj,
respectively and let f = g x; h for j € [0,dp]. Let d denote deg(f) = dq + dj,. Fiz any partition
II=(Y,Z) of [d. Then,

rank(M[f,II]) = rank(M g, I1,]) - rank(M [k, I11])
where Iy, 11}, are as defined in Section [3,

Proof. We observe that under a suitable labelling of the rows and columns of the matrices, the
matrix M[f,II] = M|g,II4] ® M]h,II}], where ® represents the standard tensor (or Kronecker)
product of matrices. This will prove the lemma.

Let I denote the interval [j + 1,7 + dg].

For each of the matrices M[f,I1¢], M|g,I1,] and M|h,I1;], we have labellings from the definitions
of these matrices: i.e., the rows and columns of M([f,II;] are labelled by elements of M|y, and
M,z,| respectively; and similarly for M[g,II,] and M[h,II,;]. For M[f,II], we note that each
monomial m € M,y can be identified with a pair of monomials (m’,m") of degree |Y,| and |Y3|
respectively using the map m +— (mynr, my~\r); this map is a bijection and hence, we also have an
alternate labelling of the rows of M[f,II] by M\y,| x My, |; similarly, we also obtain a labelling of
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the columns of M[f,Y] by M|z, X M|z,. Under this alternate labelling for M|f,I1], we show that
Mf, 1] = M[g,11,] ® MIh,II}].

By the bilinearity of both the ® and x; maps, it suffices to do this when g and h are both
monomials. In this case, M([g, Iy} is a 0-1 matrix with a 1 only in the (gv,, gz,)th entry and similarly
for M[h,II;]. Since f is also a monomial, the matrix M|[f,II] is also a 0-1 matrix with a 1 only in
the (fy, fz)th entry according to the original labelling. Under our alternate labelling of M|f, I,
this corresponds to the ((fynr, fy\1); (fznr, fz\1))th entry of M[f,II]. It can be checked from the
definition of x; that

fyar = gv,, fzor = 9z, fy\1 = by, for = bz,
Thus, f has a 1 in only the ((gy,,hv;), (92, hz,))th entry and hence, M[f,1I] is the tensor
product of M|[g,II,] and M[h,II;] as claimed. This completes the proof of the lemma. O

Corollary 7. Assume that f,Y,dgy,dy are as in the statement of Lemma [6] Then
rel-rank( f, IT) = rel-rank(g, II;) - rel-rank(h, II;,) < min {rel-rank(g, II;), rel-rank(h, II5) } .

Moreover, we also have rank(M|g, 1,]) < nl%s! and rank(M[h, 1T,]) < nl%rl. Hence,

rel-rank(f, II) < min {n—ﬂYgl—lZgD’n—<|Yh\—|zh|>} _

4.1 Hard polynomials

Let w = (wi,ws,...,wq) be a string in [n]? and let w® denote the reverse of the string w,
ie., (wg,wg—1,...,w1). Let T, denote the monomial Xy, ...Ty, over the variable set X =
{z1,22,...,2,}. We consider the n-variable palindrome polynomial:
PALY(X) = > - &yr.
we[n]d

Nisan [14] studied the palindrome polynomial for n = 2. We denote by PAL%(X) the squared
palindrome polynomial.

PALI(X) = (PALy(X))? = Y Fuy - By - Ty - &

w1,wa€[n]?

R.
Wy

5 Lower bound for skew circuits

In this section, we prove an exponential lower bound for skew circuits. We start by giving a
decomposition lemma for such circuits. A similar decomposition was given by Nisan [14] for
non-commutative ABPs. More recently Hrubes et al. [9] proved a decomposition lemma for
general non-commutative circuits. Our result can be thought of as an interpolation between the
decomposition for ABPs and that for general non-commutative circuits.

We then formally define left-right monochromatic (LRM) partitions and prove that any skew
circuit of ‘small’ size has ‘small’ relative rank with respect to LRM partitions. Finally, we give an
explicit polynomial which has full relative rank with respect to a suitably chosen LRM partition.
This gives a lower bound for skew circuits.
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Lemma 8 (Decomposition Lemma for skew circuits). Let f € F(X) be a homogeneous polynomial
of degree d € N computed by a homogeneous skew circuit C of size s. Fiz any d’' € [d]. Let g1,..., g
(t < s) be the intermediate polynomials of degree d' computed by C. Then, there exist homogeneous
polynomials h; j (i € [t],j € [0,d — d']) of degree d — d’ such that

f:Z Z i X hi;

iclt] j€[0,d—d']
Furthermore, each h;j can be computed by a skew circuit of size at most sd.

Proof. Let vy, ...,vs be a topological ordering of the gates in C' that furthermore satisfies deg(f,) <
deg(fy) for all p < g, where fi is the polynomial computed by gate vi. Further, let dj denote
deg(fx) for any k € [s].

We show by induction on k € [s] the following statement that immediately implies the lemma:

if di, > d’, then there exist polynomials hl(? (i € [t],7 €]0,dx — d']) of degree dy — d’ such that
k
=Y > g% hEJ«) (1)

i€[t] 7€[0,dx—d’]

Furthermore, for each k as above and i € [t], there is a skew circuit ka) of size at most kd that
computes all the polynomials in the set Si(k) = {hiej) | ¢ € [k],dg >d,j€[de—d]}.

We define the polynomials Bk

i by induction on k. The construction of the skew circuits
(k)
(2

computing S;" will follow directly from the definitions of these polynomials. Since there is nothing
to prove for k such that d < d’, we may take the base case of the induction to be the least k such
that dj, > d'; say this gate is vy,. We claim that dy, = d’. To see this, observe that if d’ > 2 then vy,
must be a multiplication gate with both inputs being polynomials of degree at least 1 (i.e. neither
input is a field element). Since C' is a skew circuit we have fi, = f, - f¢ — with p,q < kg — where
either d, or d, is equal to 1. We assume that d, = 1 (the case when d; = 1 is similar). Since d, < d’
by our choice of ko, we must have dy, = d’. If d = 1, then it is easy to see that vy, is just a variable
and therefore di, = d’ trivially follows.

Hence, the gate vy, computes a polynomial g;, for some ip € [t]. In this case, we can take

hz(f,oo) =1 and h%o) = 0 for 7 # ig. Equation clearly holds with this choice of polynomials and

each h%o) has a skew circuit Ci(ko) of size 1, which is at most ko - d. Since Si(ko) = {h%o)}, this
completes the base case of the induction.

Now for the inductive argument. Fix any k > kg. By our ordering of the vertices, we have
di > dy, = d'. The rest of the argument is based on a case analysis depending on the type of the

gate vg:

e v is a product gate of degree dj, = d’: In this case, the argument proceeds exactly as in

Z(f%) can be computed by a skew circuit of size 1. Adding this gate to

the circuit Ci(k_l) gives the circuit C’i(k).

the base case and each h

e v, is a product gate of degree d; > d": So f = f, - f; where we assume that d,, < d, (the
other case is similar) and hence d, < 1. We divide this case further into subcases depending
on whether d, = 0 or 1.

12



— dp = 0: In this case, f, is a scalar from the field F and d, = dj, > d'. By the induction
(a ) for each (7,7) € [t] x [0,dy — d'] satisfying

fq:Z Z i thg,qj)

i€[t] j€[0,dx—d’]

hypothesis, we have polynomials h

Thus, we have

fk:fp'fqzz Z 9i % (fp- U))

1€t] j€[0,dx—d’]
(k)
It can thus be seen that the polynomials h; /" := fp-h l j Satlsfy (14)).

— d,, = 1: This case is quite similar, except that we only have h( %) for (i,7) € [t] x [0,dg —
d —1]. Again, we have

o=l da=3 3 hrlouh) =30 3 gk (e b))
i€(t] j€[0,dr—d'—1] 1€t] j€[0,dp—d’'—1]
where we use Fact [2] for the final equality.
Thus, we define hgj.) = fp- hqu) | for j € [1,d, — d'] and h%) =
e v is a sum gate of degree dj, > d’: In this case, vy = v, + vq where dp = dq = d, > d’ (by
the homogeneity of C'). Hence, the induction hypothesis is applicable to both v, and v,. It
can now be easily checked that setting hl(.? = hl(.? + hl(.f’}) gives the required polynomials.

To see that the circuits constructed this way have the required properties, it suffices to note that to
construct C'i(k) from C’i(kf ) using the above definition of the h( ) polynomials requires us to add
exactly d — d’ < d — 1 many skew multiplication gates and one Varlable or constant (in case vy is a
product gate) or dy — d’ + 1 < d homogeneous addition gates (in case vy is a sum gate). Hence, in

each case, we add at most d gates to obtain the circuit Ci(k). ]

Definition 9. We say that a partition 11 = (Y, Z) of [d] is a (di,ds2)-left right monochromatic
partition ((di,d2)-LRM) if [di]U[d —da+1,d] C Y.

Figure |§| gives an illustration of a (dj, ds)-LRM partition.

Lemma 10 (Main Lemma: Relative rank of skew circuits). Let f € F(X) be a homogeneous
polynomial of degree d € N computed by a homogeneous skew circuit C of size s. For any (dy,ds)-
LRM partition 11 of [d] such that dy + ds < d

rel-rank(f,11) < sd-n~ min{dy,da}

Proof. Assume that D = min{d;,ds}. Apply the Decomposition Lemma for skew circuits (Lemma
to C' with d' = d — D to get polynomials g; and h; ; for (4, j) € [t] x [0, D] as in the statement of the
lemma. By the subadditivity of rank, we have

rel-rank(f, II) < Z rel-rank(g; x; h; j,II) (2)
(.5)€lt]x[0,D]
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Figure 6: For fixed di, da, a generic positioning of g; of degree d' in g; X, h;

Fix any (4, ) and consider rel-rank(g; x; h; j,II). By Corollary [7, we have
rel-rank(g; x hy j, ) < n~(¥al=I1Zn]), (3)

where Y}, = Collapse(Y \ [j+ 1,7+ d],[d]\ [j + 1,5 +d]) and Z, = [D] \ Y}. Note, however, that
since Y contains [di] U [d —da + 1,d], we have Y\ [ + 1,5+ d'] = [d] \ [J + 1,7 + d'] and hence
V;, = [D] and Z, = (). Using (3, we see rel-rank(g; x h;j,II) < n~" and hence by (2), we have the
claimed upper bound on rel-rank( f, II). O

Theorem 11 (Lower bound for skew circuits). Any skew circuit for PAL2 4(X) must have size
Q(n%*) where the Q(-) hides poly(d) factors.

Proof. Let C' be any skew circuit computing PAL?i / 4(X) and let s denote its size. By Lemma |5 we

know that there is a homogeneous circuit of size s’ = O(sd?) computing the same polynomial.

Let Y = [d/4]U[3d/4+ 1,d], Z = [d]\Y, Il = (Y,Z). Note that II is a (d/4,d/4)-LRM
partition of [d]. Apply Lemma |10|to the circuit C’ with d; = ds = d/4. The lemma implies that
rel—rank(PALZM(X), ) < (s'd) - n~%4.

On the other hand, it is easy to verify that M[PAL§/4(X), I1] is a square permutation matrix
and hence rel-rank(PAL2 /4(X),1I) = 1, which implies the claimed lower bound on s. O

Remark 12. It is not hard to see that the lower bound of Theorem is close to tight, since
PAL?M(X) does have a skew circuit of size O(n¥/*).

A similar theorem can be proved for the Lifted Identity polynomial of Hrubes et al. [9].

6 Lower bounds for circuits with small non-skew depth

We call a gate v in C top-most if there is a path from v to the output gate in C' that does not pass
through any non-skew gates other than possibly v itself.
6.1 A decomposition lemma for circuits of non-skew depth k&

Lemma 13 (Decomposition Lemma for circuits with non-skew depth k). Let f € F(X) be a
homogeneous polynomial of degree d computed by a homogeneous circuit C' of non-skew depth at
most k. Let g1,...,g: (t < s) be the polynomials computed by the top-most non-skew gates in C' and
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let d; = deg(g;) for i € [t]. Then, there exist homogeneous polynomials h; j (i € [t],j € [0,d —dj]) of
degree d — d and hg of degree d such that

F=>"">" gixjhij+ho

i€lt] je[0,d—d}]
Furthermore, each h;j and ho can be computed by a homogeneous skew circuit of size at most sd.

Proof. The proof is quite similar to that of Lemma [8 so we omit some of the details. As there, we
let vq,...,vs be a topological ordering of the gates in C' that satisfies deg(f,) < deg(f,) for all p < g,
where f, is the polynomial computed by gate vy; further, let d, denote deg(f,) for any r € [s].
Let T C V be the set of all top-most gates. In particular, T' contains the output gate of C' and
also the set of all the top-most non-skew gates.
We show by induction on r € [s] the following stronger statement: if v, € T', then there exist

homogeneous polynomials hgj) (i € [t],j €[0,d, — d}]) of degree d, — d} and h(()r) of degree d, such

that
=Y g bl +hy (4)

i€t] j€[0,dr—d})]

Furthermore, for each r as above and i € [t], there is a homogeneous skew circuit C") of size at most

7
rd that computes all the polynomials in the set Si(r) = {hi? | e [r],veeT,je[0,d —d]} and

also a homogeneous skew circuit C(()T) of size at most rd computing S(()T) = {h((f) | € r],veT}.

We define the polynomials hl(-jj) and h(()r) by induction on r. The skew circuits computing Si(r)
(i € [0,t]) can be constructed easily from these definitions.

The base case of the induction r = 1 is trivial since the polynomial f; is just a variable or a
scalar from F: we simply set h((]l) = f; and hg}j) = 0. We can use this reasoning in general when f,
is a variable or a scalar.

So we consider the inductive case. Say r > 1. If v, € T, then again there is nothing to prove. So

assume v, € T. Consider the following cases:

e v, is a non-skew gate: Since v, € T, it must be that v, is a top-most non-skew gate. Hence,
fr = gi, for some iy € [t]. Hence, we can set hg;,)o =1 and all the other hl(? and h(® to 0.

e v, is a skew multiplication gate: We have v, = v, x v, where at least one of f, and f,
is either a variable or scalar. We assume that f, is such a polynomial (the other case is
similar). Since v, € T' and skew, we see that v, € T as well. Hence, we can apply the induction

hypothesis to v, as well. Having done so, we can choose the hz(-;) like in Lemma as follows:

LB ifd, =0,

h) =< foh@ | ifd, = 1and j € [d, — dl,
0

if dy=1and j=0.

We also choose hg") = fp- héq).
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e v, is a sum gate: Since C is homogeneous, we know that v, = v, + v, for p,q < r such that
d, = dy = d,. Moreover, since v, € T and is not a non-skew gate, we see that v,,v, € T as

well. Hence, we can apply the induction hypothesis to these gates and set hg? = hg? + hl(-f]j)
and b = i + n0.

O]

6.2 More partitions w.r.t. which small skew circuits are low rank
For any n € N* and 6 € R, we use exp,, () to denote n’.

Definition 14. We say that a partition I1 = (Y, Z) of [d] is a (d1,d2,¥1,¥2)-extended left right
monochromatic ((di,ds, ¢1,¢2)-XLRM) partition if [dy + 1] U[d —de —lo +1,d — ls] C Y.

Given below is an example of a (dy,ds, ¢1,¢2)-XLRM partition.

Figure 7: Extended left-right monochromatic (XLRM) partitions

Lemma 15 (Generalization of Lemma . Let f € F(X) be a homogeneous polynomial of degree
d € N computed by a homogeneous skew circuit C of size s. Let Il = (Y, Z) be a (dy,dg, l1,02)-XLRM
partition, where dy, da, £1, o are positive integers such that 8|dy, 8|da, lo < £y, and d > dy+do+€1+Ls.

Then o
£
relerank(f,11) < (58 - xp, {0 (min {2, 7 1) .
2

where D denotes min{dy, da}.

We will only apply the above lemma when do = ©(d;) and ¢2 = O(dy), in which case the upper
bound on rel-rank(f,II) is (sd)°M - exp,,(—Q(dy)).

Proof. Fix di,dy as in the statement of the lemma. We want to bound the quantity p(d, (1, ¢3) :=
Supf rel-rank( f, IT) where f,II are chosen as above.

More generally for (possibly negative) integers pi, ps such that p; > —d; (for ¢ € [2]) and e € N
such that dy + da + p1 + p2 < e, we can define p(e, p1,p2) := suppy rel-rank(F,II'), where F is
chosen to be a homogeneous polynomial of degree e computed by a skew circuit of size at most s and
I' = (U, V) is a partition of [e] such that U C [e] satisfies [d1+p1]U[e—da—p2+1, min{e,e—p2}] C U.
When po > 0, this is just the condition that [d +p1]U[e —da —p2 + 1, — p2] C U. Moreover, when
po < 0, the partition IT' is an LRM partition.

We will be interested in reducing the problem of bounding rel-rank( f, IT) to bounding p(e, p1, p2)
for pa < 0, because in this setting we have an LRM partition and hence by Lemma[I0, we immediately
get
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Claim 16. Fiz e, pi,p2 as above and further assume pas < 0 and dy + p1,de + p2 > 0. Then
pe,p1,p2) < (sd) - exp, {—Q(min{d; + p1,ds + p2})}.

To reduce to the above setting, we will prove the following claim:

Claim 17. Fiz any p1 € Z and e,ps € N such that p1 > —d1/2 and e > dy + da + p1 + p2. For any
b,a € N such that b < a < D/2 we have

ple;pipa) <s-(a+1)-n " +s-(a+1)- max  p(e —a,p1 — a1, pz — az).

a1+taz=a
a1<az+b

We will prove the claim below. First, we use the claim to finish the proof of the lemma. The
idea is to apply the above claim repeatedly until we can apply Lemma
We start by defining a few parameters. Let a = D/2, N = 14|4¢s/a], and b = min{[d; /4N, a/4}.
Define e(©) = d, pgo) = /{1 and pgo) = lo. It can be checked that Claim |17| can be applied with
e=e0 p = pgo), and py = pgo). We thus can apply Claim [17| and use the fact that a +1 < d to
obtain
(e, p? pi") < sd 07t sd- p(e® —a,p” —al” p{ — ).

for some ag ),ago) € N such that a(o) + ag) = a and ago) < a(o) + b. Define eV = 0 — g,
pg ) = pgo) — ago), and pgl) = pgo) — (0) Note that we still have e(l) >dy +do +p(1) +pé1). Also
note that pgl) > pél) —b.

We repeat the above process to define el

—d;/2 and p(l) > 0. After i > 1 such iterations, we have

i+1)7pgi+1),p§i+1) from et ),pg)’pé) as long as pgi) >

p(e @, p pP) < [ S (say | 0+ (sd) - ple®, p, py)) (5)
j=1

Note, moreover, that we also have the following

e =elV —q PP >pd —ib, Py —a<pl =p — 3ol <p¥ —iaja (6)
7<t

U

For the last two inequalities, we have used the fact that for any j < 4, az) < a; and also
a= a( Dy a(]) < 2a( 7 4 b and since b < a/4, we have a(]) > a/4.
We terminate the process when either pg D < —di/2 or p( ) < 0. Let ig be the number of iterations

in the above procedure. It can be verified using the last inequality in @ that p( 2 < 0 after at most
N iterations and hence g < N. Furthermore, we have

pii®) = plo=t) _glio) > o= i 1)p—a > (N —1)b—a > —dy /4 —d1 /4 > —dy /2
where the first inequality follows from @ and the fact that agiO) < a, the second from the fact that

pgo_l) > 0 (by the definition of iy) and iyp < N and the third by the definitions of a,b, and N above.
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Thus, after ig < N iterations, we will have pgo) < 0 and pgio) > —dy/2; furthermore, by
@7 we have pém) > pé“’_l) —a > —a > —dz/2. By Claim , we have p(e("O),pgm)?pg“)) <

sd) - exp,, {—Q(min{d;y —i—p(iO),dg +p(i0) . Since p(io) > —dy/2 and p(io) > p(io_l) —a > —dy/2,
n 1 2 1 2 2
we have d; +p§m) > dy /2. Hence, we have shown that

p(e™), i py)) < (sd) - exp, {~Q(min{d1, d2})}
Plugging the above into with ¢ = i, we have

0
(e, p p) < [ S (sdy | -n + (sd)o - exp, {~Q(min{dy, do})}
j=1

(Sd)N+1 . expn{—Q(min{d1, d27 b})}
< (Sd)2+0(éz/D) - exp,, {—Q <min {db da, df)}) } )
2

as claimed. For the last inequality, we have used the fact that b = min{a/4,[d;/4N]} =
Q(min{dl,dg,(dlD/Eg)}). OJ

IN

6.2.1 Proof of Claim

We have p(e, p1,p2) = suppp rel-rank(F, II') where F and II' = (U, V') are as mentioned above. We
apply Lemmato F with d’ = e —a to get a decomposition of the form F = 25:1 ZjE[O,a] gi % hi j,
where t < s and the polynomials g; (i € [t]) are intermediate polynomials computed by the circuit
computing F' and hence have skew circuits of size at most s. By the subadditivity of matrix rank,
we have

t
rel-rank(F, IT') < Z Z rel-rank(g; x; h; ;,1I') (7)
i=1 5€[0,a]
Fix any (i, j) € [t] x [0,a]. We upper bound rel-rank(g; x; h; ;,II') based on j as follows.
We first consider the case when j is large: more precisely, we assume that j > (a — j) + b. In
this case, we use the following consequence of Corollary [7}

rel-rank(g; xj hy j, ') < n~(URl=IVal), ®)

where Uy, = Collapse(U\ [j+ 1,5 +d|,[e]\ [+ 1,7+ d']) and V}, = [a] \ Up. Since U 2 [d1 + p1] 2
[d1/2] 2 [D/2] 2 [a] 2 [j], we have |Uy| > j and consequently, |V4| = a—|Up| < (a—j) < j—b by our
assumption that j is large. Thus, |Up|— |Vj,| > b and hence (8)) implies that rel-rank(g; x; h; j,II') <
—b
n=°.
Now consider the case when j is small: i.e., 7 < (a —j) 4+ b. In this case, by Corollary |7, we have
rel-rank(g; xj hij, 1T') < rel-rank(g;, IT}) 9)

for I}, = (Uy,Vy) where Uy = Collapse(U N[j + 1,5 +d],[j + 1,5 + d']). Note that g; is a
homogeneous polynomial of degree e — a computed by a skew circuit of size at most s. Furthermore,
since U D [dy + p1] U [e — d2 — pa + 1, e — p2], it follows from some simple analysis that

Ug 2 ldi+p1—jlUl(e —a) —dy — (p2 — (a—j)) + 1, min{e —a,e —a — (p2 — (a — j))}]
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Thus, it follows that

rel-rank(g;, IT;) < p(e —a,p1 — j,p2 — (a — j)) < max p(e —a,p1 — a1,p2 — az)

ai,a2:
a1+az=a
a1<az+b
where for the last inequality we have used the fact that j is small.
Hence, we have shown that for every 4, j,
rel-rank(g; x; h; ;,11') < n7l+ max ple —a,p1 — a1, p2 — az).

a1+taz=a
a1<az+b

The claim now follows from .

6.3 The candidate hard partition for circuits of non-skew depth at most k

Throughout, let dy € NT be a fixed parameter.

Let d € N. Given an (ordered) partition IT = (Y, Z) of [d], we define the signature of II to be
the sequence sgn(Il) = o = (41,42, ...,1,) of non-negative integers such that the first i; elements of
[d] belong to Y, the next iz elements belong to Z, the next i3 again to Y, and so on. Formally,

Y= JD i+1> il

q odd j<gq J<q

We denote by |o| the quantity > ., iq = d and use |0y to denote p.

Given two signatures o1 € N and 09 € N™, we use 01009 € N to denote their concatenation.
We also use o] to denote the r-fold repetition of o;.

Given a signature o = (i1, ...,14,), we say that a signature 7 is a prefiz of o if 7 = (4}, ... ,ig) for
q < p, where i’ = i; for j < q and 7 <.

Clearly, we may define a partition IT of [d] using its signature. For any k € N, we now define a
partition II; = (Yx, Zx) of [d] (for suitable d) such that small circuits of non-skew depth at most k
computing a homogeneous polynomial of degree d have low rank w.r.t. IIj.

Fix any k € N and let Dy, = 8dy + 12dpk. We define the partition IIy = (Yx, Zx) of [Dy] so that
sgn (1) = (3(k + 1)do, 2dg) o (do, 2dg)* T3F

Note that |Yy| = |Zk| = D /2. Figure [§|illustrates the partition IIy and also the relation between
the partitions II; and IIx_1, which will be important in our lower bound.

We will later show that small circuits of non-skew depth at most k computing a homogeneous
polynomial of degree D}, cannot compute a polynomial that has high relative rank w.r.t. IIx. In the
remainder of this section, we show that there are small circuits of non-skew depth O(k) (in fact,
circuits using only O(k) many non-skew gates) that can compute a homogeneous polynomial f; of
degree Dy that has full rank w.r.t. II;. The basic ‘gadget’ in this construction is the palindrome
polynomial, and the construction of fj involves ‘wrapping’ a copy of PALp, /4(X) around O(k)
copies of PALg, (X).
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Figure 8: The partition Il (above) and constructing I from II;_; (below)

Lemma 18. Fiz any positive integers k,dy and let Dy be as above. Then, there is a homogeneous
polynomial fi, € F(X) of degree Dy, that is computable by a non-commutative arithmetic circuit of
size O(nDy) with O(k) many non-skew gates and s.t. rel-rank(fy, IIx) = 1.

Proof. We define the polynomials f; inductively. For k = 0, we define
fo = (PALy,, (X) - PAL, (X)) X4, PALy, (X)

In the notation of Section we can write fq as

fo= E : xwl"7“102'xw3"7;11;5"%'11)5'xw4':wa'xw{2

w1, w2,ws,w4€[n]90

Figure [9] illustrates the positioning of the segments of the monomial corresponding to wy, we, ws,
and wy w.r.t. the partition Ilj.

R

w1 w2 w3 w?wf waq w4'wf’

R_ R R R R, R
Wq Wy W3 Ws Wy Wy We Wg W1

Figure 9: The construction of polynomials fy (above) and fi from fx_;1 (below)

We observe that fy can be computed by a homogeneous non-commutative arithmetic circuit of
size O(nDy) = O(ndp) with exactly one non-skew gate. To see this, note that go := (PALy, (X) -
PAL,, (X)) can be computed by first computing each of the terms of the product using homogeneous
skew circuits of size O(ndp) and then multiplying them using exactly one non-skew gate. We can
then compute fy by using go and only homogeneous skew multiplication gates by using the following
inductive definitions:

W =

n
(i+1) . _ (4
90 -—Z%"go ]
j=1
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The polynomial g(()do) is exactly fo. Note that computing g(()Hl) from g(()i) requires only O(n)

additional gates. Thus, the size of the circuit computing fy is O(ndp).
For k > 0, we define the polynomial f; inductively as follows. The construction is illustrated in

Figure [0

fr = > (TurTwnTug) * fo-1 - (FuaBp)  Tyn - (TusZyn)  Typ - (Tu@yn) - Typ

w1, w2, w3 ,wa,ws,we €[] 40

It can be easily checked that the matrix M|f, II;] is an n”*/2 x nP*/2 permutation matrix and
hence rel-rank( fy, II) = 1.

We need to check that f; defined as above has a small non-commutative circuit with O(k) many
non-skew gates. For k > 1, we define

hi == (fr—1 - PALdO(X)) X do PALdO(X)
gk = (hg - PALy (X)) x4, PALy, (X)

Note that
fr = (gr - PALy, (X)) x4, PALy, (X)

The circuit for hj is obtained from the circuit for fr_; in a manner similar to the construction
of the circuit for fy, and similarly, we can obtain a circuit for g5 and then a circuit for fr. We omit
the details. It is easy to check that only 3 additional non-skew multiplication gates are used by the
above procedure and hence the number of non-skew gates used overall is O(k). t

6.4 The lower bound for circuits of non-skew depth k&

In this section, we show that small non-commutative circuits of non-skew depth k& computing a
homogeneous polynomial of degree Dy cannot compute a polynomial that has high relative rank
w.r.t. IIz. Throughout, let dy € N be a fixed parameter.

For ¢ € N*, we say that a pair (g,II) is £-good if g € F(X) is a homogeneous polynomial with
deg(g) = D > Dy and II = (Y, Z) is a partition of [D] such that sgn(IT) = (a,2dp) o (do, 2dg) 3+ o
(b, ¢) where

e a>3(l+1)dy, r>0,and
e cither ¢ =0 and b € [dy] or b = dy and ¢ € [2dy — 1].

Intuitively, the (g,II) being ¢-good means that D > D, and II ‘contains’ a copy of II; as a sub-
segment and II is furthermore similarly contained in II for some ¢ > £. See Figure where the
top partition corresponds to the case ¢ = 0 and the bottom one to the case b = dy as mentioned
above.

The main lemma is the following:

Lemma 19 (Main Lemma for circuits of non-skew depth k). Assume k,dy € N such that 64|dy.
Let f € F(X) be any homogeneous polynomial of degree Dy, computed by a non-commutative circuit
C' of size at most s with non-skew depth at most k and let 11y, = (Y, Zy) be the partition defined
above. Then, rel-rank(f,II},) < (sDj,)00) . p=do),
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Figure 10: Partitions that arise in ¢-good pairs

The basic idea of the proof is to repeatedly use Lemma (13| to decompose the polynomial f
as a sum of polynomials computed by circuits with smaller non-skew depth. When we apply
Lemma we repeatedly obtain polynomials of the form g x; h where g and h are homogeneous
polynomials of degree dg and Dy, —d,, respectively and j € [0, Dy, —dg4]. Given a polynomial g € F(X),
J €0, Dy —dg], and £ € [0, k], we say that the pair (g, j) is £-admissible if the pair (g,Il,) is {-good,
where I, = (Y, Z,) for Y, := Collapse(Y, N[j+ 1,5+ dg],[j + 1,7+ dg]) and Z, := [dg] \ ;. See
Figure

Figure 11: Example of an ¢-admissible pair (g, j)

Proof. First let us introduce some notation. Let the non-skew depth of a node v of C' be the maximum
number of non-skew gates on any path from a leaf to v. For ¢ € [k], let Gy (resp. G—;) be the set of
all polynomials computed by gates in the circuit that have non-skew depth at most ¢ (resp. exactly ¢);
note that |G—y¢| < |G¢| < 's. We also denote by A, the set {(g,7) | ¢ € Gy and (g, j) is f-admissible}.
Finally, we define V; by

Ve=A{ Z g % ng | ng € F(X) homogeneous of degree exactly (Dy — deg(g))}
(97])6145

Note that V, C F(X) is a vector space over F.
Our proof proceeds in two steps:

1. We first show that for each ¢ € [0, k], the polynomial f can be decomposed as f = p;+ e, where
pe € Vi and ey is such that rel-rank(ey, IIx) is small. The proof is by downward induction on £.

2. We then show that rel-rank(pg, I1) is small for each py € Vj. Along with the above decompo-
sition, this will finish the proof.

We start with 1. above. Formally, we prove that there are absolute constants a, 5 > 0 such that
for each ¢ € [0, k], the polynomial f can be written as

f=pe+ep (10)
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where py € V; and ey € F(X) is homogeneous of degree Dy and satisfies
rel-rank(eg, I;) < (sDy)® - (k — £) - n =P, (11)

The proof is by downward induction on ¢. We will choose «, 3 so that they satisfy some
constraints that come up during the course of the proof. The base case when ¢ = k is trivial, since

we can choose pp = f € Vi and e to be the zero polynomial. Both and are thus satisfied
for any choice of «, 5.

Now for the induction case. Say that ¢ € [0,k — 1]. By the induction hypothesis we have
f = pey1 + ep1, where priy € Vegr and rel-rank(egyq, 1) < (sDg)® - (k — £ — 1) -n~P%. By the
definition of V41, we know that

Pei= Y. gx;H!

(9,)EAp41
= > gx;HI+ D> gx;HY (12)
(g,j)EA;H_l (9,5)€A,

/
Por1€Ve

where Ay, = Ag1 \ Ae = {(g,7) | (9,7) is £ + 1-admissible and g € G4 1}. (Here, we have used
the fact that if (g, 7) is (¢ 4+ 1)-admissible and g € Gy, then (g, j) is also ¢-admissible.)

As noted above, the terms corresponding to (g,j) € A, already sum to a polynomial pj, 11 €Ve
To prove the induction statement 1' it therefore suffices to decompose each polynomial g x; H JQ
where (g,7) € A +1- To do this, we need the following claim, whose proof is deferred:

Claim 20. Fiz any ¢ € [k]. Also fix any g € G=¢ of degree d; € [Dy, Dy], any homogeneous
polynomial H € F(X) of degree Dy, —dg, and j such that (g, j) is {-admissible. Then, the polynomial
g xj H can be decomposed as

gx;H=p+e

where p € Vy_1 and e € F(X) is homogeneous of degree Dy, and satisfies rel-rank(e, II},) < (sDjy)0™)-
—(do)
n .

Applying the above claim (with ¢ replaced by £+ 1) to each pair (g,7) € Aj,, from the right
hand side of , we obtain for each such (g, 7) that

0 HY =+ ]

where p? € V; and rel—rank(e?,l'[k) < (sDy)?1 - n~ A1 for suitably large a; > 0 and small 8 > 0.
Substituting in , we get

Per1 = Poyy + Z P?‘F Z 6?-
(97.7)EA2+1 (gaj)eA/[+1

!
Pe €y
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Note that p, € V; (since V} is a vector space). Also, as |4}, ;| < (sDy), we have rel-rank(ejy, ITy,) <
(sDy)1 1. p=Fido < (D) - =B for o > oy + 1 and B < By.

Setting py as above and e; = eg11 + €}, we have the required decomposition. The inequality
follows since rel-rank (e, II;) < rel-rank(eg;1,IIj) + rel-rank(ej, ITj). This finishes the proof of the
induction.

Thus, for £ = 0, we have

f=mpo+eo

for some pg € Vo and rel-rank(eg,Ilg) < k- (sDg)® - n 8% < (sDy)*t! - n=Bd%, To bound
rel-rank( f, IIx), we only need to bound rel-rank(pg, IIx). Since py € Vp, we have

po= > gx;H! (13)
(97])6140

To analyze rel-rank(pg, I1;), we will need the following claim, the proof of which is also deferred:
Claim 21. Assume that h € F(X) of degree dj, € [Dy, D] is computed by a homogeneous skew

circuit of size si.

(a) Let 11, = (Ys, Zn) be any partition of [dp] such that (h,I1}) is 0-good. Then rel-rank(h,II;) <

(b) Let H € F(X) be a homogeneous polynomial of degree dy = Dy — dy,. Given j € [0,dg] is such
that (h,7) is 0-admissible, we have rel-rank(h x ; H,II}) < (s1Dj,)01) . n=do),

Fix (g,7) € Ap and consider the polynomial g X; ng in the right hand side of . By
Claim [21] and using the fact that g is computable by a skew circuit of size at most s, we know that
rel-rank(g X ng,Hk) < (sDy)°W . n=2do) . Thus, we have

rel-rank(f, ;) < rel-rank(pg, I;) + rel-rank(eg, ITj)

Z rel-rank(g x; HY,II;) + rel-rank(eo, ITx )
(gzj)EAO
< (SDk)O(l) .~ $2(do)

IN

which finishes the proof of the lemma. O

It remains to prove the two claims used in the proof of Lemma We prove Claim [21] first and
then Claim R0l

Proof of Claim[21. We first prove Part (a) of the claim. Since (h,II;) is 0-good, we have sgn(Ilj,) =
(a,2dp) o (do, 2do) *" o (b, ¢), for a > 3dy,” > 0 and b, ¢ such that either ¢ = 0 and b € [dy] or b = dy
and ¢ € [2dy — 1].
We need to show that
rel-rank(h, IT;) < (s51.D5,)00) . = $Hdo), (14)

We divide the analysis into the following cases (see also Figure .
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Figure 12: Cases from Claim

e ¢ =0and b > dy/2: In this case, we can apply Lemma |[10| with d; = 3dy and d2 = dyp/2 to get
)

e ¢ =0and b < dyp/2: In this case, we apply Lemma [15| with di = dy/2, da = do, {1 = 5do/2,
and ¢o = b+ 2dy < 5d0/2. Note that Y D [3d0] U [d— b—3dy+1,d—b— 2d0] = [dl +£1] U
[d —dy — lo+ 1,d — l3] and hence Lemma |15 implies .

e b = dy and ¢ > 0: We apply Lemma with parameters di = do = dy, {1 = 2dp, and
Uy = ¢ < 2dp, which gives (14)).

Part (b) of the claim follows from Part (a) as follows. Let Y}, := Collapse(YiN[j+1,7+dp],[j +
1,7 +dn)), Zp, := [dp] \ Yn, and 1T, := (Y}, Z3). Since (h, j) is 0-admissible, we know that (h,1I;) is
0-good. By Corollary [7] we have

rel-rank(h x; H,II;) < rel-rank(h, II;) < (51 D)0 . o)
where the last inequality follows from Part 1. O

Proof of Claim[20. Let Y, := Collapse(YiN[j+1,j+dgl,[j+1,7+dy]). Also define Z, := [dy4]\ Y,
and I, := (Y, Z,). Since (g, j) is f~admissible, we know that (g,II,) is £-good.

Figure 13: The partition II, (above) and the relation between II, and II,_; (below)

To do this, consider the subcircuit Cy of C' that computes g. Since g is at non-skew depth /,
we may assume that C; has non-skew depth £ also by removing gates at larger non-skew depths.
Recall that C' and hence C, has size at most s.
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By applying Lemma [13]| to the polynomial g, we can see that

9= Y. GiXmhim+ho

1€t me[0,dg—d;]

where g1, ..., g; are the polynomials computed by the top-most non-skew gates in Cy and d; = deg(g;).
Further, each of the h;,, and hg have skew circuits of size at most sd, < sDj. Thus, we have

ngH:ZZ(gi thi,m) XjH—l-h(] XjH (15)

v J,m

We argue that polynomial on the right hand side of either belongs to V,_1 or has relative rank
at most (sDk)O(l) -n o) wrt. V. Since Vy_q is a vector space and rel-rank(-, IIx) is subadditive,
this will complete the proof.

We consider first the polynomial hg x; H. Note that (hg, j) is f-admissible — since (g, j) is —
and hence it is also 0-admissible. Moreover, hq is computable by a skew circuit of size at most sDy,.
Hence, by Claim [2I] we have

vel-rank(hg x; H,TI;) < (sDy,)0W) . = %(do), (16)

which completes the analysis of this term.

Now consider any polynomial g; ., = (gi Xm him) X; H appearing in . For notational
simplicity, we let dj := d; = deg(g;) and d}, := deg(him) = dy — d;. We will show that either
¢i;m € Vi—1 or rel-rank(g; m, IIx) is small; to prove the latter, we will use the following inequalities
which follow from Lemma [6] and Corollary [7}

rel-rank(gim, Iy) < rel-rank(g; Xum him, IIy) < min{rel-rank(g;, IT} ), rel-rank (A m, IT},) }

S m1n{n7(|Yg/|’|Z§|)7n*(\y;§|*|Zﬂ|)} (17)

where II{ = (Y, Z;) and IT), = (Y}, Z})) are the natural restrictions of I, to g; and h; ,, respectively.
That is, Y, := Collapse(Y, N [m + 1,m + d;], [m + 1,m + dj]), Y; := Collapse(Y, \ [m + 1,m +
dgl, [dg] \ [m +1,m +d}]), and Zj, and Zj denote [d;] \ Y} and [d;m] \ Z, respectively.

Since (g,II,) is ¢-good, we know that d; > D, and, furthermore, we have sgn(Ily) = (a, 2dy) o
(do, 2do) 37 o (b, ¢) where a > 3(¢ + 1)dg,r > 0 and b, ¢ such that either ¢ = 0 and b € [dg] or
b=dyand ce [Qdo — 1]

The upper bound on rel-rank(g; ,,, I1;) is based on a case analysis.

L. m < 5dp/2 and dy —m — d;, < b+ c+ 3rdy + 9do: In this case sgn(Il;) = (ay,2dp) o
(do, 2d0)' T3~V o o, where a; > (3¢ + 1/2)dy and o is some signature: in particular, dy >
Dy_1 + dp/2. In what follows, we will argue that either g; has low relative rank w.r.t. H’g or
qim € Vi—1.

Since g; is computed by a top-most non-skew gate in the circuit C,, we can write g; = g;1 - gi 2
where g;1 and g;2 are homogeneous polynomials computed by homogeneous circuits of
size at most s and non-skew depth at most £ — 1. Let e; and ey = d’g — e1 denote the
degrees of g;1 and g; o respectively. Let II{ ; = (Y, ,,Z; ;) and II; ; = (Y] ;,Z; ) be the
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induced partitions on g;1 and g; 2 respectively: i.e., Y ; = Collapse(Y; N [e1], [e1]) and
g'72 = Collapse(Yg’ Nler + 1, d;], le1 +1,d,]).

Our analysis is further divided into two cases depending on ey:

(i) e1 < do/2: In this case, we see that ez = dy

—e1 > Dyq and also sgn(Il} ,) = om:
’ (

— €,2dp)

(ag—¢',2do)o(dy, 2dg) 3= Doo. Hence, (i, IT} 5) is ((—1)-good. Thus, the polynomial Hould be

¢i,m — which by Fact [2| can be written as g; 2 X, Ha for some homogeneous polynomial
Hs of degree D, — d;,Q and some jo — belongs to Vy_1 and hence we are done.

(i) e1 > do/2: 1f sgn(Il 1) = (ag, 2do) o (do, 2do) ' T3¢=1) o ¢’ for some signature o', then as

in the previous case, we have ¢;,, = ¢;1 X, H; for some suitable H; and jq, and hence
Gi;m € Vi-1.
Otherwise, we can use the fact that sgn(II} ;) must be a prefix of (ag, 2dg)o(do, 2do)
and using the fact that [sgn(TI ;)| = e1 > do/2, we see that |V, ;| —[Z] ;| > do/2 and
therefore, we have rel—rank(gm,ﬂg’l) < n~Yaal=1Z51D) < 5 =9(do) By Lemma @ the
same bound holds for rel-rank(g; m, ;) as well.

1+3(k—1)

m < 5do/2 gi dg —m —d,

Figure 14: The subcases in Case 1: The first figure represents Case 1(i), and the second and third
represent Case 1(ii).

2. m < 5do/2 but dy —m —dy > b+ c+3rdy+3dp: In this case, it can be checked that sgn(I1,) is
a prefix of (ag,2dg) o (dp, 2d) 3= for some a, > (3¢ +1/2)dy. We analyze in two different
ways depending on whether d’g is reasonably large or not.

(i) d, > do/2: In this case, it follows that no matter what exactly sgn(I,) is, we will always
have ]Yg’\ — \Zé\ > dy/2 and hence by , we have rel-rank(g; X, hi’m,l'[;) < p~$(do)
(ii) dy < do/2: In this case, it can be checked that dj, > Dy 1 and (h,sgn(II},)) is (¢ — 1,d},)-
good and hence also (0, d},)-good. Thus, we have
rel-rank(g; m, IIy) = rel-rank((g; Xm him) x; H, 1) = rel-rank(g; X jm (him x; H), 1)
< rel-rank(fym, IT,) < (D)0 . p=$Hdo)
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where the second equality uses Fact [2, the first inequality uses two applications of
Corollary [7, and the last inequality follows from Part 1 of Claim

Figure 15: The subcases in Case 2: Case 2(i) above and Case 2(ii) below.

3. m € [5do/2,a): In this case, we show that rel-rank(h; ,, IT}) < (sDy)() . n=%d0) By ,
the same upper bound holds for rel-rank(g; n,, ).

(i) dg —d, —m < (5/2 — 1/8)dp: In this case, we have |Y;| > m > 5do/2 and |Z;| <
dg—dy—m < (5/2—1/8)dp. Thus, we have |Y}|—|Z}| > do/8 and hence by Corollary
rel-rank(h; s, I1},) < n=). So, from now on, we assume that dg—dy—m > (5/2—1/8)dy.
In particular, dj, > m + (5/2 — 1/8)dy > (5 — 1/8)dp.

(i) ¢=0and b < dp/4: In this case, it can be checked that Y}, D [5dy/2] U [d}, — b — 2dy —
do/8+1,dj, — b — 2dp]. We apply Lemma |15 with parameters ¢; = (5/2 — 1/4)dy, d1 =
do/4,02 = 2dy + b < £1, and da = do/8 to get rel-rank(h s, IT},) < (sDy,)OW) . n=Hdo),

(iii) ¢ =0and b > dy/4: In this case, it can be checked that Y} D [do/4|U[d}, —do/4+1,d}], and
hence Lemma [10| implies that rel-rank(h; m, IT}) < (s(d},)?) - n=Hdo) < (sDy,)? - n=$Udo),

(iv) b = dop and ¢ € [2dp — 1]: In this case, we apply Lemma [15| with parameters ¢;

(2 + 1/4)d0,d1 = d0/4,€2 =c < 2d0 < £1,d2 =b = do to get rel—rank(hi,m,ﬂg) <
(S_D)O(l) . n_Q(dO)'

4. m > a: Here again we show that rel-rank(h;,,II}) < (sDy,)OW) . p=$%do)  Consider the
partition II} = (a1, a2,...,a,). Each a; (¢t € [r]) corresponds to a segment of the partition II,.
Observe that a1 = a > 6dy (see Figure .

We will be interested in finding the largest ¢t € [r] to be the largest odd integer such that
a; > dop/4; denote this t by tg (note that ¢y may even be 1); in other words, ¢y indexes
the right most Y segment that has length at least dp/4. Let A = Zp>p0 at. To show that
rel-rank(h; m, II},) is small, we apply Lemma with parameters {1 = 5dy, d; = dy = dp/4, and
ly = A. Tt can be checked by a further small case analysis that irrespective of the exact value
of m, d’g, b and ¢, we always have A < 5dy and hence Lemma [15|is applicable. The lemma
gives us rel-rank(h; ,, T, ) < (sDy)0W) - n=Hd0) " as required.

O]

The main lower bound for non-commutative circuits of small non-skew depth follows.
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i < (5/2 — 1/8)do 7

g . : bad
a b§d0/4<-/

N

~v

m : gi

Figure 17: Case 4

Theorem 22 (Lower bound for circuits of non-skew depth k). Let k,d € N be any parameters
such that (8k + 12)|d and 64|(d/k). There is a homogeneous polynomial f € F(X) of degree d such
that f is computable by a homogeneous circuit of size O(nd) with O(k) non-skew gates but any
non-commutative circuit of skew depth at most k computing f must have size at least Q(nﬂ(d/k)),
where the Q(-) hides poly(d) factors.

Proof. We let f = fi as defined above with dy := d/(8k + 12) (and hence deg(fi) = Dy = d).
By Lemma we know that f is computable by a homogeneous circuit of size O(nd) with O(k)
non-skew gates. Moreover, rel-rank(f,II;) = 1, where Il = (Yj, Zx) is the partition defined in
Section [6.3

Let C' be any non-commutative circuit of non-skew depth at most & computing f and let
s denote the size of C. By Lemma |5, we know that there is also a homogeneous circuit C’ of
non-skew depth at most k and size at most sd®®) computing f. Thus, Lemma implies that
rel-rank(f,II;,) < (sd)®Mn o) = (sd)OMp=Ad/k) = Ag vel-rank(f,II;) = 1, we have the required
lower bound on s. O
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7 Lower bound for the determinant and permanent

Nisan’s lower bounds from [I4] held not only for the palindrome polynomial seen above, but also
for the permanent and the determinant polynomials, because it is easy to see that their partial
derivative matrices have high rank. In our case, we could also try to study the rank of the permanent
or the determinant, using our version of the partial derivative matrix. However it is simpler to use
the fact that the permanent and determinant can easily express the palindrome polynomial.
Recall the definitions of the non-commutative (Cayley) determinant and permanent of an n x n
matrix of variables X = (X ;); jen):
det(X) = > sgn(0) X151y - Xoo()* Xnom)  Per(X) = > X150y Xoo@) Xnowm)
€Sy o€Sh

That is, we just take the commutative determinant and permanent and make it non-commutative
by ordering the variables in each monomial in increasing order of the rows in which they appear.

Lemma 23. Let P; be the 2d x 2d matrix with xo on the diagonal, x1 on the anti-diagonal, and 0
everywhere else. Let Dy be the 2d x 2d matrix with o on the diagonal, x1 on the first d positions
of the anti-diagonal and —x1 on the last d positions of the anti-diagonal. Then PAL;(zo,z1) =
per Py = det Dy.

Proof. The permanent of P; can be obtained by choosing in each row of P; a column index, while
ensuring that each column index is taken only once; multiplying the values obtained; and then
adding the results for all possible choices. Since there are only two non-zero values per row, for
the row ¢ (with 1 <4 < d), we can either choose the index ¢ with value z( or the index 2d + 1 — 1
with value z1. In the first case, the column of index i is now forbidden and therefore for the row
2d+ 1 — i the only available non-zero value is g with the column index 2d + 1 — 4. In the the second
case, the column of index 2d + 1 — ¢ is now forbidden and therefore for the row 2d + 1 — ¢ the only
available non-zero value is 1 with column index 3.

For the determinant, note that the above reasoning shows that a permutation yielding a non-zero
value is a combination of fixed points (when choosing the value xy at row ¢ in column 7 one must
then choose value z¢ at row 2d + 1 — 4 in column 2d + 1 — i) and transpositions (when choosing the
value z1 at row 2d + 1 — 4 in column ¢ one must then choose value x; at row ¢ in column 2d 4+ 1 — ).
Therefore adding a minus sign to the last d values x1 cancels out the sign of the permutation in the
determinant. O

Corollary 24. Let k,d € N be any parameters such that (8k + 12)|d and 64|(d/k). Any circuit of
non-skew depth k for the permanent or the determinant of an d x d matriz must have size 2°2@/k)

Proof. Let us show the corollary for the permanent only, since the case for the determinant is similar.
We will show that there exists a matrix P such that the permanent of P is f;, where f} is fi but
built with the 2-variable palindrome polynomial (n = 2). We will follow the construction of f; from
the proof of Lemma Lemma [23| shows that there exists a matrix of order dy whose permanent is
PAL,, (z0,71). To get fo from this polynomial, or to go from f,_, to f, we basically need two types
of steps.
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1. Computing the product of two previously obtained polynomials. If we have already built
two matrices M and N whose permanents are f and g respectively, then clearly f - g is the
permanent of the block diagonal matrix with M and N on the diagonal. The order of the
block matrix is the sum of the orders of M and N.

2. Computing a j-product of a previously computed polynomial with a palindrome polynomial.
If we have already built a matrix M whose permanent is the polynomial f, then we can build
a matrix whose permanent is f x4, PALy (%0, 21) by considering the block matrix ( § 1\21 ?)),
where D is the order-dy matrix with xg on the diagonal and A is the order-dy matrix with
on the anti-diagonal (the reasoning is similar to the one in the proof of Lemma . The order
of this matrix is the order of M plus 2dj.

Thus f{) is the permanent of a matrix of order 8dy and going from f;_, to f; increases the size of
the matrix by 12dy (refer once again to the proof of Lemma . The order of the matrix P, whose
permanent is f; is thus d := Dy, = (8 + 12k)dy. By Theorem any circuit of non-skew depth k for
the permanent must have size 22(do) — 20(d/k), ]

8 Full-rank with respect to all partitions

Our lower bound proofs have been based on showing that any arithmetic circuit of non-skew depth
at most k£ cannot compute a polynomial that has large rank w.r.t. some fixed partition II;. We
can agk if this strategy can yield lower bounds for general non-commutative arithmetic circuits
(i.e., with no restrictions on non-skew depth) as well. Our aim in this section is to show that the
answer to this question is possibly no: we show that over any large enough field F and any set of
n variables X, there is a polynomial p € F(X) that has non-commutative arithmetic circuits of
polynomial size, but which furthermore satisfies the property that for all partitions IT = (Y, Z)
with |Y| < |Z|, rel-rank(p, IT) = 1. This shows that we cannot even hope to prove that for any
polynomial p computed by a polynomial-sized non-commutative circuit, there exists some partition
with respect to which p has small rank.

The proof follows closely a very similar construction due to Raz and Yehudayoff from [I§] in the
context of commutative multilinear circuits.

Notation. We first introduce some notation. Given a finite set S of even cardinality, we define
an S-matching to be an unordered partition of S into sets of size two: i.e., M is an S-matching if
M C (g) and the sets in M partition S.

Fix any degree parameter d € N that is even. For any 4, j € [d] with i < j and |[4,j]| =7 —i+1
even, we define a set M, ; of [i, j]-matchings as follows. The set M, ; is defined by induction on
|[¢, 7]|. The base case is when j =i+ 1 and in this case, we set M, ; = {{7,i+ 1}}. In the case that
Jj—i+1=2¢for £ > 1, we define the set M, ; as follows:

M j={MUM | MeM,;y,M € Mjy;forsome j' € {i+1,i+3,....5—2}}
U{M U {{i,j}} | M € Mit15-1}
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Now, fix any A, € F for each e € ([‘21]). Given any set M C ([g]), we denote by Ajs the product
[Iccar Ae- Finally, we define the polynomial p” (where X denotes the tuple (A1 2,...,A¢—1.4)) to be

X)) = 3 Apu(X) (18)
MeM; 4

where pjs is defined as follows.

pM(X): Z T

wen]dw;=w;V{i,j}eM

(Above, Ty = Ty, - - - Ty, as defined in Section ) |Z|

We will show that for any choice of A\. (e € ([g])), the polynomial pX has a non-commutative
circuit of size poly(n,d). On the other hand, if the field I is large enough, then there exists a choice
of Ae (e € ([g])) such that for any partition IT = (Y, Z) with |Y| < |Z|, rank(M[p*, 11]) = n/¥! (i.e.,
rel—ra,nk(px, M) = 1.

The first lemma gives us the circuit upper bound.

Lemma 25. Fiz any field F and d,n € N such that d is even. For any choice of field elements
A €F (e e ([;l])), the polynomial p* has a non-commutative arithmetic circuit of size poly(n, d).

Proof. We first define several intermediate polynomials that are computed in the course of computing
the polynomial p*. For any i, j € [d] such that i < j and £ := j —i + 1 is even, define the polynomial
pf:j to be
P (X) = > Ay-pu(X)
MeM; ;

where pyr, for M € M, ; is defined as

pv(X) = Z Tuo-

wen]fw,_;_1y=wy_;_1)V{s,t}eM

Note that p* is the same as pi g Our circuit for p* computes pf"j for each i, j € [d]. The construction
is increasing order of the parameter /. -

When ¢ = 2 (the smallest value possible), the polynomial is simply pf‘z 11 = Miit1} Qzex TT,
which can be computed by a circuit of size O(n).

Now say we have a circuit C' of size S that computes pg‘i when t — s + 1 < £. To compute pf:j
where j — 1+ 1 = ¢, we use the following simple identity, which follows from the definition of M; ;

X X X by
Pij = Z Py Py | +Aig Z L Pip1,j-2° T
j'efi+1,i+3,...,j—2} zeX

"The reader may find it instructive to note that each polynomial for which we have proved a lower bound so far
has been of the form pys for some [d]-matching M.
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Since each of the polynomials p§j,, pJX, 41,50

C, the additional size required to compute pl’-\’j is O(d 4+ n). We continue this way until we have

anc} p§+17 j—2 have already been computed by the circuit

computed all the pgj.
The total number of pairs i, j is O(d?) and hence the size of the circuit thus constructed is

O(d?(d +n)) = poly(n, d). O

The second lemma tells us that it suffices to consider only balanced partitions (Y, Z): i.e.,
partitions such that |Y| = |Z| = d/2.

Lemma 26. Let d € N be even. Let f € F(X) be any homogeneous polynomial of degree d. If there
is a partition Il = (Y, Z) with |Y'| < |Z| such that rel-rank(f,II) < 1, then for any balanced partition
' =(Y',Z") such that Y' 2'Y, we have rel-rank(f,1I') < 1.

Proof. Consider the matrix M|[f,II']. Each row is labelled by a monomial m of degree |Y’|, which
can be identified with a pair (m’, m”) where m/' is the natural restriction of m to the locations in Y’
and m” is the restriction to the locations in Y\ Y.

Fix any m' and consider all the monomials m that give rise to this particular m”. The resulting
matrix has exactly n/¥! rows and nl4’| columns. Each column is labelled by a monomial m”” of
degree |Z'| and each row by a monomial m’ of degree |Y|. The (m/,m”)th entry of the the matrix
is the coefficient — in the polynomial f — of the monomial m which equals m’ when restricted to
Y, equals m” when restricted to Y\ Y, and equals m”” when restricted to Z’. It is not hard to
check that this matrix is a submatrix of the matrix M|f,II] (obtained by removing some columns).
Since rel-rank(f,II) < 1, we have rank(M[f,11]) < n!Y'l.

Thus, for any fixed m”, the rank of the submatrix obtained as above has rank < nlYl. Since
there are n/Y' =¥l such matrices, the rank of M[f,II'] is strictly less than Y I=IYT g YT = Y7,
Hence, we have rel-rank(f,II') < 1. O

Lemma 27. Let d € N be even and F be any field such that F is either infinite or |F| > d2%¢. Then,

there is a choice of field elements A\e € F (e € ([g])) such that for any balanced partition 11, we have

rel-rank(p*, IT) = 1.
Proof. We fix any finite subset F' C F of size at least d22? + 1 and choose each ). (e € ([g]))

independently and uniformly at random from F. We will show that p*(X) has the required property
with non-zero probability over the choice of the A..

Fix any balanced partition IT = (Y, Z). We say that a [d]-matching M is good for II if, for each
i €Y, there is a j € Z such that {i,5} € M.

We use the following simple fact about the set of matchings M 4.

Fact 28. For any balanced partition II = (Y, Z), there is a matching M € M, 4 that is good for II.

By Fact there is a matching My € M, 4 such that My is good for II. It follows then
from the definition of pas, above that the matrix M [pa,,11] is a permutation matrix and hence
rank (M [pas,, 1]) = n%2. We argue that, with high probability over the choice of X, this is true of

the polynomial p* as well.
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In order to do this, we consider det(M [p*,TI]). By the definition of pX, we have

MM = Y AvMpn, T = Ay Mpagy, T+ D AnvM[py, 0]
NeEMy 4 NeMy \{Mo}

Since M|[pn,II] is a 0-1 matrix for each N, we see that det(M [pX, I1]) is a polynomial in A,
(e € ([g])) of degree at most d2¢. We claim that this polynomial is in fact non-zero: to see this, note
that if we substitute A, = 1 for e € My and 0 for e ¢ M; in the above expression for M [px, I1], we
obtain the matrix M[pyy,,I1]; hence, under this substitution, the polynomial det(M [pX, I1]) takes
the value det(M [pas,, II]) which is non-zero since My is a permutation matrix. We have thus shown

that det(M[p*,I]) is a non-zero polynomial in A, (e € ([g})). Since the degree of this polynomial is
at most d2¢, for A, uniformly randomly chosen from F, we have by the Schwartz-Zippel lemma [20]

d2¢ 1

er[det(M[p/\,H]) =0] < 7] <5

since |F| > d22?. Union bounding over the ( d¢/12) < 2% choices for II, we see that with probability

greater than 0 over the choice of X, we have det(M[p*,11]) # 0 for each balanced partition IT and
hence, rel-rank(p*,IT) = 1 for every balanced partition II. O

Theorem 29. Let d € N be even and F be any field such that F is either infinite or |F| > d22?. Let
X be any set of n variables. Then, there is a homogeneous polynomial p € F(X) of degree d such
that p has a circuit of size poly(n,d) but given any partition Il = (Y, Z) such that |Y| < |Z|, we
have rel-rank(p,II) = 1.

Proof. Follows directly from Lemmas and O
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