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Abstract

We show that it is quasi-NP-hard to color 2-colorable 8-uniform hypergraphs with
9(log N)!/8 e colors, where IV is the number of vertices. There has been much focus
on hardness of hypergraph coloring recently. In [17], Guruswami, Hastad, Harsha,

Srinivasan and Varma showed that it is quasi-NP-hard to color 2-colorable 8-uniform

hypergraphs with 92 VIEE ) olors. Their result is obtained by composing stan-
dard LABEL-COVER with an inner-verifier based on LOW-DEGREE-LONG-CODE, us-
ing Reed-Muller code testing results by Dinur and Guruswami [12]. Using a different
approach in [30], Khot and Saket constructed a new variant of LABEL-COVER, and
composed it with QUADRATIC-CODE to show quasi-NP-hardness of coloring 2-colorable
12-uniform hypergraphs with 206N colors, for some ¢ around 1 /20. Their construc-
tion of LABEL-COVER is based on a new notion of superposition complexity for CSP
instances. The composition with inner-verifier was subsequently improved by Varma,
giving the same hardness result for 8-uniform hypergraphs [39].

Our construction uses both QUADRATIC-CODE and LOW-DEGREE-LONG-CODE,
and builds upon the work by Khot and Saket. We present a different approach to
construct CSP instances with superposition hardness by observing that when the
number of assignments is odd, satisfying a constraint in superposition is the same as
odd-covering a constraint. We employ LOW-DEGREE-LONG-CODE in order to keep
the construction efficient. In the analysis, we also adapt and generalize one of the key
theorems by Dinur and Guruswami [12] in the context of analyzing probabilistically
checkable proof systems.

1 Introduction

For an integer k > 2, a k-uniform hypergraph H = (V| F') consists of vertex set V' and edge
set F' C (‘,g) A set of vertices S C V is an independent set if for all f € F', f € S, i.e., no
edge is completely inside S. A hypergraph is g-colorable if its vertices can be partitioned
into ¢ disjoint independent sets.

Coloring a graph or a hypergraph using few colors is a classical combinatorial opti-
mization problem, and is one of the most well-studied problems in theoretical computer
science. It is also closely related to other problems such as finding maximum independent
sets, PCPs with certain special properties, and also inapproximability of constraint satis-
faction problems. In addition to being an important theoretical challenge, graph coloring
also has a number of applications such as scheduling and register allocation.

We use a(H) to denote the fractional size of the maximum cardinality independent set
of H, also known as the fractional independence number, and we use x(H) to denote the
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minimum ¢ such that H is g-colorable. It is easy to verify that we have x(H)«(H) > 1 for
any H.

In the ordinary graph case, corresponding to k = 2, deciding whether a graph G has a
2-coloring is the same as deciding whether it is a bipartite graph, and can be easily solved
in polynomial time. In general, however, determining the chromatic number of a graph
exactly is NP-hard [16]. In fact, even coloring 3-colorable graphs with 4 colors is NP-hard.
For general g-colorable graphs, it is NP-hard to color with ¢ 4 2|4| — 1 colors [27, 19)].
For sufficiently large ¢, it was shown that it is NP-hard to color a g-colorable graph with
22a"*) colors [22], improving on an earlier lower-bound of quf) 1984 1y Khot [28]. Assuming
a variant of Khot’s 2-to-1 Conjecture, Dinur, Mossel and Regev [13] proved that it is NP-
hard to ¢’-color a g-colorable graph for any 3 < q < ¢’. The dependency between the
hardness of graph coloring and the parameters of 2-to-1 LABEL-COVER was made explicit
and improved by Dinur and Shinkar [15], who showed that it is NP-hard to (logn)-color
a 4-colorable graph for some constant ¢ > 0 assuming the 2-to-1 Conjecture. As for
algorithms, there have been many results as well [40, 8, 24, 9]. For 3-colorable graphs, the
best algorithm is by Kawarabayashi and Thorup [26] which uses O(n%199%) colors, based
on results by Arora and Chlamtac [3], Chlamtac [11] and the earlier work of Kawarabayashi
and Thorup [25]. As we can see, there is still a huge gap between the best approximation
guarantee and the best hardness result.

For k > 3, even determining whether a k-uniform hypergraph has a 2-coloring is NP-
hard. In terms of approximation algorithms, the best algorithm for 2-colorable 3-uniform
hypergraphs still requires n*Y) colors [34, 1, 10].

From the hardness side, the first super-constant hardness result was proved in [18]. The
main result there is that for 2-colorable 4-uniform hypergraphs, finding a coloring with any
constant number of colors is NP-hard, and finding a coloring with O(loglogn/logloglogn)
colors is quasi-NP-hard. For 2-colorable 3-uniform hypergraphs, a similar hardness result
was proved in [14]. Khot [29] proved that coloring 3-colorable 3-uniform hypergraphs
with any constant number of colors is hard, and for g-colorable 4-uniform hypergraphs,
coloring with (logn)® colors is quasi-NP-hard for ¢ > 7. The analysis in [18] was
improved by Holmerin, who proved that even finding an independent set of fractional size
Q(logloglogn/loglogn) is quasi-NP-hard [21]. The construction was further improved
recently by Saket [38], who proved that it is quasi-NP-hard to find independent set of size
n/(logn)®Y) in 2-colorable 4-uniform hypergraphs [38]. There has also been work on the
hardness of finding independent sets in almost 2-colorable hypergraphs — hypergraphs
that becomes 2-colorable after removing a small fraction of vertices. Much stronger result
is known, albeit at the cost of imperfect completeness. We refer to [32] for more details.

Recently, in [17], Guruswami, Harsha, Héastad, Srinivasan and Varma proved the first
super-polylogarithmic hardness result for hypergraph coloring, showing hardness for col-

oring 2-colorable 8-uniform hypergraphs with 92 VIeEloE ) o ors. Their reduction uses the
Low-DEGREE-LONG-CODE proposed in [7], based on techniques for testing Reed-Muller
codes developed in [12].

Using a very different approach, Khot and Saket gave another exponential improvement
in [30], showing a quasi-NP-hardness for coloring 2-colorable 12-uniform hypergraphs with
exp((logn)®™M) colors, where the constant in (1) is around 1/20, although it might
be improved with a more careful analysis of their reduction. Part of their analysis was
subsequently simplified by Varma in [39] using ideas from [17].

In this work, we give another improvement for hardness of hypergraph coloring. Our
main result is as follows.

Theorem 1.1. It is quasi-NP-hard to color a 2-colorable 8-uniform hypergraph of size N



. 1/8—o0(1
with 2(ogN) /8o colors.

1.1 Proof Overview

We start by describing the PCP reduction of proving hypergraph coloring hardness used
in many previous works. Most of these results show hardness of finding an independent set
of large fractional size. We can view the output of these reductions as NOTALLEQUALy
CSP instances. The variables correspond to the vertices of a hypergraph, and the No-
TALLEQUAL constraints correspond to the hyperedges. Note that for hypergraph coloring
results, all variables appear positively in such instances and no negations are allowed. An
assignment that satisfies all the NOTALLEQUALj constraints thus gives a perfect 2-coloring
for the hypergraph. In the other direction, a set of vertices in the hypergraph naturally
corresponds to a {0,1} assignment to the variables in the NOTALLEQUAL;, instance, and
the vertices form an independent set if for all constraints in the NOTALLEQUALy, instances,
there is at least 1 variable that is assigned O.

The starting point of the reduction is usually some LABEL-COVER hardness. We then
encode the supposed labeling for the LABEL-COVER instance with some coding scheme,
and design a PCP to test the consistency of the labeling.

One classical choice of encoding is the LONG-CODE, which encodes m bits of informa-
tion with 22" bits. This huge blowup makes it impossible to prove hardness results better
than polylogn via the LABEL-COVER plus LONG-CODE approach.

A much more efficient encoding is the Hadamard code, which only uses 2" bits to
encode m bits of information. However, the disadvantage of the Hadamard code is that
one can only enforce linear constraints on the codewords, which means that we can only
start from hard problems involving only linear constraints, and as a result, we lose perfect
completeness and can only prove results about almost coloring.

The Low-DEGREE-LONG-CODE proposed in [7] lies somewhere between LONG-CODE
and Hadamard code. We can view Hadamard code as encoding m bits by writing down the
evaluation of all m-variable functions of degree at most 1 on these m bits, and LONG-CODE
as writing down the evaluation of all possible m-variable functions — that is, degree up
to m — on these m bits. LOW-DEGREE-LONG-CODE has a parameter d, the degree, and
the encoding writes down the evaluation of all polynomials of degree at most d. Dinur
and Guruswami [12] obtained hardness result for a variant of hypergraph coloring based
on LOW-DEGREE-LONG-CODE, and the techniques were soon adapted in [17] to get a

hardness result of 22°V'*"#™

The aforementioned result by Khot and Saket [30] uses QUADRATIC-CODE, which is
the same as LOW-DEGREE-LONG-CODE with d = 2. Their construction, however, is
completely different from that in [17].

One can view the QUADRATIC-CODE used in [30] as the Hadamard encoding of matrix
M that is symmetric and has rank 1, that is, there exists some v € F5' such that M =
u ® u. Khot and Saket described a 6-query test such that if some encoding function
[ FX™ — Fy passes the test with non-trivial probability, then we can decode it into a
low rank matrix.

In order to use this encoding, it seems natural that one would like to construct some
variant of LABEL-COVER where the labels are now matrices, with some linear constraints
on the entries of the matrices (since as discussed above we are using Hadamard code
to encode the matrices). In the completeness case, we would like to have some matrix
labelings of rank 1 that satisfies all linear constraints on the vertices as well as projection
constraints on the edges, and in the soundness case, not even labelings with low rank



matrices can satisfy more than a small fraction of them.

Such LABEL-COVER hardness result is not readily available. Khot and Saket proposed
the notion of superposition complezity for quadratic equations. Briefly speaking, let ¢(z) =
c+ 3%y Citi + Y o1<icj<m CijTiTj = 0 be a quadratic equation on m Fa-variables. We say

that t assignments aW, ... ) e F3* satisfy the equation g(x) = 0 in superposition if
S (= SOR0)
c—i—Zci(Zai >+ Z Cij (Zai aj>:0.
i=1 1=1 1<i<j<m =1

If we have a system of quadratic equations, then we say that ¢ assignments satisfy the
system of quadratic equations in superposition if each quadratic equation is satisfied in
superposition. Having a small number of assignments satisfying quadratic constraints in
superposition is exactly the same as having a symmetric low-rank matrix satisfying the
linearized version of the constraints, as we discuss in more detail in Section 2.

Through a remarkable chain of reductions, Khot and Saket established the inapprox-
imability of quadratic equations with superposition complexity, as well as the actual con-
struction of the LABEL-COVER with matrix labels. They started with superposition hard-
ness for E3-SAT with gap of 1/n, and use low-degree testing and sum-check protocol like
in the original proof of the PCP theorem [4, 5] to achieve a superposition hardness result
for systems of quadratic equations with good soundness and moderate blowup in size.
This is then followed by a Point versus Ruled Surface test which produces the actual
LABEL-COVER instance.

The main contribution of this work is a much simpler and more efficient construction
of both systems of quadratic equations with superposition and approximation hardness.
This is then coupled with a slight variant of the Point versus Ruled Surface test used by
Khot and Saket to obtain hardness for LABEL-COVER with matrix labels.

Let ¢ be some odd natural number. A set of ¢ assignments odd-covers an equation
(or more generally, a constraint) if the number of assignments that satisfy the equation is
odd. We show in Section 2 that the notion of odd-covering is equivalent to satisfaction
in superposition when the number of assignments is odd. This viewpoint enables us to
construct the kind of LABEL-COVER instance used in [30] very easily. In fact, the reduction
in Section 3 looks very much like a classical CSP inapproximability proof.

Although simpler, the above observation alone is not sufficient to give us a hardness
result better than [30]. The issue here is that for the reduction in Section 3 to work for
our choice of parameters, the soundness of the LABEL-COVER that we start with needs
to be sub-constant, and a typical LONG-CODE reduction will again blow up the size of
the instance by too much. Hence, for this step, we employ LOW-DEGREE-LONG-CODE.
Our technical contribution here is Theorem 2.27, a generalization of the Reed-Muller code
testing result of [12].

2 Preliminaries

Before we discuss the relation between superposition, odd-covering and low rank matrices,
we define an operation on vectors and matrices that we will use frequently.

Definition 2.1. Define D1 : Fg”“ — F5 as the operator that removes the first coordinate
of a vector. Define Dy similarly for matrices as the operator that removes the first row
and column of a given matrix.



2.1 Superposition and Odd-Covering

Khot and Saket [30] defined the notion of satisfying in superposition as follows.

Definition 2.2 (Superposition). Let aV),---  a®) € FJ* be t assignments and q(z) = 0 be
a quadratic equation in m Fo-variables with

=c+ Z cx; + Z CijTiTj .

1<i<j<m

We say that the t assignments satisfy the equation q(z) = 0 in superposition if

c—l—ch (Za ) + Z C (Zal) (l>
i=1 1<i<j<m

Definition 2.3. Given a system of quadratic equations {q;(x) = 0}-, on wvariables
X1, "+ ,Tm, Its superposition complexity is the minimum number t, if it exists, such
that there are t assignments oV, --.  a® ¢ F5' that satisfy each equation q;(z) = 0 in
superposition.

We define the odd superposition complexity (or even superposition complexity) to be
the minimum odd integert (or even integert, respectively) such that there are t assignments
that satisfy all equations in superposition.

Note that by simply adding all 0 assignments, we can argue that the above three notions
of superposition complexity differ by at most 1.

We now explain the relation between superposition complexity of quadratic equations
and low rank matrices. Assume for simplicity of exposition that the quadratic equation
g(z) = 0 as defined above is homogeneous, that is, the constant term ¢ and the linear
coefficients ¢; are all 0.

We can express a homogeneous quadratic equation ¢(z) = 0 with a matrix by defining
C e F3™"™, where Cjj = ¢;j for 1 < i < j < m, and C;; = 0 otherwise. Let x =
(1 T3 --- x). Then g(z) = 0 is the same as (C,z ® x) = 27 Cz = 0, where (-, -) denotes
the entry-wise dot product of two matrices. Note that x ® x is a symmetric rank-1 matrix.

Suppose now that we have a symmetric matrix A such that (C, A) = 0. For a fixed
C, this is a linear constraint on the entries of A. If in addition A has rank 1, then there
exists x4, such that A = x, ® z,, and by the above, we have that xz, satisfies ¢(x,) = 0.
Therefore, if A is a symmetric rank 1 matrix and (C, A) = 0, then A encodes an assignment
that satisfies the quadratic equation g(x) = 0.

The following decomposition lemma from [30] illustrates the situation when A has low
rank.

Lemma 2.4. Let A € FI¥™ be a symmetric matriz of rank k over Fy. Then there exists
[ <3k/2 and vectors vy,--- ,v; in the column space of A, such that A = Zézl v; & ;.

Let A be a low rank matrix such that (C, A) = 0 and vy, --- ,v; be | < 3k/2 assignments
given by Lemma 2.4. Then

l
0= <O,A> = Z<C, vt®vt>

t=1

l
=D D vy

t=11<i<j<m

l
= D G vty

1<i<j<m  t=1



Therefore we have that vy, - -, v; satisfy ¢(x) = 0 in superposition.
The notion we will now consider is the following, which we call odd-covering.

Definition 2.5 (Odd-covering). Let a®V),---  a® € F* be t assignments and q(z) = 0 be
a quadratic equation in m Fe-variables as defined above. We say that the t assignments
odd-cover the equation q(z) = 0 if the number of assignments a!) that satisfies q(a'V) =0
is odd.

The key observation is that odd-covering and satisfying in superposition are equivalent
when the number of assignments involved is odd.

Lemma 2.6. Lett be an odd integer and a® ... ) e F3 be t assignments, and g(x) = 0
be a quadratic equation in m Fo-variables as defined above. Then the t assignments satisfy
q(z) = 0 in superposition if and only if the t assignments odd-cover q(x) = 0.

Proof. Using the fact that ¢ is odd, we have the following

t t m
Zq(a(l)) = Z c+ Zciagl) + Z cijaz(l)ay)
=1 =1 i=1 1<i<j<m
t m t
=t-c+ Z Z ciagl) + Z Z cijal(-l)ag-l)
I=1i=1 I=11<i<j<m
m t
=c+ Ci (Z al(l)> + Z Cij (Z al(l)a§l)> .
i=1 =1 1<i<j<m =1

Now observe that the ¢ assignments odd-cover g(x) = 0 if and only if the number of
assignments that does not satisfy ¢(z) = 0 is even, which is equivalent to saying that
the left hand side of the above equation is 0, and that by definition means that the ¢
assignments satisfy ¢(x) = 0 in superposition. O

In the description above, we assumed that the quadratic equation ¢(z) = 0 is ho-
mogeneous, which allows us to encode it with a matrix C € FJ”™ and express the
whole equation as (C,A) = 0, where A = z ® x. For quadratic equations that are
not homogeneous, we encode them with a (m + 1) x (m + 1) matrix. In particular, for
q(x) = ¢+ X i + Y ¢z = 0, we have matrix C, where C11 = ¢, C1; = ¢;—1 for
i=2,---,m+1,and C;; = ¢;—1 j—1 for 2 <1 < j <m+ 1. As for the variable vector, we
add to = an entry that is always 1.

Definition 2.7. Given a matriz A € Fgmﬂ)x(mﬂ). We say that A is pseudo-quadratic if
the following holds:

o A is symmetric.
e A1 =1
e Foralli=2,--- ,m+1, Ay, = Aix = A;;.

Note that for vector v € IF;”'H such that v; = 1, v ® v is a pseudo-quadratic rank-1
matrix.

We prove a stronger form of Lemma 2.4 for pseudo-quadratic matrices where we decode
a low rank pseudo-quadratic matrix into an odd number of assignments.



Lemma 2.8. Let A € Fgm+1)x(m+1) be a pseudo-quadratic matriz of rank k over Fo. Then
there exists an odd integer ko < 3k/2+1, and vectors vy, --- ,vg, € Fg”“, such that for all
i€ lkol,vi1r=1, and A= 21‘21 v; ®v;. Moreover, for all i € [ko|, D1(v;) is in the column
space of Dy(A).

Proof. Let A’ = Dy(A). Note that A’ is symmetric and has rank at most k. Therefore by
Lemma 2.4, there exists | < 3k/2 vectors u1,--- ,u; € FJ, such that A’ = 3\, u; @ u;.
Now consider vectors vy, - ,v; € }F’Q”H, where for each i, v;1 = 1 and v; ; = u; ;1 for
j=2,---,m+1 Let A" =%!_,v;®v;, and B=A— A". For j,j € {2,--- ,m + 1}, we
have

! l
- oy — . o Y A
Aj?jl - sz’jvl’]’ - Zu%‘y_luzﬂlil - A]_l7j/_1 - AJ)J’ °
=1 i=1

Moreover, we have

l l
A”iZ. -'*Z~-~*A”*A--*A'
1,5 = Vi, 1Vi,j = Vi jVi,j = Aj5 = Ajj = Al,j -
i=1 i=1

We conclude that for all (i, j) # (1,1), A;; = A;. Note that AY; = (I mod 2). Therefore
if A’1’71 =1 = Ay, then we have [ is odd and A = 22:1 v; ® v; as promised. Otherwise
liseven. Let e = (10 --- 0) € F3™. Then A = 3!, v; ® v; + ¢ ® e gives the desired
decomposition. O

The following lemma summarizes the discussion at the beginning of this section and
relates odd superposition complexity with low-rank pseudo-quadratic matrices.

Lemma 2.9. Let qi(x) = 0,--- ,qs(xz) = 0 be a set of s quadratic equations on vari-
able x1,- -+ ,xm, and let Q1, -+ , Qs € Fémﬂ)x(mH) be their corresponding matriz forms.
Suppose there is a pseudo-quadratic matrix A € Fémﬂ)x(mﬂ) such that rank(A) < k

and for all i € [s], (Qi, A) = 0, then there exists integer | < 3k/2 + 1 and | vectors
aW ... a e IF’Q”'H, such that A = 22:1 a® @ a®, where for all j € [l], we have agj) =1
and that D1(a9)) is in the column space of Dy(A). This implies that the assignments
Di(aM), -, Di(a®) satisfy all equations qi(x) =0,--- ,qs(z) = 0 in superposition.

Proof. Apply Lemma 2.8 to A, and let vy, -- ,v; be the vectors we get, with v;; = 1 for
i € [l], and A =37, vi ® v;. We now verify that Dy (v1),- -+, D1(v) satisfy all equations
in superposition.

Consider equation i for i € [s]. We have

l

0=(Qi,4) = (Qi,vi®v;)

=1
l
= q(vi).
i=1
By definition, we have that vy, - -, v; satisfy ¢; in superposition. O

2.2 LABEL-COVER

The starting point of our reduction is the LABEL-COVER hardness obtained from E3-SAT
instances. We use LABEL-COVER instances obtained by applying the PCP Theorem [4, 5]
and the Parallel Repetition Theorem [36]. The exact formulation below is from [17].



Definition 2.10. Let ¢ be a E3-SAT instance with X as the set of variables and C the set
of clauses. The r-repeated LABEL-COVER instance L(r, $) is specified by:

e A bipartite graph G = (U, V, E), where V :=C" and U := X".
e Label set for U, denote by L := {0,1}", and label set for V, denote by R := {0, 1}37".

e There is an edge {u,v} € E if for each i € [r], u; is a variable appearing in clause
V.

e For edge {u,v}, the constraint my, : {0,1}3T — {0,1}" is the projection of the
assignment of the 3r clause variables in v to the assignment of the r variables in u.

e For each v € V, there is a set of r functions {f¥ : {0,1}*" — {0, 1} Ve, such that
fP(a) = 0 if and only if the assignment a satisfies the clause v;. Note that each f}
depends only on 3 entries of a.

A labeling 0 : U — L,V — R satisfies an edge {u,v} iff mun(c(V)) = o(U), and (V)
satisfies all clauses in v. The value of L(r,¢) is the mazimum fraction of edges that can
be stmultaneously satisfied by any labeling.

We have the following hardness result for LABEL-COVER.

Theorem 2.11. Given a E3-SAT instance ¢ onn variables andr € N, there is an algorithm
that constructs L(r, ¢) in time n") | and that the output LABEL-COVER instance has the
following properties:

o If ¢ is satisfiable, then the value of L(r, @) is 1.

o If ¢ is unsatisfiable, then the value of L(r,$) is at most 277, for some universal
constant €9 € (0,1).

In our construction of LABEL-COVER instance with matrix labels, we need to use the
following Parallel Repetition theorem from Rao [35], which applies to projection games
(LABEL-COVER), with the advantage that the rate at which the soundness decreases is
independent of the label size of the original instance.

Theorem 2.12 (Parallel Repetition [35]). There is a universal constant o > 0, such that
for a LABEL-COVER instance ¥, if Opt(¥) < 1 —¢, then Opt(¥") < (1 —g/2)".

2.3 Low-DEGREE-LONG-CODE

In this section, we review the basics of LOW-DEGREE-LONG-CODE. The formulation here
is from [12] and [17]. Towards the end of this section, we prove a key lemma that we will
use for proving our superposition hardness results.

For a positive integer m, denote by P,, the vector space of m-variable functions F5* —
Fy. For f,g € Py, let A(f,g) be the Hamming distance between f and g. For a subset of
functions F C P,,, the distance between g and F is defined as A(g, F) = minscr A(f, 9).

We define the following dot product on P,,.

Definition 2.13 (Dot Product). For f,g € P,,, the dot product is defined as (f,g) =
Syerp F@)g(2).



Denote by P,, s be the space of functions with degree at most d. For a subspace
A C P, 4, denote its dual by A+ = {g € P, | Vf € A, (f,g) = 0}. It is well known that
PyLn,d = Pm,m—d—1~

For 5 € P,,, denote by supp(8) the support of g, that is supp(8) = {z | S(z) = 1}.
Define wt () = [supp(8)|-

Definition 2.14 (LOwW-DEGREE-LONG-CODE). The LOW-DEGREE-LONG-CODE encod-
ing for an m-bit string a € Fy' is a function Ay : Py, g — Fa, defined as Aq(g) = g(a), for
all g € Py qa.

Definition 2.15 (Character Set). For 8 € P,,, define the corresponding character function

Xp : Pma = R as xs(f) = (-1)%%1).

Define the character set A, 4 to be the set of functions B € Py, which are minimum
weight functions in the cosets of Pm/Pﬁ%d, where ties are broken arbitrarily.

We have the following result about the character set and the “Fourier decomposition”
for functions P,, ¢ — R from [12].

Lemma 2.16. The following statements hold:
e Forany 8,6 € Pm, xg = xp if and only if 6 — ' € Pf;%d.

e For 3 € Pk Xp s the constant 1 function.

m,d?

e For any 3, there exists ', such that B — ' € P 4, and |supp(8)| = A(B, Pan,d)- We

m,d’
call such 3’ the minimum support function for the coset 3 + P,J;Ld.

e The characters in the character set Ay, 4 form an orthonormal basis under the inner

product (A, B) = Eyep,, JJA(f)B(f)]-

e Any function A: Py, q — R can be uniquely decomposed as

Alg)= > Azxslg).
BeAm,d
ﬁ% = Ej~p,, A(f)?].

The following lemma relates characters from different domains related by coordinate
projections and is from [12].

e Parseval’s identity: For any A : Py g — R, 3 5c)

m,d

Lemma 2.17. Letn < m, and S C [m] with |S| = n, and let 7 : F§* — F4 be a projection,
mapping v € F3* to x|s € F3. Then for f € Py, q and B € Py,, we have

Xs(fom) = Xm(s)(f)
where T2(8)(y) = Xpen—1(y) B(@).

Like in the classical LoNG-CODE reductions, we enforce special structures on the tables.
This is a technique known as folding. The following properties of the Fourier coefficients
of folded functions were also studied in [12].

Definition 2.18. A table A : P, g — R is folded if for any f € Py, 4, we have A(f+1) =
—A(f).

Lemma 2.19. If A : P, o — R is folded, then for any a such that A, # 0, we have
Y ecFy a(x) = 1. In particular, we have supp(a) # 0.

9



Definition 2.20. Let q1,--- ,q; € Pp 3, and let

J(qu, - qk) = {Zri% | i € Pm,d—3} :

We say that a function A : Py, 4 — R is folded over J if A is constant over cosets of J in
Pm.d-

The following lemma shows that a function folded over J does not have weight on small
support characters that are non-zero on J.

Lemma 2.21. Let § € P,, be such that wt(f) < 2973, and there exists some i € [k] and
x € supp(B) with q;(x) #0. Then if A: P, g — R is folded over J, then Ag = 0.

In the actual reduction, ¢1,--- , ¢ will be the set of functions associated with vertices
in the LABEL-COVER instance, as described in Definition 2.10.

In [12], Dinur and Guruswami proved the following theorem about Reed-Muller codes
over Fy.

Theorem 2.22. Let d be a multiple of 4. If B € Py, is such that A(B,Py,.q) > 24/2  then

E
9~Pin,a/a

Note that xg(gh) = (—1)(B9:8h)  The key lemma we will now prove is a general-
ization of the above theorem. The setting is that we have an additional ¢ functions
Ay, Ay ¢ Ppg — Fa. We show that as long as ¢t is small compared to 24/2  the

t
expectation Egvh[(—1)<ﬁg’ﬁh>+zi=1 Ai(g)Ai(h)] is still close to 0 for arbitrary Ay, -- -, As.
We use some of the key steps in [12].

E [Xﬁ(gh)]H S 274.2d/4 '

h~P . 34/4

Definition 2.23. For 8 and k < d, define
B((itrlz) = {g € Pm,k | Bg € Pm,m7d71+k} .

Note that Bc(ln,z) is a subspace of Py, 1.

For positive integers d, k, define ®;; : N — N as follows: if d < k, then ®4; is
identically 0, otherwise

Py (D) = min {dim(P(m, k) — dim(BYY (8))} -
BEPm:A(B,P(m,m—d—1))>D

The following two claims are from [12], which serve as the basis step and induction
step for their lower-bound for @4 (D).

Claim 2.24. Ford >k and D > 1, ®4,(D) > 1.
Claim 2.25. For alld >k and 40 < D < 2%, &,44(D) > ®4_1 x(D/4) + ¢a-11-1(D/4).

For D = 244 = 44/2-2 gpd | = d/2, applying the above for a depth of d/2—4, reducing
D from 49272 0 16, we have @d,d/2(2d_4) > 24/2=4 This gives the following theorem.

Theorem 2.26. For all integers m,d such that m > d > 0 and 4|d, if p : F§* — Fy has
distance more than 24=* from Py, ;m_4-1, then the subspace B((;Z}Q(B) (as a subspace of

Pon.d/2) has codimension at least 2d/2—4
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We remark that Dinur and Guruswami used different degree parameters in [12] for
their application. Otherwise, the above theorem is the same as in [12].
We are now ready to prove the main theorem of this section.

Theorem 2.27. Let § : F* — Fy be a polynomial with distance more than 29=* from
Pmm—d—1. Let t € N and Ay, -+, Ay : Py g2 — Fa be some arbitrary t functions. Let p
be the uniform distribution on Py, q/2. Then

E {X,B(gh) (—1)2im Ai(g)Ai(h)]

g7hN}L

= E {(—1)@9’5’“221Ai(g)Ai(h)
g,hN/j,

< 9@z

Proof. Denote by W the quotient space Pm’d/g/Bc(ln;}Q(,B). By Theorem 2.26, we have

w = dim(W) = codim(BsZ}z(ﬁ)) > 9d/2—4,
The expectation we are considering can be written as

E E {(_1)<Bgvﬁh)+251 Ai(g)Ai(h) (1)
90:h0~W g.9—goe BY"), (8)
hih—ho€B{"),(8)

Consider f € Py, 42 and g € ngb(ﬁ). We have (5f,B89) = (Bg, f) = 0, because
f €Pmapand Bg €Pyy g0 1 = P#L,d/Q‘ This allows us to define “dot product” between

elements in W. In particular, for any f, f',g,9" € P, 4/ such that f—f',g—g¢' € BC(;Z}z(/B),
we have

(B Bg")
= (Bf',Bg") +(B(f — 1), Bg) + (BS', Blg — )+ (B(f — f'). Blg — 9"))
= (Bf,Bg) -

This means that taking any representative from W will give the same result for this “dot
product”.
We can thus further rewrite the expectation as

()= E (_1)<ﬂ907ﬁh0> E (_1)22:1141'(9)141(11) ) (2)
g0:ho~W 9:9-90€B"),(8)
h:h—hoeB;t’;>/2(ﬂ)

Consider the matrix M € RQWHXWH, where the rows and columns are indexed by a

pair (fo,a) where fo € W and a € F4, and the entries are

t . .
M(fo,a),(go,b) = (_1)<5f07590)+zi:1 abi

Define vector u € R a

uppa=_Prlg—fo € BYY),(8) AVi € [t], Ai((9)) = ai] -

gNPm,d/Z

S

Since in (2), g and h are sampled independently, we can verify that the expectation in (2) is
exactly u’ Mu. Moreover, since g is chosen uniformly random from Pm,a/2, the probability

11



that g — fy € BC%%(B) is exactly 27%, thus all entries in u have value at most 27, and

therefore |jufy < 2%/,

We finish the proof by studying the spectrum of M. Observe that M can be written as
the tensor product of a 2% x 2¥ matrix and a 2! x 2t matrix as follows. Define W e R2**2"
as

Wiog0 = (_1)<5f07ﬁ90> ,
for fo,g0 € W. Define H € R2" %2 g

t

Hop = (1)1

We can easily verify that M = W ® H.

The matrix H satisfies HHT = 2¢. I, where I is the identity matrix, therefore we have
that the eigenvalues of H all have absolute value exactly 2¢/2. For the spectrum of W, let
fo, 90 € W be two rows of W. Consider the dot product of row fy and go of matrix W

W};Wgo — Z (_1)<B(fo+go),5ho> — Z (_1)(5(f0+90),h0>‘
hoeW hoeW

The above sum is 2 if B(fo + go) € Py m—d/2—1, or in other words fp and go belong to
the same coset in W, and otherwise the sum is 0. Hence we have WW7T = 2% . ], and thus
the eigenvalues of W all have absolute value 2%/2. We conclude that the tensor product
matrix M = W ® H has eigenvalues with absolute value 2(w+4)/2,

We can now upper-bound the absolute value of the expectation by |u? Mu| < 2(wtt)/2,
Jull3 = 2= (o072, =

3 Superposition Hardness for Gap TSA

Let b be some large integer parameter. The Tri-Sum-And (TSA) predicate is a predicate
on 5 Fyo-variables defined as follows

TSA(z1, - ,x5) = 14+ 21 + 22 + x3 + 2425 .

From the definition, we can see that TSA instances are systems of quadratic equations,
each involving exactly 5 Fa-variables.

The predicate was studied in [20] as a starting point of an efficient PCP construction.
For the predicate itself, Hastad and Khot proved that it is approximation resistant on
satisfiable instances.

In this section, we prove a superposition hardness result for TSA.

Theorem 3.1. There is a reduction that takes as input a E3-SAT instance of size n, and
outputs a TSA instance of size n@®108181) wyith the following properties:

o If the E3-SAT instance is satisfiable, then there is an assignment that satisfies all
TSA constraints.

e If the E3-SAT instance is unsatisfiable, then for any odd integer t < (logn)®, and
any t assignments, at most a 15/16 fraction of the TSA constraints are satisfied in
superposition.

The reduction runs in time nC(loglogn)

12



Proof. The reduction follows a similar approach as a typical inapproximability hardness
reduction.

Given a E3-SAT instance, we apply Theorem 2.11 with soundness 1/(1000(logn)?*) to
get a LABEL-COVER instance. This gives the parameter r = (2bloglogn+0O(1))/eo, where
€o is some universal constant. The vertex set of the bipartite graph has size pO(bloglogn)
and the label sets are L = {0,1}" and R = {0,1}*". Let d = O(bloglogn) be such that
24/2=4 ~~ (logn)® + 3. This implies also that 2¢ ~ 256(log n)?.

For each w € U and v € V, we expect functions f, : Prq — {—1,1} and g, : P3; ¢4 —
{—1,1}. We assume that all functions are folded over constant. The entries of the functions
correspond to variables of some TSA instance. Therefore the number of variables in the
output instance is nOtloglogn) . (3,)(1+o(1))d — ;,Obloglogn) a1 the number of constraints
is polynomial in the number of variables.

Consider the following test:

1. Sample random edge e = {uj,u2} ~ E. Let 7 be the projection on the edge, and let
f and g be the functions associated with u; and us.

2. Sample uniformly random query x ~ P, 4, y ~ P3; 4, and v, w ~ Pz, 4/5.
3. Construct query z := zom +y +vw € P, 4.

4. Accept iff f(z)g(y)g(2)(g(v) A g(w)) = 1, where A here denotes the binary operator
that evaluates to —1 when both operands are —1, and 1 otherwise.

The completeness is straightforward. In this case, the LABEL-COVER instance has a perfect
labeling. Setting the functions to be the Low-DEGREE-LONG-CODE encoding of the labels
gives an assignment that satisfies all TSA constraints.

In the soundness case, there exists some ¢ < (logn)® assignments that satisfy in su-
perposition a 15/16 fraction of the constraints. That is, for each u; € U and uy € V,
there are ¢ functions that are folded over constant, f() ... f® . Pra — {—1,1} and
g®, .. g® Psra — {—1,1} such that over random sample of edges {ui,u2} and
queries x,y, z,v,w, with probability at least 15/16, the number of ¢ € [t] such that
FD(x)gD(1)gD(2)(g@ (v) A g (w)) = 1 is odd. By an averaging argument, we have
that for at least 3/4 of the edges, over random sample of queries, the above holds with
probability at least 3/4. Call such an edge good.

We assume that the functions are folded in the same way. Recall that when apply-
ing folding, we partition the domain of the functions into equivalence classes, define the
function value in one of the equivalence classes, and then extend to the full domain by
adding appropriate constants. For our reduction, we identify one equivalence class for each
vertex, and the ¢ functions associated with it supply value only for that equivalence class.
This is to make sure f), ... f® and ¢, ...  ¢® corresponds exactly to ¢ assignments
in superposition.

Fix a good edge for now, and we drop the subscripts u; and us. Then we have the
following

—_

5+ g lH (F@)g D ()g" (2)(9? () A g (w)))

2 z,y,z,0,w -
=1

or
t

e LH (0@ g :) (6O ) 1 g w)))] >3



Let f'=[Ii_, f®, and ¢’ = [Tt_, ¢'. Since t is odd, we have that f’ and ¢’ are both
folded over constant. Taking the Fourier expansion of f’ and ¢’, we have the following

L LB [H (£ )9 w)g (=) (9" () Ag(i)(w)))]

2 i=1

= E [f’(x)g’(y)g’(Z) [T @) A g(i)(w))]

=1
- Z f,agAlﬁlgAlﬁz
aEA'r',d
617B2€A3T7d
t
= y]zav w Xa($)XB1( )XﬂQ (ZL‘ om+ Y+ U’UJ) H(g(’b) (U) A g(z) ('UJ))]
- Elat ) l:1
t ‘ ‘
BEABT d i=1

Applying Cauchy-Schwarz and using Parseval, we have

. 2
xa(vw) [T (g (w) A g9 ))1 )
i=1

1 ~2
1S ( > 9’6) ( > fﬂz(ﬁ)gﬁE
66A3r,d ,86/\3T d
t 2
- > fﬂz(ﬁ)gﬁ E [xs(vw H w))| +
ﬁGAghd:Wt(ﬁ)§2d 4 i=1
2
~2
> F'ra(8)9 /ﬂE xp(vw H w))] :
,BEA3T7d:Wt(,3)>2d_4 i=1
For the terms where wt(3) > 2%, we apply Theorem 2.27 to get
t
o) [T 10) g0 <270,
=1
and therefore
~ ~2
Z fm(ﬁ)
,3€A3T7d:wt(ﬁ)>2’1*4
t 2
; ; _(od/2—4_ 1
E [x/s(vw) [1(a" () A gO(w))| <2770 < o
i=1
This gives us
> f ’i2(5>§’ ;
56A3T7d:wt(ﬁ)§2d*4
2 2 t S
> Y PawdsB e [[e0w a0 w)| =5
i=1

BEAsy, a-wi(B)<2—

Let {u1,u2} be a good edge. Consider the following labeling strategy: for ui, pick «
with probability f’i and pick a random label from supp(«), and for ug, pick 8 with prob-
ability gA’ Z and pick a random label from supp(3). The procedure is well defined because
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f/ and ¢ are all folded, and thus by Lemma 2.19, supp(a) and supp(f) are nonempty.
Also, for 8 such that wt(3) < 297% < 2973 by Lemma 2.21, the assignments in supp(/3)
all satisfy the clauses in uo. Then the probability that the labeling of u; and wuo satisfies

the projection constraint on a good edge {u1,uz2} is at least 2(1%4 2 Brwt(B)<2d—4 f’iQ(ﬁ)gA’zﬁ >
1/(8-297%) > 1/(100(log n)?). Since there are at least a 3/4 fraction of good edges, overall
the labeling satisfies more than (3/4)-(1/(100(logn)?*)) > 1/(1000(logn)?*), contradicting
the fact that in the soundness case the LABEL-COVER instance does not have labeling with

value larger than 1/(1000(logn)?). This completes the proof. O

4 Label Cover with Matrix Labels

We now use Theorem 3.1 to construct a LABEL-COVER instance with properties similar
to that in [30]. The proof follows closely the approach in [31], Section 5 — 7.
We first give an analogue of Theorem 3.1 over a large field F, of characteristic 2.

Theorem 4.1. Let q = 2(0gm)™™ " There s a reduction that takes as input a E3-SAT
instance of size n, and outputs a system I of quadratic equations over F, of size pO(bloglogn)

with the following properties:
e Fach quadratic equation in T involves exactly 5 variables.

o If the E3-SAT instance is satisfiable, then there is an assignment that satisfies all
equations in T.

o If the E3-SAT instance is unsatisfiable, then for any integer t < (logn)®, and any t
assignments, at most a 15/16 fraction of the equations in T are satisfied in superpo-
sition.

The reduction runs in time nCbloglogn)

The proof is almost identical to Theorem 3.4 and Theorem 5.3 of [31], where they proved
that a (t-log q)-superposition hardness with gap § for systems of quadratic equations over
Fy implies t-superposition hardness with the same gap for systems of quadratic equations
over [Fy, where ¢ = 2" and F, is an extension field of Fa.

We now construct LABEL-COVER with matrix labels from the above theorem. The
construction is via a Point vs. Ruled-surface test. The test is very similar to the one in
[31]. The main difference is here we use the low error version of the Low Degree Test,
instead of the one used by Khot and Saket in [31]. The following theorem appears as
Theorem 5.1 in [2], which follows from the works of Arora and Sudan [6] and Rubinfeld
and Sudan [37].

Theorem 4.2. Let o < 1074, and d and m be positive integers, and F, be a field with
q > 100d>m. Let f : Fy' — Ky be a function, and for every line in ¥y*, let f; be a univariate
degree d polynomial. For a point x on the line [, we denote by fi(x) the value given by fi
at the point x.

Suppose that over the choice of a random line | and a random point x € [, we have
Pri;[f(z) = fi(x)] > (1 — ), then there is a multivariate polynomial of total degree at
most d which agrees with f on at least (1 — 2«) fraction of the points.

Let Z be the instance produced by Theorem 4.1, and let N = nOtloglogn) he the
number of variables in Z. Let m = [log N/loglog N] = O(logn), and h = [logN| =
O(lognloglogn), so that h™ > N, and let d := m(h — 1) = O(log?nloglogn). The
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number of vertices and edges in the LABEL-COVER instance produced by the reduction
would be poly(¢™) = 20((logn)**%)

We identify the variables of Z with S™ where S C F, is of size h. Any F, assignment
o to the variables of Z can be interpreted as an assignment o : S™ — F, and can be
extended to a corresponding polynomial g : Fj* — F, of degree at most (h — 1) in each
of the m coordinates. Let C denote the set of constraints of Z, each over [ := 5 variables.
Denote every constraint C' € C as C {{xz}izl} where {xi}izl is the set of points in S™
corresponding to the [ variables of Z on which the constraint is defined.

Definition 4.3. A curve w : Fy — " of degree v is a mapping w(t) := (wi(t), - ,wm(t))
where each w; is a degree v univariate polynomial in t.

For the rest of this section, fix distinct values tj,--- ,t; € F,. A degree [ curve w is
said to correspond to a constraint C' [{$1}i:1} and an additional point z if w(t§) = x, and
fori=1,...,1, w(t) = x;. We now define the notion of a ruled surface.

Definition 4.4. A ruled surface R = Rlw,y] where w(t) is a curve and y € Fy' is a
direction, is a surface parametrized by two parameters t,s € F,, where

Rlw, y](t,s) = w(t) + sy .

For a constraint C, a point z and a direction y, let R|w,y| be a ruled surface where w
is the curve of degree | corresponding to C and x. Let R¢ be the class of all such ruled
surface corresponding to constraint C' € C, and let R := UgecR. Suppose the assignment
g : Fy" — F, is a global polynomial of degree d. The restriction of g to a ruled surface
R € R is a bivariate polynomial — in ¢ and s — of degree at most d* := ld = 5d in
variable ¢ and at most d in variable s. The total number of coefficients of such a bivariate
polynomial is at most d*d = O(d?). The LABEL-COVER instance £ is constructed as
follows:

Left vertex set U This consists of all points in Fg". The label set is the set of values Fy
that can be assigned to the points.

Right vertex set V' The set of right vertices is R, the class of all ruled surfaces over all
constraints C' € C. The label set of a ruled surface R € R is the set of all bivariate
polynomials in ¢ and s of degree at most d* in ¢ and at most d in s. Such a polynomial
is represented by a vector of its coefficients. As mentioned before, the dimension of
this vector is O(d?). For a ruled surface R corresponding to a constraint C, there is
a quadratic equation on these coefficients, and a label g is valid — g € T'(R) — iff
the values of g at points {(¢},s = O)}é:1 satisfy C.

Edges For every ruled surface R € R and every point z € R, there is an edge between z
and R. The edge is satisfied by a labeling g to the surface R and a label p to the
point z if g(z) = p. Note that the computation of g(z) is linear in the coefficients of

g.
To analyze the above construction, we need the following result from [31].

Observation 4.5. Given an equation C, pick a uniformly random point x € Fj*, and let
w be the curve corresponding to C and x. Then, for any t € Fy\ {t],--- ,t;}, the point
w(t) is uniformly distributed in F".
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b+3

Theorem 4.6. Let k = (logn)?, ¢ = 2ogn)"™™ be 45 in Theorem 4.1, and § = 2~ (o)
There is a reduction that takes as input a E3-SAT instance of size n, and outputs a LABEL-
COVER instance with parameters h,m,d,l,d* as described above. The instance L has the
following properties:

1. The label set for v € U is Fy, and the label set for v € V is the set of vectors of
length O(d?) = O((logn)®) over F,. For each edge e = (u,v), the projection ©° map
coefficient vectors of surface polynomials to their value at points on the surface, and
are homogeneous and Fq-linear. The coefficient vector is also supposed to satisfy an
equation C given by a quadratic equation over F,.

The size of L is poly(q™) = 20((logn)"*?)

2. If the E3-SAT instance is satisfiable, then there is a labeling to the vertices of L
that satisfies all the edges, and that the label for every ruled surface R satisfies the
associated quadratic equation.

3. If the E3-SAT instance is unsatisfiable, then the following cannot hold simultaneously:

o For every left vertex x € Fi", there are k labels p{,--- ,pi € F,.

o For every right vertex R € R, there are k labels (polynomials given as coefficient
vectors) gfz, cee g,f‘, such that the associated equation is satisfied in superposition
by those k labels.

e For (1 — m) fraction of the edges of L, between a point x and a ruled surface
R, we have

gfi(z) =pf, Vje{l,....k}.

4. 6-Smoothness: For any surface R, let g be a non-zero label. Then

Prlg() =01 <9.

Proof. The reduction is described as above. Let Z be a system of quadratic equations over
F, given by Theorem 4.1 and let C be the set of equations.

The d-smoothness property follows from Schwarz-Zippel lemma: any non-zero label
of surface R gives a non-zero polynomial g, and its evaluation at a random point on the
surface is zero with probability at most d/q < 4.

In the completeness case, there is an assignment to each variable in Z. Therefore, there
is a degree d polynomial g : Fi* — [, that gives this assignment to the corresponding
points in S™. The left vertices are labeled using assignments given by g, and each ruled
surface R in the right vertex set are labeled by the polynomial given by the restriction
of f to R. This assignment satisfies the mapping on the edges, as well as the quadratic
equation associated with R.

For the soundness case, suppose for contradiction that no k assignments satisfy more
than a 15/16 fraction of equations in Z, but there are k labelings for the vertices of L,
such that all associated equations of the right vertices are satisfied in superposition, and

the mappings on the edges are satisfied for a (1 — m) fraction of the edges. By an

averaging argument, we have that for a (1 — 2—10) fraction of the equations C' € C, we have

k
z 1
Ak [/\ (97°@) :pj)] 1= =%

rer =1
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We say that the equations C' that satisfy the condition above are good. Fix one good
equation C. We say that a line [(s) is contained in a ruled surface R(t, s) if it is obtained
by fixing a value of ¢ in R(t,s) = w(t) + sy. Since choosing a random point on a ruled
surface is equivalent to choosing a random line [ contained in R then choosing a random
point on [, the above probability can be rewritten as

k
1
P BRigy=p%) | >1 - — .
ReRo [/_\ (97"(@) pf)] =7 50k
leR,zel /=1

From Observation 4.5, we can see that the above probability is essentially equal to the
probability obtained by first picking a random line [ and then a random R € R¢ containing
the line. Let Rlc be the set of ruled surfaces of R € R¢ that contain line [. Thus we have

N 2
P, [/\ (97 (=) =pj>] 21— (3)

1 =1
ReRL,

We now argue that for each j = 1,...,k, there exists a unique polynomial P; of total
degree at most d, such that

9
> 15 (4)

.
1>~

Pr {
ReRc
z€R
Define fi,--, fr : Fy' = Fq as fj(z) = pj for all z € F* and j € {1,...,k}. For each
line [, construct H(l) = (hi(l),--- ,hx(l)) as follows: first choose a random R € RL,, and

let h;(l) be the univariate restriction of the bivariate polynomial gf to the line [. Let FE
be the following event (over the choice of I, x € [, and H):

k
E= N\ (fi(z) = hj(D)()) .
j=1
Equation (3) can be re-stated as Prj z¢ g[E] > 1 — 50%. The choice of H is independent
of I and z, therefore there is a deterministic setting of H for which Pr; ,¢[E] > 1 — ﬁ.
Applying Theorem 4.2, we obtain polynomials P, -, P, : Fi' — [y, each of total degree
at most d, such that for each j € {1,...,k}, we have

Pr(fy () # Pi(a)] = Prlpf £ Py(@)] < oo
Note that the choice of polynomials are globally unique — we get the same set of polyno-
mials regardless of which good equation we fix — due to Schwarz-Zippel lemma and that
d/q < O(1/k).

Observe that a random point on a random ruled surface is essentially distributed uni-
formly randomly in F¢*. Therefore, using Equation (3) and the above, along with a union
bound over the k polynomials, we get Equation (4).

From Equation (4), we have that there is one ruled surface R € R¢ such that

(oF@) = Bi(@)| > -+

k
=1

Pr [
TR | !
J
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Using Schwarz-Zippel again, we have that for each j € {1,...,k}, the polynomial gJR must
be the restriction of P; to the surface R, and thus P; is consistent with g]R at the points
(t1,0),---,(¢;,0). This means that the values given by Pi,--- , P, satisfy the equation
C' in superposition. This holds for each good equation C, and therefore the assignment
given by Py, - -+, P satisfy in superposition a 19/20 fraction of all quadratic equations in
7T, contradicting the assumption about Z that no k assignments satisfy in superposition
more than a 15/16 fraction of the equations. O

As in [30], we abstract out the above LABEL-COVER and get the following statement
for LABEL-COVER with Fs vector labels. Moreover, we boost the soundness by taking
O(Kk3) rounds of parallel repetition and apply Theorem 2.12. It is important that we
apply the parallel repetition theorem from [35], because the label size here is large. Unlike
earlier versions of parallel repetition theorem, the statement from [35] is independent of
the label size and therefore is efficient for our purpose. Note that the smoothness property
is preserved by parallel repetition.

b+3

Theorem 4.7. Let k = (logn)® be as in Theorem 4.1, and let § = 2-1°8™)"™ " There is a
reduction that takes as input a E3-SAT instance of size n, and outputs a LABEL-COVER
instance L with the following properties:

1. The label set for U is T3, and the label set for V is Ty, where my, m, = (logn)*TOW),

For each vertex in V', there is a set of quadratic equations over Fo associated with it,

and the coefficient vector is supposed to satisfy all the associated equations.
4b+O(1))

The size of the vertex set of L is 20((logn) .

For each edge e, the mapping w€ is homogeneous and Fo-linear in the entries of the
vectors, that is, there is a matriz A. € Fo"*™" | such that for x € 5" and y € Fy'",

m(y) =z iff v = Aey.

2. If the E3-SAT instance is satisfiable, then there is a labeling to the vertices of L that
satisfies all the edges, and that the label to the right vertices satisfy all associated
quadratic equations.

3. If the E3-SAT instance is unsatisfiable, then the following cannot hold simultaneously:

e For every left vertex u € U, there are k labels x¥,-- -, x}..

e For every right vertex v € V., there are k labels y7,--- ,y} that satisfy in super-
position all the associated equations.

o For 2~ (logn)? oM fraction of the edges e = (u,v) of L, we have that for all
Je{l,-- Kk}, m(yj) = .

4. 6-Smoothness: For any v € V and non-zero label y*, over the choice of a random
edge incident on v, we have

Pr [x(®)(y?) = 0] < 6.

u~v

Proof Sketch. The first step is to translate the LABEL-COVER from Theorem 4.6 with F,
vector labels to one with Fy vector labels. This is done by choosing an arbitrary IFlQqu
vector representation for elements of IF,. This gives a Fa-vector-labeled LABEL-COVER
instance with the same guarantees as in Theorem 4.6, but with label sets F5'" and F5' for

U and V, respectively, and m;, m, = (logn)*+t00).
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The second part of the reduction is to apply Theorem 2.12, where we take the number of
rounds n in Theorem 2.12 to be such that the repeated game has soundness 208 n) 2 oW,
This requires n = O(k®). This gives the final LABEL-COVER instance, and the procedure
increases m; and m, by a multiplicative factor of n.

To see that smoothness is preserved by parallel repetition, suppose we have a vertex
v := (v1,--- ,v¢) and non-zero label y := (y1,- -, y;) for the ¢t-round repeated game. Then
there exists s € {1,...,t} such that y; # 0. Also, for a uniformly random neighbor
w = (ug, - ,uy) of v, the vertex ug is also a uniformly random neighbor of vs. Note
that a necessary condition for 7(*%)(y) = 0 is that w(%s¥)(y,) = 0, and this probability is
upper-bounded by the smoothness property of Theorem 4.6. 0

We now construct the final LABEL-COVER with matrix labels as follows.

Theorem 4.8. Let k = (logn)® be as in Theorem 4.1. There is a reduction that takes
as input a E3-SAT instance of size n, and outputs a LABEL-COVER instance with the
following properties:

(my+1)x (my+1)

1. The label set for the left vertex set U is IFy , and the label set for the right
verter set V is Fémrﬂ)x(m’"ﬂ), where my, m, = (log n)4b+0(1).

For each right vertex, there is a set of homogeneous linear Fo equations involving
entries of the labeling of v. The set of valid labelings T'(v) consists of matrices that
satisfy all the associated linear equations.

The size of the vertex set of L is 90((log n)*+0 (1))

For each edge e = (u,v), there is a matriz A., such that labeling M, and M, satisfies
€ iff M, = AM,AT . Note that the constraint is linear in the entries of M, and M,,.

2. If the E3-SAT instance is satisfiable, then there is a labeling to the vertices of L that
satisfies all the edges, and that for each right vertex v € V, its label M,, is symmetric,
rank(M,) = 1, the (1,1) entry of M, is 1, and M, € I'(v).

3. If the E3-SAT instance is unsatisfiable, then for any labeling o for the vertices in U
and V', the following cannot hold simultaneously:

e Foreachv € V, the matriz o (v) is pseudo-quadratic, has rank(o(v)) < (logn)?/2,
and is valid o(v) € I'(v).

e For at least 2~ (logn)’ fraction of the edges e = (u,v) of L, we have that

m(o(v)) = o(u).

4. Smoothness: For any v € V and M, such that Dy(M,) # 0, then over the choice of
a random edge incident on v, we have

Pr [Dl(ﬂ_(u,v) (Mv) _ 0)] < 2—(logn)b+1 '

u~v

Proof. We start with the LABEL-COVER instance from the previous theorem.

The underlying bipartite graph of the new instance is exactly the same. The parameters
m, and m; are the same as before. The labels for ©v € U in the new instance are now
matrices from Fgmlﬂ)x(ml“), and the labels for v € V are from Fgmrﬂ)x(mrﬂ). The

constraints for labelings for vertices in v € V' are the following:
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1. The matrix label M is symmetric, and for i = 2,--- ,m, + 1, we have M;; = M;; =
M; 1. These are all homogeneous linear constraints. Note that if in addition we have
M 1 =1, then we get that M is pseudo-quadratic. Here, however, we do not include
the latter constraint as it is not homogeneous. In fact, this will be handled by the
inner verifier.

2. For each quadratic constraint in the previous instance, we include the linearized
version of it in the new instance. That is, term z;z; is replaced by entry (i+1,j+1)
of the matrix, term z; is replaced by entry (1,7 4+ 1), and constant 1 is replaced by
entry (1,1).

For an edge e, let AL be the matrix in the LABEL-COVER instance from Theorem 4.7, then

. . 1 0 a «
we define the matrix for the new instance to be A, = < 0 A ) Let M, = ( 3 D )
be a label. Then it is mapped to

e a aAl
Q0 (MU) = AEMUAZ = ( A,B A/ DA/T ) .

In the completeness case, a vector label « in the previous theorem is transformed into
the matrix label (1 a)(1 a)7.

For the soundness case, suppose that there are pseudo-quadratic matrices M,, and M,
for each u € U and v € V, such that M, satisfies homogeneous linear constraints associated
with v, rank(M,) < k, and that for 271°8™)" fraction of the edges e, 7¢(M,) = M,.

For vertex v € V, by Lemma 2.9, there exists odd integer I < 3/2- (logn)®/2 < (logn)®
vectors ¢, -,y € Fy ! where yiq1 = 1 for i € [l], such that M, = Syl eyl
and the assignments y; := D1(y1), -,y := D1(y;) satisfy in superposition the quadratic
constraints of the LABEL-COVER instance from Theorem 4.7. By padding 0 assignments,
we can make sure that we have exactly (logn)? assignments y, - - - s Y(logn)v that satisfy in
superposition the quadratic constraints of the LABEL-COVER instance from Theorem 4.7,
and for all j € {(log n)b}, y; is in the column space of D1 (M,).

For the decoding of vertices in U, we use the following lemma from [31] (Lemma 7.3),
adapted to our choice of parameters. The proof is identical and we include it here for sake
of completeness.

Lemma 4.9. Fiz any v € V, a rank parameter | < (logn)®, and a matric M €
F(Qm"+1)x(m7'+1) such that rank(Dy(M)) = I. Then over the choice of a random neigh-
bor u of v, we have rank(Dy (V) (M))) =1 except with probability 2~ (losm)"™*"

Proof. Using Lemma 2.1 of [31], D;(M) can be decomposed into the canonical form
s t
Di(M) = Z 2j ® zj + Z (Zo42j-1 @ Zsy2j + 2Zs42j @ Zsg2j-1)
j=1 j=1

where | = s + 2t is the rank of Dy(M), and z1,---,z are linearly independent. For

j=1,--+,1, define z} := A/(u %~ Then Dy (n(“?)(M)) can be written as

s t
Dy(r) (M) = d Ao+ (Z;—i-Qj—l ® Zopoj + Zyyo; ® Z§+2j—1) ;
j=1 j=1
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Consider a non-zero linear combination z of the vectors {z; }2‘:1' The vector A] |z is the

(u,0)

corresponding linear combination of the vectors {zﬁ} . and is non-zero with probability
J:

9~ (logn)"*? by the smoothness guarantee from Theorem 4.7. Taking a union bound over

all 2/ — 1 non-zero linear combination, we conclude that except with probability at most

!

9—(log n)b+1, the vectors {zg} _ are also linearly independent and spans the column space
j:

of Dy (m(®¥)(M)). O

The smoothness property of the new LABEL-COVER instance follows easily from the
above lemma.

For each u, we choose (logn)® uniformly random vectors z1,- - - s T(lognye from the
column space of D;(M,). Now we analyze the expected value of this assignment.

Note that here the soundness parameter 2~ (108 )’ s 9-(logn)"*! Therefore, by the
above lemma, for 2~ 106" fraction of the edges e = (u,v), we have rank(D; (M,)) =
rank (D1 (7¢(M,))) = rank(D1(A.M,Al)) = rank (AL D1 (M,)AT).

Fix such an edge. Since rank(D;(M,)) = rank(ALD;(M,)AT) < rank(A.D1(M,)) <
rank(D1(M,)), this means that rank (A’ D1 (M,)A") = rank(A’, D1 (M,)) = rank(D1(M,)).
For any y that is in the column space of Dy (M,), ALy is in the column space of AL D1 (M,),
and since rank(A’D1(M,)) = rank(A,D;(M,)Al), we conclude that A’y is also in the
column space of A,Dy(M,)A’" = Di(M,). Thus for edge e, with probability at least
2*(1°g”)2b, we get 7(y;) = ALy; = x; for all j € {1,---,1}.

Overall, this labeling satisfies 9—(logn)? oW o—(logn)** _ 9—(logn)**°™) faction of the
edges in the old instance. O

5 Hypergraph Coloring Hardness

We now compose the LABEL-COVER from Theorem 4.8 with a QUADRATIC-CODE inner-
verifier to get inapproximability result for hypergraph coloring.

Theorem 5.1. There is a reduction that takes as input a E3-SAT instance of size n,
outputs a 8-uniform hypergraph H with the following properties:

o The size of the hypergraph H and the running time of the reduction are both upper-
bounded by exp((logn)®+e(1)b),

o If the E3-SAT instance is satisfiable, then H is 2-colorable.

o If the E3-SAT instance is unsatisfiable, then H does not have independent set of
fractional size larger than 9—0((logn)")

In other words, it is quasi-NP-hard to color a 2-colorable 8-uniform hypergraph of size N
with less than 2008 N)*7D o15ps.

The following proof is based on a note by Girish Varma [39].
Given the LABEL-COVER instance from Theorem 4.8, we expect for each vertex v € V' a

function f, : Fgmrﬂ)x(mrﬂ) — Fy. The expected encoding for matrix label o(v) = a, ® a,

is fu(A) = (ay @ ay, A) = al Aa,. Let H, C Fémrﬂ)x(mrﬂ) be the dual of the subspace of
the set of pseudo-quadratic matrices that satisfies the linear constraints associated with v.
The function f, is folded over FémT+1)X(mr+1)/ Ho.

Consider the following Boolean 8-uniform test:
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e Choose u € U uniformly at random, and v, w € V uniformly and independently at
random from the neighbors of u. Let 7,0 : ]Fgmrﬂ)x(mrﬂ) — Fgml+1)x(ml+l) be the
projections corresponding to the edges (u,v) and (u,w) respectively, and let S; and

S, be the index set associated with them.

o Uniformly and independently sample X1, Xo,Y7,Ys € IFémTH)X(mTH), F e Fgmlﬂ)x(mlﬂ)

and x,y, z,2',y, 2 € Fi" 1 Let e € F5 ! be the vector with only the 1-st entry 1
and the rest 0.

e Accept if and only if the following 8 values are not all equal:

fo(X1)  fu(X3) where Xg:=X;+2®@y+Fon

fo(X2)  fu(X4) where Xy =Xo+(r+e)®@z+Form

fuY1)  fu(Y3) whereYs: =Y +2'®@y +Foo+eQe
fw(¥2)  fu(Ya) where Yy :=Yo+ (2’ +e)®2 +Foo+e®e

We denote by T the test distribution.
The vertex set of the hypergraph has size

2(440(1))b

exp((log n) oD)P)) . oz = oxp((logn) #+o()) = N

5.1 Completeness

Let y, ® y, for v € V and x, ® z, for u € U be a perfect labeling for the Label Cover
instance, with v, 1 = x,1 = 1 and for each edge e = {u,v} € E, we have (y,)|s, = q.
Consider the 2-coloring where for each v € V, f,(X) = vl Xy, = (X, 9, ® 3,). Such
a function is constant over cosets of H,. Let 1 := (X1,yy ® yy), 2 := (X2, Y» ® o),
y1 = (Y1, %0 @ Yu), y2 := (Yo, Y @ yu), and f := (F,x, @ x,,). Note that (F,z, ® z,) =
(F, 0 (Yo @ yp)) = (F 0 Typ, Yo @ Yo). Also, (e ® e, yy @ yy) = (€,yy) = 1. Therefore, the
value of the 8 queries are

T x1+<yv,$)(yy,y>+f

L2 x2+(<yv,x>+1)<yv,z>+f
vyt (e ) (e, ) + f +1

Y2 Y2 + ((Yu, @) + 1) (Y, 2') + f + 1

We finish the proof of the completeness case by a case analysis.

If (yy,y) = (Yw,y’) = 0, then the sum of entries in the first and third row is 1, which
means that there are different values. Similarly, we conclude that if (y,, z) = (yy,2’) =0,
then using similar argument as above, there are different values in the second and the
fourth row. The same applies to the case when (y,,x) = (y2,2’) = 1, and the case when
(Yo, ) = (Y, 2') = 0.

Suppose now that (y,,x) = 1 and all entries are equal. Then from the second row, we
have that f = 0, and from the first row, we get (y,,y) = 0. By the discussion above, we
have that (y,,y’) = 1, and the third row gives us (y,,,2’) = 1, but then the two entries on
the last row are different.

Suppose otherwise that (y,,x) = 0 and all entries are equal. Then from the first row,
we have f = 0, and the second row implies (y,,2) = 0. By the discussion above, we must
have (y,,2’) = 1, and the last row gives (y.,,z’) = 0, leaving two different entries in the
third row.

Hence f, gives a valid 2-coloring of G.
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5.2 Soundness

Let § = 278" be the soundness parameter from Theorem 4.8 and k = (logn)®/2 be the
rank upper-bound from Theorem 4.8.

Lemma 5.2. If there is an independent set in G of relative size s, then

1
8
S0+ pp

Proof. Consider any set A C V(G) of fractional size s. For every v € V, let f, :
]Fgmrﬂ)x(mrﬂ) — [0,1] be the indicator function of A, extended such that it is constant
over cosets of H,. The fractional size of A is given by

E (X)) = E [ful
XNFgmr+1)><(mr+1)
The set A is an independent set if and only if
4
0:=58 E J[fX)fu(¥;)=0. (5)

wvw X;, YT oy

Taking Fourier expansion and considering expectations over Xi, Xo,Y7,Ys, we get the

following:

© = E > Ewl

u,v,W Fx
1 1 5T,
01,012,51,52€F§mr+ Yx(mrt1)

]

o %[xal (@ y)|Xay (F o)

)

a2 BlXaz (7 +€) ® 2)] Xy (F o)

]

P lyi}bcﬁl (2" @ y")]xp, (Foo)xs(e®e)

B

)

J?Z E[Xﬁz((xl + 6) ® Z/)]Xﬁz (F o U)Xﬁz (e ® 6)

wvﬁQ 7
z

Denote the term inside Ep o[- as Termy v w(o1, oo, f1, B2).
For the characters involving F', we have

E [Xay (F 0 m)Xay (F om)xp, (F oo)xp,(Foo)]

- E {(_1)<7r(a1+a2),F>+<o(61+Bz),F>]
F )

and since F' € Fémlﬂ)x(mlﬂ) is chosen uniformly at random, the above is 0 unless m(aq +

az) = o(B1 + Ba).
Let v(a) := (a,e ® e). Taking expectations over z,y, z,2', vy, 2/, we have that when
m(aq + ag) # o(B1 + B2), Termypw(ou, oz, b1, f2) = 0, and otherwise

T@Tmum,w(alv Qag, /Bl) ﬁz)
72 72 72 72
— (_1)V(51+52) fao 5,

v,a1J v,a2dw,B1

I:’Cr [1x = 0 A gz = ape] Pr [Biz =0 A Box’ = Bae] .
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The terms that are potentially non-zero can now be partitioned into three parts:

Q = E > Termy,w(on, oz, b1, B2)
o rank (a1 +a2),rank(81+82)<k
m(a1t+az)=0c(B1+p2)
v(B1+p2)=0
0, = E Z Termyvw(al, az, B, 52)
77 rank(aq +az),rank (81 +82) <k
m(a1+az)=0c(B1+062)
v(B1+B2)=1
© = E > Termy,w(on, a2, B1, B2) .
,U,W
max{rank(a;+az),rank(81+82)} >k
m(a1+az)=0(B1+52)
We first lower-bound ©y. Note that all terms in ©gy are positive. Consider the term
corresponding to a; = ag = 1 = B2 = 0. We have

2 8
E frofwo=E <E ff,o) > (E fv,o) > 5%,
u,v,w u \v u,v

Therefore ©y > s8.
For ©, we have the following upper-bound

02 2 12 2
|@1| < u]g;w Z fv,alfv,agfw,ﬂlfw,ﬁg . (6)
77 rank(a +az),rank(81+82) <k
m(a1t+az)=0c(B1+p2)
v(B1+B2)=1
Consider the following randomized labeling strategy for vertices in uw € U and v € V: for
v € V, pick (B1, B2) with probability jﬁ/ﬁ ]?1}27/32 and set its label to 81 + Bs; for u € U, pick

a random neighbor v, and choose (a1, ag) with probability J;E,al fzo@ and set its label to
m(a1 + az). Due to folding, we have that $; and 3 both satisfies the homogeneous linear
constraints associated with v, and so does 51 + 3. Therefore the right hand side of (6)
gives the probability that a random edge of the Label Cover is satisfied by this labeling.
Thus |©1] < 4.

For ©,, note that if rank(a) > k, then for any fixed b, Pr,[ax = b] < 1/28F1. Therefore,
for any fixed choice of u,v,w, all terms in ©2 have absolute value at most 1/2k/ 2+

Combined with Parseval’s identity, we conclude that [©] < 1/2F/2+1, O

We conclude that any independent set in G has fractional size at most 9~ log"n/ 32 and
b

therefore the chromatic number of G is at least 2'°8" /32 = exp((log N)1/(=0(1)),
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