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Abstract

A Boolean constraint satisfaction problem (CSP) is called approximation resistant if independently
setting variables to 1 with some probability o achieves the best possible approximation ratio for the
fraction of constraints satisfied. We study approximation resistance of a natural subclass of CSPs that
we call Symmetric Constraint Satisfaction Problems (SCSPs), where satisfaction of each constraint only
depends on the number of true literals in its scope. Thus a SCSP of arity k can be described by a subset
S C{0,1,...,k} of allowed number of true literals.

For SCSPs without negation, we conjecture that a simple sufficient condition to be approximation
resistant by Austrin and Hastad is indeed necessary. We show that this condition has a compact analytic
representation in the case of symmetric CSPs (depending only on the gap between the largest and small-
est numbers in §), and provide the rationale behind our conjecture. We prove two interesting special
cases of the conjecture, (i) when S is an interval (i.e., S = {i | I <i < r} for some / < r) and (i) when S
is even (i.e., s € S & k—s € S). For SCSPs with negation, we prove that the analogous sufficient con-
dition by Austrin and Mossel is necessary for the same two cases, though we do not pose an analogous
conjecture in general.
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1 Introduction

Constraint Satisfaction Problems (CSPs) are among the most fundamental and well-studied class of opti-
mization problems. Given a fixed integer k and a predicate Q C {0, 1}", an instance of CSP(Q) without
negation is specified by a set of variables X = {x,...,x,} on the domain {0,1} and a set of constraints
¢ = {Ci,...,Cn}, where each constraint C; = (xj1,...,X;jx) is a k-tuple of variables. An assignment
X — {0, 1} satisfies C; if (xj1,...,xjx) € Q. For an instance of CSP(Q) with negation, each constraint
C; is additionally given offsets (b 1,...,b;x) € {0,1}* and is satisfied if (xj; ®bj1,...,xjx Db;x) € Q
where & denotes the addition in [F,. The goal is to find an assignment that satisfies as many constraints as
possible.

CSPs contain a large number of famous problems such as Max-SAT (with negation), and Max-Cut /
Max-Set-Splitting (without negation) by definition. They have always played a crucial role in the theory of
computational complexity, as many breakthrough results such as the NP-completeness of 3SAT, the Proba-
bilistically Checkable Proofs (PCP) theorem, and the Unique Games Conjecture (UGC) study hardness of a
certain CSP.

Based on these works, recent works on approximability of CSPs focus on characterizing every CSP
according to its approximation resistance. We define random assignments to be the class of algorithms that
assign x; <— 1 with probability @ independently. A CSP is called approximation resistant, if for any € > 0,
it is NP-hard to have a (p* + €)-approximation algorithm, where p* is the approximation ratio achieved
by the best random assignment. Even assuming the UGC, the complete characterzation of approximation
resistance has not been found, and previous works either change the notion of approximation resistance or
study a subclass of CSPs to find a characterization, and more general results tend to suggest more complex
characterizations.

This work considers a natural subclass of CSPs where a predicate Q is symmetric — for any permutation
7 [k] = [K], (x1,...,x) € Qif and only if (xz(1),...,Xz(k)) € Q. Equivalently, for every such Q, there exists
S C [k]u{0} such that (xi,...,x) € Qif and only if (x; +---+x¢) € S. Let SCSP(S) denote such a symmetric
CSP. While this is a significant restriction, it is a natural one that still captures the following fundamental
problems, such as Max-SAT, Max-Not-All-Equal-SAT, ¢-out-of-k-SAT (with negation), and Max-Cut, Max-
Set-Splitting, Discrepancy minimization (without negation). Except the work of Austrin and Héstad [2],
many works on this line focused CSPs with negation, while we feel that the aforementioned problems
without negation have a very natural interpretation as (hyper)graph coloring and are worth studying.

There is a simple sufficient condition to be approximation resistant due to Austrin and Mossel [4] with
negation, and due to Austrin and Hastad [2] without negation. For SCSPs, we show that these simple
sufficient conditions can be further simplfied and understood more intuitively, and suggest that they might
also be necessary for and thus precisely characterize approximation resistance. We prove it for two natural
special cases (which capture all problems mentioned in the last paragraph) for both SCSPs with / without
negation, and provide reasons that we believe this is true at least for SCSPs without negation.

1.1 Related Work

Given the importance of CSPs and the variety of problems that can be formulated as a CSP, it is a natural
task to classify all CSPs according to their computational complexity for some well-defined task. For the
task of deciding satisfiability (i.e., finding an assignment that satisfies every constraint if there is one), the
work of Schaefer [14] gave a complete characterization on the Boolean domain in 1978.

However, such a classification seems much harder when we study approximability of CSPs. Since the
seminal work of Hastad [L1]], many natural problems have been proven to be approximation resistant. These
examples include Max-3SAT / Max-3LIN (with negation) and Max-4-Set-Splitting (without negation), and



for Boolean CSPs of arity 3, putting together the hardness results of [11] with the algorithmic results of
Zwick [[16]], it is known that a CSP is approximation resistant if and only if it is implied by parity. However,
characterizing approximation resistance of every CSP for larger arity & is a harder task. The Ph.D. thesis of
Hast [10]] is devoted to this task for k =4, and succeeds to classify 354 out of 400 predicates.

The advent of the Unique Games Conjecture (UGC) [12]], though it is not as widely believed as P # NP,
revived the hope to classify every CSP according to its approximation resistance. For CSPs with negation,
the work of Austrin and Mossel [4] gave a simple sufficient condition to be approximation resistant, namely
the existence of a balanced pairwise independent distribution that is supported on the satisfying assignments
of the predicate. The work of Austrin and Hastad [2]] proved a similar sufficient condition for CSPs without
negation, and that if this condition is not met, this predicate (both with / without negation) is useful for some
polynomial optimization — for every such Q, there is a k-variate polynomial p(yy,...,yx) such that if we
are given an instance of CSP(Q) that admits a (1 — €)-satisfying assignment, the altered problem, where we
change each constraint C;’s payoff from I[(x;; ©b;1,...,xjx®bjx) € Q] (where I[-] is the indicator func-
tion) to p(xj1 ®bj1,...,xjx P bjx), admits an approximation algorithm that does better than any random
assignment.

Predicates that don’t admit a pairwise independent distribution supported on their satisfying assignments
can be expressed as the sign of a quadratic polynomial (see [2]). This motivates the study of the approx-
imability of such predicates, though it is known that there are approximation resistant predicates that can be
expressed as a quadratic threshold function and thus the sufficient condition of Austrin and Mossel [4]] is not
necessary for approximation resistance. Still this motivates the question of understanding which quadratic
threshold functions can be approximated non-trivially.

Cheraghchi, Hastad, Isaksson, and Svensson [8] studied the simpler case of predicates which are the sign
of a linear function with no constant term, obtaining algorithms beating the random assignment threshold
of 1/2 in some special cases. Austrin, Benabbas, and Magen [1]] conjecture that every such predicate can
be approximated better than a factor 1/2 and is therefore not approximation resistant. They prove that
predicates that are the sign of symmetric quadratic polynomials with no constant term are not approximation
resistant.

Assuming the UGC, the work of Austrin and Khot [3] gave a characterization of approximation re-
sistance for even k-partite CSPs, and Khot, Tulsiani, and Worah [13]] gave a characterization of strong
approximation resistance for general CSPs — strong approximation resistance roughly means hardness of
finding an assignment that deviates from the performance of the random assignment in either direction (i.e.,
it is hard to also find an assignment saisfying a noticeably smaller fraction of constraints than the random
assignment). These two works are notable in studying approximation resistance of general CSPs, but their
characterizations become more complicated, which they suggest is necessary.

Without the UGC, even the existence of pairwise independent distribution supported on the predicate is
not known to be sufficient for approximation resistance. Another line of work shows partial results either
by using a stronger condition [7]], or by using a restricted model of computation (e.g., Sherali-Adams or
Lasserre hierarchy of convex relaxations) [15} 6, |5]].

1.2  Our Results

Our work was initially motivated by a simple observation that for symmetric CSPs, the sufficient condition to
be approximation resistant by Austrin and Hastad [2]] admits a more compact and intuitive two-dimensional
description in R?.

Fix a positive integer k and denote [k] = {1,2,...,k}. Fors € [k]U{0}, let P(s) € R? be the point defined

by P(s) := (3, %) For any s, P(s) lies on the curve y = k%xz — 11> Which is slightly below the curve



y = x? for x € [0, 1]. Given a subset S C [k]U {0}, let Ps := {P(s) : s € S} and conv(Ps) be the convex hull of
Ps. For symmetric CSPs, the condition of Austrin and Hastad depends on whether this convex hull intersects
a certain curve or a point.

For SCSP(S) without negation, the condition becomes whether conv(Ps) intersects the curve y = x*. If

we let s,,;, and s, be the minimum and maximum number in S respectively, by convexity of y = ﬁxz —

- itis equivalent to that the line passing P(s,in) and P(syax) and y = x? intersect, which is again equivalent
to (see Lemma |A .4))
(smax + Simin — 1)2 ASmaxSmin

k—1 - k

ey

Figure 1: An example when k = 10 and S = {2,5,8}. The solid curve is y = x*> and the dashed curve is
y = %xz — %, where all P(s) lie. In this case the triangle conv(Ps) intersects y = x%, so SCSP(S) is

approximation resistant.

A simple calculation shows that the above condition is implied by (Spax — Smin) = \/2(Smax + Smin) Which
in turn holds if (Syqx — Smin) = 2vk. This means that SCP(S) is approximation resistant unless s,,; and
Smax are very close. See Figure 1| for an example. We conjecture that this simple condition completely
characterizes approximation resistance of symmetric CSPs without negation. Note that we exclude the
cases where S contains O or k, since without negation, a trivial deterministic strategy to give the same value
to every variable satisfies every constraint.

Conjecture 1.1. For S C [k — 1], SCSP(S) without negation is approximation resistant if and only if
holds.

The hardness claim, the “if” part, is currently proved only under the UGC, but our focus is on the algo-
rithmic claim that the violation of (I)) leads to an approximation algorithm that outperforms the best random
assignment. Even though we were not formally able to prove Conjecture[I.1] we explain the rationale behind
the conjecture and we prove it for the following two natural special cases in Section [2}

1. Sis an interval: S contains every integer from s, tO Syax-
2. Siseven: se Sifandonlyifk—s € S.
Theorem 1.2. If S C [k — 1] and S is either an interval or even, SCSP(S) without negation is approxima-

tion resistant if and only if (1)) holds (the hardness claim, i.e., the “if” part, is under the Unique Games
conjecture).



For SCSP(S) with negation, the analogous condition is whether conv(Ps) contains a single point (3, 3)
or not. While it is tempting to pose a conjecture similar to Conjecture [I.T} we refrain from doing so due
to the lack of evidence compared to the case without negation. However, we prove the following theorem
which shows that the analogous characterization works at least for the two special cases introduced above.

Theorem 1.3. If S C [k]U{0} and S is either an interval or even, SCSP(S) with negation is approximation
resistant if and only if conv(Ps) contains (%, %) (the hardness claim, i.e., the “if” part, is under the Unique
Games conjecture).

1.3 Techniques

We mainly focus on SCSPs without negation, and briefly sketch why the violation of (1) might lead to an
approximation algorithm that outperforms the best random assignment. Let a* be the probability that the
best random assignment uses, and p* be the expected fraction of constraints satisfied by it. Our algorithms
follow the following general framework: sample correlated random variables Xi,...,X,, where each X; lies
in [—o*, 1 — a*], and independently round x; <— 1 with probability a* + X;.

Fix one constraint C = (xp,...,x;) (for SCSPs with negation, additionally assume that offsets are all 0).
Using symmetry, the probability that it is satisfied by the above strategy can be expressed as

k
p*+ch E HX,'].
=1 1

[
e() ver
For some coefficients {c; } 1cx]- These coefficients ¢; can be expressed by the following two ways.

o Let f(a):[0,1] — [0,1] the probability that a constraint is satisfied by a random assignment with
probability . ¢; is proportional to f() (a*), the I’th derivative of f evaluated at or*.

o Let Q= {(x1,...,x) € {0,1}¥: (x; +---+x;) € S} be the predicate associated with S. When a* = 1,
¢; is proportional to the Fourier coefficient O(T) with |T| = [.

Given this observation, a* for SCSPs without negation has nice properties since it should be a global
maximum in the interval [0, 1]. In particular, it should be a local maximum so that ¢; = f’(o) = 0 and
2, f" () < 0. By modifying an algorithm by Austrin and Héstad [2], we prove that we can sample X, ..., X,
such that the average second moment E[X;X] is strictly negative if (I}) does not hold. By scaling X;’s so that
the product of at least three X;’s becomes negligible, this idea results in an approximation algorithm that
outperforms the best random assignment, except the degenerate case where ¢; = f”(a*) = 0 even though
a* is a local maximum. This is the main rationale behind Conjecture and we elaborate this belief more
in Section [2] It is notable that our conjectured characterization for the case without negation only depends
on the minimum and the maximum number in S, while a* depends on other elements.

For SCSPs with negation where o* is fixed to be % the situation becomes more complicated since ¢ and
f'(ct) are not necessarily zero and there are many ways that conv(Ps) does not contain (1, 1) (in the case
of SCSPs without negation, the slope of the line separating conv(Ps) and y = x? is always positive, but it is
not the case here). Therefore, a complete characterization requires understanding interactions among cy, c»,
and the separating line. We found that the somewhat involved method of Austrin, Benabbas, and Magen [[1]]
gives a way to sample these Xi,...,X, with desired first and second moments to prove our results when
S exhibits additional special structures, but believe that a new set of ideas are required to give a complete

characterization.



1.4 Organization

In Section [2] we study SCSPs without negation. We further elaborate our characterization in Section [2.1]
and provide an algorithm in Section [2.2] We study SCSPs with negation in Section

2 Symmetric CSPs without negation

2.1 A 2-dimensional characterization

Fix k and S C [k — 1]. Our conjectured condition to be approximation resistant is that conv(Ps) intersects
the curve y = x?, which is equivalent to (T). Austrin and Hastad [2] proved that this simple condition is
sufficient to be approximation resistant.

Theorem 2.1 ([2]]). Let S C [k — 1] be such that (1)) holds. Then, assuming the Unique Games Conjecture,
SCSP(S) without negation is approximation resistant.

They studied general CSPs and their condition is more complicated than stated here. See Appendix [A]
to see how it is simplified for SCSPs. We conjecture that for SCSPs, this condition is indeed equivalent to
approximation resistance.

Conjecture 2.2 (Restatement of Conjecture . For S C [k — 1], SCSP(S) without negation is approxima-
tion resistant if and only if (1) holds.

To provide our rationale behind the conjecture, we define the function f: [0, 1] — [0, 1] to be the probabil-
ity that one constraint is satisfied by the random assignment that gives x; <— 1 independently with probability

a.
k
flo) =% (F)ecti-art
Let a* € [0, 1] be a value that maximizes f(a), and p* := f(a*). There might be more than one a with
fla)=p*. In Section we prove that S is not approximation resistant if there exists one such a* with a
negative second derivative.

Theorem 2.3. S C [k — 1] be such that (1)) does not hold and there exists o* € [0,1] such that f(o*) = p*
and f"(a*) < 0. Then, there is a randomized polynomial time algorithm for SCSP(S) that satisfies strictly
more than p* fraction of constraints in expectation.

Since f(0) = f(1) =0 < p*, every o € [0,1] with f(a) = p* must be a local maximum, so it should
have f(a) =0 and (o) < 0. If o is a local maximum, f”(¢t) = 0 also implies f”’ (o) = 0, so ruling out
this degeneracy at a global maximum gives the complete characterization!

Ruling out this degeneracy at a global maximum does not seem to be closely related to general shape of
f(a) or S. It might still hold even if f(o) has multiple global maxima, or S satisfies (I)) so that SCSP(S) is
approximation resistant.

However, examples in Figure 2] led us to believe that the condition (T)) is also related to general shape
of f. When S contains two numbers / and r with / 4+ r = k, as two numbers become far apart, f becomes
unimodal to bimodal, and the transition happens exactly when (1)) starts to hold. Furthermore, the degenerate
case f'(a*) = f”(a*) = 0 happens when () holds with equality. Intuitively, when two numbers [ and r are
far apart, it is a better strategy to focus on only one of them (i.e. o* = é or 1) so f is bimodal, but if (T])
does not hold and / and r are close enough, it is better to target in the middle to satisfy both [ and r with
reasonability probability so that f is unimodal with a large negative curvature at o*.
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Figure 2: Examples for k = 36. Left: S = {18}, (I) is not satisfied, unimodal with a* = 1, f"(3) < 0.
Middle: S = {15,21}, (I) is satisfied with equality, unimodal with * = 1, but f”(3) = 0. Right: S =
{14,22}, (1) is satisfied with slack, bimodal with two a*, but f”(a*) < 0.

Having more points between [ and r seems to strengthen the above intuition, and removing the assump-
tion that [ 4+ r = k only seems to add algebraic complication without hurting the intuition. Thus, we propose
the following stronger conjecture that implies Conjecture [I.1]

Conjecture 2.4. If (1) does not hold, f(a) is unimodal in [0,1] with the unique maximum at o*, and
f(a*) <.

While we are unable to formally prove Conjecture [2.4] for every S, we establish it for the case when S is
either an interval (Section [2.3) or even (Section[2.4), thus proving Theorem[1.2]

2.2 Algorithm

Let a* € [0, 1] be such that f(a*) = p* and f”(a*) < 0. Furthermore, suppose that S does not satisfy ().
We give a randomized approximation algorithm which is guaranteed to satisfy strictly more than p* fraction
of constraints in expectation, proving Theorem[2.3] Let D := D(k) be a large constant determined later. Our
strategy is the following.

1. Sample Xi,...,X, from some correlated multivariate normal distribution where each X; has mean 0
and variance at most 62 for some o := o (k).

2. Foreach i € [n], set

—Da* if X; < —Do*
X, =<{D(1—a*) ifX;>D(l—a"
X; otherwise

so that o* + % is always in [0, 1].

3. Set x; < 1 independently with probability a* + Xﬁ‘!.

Fix one constraint C and suppose that C = (xj,...,x;). We consider a multivariate polynomial
Yi Yi
gy ) = Z H(OC*—i-Bl) H (1—06*—5[).
TClk],|T|eSieT i€lk\T

g(X{,...,X]) is equal to the probability that the constraint C is satisfied. By symmetry, for any 1 < ij <
-+ <i; < k, the coefficient of a monomial y;, y;, ...y;, only depends on /. Let ¢; be this coefficient.

6



Lemma 2.5. ¢; = (i;;?!f(l)(a*).

Proof. Note that g(y,y,...,y) = f(a* + %), which has the Taylor expansion
SAUCHI:

()"
= D
Since g is multilinear, by symmetry, the coefficient of a monomial y;, y;, ...y, in g(y1,...,yx) is equal to the
coefficient of ! in f(a* + %) divided by (¥), whichis ¢, = &1 /0 (o). 0

We analyze the overall performance of this algorithm. Let Z; be the distribution on (['Z]) where we
sample a constraint C uniformly at random, sample / distinct variables from (?), and output their indices.
We prove the following lemma, which implies that by taking large D, the effect of truncation from X; to X

and the contribution of monomials of degree greater than two become small.

Lemma 2.6. The expected fraction of constraints satisfied by the above algorithm is at least

p* +c <]2<> E [Xin] — Ok(é) — p* + / (Ot*) E [Xin] . Ok(é)a

(i)~ 2D (ij)~2,
where Oy(-) is hiding constants depending on k.
Proof. Note that as long as S does not contain 0 or k, o¢* € [+,1—1]. Forany 1 </<kand1<ij <-- <
i; < k, we apply LemmaE (set D k)

! I
IE[[]x;,] -E[[]x) <2 o' -11-eP/M,
J=1 j=1

If we expand f(a) = Y*_,a;a, each coefficient a; has magnitude at most 2X, which means that | f() (a*)|
is bounded by k2*k!. Therefore, any |c;| is at most k2€k!. Let ¢4, be this quantity. Summing over this error
for all monomials, the probability that a fixed constraint C = {xy,...,x; } is satisfied is

Elg(X],....X)] > Elg(X1,....Xo)] — cmax - 2% - 0% -kl . P/¥

k
* _ 2
= p —|—ZC1 Z Xilxiz---xi,_ok(e D/k )

=1 1<i <<y <k
k >
* -D
= p —|—ZC[ Z Xilxiz---Xil_Ok(e / )
=1 1<ij<<ip<k
Averaging over m constraints, the expected fraction of satisfied constraints is at least

k
P*+ZC1< ) [Xi,...Xil]—Ok(e_D/kz)
({15 )NQI

=1

k 2
= p*4c 4+ Y ¢ Xi ... X;| — Op(e P/
P 2 <2> (i1, 12)~92 Z : ( ) )N@l[ ' J k( )

k
= p E [X;X,]— Ox(—=
o +Cz<2> B X - 0l

where the first equality follows from the fact that E[X;] = O for all i. Recall that ¢; = (];?LQ! fO (o) so that

lc1| = Ok(37)- O




Therefore, if we have a way to sample X, ..., X, such that each X; has mean 0 and variance at most o2,
and E; )., [XiX;] < —& for some 6 := 6(k) > 0, taking D large enough ensures that the algorithm satisfies
strictly more than p* fraction of constraints. We now show how to do such a sampling.

We assume that for some € := (k) > 0, the given instance admits a solution that satisfies (1 — €) fraction
of constraints. Otherwise, the random assignment with probability a* guarantees the approximation ratio of
1’%8. The following lemma completes the proof of Theorem

Lemma 2.7. Suppose that S does not satisfy (I). For sufficiently small €,8 > 0 and sufficiently large o all
depending only on k, given an instance of SCSP(S) where (1 — €) fraction of constraints are simultaneously
satisfiable, it is possible to sample X1, ..., X, from a multivariate normal distribution such that each X; has
mean 0 and variance bounded by 6*, and E; j).,[XiX;] < —8.

Proof. Recall that (T)) is equivalent to the fact that the line ¢ passing P(s,in) and P(sy,) intersects the curve
y = x2. Let a be the value that the vector (a, —1) is orthogonal to /. a is strictly positive since £ has a positive
slope. If £ and y = x* do not intersect, there is a line with the same slope as ¢ that strictly separates y = x>
and {P(s) : s € S} — in other words, there exists ¢ € R such that

e ax—y+c>y>0for(x,y) € {P(s):s €S}

° ax—x2+c<0f0ranyx€R:>c<*T“2.

Consider a constraint C = (x1,...,xx). Since (Ejc[xi], Eizjepy [xix)]) = P(x1 +-- - +xz), if C is satisfied,
a Ex]— E |[xxi]+c>7.
ie[k][ 2 i;éje[k][ &l 4
Let
:=—  min E [xj]— E [|xx; .
1 1 e{0,1} <aie[k] bxi] i#jelk] b)) +C>
We solve the following semidefinite programm (SDP):
maximize E - E Vi
ximize a E [(o.v)] = E_[novj)]+c
subjectto ||vol| =1
(vi,vo) = |[vil|* foralli€ [n]
Note that (v;,vo) = ||v;||* implies ||v;|| < 1. For any assignment to xp,...,x,, setting v; = x;vo satisfies

that x; = (vo,v;) and xpx; = (v;,vj). Since at least (1 — &) fraction of constraints can be simultaneously
satisfied, the optimum of the above SDP is at least (1 — &)y —en. Given y > 0 and 1, take sufficiently small
€,0 > 0 such that (1 — &)y —éen = §. There are finitely many S (thus y and 1) for each k, so € and 6 can
be taken to depend only on k. Given vectors vg,vi,...,v,, we sample Xi,...,X, by the following simple
procedure:

1. Sample a vector g whose coordinates are independent standard normal.

2. LetX; = <g,V[ — %V()>.



It is clear that E[X;] = 0 for each i, and E[X?] = ||v; — %vo||* < (a+ 1)*+ 1, so taking ¢ := o(k) large
enough ensures that the variance of each X; is bounded by 62. We now compute the second moment.

E [X:X;
i,jN%[ il
a

a
= i7j]:E@2[<Vi — EV(), Vj — §V0>]

2
a
ivj~@2[<v”v]>] aie%[<vz,vo>]+4
< E vM—gq E _ B
JE, (vl =a B ()] e

—((1-¢)y—e€n)=-6,

N

where the first inequality follows from ¢ < —% and the second follows from the optimality of our SDP. [J]

2.3 Case of Interval S

We study properties of f(o) when S is an interval — S = {Syin,Smin + 1, ,Smax — 1,Smax }» and prove
Conjecture [2.4]for this case. One notable fact is that as long as S is interval, the conclusion of Conjecture[2.4]
is true even if S does satisfy (1) and becomes approximation resistant.

Lemma 2.8. Suppose S C [k — 1] is an interval. Then, f(o) is unimodal in [0, 1] with the unique maximum
at o* and f"(a*) < 0.

Proof. Letl := sy, and r = sp4,. Given

and

since (]S‘) (k—s) = (Sfl) (s+1), we have

flla)= <];>la’ M1 — o)k ! - <]:> (k—r)a (1 — )b,

If 0 < & < 1, setting B := % gives a unique non-zero solution to f'(B) = 0. This proves the unimodality.

For the second derivative,
(0=} )= D 20— () ned T e
()t r-naa-arr2 (Dot ay
(f)ml 2(1-af (-0 - ) - (- a)+
(o)

k oc)"’z((k—r—l)oc—r(l—a))

r



Since,’:—%<£<a*<i<k%],
(-1 -a") = (k=Da* =({I—1)—(k—1)a* <0
and
(k—r—1la"—r(l—-a*)=(k—1)a"—r<0,
so that f”(a*) < 0. O

2.4 Case of Even S

We study properties of f(a) when S is even — s € S if and only if k —s € S, and prove Conjecture for
this case. We first simplify (] for this setting. If we let [ := s,,;, and r := s,0c = k — [, (I)) is equivalent to
(I+r—1)> _ 4lr

> —1)> D>k
T2 ¢ kk=Dzdr e (r-1P >k

Therefore, (I) is equivalent to

r—1>vk 2)

Lemma 2.9. Suppose S C [k — 1] is even. If [2) does not hold, f(o) is unimodal in [0, 1] with the unique
maximum at o* = 1 and f"(a*) < 0.

Proof. Given aeven S, let S| = {s € S: s <k/2}. When we write fs to denote the dependence of f on S,
we can decompose fs(&) = Y cs, fisk—s} (@), so the following claim proves the lemma. O

Claim 2.10. Let | < & and r =k —1 such that r —1 < Vk < k(k— 1) < 4lr. Let S = {l,r}. f is unimodal
with the unique maximum at %, and f"(1) <0.

Proof. Note that f is symmetric around o = 1/2. If there exists a local maximum at o’ € (0,1/2), f also
has a local maximum at (1 — o) with the same value, so there must exist a local minimum in (&', 1 —a’). In
particular, there is @ € (@’,1 — ') such that f'(ot) =0 and f” () > 0. We prove that such ¢ cannot exist.

fll@)=0
PN ];> alfl(l . Oc)rfl(l —k(X) + <I:) Oc”l(l . a)lfl(r_ka) -0
B L N [ R (s
Bai-ay ot (ke
Similarly,
f'(a) =20
- (- r(r=1)(1-a)?®—2rla(l—a)+i(—1)a
(F)ort 1(1—1)(1—a)?2=2ra(l — o)+ r(r—1)a?
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By symmetry, we can assume ¢ > 7, so that (ke —1) > 0 and [(I —1)(1 —a)> = 2rla(l — o) + r(r— 1) o> >
0.

(ka—r) _ r(r—1)(1—a)*=2rlo(l —a)+1(1—1)a?
koa—1) SII—1D)(—a) —2ra(l—a)+ rr— 1)
& (koe—r)(1(1—1)(1—a)? =2rla(l —a)+r(r—1)a?)
< (ko —D)(r(r—1)(1—a)* =2rla(l — ) +1(1 - 1)a?)
(P =P — (P =) +rl(l—r) = 2k(> =)+ 2k(I — 7)) + a(k(I> = r*) k(I = 7)) —rl(I—7) <O
o’ (—k*+k)+oa(k*—k)—rl >0  divide by (I —r) anduse [ +r =k

=
=

However, a(—k* +k) + o(k* — k) — rl has a negative leading coefficient and its discriminant is
(k> —k)> —4rl(K* —k) = (* —k)(k* —k—4rl) <0
by the assumption of the claim. O

We do not formally prove the converse, but Figure [2] shows examples where it is tight. When (2)) holds
with equality, f still has the unique local maximum at 5 but b ( ) =0, and even when (2)) holds with
small slack, two local maxima start to appear. This phenomenon is one of the main reasons that we pose
Conjecture[2.4] Though we were not able to formally prove for the general case, we believe that the violation
of (T)) not only allows us to sample random variables with desired second moments but also ensures that f(a)
is a nice unimodal curve.

3 Approximability of symmetric CSPs with negation

Fix k and S C [k]U{0}. In this section, we consider SCSP(S) with negation and prove Theorem[1.2] Note
that in this section we allow S to contain 0 or k. For example, famous Max-3SAT is 3-SCSP({1,2,3}). We
still exclude the trivial case S = [k] U{0}.

The condition we are interested in is whether conv(Ps) contains (1, 1). In SCSPs with negation, the suf-
ficient condition of Austrin and Mossel on general CSPs to be approximation resistant becomes equivalent
to it. See Appendix [A]to see the equivalence.

Theorem 3.1 ([2])). Fix k and let S C [k]U{0} be such that conv(Ps) contains (3,3). Then, assuming the
Unique Games Conjecture, SCSP(S) with negation is approximation resistant.

On the other hand, we now show that the algorithm of Austrin et al. [[1l], which is inspired by Hast [10],
can be used to show that if S is an interval or even and conv(Ps) does not contain (3,), SCSP(S) is not
approximation resistant.

Let f: {0,1}* + {0,1} be the function such that f(xi,...,x;) = 1 if and only if (x; + - —I—xk) €Ss.
Define the inner product of two functions as (f,g) = E,c o 1+ [f(x)g(x)], and for T C [k], let x7 (x1,...,x¢) =
[Tier(—=1)%. It is well known that {¥r }7c|y form an orthonormal basis and every function has a unlque
Fourier expansion with respect to this basis,

=Y FMxr,  F(T)={f2r)

TC[K]

Define



The main theorem of Austrin et al. [1]] is

Theorem 3.2 ([1]]). Suppose that there exists 1 € R such that

2N 4 2
Tl W W >0 )

for every x € f~1(1). Then there is a randomized polynomial time algorithm that approximates SCSP(S)
better than the random assignment in expectation.

We compute f=! and f=2.

FA =y = zkmfg(( ) (i:))
FEL2Y) = foxpay) = zkseZ‘g((k 2) (;::12>+<1::§>>

By symmetry, fr =: f} is the same for all |T| = 1 and fr =: f5 is the same for all |T| = 2. If we let
S=x1 44X,

fT@=h Y DY =kh B -2+ 1] =kA(- 2 +1)

i€[k]
“(x) =fzi§j<—1)""“f = (l;)fzigj[(—zxi+ D)(=2x;+1)] = <§>fz(4;zgz:11)) —4% +1).

choosing 7 either large enough or small enough ensures (3). Similarly, if / > 7, (3) holds. Therefore, we

assume that / < % and r > %, and compute f.
k—2 k—2 k—2
=2 () =000+ (52)
1 k—2 k—2 n k—2 k—2
S 2k\\1-2 -1 r r—1
Since (1;:12)>(1;:§) f0r0<l<§and (1;:%)>(k:2) for%<r<k,f2<Oexceptwhenl:Oandr:k(i.e.,

= [u{0}).

If conv(Ps) does not contain (3, 1), there exist o, § € R such that for any (a,b) € conv(P),

When S is an interval. Let S = {/,/+1,...,r—1,r}. If r < %, we have (=2 +1) < 0 for all s € S, so
k
2’

oc(a—%)—#ﬁ(b—%) >0,

If k is even, s := & € S and P(s) = (1, 2&;}1)) where Z(Sk 11) < %, which implies B < 0 since the above

inequality should hold for all s € S. When k is odd (let k =25+ 1), s and s+ 1 should be in S and

%(P(s)—i—P(s—i—l)) (; k(ks )

12



where k(ks 1 < . Therefore, we can conclude 8 < 0 in any case. For any x € f~!(1) with s = x; +--- +x;
and P(s) = (a,b),

2n 2 2

\/TTIf (x)+Ef (x)

jgﬂkﬁ(—2a+ﬂ)+-i<§>ﬁﬂ4b—4a+1)
ikf

- (st

B 0
A zinkf\
B ﬁg( >f2<( ;ﬁ)(2a+1)+ﬁ(ba+i)> by adjusting 7 so that ﬁé)}z :O‘erﬁ

= 2 (H)a(tabrse-D)
> 0.

Therefore, (3) is satisfied if S is an interval and conv(S) does not contain (1, 1).

When S is even. Given S, let Q € {0,1}¥ be the predicate associated with S and f : {0, 1} {0,1} be
the indicator function of Q. We want to show that when S is even,

2n 2
\/T—nf (x)‘f‘Ef (x) >0

is satisfied for any x € £~!(1). When S is even,

=g (L )-C0) () - (L) -

We compute the sign of the contribution of each s to f>.
k—2 k—2 k—2
-2 >0
(")) (53)
& (k—s)(k—s—1)—2s(k—s)+s(s—1)>0
& 45 —4sk+K—k>0
k—+Vk k k
< ;/(Hs? t;”

=

We also consider the line passing P(s) and P(k —s). If we denote t = k — s, Its slope is

—1)—s(s—1
e k()kfl() ) P—s*—(t—s)

"TS N (k—1)(r—5) -
and the value of this line at % is at least }l when
s(s—=1)+(k—s)(k—s—1) - 1

2k(k—1) 4
& 25(s—1)+2(k—s)(k—s—1) > k(k—1)
= sgk_z\/lzors2k+2\/];.

13



Intuitively, if we consider the line of slope 1 that passes (1, 1), P(s) is below this line if s € (A% vk k*‘[)

Let S, =SN{0,1,.. [ 1}. If S; contains a value 51 < = f and a value s, > £ Zf (including the case

51 =85 =5 ‘[ is an integer in Sy ), the line passing P(sl) and P(k— s1) passes apoint (3,#) for some #; > 1

and the hne passing P(s,) and P(k —s,) passes a point (3,) for some 7, < . Therefore, conv(Ps) contains
a point (2, 4) and S becomes balanced pairwise independent. We consider the remaining two cases.

l. s< % forall s € S;: f,>0and foralls€S, —(§—1)+ (z(s—l)) — 1) > 0. Therefore, for any
xeff1 with s = x1 4+ -+ +x¢,

2n ._ 2 .,

\/T—nf 1(x)+Ef (x)
= 2w

2(k\,  s(s—1) s
= 7t<2>f2(4k(k—1)_4k+1)
> 0.

2. 5>k \f foralls € S;: /o <Oandforalls€ S, —(3— 1)+ (s(sfl)) — 1) <0. Similarly as above, for
any x 6 f with s = x; 4+ - - - + ¢, (3) is satisfied.
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A Austrin-Hastad Condition for Symmetric CSPs

This section explains how the condition of Austrin-Hastad [2] is simplified for SCSPs. They studied general
CSPs where a predicate Q is a subset of {0,1}*. Note that given S C [k] U {0}, SCSP(S) is equivalent to
CSP(Q) where

Q:{(xl,...,xk)G{O,l}k:(x1+---+xk)GS} 4

Given Q, their general definition of pairwise independence and positive correlation is given below.

Definition A.1. Q is balanced pairwise independent if there is a distribution U supported on Q such that

Pry[x; = 1] =1 foreveryi € [k] and Pry[x; = x; = 1] = § for every 1 <i < j < k.

Definition A.2. Q is positively correlated if there is a distribution 1 supported on Q and p,p € [0, 1] with
p = p? such that Pry[x; = 1] = p for every i € [k] and Pry[x; = x; = 1] = p for every 1 <i< j < k.

We formally prove that their definitions have simpler descriptions in R? for symmetric CSPs. Recall
that given s € [k] U {0},

s s(s—1)

P(s):(%,m)eRz and Ps:={P(s):s€S}.

Lemma A.3. Let S C [k|U{0} and Q be obtained by (). Q is pairwise independent if and only if conv(Ps)

contains (%, %) and Q is positively correlated if and only if conv(Ps) intersects the curve y = x*.
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Proof. We first prove the second claim of the lemma. Let Q be positively correlated with parameters p, p
(p > p?) and the distribution y such that Pry, [x; = 1] = p for all i, Pry [x; = x; = 1] = p and for all i < j. Let

v be the distribution of x| + - - - +x; where (x1,...,x;) are sampled from p.
s s(s—1)
— (B[], Exx;]) = (E [2], E — E[P(s)],
(pop) = (Bl B frn]) = (B 21, E [Fr—7) = B, PG

proving that positive correlation of Q implies (p,p) € conv(Ps). Since P(s) is strictly below the curve y = x*

for any s € [k— 1] and (p,p) is on or above this curve, conv(Ps) must intersect y = x°.

Suppose that conv(Ps) intersects the curve y = x*. There exists a distribution v on S such that B, [P(s)] =
(p, p?). Let g be the distribution on {0, 1}* that uniformly samples a string with exactly s 1’s. Let u be the
distribution where s is sampled from v and (xi,...,x) is sampled from p. By definition, Pry [x; = 1] and
Pry[x; = xj = 1] do not depend on choice of indices,

Prx; =1]=E[x]=E E [v]=E[3]=p

u u S~V X~ L s~V

e 1] — _ _ s(s—1) 2
I:lr[xl =xn=1]= ]E[XIXZ] = S@VXLE% [x1x2) = Ev[k(k— 1)] =p°,

implying that (p, p?) € conv(Ps).
The proof of the first claim is similar except that the curve y = x? is replaced by (%, %) O

Lemma A.4. conv(Ps) intersects the curve x = y* if and only if

(Smax+smin - 1)2 S 4SmaxSmin
k—1 ~ ok

Proof. Let | = syin and r = Spqy. The line passing P(I) and P(r) has a slope — =57 and a
T
y-intercept b such that
[(I—1 [—1 1 (1—-1)-1 [—1 —1
(=) _re —tbeb= U=D)—lr+i-1) _ —lr
k(k—1) k—1 &k k(k—1) k(k—1)

This line intersects y = x? if and only if

, r+il-1 Ir

x° = xX—

k—1 k(k—1)
has a real root, which is equivalent to
r+l—1, alr (r+1—1)2 _ 4r
— >0 —— > —. ]
( k—1 ) k(k—1) k—1 k
B Technical Proof
Lemma B.1. Let Yy,...,Y; be sampled from a multivariate normal distribution where each Y; has mean 0
and variance at most 62. Let Y/,...,Y/ be such that
Y, ifly[<D
/=D ifY,>D
-D ifY;<-D
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Then, for large enough D,
l
[E[[Tv]-E[[¥ <2 o' -11-e72/.
i i=1

Proof. Foreachi € [l], letY/ =Y/ —Y,. Take D large enough so that

El/]=2 [ 6-D)om) <2 Vow)<e

y=D
Also each ¥;, a normal random variable with mean 0 and variance o, satisfies E[|Y;|'] < ¢’ -1!. We have
! !
!/ "
EJIv-EI¥I= | Y EJ[xIT¥I
i=1 i=1 TC[I,T#[l] €T i¢T
< Z H [y H [I¥/)'1)'/" By Generalized Holder’s inequality [9]
[)ieT i¢T
< 2-o-l!-e—D/1. O
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