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Abstract

In a recent breakthrough [CZl(g, Chattopadhyay and Zuckerman gave an explicit two-source
extractor for min-entropy k£ > log~ n for some large enough constant C', where n is the length
of the source. However, their extractor only outputs one bit. In this paper, we improve the
output of the two-source extractor to k2(1), while the error remains n~*") and the extractor
remains strong in the second source. In the non-strong case, the output can be increased to k.
Our improvement is obtained by giving a better extractor for (g,t,~) non-oblivious bit-fixing
sources, which can output t*(!) bits instead of one bit as in [CZ16].

We also give the first explicit construction of deterministic extractors for affine sources over
o, with entropy k& > logc n for some large enough constant C, where n is the length of the
source. Previously the best known results are by Bourgain [Bou07], Yehudayoff [Yeh11] and Li
[Lil1lb], which require the affine source to have entropy at least Q2(n/+/loglogn). Our extractor
outputs k2 bits with error n =), This is done by reducing an affine source to a non-oblivious
bit-fixing source, where we adapt the alternating extraction based approach in previous work
on independent source extractors [Lil3a] to the affine setting. Our affine extractors also imply
improved extractors for circuit sources studied in [Violl].

We further extend our results to the case of zero-error dispersers, and give two applications
in data structures that rely crucially on the fact that our two-source or affine extractors have
large output size.
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1 Introduction

Randomness extraction is a broad area that studies the problem of converting biased random
sources into nearly uniform random bits. The natural motivation comes from the wide application
of randomness in computation, such as in algorithms, distributed computing and cryptography, and
the requirement that the random bits used should be uniformly distributed. In reality, however,
natural random sources almost always have serious biases, and can leak information to an adversary
because of side channel attacks. These defective random sources are known as weak random sources.
Therefore, intuitively, a randomness extractor takes as input one or more weak random sources,
and outputs a distribution that is statistically close to uniform.

Formally, a weak random source is modeled as a probability distribution over n bit strings with
some entropy k. In the context of randomness extraction, the standard measure of entropy is the
so called min-entropy, which is defined as follows.

Definition 1.1. The min-entropy of a random variable X is

Ho(X)= min logy(1/Pr[X = z]).
xesupp(X)

For X € {0,1}", we call X an (n, Hx(X))-source, and we say X has entropy rate Hoo(X)/n.

However, one can easily show that it is impossible to construct deterministic randomness extrac-
tors for one (n, k) source, even if k is as large as n—1. Thus, the study of randomness extractors has
been pursued in two different directions. The first one is to allow the extractor itself to be random-
ized. In this case one ends up with the notion of seeded extractors [NZ96], where the extractor is
given a short independent uniform random seed (typically of length say O(logn)). It is now possible
to construct such extractors for all weak random sources. Typically, one also requires the output of
the extractor to be close to uniform even given the seed. Such extractors are known as strong seeded
extractors. Seeded extractors have a lot of applications in theoretical computer science and have
been studied extensively, resulting in almost optimal constructions [LRVWO03, GUV09, DKSS09].

Another direction is to impose some special structure on the weak source, and thereby allows
the construction of deterministic randomness extractors. This is the focus of this paper. Formally,
we have the following definition.

Definition 1.2. (Deterministic extractors for structured sources) Let C be a class of distributions
on a finite set Q. A function F : Q@ — {0,1}" is an extractor for C with entropy threshold k£ and
error e, if for any weak source X € C with entropy at least k, we have

|E(X) —Upnl| <e
Here U, is the uniform distribution over {0,1}™ and | - | stands for the statistical distance.
In this paper we will study the following classes of weak sources.
Independent Sources Here, the extractor is given as input more than one general weak random
sources, and the sources are independent of each other. Using the probabilistic method, one can
show that there exists a deterministic extractor for just two independent sources with each having

logarithmic min-entropy, which is optimal since extractors for one weak source do not exist. In fact,
the probabilistic method shows that with high probability a random function is such a two-source



extractor. However, the most interesting and important part is to give explicit constructions of
such functions, which turns out to be highly challenging.

The first explicit construction of a two-source extractor appeared in [CG88], where Chor and
Goldreich showed that the well known Lindsey’s lemma gives an extractor for two independent
(n,k) sources with k& > n/2. Since then there has been essentially no progress on two-source
extractors until in 2005 Bourgain [Bou05] gave a construction that breaks the entropy rate 1/2
barrier, and works for two independent (n,0.49n) sources. In a different work, Raz [Raz05] gave an
incomparable result of two source extractors which requires one source to have min-entropy larger
than n/2, while the other source can have min-entropy O(logn).

Given the difficulty of constructing explicit two-source extractors, much research has been fo-
cusing on a slightly more general model, where the extractor is allowed to have more then two
independent sources as the input. Starting from [BIWO04], there has been a long line of fruitful
results [BIW04, Raz05, Bou05, Rao06, BRSWO06, Lilla, Lil3b, Lil3a, Lil5, Cohl5], which intro-
duced many new techniques and culminated in the three source extractor of exponentially small
error by the author [Lil5]. However, in the two source case the situation has not been improved.

Recently, Chattopadhyay and Zuckerman [CZ16] made a breakthrough to this problem by giving
the first explicit two-source extractors for (n, k) sources with k& > log® n for some large enough
constant C. This dramatically improves the situation of two-source extractors and is actually near
optimal. However, their construction only outputs one bit and thus a natural question is whether
one can achieve a significantly larger output length.

Affine Sources An affine source is the uniform distribution over some unknown subspace of a
vector space, and affine extractors are deterministic extractors for such sources.

Definition 1.3. (affine source) Let F; be the finite field with ¢ elements. Denote by Fy the n-
dimensional vector space over Fy. A distribution X over Fy is an (n, k), affine source if there
exist linearly independent vectors ai,--- ,a; € Fy and another vector b € Fy s.t. X is sampled by
choosing z1, -+ ,z; € F uniformly and independently and computing

k
X = Z xia; + b.
=1

In this paper we focus on the case where ¢ = 2. Using the probabilistic method, it is not hard
to show that there exists a deterministic affine extractor, as long as k£ > 2logn and the output
length m < k — O(1). The problem is to given an explicit construction of such a function.

There has also been a lot of work studying affine extractors and dispersers. For example,
Gabizon and Raz [GRO05] constructed explicit extractors for affine sources even with entropy 1.
However, their constructions require the field size to be much larger than n, i.e., ¢ > n®®) | in order
to use Weil’s theorem. DeVos and Gabizon [DG10] constructed explicit extractors for (n, k), affine
sources when ¢ = Q((n/k)?) and the characteristic of the field F, is Q(n/k). As the field size gets
smaller, constructing explicit affine extractors becomes significantly harder.

The extreme and hardest case where the field is F = GF(2), is the focus of the rest of the paper.
Note that in this case the min-entropy H.,(x) is the same as the standard Shannon entropy H (X).
Here, it is well known how to construct extractors for affine sources with entropy rate greater than
1/2. However the problem becomes much harder as the entropy rate drops to 1/2 and below 1/2.
Bourgain [Bou07] used sophisticated character sum estimates to give an extractor for affine sources



with entropy k = dn for any constant § > 0. This was later slightly improved to k = Q(n/+/loglogn)
by Yehudayoff [Yehl1] and the author [Lillb], which have remained the best known results. Rao
[Rao09] constructed extractors for affine sources with entropy as small as polylog(n), as long as the
subspace of X has a basis of low-weight vectors. In the case where one only wishes to output one
bit with support {0,1} (i.e., a disperser), Ben-Sasson and Kopparty [BSK09] gave constructions
for entropy Q(n*"), and Shaltiel [Shall] gave a construction for entropy 9log”“n

Circuit Sources Trevisan and Vadhan [TV00] considered the question of extracting random bits
from samplable sources, which are n-bit distributions generated by some small circuit from ¢ uniform
bits. They showed that such extractors imply circuit lower bounds for related circuits. They also
constructed explicit extractors for such sources with min-entropy k& = Q(n) under some necessary
computational assumptions (such as the existence of a function computable in time 20(") which
requires 22" gize 35 circuits). Subsequently, Viola [Violl] constructed unconditional extractors
for sources generated by local circuits and circuits of small depth (e.g., NC° and ACP circuits).
However, for both these sources, the extractors in [Violl] require min-entropy at least n2/3+0@1),

Non-oblivious bit-fixing Sources As in [CZ16], an intermediate class of sources we use in our
construction is a special kind of non-oblivious bit-fixing source. Non-oblivious bit-fixing sources are
sources on n bits which are uniform except some unknown ¢ bits. However the ¢ bits can depend
arbitrarily on the n — ¢ uniform bits. Extractors for non-oblivious bit-fixing sources are equivalent
to resilient functions, and were studied in [BOL78, KKL88, KZ07, Violl]. What we need here is
a special kind of non-oblivious bit-fixing sources which only requires bounded independence in the
“good” bits. Such sources were first defined by Viola in [Violl], where he constructed an extractor
that extracts one bit from a non-oblivious bit-fixing source with ¢ ~ y/n bad bits, and the “good”
bits are polylog(n)-wise independent. Subsequently, [CZ16] gave an improved one-bit extractor that
can handle ¢ = n'~° for any constant § > 0. We now formally define such sources.

Definition 1.4. A distribution D on n bits is t-wise independent if the restriction of D to any ¢
bits is uniform. Further D is a (¢, ¢)-wise independent distribution if the distribution obtained by
restricting D to any ¢ coordinates is e-close to uniform.

Definition 1.5. A source X on {0,1}" is called a (g,t)-non-oblivious bit-fixing source if there
exists a subset of coordinates @@ C [n] of size at most ¢ such that the joint distribution of the bits
indexed by Q = [n]\ Q is t-wise independent. The bits in the coordinates indexed by @ are allowed
to arbitrarily depend on the bits in the coordinates indexed by Q.

If the joint distribution of the bits indexed by @ is (¢,7)-wise independent then X is said to be
a (g, t,y)-non-oblivious bit-fixing source.

1.1  Our Results
In this paper, we improve the output length of the two-source extractor in [CZ16] to k?().

Theorem 1.6. There exists a constant C > 0 such that for all n,k € N with k > log® n, there
exists a polynomial time computable function 2Ext : {0,1}" x {0,1}" — {0, 1} with m = k1) and
e = n~ ) satisfying the following: if X,Y are two independent (n, k) sources, then

|(2Ext(X,Y),Y) — (Up,Y)| < e



Since the extractor is strong in Y, if we don’t need a strong two-source extractor, then we can
use the output of 2Ext to extract from Y and output almost all the min-entropy. For example,
by using a strong seeded extractor from [RRV02] that uses O(loanlog k) bits to extract all the
min-entropy (and requiring that say m > log®n), we have the following theorem.

Theorem 1.7. There exists a constant C > 0 such that for all n,k € N with k > log® n, there
exists a polynomial time computable function 2Ext : {0,1}" x {0,1}" — {0,1}™ with m = k and
e = n~ ) satisfying the following: if X,Y are two independent (n, k) sources, then

2Ext(X,Y) — Up| < e.

Next we give an affine extractor over Fg that works for entropy k > polylog(n), thus significantly
improving all previous results in terms of the entropy requirement (even in the disperser case). Our
extractor outputs k(M) bit and has error n=() . Specifically, we have

Theorem 1.8. There exists a constant C > 0 such that for alln,k € N with k > logc n, there exists
a polynomial time computable function AExt : {0,1}* — {0,1}™ with m = k%1 and ¢ = n~)
satisfying the following: for any (n,k) affine source X, we have that

IAEXt(X) — Up| < .

Table 1 summarizes our result compared to previous constructions of extractors and dispersers
for affine sources over Fs.

Construction Entropy Output Error
[Bou07] k > 0n, any constant § ©(n) 2~
[Yehll, Lil1b] k = Q(n/y/Toglogn) ne@) | g-n"W
[BSK09] k= Q(n*/?) 1 Disperser
[Shall] k> log”n 1 Disperser
This work k > log® n for some large constant C. | £%2(0 n~ )

Table 1: Summary of Affine Extractors and Dispersers over Fs.

By using a reduction from NC® and AC? sources to affine sources in [Violl], we also obtain
improved extractors for NC? and AC® sources, which only require min-entropy n!/2+%(1).

Theorem 1.9. For any constant « > 0,d = O(1) and any n,k € N with k > nl/2te there is an
explicit extractor acExt : {0,1}" — {0,1}™ with m = kY and € = n=*Y) such that if X is an
(n, k) source generated by a depth-d AC® circuit of size n?, then

lacExt(X) — Uy, | <e.

All the above extractors are based on an extractor for (g, t,y)-non-oblivious bit-fixing sources.
In particular, we have the following theorem which improves the output length of such an extractor
in [CZ16] from one bit to (1),

Theorem 1.10. There exists a constant ¢ > 0 such that for any constant § > 0 and all n,q,t € N
with ¢ < n' 70, ¢t > clog?’ n and any v < 1/n'*L, there exists an explicit extractor BFExt : {0,1}" —
{0,1}™ with m = 2 and e = n=) such that for any (g,t,7y) non-oblivious bit-firing source X
on n bits, we have that

IBFExt(X) — Up,| < e.



Subsequent work. In a subsequent work, Meka [Mek15] constructed explicit resilient functions
matching the randomized construction by Ajtai and Linial [AL93]. His construction also gives im-
proved two-source extractors which require min-entropy logc n for a smaller constant C. Similarly,
his construction can also be used to obtain affine extractors for entropy log® n with a smaller con-
stant C. In another subsequent work by Chattopadhyay and the author [CL16], the techniques of
this paper were used to construct explicit extractors for a new model of weak sources called sumset
sources, which also give improved extractors for sources generated by small space computation.

1.2 Zero-error dispersers and applications
We now extend our results to the case of zero-error dispersers. We first have the following definition.

Definition 1.11. (Zero-error dispersers and strongly hitting dispersers) [GS08] Let C be a class
of distributions on a finite set Q. A function D : Q@ — {0,1}™ is a disperser for C with entropy
threshold k£ and error ¢, if for any weak source X € C with entropy at least k, we have

[Supp(D(X))[ = (1 — €)2™.

The function D is called a zero-error disperser if € = 0. It is called a p-strongly hitting disperser if
in addition for every z € {0,1}™, Pr[D(X) = z] > p.

Naturally, we consider both independent sources and affine sources. Zero-error independent
source dispersers are intimately connected to explicit constructions of Ramsey graphs [BRSWO06,
CZ16, Coh16], and zero-error affine dispersers for sub-linear entropy give explicit Boolean functions
with the best known general circuit lower bounds of 3.01n [FGHK15]. Here we will be interested in
zero-error dispersers with large output length (say 2(k)). Previously, such dispersers for indepen-
dent sources are only known when k > én (for two sources) or k > n% (for O(1/5) sources) [GS08].
The dispersers of [CZ16, Coh16], which work for k > log® n, only output one bit. For affine sources,
such dispersers are only known when k = Q(n/+/loglogn). In this case Gabizon and Shaltiel [GS12]
achieved output length k — 8n/+/loglogn for some constant 0 < 3 < 1. All other known zero-error
dispersers, such as the one by Ben-Sasson and Kopparty [BSK09] which works for entropy Q(n4/ %),
and the one by Shaltiel [Shall] which works for entropy 9log™* ™ only output one bit.

Note that if the error of an extractor is small enough compared to its output length, then the
extractor is automatically a strongly hitting disperser and zero error disperser. For example, we
have the following simple fact.

Fact 1.12. Let f : Q — {0,1}™ be an extractor for a class C of sources with entropy k and error
e < 27D Then fis a 27" _strongly hitting disperser for the same class C and entropy k.

The error of our two-source extractors and affine extractors can be made n~ for any constant
C > 0, at the price of slightly increasing the running time of the extractors (but still polynomial
in n). Thus we have the following direct corollary.

Corollary 1.13. There exists a constant C > 0 such that for all n,k € N with k > log®n
and any constant C' > 0, there exist explicit constructions of strongly 2~ (™Y _hitting dispersers
for two independent (n,k) sources or affine sources on n bits with entropy k, with output length
m = C'logn.

Using a generic technique to increase the output length in [GS08], we obtain the following:



Theorem 1.14. There exist constants C > 0,1 > 0 such that for all n,k € N with k > log®n
and m = nk, there exists an explicit construction of a 2~ (m+3)_gtrongly hitting disperser D' :
({0,1}™)% — {0,1}™ for two independent (n, k) sources.

Gabizon and Shaltiel [GS08] further showed that such strongly hitting dispersers can be applied
to the problem of implicit probe search, which, informally speaking, is to search for an element in a
table with few probes, while using no additional information beyond the stored elements themselves.

Definition 1.15. (Implicit probe search scheme) [GS08]. For integer parameters n, k, ¢, the implicit
probe search problem is as follows: Store a subset S C {0,1}" of size 2* in a table T' of size 2%,
(where every table entry holds only a single element of S), such that given any x € {0,1}" we can
determine whether z € S using ¢ queries to T. A solution to this problem is called an implicit
g-probe scheme with table size 2¥ and domain size 2.

The main goal for this problem is to give a scheme that uses as few number of queries as possible
(e.g., O(1) queries) and has table size as small as possible. Fiat and Naor [FN93] studied implicit
O(1)-probe schemes, where the number of queries is a constant that does not depend on n or k.
They showed that if n is large enough compared to k, then no such schemes can exist. This improves
a previous bound by Yao [Yao81]. They also proved that non-explicitly, such schemes exist as long
as n < 2P°W(K) - In addition, they gave an efficient implicit O(1)-probe scheme in the case where
k = én for any constant § > 0. Gabizon and Shaltiel [GSO08] showed that zero-error dispersers for
a constant number of independent sources can be used to construct implicit O(1)-probe schemes,
and they achieved O(1/6)-probe schemes in the case where k = n’ for any constant § > 0. By
using our improved zero-error disperser, we obtain the following implicit O(1)-probe scheme, which
almost matches the non-explicit construction in [FN93].

Theorem 1.16. There exists a constant C' > 0 such that for all n,k € N with k = log® n there is
an efficiently computable implicit O(1)-probe scheme with table size 2F and domain size 2™.

Note that the construction crucially relies on a strongly hitting disperser with output length
Q(k), which is made possible only because our two-source extractor has output length at least
clogn for some constant ¢ > 1 and error n™¢.

In the case of affine sources, Gabizon and Shaltiel [GS12] also gave a generic method to transform
a zero-error affine disperser with clogn output bits into another zero-error affine disperser which
outputs almost all entropy. Combining their transformation with our zero-error disperser, we obtain
the following theorem, which improves the entropy requirement and output length of previous zero-

error affine dispersers.

Theorem 1.17. There exists a constant C' > 0 such that for all n,k € N with k > logc n, there is
an explicit zero-error affine disperser D : {0,1}™ — {0,1}" for entropy k, where m = k — log® n.

Such zero-error affine dispersers can be applied to the following problem of constructing schemes
for defective memory with stuck-at and adversarial errors, as shown in [GS12]. The problem was
first studied by Kuznetsov and Tsybakov [KT74], where we have a memory of n cells each storing a
symbol from some finite alphabet (we focus on the Boolean alphabet here). However, some subset
of at most s cells are stuck (e.g., fixed to some particular string u) and cannot be modified. The
goal then is to store a string z € {0,1}" in the memory so that later we can read the memory
and retrieve z, even without any information about which of the cells are stuck. Tsybakov [Tsy75]
extended this to a more general model where besides the stuck-at errors, an adversary can choose
to corrupt few cells after the string is stored. Formally, we have the following definition.



Definition 1.18. [GS12]. An (n, s, e)-stuck-at noisy memory scheme consists of

e a (possibly randomized) encoding function E such that given any S C [n] with [S| < s,
u € {0,1}5 and z € {0,1}", E returns z € {0,1}" such that z|g = u, and

e a decoding function D : {0,1}" — {0,1}"™ such that for any = € {0,1}" produced by E with
input z (and any inputs S and u as above), and any ‘noise vector’ £ € {0,1}" of hamming
weight at most e, D(z + &) = z.

The rate of the scheme is m/n, and the natural goal here is to tolerate as many errors as possible
while making the rate (or equivalently, m) as large as possible. While one can use standard error-
correcting codes for this problem, Gabizon and Shaltiel [GS12] showed that by using “invertible”
zero-error dispersers, one can do much better. Specifically, they constructed an explicit stuck-at
noisy memory scheme that can tolerate s(n) = pn stuck-at errors for p < 1/2 and e(n) = o(y/n)
adversarial errors, with m = n—s(n)—e(n)logn—0O(n/v/loglogn) (which achieved rate 1—p—o(1)
for the first time) and they left open the problem of improving m to n— s(n) —e(n) log n —1log®™M n.

As shown in [GS12], a longer output of the zero-error affine disperser directly translates into a
larger m in the scheme. Using our improved disperser, we obtain the following improved scheme.

Theorem 1.19. There exists a constant C > 0 such that for any p < 1/2, e(n) = o(y/n) and
s(n) < pn, there is an explicit (n, s(n),e(n))-stuck-at noisy memory scheme with m = n — s(n) —
e(n)logn — log® n.

2 Overview of the constructions

2.1 Improved two-source extractor

Here we give a brief overview of our improved two-source extractor. Since it follows easily from the
extractor for non-oblivious bit-fixing sources, we first describe our new extractor for the (q,t,~)
non-oblivious bit-fixing source on n bits with ¢ < n'~9 for any constant § > 0, and v < 1/n**!. Our
starting point is the one-bit deterministic extractor for such sources in [CZ16], which we will call
BitExt. We note that from the construction of [CZ16], (by setting the parameters appropriately)
this function has the following properties. First, it is a depth-4 AC® circuit with size n®1). Second,
since it’s an extractor, for any (g,t,7) non-oblivious bit-fixing source X, we have BitExt(X) is
n~M_close to uniform. Third, it’s a resilient function, in the sense that any coalition of ¢ bits has
influence! at most ¢/ nlfg, even when the rest of the bits are only (t,7)-wise independent.

We now describe how to extract more than one bit. One natural idea is to divide the source X
into many blocks and then apply BitExt to each block. Indeed this is our first step. In the source
X, we denote the “bad bits” by @, and the “good bits” by Q. To ensure that no block consists of
only bad bits, we will divide X into n® blocks for some constant av < ¢ (it suffices to take a = §/4).
Thus we get £ = n® blocks {X;,i € [{]} with each block containing n’ = n!~% bits. We now apply
BitExt to each block to obtain a bit Y;. Of course, we will set up the parameters such that BitExt
is an extractor for (g,t,7) non-oblivious bit-fixing source on n'=% bits.

Now consider any block. Our observation is that since each block can contain at most ¢ < n'~
bits from ), the coalition of the bad bits in this block still has small influence. In particular, a

4

nformally, the influence of a set of bits is the probability over the rest of the bits such that the function is not
fixed.



simple calculation shows that ¢ < n’ 1% and thus for each block the influence of the bad bits is
bounded by ¢/n’ 1-%¥ < p~%. This means that with probability at least 1 — n=% over the fixing
of X; N Q, we have that Y; is fixed. Thus, by a simple union bound, with probability at least
1—n®n~% =1—n"% over the fixing of @, we have that all {Y;,i € [(]} are fixed.

Now consider another distribution X’, which has the same distribution as X for the bits in @Q,
while the bits in @ are fixed to 0 independent of the bits in Q. We let Y/, i € [¢] be the corresponding

Y;’s obtained from X’ instead of X. By the above argument, with probability at least 1 — n™3s
over the fixing of @, {Y;} and {Y/} are the same. Thus the joint distribution of {Y;} and {Y/} are

within statistical distance 8. Moreover, the bits in @ are (¢, v)-wise independent and thus they
are n'y < 1/n-close to a truly t-wise independent distribution. From now on we will treat Q as
being truly ¢-wise independent, since this only adds 1/n to the final error.

We will now choose a parameter m = t*(1) for the output length. In addition, we take the
generating matrix G of an asymptotically good linear binary code with message length m, codeword
length r = O(m) and distance d = ©(m). It is well known how to construct such codes (and thus
the generating matrix) explicitly. Note that G is an m x r matrix and any codeword can be
generated by w = vG for some vector v € {0,1}™, where all operations are in Fo. We choose
m so that r = O(m) < £ and now we let Y = (Y1,---,Y,) be the random vector in F} obtained
from {Y;,i € [¢]}. Similarly, we have Y’ = (Y{,---,Y)). The output of our extractor will now be
Z = (Zy, - ,Zm) = GY, where all operations are in Fo.

For the analysis let us consider Z' = (Z{,---,Z!,) = GY'. We will show that Z’ is close to
uniform and then it follows that Z is also close to uniform since they are within statistical distance
n— ) (as they are deterministic functions of Y and Y” respectively). To show this, we will use the
XOR lemma. Consider any non-empty subset S C [m] and V§ = @,.¢ Z;. Note that this is just
(> ics Gi)Y' where G; stands for the i’th row of G. Note that }"._¢ G; is a codeword and thus has
at least d = Q(m) 1’s. On the other hand, it can have at most » = O(m) 1’s.

Note that the parity of up to r bits can be computed by a depth-2 AC® circuit of size 2°0(") =
20(m)  Recall that each input bit ¥; can be computed by a depth-4 AC? circuit of size n®1). Thus
we see that each V{§ can be computed by a depth-6 ACP circuit of size at most 20(m)pO1) = 20(m)
if we choose m > logn.2 Note that all bits in @ are fixed to 0. Thus the inputs of the circuits are
only from Q.

Now our goal is to ensure that V& can be fooled by t-wise independent distributions with
error € = 27™. By the results of Braverman [BralO] and Tal [Tall4], it suffices to take t =
O(log(2°0™) /€)2) = O(m?'). Thus we can take m = Q(ti) and it follows that V{ cannot distin-
guish between t-wise independent distributions and uniform distribution. On the other hand, if Q
is the uniform distribution, then V is the XOR of at least d = Q(m) independent random variables,
with each being n~*(M-close to uniform. Thus in this case Vi is (n=2)d = 9=mlogn)_cloge to
uniform. Together this means that V¢ is 9~mlogn) 4 9=m ~ 91=m ¢loge to uniform. Since this is
true for any non-empty subset S, by a standard XOR lemma it now follows that Z’ is 2~(™)_close
to uniform. Adding back the errors we see that Z is n=

We can now apply the reduction from two independent sources to a non-oblivious bit-fixing
source, which was implicit in [Lil5] and explicit in [CZ16]. This reduction reduces two independent
(n, k) sources to a (q,t,~)-non-oblivious bit-fixing source with t = k1) 3 thus by applying the

D_close to uniform.

ZWe can get rid of the intermediate negation gates with only a constant factor of blow-up in the circuit size, by
standard tricks.
3The original reduction in [Li15] only gives ¢ = (n), but a simple modification can also give g < n'~? for any



above extractor we also get an improved two-source extractor with output length k1),

2.2 Affine extractor

On the high level, our construction of affine extractors follows the framework of the recent two-
source extractor construction by Chattopadhyay and Zuckerman [CZ16]. Specifically, we will first
reduce an affine source to a (q,t,~)-non-oblivious bit-fixing source, and then apply our improved
deterministic extractor for such sources.

We now describe our reduction. We will mainly adapt techniques from previous work on ex-
tractors for independent sources. Specifically, by using ideas from alternating extraction (Figure 1)
[DP07, DW09, Lil3b, Lil3al, one of the author’s previous work [Lil5] obtained a somewhere ran-
dom source with N = poly(n) rows from two independent (n, k) sources with k£ > polylog(n). The
somewhere random source is a random matrix, with the additional property that except for a small
fraction of “bad” rows, the rest of the rows are almost t-wise independent for ¢ = k1) in the sense
that any ¢ of these rows are v = 2k _close to uniform. Thus, these rows (or, say, taking one bit
each row) form exactly a (g, t,y)-non-oblivious bit-fixing source.

Now we need to adapt that construction to affine sources. Of course we now only have one affine
source instead of two independent sources. However, due to the special structure of affine sources
we can still apply similar ideas as in [Lil3a, Lil5]. Specifically, we will use a special kind of strong
seeded extractors called linear seeded extractors. These extractors have the property that for any
fixed seed, the output is a linear function of the source. We take such a seeded extractor with seed
length O(logn) and error €, and use every possible seed to extract from the affine source X. This
gives us a matrix (or somewhere random source) of N = poly(n) rows, where each row corresponds
to the output of the extractor on a particular seed. A standard argument shows that if X is affine,
then at least 1 — 2¢ fraction of the rows are truly uniform, although they may depend on each other
in arbitrary ways. Note that this is even better for our purpose than in the case of two independent
general weak random sources, since there we have to use some other ideas to reduce the error, while
here the error in the somewhere random source is essentially zero. We further restrict the size of
each row, so that the length is much smaller than the entropy of X.

We can now use these rows and the source X itself to do the same alternating extraction
protocol as in [Lil3a, Lil5] to make the “good” rows almost t-wise independent for t = &2(1)| with
error y = 2=k T see why alternating extraction works in this case, consider one particular
uniform row Y. Note that Y is a linear function of X, so Y is also an affine source. Recall that
the length of Y is much smaller than the entropy of X. A standard argument shows that X can
be decomposed into X = A + B where both A, B are affine sources, A = L(Y') for some linear
bijection L, and B is independent of Y. Thus, to do the alternating extraction, we can first take
a small slice of Y to be Sj, and use a linear seeded extractor Ext to compute R; = Ext(X,S7).
Note that Ry = Ext(X,S1) = Ext(A4, S1) + Ext(B,S1). By the property of a strong extractor we
know that with high probability over the fixing of Si, Ext(B, S1) is close to uniform (since S is
independent of B). Note that S; is a deterministic function of A and A is independent of B, thus
R1 = Ext(A, S1) + Ext(B, S1) is also uniform conditioned on the fixing of Sj.

Next, suppose the length of R; is much smaller than the length of Y ,we can then use R; and
apply Ext back to Y to extract Sy = Ext(Y, R;1). The reason is that we can first fix Ext(A4,S7).
Note that we have already fixed S; so this is a deterministic function of A (or Y). Therefore

constant § > 0.



after fixing it, Ext(B,S;) is still uniform and independent of Y (since now it is a deterministic
function of B), and now R; = Ext(A, S1) + Ext(B, S1) is independent of Y. Since the length of R;
is small, conditioned on this fixing Y still has a lot of entropy left. Therefore we can now extract
Sy = Ext(Y, Ry). After this we can further fix Ext(B, S) and thus also R;. We know that with
high probability over this fixing, S is still close to uniform. Moreover conditioned on this fixing, B
still has a lot of entropy left, and is still independent of Y. Now S5 is a deterministic function of Y.
Continue doing this, we can see that alternating extraction works as long as we always use a strong
linear seeded extractor and keep the size of each R;, S; to be small. Intuitively, it’s like alternating
extraction between the two independent affine sources Y and B. Now we can use similar arguments
as in [Lil3a] to make the somewhere random source almost t-wise independent.*

However, there are a few subtle technical problems we need to deal with. First, when we
generalize the above alternating extraction to run for ¢t rows Y1, Y2, ... | Y simultaneously, we will
need to consider the concatenation ¥ = Y!'oY?o.-.0Y? and decompose X into X = A+ B =
L(Y)+ B. This ensures that we can condition on the fixing of all the intermediate random variables
obtained from Y1, Y2 ... Y without affecting B. We can do this if we choose the parameters
appropriately so that both ¢ = kM) and the size of Y are small compared to the entropy of X.
Thus in the decomposition B still has sufficient entropy. Another subtlety arises in the analysis as
follows. The alternating extraction will take some b < logn rounds, with each round consisting of
some k2(M) steps. In each round j, we start the alternating extraction using a random variable Y%
obtained from Y, and at the end we obtain a random variable R“ from X. Our goal is to show
that these { R¥} will gradually become independent of each other, until at the end they become all
independent, thus achieving ¢-wise independent. Towards this, at the end of round j, for each Y
we need to use RV to extract YU+ from Y to start the next round. Here we would like to argue
that for those { R%} that have already become independent of R, we can first fix all {Y*U+1} and
all the R variables produced in round j+ 1, and YU+ ig still uniform. This ensures that whatever
is already independent will remain independent. While this is true in the case of two independent
sources, it is no longer true in the case of an affine source. The reason is that, as explained above,
when we fix R = Ext(A, S) + Ext(B, S), the part of Ext(A, S) is a function of A (and Y'). Thus this
fixing may cause Y U1 to lose entropy (note that fixing Ext(B, S) will not since B is independent
of V). Fortunately, we can get around this by restricting the length of the R variables to be much
smaller than the length of YU+ We note that if we take a seeded extractor with error €, and use
a seed that loses ¢ bits of entropy, then the extractor still works with error increased to 2¢e. Thus
by appropriately choosing the parameters (making ¢ small enough compared to the seed length of
the seeded extractor), we can still use YiU+D to start the next round of alternating extraction, and
the whole construction goes through.

One final point is that the extractor for non-oblivious bit-fixing source in [CZ16], as well as our
improved extractor can only handle the case where ¢ < N'=9 for any constant § > 0. This means
that to convert the affine source X into a somewhere random source in the first step, we need to
take a strong linear seeded extractor with seed length O(logn) and error ¢ = 1/poly(n), i.e., an
extractor with optimal seed length. Previously, such a linear seeded extractor was not known. In
this paper we construct such a strong linear seeded extractor by combining the lossless condenser
in [GUV09] and another strong linear seeded extractor in [SU05]. We note that the condenser in

4We remark that we can also use the flip-flop alternating extraction developed in [Coh15], which may result in an
improvement in the constants. However in this paper we do not try to optimize the constant C in our final result
where k > log® n.
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[GUVO09] itself may not be linear, but can be made linear with the same parameters by a careful
instantiation, following a result in [CI15]. Thus in this step we can use O(logn) bits to condense the
source into a (n’ = O(k), k) source with error 1/poly(n). We then use the linear seeded extractor

in [SU05], which has seed length d = O (log n' + lﬁ)ggg log (%)) Note that n’ = O(k). Thus if we
take € = 1/poly(n) we get d = O(logn). Altogether we get a strong seeded extractor with seed
length O(logn) and error € = 1/poly(n). Since both the condenser and the extractor are linear,

the combined extractor is also linear.

Organization. The rest of the paper is organized as follows. We give some preliminaries in
Section 3. In Section 4 we give our improved extractors for non-oblivious bit-fixing sources and
two independent sources. In Section 5 we define alternating extraction, an important ingredient in
our affine extractor construction. We present our construction of affine extractors in Section 6 and
the improved extractors for circuit sources in Section 7. The extension to zero-error dispersers and
applications are presented in Section 8. Finally we conclude with some open problems in Section 9.

3 Preliminaries

We use common notations such as o for concatenation and [n] for {1,2,---  n}. All logarithms are
to the base 2. We often use capital letters for random variables and corresponding small letters for
their instantiations.

3.1 Basic Definitions

Definition 3.1 (statistical distance). Let D and F' be two distributions on a set S. Their statis-
tical distance is

1D~ F| " max(ID(T) ~ F(T)]) = 3 37 ID(s) — F(s)
- seS

If |D — F| < € we say that D is e-close to F' and write D = F.

3.2 Influence of variables

Following [CZ16], we define the influence of variables.

Definition 3.2. Let f : {0,1}" — {0,1} be any boolean function on variables zj,--- ,x,. The
influence of a set @ C {x1,--- ,x,} on f, denoted by Ig(f), is defined to be the probability that f
is undetermined after fixing the variables outside () uniformly at random. Further, for any integer
q define 1,(f) = mazgca, . 20}, |Ql=ql@(f)-

More generally, let Ig p(f) denote the probability that f is undermined when the variables
outside @ are fixed by sampling from the distribution D. We define I (f) = mazpep,Ig.n(f),
where Dy is the rest of all t-wise independent distributions. Similarly, I~ (f) = mazpep, ,1g,p(f)
where Dy, is the set of all (¢,7)-wise independent distributions. Finally, for any integer ¢ define

Lt (f) = mazoca, - zn}.j0l=qlQ(f) and Io s~ (f) = mazoca, - 20}, j01=q1Q,t (f)

11



3.3 Somewhere Random Sources

Definition 3.3 (Somewhere Random sources). A source X = (X1, -+, Xy) is (r,t) somewhere-
random (SR-source for short) if each X; takes values in {0,1}" and there is an ¢ such that X; is
uniformly distributed.

Definition 3.4. An elementary somewhere-k-source is a vector of sources (X1, -, Xy), such that
some X; is a k-source. A somewhere k-source is a convex combination of elementary somewhere-k-
sources.

3.4 Strong Linear Seeded Extractors

We need the following definition and property of a specific kind of extractors.

Definition 3.5. A function Ext : {0,1}" x {0,1}% — {0,1}™ is a (k,€) strong seeded extractor if
for every min-entropy k source X,

|Ext(X, R) — (Un, R)| <,

where U, is the uniform distribution on m bits and R is the uniform distribution on d bits inde-
pendent of X. We say that the function is a linear strong seeded extractor if the function Ext(-, )
is a linear function over GF(2), for every u € {0,1}%.

We have the following simple fact.
Lemma 3.6. If Ext: {0,1}" x {0,1}% — {0,1}™ is a (k,€) strong seeded extractor, then for every
(n, k) source X and every independent (d, k') source R,
|Ext(X, R) — (U, R)| < 247 Fe.

Proof. Without loss of generality we can assume that R is the uniform distribution over some subset
S of size 2%, Then for any r € S, we have Pr[R = r] = 2. Thus

Ext(X, R) — (Un, R)| = > 27V [Ext(X,7r) = Up| = > 297 27 |Ext(X, 1) — Uy

res res

< Y 272 Ex(X,r) — 27U,| = 27N |Ext(X, R) — (Un, R)|reu,
re{0,1}4

< 9d—k'¢.

O]

Lemma 3.7 ([Rao09]). Let Ext : {0,1}" x {0,1}¢ — {0,1}™ be a linear strong seeded extractor for
min-entropy k with error e < 1/2. Let X be any affine source with entropy k. Then,

Pr [|Ext(X,u) —Up| =0] >1—2¢
u—prUy
Definition 3.8. (condenser) A function C : {0,1}" x {0,1}¢ — {0,1}™ is an k — k" condenser if
for every X with min-entropy at least k, C(X,Y) is e-close to a distribution with min-entropy &/,
when Y is uniformly distributed on {0, 1}?. A condenser is explicit if it is computable in polynomial
time. A condenser is called lossless if &' = k + d.

12



3.5 The Structure of Affine Sources
The following lemma is proved in [Lillb].

Lemma 3.9. (Affine Conditioning). Let X be any affine source on {0,1}". Let L : {0,1}" —
{0,1}™ be any linear function. Then there exist independent affine sources A, B such that:

e X =A+ B.

e For every b € Supp(B), L(b) = 0.

e H(A) = H(L(A)) and there exists an affine function L= : {0,1}™ — {0,1}" such that
A=L""(L(A)).

3.6 Previous Work that We Use

|l

We are going to use two constructions of linear seeded extractors in this paper. The first one is for
the purpose of obtaining small error. For this we use Trevisan’s extractor:
Theorem 3.10 ([Tre01, RRV02]). For every n,k,m € N and € > 0 such that m < k < n, there is

an explicit (k,€) strong seeded extractor TrExt : {0,1}" x {0,1}¢ — {0,1}™ with d = O (igg?g}{;g)

This extractor is actually a linear seeded extractor. By setting the parameters appropriately,
we get the following corollary.

Corollary 3.11 ([Tre01, RRV02]). For everyn,k € N and € > 0 such that k < n, there is an explicit
(k,€) strong linear seeded extractor TrExt : {0,1}" x {0,1}¢ — {0, 1}**) with d = O(log?(n/e€)).

The next one is for the purpose of obtaining a short seed (i.e., O(logn)). For this we need the
following extractor.

Theorem 3.12 ([SU05]). For every n € N, constant 6 > 0, € > 27" and k > logO n there
is an explicit (k,€) strong linear seeded extractor SUExt : {0,1}" x {0,1}¢ — {0,1}™ with d =

@) (logn + Egz log (%)) and m = k=9,

We also note that the lossless condenser in [GUV09] can be made linear.

Theorem 3.13 ([CI15]). For any constant o > 0 and any n € N,k < n,e > 0 there is an explicit
strong (k, €)-lossless condenser Cond : {0,1}" x {0,1}¢ — {0,1}™ with d < (1 + 1/a)(log(nk/e) +
0(1)) and m < (14 a)k. Moreover, Cond is a linear function for every fixed choice of the seed.

We now have the following theorem.

Theorem 3.14. There exists a constant ¢ > 1 such that for every n,k € N with clog®n < k <mn,
and € > n~2, there is an explicit (k,€) strong linear seeded evtractor LExt : {0,1}" x {0,1}¢ —
{0,1}™ with d = O(logn) and m = Vk.

Proof. Given any (n, k) source X, we first take O(logn) bits and use Theorem 3.13 to condense X
into an (n/, k) source Y with length n’ = O(k), and error €/2. We then use Theorem 3.12 to extract
m = vk bits from Y with error /2 (i.e., take § = 1/2 in Theorem 3.12). One can check that the

conditions of that theorem are satisfied. This will use another O (log n' + 11‘; gg’;; log (%)) = O(logn)

bits. Since both the condenser and the extractor are linear and strong, the composed extractor is
also a strong linear seeded extractor. O
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Lemma 3.15 ([BIW04]). Assume that Y1,Ya,--- ,Y; are independent random variables over {0,1}"
such that for any i,1 <1i <t, we have |Y; — U,| <e. Let Z = ®!_,Y;. Then |Z —U,| < €.

To prove our construction is an extractor, we need the following definition and lemma.

Definition 3.16. (e-biased space) A random variable Z over {0, 1} is e-biased if | Pr[Z = 0]—Pr[Z =
1]] < e. A sequence of 0-1 random variables Zi,---, Z,, is e-biased for linear tests if for any
nonempty set S C {1,---,m}, the random variable Zg = @, g Z; is e-biased.

The following lemma is due to Vazirani. For a proof see for example [Gol95]

Lemma 3.17. Let Zy,--- , Zy, be 0-1 random variables that are e-biased for linear tests. Then, the
distribution of (Zy,--- , Zy,) is € - 2™/%-close to uniform.

4 The Two-Source Extractor

In this section we give our improved two-source extractor. First, we describe our deterministic
extractor for an (g, t,y)-non-oblivious bit-fixing source on n bits. We rely on the following result
from [CZ16].

Theorem 4.1 ([CZ16]). There exists a constant ¢ > 0 such that for any § > 0 and every large
enough n € N the following is true. Let X be a (q,t,7y) non-oblivious bit-fizing source on n bits
with ¢ < n'=%, t > clog®n and v < 1/n'tl. There exists a polynomial time computable monotone
boolean function BitExt : {0,1}" — {0, 1} satisfying:

e BitExt is a depth 4 circuit in AC° of size n®W).

e |E.. x[BitExt(x)] — %‘ < ﬁ

e For any q > 0, I,;~(BitExt) < q/nlf&

|

We need the following result by Braverman [Bral0] and Tal [Tall4] about fooling ACY circuits
with t-wise independent distributions.

Theorem 4.2 ([BralO, Tall4]). Let D be any t = t(m,d,€)-wise independent distribution on
{0,1}". Then for any circuit C € AC® of depth d and size m,

|Eenv, [C(2)] — Eznp[C(2)]] <
where t(m, d, €) = O(log(m/e))3?+3.

Theorem 4.3 ([AGMO03]). Let D be a (t,7)-wise independent distribution on {0,1}". Then there
exists a t-wise independent distribution on {0,1}" that is nty-close to D.

We also need an explicit asymptotically good binary linear codes:

Definition 4.4. A linear binary code of length n and rank k is a linear subspace C' with dimension
k of the vector space F5. If the distance of the code C'is d we say that C is an [n, k, d]2 code. C'is
asymptotically good if there exist constants 0 < 61,92 < 1 s.t. k> dn and d > dan.
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Note that every linear binary code has an associated generating matrix G € F’;X”, and every
codeword can be expressed as v(, for some vector v € F’; .

It is well known that we have explicit constructions of asymptotically good binary linear code.
For example, the Justensen codes constructed in [Jus72].

Now we have the following construction and theorem:

We now present our extractor for a (g, t,7) non-oblivious bit-fixing source.

Algorithm 4.5 (BFExt(X) ).

Input: X— a (¢,t,7) non-oblivious bit-fixing source on n bits with ¢ < n'~%, ¢ > clog?' n and
o < 1/nt+1.

Output: Z — a string on m bits that is n~?(1)

close to uniform, with m = t©2(1).

Sub-Routines and Parameters:

Let a = 0/4. Let BitExt be the one-bit extractor for non-oblivious bit-fixing source in The-
orem 4.1. Let G be the generating matrix of an asymptotically good [r,m,d]s code with
r=0(m) <n®and d = Q(m). Thus G is an m X r binary matrix.

1. Divide X into £ = n® disjoint blocks, each with length n'=?.
2. For each block X;,i € [¢], compute Y; = BitExt(Xj;).

3. Let Y = (Y1,---,Y;) be the binary vector in F}. Compute Z = GY where all operations
are in Fy.

We have the following theorem.

Theorem 4.6. There exists a constant ¢ such that for any constant § > 0 and alln € N, there exists
an explicit extractor BFExt : {0,1}" — {0,1}™ such that for any (q,t,7) non-oblivious bit-fizing
source X on n bits with ¢ <n'=%, t > clog?' n and v < 1/n'*tt, we have that

IBFExt(X) — Upn| < e,

where m =t gnd e = n~ ),

IN

Proof. Let the set of “bad” bits in X be Q, and the rest of the “good” bits be Q. Thus |Q| = ¢
1

n'=9. Therefore, any block X; forms a (q,t,7) non-oblivious bit-fixing source on n’ = n!=* = n'~

bits.

Note that g < nt=0 < n(l_g)(l_%) = n’l_%. Thus by Theorem 4.1 we have that each Y; is
38

. )
nfM_close to uniform. Moreover since ¢ < n!~% we have that I, (BitExt) < q/n’lf% <n”s.

N

For any i € [¢], the above means that with probability at least 1 —n~% over the fixing of X;NQ,

we have that Y; is fixed regardless of what X; N @Q is. Thus, it is also true that with probability
) —

at least 1 — n~® over the fixing of @), we have that Y; is fixed regardless of what @ is. By a

union bound, with probability at least 1 — n~%ni =1—n"% over the fixing of @, we have that
(Yr,---,Y)) is fixed and thus Y = (Y7,---,Y}) is also fixed.
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Now consider a different distribution X’ where 7the bits in @ have the same distribution as X,
while the bits in @ are fixed to 0 independent of Q). Let Y’ = (Y{,---,Y/) and Z’ be computed
from X’ using the same algorithm. Then, by the above argument, we have that

Y —Y'| < n~% and thus also Z - 7'| < n"s.

Now consider X', Y’ Z’. Note that by Theorem 4.3 X’ is n'y < 1/n-close to a distribution
where the bits in @ are truly t-wise independent, and the bits in @ are fixed to 0. Thus from now
on we will think of X’ as this distribution, since this only adds at most 1/n to the error.

Let X” be another distribution where the bits in @ are completely uniform and independent,
and the bits in @ are fixed to 0. Let Y, Z” be the corresponding random variables obtained from
X" instead of X'.

Take any non-empty subset S C [m], and consider the random variable V{ = @,.q Z;.

Note that

Vi=Pzi =Py = G)Y,
i€S 1€S 1€S

where G; stands for the 7’th row of the matrix G. Since G is the generating matrix of a [r, m, d]2
code, for any non-empty subset S C [m], we have that Y . ¢ G; is a codeword. Thus it has at least
d 1’s.

Now let V¢ be the corresponding random variable obtained from X”. Note that by Theorem 4.1
each Y/ is n=*(M_close to uniform, and now the {Y;'}’s are independent of each other (since they
are functions applied to independent blocks of X”). Therefore by Lemma 3.15 we have that

1€S

[EIVZ] ~ 1/2] < (n=W)7 = g~ Amios),

Moreover, observe that V§ is the parity of at most » = O(m) Y’s. Since parity on r bits can
be computed by a depth-2 AC? circuit (i.e., a DNF or CNF) of size 20(") = 200" and every Y/ is
computed by a depth-4 AC? circuit with size n®1) | we have that V& can be computed by a depth-6
ACO circuit with size at most 290 poly(n).

We choose m = min{n%9, Btfll} for some small constant 0 < 8 < 1, so that m = t*(1) (since
t <n)and r = O(m) < n® Note that now the ACY circuit size is at most 20 poly(n) = 20™)
since 31 = Q(logn). Note that the bits in @ are fixed to 0, thus V§ is computed by a depth-6 AC?
circuit with inputs from Q.

Setting € = 27™ in Theorem 4.2, we see that to e-fool a depth-6 AC® circuit with size at most
200m) it suffices to take O(log(2°(™)))2! = O(m?!)-wise independent distributions. By setting f3
to be small enough, we can make this number less than . Since in X', the bits in @ are t-wise
independent, we have that

|E[Vs] - E[Vg]] <27™.
Thus

|E[VE] —1/2] < 2~ ¥mlogn) | g=m  gl=—m

Note that this holds for every non-empty subset S C [m]. Thus Z is €-biased for linear tests
with € < 2-21=m = 22=™ By the Lemma 3.17 we have that
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‘Z/ _ Um| S 2m/222—m — 2—Q(m)

Adding back the errors, we have

| Z — Up| <27U™) 11/ + n8 =n %0,

The following theorem is implicit in [Lil5] and explicit in [CZ16]

Theorem 4.7 ([Lil5, CZ16]). There exist constants 6, > 0 such that for every n,t € N there
exists a polynomial time computable function reduce : {0,1}" x {0,1}" — {0, 1}V with N = n©M)
satisfying the following property: if X,Y are two independent (n,k) sources with k > c/t4 log? n,
then

Pg/[reduce(X, y) is a (q,t,7y) non-oblivious bit-fixing source | > 1 — n—w,
yN

where g = N0 and v = 1/N*+1.
Together with Theorem 4.6 this immediately implies the following theorem.

Theorem 4.8. There exists a constant C > 0 such that for all n € N, there exists a polynomial
time computable function 2Ext : {0,1}™ x {0,1}"™ — {0,1}"™ satisfying the following: if X,Y are
two independent (n, k) sources with k > log® n, then

|(2Ext(X,Y),Y) — (Un,Y)| <k,

where m = k) gnd ¢ = n=20),

Proof. We first use Theorem 4.7 to obtain a (g, t,) non-oblivious bit-fixing source Z on N = n?(!)

bits, with ¢ = N' 7% and v = 1 /N1 We then apply the extractor for such sources in Theorem 4.6.
By choosing C' large enough we can ensure that k& > ¢t*log?n and t > clog?' n (e.g., take C' = 87).
Thus we see that ¢t = k20,

Therefore, by Theorem 4.6 the extractor can output 21 = 2 bits with error n= Y. Since
the reduction succeeds with probability 1 — n~“() over the fixing of Y, the extractor is also strong
in Y and the final error is € = n= %) 4 @) = 5 ~01) |

5 Alternating Extraction

An important ingredient in our construction is the following alternating extraction protocol, which
has been used a lot in recent constructions of independent source extractors [Lil3b, Lil3a]. Here
we will use it in the context of affine sources.

Alternating Extraction. Assume that we have two parties, Quentin and Wendy. Quentin
has a source ), Wendy has a source X. Also assume that Quentin has a uniform random seed .Sy
(which may be correlated with Q). Let Ext, and Ext, be the strong linear seeded extractors in
Corollary 3.11. Let ¢ be an integer parameter for the protocol. For some integer parameter ¢ > 0,
the alternating extraction protocol is an interactive process between Quentin and Wendy that runs
in ¢ steps.
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Quentin: @, Sy Wendy: X

S1
Sh
Ry
R1 = Eth(X, Sl)
Sa
SQ = Eth(Q, Rl)
R2
R2 = Eth(X, Sg)
St

Sy = Exty(Q, Ry—1)

Rt = Eth(X, St)

Figure 1: Alternating Extraction.

In the first step, Quentin sends S; to Wendy, Wendy computes Ry = Ext,, (X, S1). She sends
Ry to Quentin and Quentin computes Sy = Exty(Q, R1). In this step R, S2 each outputs £ bits.
In each subsequent step i, Quentin sends S; to Wendy, Wendy computes R; = Ext, (X, S;). She
replies R; to Quentin and Quentin computes S;y1 = Exty(Q, R;). In step i, R;, Si+1 each outputs
£ bits. Therefore, this process produces the following sequence:

S1, Ry = Eth(X, Sl),SQ = Eth(Q,Rl), s S = Eth(Q,Rtfl),Rt = Eth(X, St)

Look-Ahead Extractor. Now we can define our look-ahead extractor. Let Y = (@, S1) be a
seed, the look-ahead extractor is defined as

laExt(X,Y) = laExt(X, (Q, 1)) ¢ Ry, , R

We first prove the following lemma.

Lemma 5.1. Let X be an affine source on n bits, Z be a linear function of X, Y = (Y1 =
(Q1,51),Y2 = (Q2,52), -+ ,Yn = (Qn,Sp)) and Y' be linear functions of Z, such that H(Y'|Y) >
ki, H(X|Z) > ky. Assume the following hold: Yi, Q; has m bits with m < n, and S; has £ bits;
H(Q1) = kq and Sy is uniform; kg > 2htl+10¢, ky > ht{+10¢ and ko > ht{+10¢. Let Ext, and Ext,,
be strong linear seeded extractors as in Corollary 3.11, set up to use £ bits to extract from (m, 10£)
sources and (n,10¢) sources respectively, with error € and ¢ = O(log®(n/€)). For any i € [h], let
(Ri1,- -+, Rit) = laExt(X,Y;) and {Si;,j = 1,--- ,t} denote the random variables corresponding to
{S;} that are produced when computing laExt(X,Y;). For any j € [t], let S;j = (Si1,- -+ ,Sij) for
i € [h] and R;j = (R, -+, Ri;) fori € [h]. Then for any 0 < j <t, we have that

(Ruj, {Sij, i € [h]}, {Rij—1), 7 € [M]},Y)
~(2j-1)e(Ue; {Sij, i € [h]}, {Ri(j—1), @ € [1]},Y).

and
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(S+) {Sijn € [M]}, {Rijoi € [A]})
~2)e(Ue {Sijyi € [h]}, {Rijy i € [R]}).

Moreover, conditioned on ({Sij,i € [h]},{R;j—1),i € [h]}), we have that X is still an affine source,
({Rij,i € [h]}) are determanistic linear functions of X, H(Q1) > kg — (25 — 1)ht, HY'|Y) >
ki—(j— 1)t and H(X|Z) > ko — (j — 1)h¢; conditioned on ({Si;,i € [h]},{Rij,i € [h]}), we have
that X is still an affine source, ({S;(j41),7 € [h]}) are deterministic linear functions of {Y1,--- , Yy}
respectively, H(Q1) > kg —2jht, H(Y'|Y) > ki — jht and H(X|Z) > ko — jht.

Proof. We prove the lemma by induction on j. When j = 0, the statement is trivially true. Now
we assume that the statement holds for some j and we prove it for j + 1.

We first fix ({S;;,i € [h]}, {Ri;,i € [h]}). Note that after this fixing, X is still an affine source.
Since Y,Y’ and Z are linear functions of X, they are still all affine sources as well. Thus by
Lemma 3.9, there exist independent affine sources A, B such that X = A + B and there exists
a linear bijection L between A and Z. Thus B is also independent of Z. Note that we have
H(X|Z) > ko — jht > 104, thus H(B) > 10¢.

Since ({S;(j+1),% € [h]}) are linear function of ¥ and Y is a linear function of Z, we have that
({Si(j+1),1 € [h]}) are also linear functions of Z; thus B is independent of (A, {Sj(j4+1),% € [h]},Y).
If S1(j41) is uniform, then by Corollary 3.11 we have

(Extw (B, S1(j+1))s S1(j+1)) e (Ue; S1(j41))-

Note that Ry(j41) = Exty (X, S1¢j41)) = Extw (A, S1(j11)) +Exty (B, Si(j41)) since Exty, is a linear
seeded extractor. Thus for any fixing of Sj(;j41), we have that Ext, (B, Si(j41)) is a deterministic
linear function of B, and is thus independent of (Exty (A, Si(j11)), {Si(j+1),% € [A]},Y). Therefore,
we also have that

(Rigirnys {Sig1),7 € [N Y) =e (Ur, {Sij41).7 € [B]},Y).
Adding back the error, we have

(Ri(j41), {Sij+1), % € [R}, {Rij,i € [A]},Y)
~(2j+1)e (U, {Sij41)s 1 € [M}, {Riz,0 € [M]},Y). (1)

Moreover, note that initially ({.S;(j4+1),% € [h]}) are deterministic linear functions of {Y1,---, Yy}
respectively. Thus if we further condition on the fixing of ({S;(;4+1),% € [h]}) (i.e, conditioned on
({Si(j+1),% € [n]}, {Rsj,i € [R]})), we have that X is still an affine source, and ({R;(j41), € [h]}) are
deterministic linear functions of X. Furthermore H(Q1) > kq—2jhl—hl = k;—(2(j+1)—1)h¢. On
the other hand H(Y'[Y") and H(X|Z) will remain the same since ({S;(;+1),% € [h]}) are deterministic
linear functions of Y. So H(Y'|Y) > ki — (j +1—1)ht and H(X|Z) > ko — (j + 1 — 1)hL.

Now, recall that Vi, we have R;;j11) = Extw(X, Si(j+1)) = Extw(4, Si(j+1)) + Extuw(B, Si(j41))-

A _ _ _ pA
Let R 4y = Exty (A, Si(j4+1)) and Rﬁjﬂ) = Exty (B, Si(j+1)), thus R(j41) = Riy+ R%H). We
now fix ({Sj(j+1),7 € [h]}). Note that we have just shown that conditioned on this further fixing,

A

X is still an affine source; thus Y, Y’ and Z are all still affine sources as well. Note that now Rl(j +1)
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ﬁj+1)
(Rf%jﬂ),i € [h]) is independent of (ngj“),i € [h]).
We now further fix all Rféj 1y Note that these are all linear functions of A with size ¢; thus
conditioned on these fixings, we have that X is still an affine source. Since there is a bijection
between A and Z, we have that now H(Q1) > kg — (2§ + 1)hl — Wl = kq — 2(j + 1)kt > 10L.
Moreover H(Y'|Y') > ki — jhl — hl = k1 — (j 4+ 1)h¢. On the other hand H(X|Z) remains the same
since A is a linear function of Z.

Now note that Vi, R;(j41) = Rféj_H) + Rﬁjﬂ) is a linear function of B, and is thus independent

is a deterministic linear function of A, and R is a deterministic linear function of B. Thus

i
of (A, Z,Y,Y’). If we ignore the error in Equation 1, we know that conditioned on these fixings,

Riy1) = Rf(j ) T Rﬁ is uniform. Therefore by Corollary 3.11 we have

J+1)
(Sl(j+2)’ Rl(j-l-l)) ~e (Uy, Rl(j+1))-

Note that conditioned on Ry(;1), we have that Sy(;,9) is a deterministic linear function of Y7,
and is thus independent of (B, {R;(11),i € [h]}). Therefore we also have

(S1(+2), {Rij+1), ¢ € [R]}) me (Ur, {Ri(j41), % € [h]})-

Adding back the error from Equation 1, we have

(S1(+2)5 1Si(j+1), @ € [M]}, {Ri(j41), 7 € [h]})
~a(i+1)e(Ue, {Si+1), 1 € [} {Ri(j11), 7 € [R]}).

We can now further fix (ngjﬂ), i € [h]). Since (Rf%jﬂ), i € [h]) have already been fixed, this will
fix (R;(j+1),% € [h]) and thus we have fixed ({Sj(;41),7 € [h]}, {Ri(j+1),7 € [h]}). Since (Rﬁjﬂ),i €
[h]) are linear functions of B, conditioned on these fixings X is still an affine source. Moreover, this
fixing will not affect H(Q1) or H(Y'|Y) since B is independent of (A, Z,Y,Y”). Thus we have that
H(Q1) > kg—2(+1)ht, HY')Y) > k1 — (j+1)hl and H(X|Z) > ko — jht — hl = kg — (j + 1)hL.

Note that j < t, thus the lemma is proved. O

6 The Affine Extractor

In this section we describe our affine extractor. First we have the following algorithm that obtains
a somewhere random source.
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Algorithm 6.1 (SR(X)).

Input: X— an (n, k)-affine source with k& > polylog(n).
Output: W — a source that is close to an SR-source.

Sub-Routines and Parameters:

Let 0 < a < B < 1 be two constants to be chosen later. Let ¢ = k. Pick an integer h such that
k* < h < 2k® and h = 2! for some integer [ > 0. Let Extg, Ext,, be strong linear extractors from
Corollary 3.11, set up to extract from ((h? + 12)¢,10¢) sources and (n, 10¢) sources respectively,
with seed length ¢ > log? n, error € = 22D and output length ¢. These will be used in laExt.
Let Extq, Exto, Extg be strong linear extractors from Corollary 3.11, with parameters as follows.

e Let d > log?n be an integer such that when we use d uniform bits to extract from an
(n, k) source as in Corollary 3.11, the error ¢ = 22V gatisfies that 2(2h° +h*+11)lc" <
e = 272D Note that it suffices to take d = chS¢2 for some constant ¢ > 1.

e Ext; uses d bits to extract from (n, 10¢) sources, with error € and output length .

e Exty uses £ bits to extract from (Vk, (4h? + 20)¢) sources, with error ¢ = 2-2VD and
output length (2h2 + 10)/.

e Exts uses { bits to extract from from (\/E, 2d) sources, with error € = 2-UV0) and output
length d.

1. Let LExt be the linear seeded extractor in Theorem 3.14, which uses d’ = O(logn) bits to
extract from an (n, k) source and output m = vk bits with error n=2. Let N = 20" =
poly(n) and enumerate all possible choices of the seed ri,---,7ry. For every i € [N]
compute Y? = LExt(X, r;).

2. For every i = 1,--- , N, use X and Y to compute W* as follows.

(a) Compute the binary expression of i — 1, which consists of d’ = log N = O(logn) bits.
Divide these bits sequentially from left to right into b = (dﬂ blocks of size [ (the last
block may have less than [ bits, then we add Os at the end to make it [ bits). Now
from left to right, for each block j = 1,---,b, we obtain an integer Ind;; < 2! such
that the binary expression of Ind;; — 1 is the same as the bits in block j.

(b) Let Y be the first d bits of Y?. Set j = 1. While j < b do the following.
i. Compute R” = Ext1(X,Y%¥) and Y'Y = Exty(Y?, R ).
ii. ComputeA(RZf,--- ,R7) = laExt(X,Y"¥), where Q = Y'¥ and 8, is the first ¢
bits of Y.
iii. Compute Y*0) = Extz(Y?, Ry, )-
iv. Set j =7+ 1.
(¢) Finally, compute (R, -, RP) = laExt(X,Y?) and set W¢ = R, . 5

3. Let W=Wlo-..oWNV,
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We now introduce some notation. For any i € [N]and j € [b], we let Y(<9) denote (Y, --- ,Y¥)
and similarly Y"(=7) denote (Y, --- | Y"9); let RT(SJ) : denote (Rfpg. ;- ,Rllﬁdij) and let f7(q)

ndi(<;
denote the integer whose binary expression is the concatenation of the binary expression of ¢ — 1
from block 1 to block j. Recall that for any 4,j, when computing laExt(X, Y7) we will com-

pute S{/,---, S} and RY,--- R, Let S = (Sy,---,8Y ) and similarly RY =

max(lndvj—l,lndij)

(Rzijv e ,Rﬁax(,ndvj_l Indij))3 let Si(<i) = (Si1,...  S¥) and similarly R{(<J) = (R,... RU). We
have the following lemma.

Lemma 6.2. Assume that k > 9b2d*h?. Fiz any v € [N] such that Y is uniform. Let T C [N]
be any subset with |T| = h and v € T, and let Z7 be the concatenation of all Y? where i € T'. For
any j € [b], define T] = {i € T : fi(i) < fi(v)} and let T, = T®. Let T] = T, \ T3. Then for any
j € [b] , we have that

o At the beginning of iteration j, conditioned on ({Y'{S3=1 yisi—1) Gi(<j-1) Ri(<j-1) j ¢
T,}), we have

1. X is still an affine source.
2. {Y¥ i € T,} are linear functions of Z.
3. HYY) >Vk —2(j — 1)dh, H(X|Z7) > k — h/k — 2(j — 1)h%¢.

4. With probability 1 — ;1 over the fizing of {yrili=1) yiu<i-1) gi(<j-1) Ri(<i-1) j e
T,},{Y",ie T '}, we have Y = Uy. Here ej1 = 4j(h + 1)e.

o At the end of iteration j, we have
(R, YD, YUSD) Si=D) i € T}, {RI(D), i € T]})
R,y (Up, {Y"S9) Y8 i(<i) i € T, }, {Ri(<), i € T3}),
where €j5 = 4j(h + 1)e + (2h + 1)e.

Proof. We prove the lemma by induction on j. Note that T, = {i € T : i < v} and T = T, \ T¥
contains all the numbers in T that are less than v but have the same binary expression in the first
7 blocks.

We first show that properties 1, 2 and 3 in the first part of the statement hold. When j = 1
these are trivially true. Now suppose they hold for some j and we’ll show that they hold for j + 1.
We first fix ({Y"/(<7—1D yi(si—1) gi(<i-1) Ri(<i-1) j € T,}) and we know that conditioned on this
fixing, properties 1, 2 and 3 hold. We now further fix {Y% i € T,}. Note that conditioned on
this fixing, X is still an affine source, and {Rjj,i € T,} are deterministic linear functions of X.
We then further fix {Réj ,i € T,}. Note that conditioned on this fixing, X is still an affine source,
and {Y'¥ i € T,} are deterministic linear functions of {Y? i € T,} respectively. We thus further
fix {Y'J i € T,}. Note that conditioned on this fixing, X is still an affine source. Now for any
i € T,, in the computation of (RY,--- , R})) = laExt(X,Y"”) we can fix R, Ry ,- - - one by one, and
we note that conditioned on the fixing of the previous one, the next one is a deterministic linear
function of X. Thus we can fix {RY,i € T,} and after this fixing, X is still an affine source. Note
that once {R%,i € T, } are fixed, {S%,i € T, } are also fixed since they are functions of {R%,i € T, }
and {Y"¥ i € T,}. Thus we have fixed ({Y"(=9) y(=)) Gi(<i) Ri<)) i € T,}) and conditioned on
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this fixing, X is still an affine source. Furthermore now {Y*U+1) i e T,} are linear functions of
{YiieT,} = Zr.

Next we look at the H(Y") and H(X|Zr). We note that since YY" and Zp are linear functions
of X, whenever X is an affine source, they are also both affine sources. We can now repeat
the argument above, and since each time we are conditioning on some linear functions of X, the
conditional entropy will decrease by at most the size of the random variables being conditioned
on. We further note that when we condition on R}, = 0,--- ,h, we may lose entropy in both
H(Y") and H(X|Zr); while when we condition on Y% and Y’ij, we only lose entropy in H(Y")
since they are deterministic functions of Zp. Note that the total size of {R;,t =0,--- ,h,i € T,}
is at most h(h + 1)¢ < 2h%¢, while the total size of {Yij,Y’ij,Rij,t =0,---,h,i € T,} is at most
h(d + (2h? 4-10)¢) 4 h(h + 1)¢ < 2dh. Thus we know that at the beginning of iteration j + 1, we
have H(Y") > Vk—2(j — 1)dh —2dh = 'k —2jdh and H(X|Z7) > k—hVk—2(j —1)h20 — 2120 =
k — hVE — 25h24.

Now we show that property 4 in the first part and the second part hold. Again we use induction.
When j = 1, we note that Y = U,. Thus property 4 holds. Now suppose property 4 holds for
some j; we will show that the second part of the statement is true for iteration j, and that property
4 holds for iteration j + 1. This will establish the lemma.

We first note that by our choice of the parameters, even if conditioned on all the ({Y” i(<h) yil(<b)
Si(<b) Ri(<b) j € T,}), we have that H(Y?) > vk —2bdh > bdh and H(X|Zr) > k—hvk—2bh( >
0.9%. Thus no matter when we apply Exty, Exts or Exts in the case of i = v, the source always has
enough entropy for extraction.

We now first fix ({Y/(<i-1) yid<i=1) gi(<i-1) Ri(<i=1) j € T,}). Note that conditioned on this
fixing, X is still an affine source. Note that Zr is a linear function of X and {Y% i € T, } are linear
functions of Zr, thus they are all affine sources. We will now further fix {Y% i € T2 _1}. Note that
since they are all linear functions of Z7, conditioned on this fixing X is still an affine source. By
induction hypothesis, with probability 1 — €;1 over the fixing of all these random variables, Y is
uniform. ‘ -

Note that now for any i € T ', we have R” = Ext;(X,Y"¥) is a deterministic linear function
of X. We can now further fix all {R,i € TJ"'} and conditioned on this fixing, X is still an affine
source. After this fixing, for any i € 79 ' We have Y9 = Exty(Y?, R 7) is a deterministic function of
Y. We can now further fix all {y", ie Tj } Conditioned on this fixing X is still an affine source,
and now we have that all the {R}/,i € T/ "'} are deterministic functions of X. Moreover, for any
i e T if we fix Rt] , then R}, is a deterministic linear function of X. Thus for any i € TJ ! we

can fix all (R t=1,.-. ,max(Ind,; — 1, Ind;;)} one by one, and conditioned on all these ﬁxmgs X
is still an affine source. Note that this also fixes all {Szj,t =1,--- ,max(Ind,; —1,Ind;;)} since they
are deterministic functions of { R’} and {Y"¥}. Thus we have fixed all {Y Y4, S, R i € I~}

Note that in the above process, we may lose entropy in Y%7 when we fix {R’ ,t =0, - - - | max(Ind,;
1,Ind;;),i € T{"'} and {Y"¥ i € TJ~'}. However, note that the size of all these random variables
is at most |T¢ ((h + 1) + (2h2 + 10)0) < h((h + 1) + (2h% 4 10)¢) = (2h3 + A2 + 11h)¢, thus
H(Y?Y) > d— (2h3 + h? + 11h)L.

Now by Lemma 3.9, there exist independent affine sources A, B such that X = A+ B and there
exists a linear bijection L between A and Zp. Thus B is also independent of (Zr,{Y;,i € T,}).
Note that H(B) = H(X|Z7) > 0.9k and H(Y,) > d—(2h3+h?+11h){. Since Y% is a deterministic
function of Y,,, by Lemma 3.6 we have
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(Exta(B, YY), YY) x, (Up, Y¥).

Note that jo = Extz(A, YY) + Exta(B,Y"). Let R = Exta(A,Y") and RP = Exty(B,Y"),
thus jo = R4 + RB. We now fix Y%. Note that after this fixing, R? is a deterministic linear
function of B, and is thus independent of (A,Y? i € T,). If we ignore the error, then R” is still
uniform. Thus we can further fix all {Y% i € T 7'} (since they are deterministic linear functions
of Y?) and RP is still uniform. Note that after this fixing X is still an affine source. Now, all the
{Exta(A, YY) i € TI _1} become deterministic linear functions of A, and are thus independent of
RB. So we can now further fix all {Exty(A,Y%),i € T '} and R is still uniform and independent
of {Y?i € T,}. Note that conditioned on this fixing we have Ry’ = R4 + RP is uniform and
independent of all {Y*,i € T; J 71}. Thus by Corollary 3.11 we have

(Y"1, RY?) me (Upanz100 Be).

We can now further fix R”, and conditioned on this fixing Y vJ is a deterministic function of Y?,
and is thus independent of all {Ext(B,Y%),i € T} _1} since they are deterministic linear functions
of B. We can therefore fix all {Ext(B,Y"),i € T3 and Y is still close to uniform. Note since
{Ext(A,Y"),i € T2} have been fixed before, now we have fixed all {R,i € TS '}. Now adding
back all the error, we get that after all these fixings,

VERETS U2nz410)e-
Ignoring the error, we can now apply Lemma 5.1 (where Y = (YN”jj,z' €T),Y =Y"and Z =
Zr). Thus conditioned on the further fixing of {Sy, - - -, Slzrj\dvrl’i € Tgil} and {RY, - 7R|Zﬁd,,j—17i €
T2}, we have that X is still an affine source, and {Sligdvj i e TJ7'} are deterministic linear func-

tions of {Y"4 i € TJ '} respectively. Moreover H(X|Zr) > 0.9k > 10{. Therefore again by

Lemma 3.9, there exist independent affine sources A, B such that X = A+ B and there exists a lin-

ear bijection L between A and Zr. Thus B is also independent of Zr and H(B) = H(X|Zr) > 10¢.
Lemma 5.1 also tells us that

v rgi L g iR ieqint
(Stnd,;» 15755 Sina,—1 B Rigg, o0 € T30 })

. . . . ) -
%(2(|ndvj—1))e(U€7 {Sijv to 7S|Z;~7|dvj_1v Rllja to 7R|Zﬁdvj_1? (&S Tg })

Ignoring the error, conditioned on the further fixing of {Sij, e ,ngdvj_l,i € Tg_l} and
{Rij, e ,Rfr{dv,il,i S Tg_l}, we have that Sﬁ]{jv, is uniform. Since Sﬁ]{jw is a deterministic linear
function of Y, it is independent of B. Thus by Corollary 3.11 we have
(Extw (B, Sjau,,)s Sina,,;) e (Ues Sing

) |nd1)j )
Note that for any i € fg_l, we have szdvj = Extw(X, Sligdvj) = Exty (A, ngdvj)—&- Ext, (B, Slir{dvj).
Thus for any fixing of Slz;]dvjv we have Ext,, (B, Sll:fdvj) is a deterministic linear function of B, and is

thus independent of (A, Zr = {Y,i € T,,}). Therefore it is also true that

vj
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(Ring,,» {Sima,,+i € T LAY i € TIT'Y) me (Un {Sp2g,,»1 € T 1 AY Vi € TI)).

Now we add back all the error, and notice that we have already fixed all {Y’i(Sj -1 yi(si-1),
Si(<i-1), Ri(Si-1) i e T}, {Y¥,i e T,}, {Y'¥ i e T '}, {S%, R¥,i € T:'}. Furthermore notice
that for any i € T! \ Tg_l, we must have Ind;; < Ind,;, thus max(Ind,; — 1,Ind;;) = Ind,; — 1.
Therefore for these ¢ when we fix {Rij e ,Rlif;dvrl} we have fixed RY. On the other hand for any

i € T, we have that Ind;; < Ind,; so if we fix all Sij, e ,Sligdvj we have fixed S%. Thus we have

(Ring, - (Y"S), YUS9), §il<0) i € T} {RISD i € T})
%53‘2 (Ufa {Y/i(Sj)v Yi(gj)a Si(gj)ai € Tv}7 {RZ(SJ)a’L S Tg})a
where €j0 = €1 +2€e+ (2(Indy; —1))e+€ < €1+ (2h+1)e = 4j(h+1)e+ (2h+ 1)e. Thus the second
part of the statement for iteration j is true.

Now conditioned on the fixing of {yi(=d) yi(<h) §i(<)) i e T,}, {RI(<4),i € T}, we have that
Ext, (B, Sﬁ\]dvj) is still uniform (ignoring the error) and is a deterministic linear function of B. We

will now further fix all {Ext,, (A4, Slir{dvj),i € T '}. Since these are all deterministic linear functions

of A, conditioned on these fixings we have X is still an affine source, and Ext, (B, Sﬁijvj) is still

uniform. Now Rﬁf'd - = Exty (A4, Sﬁ]];i )+ Extw(B,S;;];i ) is still uniform and is a deterministic
v] v v . 3

linear function of B, and is thus independent of (Zp,Y"). Moreover, all {Rlzﬁd“_,i € TJ} have

been fixed and all {Rlif;dvj,i e T} } are deterministic linear functions of B. Therefore now all

{YiU+D) = Extz(Y?, Rfﬁdij_),i € TJ} are deterministic linear functions of {Y?,i € T¥} respectively.

We can thus now further fix all these {Y#+1) i € T} and conditioned on this fixing, X is still an
affine source and Y still has enough entropy. Now by Corollay 3.11 we have

(Yv(j+1)7R;]r1];i1;j) e (Ud,Rvj )

Ind,;
Note that conditioned on Rﬁfd ., we have that Y?U*Y is a deterministic function of Y, and is
.. vJ ~
thus independent of all {Rﬁdvj,i € TJ} since they are deterministic functions of B. Note that for

any i € Tg, we must have Ind;; = Ind,; and thus max(Ind,; — 1,Ind;;) = Ind;;. Therefore it is also
true that

(YU (R, i € TIY) ~c (Ua, {RYy, i € TI}).
Therefore we have that

(Yv(j+1)7 {Y’i(ﬁj)7 yisi) §i(<h), Ri(<h) i e T,}, {yi(j+1),2‘ e T7})
~u (Uy, (Y'Y USI) Gi(<h) RIS i e T}, {YV*U+D 4 € TIY),

where ¢ = 2¢ 4+ (2(Indy; — 1))e + € + € < 2(h + 1)e. This is conditioned on the event that Y%/ is
uniform at the beginning of iteration j, which happens with probability 1 —¢;;. By Lemma 3.7, now
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with all but another 2¢’ < 4(h + 1)e probability, conditioned on {Y"{(=), YS9 §i(<i) Ri(<i) i €
T,},{Y*U+D) i € T]} we have that YUY is uniform. Thus property 4 in the first part holds for
iteration j + 1 with €; 1)1 = €1 +4(h + 1)e =4(j + 1)(h + 1)e. O

We now have the following lemma.

Lemma 6.3. Assume that k > 9b2d*h? and X is an (n, k)-affine source. Let N = 2% = poly(n)
and W =W'o...oWN =SR(X). Then there exists a subset S C [N] with |S| > (1 — % )N such
that for any subset S" C S with |S’| = h, we have that

(Wi,i (S SI) e Uhg,
where € = 2~V

Proof. First note that LExt is a strong linear seeded extractor with seed length d’ = O(logn) and
error n~2. Thus by Lemma 3.7 there exists a subset S C [N] with |S] > (1 — %)N such that
Vi € S, we have that Y is uniform.
Now consider any subset S’ C S with |S/| = h. We order the elements in S’ to be i; < iy <
--» <ip. Since S’ C S, for any j € [h] we have that Y% is uniform. We now apply Lemma 6.2 to
the set S’. Note that fb(i) =4 — 1, thus for any v € S’ we have S = {i € S’ : i < v}. Also note
that W' = Rlirl:dib for any ¢ € [N]. Thus by Lemma 6.2, for any j € [h] we have that
(Wij7Wi17... 7Wij—l) ~

owha-awoy (U, Wit ... Wi,

Thus we have that

(Wil, T 7Wih) e Uhfa
where € = O(bh22*Q(‘/z)) =2-UV0 gince £ = kB > k*, h < 2k* and b < logn = kKO0, O]

We can now state our affine extractor.

Algorithm 6.4 (AExt(X)).

Input: X— an (n, k)-affine source with k£ > polylog(n).
Output: Z — a bit that is n=M-close to uniform.

Sub-Routines and Parameters:
Let SR be the function in Algorithm 6.1. Let BFExt be the extractor for non-oblivious bit-fixing
sources in Theorem 4.6.

1. Let W =W'o...o WY = SR(X) where N = poly(n). Take the first bit of each W’ and
let V' be the concatenation.

2. Compute Z = BFExt(V).

We now have the following theorem.
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Theorem 6.5. There exists a constant C > 1 such that for any (n, k) affine source X with k >
logc n, we have that

|AExt(X) — Up| <,
where m = kY and e = n=0),
Proof. By Lemma 6.3, if k > 9b>d?h? then there exists a subset S C [N] with |S] > (1 — n%)N such
that for any subset S’ C S with |S’| = h, we have that

(W'ie S~ Un,

where ¢ = 2-(V0),

Therefore by definition V is a (g,t,~)-non-oblivious bit-fixing source with ¢ = 2N/n?, t = h
and v = ¢ = 2-UVD | We now apply Theorem 4.6. Note that ¢ = 2N/n? < N9 for some
constant § > 0 since N = poly(n). We also need that ¢t = h > O(log?'(N)) = O(log?! n)and
v < 1/N'1 =1/n00),

Note that b < logn, d = O(h%¢?), £ = kP, and k* < h < 2k®. Thus altogether all conditions
are satisfied if

k> ck'ot4810g2 n, k® > ¢ 1log?' n, and VI = kP2 > cok® logn,

for some constants ¢, c1, ¢2.

It is now easy to check that if we take a, 8 to be small enough with o < /2 and k > log® n
for a big enough constant C' > 1, then all the above conditions are satisfied. Thus by Theorem 4.1
the output of AExt is e-close to uniform with e = N=%(1) = =21 Note that N = poly(n) so the
extractor can be computed in polynomial time. [ ]

7 Improved Extractors for Circuit Sources

The following theorems are proved in [Violl].

Theorem 7.1. [Viol1] For every d = O(1),v > 0, any (n,k) source generated by an ac circuit of
depth d and size n® is l/nw(l)-close to a convexr combination of affine sources with entropy k? /n'*7.

Using our affine extractor, this immediately implies the following theorem.

Theorem 7.2. For any constant o > 0,d = O(1) and k > n'/?* there is an explicit extractor
acExt : {0,1}" — {0,1}™ with m = kW) such that if X is an (n,k) source generated by a depth-d
ACO circuit of size n?, then

lacExt(X) — Up| <€,

where ¢ = n~ 1),

Proof. Let v = « and apply Lemma 7.1, we see that X is 1/nw(1)—close to a convex combination of
affine sources with entropy k?/n'*7 = n®. Thus we can apply the affine extractor from Theorem 1.8
and output m = k1) bits with error 1/n®M) 4 p=1) = =01, [ ]
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8 Zero-error dispersers and applications

Gabizon and Shaltiel [GS08] showed that a two-source strongly hitting disperser with output length
m > clogn can be transformed into another strongly hitting disperser with output length m = Q(k).

Theorem 8.1. [GS08] There exist constants n > 0,c > 0 such that for every sufficiently large
k,n € N and m = nk, any efficiently computable two-source p-strongly hitting disperser D' :
({0,1}")% — {0,1}¢1°8" for entropy threshold k can be transformed into an efficiently computable
two-source p2¢1°8"""=2_strongly hitting disperser D' : ({0,1}")% — {0,1}™ for entropy threshold
2k.

Combined with Corollary 1.13, this immediately Theorem 1.14.
To construct implicit O(1)-probe scheme, we note that a key combinatorial object in the con-
struction by Fiat and Naor [FN93]| is the following so called rainbow.

Definition 8.2. [FN93] A t-sequence over a set U is a sequence of length ¢ without repetitions, of
elements in U. An (n, k, t)-rainbow is a coloring of all t-sequences over {0,1}" with 2¥ colors such
that for any S C {0, 1}" of size 2%, the t-sequences over S are colored in all colors.

In [FN93], Fiat and Naor showed that rainbows give implicit probe schemes.

Theorem 8.3. [FN93] Fix any integers n,k with logn < k < n. Given a polynomial time com-
putable (n, k,t)-rainbow we can construct a polynomial time computable implicit O(t)-probe scheme
with table size 2% and domain size 2. In particular, when t is constant we get an implicit polynomial
time computable O(1)-probe scheme.

Gabizon and Shaltiel [GS08] showed that strongly hitting dispersers for independent sources
can be used to construct rainbows.

Theorem 8.4. [GS08] Let 0 < n < 1 be any constant, and let n,k and t be integers with logn <
k <n. Let m = nk and let G : {0,1}'™ — {0,1}™ be a polynomial time computable t*/2F-strongly
hitting disperser for t independent sources with entropy threshold tk, then there is a polynomial
time computable (n, k,O(t/n))-rainbow.

Combining the above two theorems with our strongly hitting disperser (Theorem 1.14), and note
that we can set t = 2, and m = nk such that 2-("+3) > 4/2% we immediately obtain Theorem 1.16.

We now turn to zero-error affine dispersers. In [GS12], Gabizon and Shaltiel proved the following
theorem.

Theorem 8.5. [GS12] There exists a constant ¢ > 1 such that for every sufficiently large n,k >
log*n and m < k —log* n, if there is an explicit and efficiently invertible zero-error affine disperser
D' :{0,1}" — {0,1}1°8™ for entropy k—m—O(log3 n), then there is another explicit and efficiently
invertible zero-error affine disperser D : {0,1}" — {0,1}™ for entropy k.

Here a disperser D : {0,1}" — {0,1}™ is said to be efficiently invertible if there is a randomized
poly(n) time algorithm which given z € {0,1}" and the specification of an affine source X, returns
x € Supp(X) such that D(z) = z. In [GS12], Gabizon and Shaltiel showed that affine extractors
with output length m = O(logn) and error € < 2~(™+1) are efficiently invertible. Combined with
Corollary 1.13, this immediately implies Theorem 1.17.

In terms of stuck-at noisy memory schemes, Gabizon and Shaltiel [GS12] proved the following
theorem.
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Theorem 8.6. [GS12] Let p < 1/2 and let e(n) = o(y/n) and s(n) < pn. For sufficiently large n,
if there is an explicit and efficiently invertible zero-error affine disperser D : 0,1™77 — 0,1™ for
affine sources with entropy n—s(n) —e(n)logn —1, then there is an explicit (n, s(n), e(n))-stuck-at
noisy memory scheme with rate m/n.

Combined with our improved zero error disperser (Theorem 1.17), this immediately gives The-
orem 1.19.

9 Conclusions and Open Problems

Constructing explicit two-source extractors and affine extractors are two related challenging prob-
lems. Through a long line of research, the recent breakthrough result of Chattopadhyay and Zuck-
erman [CZ16] has finally brought us close to the optimal two-source extractor. In this paper we
managed to improve the output length of the two-source extractors in [CZ16] from 1 to k1) in the
strong case, and to k in the non-strong case. We also construct the first explicit affine extractor for
poly-logarithmic entropy, thus bringing affine extractors close to optimal. Our affine extractor has
output length £2(). However, in both two-source extractors and affine extractors the error remains
n~1) . The most obvious open problem is to improve the error (say to exponentially small).

This seems challenging and requiring new ideas. Specifically, the current approach is to first
reduce the sources to a (q,t,7y) non-oblivious bit-fixing source, and then apply a deterministic
extractor for such sources. However, the extractor for non-oblivious bit-fixing sources crucially
depends on resilient functions, where the analysis is done by bounding the influence of a coalition
of variables. If the non-oblivious bit-fixing source has length n®®) (to ensure polynomial time
computability), then even one bit can have influence Q(logn/n®M) by the result of Kahn, Kalai
and Linial [KKL88]. Therefore we cannot hope to get error @) through this approach alone.

Another related open problem left here is to increase the output length of our affine extractor.
Currently our affine extractor only outputs k() bits. We note that we can use a general technique
by Shaltiel [Sha06] to try to improve the output length. However for that purpose we need to use
a linear seeded extractor with seed length O(logn), since the error will be increased by a factor of
2¢ where d is the seed length. A linear seeded extractor with such seed length can possibly achieve
output length k%9 [SU05], but we are not aware of any construction with output length Q(k). On
the other hand, if we can make the error smaller, then we can afford a larger seed length (such as
O(log?n)), which is enough to output almost all the entropy.

In the case of NC® and AC® sources, there is still much room for improvement. Currently it is
not known how to extract from sources with min-entropy smaller than n!/2, even if the source is
generated by an NCO circuit where each output bit depends on at most 2 input bits.

Finally, an interesting observation of our work is that actually the bias of the one bit extractor
in [CZ16] is not very important (in [CZ16] it has bias n~*(1)). Indeed, even if it only has constant
bias, after the step of using the generating matrix G, we can see that the XOR of Q(m) copies
will have bias 272(™) However, at this moment this observation doesn’t seem to help improve the
parameters.
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