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THE POWER OF ASYMMETRY IN CONSTANT-DEPTH CIRCUITS

ALEXANDER A. SHERSTOV

ABSTRACT. The threshold degree of a Boolean function f is the minimum degree of a
real polynomial p that represents f insign: f(x) = sgn p(x). Introduced in the seminal
work of Minsky and Papert (1969), this notion is central to some of the strongest algo-
rithmic and complexity-theoretic results for constant-depth circuits. One problem that has
remained open for several decades, with applications to computational learning and com-
munication complexity, is to determine the maximum threshold degree of a polynomial-
size constant-depth circuit in n variables. The best lower bound prior to our work was
£2(n@—1/2d=1) for circuits of depth d . We obtain a polynomial improvement for ev-
ery depth d, with a lower bound of £2(13/7) for depth 3 and £2(y/n) for depth d = 4.
The proof contributes an approximation-theoretic technique of independent interest, which
exploits asymmetry in circuits to prove their hardness for polynomials.

1. INTRODUCTION

Representations of Boolean functions by polynomials have played an important role in
theoretical computer science. The idea of representing a Boolean function by the sign of a
polynomial has been particularly fruitful. Formally, a real polynomial p is said to represent
a given Boolean function f:{0, 1} — {0, 1} in sign if

—1 if f(x) =0,
+1 if f(x) =1

for every input x € {0, 1}"*. The threshold degree of f, denoted deg, (f), is the mini-
mum degree of a sign-representing polynomial for f. The formal study of this complexity
measure began in 1969 with the pioneering work of Minsky and Papert [21]. Motivated
by applications to neural networks, the authors of [21] proved that the parity function on n
variables has the maximum possible threshold degree, n. They obtained lower bounds on
the threshold degree of several other functions, including DNF formulas and intersections
of halfspaces. Minsky and Papert’s work has found applications far beyond artificial in-
telligence. In theoretical computer science, applications of sign-representing polynomials
range from circuit lower bounds [19, 20] and size-depth trade-offs [24, 35] to computa-
tional learning [17, 16, 23, 3, 30, 32, 11, 33, 36] and the closure properties of PP [8].

The notion of threshold degree has been especially influential in the study of AC?, the
class of constant-depth polynomial-size circuits with A, Vv, — gates of unbounded fan-in.
Aspnes et al. [4] used sign-representing polynomials to give an entirely different proof of
classic lower bounds for AC®. In communication complexity, the notion of threshold de-
gree was critical in constructing the first AC? circuit with exponentially small discrepancy
and hence maximum communication complexity in nearly every model [26, 27]. That dis-
crepancy result was used in [26] to show the optimality of Allender’s classic simulation
of AC® by majority circuits, solving the open problem [19] on the relation between the

sgn p(x) =
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two circuit classes. A more sophisticated application of threshold degree gave the first
exponential lower bound on the sign-rank of AC circuits [25], twenty-two years after the
problem was posed by Babai et al. [5]. Subsequent work [12, 6, 28, 34] resolved other
questions in communication complexity and circuit complexity related to constant-depth
circuits by generalizing the threshold degree method of [26, 27].

Sign-representing polynomials have also enabled algorithmic breakthroughs in the study
of constant-depth circuits. An illustrative example is the fastest known algorithm for learn-
ing polynomial-size DNF formulas, due to Klivans and Servedio [17], with running time
exp(O(n'/?)). The authors of [17] obtained their algorithm by proving an essentially tight
upper bound of O(n'/3logn) on the threshold degree of that concept class. Another such
learning-theoretic breakthrough is the fastest algorithm for learning Boolean formulas, ob-
tained by O’Donnell and Servedio [23] for formulas of constant depth and by Ambainis et
al. [3] for arbitrary depth. The algorithm runs in time exp(O(n@* ™' =D/@?=D)y) for for-
mulas of size n and constant depth d, and in time exp(é(ﬁ)) for formulas of unbounded
depth. In both cases, the bound on the running time follows from the corresponding upper
bound on the threshold degree.

1.1. Our results. A longstanding open problem in the area is to determine the maxi-
mum threshold degree of an AC circuit. This problem is motivated by algorithmic and
complexity-theoretic applications [17, 23, 18, 25, 11], in addition to being a natural ques-
tion in its own right. Table 1.1 summarizes the progress to date. In their seminal mono-
graph, Minsky and Papert [21] proved a lower bound of £2(n'/3) on the threshold degree
of the following DNF formula in n variables:

nl/3 n2/ 3

f@ =N\ V x,
i=1 j=1

Three decades later, Klivans and Servedio [17] obtained an upper bound of O(n'/3 logn)

on the threshold degree of any polynomial-size DNF formula in n variables, matching
Minsky and Papert’s result and resolving the problem for depth 2. Attempts to determine
the threshold degree for depth d > 3 have been met with limited success. Until recently,

Depth Threshold degree Reference
2 2(n'?) Minsky and Papert [21]
2 On'?logn) Klivans and Servedio [17]
d 2(n'/310g?@=2/3 p) O’Donnell and Servedio [23]
d Q(n3a=r) Sherstov [33]
3 Qn37) This paper
4 2(/n) This paper

Table 1.1: Known bounds on the maximum threshold degree of A, Vv, —-circuits of
polynomial size and constant depth. In all bounds, n denotes the number of variables.



THE POWER OF ASYMMETRY IN CONSTANT-DEPTH CIRCUITS 3

the only progress on this question was due to O’Donnell and Servedio [23], who proved a
threshold degree lower bound of §2(n'/3 logz(d_z)/ 3 n) for circuits of depth d. The authors
of [23] formally posed the challenge of obtaining a polynomial improvement on Minsky
and Papert’s lower bound. Such an improvement was obtained last year in [33], with a
threshold degree lower bound of §2(n@~1/24=1) for circuits of depth d. In particular,
the result in [33] subsumes all previous lower bounds, with a strict improvement starting at
depth d = 3. The main contribution of this paper is a polynomially stronger lower bound
for every depth d = 3. For depth 3, we obtain:
THEOREM 1.1 (Main result, d = 3). Let f:{0, 11+
once formula given by

— {0, 1} be the depth-3 read-

W7 (0217 447 n3/7 p2/7
flx.y) = \/ /\ \/Xi,j,k A /\ \/yi,j,k
i=1 \j=1 k=1 j=1 k=1

Then
deg, (f) = 2mn*7).

Apart from improving on the previous lower bound for depth-3 circuits, this theorem
is of interest in the study of formulas. Specifically, it matches a known upper bound of
O(n @I=t-1/ (2d—1)) on the threshold degree of formulas of depth d and size n, due to
O’Donnell and Servedio [23]. Prior to our work, that upper bound was known to be tight
only ford = 1 and d = 2, by the classic result of Minsky and Papert [21] mentioned
above. Theorem 1.1 suggests that O’Donnell and Servedio’s upper bound may be tight for
all d, a fascinating possibility.

A comment is in order on the admittedly unusual formula f in Theorem 1.1. A tradi-
tional approach to lower bounds for constant-depth circuits would certainly favor a more
symmetric construction. Surprisingly, asymmetry turns out to be essential to the tight lower
bound in Theorem 1.1. In particular, the previous lower bound of §2(n2/°) for depth-3 for-
mulas, obtained in [33], was shown in that paper to be tight for all formulas of the form
f) = V7L Nz Vil Xijk with ninans = n. Asymmetry plays a critical role in all
of our constructions, as we will shortly explain in detail.

For circuits of depth d > 4, we obtain a lower bound of §2(/n), improving polynomi-
ally on previous work and Theorem 1.1.

THEOREM 1.2 (Mainresult, d = 4). There is an explicitly given A, \V-circuit f:{0,1}* —
{0, 1} of depth 4 and polynomial size such that

degy (/) = 2(Vn).

As we discuss in Remark 9.6 at the end of the paper, one can use O’Donnell and Servedio’s
technique [23] to improve the lower bound of Theorem 1.2 by an arbitrary polylogarithmic
factor, at the expense of increasing the circuit depth by a constant. Theorem 1.2 solves
a recent open problem due to Bun and Thaler [11] and Thaler [36], who discussed the
challenge of proving an £2(+/n) lower bound for constant-depth circuits and proposed
several candidate functions. Intriguingly, the construction in Theorem 1.2 seems unrelated
to Bun and Thaler’s candidate functions, whose status remains open.

Finally, we note that the threshold degree lower bounds in this paper imply improved
lower bounds in communication complexity and learning theory. Our main result, stated as
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Theorem 1.2 above and restated in technical detail as Theorem 9.4 at the end of the paper,
gives an A, V-circuit f:{0,1}" — {0, 1} of polynomial size and depth 4 with discrep-
ancy exp(—$2(+y/n)) and threshold weight and threshold density exp(§2(4/7)). The best
previous bounds [33] were exp(—Q(n%_ﬁ)) for discrepancy and exp(.Q(n%_Atd%é))
for threshold weight and density, where d > 2 stands for the depth of the circuit. The
passage from threshold degree to these other complexity measures uses by-now standard
reductions [27, 19]. We refer the interested reader to [33, Section 8] for details, including
all definitions.

1.2. Proof overview. At first glance, Theorems 1.1 and 1.2 seem unrelated. In reality,
they are corollaries to a more general result that we prove. The key notion here is that of
one-sided approximate degree, defined for a Boolean function f:{0,1}" — {0, 1} as the
least degree of a real polynomial p that is close to zero on f~!(0) and far from zero on

VAR CVE

[—€. €] if f(x) =0,
[l —¢,+00) if f(x)=1.

The error parameter € in this definition is typically a small constant, with € = 1/3 being
the default setting. One-sided approximate degree has played an important role in the
area [17, 14, 10, 29, 11, 33], with applications to both complexity theory and algorithms.
Its relation to threshold degree is straightforward: if p is a one-sided approximant for f,
then p — % is a sign-representing polynomial for f. One-sided approximate degree is
therefore always at least as large as threshold degree, and the gap between them can be
arbitrary.

The central technical contribution of this paper is a hardness amplification result that
transforms any Boolean function with high one-sided approximate degree into a function
with proportionately high threshold degree. Quantitatively, our hardness amplification the-
orem transforms any given circuit f: {0, 1} — {0, 1} with one-sided approximate degree
n® in a black-box manner into a circuit F: {0, 1}V — {0, 1} with threshold degree £2(N#),
where § = B(«) is the monotonically increasing function given by

p(x) €

3/7 ifa <1/2,
B=1{3a/Bax+2) ifl/2<a<2/3, (1.1)
1/2 otherwise.

Technical details follow.

THEOREM 1.3 (Hardness amplification). Let f:{0, 1}" — {0, 1} be a given function with
one-sided approximate degree n®, where 0 < a < 1. Then there is an explicitly given
function F:{0, 13N — {0, 1} of the form F = ORy;, o((ANDyy, 0 f") A(AND,,,; 0OR )
with threshold degree

deg. (F) = 2(NP),
where [’ € {—f,OR,} and B = B(w) is given by (1.1).

In this theorem, the composition operator o denotes componentwise composition on dis-
joint sets of variables, and similarly A denotes a conjunction on disjoint sets of variables.
Thus, F is a function on N = mj(myn + m3my) variables. Observe that the transforma-
tion f +— F preserves polynomial size and increases the circuit depth only by 2, which
is essential for our applications. Our main results follow immediately from Theorem 1.3
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and known lower bounds on the one-sided approximate degree of constant-depth circuits.
Specifically, we obtain Theorem 1.1 by applying the hardness amplification to the func-
tion f = —OR, with one-sided approximate degree @ (+/n). To obtain Theorem 1.2, we
instead use a certain polynomial-size CNF formula f with one-sided approximate degree
20?3,

We find Theorem 1.3 of interest in its own right, independent of its role in proving
the main results of this paper. It is helpful to contrast it with the best previous hardness
amplification result for threshold degree, obtained in [33, Theorem 1.6]. In that work, we
showed how to transform any given circuit f: {0, 1} — {0, 1} with one-sided approximate
degree n® into a polynomially larger circuit F: {0, 1}V — {0, 1} with threshold degree
Q(NP), where

d—1 da

2d -1 2d—Da+ 1}

The integer parameter d refers to the increase in circuit depth in going from f to F. The
dependence B = B(«) improves monotonically with the depth parameter d, approaching
B = 1/2 in the limit as d — oo. In contrast, the construction in our paper features no
depth parameter; the passage f +> F in Theorem 1.3 always corresponds to a depth
increase of 2. Figure 1.1 compares the previous hardness amplification result from [33]
with Theorem 1.3 in this paper, plotting the dependence B = S(«) in the two cases. As
the figure shows, we improve on previous work for d = 2 and d = 3, as well as for all d
starting at « = 2/3. These improvements directly translate in the polynomially stronger
lower bounds in our main results.

Our proof of Theorem 1.3 departs significantly from previous work. After all, we need
to somehow amplify one-sided approximate degree n2/3 to threshold degree §2 (\/ﬁ ) using
only two levels of gates, as opposed to infinitely many in previous work. We achieve

B = ma

1/2- 1/2-
3/7] 3/71
P 2/5] P 2/51
1/3] 1/3
13 12 23 1 13 12 23 1
o o

Figure 1.1: Transforming a circuit f:{0, 1} — {0, 1} with one-sided approximate
degree n® into a polynomially larger circuit F: {0, 1} — {0, 1} with threshold de-
gree 2(N B). The graphs plot the dependence 8 = B(«) in previous work and this
paper. Left: the best previous construction [33], with the distinct curves correspond-
ing to an increase of 2, 3, ... 10, respectively, in circuit depth in going from f to F.
Right: the construction in this paper, corresponding to a depth increase of 2.
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these efficiency gains as follows, using asymmetry along with new intermediate notions of
approximation.

(i) By hypothesis, the original function f cannot be approximated in a one-sided
manner by a polynomial of low degree. In the notation of Theorem 1.3, our first
step is to show that the composition AND,,, A —f cannot be approximated in a
one-sided manner to within a small constant by any low-degree rational function
with £, norm 290"2)  This passage from polynomials to rational functions is the
first stage in the hardness amplification process.

(ii))  Inparallel, we show that the composition AND,,, cOR,,, cannot be approximated
in a one-sided manner to exponentially small error by any low-degree rational
function.

(iii))  Using the conclusions of the previous two steps, we prove that the conjunction
(ANDy,, A =f) A (ANDp,; A OR,,) cannot be approximated in a one-sided
manner to within a small constant by any low-degree rational function. This step
is the centerpiece of our paper, and it holds in considerable generality. Specifically,
we are able to prove a general “composition theorem” that characterizes the one-
sided rational approximation of any composition g A 4 in terms of approximation-
theoretic properties of the individual functions g and 4. Note the critical role of
asymmetry in this step.

(iv)  Finally, we invoke a result from previous work [33] that characterizes the threshold
degree of a disjunction of functions in terms of the one-sided rational approxima-
tion of the individual functions.

Steps (i), (ii), and (iii) in this program correspond to Sections 7, 8, and 6, respectively.
These components are put together in Section 9, completing the proof. We provide addi-
tional details and intuition at each stage of the proof, and conclude the paper by discussing
the potential of our approach to give stronger bounds.

2. PRELIMINARIES

2.1. Basic notation. Given the key role of rational functions in this work, it will be con-
venient to use the extended real number system R U {—o0, 400} for all calculations. We
additionally adopt the conventions that 0° = 1 and x/0 = 4o0 for x > 0, where the
former is justified by continuity. As usual, log x refers to the logarithm of x to base 2.
For a multivariate real polynomial p: R"” — R, we let deg p denote the total degree of p,
i.e., the largest degree of any monomial of p. We use the terms degree and fotal degree
interchangeably in this paper. The sign function is given by

-1 ifx <0,
sgnx = (0 ifx =0,
1 if x > 0.

For a logical condition C, we use Iverson bracket notation

1 if C is true,

I[C] = .
0 otherwise.

We use the term Euclidean space to refer to R” for some positive integer . We let e; denote
the vector whose ith component is 1 and the others are 0. Thus, the vectors ey, es, ..., e,
form the standard basis for R”. Generalizing this notation somewhat, we let 15 denote the
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characteristic vector of the set S, so that 1g = ) ;. ¢;. For a linear subspace L, we let
L+ denote its orthogonal complement.

Set membership notation, when used in the subscript of an expectation operator, indi-
cates that the expectation is taken with respect to a uniformly random element of the indi-
cated set. A generic instance of this notation is Exeg f(x), which we will often shorten
further to Eg f. We will often omit the argument in equations and inequalities involving
functions, as in sgn p = (—1)7. Relational and arithmetic operators for functions are
to be interpreted pointwise. For example, the statement “f > 2|g| on X” means that
f(x) = 2|g(x)| for every x € X.

2.2. Boolean functions, formulas, and circuits. Throughout this paper, Boolean func-
tions are mappings X — {0, 1} for some finite subset X of Euclidean space, most often
X = {0, 1}". The functions AND,, OR,, XOR, on the Boolean hypercube {0, 1}" have
their standard definitions: AND,(x) = A’_,; xi, OR,(x) = \/7/_; xi, and XOR,(x) =
@D}, xi. For a Boolean function f, we let —f denote the negation of f. We use the com-
mon shorthands NAND,, = —=AND,, and NOR,, = —OR,,. To avoid clutter, we will often
omit the floor and ceiling operators when indicating the input length of Boolean functions.
For example, OR /; stands for OR; ;1 or OR| /|, depending on context. A key func-
tion in this paper is the element distinctness function EDy, ,,: {e1, €2, ...,en}" — {0, 1},
defined for m = n by

1 ifxy,x2,...,Xx, are pairwise distinct,
EDn,m(xleZsu-sxn) = .
0 otherwise.

The input to EDy, ,; can be viewed as an /m x n Boolean matrix in which every column
contains exactly one nonzero entry. In that representation, the function evaluates to true if
and only if every row contains at most one nonzero entry. Observe that ED,, ,, is defined
on a small subset of the ambient hypercube {0, 1}, unlike AND,,, OR,, and XOR,,.

For Boolean functions f:{0,1}* — {0,1} and g: X — {0, 1}, we let f o g denote
the componentwise composition of f with g, i.e., the Boolean function on X" that sends
(x1,x2,...,x5) = f(g(x1),g(x2),...,2(xn)). By associativity, this definition extends
unambiguously to compositions fj o f, 0---o fi of three or more functions. For functions
f:X — {0,1} and g:Y — {0, 1}, we let f A g stand for the function on X x Y given
by (f A g)(x,y) = f(x) A g(y). The shorthand f V g is defined analogously. We often
use this notation along with the composition operator, as in ORy o ((ANDy o = f) A g).
Observe that in our notation, f and f A f are completely different functions, with domain
X and X x X, respectively.

For our purposes, a Boolean circuit, or equivalently an A, VV-circuit, is a circuit with
gates A and Vv of unbounded fan-in, with negations allowed at the input gates. In this
terminology, the circuit class AC® consists of function families { f;, }o2, such that each
fn:4{0,1}* — {0, 1} can be represented by an A, \VV-circuit with cn€ gates and depth ¢, for
some constant ¢ = 1 and all n. A Boolean formula, or equivalently an A, V-formula, is an
A, V-circuit in which every gate has fan-out 1. Common examples of A, V-formulas are
DNF and CNF formulas. We define size somewhat differently for circuits vs. formulas,
as the number of gates in the former case and the number of leaf nodes in the latter case.
An A, V-formula is called read-once if its leaf nodes correspond to pairwise distinct input
variables. In particular, the size of a read-once A, V-formula never exceeds the number of
input variables. We refer to an A, V-circuit or -formula f:{0, 1} — {0, 1} as explicitly
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given if our manuscript provides an algorithm that runs in time 7™ and produces the
representation of f as a circuit or formula.

2.3. Combinatorial identities. For an integer k = 0 and an arbitrary real number «,
recall the generalized binomial coefficient

This notation specifically allows &« = 0 and @ < 0, both of which arise frequently in this
paper. For example,

(_kl) = (—1)k k=1,2,3,...)

and more generally

—n\ _ ok ntk—1 -
(")_(1)( Kk ) (n.k=1.23....).

We will need the following combinatorial identities.

FacT 2.1.

(i)  For any integer n = 1 and any real polynomial p of degree less than n,
“ [n
Sy (l.)p(z') = 0;
i=0
(ii)  for any integersn = O and k =1,
. . -1
Zk+i\i)  k\ k ’
(iii)  for any integersn = k = 0,

1
k n—k 1
n 1— - .
()/0 x*(1—=x)""dx T

(iv)  for any integersn =k =0,

) () () ()= ()

The first identity, (i), is well-known [15]. The other three are less so, and we provide
their short proofs for the reader’s convenience.
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Proof. (ii)) We have
X”:(—l)i n ‘Z( DiG+k—DG+k=2)--G+1)[(n+k
—it+k\i] & m+kn+k—1)--(n+1) i+k

B Z”: D) +k-1DG+k=2)---G+1)(n+k
N n+kyn+k—1)---(n+1) i+k

_Z( Dii+k—DGi+k=2)--G+1)(n+k
N n+kyn+k—1)---(n+1) i+k

1(n+k -
el ok
_1(n+k -
“k\ Kk ’

where the final step uses (i).
(iii) Applying the binomial theorem,

n—k 1
n kop _ \n—k _ " Ty n—k k+i
(k)/o (1-x)"*dx = g(l)(i>/0x dx
n-k n—k 1
g(_l)( i )k+i+1

1 (n—k+Gk+1D)
k+1 k+1
1

n+1’

S

!
-(;
!

where the third step uses (ii).

(iv) This equality has a simple combinatorial interpretation: to choose a size-(k + 1)
subset S € {1,2,...,n + 1}, one can first choose an integer m and then choose one of the
size-(k + 1) subsets S € {1,2,...,n + 1} withmax S = m. [

2.4. Norms and products. For a finite set X, we let RX denote the linear space of func-
tions f: X — R. This space is equipped with the usual norms and inner product:

£ lloo = max | £ ()],
1A= D" 1f @)l

xeX

=Y f0)g).
xeX
The tensor product of f € RX and g € RY is the real function f ® g € R¥*Y defined by

(f®g)(x,y) = f(x)g(y). The tensor product f ® f ®---® f (n times) is abbreviated
f®". The support of a function f: X — Ris denoted supp f = {x € X : f(x) #0}. A
convex combination of f1, f5, ..., fi € RX isany function of the form A, fi+A, fo+-- -+
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Ak fx, where A1, A5, ..., Ay are nonnegative and sum to 1. The convex hull of F € RX,
denoted conv F, is the set of all convex combinations of functions in F.

Throughout this manuscript, we view probability distributions as real functions. This
convention makes available the shorthands introduced above. In particular, for probability
distributions  and A, the symbol supp i denotes the support of w, and u ® A denotes
the probability distribution given by (1 ® A)(x,y) = w(x)A(y). If p is a probability
distribution on X, we consider u to be defined on any superset of X with the understanding
that & = 0 outside X.

2.5. Symmetrization. For a bit string x € {0, 1}"*, we let |x| = x1 +x2 + - -+ X, denote
the Hamming weight of x. We let S, stand for the symmetric group of order 7, and define
OX = Xg(1)Xo(2) - - - Xo(n) for any o € S, and x € {0, 1}"*. The following simple but
fundamental fact, due to Minsky and Papert [21], allows one to transform a multivariate
real polynomial on {0, 1}" into a related univariate polynomial on {0, 1,2, ...,n} without
an increase in degree.

PROPOSITION 2.2 (Minsky and Papert). Let p:{0,1}" — R be an arbitrary polynomial.
Then the mapping

t— E pk) t=0,1,2,...,n)
x€{0,1}"
|x|=t

is a univariate real polynomial of degree at most deg p.
Minsky and Papert’s result has the following multivariate generalization.

COROLLARY 2.3 (cf. Minsky and Papert). Let p: ({0, 1}")™ — R be an arbitrary poly-
nomial. Then there is a polynomial ¢: R™ — R of degree at most deg p such that
E E --- E p(oixt,....,omxm) = q(x1],|x2],. .., |xm|)

01€8, 00€8) Om€dn

forall x1,x3,...,x, €{0,1}".

This generalization follows by induction on 7, where the base case m = 1 corresponds to
Proposition 2.2. For details, see, e.g., [25].

2.6. Approximation by polynomials. Let f: X — {0, 1} be given, for a finite subset
X C R”". The e-approximate degree of f, denoted deg,(f), is the least degree of a real
polynomial p such that || f — pllcc < €. We refer to any such polynomial for f as a
uniform approximant (equivalently, {o-norm approximant) for f with error €. In the
study of Boolean functions, the standard setting of the error parameter is € = 1/3. A
related notion is that of threshold degree, denoted deg, (/) and defined as the least degree
of a real polynomial p that represents f in sign:

—1 if f(x) =0,
+1 if f(x) = 1.

It is intuitively clear that sign-representation is a weaker notion than uniform approxima-
tion. Formally, we have

degy(f) = el/i’IlI}Z dege (/).

sgn p(x) =
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In particular,

1
deg:l:(f)sdege(f)» OSG < 5

Key to our work is a hybrid of uniform approximation and sign-representation, whereby
a Boolean function f is approximated uniformly on f~!(0) and represented in sign on
£71(1). Formally, the one-sided e-approximate degree of £, denoted deg) (f), is the least
degree of a real polynomial p such that

J()—es p(x) < f(x) +e, x e f7H0),
J(x) —e < p(n), xe f7.

We refer to any such polynomial as a one-sided approximant for f with error €. Again,
the canonical setting of the error parameter is ¢ = 1/3. The gap between the one-sided
approximate degree of a Boolean function f:{0, 1} — {0, 1} and that of its negation — f
can be as large as 1 versus §2(/n), achieved for f = OR,. In contrast, threshold degree
and approximate degree are invariant under negation:

degy (f) = deg(—f), 2.1)
deg (f) = deg.(—=f) (2.2)

for every Boolean function f and every €.

Basic approximation theory allows one to efficiently reduce the error in a uniform or
one-sided approximation of a Boolean function. We will only need error reduction in the
setting of one-sided approximation, where the analysis is particularly simple.

FACT 2.4. For any Boolean function f: X — {0,1} andany 0 < e < 1/2,

deg™ ,  (f) < kdegl (/) (k=1,2,3,...).

k+a—ok
Proof. If p is a one-sided approximant for f with error €, then p¥/(ek + (1 —€)*) is a
one-sided approximant for f with error €K /(€K + (1 — €)¥).

Fact 2.4 makes it clear, among other things, that the canonical constant ¢ = 1/3 in the
definition of one-sided approximate degree can be replaced by any other number in (0, 1/2)
without changing the model in any significant way.

A natural approach to approximating a composed function f o g is to approximate f
and g individually and compose the resulting approximants. For this approach to work,
the approximating polynomial for f needs to be robust to noise in the inputs, i.e., it needs
to approximate f not only on the Boolean hypercube but also on any perturbation of a
Boolean vector. The following result from [31] gives an optimal procedure for making any
polynomial robust to noise in the inputs.

THEOREM 2.5 (Sherstov). Let p:{0,1}" — [—1, 1] be a given polynomial. Then for every
8 > 0, there is a polynomial propysi: R" — R of degree O(deg p + log %) such that

|p(x) - probust(x + €)| <$é
forevery x € {0,1}* and € € [-1/3,1/3]".
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2.7. Approximate degree of concrete functions. The most studied Boolean functions
in the context of polynomial approximation are OR,, and AND,,. The following seminal
theorem, due to Nisan and Szegedy [22], was one of the first results in this line of work.

THEOREM 2.6 (Nisan and Szegedy).

deg;/3(AND,) = deg;/3(OR,) = O(v/n),
deg{/3(AND,) = deg{,;(NOR,) = O(+/n).

Buhrman et al. [9] and de Wolf [13] generalized Nisan and Szegedy’s theorem to an
arbitrary error parameter €. For our purposes, only the upper bound is needed.

THEOREM 2.7 (Buhrman et al.; de Wolf). Fore < 1/3,

/ 1
deg.(AND,,) = deg.(OR,) = O ( nlog —) .
€

Another extensively studied function in the context of polynomial approximation is ele-
ment distinctness, EDj, ,,,. It has played an important role in quantum query complex-
ity [1, 2] and more recently in the study of constant-depth circuits [11, 33]. The following
tight lower bound is due to Ambainis [2].

THEOREM 2.8 (Ambainis).
deg, /3(EDp,n) = 2(n*/3).

Bun and Thaler [11] recently showed, with a short and elegant proof, that Ambainis’s
lower bound on the approximate degree of element distinctness carries over to the one-
sided setting:

THEOREM 2.9 (Bun and Thaler).
deg); (EDy.q) = 2(n*").

For the reader’s convenience, we include the proof.

Proof (adapted from [11]). Bun and Thaler define the element distinctness function ED,, ;
somewhat differently, with domain ({0, 1}!°¢”)" rather than {e;, e,, ..., e,}". However,
their proof works equally well in both settings. Details follow.

Let 0 < € < 1/2 be arbitrary, and let p: (R")" — R be a one-sided approximant
for ED,, , with error €. Symmetrize p to obtain a new polynomial of the same or smaller
degree,

q(x1,x2,...,xz) = E p(xo1), X2)s - -+ Xa@m))-
o€eSy

Recall that ED,, ,(x1, X2, ..., %s) = EDy n(Xc(1), Xo(2)s - - - » Xo(n)) forallo € S,,. Hence,
the symmetrized polynomial g is also a valid one-sided approximant for this function, with
lg| < € on ED;}(0) and ¢ = 1 — € on ED;,} (1). The key observation is that ED;,} (1) =
{(ec1): €5 (2) - - - » €a(m)) : 0 € Sy} and therefore the symmetrized polynomial g is constant

on ED;,ln (1). By normalizing ¢, we obtain a uniform approximant for ED,, ,,:
I —€

- < €.
q(er,ea,...,epn) h

q

‘ED,,,,, -

’ oo
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We conclude that deg (ED,, ,) = deg;" (EDy, ) for all €, which completes the proof in
view of Theorem 2.8. [

2.8. Dual characterizations. Approximate degree, one-sided approximate degree, and
threshold degree each have an exact dual characterization, obtained by an appeal to linear
programming duality. We will only need the dual characterization for one-sided approxi-
mate degree, due to Bun and Thaler [11].

THEOREM 2.10 (Bun and Thaler). Let f: X — {0, 1} be given, d > 0. Then deg} (f) =
d if and only if there exists ¥: X — R such that

@ (L) >elylh,
(i) (¥, p) = 0 for every polynomial p of degree less than d, and

(iii)) Y (x) = 0 whenever f(x) = 1.

Recent papers refer to the function v in Theorem 2.10 as a dual object or dual polyno-
mial. Its role is to serve as an explicit witness to the fact that f has one-sided approximate
degree larger than a given number. It will be convenient to specialize this result to the
negated function — f:

COROLLARY 2.11. Let f: X — {0, 1} be given, d > 0. Then deg:' (=f) = d if and only
if there exists ¥: X — R such that

@ (fv)> €l
(i) (Y, p) = O for every polynomial p of degree less than d, and
(iii)) ¥ (x) < 0 whenever f(x) = 0.

Proof. Theorem 2.10 ensures the existence of ¢': X — R with

@ (= fy") > ellyll
(i)  (¥’, p) = 0 for every polynomial p of degree less than d, and
(iii)  ¥’'(x) = 0 whenever f(x) = 0.
Property (ii) implies in particular that (1, y’) = 0, whence —( f, ¥') > €||¥'||1 by (i). The
proof is now complete by letting v = —y’. (]

The dual objects that arise in Theorem 2.10 and its corollary share the following metric
properties [33].
PROPOSITION 2.12. Let {: X — R be given with (y, 1) = 0. Then
) Yoo WO = 191172
(i) Y¥loo < ¥l1/2,
Gii)  (f, ) < ||¥]l1/2 for every Boolean function f:X — {0, 1}.
Proof. (i) We have

Ty = WD LD v

x: 0 (x)>0 2 2 2

(ii) For every x* € X,
0=[(y. )| = [ = D W@ =20y — v
XFEX*

(iii) Immediate from (i) since f ranges in {0, 1}. i
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It is often necessary to have a dual object with additional properties, beyond what linear
programming duality guarantees. In such cases the dual object must be constructed from
first principles. In this paper, we will need such a specially constructed dual object for
the OR function. Previous constructions due to §palek [37], Bun and Thaler [10], and the
author [33] do not provide all the properties that we require.

THEOREM 2.13. Let € be given, 0 < € < 1. Then for every n = 2 and every probability
distribution k on {1,2,...,n}, there is an (explicitly given) function ®:{0,1,2,...,n} —
R such that

1—¢
w(0) > — lol1,

(=D)" M w(t) = 61{3& Nl t=12,...,n),

degp < vén = (w, p) =0,

where § = §(¢) > 0 is a constant independent of n.

Theorem 2.13 generalizes a result from previous work [33, Theorem 2.8], which in our
notation corresponds to the special case

(c c ¢ (:)
k=-S5 5., —
1722732 n?

for a normalizing factor ¢ ~ 6/m2. We provide the proof of Theorem 2.13 in Appendix B.
We will also need a special kind of dual object for the high-accuracy approximation of
OR,,, in contrast to the bounded-error regime of the previous theorem.

THEOREM 2.14. Let 0 < ¢ < 1 be a sufficiently small absolute constant. Then for all

integers n,r with 1 < r < n/2, there exists a function v:{0,1,2,...,n} — R such that
degp < cv/nr = (v, p) =0,
V() =0 t=12,....,r—1),
D" @) =0 t=12,....n),
v(0) > c"[[vll1.
@Ol = c"lvily (t >n/2),
pol < (5) Il (=12, ..n).

This theorem is a modification of an earlier result due to Bun and Thaler [10], who con-
structed a dual object for the bounded-error approximation of any given symmetric func-
tion. It is straightforward to verify that their construction is also a dual object for OR in
the high-accuracy regime of interest to us, and we need only adapt it to ensure the addi-
tional metric properties and sign behavior. We provide a complete proof of Theorem 2.14
in Appendix C.

3. A HARD CNF FORMULA

The technical centerpiece of this paper, developed in Sections 4-8, is a technique that
transforms any given constant-depth A, V-circuit with high one-sided approximate degree
into a constant-depth A, \V-circuit with proportionately high threshold degree. This section
focuses on constructing the former object, a circuit of polynomial size and small depth
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(in fact, a CNF formula) with high one-sided approximate degree. Prior to our work, the
strongest lower bound on the one-sided approximate degree of a polynomial-size CNF
formula in 7 variables was §2(n/ log )?/3, due to Bun and Thaler [11]. Here, we obtain a
logarithmically stronger bound of w(n2/3). We pursue this quantitative improvement solely
for aesthetic reasons, although the technique in question seems quite general and is likely
relevant to other problems in polynomial approximation and quantum query complexity
(see Remark 3.4 for details). The reader can skip this section on a first reading and proceed
with the rest of the development in Section 4 without loss of continuity.

3.1. The role of the input encoding. When studying the approximation of Boolean func-
tions by polynomials, one most often considers functions defined on the entire hypercube.
A notable departure from this convention is a line of research in quantum query complexity
that studies Boolean functions on the set {ej, e, ..., e, }" for appropriate integers n and
m, which is a tiny subset of the ambient hypercube {0, 1}"”. For example, the function
SURJ, m:{e1, ea,...,em}" — {0, 1} is defined for m < n by

1 if{x1,x2,....x5} ={e1,e2,...,em},

SURJ X1,X2, ..., Xp) =
nom (X1, X2 n) %O otherwise.

If we interpret the input as encoding a mapping i — Xx;, then SURJ, ,, evaluates to true
precisely when the input represents a surjection. For this reason, SURJ, ,, is known as the
surjection problem [T]. It would be logical to call its counterpart the “injection problem,”
but instead it is better known as element distinctness. As the reader will recall from Sec-
tion 2, the element distinctness function ED, ,: {e1, ea, ..., en}" — {0, 1} is defined for
m = n by

1 ifxq,x2,...,Xx, are pairwise distinct,

EDym(x1, X2, ..., xn) =
nm (X1, X2 ") {0 otherwise.

The choice of {e1, ez, ...,en}" as the domain for these functions has to do with the man-
ner in which a quantum query algorithm accesses the input bits. Our applications are con-
cerned with the parameter setting m = n, in which case these two functions are the same:
SURJ,,, = ED,, ;. Their study in this paper and previous work [7, 11, 33] is motivated by
the fact that they are efficiently representable as constant-depth A, V-circuits.

From the standpoint of applications, a technical obstacle arises due to the inefficient
encoding of the input in the definition of these functions. To illustrate, consider the el-
ement distinctness function ED, ,. Recall from Theorem 2.8 due to Ambainis [2] that
degy/3(EDn ) = 2(n?/3). At first glance, this lower bound on the approximate degree
seems clearly superior to the £2(/n) lower bound for the OR,, function. One quickly re-
alizes, however, that the input to the former is much larger in terms of bit length, with n?
bits for ED, ,, versus n bits for OR,,. As a result, the lower bound for ED,, ,, is only a cube
root of the input length, versus a square root for OR,,. It is the wasteful encoding of the in-
put to ED;, ,, that artificially weakens the otherwise strong lower bound on its approximate
degree.

To overcome this obstacle, it is necessary to encode the input to ED, , more efficiently.
The folklore approach [7, 11, 33] is to work with the composition ED,, ,, o ¢, where the
gadget ¢: {0, 1Mo8” s fe1 ep,...,e,)} is the canonical one-to-one correspondence. The
input to ED,, , o ¢ has bit length n log n, whereas its approximate degree is easily seen to
satisfy deg; /3(EDp,n 0 ) = degy/3(EDy,n) = 2(n?/?). Thus, ED,, , ot is a function on
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N = nlogn variables with approximate degree £2(N/log N)?/3, a significant improve-
ment. In fact, prior to our paper, this was the strongest lower bound on the approximate
degree of a polynomial-size CNF formula [2, 11].

3.2. The new gadget. The folklore construction just described is still unsatisfying in that
the gadget ¢ counts toward the bit length of the input but does not contribute to the func-
tion’s approximate degree, which weakens the resulting lower bound. Here, we present an
alternate construction that entirely eliminates this inefficiency. Specifically, we construct a
gadget ¢: {0, 13012l s fo1 o5 .. e,,} such that

deg1/3(f °0¢) = deg1/3(f)|—l + logm] (3.1

for every function f:{e;,ez,...,em}" — {0, 1}. Thus, the new gadget actually increases
the approximate degree by a factor proportional to the gadget’s size. This contrasts with the
folklore gadget ¢, which only guarantees deg; /3(f ot) = deg;3(f). The lower bound (3.1)
carries over to other approximation-theoretic measures such as one-sided approximate de-
gree and threshold degree, as well as to partial functions on {eq, ez, ..., en}".

Our construction of ¢ is based exclusively on elementary linear algebra. Its crux is the
following first-principles lemma.

LEMMA 3.1. For every m = 2, there is a surjection ¢: {0, 13010271 s fo, or . ep}
such that
E p= E i=12,...,m) (3.2)
¢~ 1(ei) {0,1}6Mogm1
for every polynomial p:{0, 1}7°¢™1 _s R of degree at most [logm]. Moreover, ¢ can be
constructed deterministically in time m9M.

Proof. We will abbreviate k = [logm| and identify {0, 1} throughout the proof with the
two-element field IF,. We start by constructing vectors vy, vz, ..., Ugk € ng among which
any k are linearly independent, using a greedy algorithm. Assume that vy, va,...,v;—1
have already been constructed, and we need to find a vector v; that is not contained in the
span of fewer than k vectors from among vy, v3,...,v;—1. The union of all such spans

has size at most (k6_k1)2k—1 < 25 Thus, it suffices to deterministically enumerate these

offending possibilities in time 29%) and take v; to be one of the remaining vectors in ng.
This completes the construction.

Now, let L C Ing be the row span of the matrix with columns vy, va,..., Vgr. By
basic linear algebra, the linear independence of any k vectors from among vy, v, ..., Ugk
implies that the coordinates of a uniformly random vector in L are k-wise independent
and distributed uniformly in F,. Let X1, X5, X3, ... denote the distinct cosets of L in the
ambient linear space ]ng . There are 26k—dimL > 2k gych cosets. We let ¢ be the surjection
that sends X; > emingimy for i = 1,2,3,.... The k-wise independence property for a
uniformly random vector of L is inherited by any translate of L, whence (3.2) for every
real polynomial of degree at most k.

The construction of ¢ in the previous lemma can be made more efficient with regard to
running time using coding theory. However, this efficiency improvement is irrelevant for
our purposes because the input length in our applications will be polynomial in 7, making
the running time in Lemma 3.1 efficient to start with. We have reached the main technical
result of this section.
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THEOREM 3.2. Let m = 2 be a given integer. Then there is a function ¢: {0, 1}6Mogm] _

{e1,ea,...,em}, constructible in time mOD  such that
degt (f o ¢) = deg (f)[1 + logm], (3.3)
deg.(f o ¢) = deg.(f)[1 + logm] (3.4)
for every € and every (possibly partial) Boolean function f on{ey,ea,...,en}".

Passing to the limit in (3.4) as € /' 1/2 gives an analogous conclusion for threshold
degree: deg (f o ¢) = degy(f)[1 + logm]. We will not need this additional bound,
however.

Proof of Theorem 3.2. Let ¢ be the surjection constructed in Lemma 3.1. Fix n arbitrar-
ily and consider the following averaging operator A that linearly sends every function
p: ({0, 1}6MogmTyn s R to a function Ap: {e;,ea,....em}" — R, according to
(Ap)(x1,x2,...,Xp) = E p
¢~ ) xp 1 (x2)xxp =1 (xp)

The intuition behind this definition is straightforward: if p is a one-sided approximant
for f o ¢ with error €, then Ap is a one-sided approximant for f with the same error €
(and likewise for £ »-norm approximation). Therefore, the proof will be complete once we
show that

deg p
[logm] + 1
for every real polynomial p.

By the linearity of A, it suffices to prove (3.5) for factored polynomials of the form

p(x1,x2,...,%x0) = p1(x1)p2(x2) - -+ pn(xn), where p1, pa, ..., p, are real polynomials
on {0, 1}6Me™1 Then the defining equation simplifies to

deg Ap < (3.5)

n

Ap)(x1,x2,...,x,) = E p
img 976G
We now examine the individual contributions of py, p2,..., p, to the degree of Ap as a

real polynomial. For any polynomial p; of degree at most [logm], Lemma 3.1 ensures
that the corresponding expectation E4—1(,.) p; is a constant independent of the input x;.
Thus, polynomials p; of degree at most [log m] do not contribute to the degree of Ap. For
the other polynomials p;, the expectation E4—1,, p; is a linear polynomial in x;, namely,

E pi=xii E Pi-i-xi,zdrﬁ pit-+xim Eopi,

¢~ 1(x;) =1 (e1) e2) o~ (em)
where we are crucially exploiting the fact that the input x; is a vector in the restricted set
{e1,e2,..., ey} rather than an arbitrary vector in {0, 1}"*. Thus, polynomials p; of degree

greater than [logm] contribute at most 1 each to the degree of Ap. In summary, we have
shown that deg Ap < |{i : deg p; = [logm] + 1}|, which immediately implies (3.5). [

3.3. The CNF construction. By applying Theorem 3.2 to the element distinctness func-
tion, we will now obtain an explicit polynomial-size CNF formula F:{0, 1}¥Y — {0,1}
with one-sided approximate degree degfm(F ) = w(N?/3). This lower bound improves
on all previous lower bounds for CNF formulas [11] and matches up to a polylogarithmic
factor all known lower bounds for A, V-circuits of arbitrary constant depth [23]. Details
follow.
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THEOREM 3.3. Consider the function F:{0,1} — {0,1} on N = 6[logn]n variables
given by

F =ED, ,oc¢,

where ¢:{0,1}60102n1 s (o, o5 .. e,} is as constructed in Theorem 3.2. Then F is
computable by a CNF formula of polynomial size and satisfies

deg ;(F) = 2(N*log'/ N).

Proof. Recall from Theorem 2.9 that deg;r/3 (ED,.,) = 2(n?/3). As aresult, Theorem 3.2
shows that

deg;r/3(F) = .Q(nz/3 logn)
= Q2(N?10g!/? N).
It remains to verify that F' is computable by a polynomial-size CNF formula. By definition,

F(x1,x2,....Xn) = EDpn(¢(x1).9(x2), ... ¢ (xn))

= N\ (@) # ¢(x))).
i#j
Each of the predicates ¢ (x;) # ¢(x;) in this expression features only 12[logn] Boolean
variables and can therefore be computed by a CNF formula with O(n'?) clauses. The

conjunction of these CNF formulas for all pairs of distinct i and j gives the desired
polynomial-size CNF formula for F. [

REMARK 3.4. The technique of Theorem 3.2 seems quite general and is likely relevant to
other problems where a logarithmic gap arises due to the input encoding. In this paper,
we have focused on the application to polynomial approximation (Theorem 3.3). An-
other application is to quantum query complexity, as follows. Recently, Beame and Mach-
mouchi [7] proved a lower bound of £2(n/logn) on the quantum query complexity of a
function in AC®, improving on the previous bound of £2(n/ log n)?/? due to Ambainis [2].
The logarithmic factor in both cases is due to the use of the folklore gadget ¢, which counts
toward the function’s input length but does not contribute to its query complexity. We are
confident that by using our gadget ¢ instead of ¢, one can eliminate the logarithmic fac-
tors in previous work [2, 7] and obtain a tight lower bound of £2(7) on the quantum query
complexity of AC®, answering Beame and Machmouchi’s question.

4. ONE-SIDED RATIONAL APPROXIMATION

We now review one-sided rational approximation of Boolean functions, studied recently
in [33]. Let f: X — {0, 1} be a Boolean function of interest, do,d; = O given reals.
Following [33], we define R( f, dy, d1) as the infimum over all ¢ > 0 for which there exist
polynomials pg, p; such that

(i) |p1l <epoon f71(0),
(ii) |pol <epron f7H(1),
(iii)  deg po < do,
(iv) degp <d.
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Observe that R( f, dy, dy) is always well-defined and ranges in [0, 1]. This quantity formal-
izes one-sided approximation of f by rational functions in that the quotient p;/ py is close
to zero on f ~!(0) and far from zero on f~1(1):

[0,¢€) on f71(0),
é,—i—oo] on f71(1).

P1
Po

4.1)

4.1. Examples and key facts. To illustrate, consider the familiar functions OR, and
AND,, with domain X = {0, 1}". For any ¢ > 0, we have R(OR,,0,1) < € by tak-
ing p1(x) = x1 + x2 + -+ + x5, and po(x) = €/2 in the definition above. Passing to the
limit, we conclude that

R(OR,,0,1) = 0. (4.2)
An analogous argument shows that
R(AND,,1,0) = 0. 4.3)

Furthermore, it is straightforward to see that OR,, and AND,, have £,,-norm rational ap-
proximants of degree 1 with error arbitrarily close to 0. Indeed,

€
lim |AND, - ——— | =o, 44
AN e Y (- x) | o @4
lim Jor, - — = | —o (4.5)
e\0 €+ ZX,‘ o

These results on rational approximation should be contrasted with Theorem 2.6, which
states that approximating the AND,, function even in the one-sided sense requires a poly-
nomial of degree £2(/n).

As one might expect, the constructions in (4.4) and (4.5) are helpful in analyzing
formulas of greater depth as well. Specifically, it turns out that any read-once formula
f:{0,1}* — {0, 1} of depth 2 satisfies

R(f,t,?)zo

We give a detailed proof of this fact, for use in later sections.

0 <t < o).

LEMMA 4.1. Let f:{0,1}" — {0, 1} be an arbitrary read-once formula of depth 2. Then
forany € > 0 andt > 0, there is a one-sided rational approximant R, for f with a
positive denominator of degree at most t, a nonnegative numerator of degree at most n/t,
and error €.

Proof. There are two cases to consider, depending on the top gate of f. If f = OR,, A
OR;, A --- A OR,, for some integers ny,ny,...,n, with > n; < n, then the desired
approximant is

ni
61_[1':n,->t j[=1 Xi,j
€e+n" Zi:n[st NORy, (x;)’

Re,t(xl»xz, ce Xp) =

where we view NOR,;,
AND,, VAND,, Vv ---

Re,t(xl,xz, N

as a degree-n; real polynomial. In the complementary case f =
VvV AND,,, , the approximant is

€ +n" Zi:niSn/t AND;, (xi)
€+ Hi:ni>n/t Z;h:l(l - xi,j)’

L Xr)
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where we similarly view AND,,; as a degree-n; real polynomial. (]

Analogous to polynomial approximation, we have the following efficient procedure for
reducing the error in a one-sided rational approximant.

PROPOSITION 4.2. For all dy,d; = 0 and every Boolean function f: X — {0, 1},
R(f kdy.kdy) < R(f.do.d)* (k=1,2,3,...).

Proof. Let pg, p1 be any polynomials of degree at most dy, d;, respectively, such that
|p1| < €po on £71(0) and | po| < €py on f~1(1). Then clearly |p’f| < ekplg on f~1(0)
and | pk| < e p¥on fF71(1). 1

Another aesthetically pleasing feature of the above formalism of rational approximation
is the ease of switching between a function and its negation:

PROPOSITION 4.3. Forall dy,d; = 0 and every f: X — {0, 1},
R(=f,do,d1) = R(f.dy,do).

Proof. Immediate from the definition. 0

4.2. Relation to sign-representation. Our interest in rational approximation is motivated
by its central role in constructing sign-representing polynomials. In particular, rational
approximation allows for a complete and elegant characterization of the threshold degree
of every composition of the form OR; o f. The upper bound on the threshold degree
of ORy o f in terms of rational approximation was discovered by Beigel et al. [8] in
their breakthrough paper on the closure of PP under intersection. Several variations and
reformulations of that upper bound have been obtained in subsequent work [16, 30, 32].
The tightest and most recent version is as follows [33], stated in the terminology of this

paper.
THEOREM 4.4 (cf. Beigel etal.). Let f: X — {0, 1} be given. Then for all £,

. 1
deg  (ORg0 f) < 2;;1’101111 %edo +dy: R(f,do,dy) < m} . (4.6)
In particular,
. 1) [log?
deg, (ORy o f) <2 min {ldy + di : R(fodo,d1) < =¢ | — |- 4.7)
do,d; 2 4

Proof (cf. [8, 16]). Fix arbitrary polynomials pg, p; of degree at most dy, d;, respectively,
such that pg > £/4|p;| on f~1(0) and p; > £/*|po| on f~'(1). By perturbing pq if
necessary, we may assume that po does not vanish on the domain of f. As a result,

2
P1 1 -1
< - on 0),
T <1 O
2
P on £7L(1).

Vi p?
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Then
Z p)? |\ _f=1 on(ORco /)7O),
Vi po(xi)? I on (ORgo f)~'(1).
Multiplying the expression in parentheses by the positive quantity [ po(x;)? gives a sign-
representing polynomial for OR; o f of degree at most 2¢dy + 2d;, namely,

4 4 4
—= > p1)? [ poGx)* =[] po(x)?
Vi i=1 j=1 ji=1
J#i
This settles (4.6), which in turn implies (4.7) in light of Proposition 4.2. 0

It was recently shown in [33] that Theorem 4.4 is optimal up to a logarithmic factor, an
unexpected finding given the construction’s simplicity. Specifically, we have the following
matching lower bound on the threshold degree of OR; o f  in terms of one-sided rational
approximation [33, Theorem 6.7].

THEOREM 4.5 (Sherstov). Let dy,d; = 0 be integers, f:X — {0,1} a given Boolean
Sfunction. If R(f,do,d1) > €, then

deg, (OR; o f) = min{|€2L|(do + 1).d; + 1}, 0=1,23,....

4.3. A dual characterization. An essential property of R( f, dy, d;) for our purposes is
that it admits an exact and intuitive dual characterization. To start with, an appeal to linear
programming duality reveals the following fact [33, Theorem 6.4].

THEOREM 4.6 (Sherstov). Let f: X — {0, 1} be a given Boolean function, dy,dy = 0
Then for every € > 0, the nonexistence of polynomials pgy, p1 such that

() |p1l <epoon f7H0),
(i) [pol <epron f71(1),
(iii)  deg po < do,
(IV) degpl S dla
is equivalent to the existence of ¢o, $1: X — R such that

V) ¢o = €lgp1] on £71(0),
(Vi) @1 = €lgol on fH(1),
(vii)) degp <dy = (¢o.p) =0,
(viii) degp <di = (¢1,p) =0,
(ix) ¢ #0,
(x)  ¢1#0.

As an immediate corollary, we have the following dual characterization of one-sided
rational approximation [33, Corollary 6.5].

COROLLARY 4.7 (Sherstov). Let f: X — {0, 1} be a given function, R(f,dy,dy) > O.
Then R(f,do,d,) is the supremum over all € > 0 for which there exist ¢g,p1: X — R
with
() o = elp]| on f71(0).
(i) @1 = elgol on f7H(1).
(i) degp <do = (¢o,p) =0,
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(iv) degp <dy = (¢1,p) =0,
V) ¢ #0,
(i) ¢y #0.

5. HYBRID RATIONAL APPROXIMATION

We now introduce a hybrid notion of approximation by rational functions, which seam-
lessly interpolates between {,-norm and one-sided approximation and plays a key role in
this paper. Fix dy,d; = 0 and a Boolean function f: X — {0, 1}. For A > 1, we define
RA(f, doy,dy) as the infimum over all € > 0 for which there exist polynomials pg, p; such
that

() |p1l <epoon f71(0),
(i)  po € (§p1.ep1)on (1),
(iii)  deg po < do,
(iv) degpi <d.
A moment’s reflection shows that the feasibility of (i)—(iv) is monotonic in €, in the sense
that increasing € can only make it easier to satisfy (i)—(iv). As a result, R (f, do, d1) is
always well-defined and ranges in [0, 1].

5.1. Relation to one-sided approximation. The quotient of the polynomials in the above
definition obeys

P1

Po

(5.1

[0.€) on f7'(0),
&9 on /(D).

It is helpful to contrast (5.1) with its counterpart (4.1) for one-sided rational approxima-
tion. Simply put, Ra( f, do, dy) formalizes the approximation of f by rational functions
whereby the approximant is close to zero on f~!(0) and is “large but not too large” on
f71(1). As A ranges in (1, 4+00), this new formalism monotonically interpolates between
{ 5-norm approximation (A = 1) and one-sided approximation (A — +00). In particular,
we have:

THEOREM 5.1. Let f: X — {0, 1} be given. Then for all dy,dy = 0,

R(f.do,d1) < lim Ra(f do,dy), (5.2)
A—+o00
R(f.do.d1) = R(f.do.d1)* = Jim  Ra(f.2do.2dy). (5.3)
——+00

Proof. For any pair of polynomials pg, p; and any A > 1, the conditions
|p1] < epo on f71(0),
po € (5p1.€p1) on f71(1)
trivially imply
|p1] < epo on £71(0),
|pol < ep1on f7H(D),

which proves (5.2). Conversely, fix € > 0 and polynomials py, p; that obey the last two
equations. By perturbing p if necessary, we may assume that po does not vanish on the
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domain of f. Taking

2
M > €? max pi(x) ,
xeX po(X)2

we arrive at

pi <€’ pgon f71(0),

€2 _
rie (5phent) on s,
which yields ima_s 100 RA(f,2do,2d1) < R(f.do,d1)?. This directly implies (5.3)
since R(f, do,dy) € [0,1]. [

5.2. A dual characterization. Hybrid rational approximation admits an exact dual char-
acterization. It is helpful to compare the theorem that follows with its earlier counterpart
for one-sided rational approximation (Theorem 4.6).

THEOREM 5.2. Let f: X — {0, 1} be a given Boolean function, € > 0, and A > 1. Then
for all dy, dy = 0, the nonexistence of polynomials pg, p1 such that

() |p1l <epoon f71(0),
(i)  po € (5p1.€p1) on f71(1),
(iii)  deg po < do,
(iv) degp; <d;
is equivalent to the existence of ¢g, p1: X — R such that

(V) o = €lp1]on f71(0),

(vi) ¢ = emax{—¢o. — 5o} on [T1(1),
(vii) degp <do = (¢o,p) =0,
(viii) degp <dy = (¢1,p) =0,

(ix)  ¢o # O,

x)  ¢1#0.

Proof. Let Py and Py denote the linear subspaces of real polynomials on X of degree at
most dg and d1, respectively. Conditions (i) and (ii) can be rewritten as

'V po+ (=5 pi >0,
(=)' po+ (=) p1 <0
on X. By linear programming duality, this system of inequalities in pg € Py, p1 € P; is

infeasible if and only if there exist nonnegative functions p, A on X, not both identically
zero, such that

T u—(—e)'rept, (5.4)
(-5 n—(-e)/ 1 e Pi-. (5.5)

By basic arithmetic, the existence of such p and A is in turn equivalent to the existence of
d0,P1: X — R, not both identically zero, that obey (v)—(viii), where we identify ¢¢ and
¢ with the left-hand side of (5.4) and (5.5), respectively.

Finally, the requirement that at least one of ¢, ¢; be not identically zero is logically
equivalent to the requirement that ¢9 # 0 and ¢; # 0 simultaneously. Indeed, if ex-
actly one of ¢g, ¢ were identically zero, then by (v)—(vi) the other would have to be a
nonnegative function, contradicting (¢, 1) = (¢1,1) = 0. [
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As a corollary, we obtain a complete dual characterization of Rx( f, do, d1).

COROLLARY 5.3. Let f: X — {0, 1} be a given Boolean function, A > 1, and dy,d; = 0.
If Ra(f,dy,dy) > 0, then Ra(f, do, dy) is the supremum over all € > 0 for which there
exist ¢o, $1: X — R with

(i) o = €lp1] on f71(0),
(i) @1 = emax{—go.—% o} on (1),
(i) degp <do = (¢o.p) =0,
(iv) degp<dy = (¢1,p)=0,
(V) ¢o #0,
(vi) ¢1 #0.

6. THE COMPOSITION THEOREM

Recall that our goal is to construct an A, V-circuit of constant depth and polynomial size
with high threshold degree. We focus in our search on circuits of the form ORyo F for some
F and £ = 2. Our starting point is Theorem 4.5, which characterizes the threshold degree
of every such composition. Specifically, that theorem shows that the threshold degree of
ORy o F is large if F does not have a low-degree one-sided rational approximant with
constant error. Quantitatively,

deg, (ORy o F) = 2(min{{(d + 1), D + 1})

whenever F does not have a one-sided rational approximant with numerator degree D,
denominator degree d, and error 1/3. The theorem holds for all D and d, but clearly it is
only meaningful to work with D > d. To summarize, the project of this paper reduces to
proving lower bounds for the one-sided rational approximation of small-depth circuits F.

Rational approximation is, however, itself a challenging model for which to prove lower
bounds. After exploring various lines of attack, we discovered an approach that is at once
intuitive and sufficiently powerful to give optimal lower bounds for the rational approx-
imation of all functions of interest to us. Specifically, we study functions of the form
F = f A g for arbitrary nonconstant f and g, and characterize the one-sided rational
approximation of any such composition F in terms of natural analytic properties of f and
g. Approximating F in a one-sided manner is of course at least as hard as approximat-
ing f or g individually; what our results in this section show is that approximating F is
much harder in general, and we are able to characterize by how much. This “composition
theorem” is the technical centerpiece of our paper.

6.1. The upper bound. Before we state our lower bound for the one-sided rational ap-
proximation of f A g, it is helpful to pause and think about upper bounds first. To use
the notation of the opening paragraph, suppose that we would like to construct an e-error
one-sided approximant for f A g with numerator and denominator degree on the order of
D and d, respectively, where 0 < € < 1/3 and D = d. The simplest approach is to take
one-sided rational approximants f and g for the corresponding functions and approximate
f A g in a one-sided manner by

f-8. 6.1)

For this construction to work, f and g must have error sufficiently small relative to ||Z||co
and || f'||co, respectively, as well as numerator degree O (D) and denominator degree O(d).
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Another, incomparable approach is to appeal to DeMorgan’s law and approximate f A g
by
_ 2
DR (62)
VA &
where f and g again stand for one-sided rational approximants of f and g, respectively.
In this alternate construction, it suffices for f and g to have error €, but now both the
numerator and denominator in these approximants must have degree O(d).
These two constructions can be succinctly described using our notation for one-sided

and hybrid rational approximation. The first construction shows that for any A, A" > 1,
the conditions

Ra(f,d, D) < —

A

Rua(g,d,D) < —
a(g ) Ja

are sufficient to conclude that
R(f Ag,0(d),O0(D)) <e.

The second construction allows one to reach the same conclusion whenever
R(f.d.d) < e,
R(g,d,d) <e.

These equations make it clear that in both constructions, the individual approximants for
f and g must in general have significantly stronger parameters—error or degree—than the
target parameters for the composed function f A g.

8

6.2. The lower bound. Given the restricted form of (6.1) and (6.2), there is no reason a
priori to expect these constructions to give an optimal approximant. We are nevertheless
able to show quite generally that they do, a result to which we refer in this paper as the
“composition theorem™:

THEOREM 6.1. Let f: X — {0,1} and g: Y — {0, 1} be given functions, 0 < € < 1, and
A > 1. Assume that there exist ¢o, ¢y, ¢ X — R such that

do = €lpy| on f71(0), (6.3)
$o = €|p]| on f71(0), (6.4)
¢ = e max{—do, — 5o} on £ (1), (6.5)
@1 = €lgpo| on f71(1), (6.6)
degp <d = (¢, p) =0, (6.7)
degp <D = (¢, p) =0, (6.8)
degp <d = (gb{’, p) =0, (6.9)
¢o £ 0, (6.10)
¢§ £ 0, (6.11)

¢! 0. 6.12)
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Assume furthermore that

€
R(g,d,D —_—. 6.13
(& ) > N (6.13)
Then
d D €

The statement of Theorem 6.1 is admittedly technical but its intuitive content is satisfy-
ing and easy to explain. Conditions (6.3), (6.5), (6.7), (6.8), (6.10), (6.11), (6.13) can be
summarized as

RA(f,d,D)>\/%

Ra(g.d, D) > ——

NI\

by the dual characterization of hybrid rational approximation (Theorem 5.2). The remain-
ing conditions (6.4), (6.6), (6.7), (6.9), (6.10), (6.12) correspond to

for every A’ > 1, (6.15)

R(f.d.,d) = e, (6.16)

by the dual characterization of one-sided rational approximation (Theorem 4.6). Hypothe-
sis (6.15) rules out an approximant for f* A g of the form (6.1), whereas hypothesis (6.16)
rules out an approximant of the form (6.2). The theorem states, informally, that ruling out
these two constructions is enough to rule out all possibilities.

The reader may have expected to see the conclusion of the composition theorem arrived
at under the following weaker hypotheses:

Ra(f.d, D) > TZ

€
Ra(g,d,D) > —,
a(g ) JA
R(f.d.d) =€

for some fixed values A, A’ > 1. A moment’s thought shows, however, that this expecta-
tion is misplaced. Indeed, under these weaker assumptions it may well turn out that f and
g have one-sided approximants with error 0 and degree d + 1, in which case f A g would
have an efficient approximant of the form (6.1).

Proof of Theorem 6.1. Applying the dual characterization of one-sided rational approxi-
mation (Theorem 4.6), we infer from (6.13) the existence of functions ¥, ¥1: Y — R
such that

Yo = €[y /A on g71(0), 6.17)
Y1 = €lyol/v/Aon g7 (1), (6.18)
degp <d = (Yo,p) =0, (6.19)
degp <D = (Y1,p) =0, (6.20)
Yo # 0, (6.21)

Y # 1. (6.22)
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Define {p, ¢1: X x Y — Rby
1 | €
So=|—¢o+ 5¢1 |- [¥ol- g+ =ldol- f - Yo,
€ 2 2

1
Q1 =¢;'|W0|'g+ﬁ|¢0|'f'l/f1,

27

(6.23)

(6.24)

where f, ¢o. @1, @7, g, Vo, V1. o, {1 above and in the rest of the proof are §horthands for
F(x). $o(x), ¢1(x), 7 (x), g(»). Vo(¥), ¥1(¥). So(x. y). {1(x, y). respectively. Then by

(6.7), (6.9), (6.19), and linearity,
degp<d = (fo,p)=0.
Analogously, by (6.8), (6.20), and linearity,
degp <D = (f1.p) =0.
We now establish relevant metric properties of ¢ and ;.

CLAIM 6.2. ¢ = €2 max{—Co, 0} whenever f A g = 1.

Proof. For f =g =1,

1 1, €
~to=—( o+ 501) Vol = Shenl - ¥o by (623)
1
s—(—¢o+f|¢o|)-|wo|—f|¢o|-wo by (6.6)
€ 2 2
1
< —=¢o - Vol
€
and
1
&1 =¢1'W0|+ﬁ|¢0|"ﬁ1 by (6.24)
1
> emax {0, ol 1ol + Slool-Ibol by (65 and (619

= e max{—d¢y - ||, 0}.

Comparing these bounds for &y and ¢; immediately gives ¢; = €2 max{—&y, 0}.

CLAIM 6.3. §p = §|§1| whenever f A g = 0.

(6.25)

(6.26)

(6.27)
0

Proof. We examine the three possibilities, depending on the values of f and g. If f =0

and g =1,
1 |
lo = (Efﬁo + 5‘151) “ Yol by (6.23)
1 / 1 1 1 "
= (§|¢1| + 5|¢1| + §¢1) “ Yol by (6.3) and (6.4)
> 21611 Iyol
Z 511 Yo

1
= §|§1| by (6.24).
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If f=1andg =0,

G = 510l - o by (6.23)
> Sl - —— [y | by (6.17)
2™ A
2
= %|€1| by (6.24).

In the remaining case when f = g = 0, we immediately have (o = {; = 0 from the
defining equations for {y and {;. 1

CLAIM 6.4. {y £ 0and ¢y £ 1.

Proof. Recall from (6.3), (6.7), and (6.10) that ¢ is orthogonal to the constant function 1,
is nonnegative on f~!(0), and is not identically zero. It follows that
min ¢ < 0.
7o
Similarly, recall from (6.17), (6.19), and (6.21) that ¢ is orthogonal to the constant func-
tion 1, is nonnegative on g~1(0), and is not identically zero, whence
min ¥y < 0.
g~
But (6.27) guarantees that {; > —e¢yg - |o| whenever f = g = 1. We conclude that {; is
strictly positive at some point where f = g = 1. In particular, {; # 0 as desired. Since
by (6.26) the constant function 1 is orthogonal to &1, we also conclude that £; must take on
a negative value at some point:

}1};11; {1 < 0. (6.28)

It remains to show that {o % 0. Claims 6.2 and 6.3 ensure that {; is nonnegative when
f A g = 1 and is bounded in absolute value by E%{g when f A g = 0. Therefore, {p = 0

would force {; = 0 everywhere, in contradiction to (6.28). I

The newly established properties of {p and £; in (6.25), (6.26), and Claims 6.2-6.4
imply, in light of the dual characterization of hybrid rational approximation (Theorem 5.2),
that

62

Ra(f Ang.d. D)= )

for every A’ > 1. Passing to the limit as A’ — oo and applying Theorem 5.1, we arrive at
the desired lower bound (6.14). 0

7. FROM POLYNOMIAL TO HYBRID RATIONAL APPROXIMATION

The composition theorem of the previous section allows us to obtain lower bounds for
one-sided constant-error rational approximation from lower bounds for two substantially
more restricted models, namely, hybrid rational approximation with constant error and one-
sided rational approximation with exponentially small error. We tackle these two restricted
models in this section and the next, respectively. Our focus here, Theorem 7.1, is a hardness
amplification result that gives lower bounds for the hybrid rational approximation of a
large class of functions. This theorem translates lower bounds for one-sided polynomial
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approximation, of which there is an abundant supply in the literature, into lower bounds
for hybrid rational approximation.

THEOREM 7.1. Let f: X — {0, 1} be a nonconstant Boolean function, 0 < € < 1/2. For
¢ = c(e) > 0 sufficiently large, define

F = AND,y o f.
Then there exist functions @, Py, P{: X" — R such that:
() @ = (1—e)max{—Py, —27"Pg} on F71(1),
(i) @ = (1—e)|do| on F71(1),
(i) Py = (1 —e)max{|P;], [P} on F~1(0),
(iv) (@], P) =0 whenever deg P < 1 degfﬁ(—'f)\/ﬁ,
(v)  (P@o. P) = (&, P) = 0 whenever deg P < min{% degj'/3(—-f), %n},
(vi) P #0,
(Vi) @] £ 0,
(viii) @} % 0.

The conclusion of Theorem 7.1 is easiest to understand in terms of the dual characteriza-
tion of one-sided and hybrid rational approximation (Theorems 4.6 and 5.2, respectively).
Specifically, properties (i)—(viii) correspond to the following two lower bounds for rational
approximation:

1 1
Ron (ANDC,, o f, min %— degi"/S(—-f), %} , —deg+(—-f)\/ﬁ) >1—¢,
c c

1 n .1 n
R (ANDC,, of,mm%;degj'ﬂ(—'f),z} ,mm%;degfﬂ(—'f),z}) >1—e¢,

where ¢ = c(¢) > 0 is a constant. These two inequalities are incomparable: the former
gives a stronger lower bound on the numerator degree, whereas the latter applies to a
more general model (one-sided vs. hybrid approximation). The only property needed to
reach these conclusions is the one-sided approximate degree of — f. Thus, Theorem 7.1
transforms a function that is hard to approximate by polynomials into a related function
that is hard to approximate by rational functions.

Our proof of Theorem 7.1 is an adaptation of a recent hardness amplification result
in [33, Section 5], used in that paper to obtain the strongest lower bound on the threshold
degree of AC prior to our work. That earlier result is logically incomparable with ours but
requires a more complex proof. Both proofs start with a dual object for the original function
f and build from it a sequence of dual objects of increasing complexity, culminating in one
that witnesses the claimed approximation-theoretic property of the composition AND,, o f.
In our case, the starting point is a dual object that witnesses the one-sided approximate
degree of —f, and the end result is the triple of dual objects @g, @;, @/ in the theorem
statement. The intermediate building blocks are all borrowed from [33], but we are able to
combine them in a way that is considerably simpler and more intuitive. We have structured
our proof of Theorem 7.1 to emphasize both the similarities and differences with the earlier
work. Specifically, the preparatory Sections 7.1-7.4 below are in close correspondence
with [33], whereas the heart of our argument, in Section 7.5, is different and simpler. We
provide additional details and intuition at each stage of the proof.
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7.1. Outer dual object. Analogous to [33], the starting point in our proof is what we
call the “outer” dual object. It is derived from the dual polynomial for the OR function in
Theorem 2.13 and represents the linear combination that we use to combine the various
building blocks of our construction. Without loss of generality, we may assume that ¢ =

c(e) is a sufficiently large even integer. Then for each k = 0,1,2,...,n, Theorem 2.13
gives an explicit function wy: {0, 1,2, ...,cn —k} — R such that
gl = 1. (7.1)
1 €
0)>—-——, 7.2
@ (0) > 5 g (7.2)
€
=z —— t=1), 7.3
o] = 5 (=1 (13)
degp < v/n = (wi,p) =0. (7.4)
By Proposition 2.12(ii),
1
loelos < - )

7.2. Inner dual objects. We now turn to the innermost part of the construction, namely,
the dual object that witnesses the one-sided approximate degree of — f* and the probability
distributions that it induces on X. This step, too, is closely analogous to [33]. Define
d = deg':'_(é/m)2 (—f). Then for a sufficiently large constant ¢ = c(¢) > 0, we have

2

1
d>- deg; /5 (=) (7.6)

by the error-reduction property of one-sided approximate degree (Fact 2.4). By the dual
characterization of one-sided approximate degree (Corollary 2.11), there exists a function
¢: X — R with

degp <d = (¢.p) =0, (7.7)
f(x)=0 = ¢(x) <0, (7.8)
1 — (e/30)?
(1) > LD g, 7.9)
Then
(¢.1) =0, (7.10)
$#0 (7.11)
by (7.7) and (7.9), respectively. By homogeneity, we may assume that
¢l = 1. (7.12)
Define o by
1 —
(f.9) = —— (7.13)
Then
€ \2
0<a< (%) , (7.14)

where the upper bound is immediate from (7.9) and (7.12), whereas the lower bound holds
by (7.10), (7.12), and Proposition 2.12(iii).
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We now consider several probability distributions that ¢ induces on X. By (7.12), the
function |¢| itself is a probability distribution on X. We further define po and pu; to
be the probability distributions induced by |@| on the sets {x € X : ¢(x) < 0} and
{x € X : ¢(x) > 0}, respectively. Equations (7.10) and (7.11) guarantee that these two
sets are nonempty, so that wo and p; are well-defined. By (7.10) and (7.12),

1 1
= —1 — = Mo. 7.15
¢ =M1 = Slo (7.15)
Multiplying on both sides by f and applying (7.8), we find that (f,¢) = %( fipr) —
(f o) = (f o), which in view of (7.13) gives ( f, o) = «. In particular,
(f “fo —apto. 1) = (f. o) — a(po. 1)
= (/i o) —

= 0. (7.16)

We will need the following technical result from [29, 33].

LEMMA 7.2 (Sherstov). Let £&: X — R be an arbitrary function. Then for every polyno-
mial P: XN — R and everyk = 0,1,2,..., N, the mapping

N—k

Z'—><E®k® ®uz,-,P>, z€{0, VK, (7.17)
i=1

is a polynomial of degree at most (deg P)/d.

Proof (adapted from [29]). By linearity, it suffices to consider factored polynomials of the
form P(xy,...,xn) = pl(xl) --- pN(xn). In this case, (7.17) simplifies to

2 [ pi)- ]_[ Mo Phi)s ze{0. 1V *, (7.18)

By (7.7) and (7.15), polynomlals pi of degree less than d satisfy (o, pi) = (11, pi)
and therefore do not contribute to the degree of (7.18) as a real function on {0, 1}V % It
follows that the degree of (7.18) is at most |{i : deg p; = d}| < (deg P)/d. [

7.3. Auxiliary distributions in tensor space. Following [33], we will now use o and
/41 to construct auxiliary functions AIZCV . On the tensor space X N For nonnegative integers
k,m, N with k + m < N, define

Allcv,m(xl,xz, .. XN)
[T/Gomo) - [Trot)- [T mate|. (719
ieS ieT i¢SuUT
where the expectation is over a uniformly random pair of disjoint sets S, 7 € {1,2,..., N}

of size |S| = k and |T| = m. Observe that AN is a nonnegative function, a fact that we
will use frequently without further mention. The following lemma from [33] collects basic
properties of AN ©.m- For the reader’s convenience, we include its short proof.

LEMMA 7.3 (Sherstov).
(i) suppAY, S fTHDY,
() Ay, =AY, on fTHDY,
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(i) Ay, (x) # Oonlyif [{i : ¢(x;) <0} =k +m,
(iv)  for an arbitrary real polynomial P: XN — R, the mapping m (Allcvm, P)

(m=0,1,2,..., N —k) is a univariate polynomial of degree at most (deg P)/d.

Proof (adapted from [33]).

(i) Immediate from the fact that supp i  f~1(1).

(i1) Immediate from the defining equation for A}X .

(iii) Immediate from the fact that o and p are supported on {x € X : ¢(x) < 0} and
{x € X : ¢(x) > 0}, respectively.

(iv)For § € {1,2,..., N} with |S| = k, define

AG () =E| [TuoC) [T miCe) | [TSC)mox),

ieT i¢SUT ieS
where the expectation is over a uniformly random subset 7 € {1,2,..., N} \ S of cardi-
nality |T'| = m. It is clear that Aljcvm = E|s|=k Afgvm, and therefore the mapping in (iv) is
a convex combination of mappings

m > (A§,,. P) (m=0,1,2,....N —k) (7.20)

as S ranges over k-element subsets. As a result, the proof will be complete once we show
that (7.20) is a polynomial of degree at most (deg P)/d.
By symmetry, we may assume that S = {1,2,...,k}. By Lemma 7.2, the mapping

N—k
Z'—><(f',u0)®k®®uz,-,P>, z € {0, 1}V 7k,

i=1

has degree at most (deg P)/d. Therefore by Proposition 2.2, the mapping

N—k
m> (AN PY= E 1) ®* ® P (7.21)
(ASm )= _E._, <(f ) @ iz,
|z]=m -
is a univariate polynomial on {0, 1,2, ..., N — k} of degree at most (deg P)/d. [

7.4. Corrector for false negatives. Recall from the statement of Theorem 7.1 that the
sought dual object ¢; must be nonnegative on F ~1(1). We ensure this sign behavior by
means of a “corrector” object, whose role is to correct the sign on any offending inputs in
F~1(1) without disturbing the signs elsewhere on the domain. For integers k and N with
1 <k <N let AY: XN — R be given by

- 1
AN(x) =
, (Tk/21— 1!
k—1
(f(xi) — o) po(xi) .
x B A== I] |Xsen-i]-TTmeo|,
IS1= ieS i=lk/2]+1 \JeS i¢S
where the expectation is over a uniformly random set S C {1,2,..., N} of size |S| = k.

This definition of /T}{V is borrowed with minor changes from [33], and the following lemma
is an adaptation of the corresponding result from [33].

LEMMA 7.4 (cf. Sherstov).
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@) (/IIJCV , P) = 0 for every polynomial P of degree at most k/2,
(i) AN(x) # Oonlyif|{i : ¢(x;) <O} =k,
i) AN =AY on f7HDHN,

(v)  [AN] <1 (22) 2 AN, outside f71(1)N.

11—

Proof (adapted from [33]).

(i) Recall from (7.16) that ( f - o — apeg, 1) = 0. Fort = 0,1,2,..., it follows that
(f - o — o) ®! is orthogonal to every polynomial of degree less than ¢. In particular, the
function

k—1
xe [ —me) - JT (Do fen—i |- [
ieS i=lk/2]+1 \jeS i¢S
where S C {1,2,..., N} is a given subset, is orthogonal to every polynomial of degree

less than | S|—[k/2]+1. Since /illcv is a linear combination of such functions with | S| = k,
the claim follows.

(i1) Immediate from the fact that po and pq are supported on {x € X : ¢(x) < 0} and
{x € X : ¢(x) > 0}, respectively.

(iii) Substituting f(x;) = 1 in the defining equation for /IkN , wWe obtain

A0 = B Tmotn) - [Tme) | = A5,
ieS i¢S

(iv) Fix any x ¢ f~!(1)V. We claim that for every subset S C {1,2,..., N} of size
S| = k.

k—1

1 | f(xi) — o po(x;) N |
(/21 =Dt s I—a i=L15£J+1 jeZSf(xJ) l QMI(XI)
1( 20 \*?
<3 (1 —a) gﬂo(xi) 'ilgm(xi). (7.22)

To see this, consider the nonempty set Z = {i : f(x;) = 0}. There are three possibilities.
If Z ¢ S, then both sides of (7.22) vanish because j4; has support inside £ ~!(1).IfZ € S
and 1 < |Z| < [k/2] — 1, then H:‘:le/zjﬂ |2 jes f(x;) —i| = 0 and the left-hand side
of (7.22) vanishes. In the remaining case that Z C S and [k/2] < |Z| < k, the left-hand
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side of (7.22) simplifies to

1Z] -1 |f(xi) — ef po(xi)
<|’k/2*|_1>11;[g -« 'Hﬂl(xi)

igS

<221 |f(xi)l—_05(|xllo(xi) T

ies IS
— 221 ] If(xi)l—awo(xi) T |f(xi)1_“|“°(xi) S IZED

ieZ - ieS\z e i£S

|1Z]
=227 () [Taote - T wot-[Timx)
ieZ ieS\Z i¢S
1( 20 \K?

S3 (1 —a) gm(m.gmm)’

where the final step uses the fact that « < 1/3. This completes the proof of (7.22). Passing
to expectations on both sides of (7.22) with respect to a uniformly random subset S of
cardinality k, we arrive at the claimed conclusion:

. 1( 20 \M?
i<y (7)) A i

7.5. Final construction. With the preparatory work now complete, we are in a position
to define the desired dual objects ®g, @1, @{ and verify their properties. This concluding
part of the proof of Theorem 7.1 departs from [33] and seems considerably simpler. Let

n cn—k cn—k
0= 33 miag, @ -0 T oz, - az|
k=0 m=0 m=n—k+1
n cn—k
@i = Z 3k Z a)k(m)/\]cctlm,
k=0 m=0
n cn—k cn—k
e =Y 3 D oA, + @ ) Y Jerm)| AR,
k=0 m=0 m=n—k+1

We proceed to verify one by one the properties of these functions required by Theorem 7.1.
LEMMA 7.5. On F~1(1), one has

1 — €) max{—®y, —27" Dy},
1-— €)|¢0|.

~ o~

Proof. Take an arbitrary point x € F~1(1) = f~1(1)* and let £ = |{i : ¢(x;) < 0}
There are two cases to consider, depending on the value of £.
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CASE 0 < £ < n. Using (7.2) and (7.5), one easily verifies that
2 l
> o —k) = (1—e) (3‘ - Z3k|a)k(ﬁ—k)|). (7.23)
k=0 k=0
We have

4
|Bo(x)| = |3°ATH(x) = D 3o (C — k)| AT, (x)
k=0

by Lemmas 7.3(iii), 7.4(ii)

2
= 3= " 3o — )| | Af (%) by Lemma 7.3(ii)
k=0
£
= <3f D PEAA k)|) 60 () by (7.5)
k=0
and
&/ (x) = P1(x) by Lemma 7.4¢(ii)
4
= ot —k) AT, (x) by Lemma 7.3(iii)
k=0
4
= ( 3Kl — k)) Ao (x) by Lemma 7.3(ii),
k=0

which gives @1 (x) = @ (x) = (1 — €)|Po(x)]| in light of (7.23).

CASE ¢ = n + 1. We have

Po(x) = 3 3¢ (Jor (€ = IAF_ () + Q" = D]or (€ = k)| 45" ()
k=0

by Lemmas 7.3(iii), 7.4(ii)

= (Z F (o (€ — k)| + " = 1)]wg (£ — k)l)) AT (x)

k=0

by Lemmas 7.3(ii), 7.4(iii)

=" (Z 3K g (¢ —k>|) oo (x).

k=0
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|®](x)| = Z 3Kl — k) AR (%) by Lemma 7.3(iii)
k=0
= > 3ot — k)| AT (x) by Lemma 7.3(ii)
k=0
n
< (D 3l - k)|) AT (),
k=0

and

P{(x) = 3 3 (k€ = DA, (6) + Q" + Do (€ = I AG" ()
k=0

by Lemmas 7.3(iii), 7.4(ii)

- (Z 3 (wp(€ — k) + " + 1) |y (£ — k)l)) AR (x)

k=0
by Lemmas 7.3(ii), 7.4(iii)

> 2"+l (Z 3Fjor (£ — k)l) A (x).

k=0
The estimates for @ and @] show that |@]| < 27"~ 1@, which yields the desired inequal-
ity @] = (1 — €) max{—27"®y, —Pp} in view of 0 < € < 1/2. The estimates for @y and
@/ immediately give @ = |Py. i
LEMMA 7.6. @y = (1 —€) max{|®]|, |®]|} on F~1(0).

Proof. Take an arbitrary point x € F~1(0) and let £ = |{i : ¢(x;) < 0}|. Analogous to
the previous lemma, there are two cases to consider, depending on the value of £.

CASE 0 < ¢ < n. We have

L
Bo(x) = Y 3o (L — k)| AT, (x) — 3 AT (x)

k=0
by Lemmas 7.3(iii), 7.4(ii)
¢
= Z 3K (€ — KA (%) by Lemma 7.3(i)
k=0
and
|®7 (x)| = |®](x)] by Lemma 7.4(ii)
14
= Z 3Fwrt — k)AL (x) by Lemma 7.3(iii).
k=0

Therefore, @o(x) = |} (x)| = |P] (x)] in this case.



THE POWER OF ASYMMETRY IN CONSTANT-DEPTH CIRCUITS 37

CASE £ = n + 1. By Lemmas 7.3(i), 7.3(iii), and 7.4(ii), the defining equations for
&g, @}, @/ simplify to

Bo(x) = y_ 3 (|wk<e — AT, () + " = D (€ —k)M;"(x)),
k=0

®)(x) = Y o — k)AL, (x).
k=0

P{(x) = 3 3 (k€ = DA, (6) + @ + D]t = k)| A" () ).
k=0

Therefore, the proof will be complete once we show that

>3 (lox (£ = B AT_ () = @ = D] (€ — 0|1 45" () )
k=0

n
> (1-6) 3 3 (lon (€ = )AL (¥) + " + Diex (€ = 0] | 45" ()]
k=0
Rearranging, it suffices to show that
n n
€Y ot — ) AT, (x) = 2"F? (Z 3w (€ —k>|) | A" (x)].
k=0 k=0
Dropping all but the first term on the left-hand side, one arrives at the stronger inequality
n ~
elwo ()| AGT (x) = 272 (Z 3| (€ - k>|) | A" (x)].

k=0

This final inequality follows immediately from the estimates in (7.3), (7.5), (7.14), and
Lemma 7.4(iv).

LEMMA 7.7. Let P, Q: X" — R be polynomials with

1
deg P < —deg{5(—=/)v/n, (7.24)
c
.1 n
deg O < min - degfL/3(—'f)» 50 (7.25)

Then
(P1. P) = (®].0) = (0, Q) = 0.

Proof. By (7.6) and Lemma 7.3(iv), there are polynomials pg, p1, ..., pn such that
(A P) = pi(m) (k=0,1,....n; m=0,1,...,cn—k), (7.26)
deg pr < /n (k=0,1,...,n). (7.27)
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Therefore,
cn—k
(o, P Z 3 wp(m)(AF,. P)
m=0
= Z 3 (wr. pi) by (7.26)
n
= Z 3k.0 by (7.4) and (7.27)
= 0.
We now prove analogous claims for @{" and @y. By (7.6) and Lemma 7.3(iv), there are
reals (degree-zero univariate polynomials) g, g1, - . . , ¢, such that
(A0 0) = Gk (k=0,1,....,n; m=0,1,...,cn—k). (7.28)
Thus,
cn—k
(@], 0 Z 3 wr(m)(Ag”,. 0) by (7.25) and Lemma 7.4(i)
m=0
cn—k
= Z i+ D wr(m) by (7.28)
k=0 m=0
n
=Y 3*g-0 by (7.4)
=0.
Similarly,

cn—k
(0. Q Zsk(2|wk<m)| AL 0) - <k0,Q>)

by (7.25) and Lemma 7.4(i)
n cn—k
=> 3Fq- (Z | (m)] — 1) by (7.28)
k=0 m=0
n
=Y 30 by (7.1)

= 0. 0
LEMMA 7.8. @y, ®;, @] # 0.

Proof. Let x* € X be an arbitrary point with ¢(x*) > 0, which exists by (7.10) and
(7.11). In light of Lemmas 7.3(iii) and 7.4(ii), the defining equations for @¢, P;, P{ show
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that
Do(x™, x*,....x™) = (Jwo(0)] = DAGH(x™, x*, ..., x¥), (7.29)
D (x*,x*, . x") = a)o(O)Agf’O(x*, x*,..0x"), (7.30)
O (x*,x*, ... x%) = wo(0)AGH(x™, x*, ... x™). (7.31)
Recall that A§" (x*, x*, ..., x*) = pu; (x*)" = 2"|p(x*)|*" > 0 by definition, whereas

wp(0) € (1/4,1/2] by (7.2) and (7.5). Therefore, the right-hand sides of (7.29)—(7.31) are
[

nonzero.

Lemmas 7.5-7.8 settle the required properties (i)—(viii) in Theorem 7.1, completing the
proof.

8. HIGH-ACCURACY APPROXIMATION OF THE AND-OR TREE

As a final building block of our main result, we will now study the one-sided rational
approximation of AND,, 0oOR, for arbitrary parameters n and r. To be more specific, we are
interested in the numerator and denominator degree required for one-sided approximation
with error 277. We give a complete solution to this problem, with matching upper and
lower bounds. We start with the upper bound, which is significantly simpler and is actually
achieved for polynomials.

THEOREM 8.1 (Upper bound). There exists an absolute constant ¢ > 0 such that

deg;—, (AND, 0 OR,) < ¢ min {r+/n,n} .

Proof. We consider two cases, depending on the value of r.

CASE 1 < r < +/n. By Theorem 2.7, there is a polynomial p:{0,1}* — [0,1] of
degree O(+/nr) with

|AND, (x) — p(x)] <2771, x €{0,1}". (8.1)
Theorem 2.5 ensures that this approximating polynomial can be made highly robust to

noise in the inputs with only a constant-factor increase in degree. More precisely, there
exists a polynomial pyopuse: R” — R of degree O(4/nr) with

[p(x) = Propusi(x +€)] <27V x e{0,1}", € € [-1/3,1/3]". (8.2)

Again by Theorem 2.7, there is a degree-O(+/r) polynomial ¢ with ||OR, — ¢|loo < 1/3.
By (8.1) and (8.2), the composed polynomial p;,pust © ¢ satisfies

|AND,, © OR; — Probust © qlloo < 27771 427V ~1
<27,

In particular, pyopust © ¢ is a one-sided approximant for AND,, o OR, with error 27".
This completes the proof since propust © ¢ has degree deg(probust) deg(q) = O(r/n) =
O(min{r/n,n}).

CASE r = /n. Consider the polynomial p(x) = []/=; >_j_, xi,;. We have p = 0
whenever AND,, o OR, = 0, and p > 1 whenever AND,, o OR, = 1. Thus, p is a one-
sided approximant for AND,, o OR, with error O and degree n. This completes the proof
since n < min{r/n, n}.
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To rephrase Theorem 8.1, AND,, o OR, can be approximated in a one-sided manner
to within 27" by a rational function with denominator degree 0 and numerator degree
©®(min{r y/n, n}). This construction turns out to be optimal in a strong sense: the numera-
tor degree @ (min{r 4/n, n}) is best possible even if one allows denominator degree as large
as ®(r). The formal statement follows.

THEOREM 8.2 (Lower bound). There is an absolute constant ¢ > 0 such that

R(AND,, 0 OR,, cr,c min{r+/n,n}) > 27", (8.3)

The rest of Section 8 is devoted to the proof of Theorem 8.2, which unlike the up-
per bound is quite lengthy and technical. We start by settling the degenerate cases (Sec-
tion 8.1), which facilitates the exposition of the general proof. The remainder of the argu-
ment (Sections 8.2-8.7) is structured to emphasize similarities with Theorem 7.1, whose
proof was the subject of the previous section. In particular, we are able to reuse several
key results from that earlier development. The principal point of departure is the new and
challenging Section 8.6, which constructs a corrector object for false positives. No such
object was needed in the previous section. A lesser difference, in Section 8.2, is the use of
a high-accuracy dual polynomial for OR, in contrast to the bounded-error dual polynomial
in the previous section.

8.1. Degenerate cases. Before proving Theorem 8.2 for general n and r, we first take care
of the degenerate cases when either n or r is small.

THEOREM 8.3. For all integersr > 1,
1
V2r =1

Proof. Define ¢y, ¢1:{0, 1} — R by ¢o(x) = (—1)*1H*2++xr and

R(OR,,r —1,0) = (8.4)

P 2r—1 ifx =0,
! ~]1/4/27 =1 otherwise.

It is straightforward to verify the following:

(i) ¢o = |$1]/v/2” —1on OR,(0),

(i) 1 = |dol/v2" —1on OR, (1),
(iii)  (¢o. p) = 0 wheneverdegp <r —1,
(iv) (1, p) = 0 whenever deg p = 0,

(V)  ¢o # 0and ¢ # 0.

As a result, R(OR,,r — 1,0) = 1/4/2" — 1 by the dual characterization of one-sided
rational approximation (Theorem 4.6).

For the matching upper bound, consider polynomials pg, p1:{0,1} — R given by
po(x) = 27(1 — OR,(x)) — (=1)*1*2F+%r and p;(x) = +/2" — 1. The proof will be
complete once we establish that:

(i) degpo<r—1,

(i) degp1 =0,
(i) po =2"—1= /2" —1|p;| on OR;(0),
(iv)  p1 = ~/2" — 1= /2" —1|po| on OR; ' (1).
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The last three properties are obvious, whereas the first property follows from the represen-
tation
.
OR,(x) =1-]]

i=1

1+ (=D
SR

THEOREM 8.4. There exist constants ¢y, cy > 0 such that

R(AND,,0,c1+/n) =

’

\S)

R(AND,,,0, c2+/n) < 7

Proof. By definition, R(AND,,, 0, d) is the infimum over € > 0 for which there exists a
polynomial p of degree at most d with p > 1/€ on AND;1 (1) and | p| < € on AND;1 (0).
Now the claim is immediate from Theorem 2.6, which asserts that the minimum degree
of a polynomial p with p > 2/3 on AND, '(1) and |p| < 1/3 on AND,'(0) equals
O(y/n). 0

The last two theorems settle the special case of Theorem 8.2 when either n or r is bounded
by a constant. For example, Theorem 8.3 shows that (8.3) holds with ¢ = 1/100 for all
n < 100 and all r. Similarly, Theorem 8.4 shows that (8.3) holds with ¢ = min{cy, 1}/100
for all r < 100 and all n. In particular, we may assume henceforth that

n=12, (8.5)

r=11. (8.6)
We may further assume without loss of generality that

n=0 (mod4), (8.7)

r=1 (mod 2). (8.8)

These divisibility assumptions can be ensured in the usual manner, by working with a
subfunction AND,,» o OR,- if necessary.

8.2. Outer dual object. Analogous to Section 7, we start by constructing the “outer” dual
object, so called because it serves as the glue that holds together the remaining building
blocks of the construction. Recall from (8.5) and (8.7) that n > 12 is an integer divisible

by 4. As a result, for each k = 0,1,2,...,n/2, Theorem 2.14 ensures the existence of a
function vg:{0,1,2,...,n — k} — R such that
deg p < coumin{/nr,n} = (vg, p) =0, (8.9)
[vells = 1. (8.10)
V() =0 (t=1,2,...,min{r,n/4} — 1), (8.11)
(=D t) =0 (t=1), (8.12)
Ve (0) > et (8.13)
e (@) = ¢l (t >n/2), (8.14)
. min{r,n/4}
n/4
e ()] < (M) (t=1), (8.15)
Cout I
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for a sufficiently small constant
1
0 < cou < T (8.16)

It follows from (8.9) that (v, 1) = 0 for all k, so that (8.10) and Proposition 2.12(ii) imply
that

1
Ivilloo < 5 (k=0,1,2,....n/2). (8.17)

Finally, we claim that

(min{r, n/4} )mm{r’"/4} - (min{r, n/4})r

t=12,...,n).
Cout ! Cout !

Indeed, the inequality is trivial when r < n/4 and follows from (8.16) otherwise. In
particular, (8.15) gives

min{r, n/4})r

Cout t

[V (1)] < ( (t=1). (8.18)

8.3. Inner dual objects. We now turn our attention to the “inner” dual object, whose
domain {0, 1}" is the domain of the inner function in the composition AND, o OR,.. Recall
from (8.8) that > 11 is an odd integer. Let

6

€ = L}. (8.19)

2 + Cou
Taking « in Theorem 2.13 to be the uniform distribution over {2, 4,6, ...,r — 1}, we infer

the existence of a function w: {0, 1,2, ...,r} — R such that

ol =1, (8.20)

1—
w(0) > — € (8.21)
=)' w(@) =0 (t=1,2,....r), (8.22)

2¢

= t=2,4,6,....r—1), 8.23
001> 375 ( r=1 (8.23)
deg p < cin/1 = (0. p) =0, (8.24)

for some constant ¢;, = cj,(€) with 0 < ¢j, < 1. Now define ¢: {0, 1} — R by

—1
) =—(" ] o).
x|

Then
¢l =1, (8.25)
#(0") < —1%6, (8.26)
~D¥p(x) =0 (x #07), (8.27)

-1
16(x)] 232—:)(r) (x| = 2,4,6,....r—1) (8.28)

(r |x]
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by (8.20)—(8.23), respectively. In addition, it is straightforward to deduce from (8.24) that
for any polynomial p:{0,1}" — R,

degp < /1 = (¢, p) =0, (8.29)
with the notable special case
(¢,1) =0. (8.30)

This can be seen by writing (¢, p) = — Y 7_, @(¢) Ejxj= p(x) and recalling from Propo-
sition 2.2 that ¢t +— E|x=; p(x) is a univariate polynomial on {0, 1,2,...,r} of degree at
most deg p. Finally, we note that

<¢, ORr) = <¢a OR, — 1)

=—¢(0")
S 1z« (8.31)
5 .
where the first step uses (8.30) and the third step uses (8.26). We define o by
11—«
S (¢, OR;). (8.32)
Then
0<ac<e, (8.33)

where the upper bound is immediate from (8.31), and the lower bound holds by (8.25),
(8.30), and Proposition 2.12(iii).

Analogous to the development in Section 7, we now consider several probability distri-
butions that ¢ induces on {0, 1}". By (8.25), the function |¢| itself is a probability distri-
bution on {0, 1}". We further define po and pq to be the probability distributions induced
by |¢| on the sets {x : ¢(x) < O} and {x : ¢(x) > 0}, respectively. In particular, (8.26)
shows that

wo(07) > 0, (8.34)
n1(0") =0. (8.35)
Equations (8.25) and (8.30) imply that
1 1
¢ = SH1 = 5o (8.36)

with o and p; well-defined. For every nonzero input x € {0, 1}" of even Hamming
weight, we have ¢ (x) > 2¢ ( " )_1 from (8.27) and (8.28), whence

3r \|x|
pi(x) = 2|9
4 -1
=/ (x| =2,4,6,...,r —1). (8.37)
3r\|x|

Multiplying (8.36) on both sides by OR, and applying (8.35), we find that (OR,, ¢) =
%(OR,, n1) — %(ORr, Ho) = % — %(ORr, o), which in view of (8.32) gives

(OR,. o) = a, (8.38)
(1—OR,, o) =1 —a. (8.39)
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In particular,
(OR; - o — appo. 1) = (ORy, o) — a{pio. 1)
= (ORI" ,U,()) -
=0. (8.40)

Since we defined o and pq in terms of ¢ exactly as in Section 7, an analogue of
Lemma 7.2 applies here as well, with the same proof as before. We restate it here, in the
notation of this section.

LEMMA 8.5. Let £:{0,1}" — R be an arbitrary function. Then for every polynomial
P:({0,1}")* > Randeveryk =0,1,2,...,n, the mapping

n—k
2 <é®" ® ®uz,-,P>, z e 0.1y, (8.41)

i=1

is a polynomial of degree at most (deg P)/(cin/T).
Proof. Analogous to Lemma 7.2. [

8.4. Auxiliary distributions. Analogous to Section 7, we will now use o and p; to
construct auxiliary functions Az, ,» on the tensor space ({0, 1}")". For nonnegative integers
k, m with k + m < n, we define a nonnegative function

A 32 xn) = B [TOR i (xi) - [T o)+ [T mao) |

ieS ieT i¢SuUT

where the expectation is over a uniformly random pair of disjoint sets S, 7 C {1,2,...,n}
of size |S| = k and |T| = m. Observe that this definition is identical to the one in Section 7
with f = OR,. In particular, Lemma 7.3 applies in its entirety, with the same proof. For
convenience, we restate the lemma here in the notation of this section.

LEMMA 8.6.

() supp Ay, € ({0,137 \ {0"H)",
(i) AL, = Afy e on (0, 137\ {07},
(iii) Az’m(x) Z0onlyif|{i : ¢p(x;) <0} =k +m,
(iv)  foranarbitrary real polynomial P: ({0, 1}")" — R, the mapping m > (AZm P)

(m=0,1,2,...,n —k) is a polynomial of degree at most (deg P)/(cin/T).

Proof. Analogous to the proof of Lemma 7.3, with the obvious difference that the ap-
peal to Lemma 7.2 in part (iv) should be replaced with its counterpart from this section
(Lemma 8.5). i

8.5. Corrector for false negatives. As one can see from the dual characterization of one-
sided rational approximation (Theorem 4.6), the dual objects that we are to construct must
exhibit very specific sign behavior. To that end, we will use “corrector’” objects to force
the correct sign on the relevant portions on the domain. Analogous to the development
in Section 7, these corrector objects are orthogonal to low-degree polynomials and are
close to zero on all but a handful of relevant inputs. Here, we build a corrector object for
({0, 13" \ {0"})", corresponding to the inputs where AND,, o OR, evaluates to true.
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For an integer k with 1 < k < n, let /IZ: ({0,1}")" — R be given by

- 1
A? =
€)= -y
k—1
OR,(x;) — X
E 1—[( (z)_ Yiro( z)' 1—[ ZOR (xl HMI(M ’
l ‘ o i=|k/2]+1 \jeS i¢S
where the expectation is over a uniformly random set S € {1,2,...,n} of size |[S| = k.

Observe that this definition is identical to that in Section 7, with f = OR,. In particular,
Lemma 7.4 from that section carries over in its entirety, with the same proof as before. We
restate it here in the notation of this section.

LEMMA 8.7.

@) (AZ P) = 0 for every polynomial P of degree at most k/2,
(i) Ap(x) # Oonlyif [{i : ¢(x;) < 0}| =k,
(i) Af = Af, on ({0, 17\ {07})",
(v) A7 <1 (& O[)k/2 Af . outside ({0, 1} \ {07})".

Proof. Analogous to Lemma 7.4. 1

8.6. Corrector for false positives. We will now build a corrector object for the comple-
mentary portion of the domain, where AND,, o OR, evaluates to false. This part of the
proof is the most challenging and has no analogue in Section 7. The crux of our argument
is the following technical result.

THEOREM 8.8. Let N, R, d be positive integers, d < R/5. Then there exists a function
Z: ({0, 1N — R such that

(Z, P) = 0 whenever deg P < d, (8.42)

supp Z < {0FV3 U ({0, 1%\ {0R )Y, (8.43)

Z(f) =1, (8.44)
6 \" N (R\"

|Z(x1, X2, ..., xN)| < 60¢ (R—+1) ,Ul (Ixz-l) for x # ORN. (8.45)

Proof. For subsets Sy, S2,...,84 C{1,2,...,N}x{1,2,..., R}, consider the function
78,554 (10, 11N — R given by

d—1—|T
251,855,824 (X) = Z ( J- 1| |) DMy =1y, 5,1
2d}

TC{1,2,...,



46 ALEXANDER A. SHERSTOV

We will refer to a family of sets Sy, S5,..., 84 € {1,2,...,N} x{1,2,..., R} as good
if they meet the following three criteria:
SinSy =9 (Vj#j/)’
S;in{1,1),(1,2),....(1,R)} # D (j=12,...,24d),

US| niG.).G.2).....i.R} #& (i =1.2,....N, |T|=d).

jeT

CLAIM 8.9. Let S1,82,...,84 C {1,2,...,N} x{1,2,..., R} be a good set family.
Then
A (Zs,,85,...804» P) = 0 whenever deg P < d,
(i) supp Zs,.s,...5,, S {0RN} U ({0, IR\ {ORDHN,
(i) Zsy.85....5,4 (0RN) = 1.

For clarity of exposition, we provide the proof of this and other claims after the proof of
the theorem. Now let S1,S5,...,S,4 € {1,2,...,N} x {1,2,..., R} be a random set
family generated by Algorithm 1.

Algorithm 1 Procedure for generating Sy, Sz, ...,S24.

(i) Choose pi1, p2,..., pnN € [1/2,1] uniformly at random.

i) Let¢{l,2,...,N} x{1,2,...,R} — {0,1,2,...,2d} be a random function
whose values at each point of its domain are independent random variables, dis-
tributed according to

0  with probability 1 — p;,
1 with probability p;/2d,
(i, j) =42  withprobability p;/2d,

2d  with probability p;/2d.
(iii) Define S; = L_l(j) forj =1,2,...,2d.

CLAIM 8.10. P[S1,S;,,...,S,4 are good] > e2d (3/4)N_1.

CLAIM 8.11. For x # ORN

J 4\ L R !
E Z xX)| <8 | —— .
$1.82,S24 I Sl,Sz,...,Szd( )| (R I 1) ll:ll (xi,l + Xin 4.4 xi,R)

We now complete the proof of the theorem by combining Claims 8.9-8.11. Define
Z(X) = E [251552 ..... SZd(x) | Sl,Sz,...,Szd are gOOd].

$1,82,...824

Then properties (8.42)—(8.44) are immediate by Claim 8.9, whereas the remaining property
(8.45) follows from Claims 8.10 and 8.11. 0
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Proof of Claim 8.9. (i) Recall that Sy, S5, ..., S»4 are nonempty and pairwise disjoint. As
a result,

751,85 ...,Spq (X) =

d
d—1-372 Ix|s, = 11...1]

d—1

2d

< 1x[505;070s57 = 00...0] [ [dlx]s, = 00...0]—I[x[s, = 11...1]).
j=1

Multiplying out the binomial coefficient, we find that Zg, s, ... s,, is a linear combination
of functions of the form

1x|sus0us,; = 00...0] [ 1lx]s, = 11...1]
jea
x [Talxls; =00...0] = I[x[s, = 11...1]).
JEA
with A C {1,2,...,2d} ranging over sets of size at most d — 1. This is a product of
2d + 1 functions on disjoint sets of variables, where the final 2d — |A| = d + 1 functions
are orthogonal to polynomials of degree less than 1. As a result, the entire product is
orthogonal to polynomials of degree less than (2d — |A|) -1 >d + 1.

(ii) Fix an arbitrary input x # 0R¥ in the support of Z 81,82,...,854 - Then
d—1—1T|
Z51 800S0 (X) = Y ( J-1 DM =1y, )]
T<{1,2,...,2d}
d—1—1T|
- ( d—1 =D = 1;ers)]
TC{1,2,...,2d}
T4@
d—1-1T| T
gy ( g eV =1y, 5],
T<{1,2,...,2d}
IT|=d

where the first equality holds by definition, the second uses the fact that x # 0®Y  and the
third follows from the definition of a binomial coefficient. We conclude that x = 1Uj€T s;
for some set T of cardinality at least d. But by the goodness property, the union of any d
sets from among S, Ss, ..., S»4 intersects each of the sets

{1y % {1,2,..., R},
(2} x {1,2,..., R},

(N} x{1,2,...,R}.

As a result, /\lN:1 \/]1_e=1 xij = 1.

(iii) Immediate from the definition of Zg, s,.....s,, and the fact that S, S2, ..., S»4 are
nonempty. I
Proof of Claim 8.10. By construction, S1, S5, ..., S,4 are pairwise disjoint. As a result,

P[S1,S,,...,S54 are good] = P[E; A Ex A--- A EN],
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where E; denotes the event that

S; N{(1.1).(1.2).....(1,R)} # @, j=1.2.....2d.

and E; (i =2,3,..., N) denotes the event that

US| niG.D.G.2),....6. R} # 2, T e <{1v2~~,2d}).

d
jeT

Since E1, E», ..., Ey are independent, we further obtain

N
P[S;1,S,,...,S,4 are good] = HP[Ei]
i=1

= P[E{]P[E;]V 7T, (8.46)

where the second step holds by symmetry. In what follows, pi, p2,...,py € [1/2,1]
and ¢:{1,2,...,N} x{1,2,...,R} — {0,1,2,...,2d} refer to the random variables in
Algorithm 1.

Rephrasing, E is the event that the sequence

t(1,1),¢(1,2),¢(1,3),...,t(1, R) (8.47)

contains each of the numbers 1,2, 3,...,2d, in some order. Conditioned on p;, the R
random variables in (8.47) are independent and identically distributed, each taking on
0,1,2,...,2d with probability 1 — py, p1/2d, p1/2d, ..., p1/2d, respectively. Since
p1 = 1/2 and R = 4d, with probability at least 1/2 the sequence contains at least 2d
nonzeroes. Conditioned on this event, the probability that the sequence features each of
the numbers 1,2, ..., 2d is at least (2d)!/(2d)2d. In summary,

2d)!

T

> exp (—2d). (8.48)

We now analyze E,. Fix an arbitrary set T C {1,2,...,2d} of cardinality d. Observe
from the definition of S1, S», ..., S,, that UjeT S, is arandom subset of {1,2,..., N} x
{1,2,..., R} obtained by choosing p1, p2,..., pny € [1/2,1] independently and uni-
formly at random and including each element (i’, j) € {1,2,...,N} x {1,2,..., R}
independently with probability |T'| - p;s/2d = p;s/2. In particular,

Usi | nt@.1.2.2.2.3).....2.R)} (8.49)

jeT
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is a random set obtained by including each of (2,1),(2,2),(2,3),...,(2, R) indepen-
dently with probability p,/2. Therefore,

PSS |n{@.D.2.2.23).....2.R} =2
jeT
1 R
P2
= 1—=-) dp>
f,.0-%)
2 R
P2
<2 1-—=) d
/1/2< b ) P2
3 3\ ®
R+1 \4
Recall that E, is the event that (8.49) is nonempty for each T of cardinality d. Therefore,
2d 30 (3)\F
P[E>| =1 - — =
[E2] (d ) R+1 (4)
2d 3 3\
>1— R
d 5d +1 \4

Alw

(8.50)

where the first step uses the union bound and second step uses d < R/5. By (8.46), (8.48),
and (8.50), the proof is complete. [

Proof of Claim 8.11. Let T C {1,2,...,2d} be an arbitrary nonempty set. Recall that
UjeT S; is a random set obtained by choosing p1, p2,..., py € [1/2, 1] independently
and uniformly at random and including each element (i’, j') € {1,2,..., N}x{1,2,..., R}
independently with probability |T'|p;/2d. Abbreviating x; = (X;,1,Xi2,...,XiR), W€
obtain:

N | | R—|x;|
IT|pi T | pi
Pl = 5] =12 ( 1-50)
N 2d/IT1 )\ ] T pi \ B!
2 —_ 11— —= dp;
1 /0 ( 2d ) ( 2d ) b

(i) H/ PRl dp
N N R -1
- (@) H(lml) , 51

/A
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where the final step follows by Fact 2.1(iii). Therefore,

E |Zsl,52 ..... Sou (x)l
d—1-|T|
d—-1

< x Py =10, 5]
T|—1
(' | ) Plx =1, _,5;] + I[x = 0%"]

T<{1,2,...,2d}

|
N

d—1
TC{1,2,...,2d}
IT|=d
IT|—1 .
N Z ( d—1 Plx = 1U_/‘eT Sj] since x # ORN
Tc{1,2,...,.2d}
IT|=d
-1
|T|) ( 4 )N ( R )
X ( [ by (8.51)
retanaay V4 J\RA )2 3\ xil
IT|=d

() () (%) D

This completes the proof of Theorem 8.8. We will now reinterpret it in our setting of
interest, relating it among other things to the probability distribution ;.

COROLLARY 8.12. For every integer t = 1, there exists Z;: ({0, 1}")! — R such that

Z:(0") =1, (8.52)
|Z,| <6071 (9/€) u®" on ({0, 1}7)" \ {07}, (8.53)
(Z;, P) = 0 whenever deg P < r/10. (8.54)

Proof. Recall from (8.6) that r = 11. Taking R = |r/2]| and d = |r/10] in Theorem 8.8,
we infer the existence of Z: ({0, 1}%)’ — R such that

Z(0R) =1, (8.55)
supp Z < {0%"} U ({0, 3R\ 0F)', (8.56)

—1
R
for (y1,...,y:1) # 0%, (8.57)
iz il

deg P <r/10 = (Z,P) = 0. (8.58)
Define Z,: ({0,1}")" — R by

, 6 \'
Z1s. ...y <6070 [ ——
|Z(y1 yo)l (R+1) _

Zt(xl,xz, ceesXp)

; -1
Y Y ey z<y1,y2,...,yt>n<|;|)
i=1 !

y1€{0,1}R  y,€{0,1}R y1€{0,1}R
yil=lx11/2 1yal=lx2l/2  [yel=lx1/2
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if |x1], |x2], ..., |x| are all even, and Z;(x1, X2, ..., x;) = 0 otherwise.

We proceed to verify the three properties required of Z,. The first property, (8.52), is
immediate from (8.55). To verify (8.53), fix an arbitrary input (x1, x2,...,x;) # 0%
There are three cases to examine. If at least one of |x1|, |x2|,...,|x¢| is odd, we have
Zi(x1,X2,...,x;) = 0 by definition and thus (8.53) holds trivially. If |xq[, |x2],..., |x¢]
are all even but not all positive, then by (8.56) we again have Z;(x1,x2,...,x;) = 0. In
the remaining case that |x;], |x2], ..., |x;| are even and positive, (8.37) and (8.57) imply

that
t t -1
4e r
[Trix) = (;) ,1:[1 (|Xi|) .

i=1

-1
6 t r

Zi (X1, X2, ..., x1)| < 60710 [ —— ,

|Z:(x1, X2 Xt)| R+1 11:[1 ™

respectively, again forcing (8.53).

It remains to verify (8.54). Let P: ({0, 1}")" — R be an arbitrary polynomial of degree
at most r/10. By Corollary 2.3, there is a polynomial Q:R! — R of degree at most r/10
such that

E --- E P(oixy,...,00x:) = Q(x1l, ..., |x¢]) (8.59)
o1€Sr o:€Sy
for all x € ({0,1}")’. Since Z;(x1,...,x;) is uniquely determined by |x1], ..., |x;|, we
have Z;(x1,...,x:) = Z;(01x1, -..,0:x;) for all permutations oy, ...,0; € S;. In par-
ticular,

(Ze.P)= > Zi(xi....x)P(x1.....x;)
xe({0,1}7)!

Z Zi(x1,....,x;) E -« E P(0o1X1,...,0:X;)

xG({O 1}r)t g1€8 a:€S;

> Zixan o x)Q(xl . x) by (8.59)

xe({0,13")"
Y. ZOuy0Q@yil . 2yl) by definition of Z;
ye({o,13R)!
=0 by (8.58). i

At last, the following theorem constructs our desired corrector object, which allows us
to force the correct sign on all inputs outside ({0, 1}" \ {0"})".

THEOREM 8.13. Let k = 0 and m = 1 be integers, where m + k < n. Then there is a
function Az,m: ({0, 1}")" — R such that:
0 Ag’m = A}, outside ({0, 1} \ {0"})";
(ii) |/§Zm| < (max{l, /m/r}/cco)” S0 Ay on ({0,137 \ {0"})" for some con-
stant Ceor = Ceor(€) With 0 < ceor < 1;
(i) (A" . P) = 0 whenever deg P < min{r/10, cinr /7/2}.

k.m’

Proof. The proof has two parts to it, corresponding to m small and m large. The construc-
tions in these two cases are quite different.
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CASE m < r. By the hypothesis of the theorem, we have 1 < m < min{r,n — k}

in this case. For each r = 1,2,...,m, Corollary 8.12 provides an explicit function
Z::({0,1}")" — R that obeys (8.52)—(8.54). Define
" (m
A = l—-a) E E Zi(Xiy ) Xin s oo o, X
k,m(x) Z ([ >( @) i1 <iz<-<i; S:|S|=k+m—t |: t(x” i Xit)
=1 (1502 ensit €8

x [TOR Gdpoxi) - [T i) |

ieS TESULi1 02,501}
where the first expectation is over uniformly random iy, is,...,i; € {1,2,...,n} with
i1 <ip < .-+ < iy, and the second expectation is over a uniformly random subset S C

{L.2,....n} \ {i1, 02, ..., 1;} of cardinality [S| =k +m —1¢.
We proceed to verify the properties required of Az’m. The orthogonality property fol-
lows immediately from (8.54):

deg P < 1L0 — (A7, P)=0. (8.60)

Continuing, fix an arbitrary input x € ({0, 1}" \ {0"})" and substitute (8.53) in the defining
equation for A}  to obtain

| A7 (0]
r " m 9 !
< 6010 Z (l) (E) \S|=/Ei-m—t il;[gORr(-xi)/’l’O(-xi) : il;[gﬂl(xt')
PR N .
=600 " (’j) (;) 2 mt.0(X)
=1

, 9\" &
< 6070 (1 + Z) ;Azm_m(x).

Using Lemma 8.6(ii) and the assumption that m < r, we arrive at

5 15 r m—1
i< (2) Xape.  xeqoarvor 6oy
i=0
It remains to verify that /Tz’m = Az,m outside ({0, 1} \ {0”})". To start with,
o = OR; - 1o + NOR; - o = OR; - o + (1 —)NOR,,
where the second step uses (8.39). As a result,

em@ = E []nota) - [TOR o) - [T pa(xi)

ieT ieS i¢SuUT
= E R, (x; ; 1- R, (x;)) - R, (x; ;
E 5(0 r(xi)po(xi) + (1 = )NOR, (x/) 1‘!0 (X o (xi)

x [T mte,

i¢SUT
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where the expectation is over a uniformly random choice of sets T € {1,2,...,n} and
S c{1,2,...,n}\ T of cardinalities |T'| = m and |S| = k. Multiplying out,

m

m

A" (x) = 1—a) E E NOR,; (xj, Xi, ... X;

k%) Z (t>( ) i1 <in<r<iy S:|S|=k+m—t|: re (X Xig - i)
=0 01,20t €8

< [TOR (o) [T m) |, 862

ieS TESULi 00,0}

where the first expectation is over uniformly random iy, i5,...,i; € {1,2,...,n} with
i1 < iy < --+ < iz, and the second expectation is over a uniformly random subset S C
{1,2,...,n}\{i1,12,...,i;} of cardinality |S| = k +m —t. For the remainder of the proof,

fix an arbitrary input x = (X1, X2,...,X,) with x;+ = 0" for at least one coordinate i *.
We claim that for any two disjoint sets S and {iy, i2,...,is},
NORy (xiy iy - - Xi,) | | ORy (xi)pro(xi) - [1 p1(xi)
ieS TESULi 00,000t}
= Zi(xiy s Xis -+ Xig) | [ OR (i) o (xi) - [T m&) 863
ieS PESULi1,02,....0 }

Indeed, if i* ¢ {i1,is,...,i;} then the left- and right-hand sides of (8.63) both van-
ish because OR,(x;*)uo(xi*) = p1(x;+) = 0. In the complementary case when i* €
{i1,i2,...,1s}, we have from (8.52) and (8.53) that

1 if_xl- = Xj, — = X; :Or
1 1 173 ’
Z,()Ci] s Xigs oo ,x,'[) =

0 otherwise
= NOer‘(xil s Xigyeons xit)’

settling (8.63). Substituting (8.63) in (8.62),

Z,m(x):Z(n;>(1—a)t E E |:Zt(x,~1,x,~2,...,xi[)

— i1<ig<-<iy S:S|=k+m—t
=0 i1,02,5.0t S

x [TOR Gpox) - [T i)
ieS TESULi1,02,....0r }

In this summation, the term corresponding to ¢ = 0 vanishes because OR, (x;=) o (x;*) =
i1(xi=) = 0. As a result, we arrive at the desired conclusion:

AR (X)) = A}, (x), x ¢ ({0, 137\ {07 )" (8.64)

The newly established properties (8.60), (8.61), and (8.64) complete the proof for the case
m<r.

CASE m = r + 1. By the theorem hypothesis, we have r + 1 < m < n — k in this case.

Let 52,17 /i’,;’z, e /IZ’ 1r/2] be the functions constructed in the first half of the proof, with
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properties (8.60), (8.61), and (8.64). Define

o _(_nlal 1 AL,
em b (L /zj)
1r/2] i ~
_ Z( 1)Lr/2J t( )(Lr/2J )(A Az,i)' (8.65)

We proceed to establish properties (1)—(iii) in the theorem statement. On inputs outside
({0,137 \ {0"})", we have A} ; = 0 by Lemma 8.6(i) and A} ; — A}, = 0 by (8.64).
Making these substitutions in (8.65) gives /iz’m = A}, outside ({0,137 \ {0"})", estab-
lishing (i). On ({0, 1}" \ {0"})", we have

) . Lr/2] )
Heml < (L/ZJ) +Z<><Lr/2J )(A -+ AkD

Lr/2]

Lr/2]
n lr/2l ™ n lr/2l ™ in
S Mo 2 (V/M) 2 Mt (V/M) 2 4]
i=0 i=1
lr/2)[ ™M &
n r/2 n
< Ao +2 (Lr/ZJ) 2

2Lr/2J(Lr/2J) ;J ( )r er
<AL, +2Lr/2J(Lr’72J) ( L J ( ) )L:X/? A7

where the third step uses (8.61). This settles (ii).
It remains to prove (iii). Fix any polynomial P of degree at most min{r/10, ci,r /7 /2}.
By Lemma 8.6(iv), there exists a univariate polynomial p with

(A P) = p(i) (i=0,1,2,....,m), (8.66)
degp < % (8.67)
By definition,

e 1
(Afn P) = (Ao P) — (= 1)“/2J(L/2J)<A" ,P)

Lr/2] i—1 -
_Z( I)Lr/zj z( )(Lr/ﬂ—l)(( Z,iyp)—( Z,i’P))-
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Applying (8.60) and (8.66),

Lr/2] L
(Ao P) = plim) = 3 (D712 ( )(T/zj >P<)

i=0
Lr/2] 2l m—i—1
_p<m>_§( D ( )( 12— )p(z)
__ Lr/2)-i m—i—1
= Z( DG ()( " )p(,)
=0,
m—i—1

where last step is valid by (8.67) and Fact 2.1(i) because the degree of (m_Lr/ZJ_l)p(i) asa
univariate polynomial in i is at most m — |r/2| — 1 +deg p < m — 1. This establishes (iii),
completing the proof.

8.7. Final construction. We are finally in a position to define the dual objects required to
prove Theorem 8.2. Let @g, @;: ({0, 1}")" — R be given by

/2 n—k
<« |vk<m)|

(DOZZ km’

k=0m=1 out
n/2 n—k

1 -
R I

=0m=0 Cout k=

where A" km is as constructed in Theorem 8.13. The four lemmas that follow establish
the properties required of @y and P; by the dual characterization of one-sided rational
approximation (Theorem 4.6).

LEMMA 8.14. @y = |D|/2 outside ({0, 1} \ {0"})".

Proof. For any integer m with n/2 < m < n, we have the following bounds outside

({0, 13"\ {0"})™:

2 m/2
|A"] < ( ) A by Lemma 8.7(iv)
,
2e m/2
< (1 — 6) A, by (8.33)
<t Afm by (8.19)
< A A by (8.16)

< |vo(m)| el Abm by (8.14). (8.68)

out
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It follows that outside ({0, 1}" \ {0"})",

n/2 n—k

|®,| < Z Z |Vk(m)| L+ Z
k=0m=0 Cou m=%+1 °“t
L )
<3y SR
k=0m=0 01“ m=4+1

n/2 n— k| ( )|
<2} ) EEAL,

k=0 m=0 oul

n/2 n—k
253>

k=0m=1 OUt

n/2 n—k

=22,

k=0m=1 out
= 2P.

Ivk(m)l

n
Ak,m

|Vk(m)|

LEMMA 8.15. &,
constant from Theorem 8.13.

Proof. On ({0,1}" \ {0"})", we have

n/2 n—k

0= M, Y

k=0m=0 Cout (= n+1 out

n/2 n—k

= Z Z vk(m) Aimo + Z 7.0

k=0 m=0 out (_n +1 Oul
n/2 J4 .
_ Z vg(0) 4 Z ve—i (i) AP
B L oL=i £,0
(=0 out i=1 out
n l .
1 ve—i (D) |
+ 2 |t X €0
€=%+1 out i=e_% out
n/2 L .
_ v¢(0) i Z vy—i (i) n
- ot i 4,0
£=0 out i=min{r,n/4} ~Out
n L .
1 ve—i (1)
n
+ 2 P > i | Ao
e=%+1 out i=[—% out
n/2 [e9)
1 1 1
> _ n
- {—min{r,n/4} 9 Z E—i AK,O
¢=0 \ Cout i=min{r. n/4}

by (8.68)

by Lemma 8.6(i)

by Theorem 8.13(i)

0

= (Ceor €2,)" |Po|/14 on ({0, 1} \ {0"})", where 0 < ceor < 1 is the

by Lemmas 8.6(ii), 8.7(iii)

by algebra

by (8.11)



THE POWER OF ASYMMETRY IN CONSTANT-DEPTH CIRCUITS 57

i Z <___Z - ) i by (8.13), (8.17)

n out = 0ut
t=5+1 i=1

l
g Z E mm{r n/4} by (8.16)
(=0 Cout

r n 1

ZOTMZJ[ %o (8.69)
Z 0 ou

We now turn to @q. For any k = 0

n—k m r
> |vk(m)|max{l, \/;}

m=1
n—k m r
= Z |vk(m)|max%l,\/;} by (8.11)

m=min{r,n/4}
n—k

m r/2
2o ()

m=min{r,n/4}
n—k

3 (min{r,n/4}_ m by (5.15)
m=min{r,n/4} Cour M mln{r’n/}
_ rf L min{r,n/4} ’
B Cout m

m=min{r,n/4}

1 1+/°° (min{r,n/4})r/2 P
_— m
CSut min{r,n/4} m

1 (1 . 2min{r,n/4})

Cout r—2

—
1 14 2r
ey r—2J,"

In view of (8.6), we arrive at

n—k m r 31
Zlvk(m)lmax{l,,/7} < o (8.70)
ou

m=1

/A

/A

/A

/A

It remains to piece the above calculations together. On ({0, 1}" \ {0"})",

n/2 n—k

[Pl <)

k=0m=1 0‘”

Ivk(m)l

n/2 n—k |vk(m)| 1 p r n—k
< Z Z ok (a max %17 \ 7}) ZAZJ by Theorem 8.13(ii)
k=0m=1 out izo
/2 n—k
31 U
- 2 Mk by (8.70
9(Ccor Cout) o c(lfut ; ki y ( )
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n/2

1 n—k
- 9(Ccorcout)r2 2 Ao
=0

Oll

R Y o T
\9(Ccorcout)r2 2 x| Ao

=0 \k=0 Cout
3 A,
h 9(Ccorcout)r 3£=0 fut ¢0
LM It
h (Ceor Cou)” 3Z=O Cgut ¢0
14

< - .
<
(ccor Cgut)r

LEMMA 8.16. Let P, Q:({0,1}")" — R be polynomials with

by Lemma 8.6(ii)

by algebra

by (8.16)

by (8.69). I

deg P < min{r/10, cio,r /7/2}, (8.71)
deg Q < min{cin Cout ¥ \/ﬁ7 Cin Cout 11 \/77 n/4} (8.72)
Then
(@0,1‘)) = (¢1, Q) == 0
Proof. The claim for @ is immediate by Theorem 8.13(iii). To prove it for @1, recall from
Lemma 8.6(iv) that there exist univariate polynomials go, q1, . . ., gn/2 With
(Af s Q) = qi(m) (k=0,1,...,n/2; m=0,1,...,n—k), (8.73)
deg gx < cowmin{+/rn,n} (k=0,1,...,n/2). (8.74)
Then
n/2 n—k l)k(m) n 1
(@1.0) =) (A Q)+ Y (4}, 0)
k=0m=0 Cout k=%+l Cout
n/2 n—k v (m)
= (AL, 0) by (8.72) and Lemma 8.7(i)
k=0m=0 Cout
(v ge)
- .k by (8.73)
c
k=0 out
=0. by (8.9) and (8.74).

LEMMA 8.17. &y, @1 # 0.

0
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Proof. We have

D07, ...,0")
n/2 n—k
= Z |v];§€m)| sz,m (Orv ceey Or) by deﬁnition

k=0m=1 out

G em)
=ZZ kk om0, ...,0") by Theorem 8.13(i)
B :

k=0m=1 out

= |vo(n)|Ap, (0", ...,0") since Ay ,, =0
= |vo(n)|po(0")" by definition
>0 by (8.14), (8.16), and (8.34).

The proof for @; is based on a similar argument. On the nonempty set (supp ©1)" =

{x 1 p(x) > 03",

n/2 n—k n
Py = Z Z Ul;im) AR+ Z C%/Iﬁ by definition
k=0m=0 ~out k=141 "ot
=0(0) 45,9 by Lemmas 8.6(iii), 8.7(ii)
= ()i by definition
>0 by (8.13) and (8.16). 0

In view of the dual characterization of one-sided rational approximation (Theorem 4.6),
the newly established Lemmas 8.14-8.17 imply that

R(AND, o OR,,
min{r /10, ;.7 /7 /2},

. (ccor cgut)r
Min{Cin Cout /11, Cin Cou NA/T, 1 /4}) = —>—U

14 ’
where c¢iy, Couts Ceor € (0, 1) are sufficiently small absolute constants. We conclude that

R(AND,, 0o OR,, cr,cmin{r</n,n}) = ¢ "

for a sufficiently small absolute constant ¢ > 0. This conclusion is logically equivalent to
Theorem 8.2, in view of the error reduction procedure for rational approximation (Propo-
sition 4.2).

9. MAIN RESULTS

The main technical contribution of this paper is a hardness amplification result that
transforms any Boolean function f:{0,1}" — {0, 1} with high one-sided approximate
degree into a related Boolean function F:{0,1}¥ — {0, 1} with proportionately high
threshold degree. The transformed function is of the form F' = ORy o ((ANDgo— f) A g),
where g is an auxiliary function to which we refer as the amplifier. If the original function
has one-sided approximate degree n®, then the transformed function has threshold degree
Q(N#) for some monotonically growing exponent 8 = B(«) that depends on g. We
formalize our technique in this generality in Section 9.1. In Section 9.2, we specialize the
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amplifier g to be a read-once formula of depth 2 and prove that the resulting construction
achieves

3/7 ifa <1/2,
B=(3a/GBa+2) ifl/2<a<2/3
1/2 ifa > 2/3.

As corollaries, we obtain our main lower bounds on the threshold degree of constant-depth
circuits and read-once formulas, by choosing f accordingly in each case. In Section 9.3,
we prove matching upper bounds. In the concluding Section 9.4, we discuss the limitations
of our technique and propose directions for future work.

9.1. The general theorem. We start with a general statement of our hardness amplifica-
tion technique. This result brings together the dual view of one-sided and hybrid rational
approximation from Sections 4 and 5, the composition theorem from Section 6, and the
lower bound on hybrid rational approximation from Section 7.

THEOREM 9.1. Let f and g be nonconstant Boolean functions. Fix integers d,D = 0
and k = 1 such that

R(g.d,D) > 27k, 9.1
Then
R((AND o = f) A g, min{k, d, deg{ 5(/)},
¢ min{vk deg},5(f). D}) > % 9.2)
and
deg; (OR¢ o ((ANDg 0 = f) A g))
> cmin{ek, £(d + 1), £ deg] 5 (f), Vk deg/5(f). D} (9.3)

forall £ = 2, where ¢ > 0 is an absolute constant, independent of f, g, D,d,k,£.

Proof. The lower bound (9.3) on the threshold degree is a direct consequence of (9.2) and
Theorem 4.5. Thus, it suffices to prove (9.2).
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For some absolute integer constant ¢ = 1 and all k > ¢o, Theorem 7.1 ensures the
existence of functions @, @}, ®/: (dom f)* — R such that

1
Py = 5|<1>{| on (ANDy o —£)~1(0), (9.4)
1
by = 5|q>{’| on (ANDg o = £)71(0), 9.5)
1
@] = 5 max{—a, —27%/0 @y} on (ANDg o — )71 (1), (9.6)
1
@} 2 5|l on (ANDg 0 = f) (1), 9.7)
1
(@g, P) = 0 whenever deg P < E min{deg;r/3(f), k}, (9.8)
/ 1 + \/_
(@1, P) = 0 whenever deg P < m degl/3(f) k, (9.9)
1
(@], P) = 0 whenever deg P < 2o min{degf%(f), k}, (9.10)
@o, D, D! 0. ©.11)

On the other hand, it follows from (9.1) and the error-reduction property of rational ap-
proximation (Proposition 4.2) that

d D
R(g, —,— | > 2720, 9.12)
2C0 26‘0

Applying Theorem 6.1 to (9.4)—(9.12) with parameters € = 1/2 and A = 2%/ we infer
that

L.
R((AND 0 2) A g 51— mint d. degl ()

1 . n 1
4coﬁmln{degl/3(f)x/z,D}) > 75 (9.13)
forall k = ¢q.

We now claim that (9.2) holds with ¢ = 1/(16¢¢./cg). For k = ¢¢, the bound follows
directly from (9.13) and the error-reduction property (Proposition 4.2). To prove validity in
the complementary case k < cg, observe that the left-hand side of (9.2) is trivially bounded
from below by R((ANDg o = f) A g,cd, cD), where

R((ANDg o= f) A g,cd,cD) = R(g,cd,cD) since f is nonconstant
/R(g,i,ﬂ) sincecsL<L
2k 2k 2¢0 2k
> R(g.d, D)) by Proposition 4.2
> L by (9.1). 0
V2

9.2. Results using depth-2 amplifiers. We now establish the main results of our paper
by invoking Theorem 9.1 with appropriate functions f and g. In all of our applications,
the amplifier g will be a read-once formula of depth 2.

Our first application concerns the threshold degree of constant-depth formulas. In their
inspiring work twelve years ago, O’Donnell and Servedio [23, Theorem 5.2] obtained
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an upper bound of O(N @ ~'=1D/@?=1y op the threshold degree of any A, V-formula of
depth d and size N. This bound was known to be tight only for d = 1 and d = 2, by
the classic results of Minsky and Papert [21]. We are able to show that O’Donnell and
Servedio’s bound is tight for depth d = 3 as well by constructing a depth-3 formula of
size N and threshold degree §2(N3/7). The best previous lower bound, obtained in [33],
was polynomially weaker: £2(N2/5).

THEOREM 9.2. Let F:{0, 1}N+N°

F = ORy1/7 0 ((ANDp2/7 © ORpa/7) A (ANDp3/7 0 ORpy2/7)).

— {0, 1} be the read-once formula given by

Then

deg, (F) = 2(N*/7).
This result settles Theorem 1.1 from the Introduction. The reader will note that our con-
structed formula is highly asymmetric. It turns out that asymmetry is crucial to the optimal

lower bound in Theorem 9.2. Specifically, we showed in [33] that all formulas of the form
ORy, cANDy, 0ORy, on N = NN, N; variables have threshold degree 0(N2/5 log N).

Proof of Theorem 9.2. Theorem 8.2 implies that the function ¢ = AND,;3/4 0 OR ; has
one-sided rational approximation error
R(g,c n,cn3/4) >0V
for some constant ¢ > 0. On the other hand, Theorem 2.6 states that
deg?,(f) = (/)
for f = NOR,,. Appealing to Theorem 9.1 with d = c/n, D = cn®/* k = /n, and
¢ = n'/*, we obtain a lower bound of §2(1n3/4) on the threshold degree of the composition
OR,1/4 o ((AND /; 0 ORy) A (AND,;3/4 0 OR 1)).
Setting n = N*/7 completes the proof. [

We now obtain a general hardness amplification result for polynomial approximation,
which transforms any Boolean function with given one-sided approximate degree into a
related Boolean function with proportionately high threshold degree. This result extends
Theorem 9.2 on the threshold degree of constant-depth formulas and settles Theorem 1.3
from the Introduction.

THEOREM 9.3. Let f:{0,1}" — {0, 1} be given with degi"/3(f) = n%, where a € [0, 1].

Consider the function F:{0, 1}V — {0, 1} on N = max{n”/* + n32 n - n*/n® 4 n3*}
variables, given by

OR,1/4 © ((AND j; 0 OR,) A (AND,3/4 0OR 1))  ifa <1/2,
OR /& © ((ANDye 0 = f) A (AND, o /@ © ORye))  otherwise.

Then
deg (F) = 2(max{n>/* n®v/n})
cN3/7 ifoa <1/2,
= { ¢N3/GetD) r1/2 <o <2/3,
c\/ﬁ otherwise,
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where ¢ > 0 is an absolute constant, independent of f,a,n.

Proof. The claim for ¢ < 1/2 is a restatement of Theorem 9.2, and we focus on the
complementary case & = 1/2. Theorem 8.2 implies that for some absolute constant ¢ > 0,
the function ¢ = AND, o /& © OR,e obeys

R(g,cn®, cn®~/n%) > 27",
Invoking Theorem 9.1 with parameters d = cn®, D = cn®+/n%, k = n%, and £ = +/n%,
we obtain deg (F) = 2(n*+/n%). I

As a corollary, we now obtain a lower bound of §2(+//N) on the threshold degree of an
A, V-circuit F: {0, 1} — {0, 1} of constant depth and polynomial size. This lower bound
is the main result of our paper, stated earlier as Theorem 1.2.

THEOREM 9.4. Consider the function F:{0,1}¥ — {0,1}on N = @ (nlogn)? variables
given by

F= OR(n logn)1/3 © ((AND(nlogn)2/3 © _'(EDn,n © ¢))

A (ANDyiogn © OR (160 1)2/3)),

where ¢: {0, 1}6“01‘5"] — {e1,ea,...,ey} is as constructed in Theorem 3.2. Then

deg, (F) = 2(V/N). (9.14)
Moreover, F is computable by an A, V-circuit of depth 4 and polynomial size.
Proof. Recall from Theorem 3.3 that the composition ED,, , o ¢ on 6n[logn]| variables
has one-sided approximate degree deg;r/3(EDn,,, o) = 2(nlogn)?/3. As aresult, (9.14)
follows directly from Theorem 9.3. Theorem 3.3 further states that ED,, , o ¢ is com-

putable by a CNF formula of polynomial size, which settles the claim regarding the circuit
complexity of F.

The tight lower bound in Theorem 9.4 crucially depends on the newly developed gadget
¢ from Section 3. For completeness, we also include a simpler version that only uses the
folklore gadget, achieving a logarithmically weaker lower bound.

THEOREM 9.5. Consider the function F:{0, 1} — {0,1}on N = @(n?logn) variables
given by

F = OR,1/3 0 ((AND,;2/3 0o = f) A (AND,, 0 OR,,2/3)),
where f: ({0, 131271y 5 0 1} is defined by

[logn]

o= A \/ Xk ® X

i,j=1.2,..n: k=1
i#j

| N
deg, (F) = ( e ) . 9.15)

Moreover, F is computable by an A, V-circuit of depth 4 and polynomial size.

Then
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Proof. Without loss of generality, we may assume that n is a power of 2. Observe that
f = EDy o1, where 1: {0, 1}1°2" — {ey, es, ..., e,} is the lexicographic bijection referred
to as the “folklore gadget” in Section 3. Bun and Thaler [11] show that this composition has
one-sided approximate degree deg;"/3 (f) = 2(n?3). As aresult, (9.15) follows directly
from Theorem 9.3. Since f is a polynomial-size CNF formula, the claim regarding the
circuit complexity of F' is immediate.

REMARK 9.6. O’Donnell and Servedio [23] proved that deg (F o XORy) = k deg (F)
for every Boolean function F. As a result, our lower bounds on the threshold degree of
AC? can be strengthened by an arbitrary polylogarithmic factor by composing the functions

in Theorems 9.4 and 9.5 with XOR,_ o) -

log

9.3. Tightness for degree-2 amplifiers. In Theorem 9.3 on hardness amplification, the
lower bound on the threshold degree of the transformed function F: {0, 1}¥ — {0, 1} never
exceeds £2(+/N), no matter how large the one-sided approximate degree of the original
function f:{0,1}* — {0, 1}. We now show that this square root barrier is inherent rather
than an artifact of our analysis. Along the way, we will prove that the lower bound in our
main result, Theorem 9.4, is tight up to a logarithmic factor.

THEOREM 9.7. Let f:{0,1}* — {0, 1} be given. Then for all k and £, and all depth-2
read-once formulas g: {0, 1}¥" — {0, 1}, the composition

F =ORy o ((ANDg o= f) A g)

on N = 2Lkn variables obeys

degy (F) < 34/2N degg'(—'f).

To see the relevance of this result to our work, observe that deg(')" (—EDy, ) < 2 and there-
fore degé’ (—ED,,» 0 ¢) = O(logn) in Theorem 9.4. In particular, Theorem 9.7 shows
that the threshold degree lower bound in our main result (Theorem 9.4) is tight up to a
factor of O(4/log N) and cannot be improved by adjusting the fan-ins or using a different
depth-2 amplifier g. More generally, Theorem 9.7 shows that the square root barrier in our
hardness amplification technique (Theorem 9.3) is inherent due to the possibility of a large
gap between the one-sided approximate degree of f and that of — f.

Proof of Theorem 9.7. Abbreviate d = degar (—f) and fix a polynomial p:{0,1}" — R
of degree d that vanishes on f~!(1) and ranges in [I, +00) on f~!(0). For every € > 0
and r > 0, Lemma 4.1 gives a one-sided rational approximant R, ; for g with a positive
denominator of degree at most ¢, a nonnegative numerator of degree at most kn/¢, and
error €. Then for § > 0 small enough, the rational functions

5 k
— RO, p(xi) - Res(y)
5§+ Yk flx) 1:[1
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are one-sided approximants for = f(x1) A --- A = f(xg) A g(y) with error € and 6||p||’;o,
respectively. Passing to the limit as € N\ 0, we conclude that

k
R((ANDkOﬂf)Ag,n—i—t,Tn) —o,

R ((ANDk o—-f)/\g,t,kt—n +kd) =0,
where ¢ > 0 is arbitrary. Theorem 4.4 now gives

deg.. (F) < 2min %an +0n + t)} < 4vtkn + 20n
and

deg,.(F) < 2min {kt—" + kd + h} < 4vtkn + 2kd.

Taking the minimum of these two upper bounds on the threshold degree of F' completes
the proof:

deg, (F) < 4v{lkn + 2min{dn, kd}

< AVlkn + 2/ tknd
< 6 Lknd. I

9.4. Tightness for arbitrary amplifiers. In this final section, we explore the limitations
of Theorem 9.1 as a technique for hardness amplification and propose directions for future
work. Let f:{0,1}* — {0, 1} be a given Boolean function, with degi"/3(f) > n*. The
theorem is concerned with the composition

F = ORy o ((ANDg o= f) A g)

for a suitably chosen Boolean function g and integer parameters £ and k. This composi-
tion, when viewed as a Boolean function F: {0, I}N — {0, 1}, is defined on N = flkn
variables. It is clear from the statement of Theorem 9.1 that it cannot give a threshold
degree lower bound for F better than £2(min{€k, {n®, v/kn®}). Passing to a judiciously
chosen geometric mean,

(n®)3 (Vkn%)3 ifa < 1/3,

min{lk, n®, Vkn®} < o
{ J (Ek)ﬁ(Zn"‘)ﬁ(\/ﬁn"‘)%Jr2 otherwise

< max{(Ckn)3, (Ckn) 52}
< max{N%,N%}.

Thus, Theorem 9.1 by itself cannot give a threshold degree lower bound asymptotically
superior to

max{N /3, N3¢/Gat2 (9.16)

for any composition F: {0, 1}V — {0, 1}.

Recall that Theorem 9.3 in this paper actually achieves (9.16) for any 0 < o < 2/3,
with g taken to be a suitable read-once formula of depth 2. We are confident that it is
possible to achieve (9.16) for « > 2/3 as well by using read-once formulas g of somewhat
larger depth—in fact, depth 3 may well suffice. In particular, we believe that the approach
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of this paper paves the way to lower bounds as large as £2 (N 3/°) on the threshold degree of
constant-depth A, V-circuits F:{0, 1} — {0, 1}, provided of course that strong enough
lower bounds for one-sided polynomial approximation are discovered soon.

Apart from matching the hardness amplification in (9.16) for all «, it is natural to wonder
how to go beyond it. In other words, given a constant-depth polynomial-size A, V-circuit
f:4{0,1}" — {0, 1} with one-sided approximate degree n®, we would like to construct
a related constant-depth polynomial-size A, V-circuit F: {0, 1} — {0, 1} with threshold
degree $2(N#) for some B > 3a/(3a + 2). We are optimistic on this front as well and
believe that the ideas of this paper provide a good starting point. Specifically, a promising
construction is to take ' = ORyo((ho— f) A g) for some parameter £ and some read-once
formulas / and g of constant depth. In this paper, we have only instantiated this approach
for h and g of depth 1 and 2, respectively. Higher-depth constructions will likely give
stronger results.
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APPENDIX A. USEFUL BOUNDS

In this appendix, we collect various bounds that are useful in the construction of dual
objects for the OR function (Theorems 2.13 and 2.14). We start with two facts that involve
factorials.
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FACT A.1. Forany integersn = k = 0,

KL — k) = SJv (g]'

Proof. Immediate from the inequality (Z) < (I_n}}Z J), after dividing through by n!. [

FACT A.2. There are constants ¢c1 > 0 and ¢, > 0 such that for every integer n > 1,

nA" n
clﬁ(—) Sn!SCZﬁ(—)
e e
c14" 2n 4"
— < < —.
Jn n Jn

Proof. Immediate from Stirling’s factorial approximation. (]

n
’

We move on to somewhat specialized bounds that pertain to products of differences of
squares.

FACT A.3. For any integeri = 1,

o .
1 4sin(v/3
I1 (1 - ) 5 45CY5T) o sane .
j=1 iz — j?| NG
J#i

This lower bound is tight, as one can verify by setting i = 2.
Proof. To restate the claim, we are interested in the minimum value of f(i)g(i) over
i =1,2,3,..., where the functions f, g:{1,2,3,...} — R are given by
i—1 1
iy =] (1——1.2_ )
j=1 J
o0

=1 (1-57)

j=i+1
The first function satisfies

f=1,
. . . 1 i_2 2
min /(@) 2%3(1‘1'2—(1'—1)2) (1_1'2—(1'—2)2) )

A factor-by-factor comparison shows that g is monotonically increasing, with the first two
values

B 2sin(—+/27)
g(l) = B
_ 6 sin(+/57)
8§ = Vi
As a result,

4sin(\/§n)_ i

rln;? f(@i)g(i) = min %f(l)g(l), %g@)% _ U
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FACT A4. Forany integersd =i = 1,

dl'd!
2 2
H 7= 771= 5
j=1
J#i
Proof:
d d d
[T12=21=T]li-il-[]G+7)
j=1 j=1 j=1
J#i J#i J#i
d+i)!
= (-t —iy- L
i12i
_d=Dld+1)!
- 2i2
dld!
= )
2i2
where the final step uses Fact A.1. 1

APPENDIX B. CONSTANT-ERROR APPROXIMATION OF OR

The purpose of this appendix is to prove Theorem 2.13, which gives a bounded-error
dual object for the OR function with a number of additional properties. Our construction is
a minor modification of the corresponding dual object in [33], which has almost all of the
properties that we need. We start with a technical lemma from that work [33, Lemma A.2].

LEMMA B.1. Let € be given, 0 < € < 1. Then for some § = §(¢) > 0 and everyn = 2,

there exists an (explicitly given) function w:{0,1,2,...,n} — R such that
1—¢
w(0) > el (B.1)
(=D)""Mw(@) =0 t=12,....n), (B.2)
degp < vén = (w, p) =0. (B.3)

We have reached the main result of this section.

THEOREM (restatement of Theorem 2.13). Let € be given, 0 < € < 1. Then for every
n = 2 and every probability distribution k on {1,2,...,n}, there is an (explicitly given)
function w:{0,1,2,...,n} — R such that

1—¢

(0) > Nl (B.4)
()" w(r) = Egﬁ el (t=1,2,...,n), (B.5)
degp < Vn = (w,p) =0, (B.6)

where § = §(€) > 0 is a constant independent of k and n.
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Our proof closely follows [33]. Specifically, we obtain the desired sign behavior and metric
properties by defining w as the convex combination of several shifted copies of the dual
object in Lemma B.1.

Proof. The cases n = 2 and n = 3 can be handled directly by taking § = 6(¢) = 1/3 and
defining

1 1
cz):(0,1,2)|—>(——S 6),

2 3 23
1 1 e(l—«(l
w:(0.1.2.3) 1 (L€ D 1 ed-kMD))
2 3 3 2 3

respectively. In the rest of the proof, we treat the case n > 4.
For some § = 8(¢) > 0 and all n = 4, Lemma B.1 ensures the existence of functions
:{0,1,2,...,2|n/4|} - Rand w:{0,1,2,...,n} — R such that

lwoll1 = llorllr =1, (B.7)
1 €

wo(0) > 5§ (B.8)
1 €

0) >~ —— B.

w1(0) > 5T e (B.9)

(=)’ wo(1) = 0, t=0, (B.10)

(=D)" w1 (1) = 0, r=1, (B.11)

deg p < Vén = (wo, p) = (w1, p) = 0. (B.12)

For convenience, extend wg and w1 to all of Z by defining these functions to be zero outside
their original domain. Define w: {0,1,2,...,n} — R by

ln/2]
ot) = w1(t) +p Y (=1 k(wo(t — i)
i=1
n .
+p > (=D T(Dwo(—t +1),
i=|n/2)+1
where
2 €
P=31=¢
We proceed to verify the three properties of w claimed in the theorem statement. To
begin with,

n
loolly < llorll + oY k@) llwoll

i=1

3—¢
= —) B.13
3(1—¢) ( )

where the second step uses (B.7). Now (B.4) is immediate because w(0) = w;(0) >
(3—¢)/6 by (B.9).
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Property (B.5) for # = 1 can be verified as follows:

ln/2] n
D" () = o1 ()] +p Z k(i) wot —i)| + p Z Kk (i)|wo(—t + )|
i=1 i=ln/2)+1
= p-k(t) |wo(0)]
> il 22
> EK3(t) Nl

where the first step follows from (B.10) and (B.11), the third from (B.8), and the fourth
from (B.13).
The remaining property (B.6) is immediate from (B.12). [

APPENDIX C. HIGH-ACCURACY APPROXIMATION OF OR

In Appendix B, we constructed a dual object for the bounded-error approximation of
OR. Here, we obtain its counterpart for high-accuracy approximation. Analogous to the
bounded-error case, the new dual object is tailored to the needs of this paper and has special
metric properties and sign behavior. Our construction is a modification of an earlier result
due to Bun and Thaler [10], who studied the bounded-error approximation of arbitrary
symmetric functions. A glance at the dual object in that paper reveals that it doubles as
a high-accuracy dual object for OR, and we need only adapt it somewhat to ensure the
additional properties that we need. Overall, the analysis below seems less demanding than
in [10] because we do not need to ensure the large inner products that the bounded-error
case requires.

THEOREM (restatement of Theorem 2.14). Let 0 < ¢ < 1 be a sufficiently small abso-

lute constant. Then for all integers n and r with 1 < r < n/2, there exists a function
v:{0,1,2,...,n} = R such that

degp < co/nr = (v, p) =0,

v(t) =0 (t=1,2,....,r—1),
=D"*v@) =0 t=12,....n),
v(0) > c"|v]l1,

@)= c"vi (t>n/2),

(@) < (Cr—[)r vl (t=1.2,....n).

Proof. We first consider the case |n/5] <r <n/2.Definev’:{0,1,2,...,n} - Rby

v =D (’Z) [T6 0.
i=1

where m € {|n/2] — 1, |[n/2]} is chosen such that m = n (mod 2). Then

degp <n/2 = (V,p)=0, (C.1)
V() =0 (t=1.2,....|n/2] - 1), (C.2)
D"t t) =0 (t=12,....n), (C.3)
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where the first assertion follows from Fact 2.1(i), and the other two are immediate. Con-
tinuing, we have

V' (0) =1,
t—1
V()| = " > 1 t=m+1,m+2,...,n),
vor= (")
V[l < 4",

where the first two bounds are trivial, and the third follows from the observation that
V(1) <2"(7). As aresult,

V'(0) = 47"V |1, (C4
V(O = 47" V[l (t>n/2). (C.5)
Finally, the assumption that r = max{|n/5], 1} trivially implies that

WO < 1vh

107\"
<(7) (t=12...n), (€6

In view of (C.1)—~(C.6), the theorem holds in this case for v = v’ and small enough ¢ > 0.
We now examine the complementary case 1 < r < |n/5]. The construction here uses

the function v’ defined above as well as an additional function v”, to be introduced shortly.

Let

r if r is odd,

r +1 otherwise,

d = {,/3—1]
R
Si={R+(mnmod2)+j:j=0,1,2,...,3R— 1},
S; ={i’R+(mmod2)+j:j=0,12,....R—1} (i =2,3,....d).

Note that the sets S1, S», ..., Sq are pairwise disjoint. Define
S={0USUS,U---USy,
sothat § € {0,1,2,...,n}. Define v’:{0,1,2,...,n} - Rby

—1)
V(1) = (n!) (’Z) [T -».

i=0,1,2,...,n:
i¢S

It follows from Fact 2.1(i) that v” is orthogonal to every polynomial of degree less than
n—m+1—|S|) = R(d + 2). Thus,

degp < rn = V', p)=0. (C.7)

A routine calculation reveals that

g 1
_1\{ieSti<t} :
v () l_[ T ifres, s
Vi) = ies\{r} (C.3)
0 otherwise.
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In particular,
V() =0 t=12,...,r—1), (C.9)
=D (1) =0 t=12,...,n). (C.10)

We now proceed to examine metric properties of v”:

1 d R ' .
v S CR+ DER+2) @R [[[]G*R+ /)

i=1j=1

E:ﬁ;'(dlled)RnH( )

i=1j=1

c© R .
< “R)! 2 (dd! R R exp ZZL

(2R)! : i2R
i=1j=1
(4R)! ik (TR
=GRy RO e ( 2 )
< (o -d!d!Rd“)R C.11)

for some constant ¢; > 0, where the final step uses Fact A.2. Fort € S; U S,, we have

1
(0]

=t-(t—R—(mmod?2)!(5R+ (n mod2)—1-—1¢)!

d R-1

< [T[]G*R+ (nmod2)+j—1)

i=3 =0

d
= 2R 2R [[@*R - SRR
i=3

2(2R)!(2R)!<d ! R 2) ]O_o[( )R

> (c2 .d!d! Rd+2) (C.12)
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for some constant ¢, > 0, where the second and fourth steps use Fact A.1 and Fact A.2,
respectively. Finally, for r € S;» with i’ = 3,

1 t —2R — (n mod 2)
ol ( 2R ) e

x (t —i"” R — (n mod 2))!
X (i/2R+(n mod2) + R—1—1)!

l_[ iR + (n mod 2) + j —t|

1
z;éi/

d
<[1
> (t ~ 2R~ (n mod 2)) 2R)! {EJz [5—‘!
2R 2] |2
4 R
<1 H — DR

i=1

l;él

(t—ZR—(n mod2)) . R FJ! [ﬂ!
2R 2] ]2

d 0o 1 R

i=1 i=1
iF#i’ i#i’

(t—ZR—(n mod2)) 2R {_J [51
2R 2

»« RR@-1) (d'd') b

\V

\V

2i"2 3“
! 1 71 pd+2
= (R) (Cs -a. ) (C.13)

for some constant c¢3 > 0, where the second step uses Fact A.1, and the final two steps use
Facts A.2—A.4. As a result,

d
W=l = > pOI+>.Y ol

teS1US, i=3tes;
4R 2 (1
< - > (5)
(cz-d!d!Rd+2) (03 d'd'Rd+2 i—3
5R
< 7 (C.14)
(min{cz, c3}-d!d! Rd+2)
where the second step uses the estimates in (C.12) and (C.13). Now the bounds

v"(0) > ci v 1. (C.15)

r
W' (1)] < (c%) 11 (t=12....n) (C.16)
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are immediate from (C.8) and (C.12)—(C.14), where c4 > 0 is a small enough constant.
We now claim that the theorem holds for
V= ! v+ ! v,
2|Vl vl

To start with, properties (C.1)—(C.3) of v’ and properties (C.7)—(C.10) of v” directly imply

degp < y/nr/2 = (v,p) =0, (C.17)

v(t) =0 (t=1,2,....,r=1), (C.18)

(=D)"tv(@) =0 t=12,...,n). (C.19)
By (C.4) and (C.15),

v(0) > c" v (C.20)

for a small enough constant ¢ > 0. Similarly, properties (C.3) and (C.5) of v’ and property
(C.10) of v” give

(@) = c*|vis (t>n/2) (C.21)
for a small enough constant ¢ > 0. Finally, (C.16) forces
r r
v(1)| < <E) vl (=12 .n) (C.22)
again for ¢ > 0 small enough. By (C.17)—-(C.22), the proof is complete. 0
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