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Abstract

Compared with classical block codes, efficient list decoding of rank-metric codes seems more diffi-
cult. The evidences to support this view include: (i) so far people have not found polynomial time list
decoding algorithms of rank-metric codes with decoding radius beyond (1 — R)/2 (where R is the rate
of code) if ratio of the number of rows over the number of columns is constant, but not very small; (ii)
the Johnson bound for rank-metric codes does not exist as opposed to classical codes; (iii) the Gabidulin
codes can not be list decoded beyond half of minimum distance. Although the list decodability of ran-
dom rank-metric codes and limits to list decodability have been completely determined, little work on
efficient list decoding rank-metric codes has been done. The only known efficient list decoding of rank-
metric codes C gives decoding radius up to the Singleton bound 1 — R — ¢ with positive rate R when p(C)
is extremely small, i.e., ©(g2) , where p(C) denotes the ratio of the number of rows over the number of
columns of C [17, STOC2013]. It is commonly believed that list decoding of rank-metric codes C with
not small constant ratio p(C) is hard.

The main purpose of the present paper is to explicitly construct a class of rank-metric codes C with not
small constant ratio p(C) and efficiently list decode these codes with decoding radius beyond (1 — R) /2.
Specifically speaking, let r be a prime power and let ¢ be an integer between 1 and » — 1. Let £ > 0 be
a small real. Let ¢ = r* with gcd(r — 1,¢n) = 1. Then there exists an explicit rank-metric code C in

M,  (r—1)n (Fq) with rate R thatis (7, O(exp(1/e?)))-list decodable with 7 = —¢ (1 - =L xR— s).

c+1 r

Furthermore, encoding and list-decoding algorithms are in polynomial time poly(n, exp(1/¢)). The list
size can be reduced to O(1/¢) by randomizing the algorithm. Note that the ratio p(C) for our code C is
1/(r — 1). Our key idea is to employ two-variable polynomials f(x,y), where f is linearized in variable
x and the variable y is used to “fold” the code. In other words, rows are used to correct rank errors
and columns are used to “fold” the code to enlarge decoding radius. Apart from the above algebraic
technique, we have to prune down the list. The algebraic idea enables us to pin down the messages
into a structured subspace of dimension linear in the number n of columns. This “periodic” structure
allows us to pre-encoding the messages to prune down the list. More precisely, we use subspace design
introduced in [[17, STOC2013] to get a deterministic algorithm with a larger constant list size and employ
hierarchical subspace-evasive sets introduced in [[16, STOC2012] to obtain a randomized algorithm with
a smaller constant list size.

ISSN 1433-8092



1 Introduction

Rank-metric codes were first introduced by Delsarte in [1]] and have found applications in network cod-
ing [18] and public-key cryptography [9} 23]]. These codes are closely related to space-time codes over finite
fields [19, [17]]. Unique decoding algorithms for rank-metric codes within half minimum distance have been
extensively studied [6} [18]]. However, efficient list decoding of rank-metric codes seems more difficult than
that of classical block codes. There are several evidences to support this view. Firstly, people have not
found polynomial-time list decoding algorithms with decoding radius beyond (1 — R)/2 (where R is the
rate of code) if ratio of the number of rows over the number of columns is a constant, but not very small.
Secondly, the Johnson bound does not exist as opposed to classical codes [20]. Thirdly, an important class
of rank-metric codes introduced by Gabidulin [7]] that are similar to Reed-Solomon codes can not be list
decoded beyond half of minimum distance [20]]. The purpose of this paper to design polynomial time list
decoding algorithms for rank-metric codes with decoding radius beyond (1 — R)/2.

Before introducing known results and our main results in this paper, we first define list decodability of a
rank-metric code. A rank-metric code over finite filed F, is subset of M, (F,), where M, .(F,) denotes
the set of n x ¢ matrices over [F,. Without loss of generality, we always assume ¢ > n for a rank-metric code
in M, 5+ (Fy).

Definition 1. The rank-metric ball of center M € M,,(F,) and radius d is defined to be the set {X €
Mpxt(Fy) : rank(X — M) < d}. A rank-metric code C is called (7, L)-list decodable if, for every matrix
M € M,,«(Fy), there is at most L codewords of C in the rank-metric ball of center M of radius Tn.

1.1 Known results

Unlike list decoding classical codes, there are very few results in literature for efficient list decoding of
rank-metric codes. The only known efficient list decoding of rank-metric codes in the asymptotic sense
gives decoding radius up to the Singleton bound 1 — R — ¢ when ratio of the number of rows over the
number of columns is ©(g2) [17, STOC2013]. On the other hand, list decodability of random rank-metric
codes and limits on list decodability of rank-metric codes are completely known [2}22]]. More precisely, we
have the following result .

Proposition 1.1. (see [2]) Let n/t tend to a fixed constant p. Then for any real R € (0, 1), a rank-metric
code C C M,,x(Fy) of rate R that is (T, L)-list decodable with L = poly(n) must obey R < (1—71)(1—pr).
On the other hand, with high probability a random rank-metric code of rate R in M, x+(Fy) is (1,0(1/¢))-
list decodable with R = (1 — 7)(1 — p7) — € for any small real ¢ > 0. In particular, if n/t tends to
a fixed small constant e, then with high probability a random rank-metric code of rate R in M, x(F,) is
(1 = R—¢,0(1/e))-list decodable.

The above result tells that R = (1 —7)(1 — p7) is the limit to the list decoding of rank-metric codes and
moreover most random codes can achieve this limit. The question is how to explicitly construct these codes
and efficiently list decode them. It is natural to start with the Gabidulin codes because they are very similar
to the classical Reed-Solomon codes. Both of these two classes of codes are constructed from evaluations
of polynomials. As the Reed-Solomon codes can be list decoded up to the Johnson bound [13]], people
hoped to list decode the Gabidulin codes at least beyond half of the minimum distance, i.e., 7 > (1 — R)/2.
Unfortunately, it was first shown in [22] that list decodability of the square Gabidulin codes does not exceed
the bound 7 = 1 — V'R and recently it was shown in [20] that list decodability of the square Gabidulin



codes does not exceed half of the minimum distance, i.e., (1 — R)/2 for a certain family of parameters. This
implies that decoding radius of list decoding the square Gabidulin codes is not better than unique decoding.

Inspired by good list decodability of the folded Reed-Solomon codes [12], people started to consider list
decoding of folded Gabidulin codes [[19]. However, the rate of the folded Gabidulin code in [[19] tends to
0. In 2013, Guruswami and Xing [[17] considered subcodes of the Gabidulin codes via point evaluation in a
subfield and showed that list decodability of subcodes of the Gabidulin codes achieves the Singleton bound
7 =1 — R. However, the ratio p = n/t of the rank-metric code C C M,,«+(FF,;) constructed by Guruswami
and Xing [[17]] is ©(£?). This is slightly weaker than random rank-metric codes where the ratio p = n/t can
achieve O(e). So it is still an open problem to explicitly construct rank-metric codes in M, .+ (IF,) with ratio
p =n/t = O(e) and decoding radius 7 = 1 — R — ¢ and efficiently list decode them.

There has been no much progress on a more interesting case where the ratio p = n/t is not too small.
Hence, an even more important open problem in the topic of list decoding rank-metric codes is the following

Open Problem. For a given constant ratio p = n/t € (0,1) (not very small), explicitly
construct rank-metric codes of rate R in M, (FF,) with decoding radius 7 > (1 — R)/2 and
efficiently list decode them.

1.2 Our results

The present paper moves the first step towards solving the above Open Problem. We first construct explicit
rank-metric codes and then consider list decoding of these rank-metric codes. As a result, we present two
decoding algorithms, one deterministic algorithm and one Monte Carlo algorithm. Both the algorithms give
the same decoding radius that is bigger than (1 — R)/2. More precisely, we have the followings.

Theorem 1.2. (Main Theorem) Let r be a prime power and let c be an integer between 1 and r — 1. Let
e > 0 be a small real. Let ¢ = r* with gcd(r — 1,4n) = 1.

(i) There exists an explicit rank-metric code in M,y (,_1,,(Fy) with rate R that is (1, O(exp(1/ €2)))-list
decodable with T = 5 <1 — % X R— 5). Furthermore, encoding and list-decoding algorithms
are in polynomial time poly(n,exp(1/¢)).

(i) With high probability one can randomly sample a rank-metric code in Mnx(r_l)n(JFq) with rate R
that is (1,0(1/¢))-list decodable with T = —£ <1 — =1 x R—¢). Furthermore, encoding and

1
list-decoding algorithms are in polynomial time poly(n,exp(1/e)).

Remark 1. (i) In the above main theorem, if we fix  and ¢ with 2 < ¢ < r — 1, then

¢ <1—T_1><R>>;(1—R)

c+1 r—c
for any 0 < R < [7. This means that our decoding radius breaks the unique decoding radius for
R e [O, :—jﬂi) For instance, taking » = 3 and ¢ = 2 gives a rank-metric code C C M, 2, (F,) of rate

R and decoding radius 7 = Z(1 — 2R) which is bigger than (1 — R) for R < 1. In this case, the
ratio p = n/tis 1/2.



(ii) By Proposition a rank-metric code C C M, »(F,) of rate R that is (7, L)-list decodable with
L = poly(n) must obey R < (1 — 7)(1 — p7), where p is the ratio n/t. In our case, the ratio
p=mn/t=1/(r—1). Thus, we must have R < (1—7) (1 - %1) The decoding radius in the above

T

-
1 ~ I'=¢ _ctl
theorem gives R ~ (1 .

1 X 7') and indeed, one can easily check that

r—c c+1 T
1-— X <(1- 1— .
r—1 < c T) ( 7) ( T — 1>
(iii) Unfortunately, our main theorem does not improve the unique decoding bound for square rank-metric
codes. To get square matrices, r has to be 2. In this case, we can only take ¢ = 1. Then the decoding

radius in the above main theorem gives 7 = %(1 — R) which is the same as the unique decoding
radius.

In the above theorem, setting r = © (a%) and c = © (%) gives the following corollary.

Corollary 1.3. Let ¢ > 0 be a small real. Let r = © (6%) and q = r* with ged(r — 1,/n) = 1.
(i) There exists an explicit rank-metric code in M,y (,_1), () with rate R that is (T, (1/£)Oexp(1/eh)).
list decodable with T = 1 — R — €. Furthermore, encoding and list-decoding algorithms are in
polynomial time poly(n, exp(1/e)).

(i) With high probability one can randomly sample a rank-metric code in Mnx(r,l)n(Fq) with rate R
that is (7,0((1/¢))). Furthermore, encoding and list-decoding algorithms are in polynomial time

poly(n, (exp(1/¢)).
Remark 2. (i) See Remarks|[5|and|[6]for discussion of the list sizes in Corollary [1.3]

(ii) The ratio in the above corollary is p = n/t = 1/(r — 1) = ©(&?). This ratio is the same as the one in
[17, STOC2013]. Thus, the above corollary matches the result of [[17, STOC2013].

1.3 Our techniques

It was shown in [20] that list decodability of a Gabidulin codes is not beyond the unique decoding bound
7 = (1—R)/2. In the classical case of Reed-Solomon codes, the decoding radius can be enlarged by folding
Reed-Solomon codes. The question is how to properly fold Gabidulin codes to enlarge decoding radius. At
the same time, we have to make use of linearized polynomials in order to correct rank errors. Our key idea
is to employ two-variable polynomials f(z,y), where f is linearized in variable = and the variable y is used
to fold the code. In other words, rows are used to correct rank errors and columns are used to fold the code
to enlarge decoding radius.

The algebraic idea enables us to pin down the messages into a structured subspace of dimension linear
in the number n of columns and this “periodic” structure allows us to pre-encode the messages to prune
down the list. Two approaches are employed to pin down our list, namely subspace design introduced in
[17, STOC2013] and hierarchical subspace-evasive (h.s.e. for short) sets introduced in [16, STOC2012].
The coefficients of polynomials in the list form a “periodic” subspace. After pre-encoding with subspace
design or h.s.e., the new list becomes a constant.



1.4 Organization

The paper is organized as follows. In Section 2, we provide a new construction of “folded” rank-metric
codes and discuss their parameters. Section 3 devotes to list decoding of the rank-metric codes in Section
2, including establishment of interpolation polynomial, solving of certain equations for list and discussion
of decoding radius. In the last section, we make use of subspace design and hierarchical subspace-evasive
sets to pre-encode the messages and pin down the list. The algorithm from subspace design is deterministic,
while the algorithm from hierarchical subspace-evasive sets is Monte Carlo.

2 Construction of rank-metric codes

2.1 Rank-metric codes

Before introducing our construction, we review some basic facts and results on rank-metric code.

Let g be a prime power and denote by M, .(F,) the set of n x ¢ matrices over IF,. One can define the
rank distance between two matrices A, B € M,,(F,) to be the rank of A— B, i.e., d(A, B) = rank(A—B).
Indeed this defines a distance [7]. A rank-metric code C is a subset of M, +(IF;) with rate and distance given
by

log, |C
R(C) = og, |C|

Without loss of generality, from now on we may assume that n < t (otherwise, we can consider transpose
of matrices). As in the classical case, one has the following Singleton bound (see [7]])

- and d(C) = Agléréc{d(/l, B)}.

d(C) < n— R(C)n+ 1. (1)

A code archiving the above Singleton bound is called Maximal Rank Distance (or MRD for short) code. The
most famous MRD codes are Gabidulin codes which are defined by using polynomial evaluations. Recently,
some MRD codes other than Gabidulin codes have been constructed [21]].

To better understand our codes, we briefly review the construction of Gabidulin codes [7]. A polynomial
of the form f(z) = Zfzo a;x? is called g-linearized, where coefficients a; belong to the algebraic closure
of . The g-degree of f(x), denoted by deg,(f), is defined to be £ if a, # 0.

Let 0 < k£ < n < { be integers, and choose F-linearly independent elements oy, ..., a, € Fg. For
every g-linearized polynomial f € [F,:[X] of g-degree at most k& — 1, we can encode f by the column vector

Ar = (f(ar),..., f(an))T over [F:. By fixing a basis of F: over IF;, we can also think of Ay asann x ¢
matrix over [F;. This yields the Gabidulin code

Calg,n,t k) :={Ay € Myuxi(Fy) : f € Fye[z] is g-linearized and deg,(f) < k —1}.

The Gabidulin codes are similar to the classical Reed-Solomon codes. However, if applying Sudan’s list
decoding idea to decoding of the Gabidulin codes, we get only unique decoding (see [[18]]).
In order to enlarge list decoding radius of the Gabidulin codes, Mahdavifar and Vardy [19] considered

folded Gabidulin codes. As a result, the rate tends to 0. In the next subsection, we consider evaluations of
two-variable polynomials to obtain rank-metric codes with good list decodabiity.



2.2 Construction

Let us fix some notations at the beginning. Let n, m be positive integers with m < n (m and n are
propositional and both tend to co). Let r be a prime power and choose a positive integer k£ with k& < r — 1
(both r and k are constant and independent of n, m). Put ¢ = ¢ for some ¢ with ged(r —1,nl) =1(lisa
constant and hence ¢ is a constant as well). Fix a primitive element v of .

We have the following facts:
e 2"~! — v is irreducible over FF,, and hence it is irreducible over F as well since ged(r — 1, nf) = 1.

e 2" =~r mod 2" — .

Consider the two-variable polynomial space over Fn
m—1 )
Py(n, k,m)(z,y] = {Z filx)y? ¢ fi(z) € Fyn|x] and deg(fi(x)) < k — 1forall 0 < i < m — 1} .
i=0

Let {a1,z,...,a;,} be an F-basis of Fyn. For each polynomial f = S-7 " ()Yt € Py(n, k,m)z, yl,
we define a matrix

f(].,Oél) f(’%al) f( 2,&1) f(’YT_27a1)
e | fa2) f(re2) f(7%02) o f(Y77209)
fon) flran) [P an) - f(7 % an)

Each entry in the above matrix is viewed as a row vector of Fy/. Thus, My is an n x ((r — 1)n) matrix over
Fy. Sett = (r — 1)n. Let Cy(n, k, m, r) be the collection of M for all f € Py(n, k, m)[z,y].

Lemma 2.1. The distance and rate of Cy(n, k, m, ) satisfy

log an’m k
d(Cq(n,k,m,r)) =2n—m+1 and R(Cy(n, k,m,r)) := - z T2 = — X

9

s13

respectively.

Proof. The size of Py(n, k, m)[x, y] is ¢"¥™. Furthermore, it is easy to see that C,(n, k,m, 7) is an F,-linear
space. Hence it is sufficient to show that the rank of M is at least n — m + 1 for every nonzero polynomial
f($, y) € Pq(nv k? m)[$7 y]

Let f = 22161 2(z)y? in Py(n, k, m)[z,y] be a nonzero polynomial. Suppose that A has rank less
than n — m + 1. Then the solution space U C IFZ; of zMy; = 0 has dimension at least m. Let V' be the -
subspace of Fyn givenby V' = {>"" | wsa; - (uy,u2,...,u,) € U}. Then dimp, (V) = dimg, (U) > m.

For each 0 < j < r — 2, Let g;(y) = f(77,y). Then, every o in V is a root of the polynomial
g;(y). Since deg(g;(y)) < m — 1, the polynomial f(7’,y) = g;(y) is identical to 0. This means that the
coefficients f;(7?) of gj(y) are zero for any 0 < i < m — 1. As the degree of f;(z) is at most k — 1, we
conclude that f;(x) are the zero polynomials for all 0 < ¢ < m — 1. This is a contradiction and the proof is
completed. O

Remark 3. The code Cy(n, k,m,r) is an MRD code if and only if £ = r — 1.



3 List decoding

Suppose that a codeword My is transmitted and Y = (i, j)lgign;ggj@,g is received with at most e errors,
i.e., rank(M; —Y') < e. Our goal in this section is to recover M, or equivalently the polynomial f(z,y) €
Py(n, k,m)[z,y]. First we prove a lemma on rank of matrices.

Lemma 3.1. Let X, 7 € M, »(F,) with rank(X — Z) < e. Then dimg, ((X) N (Z)) > dimg, ((X)) — e,
where (X)) stands for the row space of X over F,.

Proof. It is easy to see that the two [F-spaces (X) + (Z) and (X — Z) + (Z) are equal. Thus,
dimg, ((X))-+dimg, ((Z)) — dimg, ((X) 1(Z)) = dimg, (X — Z))+dimg, ((Z)) — dimg, (X ~ Z)0(2)).
This gives

dimg, ((X) N (2)) = dimg, (X)) - dimg, (X — 2)) + dimg, (X — 2) 1 (2)) > dimg, (X)) — .

The proof is completed. O

3.1 Interpolation polynomials
We fix a parameter s with 1 < s <r — 1.

Definition 2 (Space of interpolation polynomials). Let L be the space of polynomials QQ € Fynlx,y, 21, 22,
..y Zs) of the form Q(z,y, 21, 22, ..., 25) = Ao(z,y) + A1(z, 21) + Aa(x, 22) + - -+ + Ag(z, 2), with
Ao(z,y) € Py(n,r—1,n—e)[z,y] and each A;(x, z;) € Py(n,r—k,n—e—m+1)[x, 2] fori =1,2,...,s.
Lemma 3.2. Ife < % then there exists a nonzero polynomial Q € L such that Q(v, ai, yi ;,
Yijt1r - Yijys—1) = 0fori =1,2,...,nand j = 0,1,2,...,r — 2. Note that if j + s — 1 is bigger
than v — 2, we replace y; j1s—1 by Yi j+s—1 mod r—1. Furthermore, such a polynomial Q) can be found using
O(n*) operations over F .

Proof. Note that £ is an Fyn-vector space of dimension (r — 1)(n — e) + s(r — k)(n — e — m + 1). This
dimension is bigger than n(r — 1) by our choice of m and k. The conditions to be satisfied in the Lemma
give rise to n(r — 1) homogeneous linear conditions on Q. Since n(r — 1) < (r — 1)(n —e) + s(r —
k)(n —e —m + 1) in our setting, there must exist a nonzero ) € £ that meets the interpolation conditions
Q7 Qs Yijs Yij+1, Yij42, > Yijqs—1) = 0fori = 1,2,... ., nand j = 0,1,...,7 — 2. Finding such
a polynomial () amounts to solving a homogeneous linear system over F,» with n(r — 1) constraints and
dimg,, (£) = (r —1)(n—e) + s(r — k)(n — e — m+ 1) unknowns, which can be done in O(n?) time. []

Lemma 3.3. Let f € Py(n, k, m)[z,y] be a polynomial. Suppose that the codeword My is transmitted and

s(r—k)(n—m+1) and let

Y = (yivj)nX(T,l) (yi; € Fyn) is received with at most e errors. Assume that e < T 1+s(—R)

Q(z,y, 21, 22, . .., zs) be the interpolation polynomial given in Lemma Then

QU y, f(V, ), F( Ty, F(P 2 y), - f(P T y) =0 2

forallj =0,1,2,...,r — 2. The above = means that the polynomial on the left is identical to 0.



Proof. Note that e < %’m < n —m + 1. Since e and n — m are both integers, we have

e < n —m. The polynomial Q(7,y, f(v/,y), fF(/*1,9), F(/ T2, ), -+, F(77T°71,y)) has degree at
most ¢"™ !, moreover it is g-linearized. Denote by A and B the n x rn matrices ((av1, a2, . .., an)T, My)
and (o1, a2, . ..,an)T,Y) over Fy, respectively.

It is clear that rank(A — B) = rank(M;—Y) < e and rank(A) = n. Thus, by Lemmadimpq ((A)n
(B)) > n — e > m. This implies that exists an F,-subspace U of span{aj, as, ..., a,} of dimension at
least m such that, for every o = Z?:l cia; € U with ¢; € F, one has

n

n n
Y cvijrur =Y af( ) = f <’Yj+“_1, ZQ’%‘) = f("™ 1 a)
=1 i=1

=1

foru=1,2,...,s. Hence,

n
0 = ZCiQ(fyjaahyi,jvyi,j-Fh T 7yi,j+8—1)

i=1
= > (CiAo(’Yj, @)+ YA, yi,j-i—u—l))
i=1 u=1

n S n
= Ao (7].,261%’) + ZAu <7j,zciyi,j+u1>
=1 u=1 =1
= Ag(v,0) +)Au (v, T )
u=1

= Q(’Yjv a, f(7j7 Oé), f(7j+1?a)7 f(7j+27 Oé), T 7f(7j+s_1> Oé))

As the degree of Q(77, y, f(77,y), (W, y), F(7H2, ), -+, F(57 7571, y)) is at most ¢~ !. The desired
result follows. L]

Lemma 3.4. Ler f = 7! (z)y? e Py(n, k,m)[z,y] be a polynomial. Suppose that the codeword

% and let

Q(x,y,21,22,...,25) = Ao(z,y) + Ai(z, 21) + Ao(z, 22) + - - - + As(x, 25) be the interpolation poly-
nomial given in Lemma Write Ag(z,y) = Y05 Agi(2)y? and Ay(z,2) = S0 Ay i(x) 29
for1 < w < s. Then we have

My is transmitted and Y is received with at most e errors. Assume that e <

Avu(@) + D 3" Aui(@) (v ) =0 3)

w=1i+v=u

forall0 < u < n—e—1, where gY) () stands for Zf»io ggj x* for a polynomial g(x) = Zij\io gir® € Fynlx].



Proof. By Lemma[3.3] we have

0 = QW,u, fF(¥,u), F(W ), F(P T2 0), - F (7T )
n—e-l s n—e—m q
= Z Aou(v))y? +Z Z A iy (Zf whi—1y )
u=0 w=1 i=0

n—e—1 n—e—1
Y d Y (z S Ayl £ 1>>y
u=0 u=0

w=1i+v=u

This gives
AOu +Z Z sz ( W= 1) 0
w=1i+v=u

forall 0 <u<n—e—1and0 < 7 < r — 2. This implies that the polynomial

Agu(z +Z D Awi(@) [ (v )

w=1i1+v=u

has at least  — 1 roots. On the other hand, this polynomial has degree at most £ — 1 < r — 2. The desired
result follows. O

3.2 Analysis of list and list size

Before discussing the list, let us introduce periodic subspaces that were defined in [16]. For a vector a =
(a1,a2,...,ax) € FY and positive integers t; < t2 < m, we denote by projy, ,,(a) € F2~1H its
projection onto coordinates ¢1 through 2, i.e., proj, 4,)(@) = (at,, aty41,- .., at,). When ty = 1, we
use proj;(a) to denote projy; 4(a). These notions are extended to subsets of strings in the obvious way:

Projp, 45)(S) = {Projp, 4,(x) : x € S}.

Definition 3 (Periodic subspaces). For positive integers u, b, A and r := DA, an affine subspace H C F} is

said to be (u, A, b),-periodic if there exists a subspace W C Fﬁ of dimension at most u such that for every

DA

i=1,2,...,b and every “prefix” a € F(gj , the projected affine subspace of Ff} defined as

{pProjj—1ya41,ja1(x) : x € H and proji;_1)5(x) = a}
is contained in an affine subspace of Ff} given by W + v, for some vector v € F* dependent on a.

Now we return to finding list of polynomial candidates.

Lemma 3.5. Ler f = >.7"0! fi(x)y?" € Py(n, k, m)[z,y] be a polynomial. Suppose that the codeword M
s(r—k)(n—m+1)
r—1+s(r—k)

s—1)

is transmitted and Y is received with at most e errors. Assume that e < . Then solutions of

@) form an (s — 1, 4n(r — 1), m),-periodic subspace of size at most ™

Proof. Note that for u € [0,n — e — 1], the solutions of (3)) give the list of the candidates.



Let us start with « = 0. Then (3) gives the equation
S
0 -
Aoo(@) + Y Awo(@) f§ (v '2) = 0 4)
w=1
Note that féo) (z) = fo(x). In the residue ring Fyn[z]/ (2"~ — 7), the equation (@) becomes

Apo(z) + Z Aw,o(:v)(L)‘b(ﬂv))rwf1 =0 modz"!—. 5)
w=1

Since 2" ! — ~ is an irreducible polynomial over Fyn, the residue ring Fyn[2]/(2" " — ) ~ F ni-) is

a field. Because the degree of fy(x) is at most r» — 2, all solutions of fy(x) in the equation (5 form an
affine space W + v, for some vi € Fyn[z]/(2" 7! — ) ~ For=b

[F,-linearized polynomial

, where W is the solution space of the

Z Aw,g(:ﬁ)zrw1 =0 modaz"!—~ (6)
w=1

and therefore it has dimension at most s — 1 over F,..
Note that once fy(x) is recovered, all fo(j ) are recovered as well for j=0.

By induction, assume that all f;(z) have been recovered for 0 < i < a — 1. Next, we want to recover
fa(z) from the following equation

"=0 moda"t — 7.

Ava(@) + D Y Awal@) (f (@)™

w=1i+v=a

Rewrite the above equation into the following

s a—1 s
Aa(@) + 3D S Awao@FTN@)T 4+ 3 Auo@) A0 @)TT =0 moda" =y ()
w=1v=1 w=1
By the similar arguments, one can show that all solutions of f§°) () = fa(x) in the equation (7) for-

m an affine space W + v, for some v, € Fyn[z]/(z"! — 7) ~ b, Apparently, all possible
(fo(x), fi(x),..., fm—1(x)) in the list form an (s — 1, n(r — 1), m),-periodic subspace.

To compute the list size, we note that each f; () has at most 7~ solutions. Thus, the list size is bounded
by r(s=1), O

As m is promotional to n, the list size 7(~1) in Lemmabecomes exponential. We will prune down
the list size by pre-encoding through the special structure of periodic subspace.

Remark 4. Each f;(x) is a solution of (7). As deg(fi(z)) < k — 1, there exist an g(z) € Fyn[x] with
deg(g(x)) < k—1suchthat f(z) € g(x)+ W', where W' = WN{h(x) € Fgn[z] : deg(h) < k—1}and
W is the solution space of (6)). This implies that our message f(z) actually belongs to an (s — 1, {nk, m),-
periodic subspace of size at most r™(5=1).



3.3 Decoding radius

Finally, let us compute the decoding radius from the list decoding in this section.

Pute = LWJ —1and 7 = e/n, then we have

r—1+s(r—k))
s(r—k) m s(r—k) r—1
~ 1—7): 1 . 8
T T,1+5(r,k)( n r—1+s(r—k) fix k ®
Ifwetake s =r —land k = r — cforsome 1 < ¢ < r — 1, then we get
c r—1
= 1-— R). 9
’ c—|—1( r—cx ) ©)

4 Pruning list size

In this section, we prune list via subspace design and h.s.e. The subspace design provides a deterministic
algorithm with a constant list size, while h.s.e provides a randomized algorithm with a smaller constant list
size.

4.1 A deterministic algorithm

The subspace design was first introduced in [[17] to pin down list.

Definition 4. A collection S of F,-subspaces Hi, ..., Hyy C F2 is called a (v, A, A),-subspace design if
for every F.-linear space W C Fﬁ of dimension v,

M
> dimg, (H; NW) < A.
i=1
In order to pin down the list to a constant size, one has to consider intersection with subspace evasive
set introduced in [14].
Definition 5. A subset S of F T/,\ is called a (v, A, \).-subspace evasive if for any subspace W of IE‘,/} of
dimension v, the intersection S N\ W has size at most A.
The following result tells that one can obtain a small list from intersection of a periodic subspace with a
suitable subspace design .
Lemma 4.1. ([I7\[I5)]) Let H be a (v, A, b),-periodic subspace, and let {H1, Ha, ..., Hy} be a (v, A, A),-

subspace design. Then H N\ (Hy X --- x Hy) is an affine subspace over F,. of dimension at most A.

Assume that A has a divisor A ~ 2log, A for some ¢ > 1 and thus we have r* > A. Let ¢; = r* and
AN =A/\

Lemma 4.2 ([3]]). Let ¢ > 0 be a small real. Let v be a positive integer and set h = v /¢ to be a positive

integer. Assume that q1 > h and let 1, ..., be distinct nonzero elements of Fy,. Let dy > dy > --- >
dp, > 1 be integers. Define f1,. .., f, € Fq [z1,...,xp] as follows:
i d
fi(z1, ..., zn) :Z'y;:cj] . (10)
j=1

10



Then:

o The variety V. = {x € FZI | filx) = -+ = fu(x) = 0} satisfies VN H| < (dy)" for all v-

dimensional affine subspaces H C ﬁ;.
e [fat least v of the degrees d; are relatively prime to q1 — 1, then ’V N ]Fgl | = q{b_”.
e The product set (V N Fgl YN /b C Ff;l/ is (a, (d1)*, A')q, -subspace evasive for all a < v.

The below statement follows immediately from Lemma and the fact that when the d;’s are powers
of r, the polynomials f; defined in (10) are [F,.-linearized polynomials.

Corollary 4.3. Let € > 0 be a small real. Let v be a positive integer and set h = v /¢ to be a positive integer.
Assume that g1 > h. By setting di = r" 1, dy = r"=2, ... dj, = 1 in Lemma one obtains an explicit
_ ’

(a, rath=1) N') g, -subspace evasive set S of size qg A forall 1 < a < w. Furthermore, S is an F,-linear

space of dimension (1 — e)A\A" = (1 — €)A and a basis of S can be computed in time poly(A,logr).

Guruswami and Kopparty [[10] gives an explicit subspace design based on Wronskian determinant. Their
construction implies the following fact.

Lemma 4.4. For ¢ € (0,1), positive integer v with v < e\'/4, there is an explicit collection of M =

Q(eN . . . .
q (eA'/v) subspaces in Fé\ll , each of codimension at most e\ and form a (v,2v/e, N'),, -subspace design.

Moreover, bases for N < M elements of this collection can be computed in time poly (N, A, ).

It is required in Lemmathat q1 > A’ (see [10]). This condition is satisfied by our choice of parame-
ters since ¢ = > A.

Combined Lemma .4 with Corollary {£.3] one can prove the following result.

Proposition 4.5. For a positive integer v < e\’ /4, there exists an explicit (v,2v(h — 1)/e, A),-subspace
design {Hy,Ho,...,Hy} with N = q?(EA ) and H; C Ffz\ll = IFf} of codimension at most 2\ .

Proof. The proof of this proposition can be found in [[15, Theorem 3.6] except for adjustment of parame-

ters. To convince the reader of that our parameters work properly, we give a complete proof here. From

/

Lemma we can construct M = q?(EA /9) subspaces V1, Vs, ..., Vs with codimension at most e A’ over
—_ / . .

Fy,. By Corollary , we know that there exists an explicit I,.-linear space .S of size qgl 9 in Ffz\l/ which

is (a, ho=1 A/ )q:-subspace evasive for a < v. Put H; = V; N S. Since both V; and S has codimension
at most €A’ in F(ﬁ', the intersection H; has codimension at most 2’ in IF{]\I,, i.e., H; has codimension at

most 2¢A in F2. Let W be a v-dimensional F,-linear subspace in IF{}{. Then one can find a v-dimensional
[Fy, -linear subspace Wy in IE‘{}II such that W C Wj.

The subspace design of {V;}, implies that

M

> dimg, (V; NW7) < 20/e (11)
=1

Denote by v; the dimension dimp, (Vi N W1). As dimp » (W7) < v, we have that v; < v. Since S is a
(v;, r?ih=1) " A’), -subspace evasive set, we have |S N (V; N W1)| < 7"~V Hence, dimg, (H; N W7) <

11



vi(h —1) = (h — 1) dimg,, (V; N W1). Summing all dimensions up gives

M M M
> dimg, (H; NW) < §:1mFfﬂﬂWﬂ<(h—D§:mm%UQﬁWﬂ§2Mh—Uk.
i=1 =1 =1

The proof is completed. 0

Theorem 4.6. [Part (i) of Main Theorem] Let r be a prime power and let c be an integer between 1
and r — 1. Let € > 0 be a small real. Let ¢ = r* with ged(r — 1,4n) = 1. Then there exists an
explicit rank-metric code in My, (1), (F,) with rate R that is (T, 0(exp(1 /E2)))-list decodable with

T = ﬁ (1 —r=l R e) Furthermore, encoding and list-decoding algorithms are in polynomial time

poly(n, eXp(l/g))-
Proof. In Proposition4.5| we setv = s — 1, A = nf(r — 1) and h = (s — 1) /. Each H; can be viewed as
an [F,-subspace of the polynomial space {g(z) € Fyn[z] : deg(g(z)) <7 —1}.

We consider the polynomial set

ﬁq(n,k,m {Z:fZ (x) € H; and deg(fi(z ))gk—lforallogigm—l}.

and the code C, g(nk,m,r) ={My: f € P .(n, k,m)[z,y]}. Itis clear that C~q(n, k,m,r) is F, -linear and
it is a subcode of our original code Cy(n, k,m,r). It is easy to see that

m—1

dimg, (Py(n, k,m)[z,y]) > Z dimp, (H; N {fi(z) € Fgn[z] : deg(fi) < k—1}) > m(nlk — 2eA).

(12)
By (12), the rate R of C~q(n, k,m,r) is lower bounded by

].0 7/5 nykam x? k
8y |Pal Mzm> ™ oo™ S R (13)
(r — 1)n? r—1 n n

R=

Suppose a codeword My with f € ﬁq(n, k,m)[x,y] was transmitted and Y is received with at most e errors,

where e < % Then all list belong to the solution space H of (3) whichis an (s—1,¢n(r—1),m),-

periodic subspace. By Lemma and Proposition the list size for the code (Z,(n, k,m,r)is rO(s?/e%) =
exp(O(s?/¢%)) = exp(O(1/?)).
The decoding radius of CNq(n, k, m,r) is equal to those of Cy(n, k, m, ). By (9), we have

-1 -1 = —1
T=7T=x ¢ 1—T X R)| > € 1—T xR—T X 2¢
c+1 r—=c c+1 r—c r—-c

for1 < c<r—2. Settinge = % X 2¢e gives the desired result. O

Remark 5. In the code C, J(nok,m,r), if weset s &~ 4/e%, r ~ 4/e? and k/(r — 1) = 5/2 then one gets
the list decoding radius 7 ~ 1 — R — Z. In this case, the list size is becomes (1/8)0exp(1/& ). This proves

Corollary [T.3]i).

12



4.2 A Monte Carlo algorithm

We first define subspace evasive for a particular famyly of affine spaces.

Definition 6. [[I7] Let F be a family of affine subspace of F and each of subspace in F has dimension at
most v. A subset S C F¥ is called (F,v, k, L),-evasive if |S "W | < L for every W € F.

Now we are able to state our randomized result. The HSE map below is actually defined from hierar-
chical subspace-evasive sets (see [16, [17]]).

(@ +1)/¢

ro%  where

Proposition 4.7. Suppose b, A, v, « are positive integers and ( satisfies the conditions b
and A > M Let F be a family of (v, A,b)-periodic subspaces of Fr with |F]|

k = bA. Then there exists a randomized construction of an injective map HSE.: Ff}’m“ — F¥ in time

poly(mA,1/¢,logr,v) such that with probability at least 1—2%(Y) | the image of HSE is an (F, bv, k, O‘Zrl )-

subspace evasive set. Further, given a (v, A, b)-periodic subspace H € F, one can compute the set
{x € F{ 20" HSE(x) € H} of size at most O‘TH in deterministic poly(mA,r?,1/() time.

>
<

Theorem 4.8. [Part (ii) of Main Theorem ] Let © be a prime power and let ¢ be an integer between 1 and
r —1. Let £ > 0 be a small real. Let ¢ = r* with ged(r — 1, ¢n) = 1. Then with high probability one can
randomly sample a rank-metric code in M, (1, (Fy) with rate R that is (7, O(1/€))-list decodable with

_c_
c+1

poly(n,exp(1/8)).

T = (1 - ::;_,1: x R— 5). Furthermore, encoding and list-decoding algorithms are in polynomial time

Proof. In Proposition[t.7] set v = s — 1, b = m and A = nlk. Let F be the set of all (s — 1, nlk, m),-
periodic subspaces in F™* A periodic subspace H C F™"* consists of a fixed subspace W C Fﬁ of
dimension at most s —1 and affine space proj(;_1)a11,ja](H) = W+v; withv; € an forj=1,2,...,m.
Thus, there are at most N, x ™ periodic subspaces in F, where N, denotes the number of subspaces in
F2 of dimension less than or equal to s — 1. As m tends to oo and s is a constant, one clearly has

s—1

A A o m

NSZZM gs[S—l] Sla- <
=0 r r

where [?]T denotes the Gaussian binomial coefficients that is equal to the number of subspaces of F2 of
dimension 4. Thus, in total we have | F| < r2™A,

In Proposition we set @ = 2. Let HSE be the injective map given in Proposition E(}—zc)m/\ —

FmA. AsFA ~ P, (n, k, m)[x,y], we can identify these two spaces under a fixed basis and hence HSE(x)
can be viewed as a polynomial in P,(n, k, m)|[z, y]. Now our encoding becomes

FI20mA 5 FA ~ Py(n,kym)[2,y] — Mo r1yn(Fy); X — HSE(%) — Mpsg (-

Denote by CAq(n, k,m,r) the image of the above map. Thus the rate of the code CAq(n, k,m,r) is

(1—2¢)mA

log, 7 B
BT B G e

m

R= x —=(1-2)R>R-2 (14)

where R is the rate of Cq(n, k, m, 7).
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Suppose a codeword Mygsg(x) Was transmitted and Y is received with at most e errors, where e <
s(r—k)(n—m)
r—1+s(r—k) *
4.7, we obtain a list of solutions of size O(1/¢). Furthermore, by [16] the list can be computed in time
poly(n,r¢).

The decoding radius of Cy(n, k, m, 1) is the same as the one of C,(n, k, m, 7). By (O), we have

-1 -1 = -1
Fera 17 xR|)> ¢ 1- = xR X 2¢
c+1 r—c c+1 r—c r—c

for1 < c<r— 2. Setting & :_i X 2( gives the desired result. O

By Remark HSE(x) belongs to an (s — 1, A, m),-periodic subspace. By Proposition

Remark 6. In the code a](n, k,m,r),if we set s ~ 4/, r ~ 4/e? and k/(r — 1) = £/2, then one gets the

~

list decoding radius 7 ~ 1 — R — £. The list size is O(1/() = O(1/€). This proves Corollary ii).
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