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Abstract

An arithmetic read-once formula (ROF) is a formula (circuit of fan-out 1)
over +, X where each variable labels at most one leaf. Every multilinear
polynomial can be expressed as the sum of (possibly exponentially many)
ROFs. In this work, we prove, for certain multilinear polynomials, a tight
lower bound on the number of summands in such an expression.
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1. Introduction

Read-once formulas (ROF) are formulas (circuits of fan-out 1) in which
each variable appears at most once. A formula computing a polynomial that
depends on all its variables must read each variable at least once. Therefore,
ROFs compute some of the simplest possible functions that depend on all of
their variables. The polynomials computed by such formulas are known as
read-once polynomials (ROPs). Since every variable is read at most once,
ROPs are multilinear. (A polynomial is said to be multilinear if the individual
degree of each variable is at most one.) But not every multilinear polynomial
is a ROP. For example, 129 + x223 + T123.

We investigate the following question: Given an n-variate multilinear
polynomial, can it be expressed as a sum of at most £k ROPs? It is easy
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to see that every bivariate multilinear polynomial is a ROP. Any tri-variate
multilinear polynomial can be expressed as a sum of 2 ROPs. With a little
thought, we can obtain a sum-of-3-ROPs expression for any 4-variate mul-
tilinear polynomial. An easy induction on n then shows that any n-variate
multilinear polynomial, for n > 4, can be written as a sum of at most 3 x 274
ROPs; see Proposition 5. Also, the sum of two multilinear monomials is a
ROP, so any n-variate multilinear polynomial with M monomials can be
written as the sum of [AM/2] ROPs. We ask the following question: Does
there exist a strict hierarchy among k-sums of ROPs? Formally,

Problem 1. Consider the family of n-variate multilinear polynomials. For
1<k<3x2%is Zk -ROP strictly more powerful than Zkfl -ROP? If
so, what explicit polynomials witness the separations?

We answer this affirmatively for k& < [n/2]. In particular, for £ = [n/2],
there exists an explicit n-variate multilinear polynomial which cannot be
written as a sum of less than £ ROPs but it admits a sum-of-k-ROPs repre-
sentation.

Note that n-variate ROPs are computed by linear sized formulas. Thus if
an n-variate polynomial p is in Zk -ROP, then p is computed by a formula of
size O(kn) where every intermediate node computes a multilinear polynomial.
Since superpolynomial lower bounds are already known for the model of
multilinear formulas [14], we know that for those polynomials (including
the determinant and the permanent), a Zk ‘ROP expression must have k
at least quasi-polynomial in n. However the best upper bound on k for
these polynomials is only exponential in n, leaving a big gap between the
lower and upper bound on k. A lesser but still significant gap also exists in
the known exponential lower bound for sums of ROPs; in [13] it is shown
that a certain polynomial, explicitly described by Raz and Yehudayoff in
[15], requires 20(n'/?/logn) ROP summands, while 2" summands is anyway
sufficient. On the other hand, our lower bound is provably tight.

A counting argument (see Proposition 7) shows that a random multilinear
polynomial requires exponentially many ROPs; there are multilinear poly-
nomials requiring k& = (2"/n?). Our general upper bound on k is O(2"),
leaving a gap between the lower and upper bound. One challenge is to close
this gap.

A natural question to ask is whether stronger lower bounds than the
above result can be proven. In particular, to separate Zkil -ROP from
Zk -ROP, how many variables are needed? Our hierarchy result says that
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2k — 1 variables suffice, but there may be simpler polynomials (with fewer
variables) witnessing this separation. We demonstrate another technique
which improves upon the previous result for £ = 3, showing that 4 variables
suffice. In particular, we show that over the field of reals, there exists an
explicit multilinear 4-variate multilinear polynomial which cannot be written
as a sum of 2 ROPs. This lower bound is again tight, as there is a sum of 3
ROPs representation for every 4-variate multilinear polynomial.

Our results and techniques

We now formally state our main results.
The first main result establishes the strict hierarchy among k-sums of

ROPs.

Theorem 1. For each n > 1, the n-variate degree n — 1 symmetric polyno-
mial S"! cannot be written as a sum of less than [n/2] ROPs, but it can be
written as a sum of [n/2] ROPs.

The idea behind the lower bound is that if ¢ = S"! can be expressed
as a sum of less than [n/2] ROFs, then one of the ROFs can be eliminated
by taking partial derivative with respect to one variable and substituting
another by a field constant. We then use the inductive hypothesis to arrive
at a contradiction. This approach necessitates a stronger hypothesis than the
statement of the theorem, and we prove this stronger statement in Lemma 18
as part of Theorem 21.

This result separates 23 ‘ROP from 22 ‘ROP via the polynomials S3
and S2. Our second main result shows that 3.° -ROP is also separated from
22 ‘-ROP by a 4-variate multilinear polynomial.

Theorem 2. There is an explicit 4-variate multilinear polynomial f which
cannot be written as the sum of 2 ROPs over R.

The proof of this theorem mainly relies on a structural lemma (Lemma 25)
for sum of 2 read-once formulas. In particular, we show that if f can be
written as a sum of 2 ROPs then one of the following must be true:

1. Some 2-variate restriction is a linear polynomial.

2. There exist variables z;, z; € Var(f) such that the polynomials z;, z;,
02,(f), 0x,(f), 1 are linearly dependent.

3. We can represent f as f =1y -l + I3 - Iy where (I1,15) and (I3,14) are
variable-disjoint linear forms.



Checking the first two conditions is easy. For the third condition we use the
commutator of f, introduced in [16], to find one of the I;’s. The knowledge of
one of the [;’s suffices to determine all the linear forms. Finally, we construct
a 4-variate polynomial which does not satisfy any of the above mentioned
conditions. This construction does not work over algebraically closed fields.
We do not yet know how to construct an explicit 4-variate multilinear poly-
nomial not expressible as the sum of 2 ROPs over such fields, or even whether
such polynomials exist.

Related work

Despite their simplicity, ROFs have received a lot of attention both in
the arithmetic as well as in the Boolean world [8, 5, 3, 4, 16, 17]. The most
fundamental question that can be asked about polynomials is the polyno-
mial identity testing (PIT) problem: Given an arithmetic circuit C, is the
polynomial computed by C identically zero or not. PIT has a randomized
polynomial time algorithm: Evaluate the polynomial at random points. It
is not known whether PIT has a deterministic polynomial time algorithm.
In 2004, Kabanets and Impagliazzo established a connection between PIT
algorithms and proving general circuit lower bounds [10]. Similar results are
known for some restricted classes of arithmetic circuits, for instance constant-
depth circuits [6, 1]. However, consider the case of multilinear formulas. Even
though strong lower bounds are known for this model, there is no efficient
deterministic PIT algorithm. (Notice that multilinear depth 3 circuits are a
special case of this model.) For this reason, PIT was studied for the weaker
model of sum of read-once formulas.

Shpilka and Volkovich gave a deterministic PIT algorithm for the sum of
a small number of ROPs [17]. Interestingly, their proof uses a lower bound for
a weaker model, that of 0-justified ROFs (setting some variables to zero does
not kill any other variables). In particular, they show that the polynomial
M, = x1x59 - - - x,, consisting of just a single monomial, cannot be represented
as a sum of less than n/3 weakly justified ROPs. More recently, Kayal showed
that if M,, is represented as a sum of powers of low degree (at most d)
polynomials, then the number of summands is at most exp(£2(n/d)) [11]. This
lower bound, along with the arguments in [17], yields a sub-exponential time
PIT algorithm for multilinear polynomials. This can be further extended to
arbitrary polynomials written as sum of powers of low degree polynomials,
using the ideas in [7]. Our lower bound from Theorem 1 is independent of
both these lower bounds (0-justified ROFs from [17], and sums of powers
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of low-degree polynomials from [11]) and is provably tight. An interesting
question is whether it can be used to give a PIT algorithm for sums of &
ROPs, when k is linear in n.

Similar to ROPs, one may also study read-restricted formulas. For any
number k&, RkFs are formulas that read every variable at most k times. For
k > 2, RkFs need not be multilinear, and thus are strictly more powerful
than ROPs. However, even when restricted to multilinear polynomials, they
are more powerful; in [2], Anderson, Melkebeek and Volkovich show that
there is a multilinear n-variate polynomial in R2F requiring 2(n) summands
when written as a sum of ROPs.

Organization

The paper is organized as follows. In Section 2 we give the basic defini-
tions and notations. In Section 3, we establish Theorem 1. showing that the
hierarchy of k-sums of ROPs is proper. In Section 4 we establish Theorem 2,
showing an explicit 4-variate multilinear polynomial that is not expressible as
the sum of two ROPs. We conclude in Section 5 with some further questions
that are still open.

2. Preliminaries

For a positive integer n, we denote [n] = {1,2,...,n}. For a polynomial
f, by Var(f) we mean the set of variables occurring in f. For a polynomial
f(zy,x9,...,2,), avariable z; and a field element «, we denote by f |,,—, the
polynomial resulting from setting z; = a. Let f be an n-variate polynomial.
We say that ¢ is a k-variate restriction of f if g is obtained by setting some
variables in f to field constants and |Var(g)] < k. A set of polynomials
fi, fo, .-, fr over the field F is said to be linearly dependent if there exist
constants a, am, ..., a such that Z a; f;i = 0.

1€[k]
The n-variate degree k elementary symmetric polynomial, denoted S¥, is

defined as follows:
SF(xy, ... 1n) = Z 1_[:1:Z

AC[n],|A|=k €A

A circuit is a directed acyclic graph with variables and field constants
labeling the leaves, field operations +, x labeling internal nodes, and a desig-
nated sink node (a node with out-degree zero). Each node naturally computes
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a polynomial; the polynomial at the designated sink node is the polynomial
computed by the circuit. If the underlying undirected graph is a tree, then
the circuit is called a formula. A formula is said to be read-k if each variable
appears as a leaf label at most £ times.

For read-once formulas, it is more convenient to use the following “normal
form” from [17].

Definition 3 (Read-once formulas [17]). A read-once arithmetic formula
(ROF) over a field F in the variables {x1, s, ..., x,} is a binary tree as fol-
lows. The leaves are labeled by variables and internal nodes by {+, x}. In
addition, every node is labeled by a pair of field elements (a, 3) € F2. Each
input variable labels at most once leaf. The computation is performed in the
following way. A leaf labeled by z; and («, B) computes ax; + B. If a node v
is labeled by x € {+, x} and (o, B) and its children compute the polynomials
f1 and fo, then v computes a( f1 * f2) + 5.

We say that f is a read-once polynomial (ROP) if it can be computed by
a ROF, and is in Zk -ROP if it can be expressed as the sum of at most k
ROPs.

Definition 4. Let F be a field, and let f be a polynomial in Flzy, ..., x,|. By
SummandsROP(f) we denote the minimum k € N such that f € 3.F -ROP.

Proposition 5. For every n-variate multilinear polynomial f, SummandsROP(f) <
[3 x 20747,

Proof For n = 1,2, 3 this is easy to see.

For n = 4, let f(X) be given by the expression qu4] asrg, where xg
denotes the monomial [, ¢ ;. We want to express f as fi + f2 + f3, where
each f; is an ROP. If there are no degree 2 terms, we use the following:

f1 = Qg + a1 + a9 + G3T3 + 4Ty
fo = x1wa(a12373 + a124%4)
f3 = x3x4(a134x1 + a934T2 + a1234x1$2)



Otherwise, assume without loss of generality that a3 # 0. Then define

o= ZGSH% + Z GSH%

SCl2]  i€S 0ASC{34} i€S
a14 a134
fo = (a13m1 + ag3xe + a1237122) - (—M + X3+ —T314
a13 a13

. 14023 140123
fz3 = @ows || a2a — + 21 | G124 —
13 a13

13423 41340123
+ 23 | ao34 — + 2173 | Q1234 — ———
a13 a13

Since any bivariate multilinear polynomial is a ROP, each f; is indeed an
ROP.

For n > 4, express f as x,g+ h where g = 0,, f and h = f |, —o, and use
induction, along with the fact that g does not have variable x,,. ([l

Proposition 6. For every n-variate multilinear polynomaial f with M mono-
mials, SummandsROP(f) < [4].

Proof For S C [n], let x5 denote the multilinear monomial [], ¢ ;. For any
S,T C [n], the polynomial axg + bxrr equals xsnr(azs\r + brrg) and hence
is an ROP. Pairing up monomials in any way gives the [4l] bound. O

Proposition 7. Fiz any field F. There exists a family of multilinear poly-
nomials (fn)n=0 with each f, € Flxq, ..., x,] such that SummandsROP(f,) =

2 (%)

Proof Let M denote the set of multilinear polynomials in Flzy, ..., z,| where
each coefficient is either zero or one. Then |[M| = 22". We will show that
unless s € €} (i—’;), the number of polynomials in M computable by > *-ROF
is strictly less than this.

We use the strategy from [9]; a similar strategy was also used in [18].
Using notation from [9], we call a circuit or formula with no field constants
a skeleton. From any circuit or formula, we can obtain a skeleton by simply
replacing each occurrence of a field element by a fresh variable. Our counting
proceeds as follows:

Fix any s € N. Define the following quantities.



Ni: the number of distinct skeletons arising from Y °-ROF formulas on n
variables. Each skeleton computes a polynomial in the variables X U Z,
where X = {x; | ¢ € [n]} and Z = {z; | i € [t]} for some t € O(ns).

Ns: the number of polynomials from M computable by a single skeleton on
appropriate instantiation of the z variables.

Then }_° -ROF expressions can compute at most Ny X Ny polynomials in M.

First, we estimate N;. Note that a ».°-ROF formula has at most 3ns
gates apart from the top + gates. (We implicitly unfold an ROF gate f
labeled (o, «r, ) and with children g, h into a small sub-formula a x (goh)+f,
and then replace a, # by fresh z variables.) We use a generous over-estimate
for N1, namely, the number of skeletons of circuits of size 3ns. We have
n variables in X and t variables in Z. Each node in the skeleton can be
labeled in at most n+t+ 2 ways (a variable or a gate type), and its children
can be chosen in at most (3ns)? ways. Hence the number of skeletons is
no more than [(n +t+2)(3ns)%’". Since t = O(ns), we conclude that
Nl — 2O(ns(logn+log s))

Estimating N, is trickier because the field may not be finite, and thus a
single skeleton can give rise to infinitely many polynomials. However, we are
interested only in polynomials from the finite set M. This can be bounded
using a dimension argument as used in [9]. In particular, we use the following
result proved in [9]:

Lemma 8 (Lemma 3.5 in [9]). Let F be a field. Let F' : F* — F™ be a
polynomial map of degree d > 0, that is, F' = (Fy,...,F,), each F; is of
degree d. Then |F(F")N{0,1}™| < (2d)"

We have a given fixed skeleton corresponding to some Y °-ROF. It computes
some polynomial ¥(X, Z), with |X| =n, |Z| =t, t = O(ns). By the nature
of ROF, v is multilinear, and hence can be written in the form

WX, Z) = <cS(Z) 1T :c)

SCln] ieS

where each coefficient cg(Z) is a multilinear polynomial. These 2" coefficient
polynomials form our polynomial map F : F' — F?". Since each coeffi-
cient polynomial is multilinear, it has total degree at most ¢. Hence, from
Lemma 8, we conclude that at most (2t)* 0-1 tuples are produced by this
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map. Thus the given skeleton can compute at most (2t)" polynomials from
M. Since t = O(ns), we obtain N, = 20(s(logn+logs))

Now that we have estimated N; and N,, we can bound SummandsROP.
Assume that for all polynomials f € M, SummandsROP(f) < s. Then
>~*‘ROF contains all of M. Hence Ny x Ny > |[M|, implying s > Q (%5). O

Remark 1. The above proof works over all fields. However, if the field is
finite, Lemma 8 is not needed; the following direct combinatorial argument
suffices, and in fact shows a slightly better bound SummandsROP(f,) =
on

nlogn /°

A single ROF is a binary tree with at most n leaves, and with labels
at each node. A leaf is labeled by a single x variable and a pair of field
elements, and an internal node is labeled by a gate type (+ or x) and a
pair of field elements. The number of binary trees with at most n leaves
is 200" If the field size is ¢, then the number of labelings per tree is at
most (ng?)"(2¢%)". Hence the number of ROFs is no more than 2°01sm),
A 377 -ROF formula can be obtained by choosing an ROF for each of the s

positions; hence there are at most 2067187 distinct formulas. This is less
than |M| unless s = Q ( 2" )

nlogn

The partial derivative of a polynomial is defined naturally over contin-
uous domains. The definition can be extended in more than one way over
finite fields. However, for multilinear polynomials, these definitions coincide.
We consider only multilinear polynomials in this paper, and the following
formulation is most useful for us: The partial derivative of a polynomial
p € Flzy,x9,...,x,] with respect to a variable z;, for ¢ € [n], is given by
O2,(p) 2 D |e,=1 —P |s;—0. For multilinear polynomials, the sum, product,
and chain rules continue to hold.

Fact 9 (Useful Fact about ROPs [17]). The partial derivatives of ROPs
are also ROPs.

Proposition 10 (3-variate ROPs). Let f € Flxy,z9, 23] be a 3-variate
ROP. Then there exists i € [3] and a € F such that deg(f |,,=a) < 1.

Proof Assume without loss of generality that f = fi(z1) * fa(xe, 23) + ¢
where x € {+, x} and ¢ € F. If x = +, then for all a € F, deg(f |,,=a) < 1.
If x = x, deg(f |f,=0) < 1. O



We will also be dealing with a special case of ROFs called multiplicative
ROFs defined below:

Definition 11 (Multiplicative Read-once formulas). A ROF is said to
be a multiplicative ROF if it does not contain any addition gates. We say
that f is a multiplicative ROP if it can be computed by a multiplicative ROF.

Fact 12 ([17] (Lemma 3.10)). A ROP p is a multiplicative ROP if and
only if for any two variables x;, v; € Var(p), 0y,0.;(p) # 0.

Multiplicative ROPs have the following useful property, observed in [17].
(See Lemma 3.13 in [17]. For completeness, and since we refer to the proof
later, we include a proof sketch here.)

Lemma 13 ([17]). Let g be a multiplicative ROP with |Var(g)| > 2. For
every x; € Var(g), there exists x; € Var(g) \ {x;} and v € F such that

9z, (9)

Proof Let ¢ be a multiplicative ROF computing g. Pick any z; € Var(g).
As |Var(yp)| = |Var(g)| > 2, ¢ has at least one gate. Let v be the unique
neighbour (parent) of the leaf labeled by z;, and let w be the other child of
v. We denote by P,(z) and P,(Z) the ROPs computed by v and w. Since v
is a x gate and we use the normal form from Defintion 3, P, is of the form
(ax; + ) x P, for some a # 0.

Replacing the output from v by a new variable y, we obtain from ¢
another multiplicative ROF 1) in the variables {y} U Var(g) \ Var(P,). Let ¢
compute the polynomial @; then g = Q |,—p,.

Note that the sets Var(Q), {z;}, Var(P,,) are non-empty and disjoint, and
form a partition of {y,z1,...,x,}.

By the chain rule, for every variable z; € Var(F,) we have:

It follows that for v = —8/a, 04,(9) |o;=4= 0. O

Along with partial derivatives, another operator that we will find use-
ful is the commutator of a polynomial. The commutator of a polynomial
has previously been used for polynomial factorization and in reconstruction
algorithms for read-once formulas, see [16].

=y 0
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Definition 14 (Commutator [16]). Let P € Flxy,2,...,x,] be a multi-
linear polynomial and let i,j € [n|. The commutator between x; and x;,
denoted A;;P, is defined as follows.

AZ]P = (P xi:O,mj:O) : (P :L‘Z'Zl,fl‘j:l) - (P

wizo,szl) : (P

xizl,xj=0)
The following property of the commutator will be useful to us.

Lemma 15. Let f = ly(xy,22) - lo(ws, x4) + l3(21, 23) - l4(x2, 24) where the
l;’s are linear polynomials. Then ly divides Nqa(f).

Proof First, we show that Ajs(ls - l4) = 0. Assume 3 = Czy +m and [y =

Dxo+n where C, D € F and m, n are linear polynomials in x3, x4 respectively.

By definition, Ays(l3 - ly) = mn(C + m)(D +n) — m(D 4+ n)(C +m)n = 0.
Now we write Ao f explicitly. Let I; = axy + bxs + c¢. By definition,

Daaf = Daa(lily + 13ls)
= (cla +mn)((a+b+c)la+ (C+m)(D+n))—
(b+c)la+m(D+n))- ((a+c)ls +n(C +m))
=l(cla+b+c)—(a+c)(b+c))
+ lo(c(C+m)(D+n)+mn(a+b+c)—n(b+c)(C+m)—m(a+c)(D+n))

It follows that Iy divides Ao f. O

3. A proper separation in the Zk ‘ROP hierarchy

This section is devoted to proving Theorem 1.

We prove the lower bound for S"~! by induction. This necessitates a
stronger induction hypothesis, so we will actually prove the lower bound for
a larger class of polynomials. For any «, 5 € F, we define the polynomial
M = qSn 4 BSn—1,

Proposition 16. M has the following recursive structure:

(M) foymy = METPTT
0o, (MP) = MGE
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Proof

Ma,ﬁ

n

Hence (M) |4, —

and 0,, (M*P)

ast+ st =a | [Ta |+ (> | I ©

Jj€ln] i€[n] [jeln]\{i}

an | TT )48 X o | I wl||+8| II =

j€n—1] 1€[n—1] jE€M—1]\{i} j€[n—1]
ax, S'L 4 B, ShTE 4 BSITL

(ay + B)SI ) + BySI—2 = MOTTAR

O

We show below that each M7 is expressible as the sum of [n/2] ROPs
(Lemma 17); however, for any non-zero 3 € F, M®# cannot be written as
the sum of fewer than [n/2] ROPs (Lemma 18). At o = 0, 8 = 1, we get
S™=1 the simplest such polynomials, establishing Theorem 1.

First we establish the upper bound.

Lemma 17. For any field F and o, B € F, the polynomial f = aS™ + 3S"~!
can be written as a sum of at most [n/2] ROPs.

Proof For n odd, this follows immediately from Proposition 6.
If n is even, say n = 2k, then define the following polynomials:

foriek—1], f;

Jr

(9i—1 + x2;) - H Tk

ke[n]
k#£2i,2i—1
(59621471 + Bxor + axquwzk) : H Tm
me(n]
k#2k,2k—1

Then we have f = 5(f1+ fo+ ...+ fio1) + fe-
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Note that each f; is an ROP; for ¢ < k this is immediate, and for i = k,
the factor involving xo,_1 and w9, is bivariate multilinear and hence an ROP.
Thus we have a representation of f as a sum of k = [n/2] ROPs. O

The following lemma shows that the above upper bound is indeed optimal.

Lemma 18. Let F be a field. For every a € F and § € F \ {0}, the polyno-
mial M2P = aS" + S~ cannot be written as a sum of k <n/2 ROPs.

Proof The proof is by induction on n. The cases n = 1,2 are easy to see.
We now assume that £ > 1 and n > 2k. Assume to the contrary that there

are ROPs f1, fa, ..., fx over F[xy, 29, ..., x,] such that f £ Z frn = M®P,
mel[k]
The main steps in the proof are as follows:

1. Show using the inductive hypothesis that for all m € [k] and a,b € [n],
awaaxb(fm) # 0'

2. Conclude that for all m € [k], f,, must be a multiplicative ROP. That
is, the ROF computing f,, does not contain any addition gate.

3. Use the multiplicative property of fi to show that fj can be eliminated
by taking partial derivative with respect to one variable and substi-
tuting another by a field constant. If this constant is non-zero, we
contradict the inductive hypothesis.

4. Otherwise, use the sum of (multiplicative) ROPs representation of
M2P to show that the degree of f can be made at most (n — 2) by
setting one of the variables to zero. This contradicts our choice of f
since 8 # 0.

We now proceed with the proof.
Claim 19. For allm € [k] and a,b € [n], 0y,0x,(fm) # 0.

Proof Suppose to the contrary that 0,,0,,(fm) = 0. Assume without loss of
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generality that a =n, b=n—1, m =k, so 0,,0,, ,(fx) =0. Then,

k
MEF = f = Z fm (by assumption)

m=0

Oy, O,y (MEF) = Z Op, ., (fm) (by additivity of partial derivative)

MP, = Z Op, O, (fm) (recursive structure of M,, from Proposition 16,

and since 0,, 0, _,(fx) = 0)

Thus M 2 can be written as the sum of £ — 1 polynomials, each of which

is a ROP (by Fact 9). By the inductive hypothesis, 2(k — 1) > (n — 2).

Therefore, k > n/2 contradicting our assumption. O
From Claim 19 and Fact 12, we can conclude:

Observation 20. For all m € [k], fm, is a multiplicative ROP.

Observation 20 and Lemma 13 together imply that for each m € [k] and
a € [n], there exist b # a € [n] and v € F such that 0,,(fm) |z.=y= 0. There
are two cases to consider.

First, consider the case when for some m,a and the corresponding b, ~,
it turns out that v # 0. Assume without loss of generality that m = k,
a=n—1,b=mn,sothat 0,, (fi) |z, ,=y= 0. (For other indices the argument
is symmetric.) Then

Mo = Z fi (by assumption)

Oy (MEPY |, 2 = Z Oz (fi) |lon_1=y  (by additivity of partial derivative)

1€[k]
M o =y = Z Oz, (fi) |lon_1=v (since 7 is chosen as per Lemma 13)
i€lk—1]
METERET — Z Oz (fi) |zn_1=v (rvecursive structure of M,, from Proposition 16)
i€[k—1]

Therefore, M®71777 can be written as a sum of at most k — 1 polynomials,
each of which is a ROP (Fact 9). By the inductive hypothesis, 2(k—1) > n—2
implying that & > n/2 contradicting our assumption.
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(Note: the term M%7 is what necessitates a stronger induction hy-
pothesis than working with just « = 0,8 = 1.)

It remains to handle the case when for all m € [k] and a € [n], the
corresponding value of v to some x;, (as guaranteed by Lemma 13) is 0.
Examining the proof of Lemma 13, this implies that each leaf node in any
of the ROF's can be made zero only by setting the corresponding variable to
zero. That is, the linear forms at all leaves are of the form a;x;.

Since each ,, is a multiplicative ROP, setting x,, = 0 makes the variables
in the polynomial computed at the sibling of the leaf node a,z, redundant.
Hence setting z,, = 0 reduces the degree of each f,, by at least 2. That is,
deg(f |on—0) < n —2. But M2# |, _o equals M?° = BS""! which has
degree n — 1, contradicting the asusmption that f = M5, O

Combining the results of Lemma 18 and Lemma 17, we obtain the fol-
lowing theorem. At o = 0,8 = 1, it yields Theorem 1.

Theorem 21. For each n > 1, any a € F and any any § € F \ {0}, the
polynomial aS™ + BS" is in ¥ -ROP but not in """ -ROP, where k =
[n/2].

4. A family of 4-variate multilinear polynomials not in 22 -ROP

This section is devoted to proving Theorem 2. We want to find an explicit
4-variate multilinear polynomial that is not expressible as the sum of 2 ROPs.

Note that the proof of Theorem 1 does not help here, since the polynomi-
als separating 3> -ROP from 3.*-ROP have 5 or 6 variables. One obvious
approach is to consider other combinations of the symmetric polynomials.
This fails too; we can show that all such combinations are in 3> -ROP.

Proposition 22. For every choice of field constants a; for eachi € {0,1,2,3, 4},
the polynomial Z?:o a; St can be expressed as the sum of two ROPs.

Proof Let g = Y, a;Si. We obtain the expression for ¢ in different ways in 4
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different cases.

Case Expression

a9 = a3 = 0 = ag+ alsi + a4Sff

Ao = 0; = (al + a3$1$2)($3 + Ty + Z—§$3ZL‘4)>

. + ({1 + agwgz)( + 22— 28)) + o

as # 0; asg = (a1 + as(z1 + x2) + asr122) (a1 + az(xs + x4) + azrsy)

asay = a3 + (a3 — a1a3) (w179 + T324)) + C

as # 0; asg = (a1 + ag(z1 + x2) + azr122) (a1 + az(xs + x4) + azrsry)
a2_a Qac

asay # a3 + (91:1332 + a§a4_1a§ ((agas — a3)xszy + a3 — ajaz) + ¢

In the above, ¢ is an appropriate field constant, and can be added to any
ROP. Notice that the first expression is a sum of two ROPs since it is the
sum of a linear polynomial and a single monomial. All the other expressions
have two summands, each of which is a product of variable-disjoint bivariate
polynomials (ignoring constant terms). Since every bivariate polynomial is a
ROP, these representations are also sums of 2 ROPs. O

Instead, we define a polynomial that gives carefully chosen weights to the
monomials of S%. Let f*#7 denote the following polynomial:

fobY = (129 + x324) + B - (1123 + Toy) + 7 - (X124 + Xo3).

To keep notation simple, we will omit the superscript when it is clear from the
context. In the theorem below, we obtain necessary and sufficient conditions
on «, 3,7 under which f can be expressed as a sum of two ROPs.

Theorem 23 (Hardness of representation for sum of 2 ROPs). Let f
be the polynomial f*%Y = a- (11209 +2374)+ B+ (2173 +T224) +7- (T174+T073).
The following are equivalent:

1. f is not expressible as the sum of two ROPs over F.
2. «a, B, satisfy all the three conditions C1, C2, C3 listed below.

C1l: afy #0.

C2: (a? = B*)(8* = *)(v* —a®) # 0.

C3: None of the equations X? —d; = 0, i € [3], has a root in ¥, where
d = (+a® =32 =% = (267)
dy = (=a”+ % =% = (2a7)?
dy = (—a?— B2 +42)? — (2a5)?
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Remark 2. 1. It follows, for instance, that 2(xixe + x324) + 4(x123 +
Towy) + 5(x124 + x2w3) cannot be written as a sum of 2 ROPs over
reals, yielding Theorem 2.

2. If F is an algebraically closed field, then for every «, 3, ~, condition C3
fails, and so every f®#7 can be written as a sum of 2 ROPs. However
we do not know if there are other examples, or whether all multilinear
4-variate polynomials are expressible as the sum of two ROPs.

3. Even if F is not algebraically closed, condition C3 fails if for each a € T,
the equation X2 = a has a root.

Our strategy for proving Theorem 23 is a generalization of an idea used
in [19]. While Volkovich showed that 3-variate ROPs have a nice structural
property in terms of their partial derivatives and commutators, we show that
the sums of two 4-variate ROPs have at least one nice structural property
in terms of their bivariate restrictions, partial derivatives, and commutators.
Then we show that provided a, 3, v are chosen carefully, the polynomial f#
will not satisfy any of these properties and hence cannot be a sum of two
ROPs.

To prove Theorem 23, we first consider the easier direction, 1 = 2, and
prove the contrapositive.

Lemma 24. If o, 8,7 do not satisfy all of C1,C2,C3, then the polynomial f
can be written as a sum of 2 ROPs.

Proof C1 false: If any of «, 3,7 is zero, then by definition f is the the sum
of at most two ROPs.

C2 false: Without loss of generality, assume a? = 32, so a« = £. Then f
is computed by f =« (v & 24) (22 £ x3) + 7 - (124 + 2273).

C1 true; C3 false: Without loss of generality, the equation X? — d; = 0
has a root 7. We try to express f as

a(zy — axs)(z2 — bxy) + Bz — cxo)(x3 — day).

The coefficients for z3x4 and xox4 force ab =1, c¢d = 1, giving the form

a(ry — axs)(zy — am) + Bz — cag) (3 — %354).

Comparing the coefficients for x;x4 and x,x3, we obtain the constraints

_9_@2% —aa—fe=ry
a &
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i —y—Bc
Expressing a as ——

of the equation

, we get a quadratic constraint on ¢; it must be a root

_a2 + 52

By
Using the fact that 72 = dy = (—a?® + 5% ++2)? — (267)?, we see that indeed
this equation does have roots. The left-hand size splits into linear factors,
giving

2
72 + T zi1=0

a?— B2 +r

1
(Z—é)(Z—g) =0 where § =

20y
It is easy to verify that § # 0 and § # —3 (since @ # 0). Further, define
o= @. Then p is well-defined (because o # 0) and is also non-zero.

Now setting ¢ = ¢ and a = u, we have satisfied all the constraints and so we
can write f as the sum of 2 ROPs as follows:

f=alx; — pxs3)(ry — %m) + Bz — dx9) (23 — 1x4).

)

O

Now we consider the harder direction: 2 = 1. Again, we consider the

contrapositive. We first show (Lemma 25) a structural property satisfied

by every polynomial in ZQ -ROP: it must satisfy at least one of the three

properties C1',C2',C3' described in the lemma. We then show (Lemma 26)

that under the conditions C1,C2, (3 from the theorem statement, f does

not satisfy any of C'1’, C2', C'3'; it follows that f is not expressible as the sum
of 2 ROPs.

Lemma 25. Let g be a 4-variate multilinear polynomial over the field F
which can be expressed as a sum of 2 ROPs. Then at least one of the following
conditions is true:

C1’: There exist i,5 € [4] and a,b € F such that g

zi=a,z;=b 15 linear.

C2’: There existi,j € [4] such that x;,x;,0,,(9), 0x,(g), 1 are linearly depen-
dent.

C3’: g = l1-ly+13-14 wherel;s are linear forms, 1 and ly are variable-disjoint,
and l3 and ly are variable-disjoint.
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Proof Let ¢ be a sum of 2 ROFs computing g. Let v; and v, be the children
of the topmost + gate. The proof is in two steps. First, we reduce to the
case when |Var(vy)| = |Var(vg)| = 4. Then we use a case analysis to show
that at least one of the aforementioned conditions hold true. In both steps,
we will repeatedly use Proposition 10, which showed that any 3-variate ROP
can be reduced to a linear polynomial by substituting a single variable with
a field constant. We now proceed with the proof.

Suppose |Var(vy)| < 3. Applying Proposition 10 first to v; and then to
the resulting restriction of vg, one can see that there exist 7,j € [4] and
a,b € F such that g |;,=4.4;=p is a linear polynomial. So condition C1 is
satisfied.

Now assume that |Var(v;)| = |Var(vy)| = 4. Depending on the type of
gates of vy and v, we consider 3 cases.

Case 1: Both v; and v, are x gates. Then g can be represented as M; -
My + Ms - My where (M, Ms) and (Ms, M) are variable-disjoint ROPs.

Suppose that for some i, |Var(M;)| = 1. Then, g |a;—0 is a 3-variate
restriction of f and is clearly an ROP. Applying Proposition 10 to this re-
striction, we see that condition C'1” holds.

Otherwise each M; has |Var(M;)| = 2.

Suppose (M7, My) and (M3, M) define distinct partitions of the variable
set. Assume without loss of generality that g = M (z1,x2) - Ma(x3,x4) +
M;s(xq1, z3) - My(xo,x4). If all M;s are linear forms, it is clear that condition
C3' holds. If not, assume that M; is of the form l;(x1)-mq(x2)4c; where I, my
are linear forms and ¢; € F. Now ¢ |;, o= ¢1-Ma (w3, x4)+ Mj(23)- My(x2, 24).
Either set x3 to make Mj zero, or, if that is not possible because Mj is a
non-zero field constant, then set x4 — b where b € F. In both cases, by
setting at most 2 variables, we obtain a linear polynomial, so C'1" holds.

Otherwise, (Mj, Ms) and (M3, My) define the same partition of the vari-
able set. Assume without loss of generality that g = M (x1, x9) - Ma(x3, x4) +
M;(z1, ) - My(x3,24). If one of the M;s is linear, say without loss of gener-
ality that M is a linear form, then g |y, 0 is a 2-variate restriction which is
also a linear form, so C'1’ holds. Otherwise, none of the M;s is a linear form.
Then each M; can be represented as [; - m; + ¢; where [;, m; are univariate
linear forms and ¢; € F. We consider a 2-variate restriction which sets [; and
my to 0. (Note that Var(l;) N Var(my) = (.) Then the resulting polynomial
is a linear form, so C'1’ holds.

Case 2: Both v; and vy are + gates. Then g can be written as f = M; +
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My + Mj + My where (M, M) and (Ms, My) are variable-disjoint ROPs.

Suppose (M7, My) and (M3, M) define distinct partitions of the variable
set.

Suppose further that there exists M; such that |Var(M;)| = 1. Without
loss Of generality, Var(M;) = {z1}, {z1, 22} C Var(M;), and z3 € Var(M,).
Any setting to x5 and x4 results in a linear polynomial, so C'1" holds.

So assume without loss of generality that g = M (z1,x2) + Ma(x3,24) +
Ms(xy, x3) + My(x2,24). Then for a,b € F, g |z,—a2,-s is a linear polynomial,
so C'1" holds.

Otherwise, (M, Ms) and (Ms, My) define the same partition of the vari-
able set. Again, if say |[Var(M;)| = 1, then setting two variables from
M, shows that C'1” holds. So assume without loss of generality that g =
M (21, x9)+Ma(xs, x4)+Ms(21, x2)+My(x3,24). Thenfora,b € F, g |4 —azs—b
is a linear polynomial, so again C'1’ holds.

Case 3: One of vy,v9 is a + gate and the other is a x gate. Then g can
be written as g = M; + My + M3 - My where (M, M) and (Mjz, My) are
variable-disjoint ROPs. Suppose that |Var(M3)| = 1. Then g |p,—0 is a 3-
variate restriction which is a ROP. Using Proposition 10, we get a 2-variate
restriction of g which is also linear, so C'l” holds. The same argument works
when |Var(M,)| = 1. So assume that M; and M, are bivariate polynomials.

Suppose that (M, My) and (M3, M) define distinct partitions of the
variable set. Assume without loss of generality that g = M+ Mo+ Ms(xy, x9)-
My(z3,x4), and z3, x4 are separated by My, My. Then g |p,—0 is a 2-variate
restriction which is also linear, so C'1” holds.

Otherwise (M;, Ms) and (M3, M,) define the same partition of the vari-
able set. Assume without loss of generality that g = M;(xy, o)+ Ms (3, 14)+
M;s(x1,z2) - My(x3,24). If My (or M) is a linear form, then consider a 2-
variate restriction of g which sets My (or M3) to 0. The resulting polynomial
is a linear form. Similarly if M3 (or My) is of the form [-m+ c where [, m are
univariate linear forms, then we consider a 2-variate restriction which sets [
to 0 and some z; € Var(M,) to a field constant. The resulting polynomial
again is a linear form. In all these cases, C'1’ holds.

The only case that remains is that M3 and M, are linear forms while
M; and Mj are not. Assume that M; = (a;x1 + by)(aswa + b2) + ¢ and
M3 = azzy + bszg + ¢3. Then 0,,(9) = a1(agwa + by) + agMy and 9,,(g) =
(a121 + by)ag + bgMy. Tt follows that bz - 0., (g9) — asz - Op,(9) + ara2a3x1 —
ajasbsre = a;bobs — biasas € F, and hence the polynomials z1, 22, 04, (9),
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O, (g) and 1 are linearly dependent. Therefore, condition C2" of the lemma
is satisfied. ]

Lemma 26. If o, 8,7 satisfy conditions C1,C2,C3 from the statement of
Theorem 23, then the polynomial f#7 does not satisfy any of the properties
C1,02,C3 from Lemma 25.

Proof C1 = —C1’: Since afvy # 0, f contains all possible degree 2 mono-
mials. Hence after setting ; = a and x; = b, the monomial x;z; where
k,l € [4\{i,j} still survives.

C2 = —~C2": The proof is by contradiction. Assume to the contrary that
for some i, 7, without loss of generality say for ¢ = 1 and j = 2, the poly-
nomials 1, g, Oy, (f), 0z, (f), 1 are linearly dependent. Note that 0., (f) =
azy+ frs+yry and 0., (f) = axy +yx3+ Pry. This implies that the vectors
(1,0,0,0,0), (0,1,0,0,0), (0,«, 8,7,0), (a, 0,7, 3,0) and (0,0,0,0, 1) are lin-
early dependent. This further implies that the vectors (5,+) and (v, 3) are
linearly dependent. Therefore, § = 4+, contradicting C2.

C1 AC2 A C3 = —C3": Suppose, to the contrary, that C3’ holds. That is,
f can be written as f =1y - I + l3 - [y where (I1,15) and (I3,14) are variable-
disjoint linear forms. By the preceding arguments, we know that f does not
satisfy C'1" or C?2'.

First consider the case when (1, ls) and (l3,14) define the same partition
of the variable set. Assume without loss of generality that Var(l;) = Var(l3),
Var(ly) = Var(ly), and |Var(l;)| < 2. Setting the variables in [; to any field
constants yields a linear form, so f satisfies C1’, a contradiction.

Hence it must be the case that (I1,l5) and (I3, l4) define different partitions
of the variable set. Since all degree-2 monomials are present in f, each pair
x;, x; must be separated by at least one of the two partitions. This implies
that both partitions have exactly 2 variables in each part. Assume without
loss of generality that f = [;(xy, 22) - la(x3, x4) + l3(x1, 73) - l4(x2, 24).

At this point, we use properties of the commutator of f; recall Defini-
tion 14. By Lemma 15, we know that Iy divides Ao f. We compute Aqs f
explicitly for our candidate polynomial:

Ao f = (azszy)(a+ (B + 7) (23 + x4) + axzey)
— (Ba + vas + azzza) (Brs + y2a + aw3Ts)
= —By(25 +23) + (0" = B7 — 7")w324
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Since [y divides Ao f, Ao f is not irreducible but is the product of two linear
factors. Since Aj5f(0,0) = 0, at least one of the linear factors of Ao f must
vanish at (0,0). Let x3 — dxy be such a factor. Then Ao(f) vanishes not
only at (0,0), but whenever z3 = dxy. Substituting x3 = dxy in Ao f, we get

—6°By = By +8(a” = B2 = %) =0
Hence 9§ is of the form

—(@® =B =" £ /(a2 — B2 — %) — 4%’
—20y

Hence 2376 —(a?— 3> —~?) is a root of the equation X2—d; = 0, contradicting
the assumption that C3 holds.

Hence it must be the case that C'3’ does not hold. 0

With this, the proof of Theorem 23 is complete.

The conditions imposed on «, 3,7 in Theorem 23 are tight and irredun-
dant. Below we give some explicit examples over the field of reals.

5:

1. f=2(x1my + x324) + 2(2123 + T224) + 3(2124 + x273) satisfies condi-
tions C1 and C3 from the Theorem but not C2; a = 5. A 22 -ROP
representation for fis f = 2(z1 + x4)(x2 + x3) + 3(2124 + 2a273).

2. f=2(x1xo+a314) — 2(x 123+ 2024) + (2124 + 2273) satisfies conditions
C1 and C3 but not C2; a = —5. A 22 -ROP representation for f is
f = 2(1’1 — I4)(ZE2 — 173) —+ 3(1’1]}4 + ZL’QJIg).

3. f = (z1mo+ x3my) + 2(x1203 + Toy) + 3(x124 + Tow3) satisfies conditions
C1 and C2 but not C3. A 22 ‘ROP representation for fis f = (x; +
x3)(x2 + x4) + 2(x1 + x2) (25 + 24).

5. Conclusions

1. We have seen in Proposition 5 that every n-variate multilinear poly-
nomial (n > 4) can be written as the sum of 3 x 2"~* ROPs. The
counting argument from Proposition 7 shows that there exist multilin-
ear polynomials f requiring exponentially many ROPs summands; if
f e SF.ROP then k = Q(2"/n?). Our general upper bound on k is
O(2™), leaving a small gap between the lower and upper bound. What
is the true tight bound? Can we find explicit polynomials where expo-
nentially large k is necessary and sufficient in any Zk -ROP expression?
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1]

One such example is the polynomial defined by Raz and Yehudayoff in
[15]; as shown in [13], k must be exponential in Q(n'/3/logn). But we
do not know whether this value of k is asymptotically tight.

. We have shown in Theorem 1 that for each k, Zk -ROP can be sepa-

rated from Zkil -ROP by a polynomial on 2k — 1 variables. Can we
separate these classes with fewer variables? Note that any separating
polynomial must have Q(log k) variables.

In particular, can 4-variate multilinear polynomials separate sums of 3
ROPs from sums of 2 ROPs over every field? If not, what is an explicit
example?

. We now understand ROPs and ROFs very well, [19]. However, our

understanding of sums of ROPs is not so good. Can we at least char-
acterise .7 -ROPs?
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