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Tight bounds for communication assisted agreement distillation
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Abstract

Suppose Alice holds a uniformly random string X € {0,1}" and Bob holds a noisy version ¥ of
X where each bit of X is flipped independently with probability € € [0, %] Alice and Bob would like
to extract a common random string of min-entropy at least k. In this work, we establish the com-
munication versus success probability trade-off for this problem by giving a protocol and a matching
lower bound (under the restriction that the string to be agreed upon is determined by Alice’s input X).
Specifically, we prove that in order for Alice and Bob to agree on a common string with probability
277 (yk > 1), the optimal communication (up to o(k) terms, and achievable for large N) is precisely
(C(1 —7)—=24/C(1 =C)y)k, where C := 4€(1 —€). In particular, the optimal communication to
achieve Q(1) agreement probability approaches 4€(1 — €)k.

We also consider the case when Y is the output of the binary erasure channel on X, where each
bit of Y equals the corresponding bit of X with probability 1 — & and is otherwise erased (that is,
replaced by a ‘?’). In this case, the communication required becomes (&(1 — ) —2+/€(1 —€)y)k.

In particular, the optimal communication to achieve Q(1) agreement probability approaches &k, and
_1=Vizey
with no communication the optimal agreement probability approaches 2 1+vi-¢",

Our protocols are based on covering codes and extend the approach of (Bogdanov and Mossel,
2011) for the zero-communication case. Our lower bounds rely on hypercontractive inequalities. For
the model of bit-flips, our argument extends the approach of (Bogdanov and Mossel, 2011) by allow-
ing communication; for the erasure model, to the best of our knowledge the needed hypercontractivity
statement was not studied before, and it was established (given our application) by (Nair and Wang
2015). We also obtain information complexity lower bounds for these tasks, and together with our
protocol, they shed light on the recently popular “most informative Boolean function” conjecture of
Courtade and Kumar.

1 Introduction

Suppose Alice holds a string X = (x,x2,...) of uniformly random bits and Bob holds a correlated
random string ¥ = (y1,y2,...) where the bit y; is the bit x; flipped (independently for each j) with
probability € € (0, 1). Their goal is to communicate as little as possible and agree on a uniformly random
string in {0, 1}* (or under a relaxed requirement, sample a common string from a distribution of min-
entropy at least k).

Besides being a natural task, this scenario also relates to the problem of extracting a unique ID
from process variations; see [ ], which studied the communication free version of this question,
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for further discussion of this motivation. The agreement distillation problem also naturally arises in
the context of simulating communication protocols that use perfect shared randomness when the parties
only share correlated randomness, and was recently studied with this motivation in [ ]. The
underlying information-theoretic question, on the maximum information a function of X can convey
about its noisy version Y, has also received widespread interest lately, following the appealing conjecture

made in [ ] that a dictator (or canalizing) function is the most informative Boolean function (the one
maximizing I[f(X) : Y]).
Our work is a follow-up to [ , ] and is motivated by questions such as: How many bits

of communication are needed for the agreement distillation task to succeed with high probability? At the
other extreme, what is the best success probability of a strategy that involves no communication? More
precisely, what is the trade-off between communication and success probability?

Note that there are two trivial protocols: one where Alice simply sends the first k bits of X to Bob
(which achieves agreement probability of 1), and a zero-communication protocol where both players
simply output their first k£ bits as the common randomness (which achieves agreement probability of
(1 —€)*). The former protocol does not exploit the fact that Bob holds a string ¥ which is correlated
with X. How much can we leverage this to save on communication while at the same time ensuring good
agreement probability? A simple protocol based on capacity-achieving codes for the binary symmetric
channel was given in [ ] with communication (i(€) 4+ o(1))k and high agreement probability; in
[ ], an Q(&k) lower bound based on [ ] was also observed. This established that a factor
c(€) savings in communication is the best one can hope for, but left a gap even in the asymptotic growth
of ¢(¢).

1.1 Our results

We obtain tight communication complexity upper and lower bounds for the above problem, identifying
the precise trade-off between communication and agreement probability (see Theorem 1.1 below, our
bounds are sharp up to o(k) bits). Our upper bounds are achieved by one-way communication protocols
where Alice sends a single message to Bob. Our lower bounds hold for a slightly more general model
where Alice’s output depends only on her input X, but Bob’s output may depended on his input ¥ and
the transcript of an arbitrary two-way interaction with Alice. Below is a statement of the bounds we get.

Theorem 1.1. Letr y € [0,1], € € [0,1/2], and k > 1 be an integer. Consider the above setting where Alice
and Bob have uniformly random strings X and Y (of sufficiently large length compared to k) that differ
in each position independently with probability €. The goal is for Alice and Bob to agree on a shared
string ga(X), which only depends on Alice’s input X. Define C :=4¢g(1 —¢€).

e (Upper bound) There is a protocol where g4(X) is uniformly distributed in {0,1}*, and Alice sends

(C(1—=17)—2+4/C(1 —C)y)k bits to Bob, who then succeeds in guessing ga(X) with probability at
least 2~ 1k—0(logh)

e (Matching lower bound) Suppose there is a protocol with Huw[ga(X)] > k where Alice and Bob
exchange c bits after which Bob is able to guess ga(X) with probability 2. Then

cz(C(1—y)=2y/C(1-C)y)k .

In particular, this implies that for large k, to achieve agreement probability ®(1) the optimal com-
munication approaches 4&(1 — €)k, and with zero communication the best achievable success probability



__£_
approaches 2~ T-¢X !

Note that in the above setup, Bob’s input ¥ can be viewed as X that is distorted by a binary symmetric
channel, BSC(¢€), which flips each bit independently with probability €. Inspired by this view, one can
consider a similar problem for other discrete memoryless channels relating X and Y. We consider the
binary erasure channel, BEC(€), where each Y; equals X; with probability 1 — & and is erased (say,
replaced by a ‘?) with probability &, and obtain tight upper and lower bounds for this setting as well
(basically the quantity C = 4&(1 — €) is replaced by € in the bounds).

Theorem 1.2. Let y,€ € [0,1] and k > 1 be an integer. For the agreement distillation problem when Y is
obtained by passing X through BEC(¢€), the following hold.

e (Upper bound) There is a protocol where g4(X) is uniformly distributed in {0,1}*, and Alice sends

(e(1 —17y) —2+/€(1 —€)Y)k bits to Bob, who succeeds in guessing ga(X) with probability at least
2~ 1h—0(logk)

e (Matching lower bound) Suppose there is a protocol where H|[ga(X)] > k and Alice and Bob ex-
change c bits after which Bob is able to guess ga(X) with probability 2=, Then ¢ > (e(1 —7y) —

2 /e(l—¢€)y)k.

In particular, it can be shown that, for large k, to achieve agreement probability ®(1) the optimal

communication approaches €k, and with zero communication the best achievable success probability
_(-VIek
approaches 2 1+vVi—¢ |

We also study information complexity bounds, proving the following lower bound on the information
content needed in the protocol transcript.

Theorem 1.3. Let g4(X) take values in the set {0,1}* such that H[ga(X)] > k. Suppose m(X,Y) is
the transcript of a protocol that enables Bob to guess ga(X) with probability at least 1 — J, for some
0 € [0,1]. Then we have

e H[n(X,Y)| >4e(l —e)k— k' — h(8) when Y is the output of BSC(€) on X;
e H[n(X,Y)| > ek— 8k' —h(8) whenY is the output of BEC(¢g) on X.

[Note that some term like —&k’ in the lower bounds is unavoidable. For example, g4(X) might be o~
with probability 1 — 8 and a uniformly random string in {0, 1}¥ with probability 8. If Bob produces 0¥
always, they agree with probability 1 — §.]

Since the entropy H[m(X,Y )] lower bounds the length of the transcript, the above also implies lower
bounds on the communication complexity. However, the bounds are good only when 6 — 0, whereas
Theorems 1.1 and 1.2 apply even when the success probability 1 — J is very small, and imply communi-
cation lower bounds of (4&(1 —€) —o(1))k and (€ —o(1))k for any constant success probability.

The communication upper bounds from Theorems 1.1 and 1.2 of course imply protocols with the
same upper bounds on entropy. In particular, when the failure probability & — 0, the optimal entropy of
the transcript of an agreement distillation protocol approaches 4&(1 — €)k for BSC(¢) and ek for BEC(¢).

!For the problem with zero communication, lower and upper bounds in [ ] already establish that the best probability
of success is 2 T-¢X (see Section 1.2).



1.2 Prior and related work

The variant of agreement distillation where the goal of the two parties is to extract a single bit without
any interaction was studied independently a number of times; see [ ] and references therein. It is
known that in this case the optimal protocol is for the two parties to use the first bit. The works [ ,

] consider the problem of extracting a common random bit in the multi-party setting where
m players receive noisy versions of a common random string; in this case for large m the majority
function is close to being optimal in terms of maximizing the agreement probability. The problem
of two parties agreeing on k random bits without any communication, when given strings X,Y corre-
lated via BSC(¢€), was considered by Bogdanov and Mossel [ ]. They proved that no strategy can
achieve agreement probability better than 2*&/(1-€) and also gave a protocol with agreement probability
O((ke)~1/2.27%e/(1=¢)) when k > Q(1/¢).

All these results are for the model where no communication is allowed between Alice and Bob, and
the goal is to maximize the agreement probability. Canonne et al. [ ] considered the setting
where Alice and Bob can communicate, and gave a simple scheme based on capacity-achieving codes
for agreeing on k random bits with high probability when Alice sends a single message of (h(g)+o(1))k
bits to Bob. They also noted an Q(ek) lower bound based on the agreement probability upper bound
for zero communication protocols from [ ]. Zhao and Chia [ ] establish that to agree with
high probability on a common random variable K with Shannon entropy H[K| > k, the communication
required approaches precisely (1 —p?(X1:Y;))k, where p(A;B) is the Hirschfeld-Gebelein-Rényi (HGR)
maximal correlation of the pair (A;B) of random variables. The HGR correlation for BSC(¢) (resp.
BEC(¢)) equals 1 —2¢€ (resp. +/1—¢), so this implies the communication bounds of Theorems 1.1
and 1.2, albeit for the setting of ensuring high Shannon entropy and agreement probability tending to
1. The Shannon entropy of a random variable is lower bounded by its min-entropy, so a lower bound
for distilling randomness with Shannon entropy k implies the same lower bound for min-entropy (our
setting). But note that our lower bounds hold also for success probability bounded away from 1, for
which we have to rely on hypercontractivity based arguments. Indeed, the main novelty in our results is
the establishment of the precise trade-off between communication and probability of agreement.

Our work focuses only on the efficiency of shared randomness generation as a function of communi-
cation (and success probability). We allow the number of correlated samples N — oo for any desired value
of k, the number of shared random bits to be generated (indeed in our protocols as presented, N will be
exponential in k and we did not try to optimize this trade-off). Prior work has also studied the efficiency
of common randomness generation as a function of N [ , 1, specifically understanding the “CR
capacity” C(R) wherein C(R)N bits of shared randomness can be generated (with high probability) using
RN bits of communication, for a fixed R > 0 and growing N.’

Turning to our information-theoretic results, the entropy lower bound in Theorem 1.3 for BSC(¢)
is based on the following claim. Let X", ¥Y" € {0,1}" be random strings with (X;,Y;) being i.i.d. and
related via the channel BSC(g). Then, for every function g4 : {0,1}" — {0,1}* we have I[ga(X") :
Y™ < (1 —2¢)*k. This upper bound on mutual information follows from the so-called Mrs. Gerber’s

Lemma [ ]; such an upper bound was established using a limit argument in [ ], and is attributed
to Erkip [ ]in [ ].
The earlier mentioned conjecture from [ ] on the most informative Boolean function asserts that

when k = 1, we have I[g4(X") : Y"] < 1 —h(g). If this conjecture were true for every k, then one would

2With zero communication, it is not possible to distill any common randomness with high probability, unless the joint
distribution of X; and Y is decomposable, which is captured by the HGR maximal correlation p(Xj,Y;) equaling 1 [
1.



have I[ga(X") : Y"] < (1 —h(€))k when the range of g4 is {0, 1}*. However, our communication protocol
in Theorem 1.1 implies the existence of a function g4 for which

Iga(X") :Y"] = H[ga(X")] ~ H[ga(X") | Y"] > k— (4e(1—€) +0(1))k = (1 —2€)*k—o(k) > (1 —h(e) )k

(for € € (0,1/2)). So for functions outputting a large number k of bits, the projection onto the first & bits is
not the most informative function. This latter result was already established in the recent work [ 1,
where a function g4(X") based on lossy data compression (under Hamming distortion) was shown to
achieve liminf, ... I[ga(X"): Y"] > (1 —2¢)k.

Our entropy lower bound in Theorem 1.3 for the case of BEC(¢) is based on the inequality I[ga (X") :
Y"] < (1 —€)k for an arbitrary function g4 : {0, 1}" — {0, 1}, which we establish using Shearer’s lemma.
So, for the erasure channel, outputting the first k bits indeed maximizes the information about the channel
output Y", for every k > 1, and in particular the dictator is the most informative function when k = 1.

As an appealing conjecture bridging information theory and analysis of Boolean functions, the most

informative function conjecture of Courtade and Kumar [ ] has generated a lot of interest. Closely

related problems were studied earlier by Erkip and Cover [ ], and recent works addressing aspects

of the Courtade-Kumar conjecture include [ , , , , , ,
1.

1.3 Techniques in brief

Our communication protocols are extensions of the Bogdanov-Mossel protocol [ ]. Their zero
communication protocol for BSC(€) was based on an “affine covering code” C C 4 of size 2X, and
both Alice and Bob rounded their inputs X" and Y” to the closest point in C (with some explicit rule
in case of ties). The probabilistic method is used to establish the existence of an affine space of [}
of dimension k such that each output is generated with the same probability 2%, and the agreement
probability is high (at least ~ 2-¢k/(1-€)y 1n our scheme, we use different functions for Alice and Bob,
with Bob searching for a codeword in a larger radius. This will lead to a list of candidates on Bob’s side,
and he will use Alice’s message to pick a unique element from the list. Picking parameters carefully
leads us to the protocol with the optimal trade-off between communication and agreement probability
claimed in Theorem 1.1. The protocol for the erasure case in Theorem 1.2 works similarly, with the
analysis handling some technicalities by conditioning on the high probability event of Y having close to
€N erasures.

Turning to our lower bounds, as mentioned above, our entropy lower bounds are based on Mrs.
Gerber’s lemma for BSC(€) and Shearer’s lemma for BEC(€). Our communication lower bounds rely
on hypercontractive inequalities for the random variables corresponding to BSC(¢g) and BEC(g). If
(X;,Y;) are i.i.d. copies of a correlated random variable (X,Y), and f : X" — R, such a hypercontractive
inequality upper bounds || E[f(X)|Y]||, by the norm || ||, with p < g (see Section 4.1 for the definition of
these norms). The best possible relationship between p and ¢ depends on amount of correlation between
X and Y. For BSC(¢), it is a classical result in the analysis of Boolean functions that one can take
p=1+(1-2&)>2(q—1)] , Chap. 16]. The inequality for the erasure channel does not appear to
have been studied before, and we use the bound p =1+ (1 —€)(g — 1), shown to be valid for 1 < g <3
by Nair [ ], prompted by our application.

The lower bound for zero-communication in [ ] was also established using hypercontractivity.
The reduction to an hypercontractive inequality was more direct in their case, as the success probability
can be expressed as [E(x y)[ga(X)gr(Y)] which equals an inner product Ex[ga(X)T1-2:¢5(X)] for the



Bonami-Beckner noise operator 71_.. When Alice is allowed to send a message to Bob, we need a bit
more care in applying the hypercontractive inequality to deduce the lower bound. Also, as mentioned
earlier, for the case of erasures, the requisite hypercontractive inequality seems to not have been studied
before.

It is natural to wonder what the situation is for more general channels besides the BSC and the
BEC. The lower bound on communication to achieve constant agreement probability, which approaches
4e(1 — €)k and €k respectively for BSC(€) and BEC(¢), arises from the limiting ratio Iq’%i as q | 1. For
an arbitrary discrete channel (X,Y) ~ p(x,y), this limit has been shown to equal

S*(Y,X) = SUp  —— (11)
r)#pt) PrOp(y))
where r(x) denotes the x-marginal distribution of r(x,y) = r(y)p(x|y) [ . Our methods imply

a communication lower bound of (1 —s*(Y; X))k — o(k) for an arbitrary channel, though we do not know
if this is tight in general.

2 The model

Alice receives a random string X = (X;,X>, ..., Xy) and Bob receives a (correlated) string ¥ = (Y1, Y2, ..., Yy).
We will assume the length N of these strings is sufficiently large, but it will otherwise not play an im-
portant role (and will be mostly suppressed) in our arguments. Alice uses her random input string X to
produce an output in {0, l}k/. Then, based on the inputs, Alice and Bob interact using a two-party proto-

col & to produce a transcript (X, Y). Finally, Bob produces an output in {0, 1}* based on his input ¥
and o (X,Y). Their goal is to ensure that the outputs agree and have high min-entropy.

Definition 2.1. A (k',k,n,R)-agreement distillation protocol for a pair of random variables R = (X,Y)
is a triple (g4,gp,0), where G is a two-party protocol and g4(X),gp(Y,0o(X,Y)) € {0,1}¥, such that

1. H.[ga(X)] > k;
2. Priga(X) =gp(Y,0(X,Y))] > n.

Let TI(K',k, 1, R) be the collection of all (k',k,n,R)-protocols. For &t € TI(k',k,n,R), let ©1(X,Y) denote
the transcript of the underlying two-party protocol on input (X,Y). Let

WK k.n) = i H[z(X.,Y); 2.1
(k' k,m) pertil (m(X,Y)] (2.1)
KK k,n)=min  max|n(x,y)]. (2.2)

nell(k' k,n,R) *.y

We will consider two joint distributions of R = (X,Y) in this work, where (X;,Y;) are independently
generated as follows.

e Binary symmetric channel, BSC(N, €): X; is uniform in {0, 1}, and ¥; = X; with probability (1 —€)
and Y; = 1 — X; with probability €.

e Binary erasure channel, BEC(N, €): X; is uniform in {0, 1}, and ¥; = X; with probability (1 —€)
and Y; =? with probability €.



3 The entropy bounds

In this section, we show the following, which implies the lower bounds claimed in Theorem 1.3.
Theorem 3.1. We have the following lower bounds:
WBSCNE (K kem) > 48(1 —&)k—(1—n)K —h(n);
WEECN (K k) > ek — (1=K —h(n).
Both parts of the theorem will be justified using the following idea. The channel limits the mutual

information between Alice’s output and Bob’s input. Alice’s message must, therefore, make up for the
shortfall.

Claim 3.2. (a) If (X,Y) ~BSC(N,¢), then
1ga(X): Y] < (1= 2€)1[ga(X) : X] = (1—2¢)* H[ga (X)) G3.1)
(b) If (X,Y) ~ BEC(N, €), then
1ga(X): Y] < (1 - ) 1[ga(X) : X] = (1) H[ga (X)]. (3.2)
Proof of Theorem 3.1. First, we have

E[TI(X,Y)|] > H[TI(X,Y)]
> IT(X,Y) : ga(X)Y]
=I[gA(X> II(X,Y)Y] = 1I[Y : ga(X)]+1[Y : TI(X,Y)]
Hlga(X)] —H[ga(X) | TI(X,Y)Y] —1[Y : ga(X)] (3.3)
Hga(X)] = h(n) — (1 =K —I[Y : ga(X)]. (3.4)

Our assumption implies that H[ga (X )] > k. We use the claim above to bound the last term on the right.

Binary symmetric channel: From (3.4) and Claim 3.2 (a), we obtain

E[TI(X,Y)] > (1 - (1 —2€)*)H[ga(X)] —h(n) — (1 =K
> 4e(1—e)k— (1 —n)k' —h(n).

Erasure channel: From (3.4) and Claim 3.2 (b), we obtain
E[TI(X,Y)] > (1 - (1 —€))H[ga(X)] = h(n) = (1 =)k’ > ek— (1 =)k’ —h(n) . O

Proof of Claim 3.2.  (a) Recall the following consequence of Mrs. Gerber’s Lemma due to Wyner and
Ziv [ , Corollary 4]:

Suppose (X, W) is a pair of random variables, where X takes values in {0,1}" and
H[X | W] = Nv. Let Z € {0,1}" be sequence of N independent bits, each taking the
value 1 with probability €; let Z be independent of (X,W). LetY = X ®Z. Then,

H[Y |W] > Nh(exh™'(v)),

where £ is the binary entropy function and € xv = €(1 —v) + (1 — €)v. Note that A(€ *
' (v)) = 1—(1—v)(1—2¢)? (see, for example, [ D.



We take W = g4(X) in the above statement; then, H[X | W]
(X)]/N and conclude that H[Y | ga(X)] >
(1-2¢)°Hga(X)].

So, we setv=1—H|gs
1ga(X) : Y] =H[Y]

—H[Y | ga(X)] <

= H[X | ga(X)] = N — H[ga(X)].
N —(1—2¢)*H[ga(X)]. Thus,

(b) We first derive a version of Shearer’s lemma. Let sgn(Y) be the erasure pattern of Y, that is, a
sequence in {0, 1}", where the Os correspond to erasures.

HIY [sgn(Y),8a(X) = 2]

g4(X)]. Then, we have

HIY | ga(X)]

Thus,

Ilga(X) : Y] = H[Y]

N

h
(
(1-&)(H[X
(

:E[H[Y |sgn(Y) = 0,ga(X)

(e

WV
a=

E
c

E
c

=1]]
Z HIX; | (X

zo,

ZHX|

ZI{G,—I}H[X | (X2 ) <), g(X)ZZ]]

(1-¢) ZHX\

jij<i,op=1),8

jJ<i),g(X) =1

jri<i),e(X) =1

=(1-e)H[X | g(X) =1].

Taking expectations of both sides over choices of z, we obtain H[Y | sgn(Y)ga(Y)] > (1 —€)H[X |

J—-

1-
1—e)I[X : ga(X)]

H[Ysgn(Y) [ ga(X)]
Hsgn(Y)]+H[Y | sgn(Y)ga
>h(e)N+(1—-¢)H

(X)]

X [ ga(X)]. (3.5)

—HI[Y | ga(X)]
(E)N+ (1 —e)N—H[Y | ga(X)]
1—¢&)(N—H[X | ga(X)])

(using (3.5))
H[X | ga(X)])

= (1—¢)H[ga(X)]. B

4 The communication lower bounds

We now turn to our lower bounds on communication, formally stated below. Note that these imply the

lower bounds claimed in Theorems 1.1 and 1.2.

Theorem 4.1. Let y,€ € [0, 1] and k > 1 be an integer.

BSCWEN (! e 27T) > {C(l—y)—Z C(l—C)y}k

—2y¢e(1 —s)y} k

BECV.E) (17 e 27y > [8(1 _

where C =4¢g(1—¢); 4.1

4.2)



The arguments for the two channels, BSC(N,€) and BEC(N, €), differ only in the choice of the
appropriate hypercontractive inequality. We, therefore, first present the common part of the argument.
Fix a protocol @ € I1(k',k,n,R), where R is either BSC(N,€) or BEC(N,¢). Let .7 denote the set of
possible transcripts of 7; let t = |.77|. We will obtain a lower bound on ¢.

Let 2°,% denote the domains of X and Y respectively; 2°,% = {0,1}"¥ for BSC(N,¢); 2 =
{0,1}¥ and # = {0,1,?}" for BEC(N,¢). Recall that ga(X) and gp(Y,7(X,Y)) take values in & =
{0,1}¥. Fory € % and z € Z, let

B(zly) :=Prga(X) =z |Y =y] = Prlga(X) =zAY = y]/Pr[Y =)];
let Success denote the event “g4(X) = gg(Y,n(X,Y))”. Fory € %, let
2 ={gs(y.7): 1€ T}

then, #, := |Z;| <t. On input (x,y), if ga(x) & 2, then Success is impossible. Arrange z € Z; as
21,2y, S0 that B(zy1]y) = Blzyaly) = -+ = Bl [y)s et Byi = B(zyly)-

Claim 4.2. Let m € II(R,k,n) be a protocol with t transcripts and let g > 1. Then,

Pr[Success| <

1/q
Zﬁyz] (ZE z\Y) L) 4.3)

Proof. When Alice sends no message, Bob’s best strategy on receiving y is to output the “most likely
answer”’; so, the probability of Success is at most 3, . We now generalize this principle to the case where
Bob may base his decision on a transcript. We have

Pr[Success | Y =y] < Y PrSuccess Agp(Y,m(X,Y)) =Z|Y =}]

e,
< Y Prlaa(X)=z|Y =y]
e,
f
= Z B(Zb}) < Zﬁy,h
€2, i=1
where the last inequality holds because (By; : i =1,2,...,t,) are the top 1, values of f3(z|y). Thus,
-
Pr[Success| <E | Y Br.i (4.4)
Y li=t
ty 1/q
<SE (Z By i> t; Va (by Holder’s inequality )
y [\&™"
) ty 1/q
S (E [Z Bgi]) 't;lz_l/q (by Jensen’s inequality) 4.5)
S I=
/q
< (ZI,EUB (ZW]) v 0
Z



4.1 Hypercontractivity
For functions o : 2" — Rand f: % — R, let

letll, = E[Jer(x)7]"/7

I1Bll, =E[B)1'".

For z € 2, let 1, be the indicator random variable 1[g4(X) = z] and f3; : # — R be defined by B.(y) =
B(zly) =E[1«(X) | Y =y|. Then,

E
X
E
Y

1/q
(Iya [ﬁ(zrm) — 1Bl = | BL(X) | Y]],

Using this, we may rearrange inequality (4.3) and obtain

—1/(g—1)
t > Pr[Success]?/"V | Y || E[1.(X) | Y]”g] . (4.6)
Z

Now assume that we have a pair (p,q), 1 < p < g, such that for all functions f: 2" — R,

ESX) YTl < I1f1lp- 4.7)

Later we will choose an appropriate pair (p,q) depending on the channel. Using (4.7) with the function
1., we obtain
r —1/(q—1)
t > Pr[Success]?/ (@~ 1) Z 1%
z

- —1/(g=1)
= Pr{Success]*/ =1 | Y Pr[g, (X) = Z]q/p]
L <

i —-1/(g-1)
> PrfSuccess|®/1) | ¥ Prlgs () = 2] Prlga(X) = w—pw]
L Z

—1/(g=1)
> Pr[Success|?/ (971 2_k("_p)/”ZPr[gA (X) = z]] (since Hw[ga(X)] = k)
L Z

1/(g=1)

> Pr[Success|?/ (4~ 1) _zk(q—p)/p]}

The above argument was general, and applicable for any channel where we can find an appropriate
pair (p,q) so that (4.7) holds. We now specialize the argument to BSC(N, €) and BEC(N, ¢).

Binary symmetric channel: In this case, we set g = 148 and p = 1 + (1 —2¢)?8 [ , Chap. 16].
Then,

r> Pr[Success](HS)/s p4e(1-e)k/(1+(1-2€)8) (4.8)

Binary erasure channel: In this case, forg =1+, wecantake p=14(1—¢€)0 [ ], and deduce

t > Pr[Success](1+9)/0 . p¢k/(1+(1=€)3) 4.9)
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4.2 The trade-off

Let us fix the success probability at 7 = 2~ and try to choose & above so that we obtain the best lower
bound on ¢ from (4.8) and (4.9).

Binary symmetric channel: Plugging in Pr[Success| = 2 into (4.8), we conclude that

BSC(N.€)
1> ek,

where c
BSC(N:€) (5 -— e
A El ey s
and C = 4¢(1 — €). We need to choose 0 so that r,(8) is maximum. Setting the derivative to zero gives
us the optimum choice 8, for which

BN (55 = c(1—y) —2,/C(1-C)y

This justifies our lower bound (4.1) for BSC(N, €).
Note that at ¥ = 0 (success probability constant), this quantity is 4€(1 —€). As y increases, ry(5;)

decreases monotonically, and becomes 0 when y = €/(1 — €), at which point we may only conclude that
t > 1 (which is consistent with the results of Bogdanov and Mossel [ ] for zero communication).

Erasure channel: The calculations are identical. We obtain

BEC(N.8) (g \k
r> 2"y (6) ,

where

BEC(N.€) ( s\ ._ € _r_
Ty @) =115 5 "

Fixing ¥, we find the optimum value &7 for 6, such that

RO (5 = e(1-y)—2y/e(1-e)r.

This justifies our lower bound (4.2) for BEC(N,€). When y= (1—+/1—¢€)/(1 ++/1—¢), we obtain

r? EC(V) (67) = 0; in the next section we will show that there is indeed a zero communication protocol

of BEC(N, ¢) that succeeds with probability close to 2~ (1=VI=€)k/(1+v1-¢),

5 Communication protocols

Our protocols are similar to the protocol of Bogdanov and Mossel [ ]. We first recall their protocol.
Let Z = {0,1}*. Alice and Bob use an affine subspace of F4 (where F, = {0, 1} is the field with two
elements) with 2% vectors v = (v, : z € {0,1}¥). We will assume that this subspace is constructed at
random, by the following process: pick & linearly independent vectors wi,wy, ..., wy uniformly at random
and another random vector wy € {0,1}"; then set

k

Vv, =wo+ Zziwi.
i=1

11



Note, in particular, that if z,z’ € {0, 1}* and z # 7/, then (v,,v,/) ranges uniformly over {0, 1}" x {0, 1}".

On receiving X € {0,1}", Alice’s output g4 (X) will be the z € Z for which v, is closest to X. To
break ties, the following rule is used. Fix a total ordering < on {0, 1}" such that if the Hamming weight
of x is less than the Hamming weight of x’, then x < x’. Then, g4 (x) = z for which x+ v, is the smallest
with respect to <. For this function, Bogdanov and Mossel [ ] show the following.

Lemma 5.1. For all z € {0,1}*, we have Prx[f(X) = z] =27%.

In the original protocol of Bogdanov and Mossel, Bob uses the same function as Alice to produce
his output. We extend the above protocol, allowing Alice to send a short message to Bob. Fix a function
X :Z — {0,1} such that |y~ '(a)| = 201~ for all & € {0,1}. Alice’s message to Bob is then
m = x(ga(X)). On receiving the message m, Bob’s output is z € x~!(m) for which v, agrees most with
Y (breaking ties arbitrarily).

It will be convenient to state our proofs using {+1,—1} instead of {0,1}; so we assume that the
vectors v, and the random string X take values in {+1,—1}" C R¥. If the channel is BSC(¢), then we
will assume that ¥ € {+1,—1}"; if the channel is BEC(¢), then we will assume that ¥ € {+1,—1,0}",
where 0 corresponds to erasures. Also, we will assume that € # 0, for Alice and Bob have identical
strings and they can just out the first k bits.

5.1 Agreement distillation protocol for BSC(¢)

We fix 7 > 0, and describe a protocol with low communication that achieves success probability 2~ 7% —2(k).
We will do the computation assuming that the affine space of vectors v is chosen at random. The overall
success probability then is averaged over the random choices of the affine subspace. Clearly, there is a
choice of an affine subspace where the success probability is at least this average.

Fix z € Z. Note that the quantity X - v, = }; X[i]v.[i] is then a sum of N independent random variables
taking values in {+1,—1}, such that E[X - v;] = 0 and var[X - v;] = N. To estimate the probabilities, we
will assume that N is large and use the normal approximation. Let

o)== (-5 )
& (r) = / " p(x)dx.

Theorem 5.2 (Berry-Esseen theorem [ , Sec. XVL.5, Theorem 2]). Let S =&+ & +---+ &y, where
the & are independent random variables. Suppose W; = E[&], 6? = var[&] and T, = E[|& — w|*]. Let
U =E[S] =Y, 1 and 6> = var[S] = Y, 67 and T = ¥, T;. Then,
> i) < &
[Pr[S > u+ro] —®°(r)| <5 (5.1)

In all our applications 62 = ®(N) (the constant depends on €) and T < N; thus, the right hand side
is O(1/v/N), where the implicit constant depends only on € and is positive if € € (0,1) is positive. In

particular, using standard estimates for ®“(r) (see, for example, [ 1), we conclude that for all » > 0
and all large enough N
2
20 <PrlS > ptro] < () (5.2)
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Thus, for all large N, one has
o(r)(1-0(r %)) <Pr[X-v, > rV/N] < o(r) .
Note the following behavior of ¢ when its argument is scaled.
1 2

ar)= ———o(r)*. 5.3
?len) = = ) e
Let
N =2e—+/4e(l—¢)y.
For z € {0,1}*, let
A= {x e{+1,—1}":v, x> r\/ﬁ};
B, := {x e{+1,—1}":v,. x> (1 —n)r\/IV}.
Fix r = ©(v/k), such that for all large enough N
270D < p(a) <27 D (14 0(1/k)) (5.4)

Consider the following events for z € {0, 1}*.
&1(z) == (X,Y) €A, x B;;
&)=V #7: X €Ay
63(2) =V #2(x(x) = %)) : ¥ ¢ Bz

&1(z) and &>(z) ensure that Alice outputs z; &1(z) and &3(z) ensure that Bob outputs z; thus, if all three
events hold, then Alice and Bob both output the string z. Thus,

Pr[Success] > Y Pr[&(2)] (1 _PBE) | &) P& | & (z)]) . (5.5)

We will estimate the probabilities appearing on the right separately.

First, we have
Pr[&1(z)] =Pr[X € A;]-Pr[Y € B, | X € A,]. (5.6)

For our choice of r (see (5.4)), Pr[X € A;] > 2=+ To compute the second factor, fix v (the affine space
of 2% vectors) and x € A,; say x-v. = 'v/N for some 7’ > r. Now, Y - v, is the sum of N independent
random variables taking values in {41, —1}, such that E[Y - v,] = (1 —2€)r/v/N and var[Y -v,| = 4¢(1 —
€)N. Thus,

Pry v, > (1-m)rVN | X =x] > ¢ <(1 _"):S_(l(l__e)zg)r/> (1-0(1/k))
(I—m)r—(1-2¢)r . : .
> < 507 > (1—0(1/k)) (since @(r) is decreasing)
B (2e—n)r B
X (48(1 _8)> (1-0(1/4)
=@ (V) (1-0(1/k))

1

> WZ_W‘“)(I —0(1/k)). (5.7)
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Using these in (5.6), we obtain
o
VYV 2mr) =Y

Recall that if z # 7/, then as v varies, v, and v, vary uniformly over all pairs of distinct vectors in
{+1,—1}". It follows that

Pr[&(z)] =Pr[X €A]-PrlY € B, | X €A,] > 2~ DD (1 — 0(1/k)). (5.8)

Pr(&(2) | 1(2)] < ). Pr(0Y € AL
z’ 7'#z
<@ =127 ED 1+ ok )
1
<S(1+0Gk™). (5.9)
Similarly, we have
Pr[&(2) | £1(2)] < Y Pr[Y € B./]
7 x(2)=x(2)d#z
<2 Ke((1-n)r)
< 2(1-0k ! 2~ (1= (k1) (see (5.3) above) (5.10)

(1=m)(V2mr)ne-1)

Thus, if ¢ > 1 — (1 —1)? =C(1 —y) —2,/C(1 —C)y where C = 4&(1 — €), then this quantity is at most
i (say) for all large k. It follows from (5.5), (5.8), (5.9) and (5.10) that

Pr [Success| > ;2_0’“)(”1) <1 1 1) (1—0(k™"))
VXY = VY(V2mr) -

— 27yk70(10g}/k)
— 9~ Tk(1+o(1))
Thus, there exists a choice of the subspace v such that Alice and Bob succeed with probability at least

2= Yk(1+o(1))

Constant probability of success: The above argument, was carried out with 7 > 0 a constant, so that
it yielded agreement with probability 2~ 7*(1+2(1)) We may, in fact, set y = 1/r> = @(1/k) in the above
argument, and conclude that with communication ck ~ (C(1 —y) —2,/C(1—=C)y)k = 4e(1 — e)k —
®(V/k), we obtain Pry x y[Success] = Q(1).

5.2 Agreement distillation protocol for BEC(¢)

The calculations are similar to the one we used above. We fix r and A, as before. However, this time we

set ] =€ —+/€(1 —¢€)yand let
B, = {x e{+1,—-1}":v,-x>(1 —n)r\/ﬁ}.
We define events & (z), £2(z) and &3(z) as before, and observe that

Pr[Success| > ZPr [£(2)](1 - Pr[62(2) | 61(2)] = Pr[&3(2) | 61(2)]). (5.11)
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continues to hold. To estimate the first factor, we expand it as before and obtain
Pr(&1(z)] =Pr[X € A;]-Pr]Y € B, | X € A,].

PriX €A,] > 2-(k+1) " As before, for each fixed x € A, (such that x-v, = //N, ¥’ > r), we view ¥ - v, as
a sum of N independent random variables, each taking values in either {0,+1} or {0, —1}; in particular,
E[Y -v,] = (1 —¢€)r'v/N and var[Y -v,] = €(1 — €)N. Thus,

PIY v > (1-m)r| X =x]> ¢ (“ _");(118_)8)#) (1-0k™))

> L
N

using calculations identical to those leading to (5.7). We finally have the following lower bound for the
first factor of (5.11).

27D — o).

Pr[&(z)] =Pr[X €A,]-Pr[Y € B, | X € A,]
1

> — (kD _ o)), 5.12
ﬂ(\/ﬁr)l—y ( (k) (5.12)

Calculations that lead to |
Pr(&(2) | 6i(2)] < S (1+0(™1) (5.13)

remain the same.

Finally, we consider &3(z). First, we observe that since N is large, we may assume that with probabil-
ity tending to 1, the number of ones in Y is (1 — )N + N3/* (say), even when conditioning on &. Now,
the pair (v,,v,) is uniformly distributed over all possible pairs of distinct vectors. So, we will fix v,, and
assume that v is uniformly distributed in {+1,—1}" (that it cannot be v, can be overlooked). Fix y with
say £ = (e +N~'/*)N = &'N zeroes. Then, Y - v, is the sum of (1 — &')N independent random variables,
each taking values uniformly in {+1, —1}. In particular, E[Y - v,] = 0 and var[Y -vy] = (1 —&’)N. Then,

Pr(&3(2) | 61(z)] < ) Pr[Y € B]

2 x(2)=x(),7#z

<27 < “%_?,r) (1+0k™)

1
(1— n)(\/an)lf(lfn)z/(lfs’)

< ook o~ (1=m)?*(k+1)/(1-€") (1+ O(k_l)) . (see (5.3) above)

(5.14)

Thus, if ¢ > 1 —(1—1)?/(1—¢€') = €(1 —y) —2,/€(1 — €)Y, then this quantity is at most § (say) for all
large k. It follows from (5.11), (5.12), (5.13) and (5.14) that

1 1 1
R, T ¢ an O (2R ! _ - _ = _ -1
V71)°{)/[Success] > EZ N 27”)179/2 (1 ) (I—=0(k™))

— 7~ k=0(log k) ]
We may, as before, fix a choice of v such that Alice and Bob succeed with probability at least 271 +o(1)),
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Constant probability of success: Again, we may set y = 1/r? = ©(1/k) in the above argument, and
conclude that with communication ek — ®(v/k), we obtain Pry x y[Success] = Q(1).

6 Open problems

Our work raises a number of intriguing open questions, such as:

e [s there a protocol for general channels whose communication, for agreeing on a k-bit random
string with constant probability, approaches s*(Y;X)k? Here s*(Y;X) is the channel parameter
defined in (1.1).

e We considered protocols where the shared random string was a function g4 (X) of Alice’s input X.
What can we achieved by a general multi-round communication protocol, where the shared random
string can depend on both X and Y ? Can we do better than the lower bounds we established, or do
the lower bounds continue to hold in this (seemingly) more powerful model?

e The setup for BEC(¢) is not symmetric between Alice and Bob. What can be done if Alice and
Bob switch roles, and the shared randomness should be a function of Y? What are the possible
trade-offs in the symmetric setup where X and Y are the independent outputs of BEC(¢g) on a
common random string Z € {0,1}"V?
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