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Improved Bounds on the Sign-Rank of ACY

Mark Bun* Justin Thaler’

Abstract

The sign-rank of a matrix A with entries in {—1,41} is the least rank of a real matrix B
with A;; - B;; > 0 for all 4,j. Razborov and Sherstov (2008) gave the first exponential lower
bounds on the sign-rank of a function in AC?, answering an old question of Babai, Frankl,
and Simon (1986). Specifically, they exhibited a matrix A = [F(z, y)].,, for a specific function
F:{-1,1}" x {~1,1}" — {~1,1} in AC?, such that A has sign-rank exp(©2(n'/3)).

We prove a generalization of Razborov and Sherstov’s result, yielding exponential sign-rank
lower bounds for a non-trivial class of functions (that includes the function used by Razborov
and Sherstov). As a corollary of our general result, we improve Razborov and Sherstov’s lower
bound on the sign-rank of AC? from exp(Q(n'/?)) to exp(Q(n?/5)). We also describe several
applications to communication complexity, learning theory, and circuit complexity.

1 Introduction

The sign-rank of a matrix A with entries in {—1,+1} is the least rank of a real matrix B with A;; -
B;; > 0 for all 4, j. This fundamental matrix-theoretic complexity measure has diverse applications
in theoretical computer science. For example:

e Upper bounds on sign-rank underly many state of the art learning algorithms, including the
fastest known algorithms for PAC learning DNF and read-once formulas. Algorithms based
on sign-rank are additionally robust to random classification noise, a property not satisfied
by the handful of known PAC learning algorithms that cannot be captured in the sign-rank
framework (all of which are based on Gaussian Elimination) |14].

e In communication complexity, sign-rank is known to characterize unbounded error commumni-
cation. Introduced by Paturi and Simon [19] and captured by the communication complexity
class UPP*c, this is a powerful communication model that lies at the frontier of our under-
standing. It is essentially the most powerful communication model against which we know
how to prove lower bounds. In fact, the only known communication models that UPP*¢
cannot efficiently simulate are the communication analogues of the polynomial hierarchy in-
troduced by Babai, Frankl, and Simon [6]. We direct the interested reader to the recent
paper of G6os et al. |13 for a detailed overview of communication complexity classes and
their relationships.

*John A. Paulson School of Engineering and Applied Sciences, Harvard University. Supported by an NDSEG
Fellowship and NSF grant CNS-1237235. Part of this work was done while the author was visiting Yale University.
TYahoo Research.

ISSN 1433-8092



e In circuit complexity, sign-rank lower bounds on a matrix A = [F(z, )]s, imply lower bounds
on the size of threshold-of-majority circuits computing F'.

Despite the importance of these applications, our understanding of sign-rank remains rather
limited, and it is possible to summarize relevant prior work in a single paragraph. Alon et al. |2]
proved lower bounds on the sign-rank of random matrices. The first nontrivial lower bounds for
explicit matrix families was obtained in a breakthrough work of Forster |10], who proved strong
lower bounds on the sign-rank of Hadamard matrices, and more generally of any sign matrix
with small spectral norm. Several subsequent works improved and generalized Forster’s method
[3,11,/12,/17]. Nearly tight estimates of the sign-rank were obtained by Sherstov in [24] for all
symmetric predicates, i.e., matrices of the form [D(}, z; V y;)]z,y where D : {0,1,...,n} — {0,1}
is a given predicate and x, y range over {0, 1}". Razborov and Sherstov [20] answered an old question
of Babai, Frankl, and Simon [6] by giving the first exponential sign-rank lower bounds on a function
in AC?. Specifically, they gave a matrix A = [F(z,9y)]s, for a function F: {—1,1}" x {-1,1}" —
{—1,1} in AC?, such that A has sign-rank exp(Q(n'/3)).

Our work strengthens and generalizes the results of Razborov and Sherstov on the sign-rank of
ACO.

1.1 Owur Results

The threshold degree of a function h: {—1,1}" — {—1,1}, denoted deg, (h), is the least degree
of a real polynomial that agrees in sign with A at all inputs. Minsky and Papert [18] famously
1/3 2/3

showed that the threshold degree of the DNF formula MP,(z) = ViL] ATZ} x;; — now known as

the Minsky-Papert DNF — is Q(n'/3). This is the same function that Razborov and Sherstov used
to prove their sign-rank lower bounds, and their analysis is highly tailored to the Minsky-Papert
DNF. We generalize their result as follows.

For any d > 0, we identify a class Cq of functions f : {—1,1}* — {—1,1} such that any f € Cq
can be transformed into a function F': {—1,1}" x {—1,1}" — {—1,1}, where n = O(dk), for which
A = [F(x,y)]s,y has sign rank exp(£2(d)). Crucially, this transformation is simple in the sense that
if f is computed by a polynomial-size circuit of depth ¢, then F' is computed by a polynomial-size
circuit of depth at most ¢t + 1 (and in some cases, F' may be shallower).

In particular, the k-variate AND), function is in C4 for some d = Q(k'/?). Our transformation
of ANDy, into a function F : {—1,1}" x {=1,1}* — {~1,1} for n = O(k*?) recovers Razborov
and Sherstov’s function, with the same sign-rank bound of exp(Q(k'/2)) = exp(Q(n'/3)). We also
identify a k-variate ACC function that is in C4 for some d = Q(k?/3), which in turn yields new
sign-rank lower bounds for ACY.

The precise definition of C4 is rather technical, so for expository purposes, we restrict ourselves
to an informal statement of this result in this introduction. We define C; formally in Section

Informal description of the class C4;. Our class C4 consists of all functions of the form f :
{~1,1}* — {—1,1}, where f satisfies the following (informally stated) property: there exists a
“small” set S C f~1(+1) such that f cannot be uniformly approximated to error 1/2 by degree d
polynomials, even under the promise that the input x is in f~1(—1) U S. The precise definition of
Cq is based on a dual (in the sense of linear programming duality) interpretation of this property.

Transforming functions in C; to functions with high sign-rank. For g : {—1,1}" — {-1,1}
and f: {—1,1}* — {—1,1}, the notation go f = g(f,..., f) denotes the function on n = mk bits



obtained by block-composing g with f. Let OR,, and AND,, denote the logical OR and AND
functions on m bits, respectively. Let C' be a sufficiently large universal constant. Given a function
fo{-1,1 = {11}, let F: {—1,1}" x {~1,1}" — {—1,1} be defined by

F = ORQd Of o ANDC e} ORQ,
and hence n = 2Cdk = O(dk).
Theorem 1.1 (Informal). For any f € Cq4, the matrix A = [F(z,y)],, has sign-rank exp(£2(d)).

Examples of functions in C;. We consider two prominent examples of functions in Cz. As
mentioned above, the first is the function ANDy : {—1,1}* — {—1,1}, which we show is in C4 for
d = Q(k'/?). Hence, we recover a new proof of Razborov and Sherstov’s lower bound.

Corollary 1.1. Let MP,, = OR,,1/3 0 AND, 2/s be the Minsky-Papert DNF. Then A = [MP,,(z V
y)]zy has sign-rank exp(Q(n'/3)).

Let EDy: {—1,1}* — {—1,1} denote the well-known ELEMENT DISTINCTNESS function (defined
in Section . As we will show, the function EDy, is in C4 for some d = Q(k:z/?’). Hence, we obtain
the following corollary, which improves Razborov and Sherstov’s lower bound on the sign-rank of
ACO from exp(Q(n'/?)) to exp (Q(n?/%)).

Corollary 1.2. Let FED = OR,,2/5 0 ED, ;35 o AND¢ 0 ORs. Then A = [FEP(z,y)],,, has sign-rank
exp(Q(n*/?)).

As discussed in Section the function FP is computed by a depth-3 AC? circuit with
logarithmic bottom fan-in.

1.2 Applications

We describe applications of Corollary [I.2]to communication complexity, learning theory, and circuit
complexity in detail in Appendix [A] Here, we briefly describe these applications.

e Razborov and Sherstov’s result yielded a function in the communication complexity class
PH® (the communication analog of the polynomial hierarchy) that requires unbounded error
communication complexity Q(n'/3). This was the first separation between the communica-
tion complexity classes PH and UPP®, answering a longstanding open problem of Babai,
Frankl, and Simon [6]. We improve this separation, giving a function in the communica~
tion complexity class PH (indeed, in 35°) that requires unbounded error communication
complexity Q(n?/%).

e Razborov and Sherstov’s result implied that learning algorithms in the sign-rank framework
cannot PAC learn DNF formulae in time less than exp(O(n'/?)). This essentially matches
the exp(O(n'/3)) runtime of the sign-rank based algorithm of Klivans and Servedio [15]. It is
reasonable to ask whether the sign-rank framework can be used to learn depth-3 (or deeper)
ACO circuits in the same exp(O(n'/?)) time bound. Our results rule this out, showing that
sign-rank based learning algorithms require time exp(€2(n2/%)) to learn depth-3 AC? circuits,
even when the bottom fan-in is O(logn).

e Razborov and Sherstov’s result implied an exponential (specifically, exp(Q(n'/3))) lower
bound on the size of threshold-of-majority circuits computing a function in AC°. We im-

prove their lower bound to exp (Q(n2/5)>.



1.3 Owur Techniques

It is well-known that the threshold degree of any function h: {—1,1}" — {—1,1} is characterized
by an (exponentially large) linear program. Using this formulation, if deg, (h) = d, then strong
LP duality guarantees the existence of a dual solution p that witnesses the fact that degy (h) > d.
Specifically, u takes the form of a distribution on {—1,1}" such that h is uncorrelated under p with
all polynomials of degree at most d, i.e., ZIE{*Ll}" w(x) - h(x) - p(z) = 0 for all polynomials p of
degree at most d. Razborov and Sherstov refer to u as a d-orthogonalizing distribution for h (see
Section 2.5 below for details).

In order to establish sign-rank lower bounds for the matrix A = [(hoAND¢)(2Vy)]s,y, Razborov
and Sherstov extended a lemma of Forster to show that it is enough to give an orthogonalizing
distribution p for h that additionally satisfies a smoothness property (cf. Theorem in Section
for details). Specifically, a d-orthogonalizing distribution for A is said to be smooth if u(x) =
exp(—O0(d)) for all but an exp(—Q(d)) fraction of inputs = € {—1,1}". Intuitively, this means that
w is smooth if it places “noticeable” mass on “almost all” inputs.

Razborov and Sherstov proved (non-constructively) that there exists a smooth
d-orthogonalizing distribution for the Minsky-Papert DNF, for d = n!/3. To generalize their result,
for any d > 0 and any function f € Cg, we explicitly construct a smooth d-orthogonalizing distri-
bution for the function ORgzof. Our construction combines new ideas with insights of Razborov
and Sherstov, and ideas from prior works by the authors and Sherstov [9}27] that constructed
(non-smooth) orthogonalizing distributions for functions of the form ORof.

2 Preliminaries

2.1 Notation

We work with Boolean functions f : {—1,1}* — {—1,1}, where —1 corresponds to logical TRUE
and +1 corresponds to logical FALSE. For € {—1,1}*, let |z| = #{i : 2; = —1} denote the
Hamming weight of 2. Note that |z| is computed by the linear function |z| =% — 1 Zle x;.

2.2 Symmetrization

Definition 2.1. Let T : {—1,1}* — D, where D is a finite subset of R" for some n € N. The
map T is degree non-increasing if for every polynomial p : {—1,1}* — R, there exists a polynomial
q: D — R with degq < degp such that

q(T(z)) = 1) [p(y)]

yst. T(y)=T(x)

for every x € {—1,1}k. We say that a degree non-increasing map 1 symmetrizes a function
f:{-1,1}* = R if f(x) = f(y) whenever T(z) = T(y), and in this case we say that T is a
symmetrization for f.

The canonical example of a degree non-increasing map is that which computes the Hamming
weight.

Lemma 2.1 (Minsky and Papert [18]). The map 7" : {—1,1}* — {0,1,..., k} defined by T'(z) = ||
is degree non-increasing. Hence, T is a symmetrization for any symmetric Boolean function.



For any function ¢: {—1, 1} - R, a symmetrization T": {1, 1}* — D for ¢ induces a sym-
metrized function ¢: D — R defined via 9(2) 1= Eyep-1y9(x). (If T~1(2) is empty, then we
define 1;(2) = 0). It will also be convenient to define an “unnormalized” version ¥ of 1;, defined via
U(z) = > zer-1(z) ¥(@). Observe that if p is a distribution on {-1, 1}*, then f is a distribution
on D.

Similarly, let T: {~1,1}* — D be a degree non-increasing map. A function 1[1 :D —- R
naturally induces an un-symmetrized function 1 : {—1,1}* — R by setting ¢(z) = m@@(z)

where z = T'(z). That is, ¢ spreads the mass of ¢(z) out evenly over points # € T~1(z). Observe

N

that, for any ¢ and any degree non-increasing map 7', the induced function ¢ is symmetrized by
T.

_ We will often pass back and forth between a function ¢ on {1, 1}* and its symmetrized versions
¢ and ) on D, when the underlying symmetrization T: {—1,1}* — D is understood.

2.3 Norms and Inner Products

For a function ¢ : {—~1,1}* — R, define the ¢; norm of ¥ by |[¢|1 = Y zef—113k [¥(z)|. For
functions v, ¢ : {~1,1}* — R, denote the inner product (1, ) = Dozef—11pk Y(@)p(x). We say a
function ¢ : {—1,1}¥ — R has pure high degree d if (1, p) = 0 for every polynomial p : {—1,1}¥ = R
of degree less than d.

2.4 Dual Objects and the Class C,

Central to our work is the following definition of a “dual object.” We show that whenever a Boolean
function f can be associated with such a dual object, then f can be transformed into a function F
such that [F(x,y)]s, has high sign-rank.

Definition 2.2. Let f : {—1,1}* — {—1,1}, and let T : {—1,1}¥ — D be a (degree non-increasing)
symmetrization for f. Let ¢: D — R be any function, and let ¢ be the associated function on
{~1,1}* induced by T. We say that ¢ is a (d, ,n)-dual object for f (with respect to T') if:

e (W f)ze (1)
o ¥li=1 (2)
e (1,p) =0 for every polynomial p: {—1,1}¥ — R with degp < d (3)
e fl@)=-1 = ¢()<0 (4)
o (zy) > for some zy € D satisfying f(z4) =1 (5)

Definition [2:2] is motivated by a recent line of work establishing lower bounds for polynomial
approximations via linear programming duality. We direct the reader to [7H9,[21}[22}[25H27,29]
for thorough discussions of this technique and its applications to longstanding open questions in
complexity theory. In short, one can use linear programming duality to show that the existence of
a (d,2n,n)-dual object for a function f is implied by the non-ezxistence of a degree d polynomial
that approximates f in a certain precise sense. In a bit more detail (and still simplifying a little), a
(d, 2n,m)-dual object for f always exists if f cannot be uniformly approximated to error 2n by any



degree d polynomial, even under the promise that the input z is in f~1(—=1) U T (zy). We will
not use this primal interpretation of dual objects in our analysis, but we spell out this implication
in Appendix [B] for completeness and intuition.

Motivated by the study of uniform approximation of Boolean functions by polynomials, several
works [7,/8,28] have constructed dual objects directly. In particular, work of Spalek [28] and the
authors [7] explicitly constructed an appropriate dual object for the AND function.

Lemma 2.2 (cf. [7,28]). Let T : {-1,1}* — {0,1,...,k} be the degree non-increasing map
T(z) = |x| that computes the Hamming weight. The function ANDy, has a (d, 1/2, 1/4)-dual object
with respect to T for d = Q(Vk).

We are now ready to define the class C; of functions to which our techniques can be applied to
yield sign-rank lower bounds.

Definition 2.3. Let f : {—1,1}* — {—1,1} be a Boolean function, and let d > 0. Then f is in
the class Cy if there exists a symmetrization T : {—1,1}¥ — D for f such that:

e there exists a (d,1/2,1/4)-dual object for f with respect to 7', and

e the function f evaluates to TRUE (i.e. f(z) = —1) for at most a 2~ fraction of inputs
e {—1,1}"

2.5 Orthogonalizing Distributions

As indicated in Section our analysis will make essential use of orthogonalizing distributions,
which represent a dual formulation of the notion of threshold degree.

Definition 2.4. A distribution p : {—1,1}" — [0,1] is d-orthogonalizing for a function h :
(—1,1}" — {~1,1} if

E [i(z)p(x)] =0

ap
for every polynomial p : {—1,1}" — R with degp < d. In other words, u is d-orthogonalizing for h
if the function u(x)h(x) has pure high degree d.

2.6 The Element Distinctness Function

The Boolean function EDy, : {—1,1}¥ — {—1,1} is defined as follows. For simplicity, assume that
k = Klogy K, where K is a power of 2. The function interprets its input « as blocks x1,...,zk,
where each z; € {—1,1}°62K_ Fach z; is interpreted as the binary representation of g, (i) for a
function g, : [K] — [K]. EDg(x) is defined to equal —1 iff the function g, is 1-to-1.

Observe that EDy is symmetric with respect to permutations of the domain and range of g,.
That is, if z,y € {—1,1}* are such that there exist permutations 7, o of [K] with g, = 7o gy oo,
then EDy(z) = EDg(y).

In Appendix [C] we show that these symmetries imply the existence of a symmetrization T for
ED; and an associated dual object.

Lemma 2.3. There exists a symmetrization T : {—1,1}* — [K]¥ for the ELEMENT DISTINCTNESS

function EDy, : {—1,1}* — {—1,1} such that ED;, has a (d,1/2,1/4)-dual object (with respect to
the map T'), for some d = Q(K?/3/log K).



Remark 1. In fact, an explicit dual object for EDy was constructed in our prior work [8]. For
completeness, in Appendix [C] we give an alternative primal-based proof of the existence of a dual
object for EDg. The proof is based on Aaronson and Shi’s influential lower bound of Q(K?/?) on
the approzimate degree’ of EDy,.

The ELEMENT DISTINCTNESS function is computed by a natural CNF formula:

K
EDy(z1,...,2x) = [\ \((@i # )V (x; # 7).

r=11i#j

Notice that the fan-in of each bottom OR gate is only 2K < 2log, k. Recall (cf. Corollary[L.2) that
our aim is to prove a sign-rank lower bound for the function FEP(z,y) = (OR,2/5 0 ED, 35 o AND¢)(2V
y). Using the CNF for ELEMENT DISTINCTNESS described above, the function F''P is naturally
computed by an ACP circuit I" of depth 5, with an OR gate at the top. However, as we now explain,
FED is actually computable by a depth-8 AC? circuit with logarithmic bottom fan-in.

Number the layers of I' from 1 to 5, with layer 1 corresponding to the OR gate at the top. Since
each OR gate at layer 3 of I" has fan-in O(logn) (and the gates at layers 4 and 5 have constant
fan-in), the sub-circuits rooted at each gate at layer 3 of I' are functions of only O(logn) bits of x.
Since any function on O(logn) inputs can be computed by a poly(n) size CNF with logarithmic
bottom fan-in, we can replace each sub-tree rooted at layer 3 of I' with such a CNF, to obtain a
circuit I of depth 4, in which layers 2 and 3 of TV both consist of AND gates. Collapsing layers
3 and 4 into a single layer yields a polynomial size depth 3 circuit with logarithmic bottom fan-in
that computes FI'P.

3 Constructing a Smooth Orthogonalizing Distribution

Sherstov [27] showed that whenever f has a (dy,1/2,0)-dual object?, the function h,, := OR,, of
has a d-orthogonalizing distribution for d = min{m,d;}. The goal of this section, and the main
technical contribution of the paper, is to prove that whenever f has a (di,1/2,n)-dual object for
n > 0, the function h,, has a d-orthogonalizing distribution that places significant mass on each
input = € h;,}(1). More precisely, we show:

Theorem 3.1. Suppose that f: {—1,1}¥ — {—1,1} has a (dq,1/2,7)-dual object, and let h,, =
OR,,, of. Then there exists a d-orthogonalizing distribution p : {—1,1}™¥ — [0, 1] for h,, such that
p(x) > 4~ (mAdtly=m/29=mk for every z € h, (1), where d = min{m/2,d;}.

Combining this theorem with Lemmas [2.2] and [2.3] yields smooth orthogonalizing distributions
for the functions OR,1/3 © AND, 23 and OR,,2/5 0 ED, 3/s.

Corollary 3.1. There exists a d-orthogonalizing distribution p for h = OR, 13 © AND, 2,3 such
that p(z) > 2-9@D2=" on each z € h='(1), for some d = Q(n'/3).

Corollary 3.2. There exists a d-orthogonalizing distribution y for h = OR,2/5 0ED, 35 such that
p(x) > 27927 on each x € h='(1), for some d = Q(n?/).

'The approximate degree of a Boolean function f is the minimum degree of a real polynomial for which |p(x) —
f(x)| < 1/3 for all Boolean inputs x.

2The existence of a (dy,1/2,0)-dual object for f is in fact a dual formulation of the property that f has one-sided
approzimate degree at least di. See |7,/27| for the definition of one-sided approximate degree.



3.1 Proof of Theorem [3.1]
3.1.1 Notation

Let f: {—1,1}¥ — {~1,1} be as in the statement of Theorem and let T : {-1,1}* — D
be the symmetrization for f associated with the assumed (dj,1/2,7n)-dual object for f. Define
Tm: {—1,1}™F — D™ by T™(z1,...,2m) = (T(x1),...,T(xy)). Since T is degree non-increasing,
it is easy to see that 7™ is also degree non-increasing. Moreover, T™ is a symmetrization for /iy,.
The map 7™ induces a symmetrized version h,,: DM — R of h,, given by h,, = OR,, of.

3.1.2 Proof Outline

Let Z+ := h}(1) € D™. At a high level, our proof will produce, for every z € Z*, a d-
orthogonalizing distribution p, that is targeted to z, in the sense that

fiz(2) > 9—O(m+d) _n—O(m)‘

Since the property of d-orthogonalization is preserved under averaging, the distribution p =
ﬁEze 7+ [t remains d-orthogonalizing, and places the required amount of probability mass

on each input # € T-1(Z*) = h,}(1). The goal therefore becomes to construct these targeted
distributions p,. We do this in two stages.

Stage 1. In the first stage (see Claim below), we construct distributions p, for every z belonging
to a highly structured subset G C Z* that we now describe. Let ¢ € f~1(1) denote the point on
which the dual object ¥ for f has zﬁ(c) > n (cf. Condition within Definition . The set G
consists of inputs in ZT for which ¢ € D is repeated many times (specifically, at least m/2 times).

Stage 2. In the second stage (see Claim [2| below), we show that given the family of distributions
{1 : z € G} constructed in Stage 1, we can construct appropriate distributions p, for z belonging
to the entire set ZT.

Both stages can be viewed as generalized dual counterparts to analogous statements in the
work of Razborov and Sherstov (cf. [20, Lemma 3.4] and [20, Theorem 3.6] respectively). Taking
a dual perspective allows us to identify general properties (Definition of a dual object for f
that enable the construction of a smooth orthogonalizing distribution. This results in a much more
general and modular framework for proving the existence of these distributions. Our framework
also has the advantage of constructing smooth orthogonalizing distributions explicitly.

3.1.3 Proof Details

We begin with a relatively simple lemma that shows that the function OR,,, /5 of has a d-orthogonalizing
distribution p such that i places a lot of probability mass on a particular highly structured input,
where d = min {d;,m/2}. This distribution is an important building block in the proof of Claim
below.

Lemma 3.3. Let £ = m/2, and let f, T, and T* be as above. Consider the function hy : {—1,1}% —
{—1,1} defined by he(z1,...,2,) = ORe(f(x1),..., f(x¢)). There exists a function 9 : {—1, 1} —
[0, 1] symmetrized by T* with the following properties.

o Y agrees in sign with hy. That is, 1(z) - he(z) > 0 for all z € {—1,1}* (6)



e ¥h=1 (7)

. 1 has pure high degree at least d = min{/¢, d; } (8)
. There exists a ¢ € D such that f(c) =1 and ¢(c,...,c) > /2 9)
l
times

We remark that Conditions @— are equivalent to requiring that p := 1-hy is a d-orthogonalizing
distribution for hy, where d = min{/, d; }.

Proof. Sherstov [27] showed that when the function f has a (dy,1/2,0)-dual witness, then there is a
function v satisfying Conditions @—. For completeness, we verify these properties in Appendix
Here, we show that if, in addition, f has a (di,1/2,n)-dual witness with n > 0, then Sherstov’s
construction yields a function @Z that also satisfies Condition (|9)).

Construction of . Let ¢; : D — R be a (d1,1/2,m)-dual object for f (with respect to the
symmetrization 7"), and decompose 1, as the difference of non-negative functions v, — v_. Let

Jo = {ﬁ_ = max{—;,0} on Ji’l(l)
R E R W G

Recall that 1/2 < (¢, f) <1 (cf. Condition (1)) in Definition ) Hence, the factor (ﬁ — 1)

in the second case of the definition of 1 satisfies:

og(wiﬁ-q)gy (10)

Moreover, Condition of Definition guarantees that ¢; = 7_ on f_l(—l), SO we can rewrite
this definition as

do = {ﬁ_ = max{—1,0} on 1)
" Uk 1) - on f=1(-1).

Sherstov constructs a function ¥ : D! — R defined by

L L

() = [0z = - ) + T ot

The desired function is then given by ¢ (z) = ¥(z)/||¥||;.

Analysis of . For completeness, Appendix mlproves that under this definition, 1 satisfies
Conditions @—. We now turn to verifying that ¢ satisfies Condition @
_ Let ¢ € D be such that f(c) = 1 and Y1(c) > n (cf. Condition of Definition [2.2)). Since
f(¢) =1, we have tho(c) = 0_(¢) =0, so U(e,...,c) = P1(c)f > n'.

To establish that we indeed have U(e, ... ¢) > n/2, we now verify that ||[¥|; < 2. To do so,
first consider z € h; '(—1). Then there exists an index i for which f(z;) = —1. By Condition
of Definition of a dual object, this means that 24 (z;) = 0. Hence,



since Expression implies that |1ﬁ0| < U_ pointwise.
If instead z € h;l(l), then f(z;) =1 for every i. Hence, 1g(z;) = U—_(2;) for every i, and

0
U(z) =[] o+ (20)-
i=1
Thus we may compute

1) =) [¥(2)]
zeD?
J4

V4
< Y I +2 Y J-=)

zeh; 1 (1) =1 zeh;t(—1) =1

Y4 l
<2y k)l =2]] Y. Waz) =2

zeDti=1 i=12z€D
Thus, the normalized function ¢ = ¥/||¥||; satisfies ¥(c, ..., ¢) > nt/2. O

To complete Stage 1 of our proof, we show that for every input w € D™ that is close in Hamming
distance to the special point (c,...,c), there is an orthogonalizing distribution for h,, that places
N——

m times
substantial weight on w. Let G C ZT = h,,}(1) denote the set of inputs in h,,'(1) that take the
value ¢ on at least m/2 coordinates. That is,

G={z€Z":3i1,... ipmpst 2z = =2,,=Cc}

Claim 1. Let G be as above. For every w = (w1,...,wy,) € G, there exists a d-orthogonalizing
distribution vy, : {—1,1}*™ — [0,1] for h,, such that v,, is symmetrized by T™ and i, (w) > n"/? /2.

Proof. Let I = {i1,...,iy,/2} denote the first m /2 coordinates on which w takes the value c. Define
the distribution 7, by

Pu(2) = {\w(zil,...,zim/2)| if z; = wZ foralli ¢ I
0 otherwise
where ¢ is the function from Lemma for ¢ = m/2. It is immediate from the definition that o,
is a distribution on D™, and hence v, is a distribution on {—1,1}¥. Moreover, i, (w) > n™/2/2.
To show that v, is d-orthogonalizing, let p1, ..., py, be polynomials over {—1, 1}’“ whose degrees
sum to at most d — 1. Let ¢1,...,q¢n: D — R denote polynomials satisfying the property that for
all i and all 2z in the image of T', ¢;(2;) := Eyep-1(.,)[pi(2:)]. (Since T' is degree non-increasing,
there exist such ¢;’s whose degrees sum to at most d — 1, but we will not make use of this property
in this proof).

10



Observe that:

> V(@b (@) [ [ pi(z) = ) D (2)hin(2) [ [ ai(=0)
x=(21,....Tm ) E{—1,1}Fm i=1 2=(21,++,2m )ED™ i=1
= Z ’&(Zil’-"zimp” h”m(z)HQZ(ZZ)
2=(21,...,2m)ED™s.t. =1
Vi¢l zi=w;
= Z ,(ﬁ(zil?"‘zim/Q)Hqi(Zi)
2=(21,..,2m)ED™s.t. i=1
Vigl zi=w;
=<H qi<wi>> > b(2) [ ail)
i¢1 Z=(Zl,.‘.,zm/2)€Dm/2 i€l
=<H qi<wi>> > d(x) [ [ pilas)
il =(@1,0 T 2) €{—1,1} K /2 =
=0.
Here, the second equality holds by definition of ,,. To see that the third equality holds, recall
that 1 sign-represents h,, /o, and observe that h,,(2) = Ay, j2(2iy, -5 2, /2) whenever z; = w; for
all ¢ € I (this holds because f(wz) =1 for all 7). The final equality holds because 1 has pure high
degree at least d, and [[;.; pi(¢) is a polynomial of total degree at most d — 1. O

We now proceed to Stage 2 of our proof, in which we use the distributions constructed in Claim
to give orthogonalizing distributions that place significant weight on any input = € h_}(1).

Claim 2. Let G be as before, and suppose that for every w € G there exists a d-orthogonalizing
distribution v, : {—1,1}¥™ — [0,1] for h,, that is symmetrized by 7™, and satisfies ,,(w) > 4.
Then for every v € (Z \ G), there exists a d-orthogonalizing distribution p, that is symmetrized
by T™, and p,(v) > §/4m+.

The main technical ingredient in the proof of Claim [2] is the construction of a function ¢ :
{0,1}™ — R of pure high degree d for which ¢(1™) is “large”. This can be viewed as a dual
formulation of a bound on the growth of low-degree polynomials. The construction of ¢ appears
as part of the proof of such a bound in [20].

Remark 2. We choose to state Lemma below for a function ¢ : {0,1}" — R, rather than
applying our usual convention of working with functions over {—1,1}", because it makes various
statements in the proof of Claim [2| cleaner. To clarify the terminology below, we say a function
¢ : {0,1}™ — R has pure high degree d if 3 ccq1ym (x) - p(z) = 0 for every polynomial p :
{0,1}" — R of degree less than d. The Hamming weight function |- |: {0,1}" — [m] counts the
number of 1’s in its input, i.e. |s| =1+ s2+ -+ + Sp.

Lemma 3.4 (cf. [20, Proof of Lemma 3.2]). Let d be an integer with 0 < d < m — 1. Then there
exists a function ¢ : {0,1}" — R such that

° e(1™) =1 (11)

11



. e(x) =0foralld < |z| <m (12)

. ¢ has pure high degree at least d (13)
m

<24 14

UL (%) (1)

Proof of Claim[3. Fix v € (Z* \ G). Define an auxiliary function @, : D™ — [0,1] as follows. For
any z = (z1,...,2m), let

Po(2) = > (s),

s€{0,1}™ s.t.
Vi zi=(1—s;)-c+8;v;

where ¢ is as in Lemma with d set as in the conclusion of Claim (1| (observe that if there is
some z; such that z; # ¢ and z; # v;, then @,(z) = 0).

Letting ¢, denote the function on {—1,1}*™ induced from ¢, by T™, we record some properties
of ¢, and ¢@,.

o Pu(v) =p(1") =1 (15)
° supp ¢, C G U {v} (16)
. ©y has pure high degree at least d (17)
o lpulh <2 (?) +1 (18)
. $y 1s supported on at most %2"7’ + 1 points in D™ (19)

Verifying Conditions -. Conditions , , and are immediate from the def-
inition of ¢,, combined with Conditions and of Lemma For Condition (L7), it is
enough to show that if pq,...,p, are polynomials over {—1, 1}k whose degrees sum to less than
d, then 37, o yer—11yem 9o(2) [Ti2 pi(2:) = 0. To establish this, let gi,...,qn: D — R
denote polynomials satisfying deg(q;) < deg(p;), and such that for all i and all z; in the image
of T, qi(z:) = Eger-1(:,)[pi(2:)]. Such polynomials are guaranteed to exist, since T' is degree
non-increasing. Then:

> o(@) [ [ pil:) = > ¢o(2) [T ai(20)
x=(21 0.0y ) E{—1,1} ™M 1=1 2=(21yeeer2m )ED™ i=1
> > o) | [Tt
2=(21,e.r2m )ED™ s€{0,1}™ s.t. i=1
Vi z;=(1—8;)-c+$;v;
= Y e [[a((—s)ctsi-v)
se{0,1}™ i=1

=0,

12



To see that the final equality holds, recall that that degrees of the polynomials g; sum to strictly
less than d. Hence, p(s1,...,8m) = [[1" @((1 — s;) - ¢+ s; - v;) is a polynomial of degree strictly
less than d over {—1,1}". The final equality then follows from the fact that ¢ has pure high degree
at least d.

To establish Condition , we check that

> owis Y ei<(}),

2€D™ 27y s€{0,1}m s#£1™

where the final inequality holds by Condition .

Construction and analysis of p,. Up to normalization, the function ¢, - h,, has all of the
properties that we need to establish Claim |2 except that there are locations where it may be
negative. We obtain our desired orthogonalizing distribution p, by adding correction terms to ¢,
in the locations where ¢, may disagree with %m in sign. These correction terms are derived from
the distributions 7, whose existence are hypothesized in the statement of Claim We start by
defining

R CLNC NI SR C) (20)
d

we(supp Pv\{v})

Observe that each w appearing in the sum on the right hand side of Eq. is in the set G, owing
to Condition . This guarantees that each term 7, in the sum is well-defined.

Now we check that P, is nonnegative. Since each term 7, appearing in the sum on the right
hand side of Eq. is a distribution (and hence non-negative), it suffices to check that P,(z) >0
for each point z € supp¢@,. On each such point with z # v, Condition ((18) guarantees that
W‘)H%m(z)nﬁv(z) > —§. Moreover, the contribution of the sum is at least 7,(z) > & by hypothesis.
Hence, P, is a non-negative function.

Next, we check that normalizing P, yields a distribution p, := P,/||P,||1 for which p,(v) >
§/4m+d ag required. By construction, P,(v) = 8/ (2¢(") +1). Moreover, Conditions ,
and together show that ||Pylly < & + 42 < 2. Hence, P,(v) > &/ (2™ - 247) +1)) >
5/ (2m+d+1 (73)) > 5/22m+d+1 > 5/4m+d'

Finally, we must check that p, = P, /|| Py||1 is d-orthogonalizing for h,,. To see this, observe that
P, - hy, is a linear combination of the functions ¢, and vy, - hy, for w € (supp ¢, \ {v}). Moreover,
each of these functions has pure high degree at least d (i, does so by Condition , while vy, - by,
does by the fact that v, is d-orthogonalizing for h,,). By linearity, it follows that P, - h,, has pure
high degree at least d, so p, is d-orthogonalizing for h,, as desired.

This completes the proof of Claim [2] O

)

We are now ready to combine the claims above to prove Theorem

Proof of Theorem [3.1. By Claim [T}, for every w € G there exists a d-orthogonalizing distribution
v @ {—1,1}¥™ — [0,1] for h,, that is symmetrized by T™, with i, (w) > 7™/?/2. Thus, by
Claim [2} it is also true that for every v € (Z1 \ G), there is a d-orthogonalizing distribution
po: {—1,1}*™ — [0,1] that is symmetrized by T™, with p,(v) > n™/24~(m+d+1),

13



Now for each element z € ZT, define its weight to be W, = |(T™)~!(z)|. Consider the following
distribution:

1

fi(z) = Z W ) ZWw'ﬁw(Z)‘{' Z W - po(2)
zeZ+ weG ve(ZH\G)

The (un-symmetrized) distribution g : ({—1,1}%)™ — [0, 1] satisfies p(zx) > n™/24-(mtdtlg—km

for every point x € (T™)~Y(Z%) = h,,}(1). Moreover, p remains a d-orthogonalizing distribution

for h,, as it is a convex combination of d-orthogonalizing distributions for A,. O

4 Sign Rank Lower Bounds for AC’

We now use the machinery developed by Razborov and Sherstov to translate our construction of a
smooth orthogonalizing distribution into a sign-rank lower bound.

Theorem 4.1 (Implicit in [20, Theorem 1.1]). Let h: {—1,1}" — {—1,1} be a Boolean function,
and suppose there exists a d-orthogonalizing distribution p for h such that p(z) > 272" for
all but a 27¢¢ fraction of inputs z € {—1,1}". Then there exists a constant C' (depending only
on ¢) such that if F(z,y) := h(..., /\]C:l(:c,-j V 9ij), ... ), then the matrix [F(z,y)]s;, has sign-rank
exp(Q(d)).

We sketch the proof of Theorem [£.1] in Appendix [E]
Combining Theorem [4.I] with Theorem [3.1] yields the main result of this work.

Theorem 4.2. Let f : {~1,1}*) — {—1,1} be a Boolean function in the class Cq. Let F :
{—=1,1}" = {—1,1}" be defined by

F = ORQd Of o ANDC e} ORQ,

where C' is the universal constant of Theorem [4.1| (and hence n = O(dk)). The sign-rank of the
matrix [F(z,y)]s,y is exp(2(d)).

Proof. Let hog : {—1,1}?% — {—1,1} denote the function hyg = ORgqof. By Theorem there
exists a d-orthogonalizing distribution p for hag such that u(z) > 27992724k for every x € hy}(1).
Since f € Cy, we have by a union bound that h (1) contains all but a (2d) - 274 < 2742 fraction
of the points in {—1,1}2%. Thus, by Theorem there is a universal constant C' for which
[F(2,Y)]s,y has sign-rank exp(£2(d)). O

Corollary 4.1. Let MP,, = OR,,1/s © AND, »/3 be the Minsky-Papert DNF. Then [MP,,(z V y)|s.y
has sign-rank exp(Q(n'/?))

Proof. The function AND;, evaluates to TRUE on exactly 1 out of 2¥ inputs. Hence, by Lemma
we have AND, € C4 for d = Q(kl/z). Let FF = MP,,0 ANDg o ORs. Applying Theorem
implies that the sign-rank of [F(z,y)]., = exp(Q(n'/3)). Merging the two adjacent layers of AND
gates in the natural circuit computing F' yields the desired result. O

Corollary 4.2. Let F°P = OR, 2/5 0 ED, 35 o AND¢. Then [FEP (2Vy)],, has sign-rank exp(Q(n?/%))
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Proof. Assume for simplicity that £ = K log K. The function EDj, evaluates to TRUE on exactly
K! inputs, which is an exp(—O(K)) fraction of the 2¥ = KX total inputs. Hence, by Lemma
we have EDy, € C, for d = Q(K?/?/log K). The result follows by applying Theorem O

Acknowledgments. We thank Lijie Chen for pointing out several small errors in a previous
version of this manuscript.
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A Applications

A.1 Communication Complexity

Sign-rank completely characterizes the notion of unbounded error communication complezity defined
by Babai et al. [6] as follows. Consider a Boolean function f : X x Y — {—1,1}. Alice receives
an input x € X, and Bob receives an input y € Y. Each has an unlimited source of private
randomness, and their goal is to compute the joint function f(z,y) of their inputs with minimal
communication. We say a protocol computes f if for any input (z,y), the output of the protocol
is correct with probability strictly greater than 1/2. The cost of a protocol for computing f is
the maximum number of bits exchanged on any input (z,y). The unbounded error communication
complexity UPP(f) of a function f is the minimum cost of a protocol computing f. A function f
is in the complexity class UPP if UPP(f) = O(log®n) for some constant c.

Paturi and Simon [19] showed that UPP(f) = log(sign-rank([f(z,y)]zexyey)) + O(1). Thus,
our main result gives an improved lower bound on the unbounded error communication complexity
of a communication problem in AC?. The previous best lower bound was Q(nl/ 3), obtained by
Razborov and Sherstov [20].

Corollary A.1l. There exists an (explicitly given) function F' : {—1,1}" x {—-1,1}" — {-1,1}
computed by an AC® circuit of depth 3 with logarithmic bottom fan-in (with an OR as the top
gate), for which UPP(F) = Q(n?/%).

The fact that F' is computed by a depth-3 ACY circuit with logarithmic bottom fan-in (with an
OR as the top gate) implies that F' € 35°, the communication complexity analogue of the second
level of the polynomial hierarchy. These complexity classes were also introduced by Babai et al. [6],
and we refer the reader to their work for precise definitions. Our result thus gives an improved
separation between the polynomial hierarchy PH (indeed, 3§°) and UPP*.
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A.2 Learning Theory

Sign-rank upper bounds have important consequences for the design of learning algorithms in
Valiant’s PAC model [30]. Let C denote a concept class of Boolean functions f : {—1,1}" — {—1,1}.
The characteristic matrix of C is given by M(C) = [f(7)]tec zef—1,1)»- Upper bounds on the sign-
rank of C underly state-of-the-art PAC learning algorithms for many concept classes, including
DNF [15] and read-once formulas [5], as follows. A matrix M(C) has sign-rank at most r if and
only if there are functions hy,..., h, : {—1,1}" — {—1,1} such that every f € C can be written as

f(x) = sgn(wihy(z) + - + wrhy (1))

for some real coefficients wq, ..., w,. In other words, every f € C can be expressed as a halfspace
over the “feature” functions hi, ..., h,. When these feature functions are efficiently computable, C
may be learned in time poly(n,r) using a linear-programming based algorithm.

Many of the best-known PAC learning algorithms fit into this sign-rank framework. For instance,
Klivans and Servedio [15] gave an upper bound of 20(0'%) o1 the sign-rank of C for the class of
DNF formulas. Specifically, their upper bound used feature functions hq, ..., h, corresponding to
monomials of degree up to O(n'/3).

Sign-rank lower bounds in turn rule out the existence of efficient learning algorithms in this
general framework. In particular, Razborov and Sherstov’s lower bound on the sign-rank of
[MP,,(2Vy)]z,y showed that Klivans and Servedio’s algorithm is essentially optimal for all sign-rank
based algorithms for learning DNF — even those for which the feature space is not restricted to
low-degree monomials. Our improved lower bound shows that the sign-rank framework cannot be
used to learn depth-3 AC circuits with logarithmic bottom fan-in in time faster than exp(Q(n?/%)).

Corollary A.2. Let Cs be the concept class of depth-3 circuits f : {—1,1}" — {—1,1} of size s and
bottom fan-in O(log s). There exists an s = poly(n) for which M (C;) has sign-rank exp(Q(n*/?)).

A.3 Circuit Complexity

A threshold gate is a Boolean function T'(z1,...,xx) = sgn(a1z1 + - - - + agxy — 0) parameterized
by integer weights a1, ..., ag, 0. Forster et al. [11] showed that sign-rank lower bounds imply lower
bounds on the weights of depth-2 threshold circuits. In particular, if F': {-1,1}" x {—-1,1}" —
{—1,1} is computed by a depth-2 threshold circuit of size s, with the (absolute values) of weights
at the bottom layer summing to w, then sign-rank([F'(z,y)]s,y) < O(snw).

Corollary A.3. There exists a depth-3 AC? circuit F' such that every depth-2 threshold circuit
computing F' requires the sum of the weights of the bottom gates to be at least exp(Q(nQ/ %)).

In particular, every threshold-of-majority circuit computing F' requires size exp(Q(n?/®)). This

strengthens the lower bound of exp(€2(n'/?)) due to Razborov and Sherstov [20].

B A Primal Formulation of Dual Objects

In this section, we argue that the non-existence of a certain kind of low-degree polynomial approx-
imation to f implies the existence of a suitable dual object for f. Throughout this discussion, we
fix a degree bound d > 1.
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For a subset S C {1,...,k} and z € {—1,1}*, let xs(z) = [[;c5 ;. Given a Boolean function
f,let V C f~1(1) be any subset of inputs on which f evaluates to 1. Let p(z) = Z\S\gd csxs(x)
be a polynomial of degree d, where the coefficients cg are real numbers.

Definition B.1. We say that p is an e-error one-sided approximation to f under the promise that
the input  is in V U f~1(—1) if p satisfies the following three properties:

e p(x) < —l+eforallze f1(-1).
e p(x)—1| <eforallzeV.
e p(x)|<l+eforalaxe {-1,1}*\(VUf1(-1)).

The non-existence of an e-error one-sided approximation to f under the promise that the input
zisin T71(z4) U f71(=1), for some 2, € f~1(1) “almost” implies the existence of an appropriate
dual object for f. In order to make a precise statement, however, we actually require the non-
existence of certain weak type of a polynomial approximation to f stated below. Our definition of
a weak approximation captures polynomials p that may not actually approximate f pointwise, yet
do approximate f when averaged over small sets of the form T~!(z) for z € D.

Definition B.2. Let 7 : {~1,1}¥ — D be a symmetrization for a Boolean function f. Let
V =TYV) C {-1,1}* for some V C f~1(1). We say that p : {—1,1}* — R is a weak e-error
one-sided approzimation to f under the promise that the input x is in V U f~1(—1) (with respect
to T) if the following holds. Define ¢ : {—1,1}¥ — R by q(#) = Ey.1(y)=7(x) [P(y)]. Then ¢ satisfies
the following three properties:

e g(v) < —1+eforallze f1(-1).
o [g(x) -1 <eforallzeV.
e [g(x)| <1+eforalxe {-1,1}*\(VUf1(-1)).

The goal of this section is to prove the following general criterion for the existence of a dual
object.

Theorem B.1. Let T be a symmetrization for f. Let V = T~ (z ) for some zy € f~'(1). If there
does not exist a weak (2n)-error, degree-d one-sided approximation to f under the promise that
the input is in V U f~1(—1), then f has a (d, 2n,n)-dual object with respect to 7.

B.1 Linear Programming Formulation of Definition

The existence of a p satisfying Definition is equivalent to the existence of a solution of value at
least ¢ to the following linear program, which we refer to as LP1 (LP1 is not written in standard
form, but it can easily be transformed into one that is).
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min €
such that
2181<a €8 - Brer—1(z)[xs(@)] < =1+ for each z € F(=1)
1=> 51<a€s EweT—l(z)[Xs(IL‘)]‘ <e foreachzeV
Y isi<a €5 - Eueri(s) [Xs(x)}) <1+e foreachze D\ (VU (~1))
cs €R for each |S] < d
e>0

The dual LP is as follows (we rAefer to this linear program as LP2), with variables given by 1/3(2)
for each z € D and with ¢(x) := (T (x)).

max ervuf—l(fl) 1/’(33 f(a?) - er{q@}n\(\/uf—l(q)) W’(ﬂf)’
such that Zze{—m}k l(z)| =1
> ozef—11y+ Y(@)xs(x) = 0 for each [S] < d
Y(x) <0 for each x € f71(-1)
Y(x) = (T (x)) € R for each € {—1,1}*

B.2 Proof of Theorem [B.1]

Let T be a symmetrization for f, let n > 0, let z4 be an arbitrary element of fﬁl(l), and let
V =T71(z;). Suppose that the value of LP1 is less than 2. That is, suppose there does not exist
any weak (2n)-error one-sided approximation to f of degree at most d under the promise that the
input z is in V U f~!(—~1). Then strong LP-duality implies the existence of a solution 1 to LP2
of value at least 277. Moreover, this solution is symmetrized by T since () = ¢(T'(z)) for some
¥:D =R

It is immediate from LP2 that 1 satisfies Conditions — of Definition with € = 2n. We
now turn to showing that 1) also satisfies Condition of Definition

Let

B={zec{-1,1})\ (VU (-D)YU{z eV ) <0}

Since } i1 13k [¥(2)] = 1 (cf. Constraint 1 of LP2), and V' C f71(1), it holds that the value of
1 in LP2 is

> Y@ f(x) - > [W(z)| < 1—2-> |¥()].
zeVUf—1(-1) ze{—1,1}\(VUf—1(-1)) z€B

Since v has value at least 27, this implies that

>1—-2- Y [p(z)| = Y [¥(z)| <1/2—n.
zeB zeB
This in turn implies that

S+ ) v =1/240. (21)

zef~1(-1) €V (z)>0
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Now, since d > 1 and v has pure high degree at least d (cf. Constraint 2 of LP2), it holds in
particular that

> ) =0 (22)

ze{-1,1}¢

Combining Eq. with the fact that (z) < 0 for all x € f~1(—1) (cf. Constraint 3 of LP2) and
the fact that >- 4 1yx [¢0(@)] =1 (cf. Constraint 1 of LP2), we conclude that

Y. @I+ Y W@)l<1/2 (23)

€V ih(z)<0 zef~1(-1)

Combining Inequalities and , we conclude that

> )= Z 1/)() Y @)

zeV zeVp(x zeV:p(x)<0

= Y k@+ D w@ |- Y k@l+ D )

zef~1(-1) €V () >0 zef~1(-1) zeV:p(z)<0
>1/24+n—-1/2=n.

It follows that 1 satisfies Condition ([5)). This completes the proof of Theorem O

C A Dual Object for Element Distinctness

In our prior work [8], we constructed an explicit dual witness for the high one-sided approzimate
degree of the ELEMENT DISTINCTNESS function.® That is, we constructed an object satisfying
Conditions — of Deﬁnitionwith respect to a specific symmetrization 7" for EDy, for e = 1/2.
Additionally, it can be shown that this dual witness satisfies Condition ([5)) of Definition (with
n = 1/4) with respect to T' as well. For both completeness and intuition, in this appendix we
detail an alternative proof of Lemma [2.3]l This proof uses the primal formulation of dual objects
described in Appendix [B} and builds dlrectly on results of Aaronson and Shi [1] and Ambainis [4].
See Section for the definition of EDg, and relevant notation.

Lemma 2.3. There exists a symmetrization T : {—1,1}¥ — [K]¥ for the ELEMENT DISTINCTNESS
function EDy, : {—1,1}¥ — {—1,1} such that ED;, has a (d,1/2,1/4)-dual object (with respect to
the map T'), for some d = Q(K?/3/log K).

C.1 A Symmetrization 7" for Element Distinctness

As stated in Lemma below, Ambainis showed that the ELEMENT DISTINCTNESS function is
symmetric with respect to a certain degree non-increasing symmetrization. Ambainis’ results are
described in a slightly different setting than our own, so we provide a proof that explains how to
translate his result into Lemma below.

3The result of [§] is stated for the “large-range” version of the ELEMENT DISTINCTNESS function, but the con-
struction can be modified to work for the “small-range” case considered in this work.

21



Lemma C.1 (Ambainis [4]). Define a map T* : {—1,1}* — [K]¥ as follows. For z € {—1,1}*,
write T*(z) = (17 (z), ..., Tk (z)), where the component 77 (z) counts the number of elements of
[K] that are mapped to j under the function g, : [K] — [K]. That is, T} (z) = l9-1(4)|- The map
T* is degree non-increasing.

Proof. Ambainis’ |4] analysis considers polynomials defined over a different domain than EDj.
Specifically, whereas the domain of EDy, is {—1,1}* for ¥ = K log K, and ED}, interprets its input
x as blocks x1,...,2xx where each x; € {—1, 1}10g2K , Ambainis considers polynomials defined
over the domain {—1,1}K2, where an input y = (y1.1,...,Yx.K) € {—1,1}K2 is interpreted as
corresponding to an input x € {—1,1}* in the following manner: y; j = —1 <= x; = j.

Note that not all inputs y € {—1,1}K2 correspond to some z € {—1,1}*. Specifically, y
corresponds to some x € {—1, 1}’“ if and only if for all ¢ = 1,..., K, there exists exactly one value
of j for which y; ; = —1. In the remainder of this proof, we call any such y valid, and denote the set
of all valid y’s by Y. For any 2 € {—1,1}*, let us denote the corresponding y by y(x). Similarly,
for any valid y, let us denote the corresponding = € {—1,1}* by z(y).

Consider the map T**: Y — [K]¥X defined via T**(y) = T*(x(y)). Ambainis [4, Lemma 3.4]
shows that for any polynomial p’: Y — R, there exists a polynomial ¢: [K]® — R satisfying
deg(q) < deg(p’) such that for all z in the image of T**,

q(2) = Eye(roy-105) [P (¥)]- (24)

We now argue that this implies that T* is a degree non-increasing map. Given any polynomial
p: {—1,1}* = R, it is easy to turn p into a polynomial p’: ¥ — R such that deg(p’) < deg(p) and
p'(y(z)) = p(z) for all x € {—1,1}*. Indeed, this follows from the observation that for any y € Y,
each bit of x(y) is computed by a degree 1 polynomial in y. Specifically

zio(y) =1+2- > (1 —yi;)/2

j€{~1,1}1°82 K guch that j,=—1

That T* is degree non-increasing is an immediate consequence of |4, Lemma 3.4] combined with
the observation above. In more detail, given any polynomial p: {—1,1}* — R, first turn p into the
polynomial p': Y — R described above that satisfies p/(y(z)) = p(z) for all z € {—1,1}*, and let ¢
be the polynomial satisfying Eq. . Then deg(q) < deg(p) < deg(p), and

q(2) = Eye(reny-10) [P (0)] = Epe(re)-1(2) [P(2)]
as desired. ]

In order to show that EDy has an appropriate dual object, we take Ambainis’ symmetrization
one step further. Let H: [K]® — [K]¥ be the mapping that on input z, sorts the coordinates of
z in non-decreasing order. That is, H(z) = (2x(1), Zr(2), - - - » Zx(k)) Where 7 is a permutation that
makes z;(1) < 2q(2) < - < Zp(k)-

Define the mapping T : {—1,1}* — [K]X by T = H o T*. Looking ahead, this mapping is
specifically constructed so that, if ﬁ)k represents the symmetrization of EDj with respect to T,
we have that

e There is exactly one element z_ = (1,1,...,1) € [K]¥ such that ﬁ)k(z,) = —1, and
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e The element 2, = (0,1,1,...,1,2) € [K]¥ satisfies ﬁ)k(z+) = 1; observe that zy is the
image under T of all inputs that represent an “almost” 1-to-1 function, in the sense that they

have exactly 1 collision. This element z; will be the one for which we exhibit a dual object
¥ for which (24 ) is large.

Lemma C.2. The map T is degree non-increasing, and in fact symmetrizes EDy,.

Proof of Lemma[C-3. We first show that T' is degree non-increasing. Since the map T™ is degree
non-increasing, it suffices to show that if ¢ : [K]K — R is a polynomial, then there exists a
polynomial 7 : [K]% — R with degr < degq such that

r(H(z)) = E [q(2)]

w s.t. H(w)=C(z)
for every z € [K]¥. The polynomial

r(z) = & [q(zz)s -5 Zn(i))]

TESK

does the trick. O

C.2 Proof of Lemma [2.3]

To prove Lemma [2.3] we study the approximability of a promise variant of the EDj function
(cf. Appendix . For notational convenience, in the remainder of this section, we will consider
polynomials defined over the same domain as Ambainis [4] (cf. the proof of Lemma[C.1). We also
work with the “large-range” generalization of the ELEMENT DISTINCTNESS function. That is, we
think of a function g : [K] — [R], for some R > K, as being represented by Boolean variables
(y1,1,---,Yr,r) where y; ; = —1if g(i) = j, and y; ; = 1 otherwise.

Lemma C.3. Let R > Q(K?) and let p: {—1,1}**® — R be a polynomial such that
e p(y) € [-11/10,—-9/10] if y represents a 1-to-1 function,

e p(y) € [9/10,11/10] if y represents a function g with exactly one collision, i.e., if there exist
i1 # 12 such that g(i1) = g(i2) and ¢ is 1-to-1 on [K] \ {i1,2},

e p(y) € [-11/10,11/10] whenever y represents a function from [K] to [R].
Then degp > Q(K?/3).

The proof of Lemma [C.3]is by a standard reduction to the Collision lower bound. We state the
Collision lower bound as Theorem below.

Theorem C.1 (Collision lower bound. Cf. [1,4,[16].). Let ¢ : {—1,1}%° — R be a polynomial. If
there are constants a1 < as < by < by such that

e ¢(y) € [a1,az]) whenever y represents a 1-to-1 function,

e ¢(y) € [b1,b2] whenever y represents a 2-to-1 function (i.e., a function g such that for every
i € R, there exists exactly one i’ # i such that g(i) = g(i))
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e and ¢(y) € [a1, ba] whenever y represents a function from [R] to [R],
then deg g > Q(R'/3).

Proof of Lemma[C-3. Let p: {—1,1}*% — R be a polynomial satisfying the conditions of Lemma
We show how to transform p into a polynomial ¢ satisfying deg(q) < deg(p), and moreover ¢
satisfies all of the requirements necessary to invoke Theorem [C.1]

Definition of ¢. Define ¢ : {—1, 1}1:"‘2 — R by

1

q(y1,1,-- - YRR) = RN Z PWir, 1 s Yir, Ry Yin, s - -+ > Yis Ry -« - Yirc, 1o - -+ Yie , R)-
(K) 1<i1<ig<<..ig <R

That is, g is the expected value of p over a random subset of K blocks of its input. It is clear from

the definition that degq < degp.

Analysis of ¢. Let S be any set S = {i1,...,ig} C {1,..., R}, and let y|s denote the restricted
input (yi, 1, ., Yix,r)- Then whenever y represents a function from [R] to [R], the restricted input
y|s represents a function from [K] to [R].

If y represents a 1-to-1 function, then y|g also represents a 1-to-1 function for every restriction
S. Hence q(y) € [-11/10,—9/10].

On the other hand, if y represents a 2-to-1 function, then the following claim establishes that
y|s represents a function with exactly one collision with constant probability.

Claim 3. Fix M € N. There exists K = ©(v/ M) such that
M K—2
K—-1)2
(1)~ 122

K—1 1
2M = 95"
(%) 2e
Proof of Claim[3. Rewrite the left hand side as
K(K —1) 2KM(M —1)...(M—K+1)  K(K-1) 1
4M-K+1) 2M)2M —1)...2M - K+1) 4(M - K +1) 15 (1+ - QA)
j= —2j
< K(K—-1) 1
o 4(M - K+ 1) exp <Z]K:EI 2Mj_2j>
< K(K —-1) . (K -1)(K-2)
“uM-K+1) TP\ 2eM —2K +1)
>
~ 2e
by taking K = [2vM]. O

The expression on the left hand side of the claim, for M = R/2, represents the probability that
y|s represents a function with exactly one collision when y represents a 2-to-1 function. Thus, for

Bblls)] > 5 - 0/10)+ (15 ) - (-11/10
4
>,
-5
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This allows us to conclude that ¢(y) € [—4/5,11/10].
Finally, if y represents any other function, then ¢(y) € [-11/10,11/10] by averaging. To
summarize,

e ¢(y) € [-11/10,—9/10] whenever y represents a 1-to-1 function,
e ¢(y) € [-4/5,11/10] whenever y represents a 2-to-1 function,
e ¢(y) € [-11/10,11/10] when y represents any function.

Thus, by Theorem degp > degq > Q(RY3) = Q(K?/3). This completes the proof of Lemma
C3 O

In order to prove Lemma [2.3] we actually need the following technical strengthening of Lemma

Lemma C.4. Let p: {—1, 1}K2 — R be a polynomial such that:

e p(y) < —1/2 if y represents a 1-to-1 function (25)

e p(y) € [1/2,3/2] if y represents a function g with exactly one collision, (26)
i.e., if there exist i1 # iz such that g(i1) = g(i2) and g is 1-to-1 on [K]\ {i1,d2}.

e p(y) € [-3/2,3/2] whenever y represents a function from [K]| to [K]. (27)

Then degp > Q(K?/3).

Proof. Let p be a polynomial satisfying conditions —. Our prior work [9, Proof of Theorem
2] shows how to transform such a polynomial p into a polynomial p’ : {—1, l}K2 — R such that
deg(p') < deg(p) such that:

e p'(y) € [-3/2,—1/2] if y represents a 1-to-1 function (28)

e p'(y) € [1/2,3/2] if y represents a function g with exactly one collision, (29)
i.e., if there exist i1 # is such that g(i;) = g(i2) and g is 1-to-1 on [K]\ {i1,i2}.

o p'(y) € [-3/2,3/2] whenever y represents a function from [K] to [K]. (30)

Next, Ambainis’ techniques [4] for porting approximate degree lower bounds in the “large range”
case R > K to the “small range” case R = K show that there exists a polynomial p” : {1, 1}/ —
R for the value of R used in the statement of Lemma with deg(p”) < deg(p’), such that:

o p'(y) € [-3/2,—1/2] if y represents a 1-to-1 function (31)

o p"(y) €[1/2,3/2] if y represents a function g with exactly one collision, (32)
i.e., if there exist i1 # iz such that g(i1) = g(i2) and g is 1-to-1 on [K]\ {i1,d2}.

e p"(y) € [-3/2,3/2] whenever y represents a function from [K] to [R]. (33)

Finally, we use standard error amplification techniques to produce a low degree polynomial sat-
isfying the conditions of Lemma Namely, let » : R — R be a polynomial of degree O(1)
such that r([-3/2,—1/2]) C [~11/10,-9/10], r([1/2,3/2]) C [9/10,11/10], and r([~3/2,3/2]) C
[-11/10,11/10]. Then the polynomial p”'(y) := r(p”(y)) satisfies the conditions of Lemma
and has deg(p”") = O(deg(p)). Thus, deg(p) = Q(K?/3), completing the proof. O
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Proof of Lemma[2.3 We are at last ready to combine Lemma [C.4] with Theorem [B.I] of Appendix

to prove Lemma Let T : {~1,1}* — D be the degree non-increasing symmetrization
defined in Section Denote by z_ the unique input (1,1,...,1) in D for which ﬁ)k(z_) =—1.
Let V = T~ Y(zy) C {~1,1}*, where z, = (0,1,1,...,1,2) is the input in D corresponding to
functions with exactly one collision. Suppose p : {—1,1}* — R is a weak (1/2)-error one-sided
approximation to f under the promise that the input x is in V U f~!(—1) (with respect to T).
Then by definition, the function p™ : {—1,1}* — R defined by p»™(z) = Ey.1()=7() [P(y)] has
the following properties:

o PV () < —1/2 for every x € T~ 1(2_),
° |psym($) _ 1| < 1/2 for every x € T—l(er),
o [pV™(z)] <3/2forall z € {1, 1} \ T ({z_, 2. }).

Our prior work (cf. |9, Lemma 23]) showed that the function p™™ satisfies deg(p™™) < (log K) -
deg(p). Now let r : {—1, I}K2 — R be defined by r(y) = p¥™(z(y)). Since z is computed by
a polynomial of degree 1, we have that deg(r) < (log K) - deg(p) and satisfies the conditions of
Lemma We conclude that degp > Q(K?/3/log K).

O

D Omitted Details in the Proof of Theorem [3.1]

D.1 Proof of Lemma [3.3

We first recall the construction of the desired dual object Y. Let i1 : D — R be a (dy,1/2,7)-dual
object for f , and decompose ¢1 as the difference of non-negative functions 7, — v_. Let

do = {ﬁ— = max{—¢,0} on f71(1)
(lef )wl («p 7 1) p_ on fTH(-1).

Recall that (i1, f) > 1/2 (cf. Condition in Definition , so the factor (m - 1) in the

second case of the definition of 1[10 is at most 1. The constant Wlf) — 1) is chosen so that 1) is
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orthogonal to the constant functions. That is,

D wo@ =) do(zx)= > dolx)+ D dol(2)
zef-1(-1

we{—1,1}k z€D zef~1(1) )

= —% Z (1+ f(2)1(2) + % Z(l — f(2)) < S 1) U1 (2)

z s.t. P1(2)<0 zeD

= Y -y Y F@he+

z s.t. P1(2)<0 z s.t. 11 (2)<0

(WLVQ S di(z) - @ > F2)a(2)

2
zeD zeD

- _% <<f,¢1> - 1) 1 <—1> +0- WUWQ

2

\V)

:0’

where the penultimate equality follows by Conditions — of Definition
Recall that we defined ¥ : D¢ — R via

¢
U(z) = H19+(Zz‘) - H v (zi) + H%(Zz')-

The desired function is then given by ¥ (z) = ¥(z)/||¥]];.
We now proceed to verify that ¥ satisfies Conditions (6)-(8) as in [27].
First we check that ¥ sign represents hy. If z € h;l(—l), then there exists an ¢ such that

f(z) = —1. By Condition , this means that 4 (z;) = 0. Hence,

since |iho| < o pointwise. N
If instead z € h, '(1), then f(2;) = 1 for every i. Hence, vo(2;) = 7_(;) for every i, and

¢
U(z) =[] o4 (20) 2 0.
=1

Now we show that ¥ has pure high degree d. By linearity, it suffices to show that ¥ is orthogonal
to all factored polynomials p(x) = p1(z1)----- pe(xy) of total degree less than d = min{/¢, d; }. Since
the function W telescopes as

14 L

U(2) = [Jdo(z) + D04 (21) o o (zi1) (04 (20) — 0 (20)) 0 (2i41) - - D (20),
i=1

i=1
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we have, by the fact that 1y is orthogonal to the constant functions and that @@1 = Uy — U_ has
pure high degree d;, that

¢ ¢
(U,p) = [[Wo.pi) + D _(vasm1) - (v pia ) (v — v, pi) (v piga) -+ (v, pi)
=1 =1
=0.

E Sign-Rank Lower Bounds from Smooth Orthogonalizing Distri-
butions

For convenience, we restate Theorem here, before sketching its proof.

Theorem 4.1 (Implicit in [20, Theorem 1.1]). Let h: {—1,1}" — {—1,1} be a Boolean function,
and suppose there exists a d-orthogonalizing distribution u for h such that p(z) > 272" for
all but a 27¢¢ fraction of inputs € {—1,1}". Then there exists a constant C' (depending only
on ¢) such that if F(z,y) := h(..., /\jczl(xij V ¥ij), - . ), then the matrix [F(z,y)];, has sign-rank
exp(Q(d).

Razborov and Sherstov’s proof of Theorem 4.1| builds on Sherstov’s pattern matriz method [23],
a powerful framework that was introduced to prove lower bounds in communication complexity. In
order to describe Razborov and Sherstov’s proof, we start by defining pattern matrices. Let n and NV
be positive integers for which n divides N. Let P(N, n) denote the collection of subsets S C [N] for
which S contains exactly one member of each block {1,2,..., N/n},{N/n+1,...,2N/n},... . {(n—
)N/n+1,...,N}. For x € {—1,1} and S € P(N,n), let x|s denote the restriction of z to 3, i.e.
z|s = (xs,,...,Ts,) where s < --- < s, are the elements of S.

Definition E.1. For ¢ : {—1,1}" — R, the (N, n, ¢)-pattern matrix M is given by

M = [p(z]s @ W)]pef—1,1}V (S;w)eP(Nin) x {—1,1}7-
Note that M is a matrix with 2V rows and (N/n)"2" columns.

Proof Sketch of Theorem[{.1. Let M be the (N,n,h) pattern matrix for N = 23°n. Let P be
the (N, n, u)-pattern matrix where u is the guaranteed smooth orthogonalizing distribution for h.
Razborov and Sherstov’s extension of Forster’s lower bound (cf. [20, Theorem 5.1]) establishes that

: . . 2icd27n\/§ cd
sign-rank(M) > sign-rank(M o P) > min {2|]\40PH’ 2 } ,
where s = 2V (N/n)" is the number of entries in M o P, and || - || denotes the spectral norm. The
proof of this bound exploits only the smoothness of .
Razborov and Sherstov then directly invoke the pattern matrix method [23, Theorem 4.3], which
uses the fact that p is a d-orthogonalizing distribution for h to place an upper bound on ||M o P]|.
In particular,

—d/2
IMo Pl < V52 @f) |
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Thus, the sign-rank of M is at least 22(4).

It remains to show that the pattern matrix M appears as a submatrix of [F(z,y)]s, for some
C depending only on c. For x € {—1,1}V and (S,w) € P(N,n) x {—1,1}", the relevant entry of
the pattern matrix M takes the form f(x|g @ w). Each bit of (z|s ® w) can be written as

230
@lsowi=N N (@g=0)V(wy=0)V(si#j))
j=1be{-1,1}

Thus, M is a submatrix of [F(z,y)]s,, for C = 231,
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