Electronic Colloquium on Computational Complexity, Report No. 83 (2016)

Derandomizing Chernoftf Bound with Union Bound
with an Application to k-wise Independent Sets

Nader H. Bshouty
Technion, Haifa, Israel
bshouty@ca.technion.ac.il

May 23, 2016

Abstract

Derandomization of Chernoff bound with union bound is already proven in many papers.
We here give another explicit version of it that obtains a construction of size that is arbitrary
close to the probabilistic nonconstructive size.

We apply this to give a new simple polynomial time constructions of almost k-wise indepen-
dent sets. We also give almost tight lower bounds for the size of k-wise independent sets.

1 Introduction

Derandomization of Chernoff bound with union bound is already proven in many papers. See for
example [22, 6, 9]. We here give another explicit version of it that obtains a construction of a size
that is arbitrary close to the size of the probabilistic nonconstructive size.

We then show that, for some construction problems, one can combine this method with the
method of conditional probabilities to get a derandomization that runs in time polylogarithmic in
the sample size.

In this paper we give the following application of this result:

For p € R, the distance in the Ly-norm between two probability distribution D and @ over a
sample space S is

ID—Qll, = (Z D(s) - Q(s)lp> !

seSs

and for p = o is | D — Q, = max,es |D(s) — Q(s)].
Let S = {0,1}". A uniform distribution U over S is a distribution where U(s) = 1/2" for all

s € S. For I = (iy,...,i) where 1 < i3 < --- < i < n the distribution Dy restricted to I over
{0,1}* is Dy(01,...,0) = Preup[si, = o1 A+ As;, = og]. A distribution Q over {0,1}" is called
e-almost k-wise independent in the Ly-norm if for any I = (i1,...,1i;) we have ||Q; — Uyl <e.

The goal is to construct S” C {0,1}" of small size such that the uniform distribution on S’ is
e-almost k-wise independent in the L,-norm. We will just say that S’ is e-almost k-wise independent
setin the Ly-norm. The following table summarizes the results from the literature and our results.
The table shows the sizes without the small terms loglogn, log(1/¢) and k. See the exact sizes in
the table in Section 3.3 and the theorems in Subsection 3.4 and Section 4.
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Construction Time Reference Size for Lo, | Size for Ly
- 7 P
Poly. time [7] 10%2 " 21?#
. 3k/2
Poly. time AGC+Hadamard loe%n 26#
: 571 5k/4) ,5/4
Poly. time [13] 10g€2‘5 L 2 6120§ L
. k
Poly. time Ours 120,562 2 +6130gn
k
nO®) time Ours logn Ztlogn
2k 2 €2
Lower Bound ‘ Ours ‘ % logn
€ €

With the techniques used in this paper, all the results in this table can be easily generalized to
any product distribution and any alphabet.

Our construction is very simple. We first give a derandomization of Chernoff bound with union
bound. For this we use the pessimistic method with a pessimistic estimator (potential function) that
gives constructions of size that are arbitrary close to the size of the probabilistic nonconstructive
size. Those constructions are polynomial in the space size that is exponential in the dimension
of the problem. We then use the conditional probability method that reduces the complexity to
polylogarithmic time in the sample size. Those are used to construct a dense perfect hash family
and an e-almost k-wise independent set of small dimension. We then combine both constructions to
get the final construction. We also give lower bounds that are almost tight to the non-constructive
constructions. Our constructions have sizes that are within a factor of 1/e from the lower bounds.

Our construction can be easily generalized to any product distribution and any alphabet (not
necessarily alphabet of size power of prime) and can be used for other dense and balance construc-
tions. See some other techniques for deterministic and randomized dense, balance and non-dense
constructions in [5, 6, 10, 11, 12, 15, 16, 20, 21] and references within.

This paper is organized as follows. In Section 2 we give the main two theorems of the de-
randomization and show how to use the method of conditional probabilities to reduce its time
complexity to polylogarithmic in the size of the sample space. In Section 3 we give an exponential
time constructions of small size for a code that achieves the Gilbert-Varshamov bound, e-balance
error-correcting code and e-bias sample space. In Section 3.3 we give all the constructions in the
above table. Then in Section 5 we give the lower bounds.

2 The Derandomization

In this section we give the derandomization of Chernoff bound with union bound
The g-ary entropy function is

qg—1 1
H,(p) = plog, e + (1 —p) log, T—p

The Kullback-Leibler divergence between Bernoulli distributed random variables with parameter A
and 7 is

A 1-A
D(A|n) =Aln—+ (1 — X ln<>.
Ol =02+ (1= N (1
For two integers n and m we denote [n] = {1,2,...,n} and (n,m| ={n+1,n+2,...,m}. For

a finite multiset of objects S we denote by Ug the uniform distribution over S.
We prove



Theorem 1. Let S be a finite sample space with a probability distribution D. Let Xi,..., XN
be random variables over S that take values from {0,1}. Let N' < N and {\i};cn) be such that
0 <X <pi <EsguplXi] and 1 > X\; > p; > Esp[X;] for all i € [N'] and j € (N',N]. Let m be

such that
Ze D(Ai|lpi)m <1

There is a multiset S" = {s1,52,...,8m} C S such that for all i € [N'] and j € (N', N]

E Xi(s)] 2 A, E [X;(s)] <Ay

s~Ugr s~Ugr

In particular, the result follows for

> a h’lN logq
m 1. Xi = ——
ieN] DO\ [ps)  ielN] 1— Hgy, (M)

where ¢; = 1/(1 — p;).

Proof. We give an algorithm that constructs S’. Let

o — Ai _A=p)A = 1 _1-N
e —-DA=-X) (=) Coapi+(l-p) 1-p
Suppose that the algorithm has already chosen s1,...,sy. Consider the potential function

Ze Oullpi)m i o %o

where Z;; = X;(s1) + -+ + Xi(sj) for j = 0,1,...,¢. Here, Zy; = 0. We now show how the
algorithm chooses syy;. Consider the random variable

(Nillpi)m f+1 ZZzJFX()
Pria(s Ze e) :

Since a; < 1 for ¢ € [N'] and o > 1 for j € (N, N], we have

/ _ D(Xillpi)m €+1 Zy,i |: Xz(s)]
B[Pl Ze o7 B [o;

N

S § e—D()\ZHpZ)m,nyéZZZ,z
i=1

= P

Now the algorithm chooses s;y1 € S that satisfies P, (sgy1) < Pr. Let Ppyy = Py (seq1)-
Then Py <1 and Py < Py. Therefore

N
Pm — Ze D()‘zllpb)mry;nal ’ S 1.
=1
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In particular, for all i € [N]
e*D(}\Z‘Hpi)m,Y”L’rnaiZm,i S 1

Therefore, for all i € [N],

)4 -1 D(\;l|lpi N

Thus, for all i € [N] we have

Since a; < 1 for all ¢ € [N'] and o > 1 for all j € (N, N]| we have Z,,; > A\ym for all i € [N]
and Z,,; < A\ym for all j € (N', N]. Since Esup, [Xi(s)] = Znx/m for all k € [N], the result
follows. O]

We now give the bit-time complexity of the algorithm described in the proof of Theorem 1

Theorem 2. Let all notation and assumptions be as in Theorem 1. Suppose that for every s € S
all the values X1(s),...,Xn(s) can be computed in bit-time! O(N). Let pu; = D(N\||pi), p =
min(1, min; u;). Let 7 = max; max(ay, ;) where
(1 —pi)A -\
o = ——— and y; = .
Copi(l= ) v 1—pi

There is an algorithm that runs in bit-time

T =0O(S|- Nm - (mlogT + log(1/u))
and outputs a multiset S" = {s1,..., Sm, Sm+1} C S such that for all i € [N'] and j € (N', N]

E [Xi(s) > A B [X(s)] <

s~Ugr s~Ugr
where Usg: is the uniform distribution on S’.

Proof. Consider the algorithm in the proof of Theorem 1. Notice that here the size of S’ is m + 1
and not m as in Theorem 1. So the potential function used in the algorithm is

N
s i Zi
Pj = E e NZ(mJFl)ryi]a.J’

%
i=1

but with the same assumption

M=

e HiT S 1
i=1
as in Theorem 1. Therefore
N N
Py = Z e Hi(m+1) < o—n Z e mim < E
- - 2
i=1 i=1

"Here O(N) is O(N - poly(log T')) where T is the time complexity of the construction.



First, notice that a < 7 and 7 < 7 for all k € [N]. Let B be a positive integer that will be
determined later. If we use A := B+1+4[log(7+1)] bits for the representation of e #i"  ay and g,

. . : . . z
i.e., the absolute error is less than 275, then the absolute error in computing 7 := e‘“lm'yﬁake’k

is at most O(¢72/278) and in computing Py = >, 7 is at most O(N(7*278) = O(Nmr?m2~5).
This error is at most p/(4m) when B > 2mlog7 + log N + 2logm + log(1/u) 4+ 2. Notice that,
since the absolute error is less than u/(4m), we have Ppyq < Py + pu/(4m). Since Py < 1 — p1/2, we

get
m+1

1 1
Po.,<1-E N
mFl = 2+;4m<

which, as shown in the proof of Theorem 1, gives the required bound.

Now arithmetic computations with A = B+ 1+ [log(r +1)] bit numbers take bit-time O(A) =
O(mlog T+ log(1/p)). Since the number of arithmetic operations in the algorithm is O(|S| - Nm),
the result follows. O

In particular we have

Corollary 3. Let all the notation be as in Theorem 1 and 0 < ¢ < 1 for all i € [N]. Let
a = min; min(1/(1 — p;),1/(1 = X;)). For

3In N
min; pie;
the algorithm runs in bit-time T = O(|S| - Nm?log @) and outputs S' = {s1,...,8mi1} C S such
that for alli € [N'] and j € (N, N]

E [XZ(S)] >\ = (1 - Ei)pia E [X](S)] < )‘j = (1 + Ej)pj-
s~Ugs s~Ugr
Proof. Follows from the fact that if A\; = (1 + ¢;)p; then D(X\;||p;) > pi€e?/2.5887 > p;e?/3 and if
Ai = (1= &)pi then D(N||pi) > pi€} /2 > pie} /3.
Since a; < 1/pi(1 — X;) and v < 1/(1 — p;) we have mlogT = O(mloga). Since 1/p <
min 3/ (pie?) < m? we get T = O(|S| - Nm - (mlog T + log(1/p)) = O(|S| - Nm?log ). O

2.1 Combining with the Method of Conditional Probabilities

In the above constructions, the time complexity is linear in |S| which may be exponentially large.
In the following we get around this problem when S is of the form S x - - - X S,, and the expectation
of some “intermediate” random variables can be efficiently computed.

We prove

Theorem 4. Let all notation and assumptions be as in Theorem 1 and Corollary 3. Suppose
S =51 xS x -+ x8,. If any expectation of the form

E[Xi(xl,...,xn) | xlzgl,...,xj:@-]

can be computed in bit-time T then the constructions in Theorem 1 and 2 can be performed in
bit-time )
O(T(IS1] + -+ -+ [Sul) - Nm(mlog T + log(1/p)))



and in Corollary 3 in bit-time
O(T(|S1] + -+ +1Sn]) - Nm® log )
Proof. The first result follows from the fact that since
E[P;1(s)] = By, s, [B[Pry(s) | 21 =] < 1,

there is &, € 51 such that E[P,,(s)] | z1 = &1] < 1. So we find such &. Then recursively find
£y En.

For this case we need the absolute error to be less than u/(4mn) (rather than p/(4m) as in
Theorem 2). This adds a factor of logn to the time complexity that is swallowed by the O. O

3 Constructions of Almost k-Wise Independent Sets

3.1 e-Balance Error-Correcting Code

A linear code over the field Fy is a linear subspace C' C Fj'. Elements in the code are called
codewords. A linear code C'is called a [m, k, d|, linear code if C' C F}" is a linear code, |C] = ¢" and
for every two distinct codewords v and u in the code we have dist(v,u) := |{i | v; # u;}| > d. The
latter is equivalent to: For every nonzero codeword w in C, we have wt(w) := [{i | w; # 0} > d.

A linear code C is called a [m, k, (1 — 1/q)m], e-balance error-correcting linear code if C C Fy’
is a linear code, |C| = ¢* and for every nonzero codeword w € C and £ € F, we have

(1= s Hwifwi=&l <+

We show

Lemma 1. Let q be a prime power, m and k positive integers and 0 < e < 1/2. For

]
m>0 (kq 0gq>

€2

there is an [m,k, (1 — 1/q)m], e-balance error-correcting linear code that can be constructed in
bit-time complexity O(¢*+3/e).

Proof. We use Corollary 3. Consider S = ]F’; with the uniform distribution. Define for every v & F’qf
of the form v = (vq,...,v;,1,0,...,0),7=0,1,...,k—1, every £ € F, and every t € {1,2} arandom
variable X, ¢ : F¥ — {0,1} where X, ¢(w) = [viwy + -+ + vpwy, = £]. That is, Xy ¢ (w) = 1 if
viwy + - - -+ vpwy = € and zero otherwise. The number of random variables is N = 2¢(¢* —1)/(¢—1)
and E[X,¢,;] = 1/q for all v,{ and t. The random variables satisfy the condition in Theorem 4
with S; =F, for i = 1,..., k. Therefore an " = {s1,...,s,} C S of size

3¢gIn N <kqlogq>
57— =0 2
€ €

m =z

that satisfies Esug, [Xog1(5)] > (1 —¢€)/q and Egwy, [Xye2(s)] < (1+€)/q for all v and &, can be
constructed in bit-time complexity

k 2 2 2 k+3
~ q" — 1\ k*q“logq\ =~ (q
ot (5 =7) =) =0 (%)

Now, C = {(us1,...,usp)|u € FF} is the code. O




3.2 ¢-Bias Sample Space

Let D be a probability distribution over F4. The bias of D with respect to a set of indices I C [n]

is defined as

il el

bias;(D) =

We say that D is e-bias sample space if bias;(D) < e for all non-empty subset I C [n]. If D is the
uniform distribution over a multiset S C Fy then we call S an e-bias set. The goal is to construct
a small e-bias set in polynomial time in n/e. The following constructions are known from the
literature

Reference Size |S| = O(")
Alon et. al. [7] ﬁ;(ne)
AGC+Hadamard code? m
Ben-Aroya and Ta-Shma [13] #fi(lg)

The best lower bound for the size of e-bias set is [7, 1]

*(mira)

Let C be an e-balance error-correcting linear code [m,n,m/2]y over Fy with a m x n generator
matrix A. It is easy to see that the set of rows of A is e-bias set of size m. Therefore, by Lemma 1,
for ¢ = 2, we have

Lemma 2. An e-bias set S C Fy of size
°(2)
2
can be constructed in time O(2"/e*).
Remark: Using the powering construction in [7] with b;; = (bin(v;z%), bin(y)) where {y} is an

e-bias set S” C 5" (rather than all the elements of F5') gives a polynomial time construction of an
e-bias set S C F} of size O(n/e3).

3.3 k-wise Approximating Distributions in Time O(n*)

The distance in the L,-norm between two probability distribution D and @ over the sample space
S is

1
r
1D —Qllp = <Z [D(s) — Q(8)|p>
seS

for p e R and ||D — Q||p, = maxses |D(s) — Q(s)] for p = oo.

Let S = X". A wniform distribution U over S is a distribution where U(s) = 1/|X|" for all
s € 8. A product distribution D over S is a distribution where D(s1,...,8p) = P15, - - - Pn,s, Where
0<pis, <1lforallien|ands; €.

%See the construction in [13]



For I = (i1,...,i,) where 1 < i; < --- < i < n the distribution D restricted to I over Yk s
Di(o1,...,01) = Prsuplsi, =01 A--- As;, = ox]. Two distributions D and @ over X" are called
k-wise e-close in the Ly-norm, if for any I = (i1,...,i), ||Dr — Qrll, < e. If D is the uniform
distribution then @ is called e-almost k-wise independent in the L,-norm.

When e = 0 then S is called k-wise independent set. It is known that the size of any k-wise
independent set is n®*) [3, 14]. See also [8].

The goal is: given a distribution D. Construct S C S of small size such that the uniform
distribution on S’ is k-wise e-close to D in the Ly-norm. We will just say that S’ is k-wise e-
close to D in the Ly-norm and if D is the uniform distribution we say that S is e-almost k-wise
independent in the Ly-norm.

For ¥ = {0, 1}, Naor and Naor proved

Lemma 3. [18]. Let k < n be an odd integer, t is a power of 2 and

n < 9l2m=1/(-1)] _q

Given an e-bias set S C {0,1}"™ of size t, one can, in polynomial time, construct a set R C {0,1}"
of size t that is e-almost k-wise independent in the Log-norm and 28/%e-almost k-wise independent
i the Li-norm.

For ¥ = {0, 1}, the following are the best known polynomial time constructions of sets that are
e-almost k-wise independent in the L,,-norm and Li-norm. The constructions use the e-bias sets
in Section 3.2 with Lemma 3. See also the sizes without the small terms k, log(1/€) and loglogn
in the first three rows of the table in the introduction.

Reference Size for Ly Size for L
[7] . k21og’ n k22F log? n
e2(log® k+(loglogn)2+log®(1/e))) | €2(k?+(log log 3)24—10%2(1/6))
AGC+Hadamard eslﬁg%{be) e3lﬁ+1oglf1g Bl
13] k5/4 10g5 4, 15/495k/4 log5 4,
[ €25 1og®/%(1/€) €25 (k5/441og®/4(1/€))

By Lemma 2 and Lemma 3 we have

Lemma 4. An e-almost k-wise independent set in the Loo-norm of size

0 (k:lozgn)
€
can be constructed in time O(n*=1/2 /e4),
An e-almost k-wise independent in the Li-norm of size

0 <k2k 120gn>
€

can be constructed in time O(2%nF=1/2 /b).

We now prove



Theorem 5. An e-almost k-wise independent set in the Loo-norm of size
klogn
o(Fe)

Proof. Consider S = {0,1}" with the uniform distribution. Define for every 1 < i; < is < --- <
ir <nand (£1,...,&) € {0,1}* the random variable Xt ooini€1,06x () that is equal to 1 if and
only if s;; = &; for all j =1,..., k. Now the result follows from Corollary 3 and Theorem 4. 0

can be constructed in time O(n” /€*).

This gives an e-almost k-wise independent set in the Li-norm of size O(k2¥logn/e?). We now
give a better bound. We first prove

Lemma 5. Let 0 < r < k. An e-almost k-wise independent set in the Li-norm of size

k r
m:O<2 +l<:22 logn>
€

can be constructed in time O(22""nk¥ /e4).

Proof. Consider S = {0,1}" with the uniform distribution. For every a € {0,1}" and B C {0, 1}*~"
we define the random variable Z;, _; o p(s) =1if and only if (s;,,...,s;,) € {a} x B. Let 8’ C S
and suppose for every I = (iy,...,i), a € {0,1}" and B C {0,1}*" we have

|B] €
Esntg [Z1,0.8] — Bsnvs[Z1,a.8]] = ’ESNUS’ [Zra8] = 55| < 51
Then (here E is Esy, )
1 1

2.

a€{0,1}7,be{0,1}k—"

= > >

ae{0,1}" be{0,1}k—"

| B |B|
= m E[Z - = Ld ) A
> BC{O?};_( [Zrasl = 55 ) + | 55 — ElZ108]
a€{0,1}7

ae{0,1}"

E[Zr a0 — ok E[Zr a0 0] — ok

IN

and therefore, S’ is an e-almost k-wise independent in the L; norm.
Now to construct such a set S’ we use Corollary 3 and Theorem 4. We have N = 92t " +1gr (Z)
and define for each Zj, B, €14 = e2F=7=1/|B| and Pla,B = |B|/2*. By Theorem 1,

. m22 "ty o <2’“+k27“ logn>‘

iy . 2
minprq Be; , p €2

We now prove



Theorem 6. Let d > 0 be any real number. An e-almost k-wise independent set in the Li-norm
of size

k k
m:0(2 +(l€/d)22 —i—klogn)
€

can be constructed in time O(n*+4/e*).
In particular, an e-almost k-wise independent set in the Li-norm of size

O (2k+l€210gn>
€

can be constructed in time O(n?* /e*).
Proof. Follows from Lemma 6 with » = max([k — loglogn —logd],0). O

The above results can be extended to any product distribution over any alphabet.

3.4 Efficient Construction for Any k

In this subsection, we give a construction that is efficient for any k. We will give the results for the
uniform distribution. Similar results can be obtained for the product distribution.

We first define the dense perfect hash family. We say that H C [q]" is a (1 — €)-dense (n, ¢, k)-
perfect hash family if for every 1 < i3 < ig < -+ < iy < n there are at least (1 — ¢)|H| elements
h € H such that h;,,...,h;, are distinct.

We will use the following lemma. The proof is in [11] for a power of prime g. See also [17]. Here
we give the proof for any ¢.

Lemma 6. Ifn > q> 4k?/e then there is a (1 — €)-dense (n,q, k)-PHF of size
0 k?logn
elog(eq/k?)
that can be constructed in polynomial time.

Proof. We use Theorem 1. The sample space is S = [¢]” with the uniform distribution. The
random variables are X; j(s) = I[s; = s;] for all 1 < i < j < n. That is, X;;(s) = 1if s; = s
and X; j(s) = 0 otherwise. We have p = E[X ;] = 1/¢q. The number of such random variables is
N = (3). Let h = [k?/€] and A = 1/h > p. Then

DOIp) = 21n<17;>+<1_2>mt17;

1 1 1 1
> —Ilng— -1 1—=)In(1—-~=
> hnq hnh—i—( h)n( h)

S Ing—Inh — 1'
- h
By Theorem 1, in polynomial time, we can find a multiset S’ = {s1,...,s,} C S where
In N ( k?logn )
m= ——— = —_—
D(Allp) elog(eq/k?)

10



such that for all 1 <14 < j < n we have Prsey,, [si = sj] < 1/h. Then for any 1 <1y <ip <--- <
1. < n we have

k
PrsEUS/[(Hl < jl < j2 < k) Sijl = Sijg] < (}21) <e

We are now ready to give our main three results.
We first show

Theorem 7. An e-almost k-wise independent set in the Loo-norm of size
0 <k3 logn>
2ke3

Proof. In this proof, ¢;, i = 1,2,3,---, are some constants. Obviously, e < 1/2¥. For n < (k/e)?*,
the size of the e-almost k-wise independent set in [7] (see the table) is at most

can be constructed in polynomial time.

c1k?log?n cok? logn cok? logn
e2log?(1/e) — €?log(l/e) =  2ké

Now let n > (k/€)%F. Let ¢ = [(k/€)?] and H C [¢]” be a (1 — ¢/4)-dense (n, ¢, k)-PHF of size

c3k?logn cak?logn
elog(eq/k?) — elog(1/e)’

Such an H exists by Lemma 6 and can be constructed in polynomial time. By Theorem 5, an
(e/4)-almost k-wise independent set R C {0,1}9 in the Loo-norm of size

|H| =

csklog q - cek log(1/€)

|7 = 2ke2  — 2ke2

can be constructed in time O(¢*/e*) = poly(n,1/¢). Define
S ={(vuy,---s0u,) | ue Hve R}

The size of S is
crk?logn

2k¢e3

Now for a random uniform s € S, any 1 < iy < --- < i, <n and & € {0, 1},

R| - |H]| =

PrSES[(Si17 cey sik) = 5] = PrvER,ueHKvuil g ’Uuik) = f]
< PrveR,uEH[(”uil - ,’Uuik) =& | wiy,-..,u;, are distinct] +
Pr,crucH|Wi,,- ., u;, are not distinct]

1+6 +6<1+
— + — -< —+4ce€
2k 4 4 — 2k

11



and

PrSGS[(SiU cee 75ik) = 5] = Pr’vGR,ueH[(vuil PR Uuik) = 5]
> PrvER,uEH[(Uuilv--~7vuik) =& | wi,...,u; are distinct] -
Prycruch[Ui, ..., u;, are distinct]
> (1—6>(1—6)>1—e.
- 2k 4 4) — 2k
Therefore, S is e-almost k-wise independent set in Loo,-norm. O

For the Li-norm we prove

Theorem 8. An e-almost k-wise independent set in the Li-norm of size

5 <2k —i—éogn)
€

can be constructed in polynomial time.
This theorem follows from the following two results

Lemma 7. Forn > 22k, an e-almost k-wise independent set in the Li-norm of size

37001/2 3
o (k log (;/e) logn> _5 (10g3n>
€ €

can be constructed in polynomial time.

Proof. Let n > 2% If e < 1/22k/k then the AGC+Hadamard construction is of size (see the table)

c1k2%%/2 logn < k5 log'/?(1/€) logn
e3(k + log(1/e)) — €3 '

Now let € > 1/22°/* Let ¢ = [22"/*k2 /€] and H C [¢]" be a (1 — ¢/4)-dense (n, ¢, k)-PHF of
size
c3k?logn < cak®logn

elog(eq/k?) — €2k
Such an H exists by Lemma 6 and can be constructed in polynomial time. By Theorem 6, an
(e/4)-almost k-wise independent set R C {0,1}7 in the Li-norm of size

c5(2F + klogq)  ce2F
<
€2 - €

can be constructed in time O(¢?* /e*) = poly(n,1/e). Define
S ={(vuy,---,vu,) | ue Hve R}
The size of S is

crk3logn

R|-|H| =
R |H| = T
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Now for a random uniform s € S, any 1 < i; < --- < i), < n and any boolean function f : {0,1}* —

{0,1},

PrSES[f($i17 o 7Sik) — 1] — Pr”UGR,uEH[f(,UUiI PRI 71}“%) - 1]
< PrveR’ueH[f(vuil - ,vuik) =11 u,...,u; are distinct] +
PrycrucH Wi, - -, ui, are not distinct]
< (Pr[f:1]+§) + S <Prlf=1]+e
Therefore S is e-almost k-wise independent set in Lo,-norm. O

Lemma 8. Forn < 22k, an e-almost k-wise independent set in the Li-norm of size
- [k
o) =t

Proof. If n < (4k?/€)?* then we use the bound in [7] (see the table) and get an e-almost k-wise
independent set in the Li-norm of size

; (;ﬁ min(k?, log?(1/e€)) - 2’“) _5 (Z) .

€2

can be constructed in polynomial time.

Otherwise, we take ¢ = [n'/*¥] > (4k?/€)? and use Theorem 6 to construct an (e/4)-almost k-wise
set in the L;-norm, R C {0,1}9, of size (notice that logn < 2¥)

2k
o) =
(=)
in time O(q?*/e*) = poly(n,1/¢). Composing this with the (e/4)-dense (n,q, k)-PFH in Lemma 6

of size ) 5
0 k“logn _0 k”
elog(eq/k?) €

gives the result. O

4 Lower Bounds

In this section we give the following two lower bounds

Theorem 9. Let 1/poly(n) < e < 1/2¥! and k < n/2. Any e-almost k-wise independent set in

the Loo-norm is of size
logn ~ (logn
Q =0 .
<2k62 1og(1/2k+1e)) ( 2ke2 >

Theorem 10. Let € > 1/nk/5. Any e-almost k-wise independent set in the Li-norm is of size
Q klogn _9 logn .
€2 log(1/e) €2
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The following is proved in [2, 1]. We give the proof for completeness.

Lemma 9. Let S C {0,1}" and r < n be an even number. If for every distinct ii,...,i, € [n],
a €{0,1}"\{0"} and a random uniform s € S we have 1/2+ ¢ > Prlays;, + -+ arsi, ] > 1/2 —€

then S| > 0 (min (m, /2 <rT/L2>>> .

In particular, for e > 1 /(2”4 (7]/12) 1/2)

120 (igizn )

Proof. Let § = {5(1)7 . '7S(m)} and I = {(i1,...,0/9) | 1 <1 <ig <+ <ipjp < 1}, Consider
C = {Busi)) 4 o4 Beppsll s Bisl” 4o+ Bl ) [ € 1,8 € (0,137 {07,

Zr/2’ ’ /2

Then for two distinct u,v € C' we have (for some i1, ...,i, and (aq,...,a,) € {0,1}"\{0"})

1 1
dist(u,v) = wt(u+v) =m - Precyglons, + -+ aps;,.] € [(2 - e) m, (2 + e> m] .

Therefore C is an e-balance error-correcting code size (27/% — 1)(r72). By MRRW bound,[19], for
binary code with the results in Section 7 and (3) in [7] and the bound in [1], the result follows. [

We now prove Theorem 9

Proof. Let S be a e-almost k-wise set in the Lo, norm. Let r > 2 be an even constant such that
€ > 1/(2’”/4(";];;7")1/2). For ¢ € {0,1}*7" consider the sets S¢ = {s € S | (s1,...,8k—r) = £}
Obviously, {S¢}ecqo13x—- 18 a partition of S.

Let I = {k—r+1,k—r+2,...,n}. For distinct i1,...,4, € I, a € {0,1}"\{0"}, & =
€,... & € {0,1}*77 and a random uniform x € S we have
Prioiz, + -+ apx, =1, (21, ..., Tp—y) = €]

Pr{(z1,...,25—y) = ¢
Prioiz, + -+ apx, =1, (z1, ..., Tp—r) = €]

> ueqoy Pri(@i, i) =u, (@1, .., 2p—y) = ¢

2’"(2%—#6) -2

Pr[alxil + -t apx;, = 1| S Sg] =

In the same way

1
Pr{ojz;, +- -+ oz, =1 x € S¢] < 3 + 2k +le,

Therefore, by Lemma 9, for € > 1 /(27"/4 (n;f;r) 1/2) ;

. rlog(|I|/r logn
si= 3 15=27 0 (Gregyey) = (Fawge)

£e{0,1}k—r
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We now prove Theorem 10

Proof. For every distinct i1, . ..,i € [n] and a € {0,1}*\{0¥} and any random uniform z € S
1 1
Priogz +- - +apey, =1] - 5| < > Prizi, =&,z =&l - 5
ar§i++agfe=1
1
< Z Pr[xi1:€17"')$ik:£k]_27 <e
£e{0,1}+
Therefore, by Lemma 9, for ¢ > 1/ n¥/% we have

1= (gl
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