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Abstract

For a test T' C {0,1}" define k* to be the maximum k such that there exists a
k-wise uniform distribution over {0, 1}" whose support is a subset of 7T

For T = {z € {0,1}" : |3, x; — n/2| < t} we prove k* = O(t*/n +1).

For T = {z € {0,1}" : >, 2; = ¢ (mod m)} we prove that k* = ©(n/m? +1). For
some k = O(n/m) we also show that any k-wise uniform distribution puts probability
mass at most 1/m + 1/100 over T'. Finally, for any fixed odd m we show that there is
an integer k = (1 — Q(1))n such that any k-wise uniform distribution lands in 7" with
probability exponentially close to |T'|/2"; and this result is false for any even m.

*A preliminary version of this paper appeared in RANDOM 2016 [BHLV16]

TResearch Affiliate, Department of Mathematics, Massachusetts Institute of Technology.

YKTH-Royal Institute of Technology, work done in part while visiting the Simons Institute. Supported
by the Swedish Research Council.

§College of Computer and Information Science, Northeastern University. Supported by NSF grant CCF-
1319206. Work done in part while visiting Harvard University, with support from Salil Vadhan’s Simons
Investigator grant, and in part while at the Simons Institute for the Theory of Computing.

ISSN 1433-8092



1 Introduction and our results

A distribution on {0, 1}" is k-wise uniform, aka k-wise independent, if any & bits are uniform
in {0,1}*. The study of k-wise uniformity has been central to theoretical computer science
since at least the seminal work [CWT9] by Carter and Wegman. A specific direction has
been to show that k-wise uniformity “looks random” to several classes of tests. These
classes include combinatorial rectangles [EGLT92, [CRS00] (for an exposition see e.g. Lecture
1 in [VioI7]), bounded-depth circuits, aka AC°, [Baz09, Raz09, Bral0, [Tall7, [HS16] (see
e.g. Lectures 2-3 in [Viol7]), and halfspaces [RS10, IDGJ™10, [GOWZI10, DKNI(0]. More
recently a series of works considers smoothed versions of the first two classes, where the input
is perturbed with noise, and gives improved bounds [AWS9, (GMR™12, [HLV|, [LV17a]. These
results have in turn found many applications. For example, the recent exciting constructions
of 2-source extractors for polylogarithmic min-entropy rely on [Bral0, [DGJ™10].

In this work we extend this direction by giving new bounds for two classes of tests, both
symmetric. First we consider the class of mod m tests.

Definition 1. For an input length n, and integers m and ¢, we define the set S,, . := {x €
{0,1}" : > x; = ¢ (mod m)}.

These tests have been intensely studied at least since circuit complexity theory “hit the
wall” of circuits with mod m gates for composite m in the 80’s. However, the effect of k-wise
uniformity on mod m tests does not seem to have been known before this paper. We study
for what values of k does there exist a k-wise uniform distribution over {0, 1}" supported on
Sp,c. Our first main result gives tight bounds on the maximum value of such a &, establishing
k = ©(n/m? + 1). The constants hidden in the O,(Q, and © notation are absolute. The
“4+1” is there in case n/m? is smaller than any constant.

Theorem 2. For all integers m > 2 and c, there exists an integer k > n/32m? and a k-wise
uniform distribution on {0,1}" that is supported on S, ..

Theorem 3. For all integers m > 2, ¢, and k > 140n/m?+4, no k-wise uniform distribution
on {0,1}" can be supported on Sy, .

Theorem [2| is trivial for m = 2, as the uniform distribution over Sy is (n — 1)-wise
uniform. But already for m = 3 the result is not trivial.

Theorem [3]is equivalent to saying that when k& > 100n/m?*+ 4 then every k-wise uniform
distribution must land in S,, . with non-zero probability.

For motivation, recall from above the line of works [Baz09, [Raz09, Bral(), [Tall7, [HS16]
showing that k-wise uniform distributions fool ACP circuits. Specifically, these works show
k = polylogn suffices to fool AC? circuits on n bits of size poly(n) and depth O(1). It
is natural to ask whether the same distribution also fools ACY circuits with mod m gates,
a “frontier” class for which we have exponential lower bounds [Raz87, [Smo87| (when m
is prime) but not good pseudorandom generators. A positive answer might have looked
plausible, given that for example the parity function is hard even with mod 3 gates [Smo87].
But in fact Theorem [2] gives a strong negative answer, showing that k& = (n) is necessary
even for a single mod 3 gate.




Theorem [2| proves a conjecture in [LV17h] where this question is also raised. Their
motivation was a study of the “mod 3” rank of k-wise uniform distributions, started in
[IMZ09], which is the dimension of the space spanned by the support of the distribution over
Fs. [LVITD] shows that achieving 100 log n-wise uniformity with dimension < n®*® would
have applications to pseudorandomness. It also exhibits a distribution with dimension n%7
and uniformity k£ = 2. Theorem [2| yields a distribution with dimension n — 1 and Q(n)-wise
uniformity.

We then prove another theorem which is in the same spirit of Theorem (3| but gives
different information. First Theorem shows that the largest possible value of k in
Theorem [2|is k < 2(n + 1)/m + 2. Compared to Theorem [3] this result is asymptotically
inferior, but gives better constants and has a simpler proof. Theorem shows that when
m is odd, if k is larger than (1 — 7)n for a positive constant v depending only on m then
k-wise uniformity fools S,,. with exponentially small error. The proof of Theorem W|(b)
however does not carry to the setting of k < n/2, for any m. So we establish Theorem [|(c)},
which gives a worse error bound but allows for k& to become smaller for larger m, specifically,
k = O(n/m) for constant error. The error bound in Theorem and the density of S, .
are such that it only provides a meaningful upper bound on the probability that the k-wise
uniform distribution lands in S, ., but not a lower bound. In fact, we conjecture that no
lower bound is possible in the sense that there is a constant C' > 0 such that for every m
there is a Cn-wise uniform distribution supported on the complement of .S, ..

Theorem 4. Let m and c be two integers.

(a) For k > 2n/m + 2, a k-wise uniform distribution over {0,1}" cannot be supported on
Shme-

(b) If m is odd, then there is a v > 0 depending only on m such that for any (1 —~)n-wise
uniform distribution D over {0,1}", we have |Pr[D € Sy, ] — |Sm.c|/2"| < 277,

(c) There exists a universal constant C such that for every e > 0, n > Cm?log(m/e),
and any C(n/m)(1/e)*-wise uniform distribution D over {0,1}", Pr[D € S, <
|Sim.c| /2" + €.

We note that Theorem is false when m is even because the uniform distribution on
Ss0 has uniformity k = n — 1 but puts about 2/m mass on S, , a set which as we shall
see later (cf. Remark [1) has density about 1/m. The latter density bound, in combination
with Theorem [](b)| and Theorem [4](c)] implies that for some k = min{O(n/m), (1 —Q(1))n},
every k-wise uniform distribution puts probability mass at most 1/m + 1/100 over S,, . for
odd m and any integer c.

We then consider another class of tests which can be written as the intersection of two
halfspaces.

Definition 5. For an input length n, and an integer t, we define the set Hy :== {x € {0,1}" :

Y@ —n/2 < t).

Again, we ask for what values of k does there exist a k-wise uniform distribution over
{0, 1}" supported on H;. We obtain tight bounds for k£ up to a constant factor, showing that
the maximum value of such a k is ©(¢?/n + 1).



Theorem 6. For every integer t, there exists an integer k > t2/50n and a k-wise uniform
distribution over {0,1}" that is supported on Hy,

Theorem 7. For all integers t and k > 36t%/n + 3, no k-wise uniform distribution over
{0,1}™ can be supported on H,.

One motivation for these results is to understand for which tests the smoothed version of
the test obtained by perturbing coordinates with random noise is fooled by k-wise uniformity.
As mentioned earlier, this understanding underlies recent, state-of-the-art pseudorandom
generators [AWS9, (GMR™12, [HLV! [LVI17a]. See also [LV17b]. Using Theorem @ we prove
that independence Q(log n) is necessary to fool read-once DNF on n bits, even with constant
noise. Note that independence O(logn) is sufficient, even without noise [EGLT92].

Theorem 8. There exists a read-once DNF d : {0,1}" — {0,1}, a constant o, and an
alog n-uniform distribution D such that |Pr[d(U) = 1] — Pr[d(D + N,) = 1]| > Q(1), where
U is uniform over {0,1}", N, is the distribution over {0,1}" whose bits are independent and
are set to uniform with probability o and 0 otherwise, and +’ is bit-wise XOR.

Proof. Let d be the Tribes DNF with width w = logn — loglnn + 0,(1), see e.g. [O’D14].
We have |Pr[d(U) = 1] — 1/2] = o(1). Partition the n bits into n/w blocks of size w.
The distribution D has i.i.d. blocks. The projection of each block is an aw-wise uniform
distribution with Hamming weight < 2w/3. The probability that d(D + N,) = 1 is at most
the probability that there exists a block where the noise vector N, has Hamming weight
> w/3. This probability is at most

(n/w)2*(a/2)"" < 1/3,

for a sufficiently small «. O]

1.1 Techniques

We give two related approaches to proving Theorem [2l At a high level, both approaches
are similar to the work of Alon, Goldreich, and Mansour [AGMO3|, which shows that one
can apply a small perturbation to the probability masses of every almost k-wise uniform
distribution on {0, 1}" to make it k-wise uniform, showing that every e-almost k-wise uniform
distribution on {0, 1}" is n°®e-close to a k-wise uniform distribution, in statistical distance.
However, in their setting there is no constraint on the support. This makes our proof
significantly more technical.

Our first approach uses the following equivalent definition for a distribution on {0, 1}"
to be k-wise uniform: the distribution is unbiased under any parity test on at most k bits.
To construct our distribution, we first start with the uniform distribution over the set .5,, .,
and show that the bias under each of these parity tests is small enough, so that they can
be made zero by a small perturbation of the probability masses of the distribution. Our
goal is then to show that the change in the probability on each weight is no more than the
probability we start with, so that it remains non-negative after the perturbation. In the
conference version of this paper [BHLV16], we use this approach to prove a slightly weaker
version of Theorem [2 We refer the interested readers to [BHLV16] for details.
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We now give an overview of the second approach, which is developed in this paper. Instead
of looking at the biases of parity tests, we consider another equivalent characterization of
k-wise uniform distributions that are symmetric. To simplify the calculations, we will switch
to {—1,1} and consider distributions supported on 5] . = {y € {-=1,1}" : Y y; = ¢
(mod m)}. One can then translate results for {—1,1}" back to {0,1}" (See Fact [12). A
symmetric distribution is k-wise uniform on {—1,1}" if and only if the first £ moments of
the sum of its n bits match the ones of the uniform bits. Similar to the first approach, we
start with the uniform distribution on S, ., and show that the first £ moments of the sum of
the bits are close to the ones of the uniform bits. Then, we perturb the probabilities on k+ 1
of the sums ), y; of the distribution to match these moments exactly. Once again, our goal
is to show that the amount of correction is small enough so that the adjusted probabilities
remain non-negative. Note that in this approach we work with distributions over the integers
instead of {0, 1}".

While the two approaches seem similar to each other, the latter allows us to perform
a more refined analysis on the tests we consider in this paper, and obtain the tight lower
bounds for both modular and threshold tests.

Organization. We begin with Theorem {4] in Section [2] because it is simpler. We use
the second approach to prove the tight lower bounds for S,, . and H; in Sections [3] and [4]
respectively. The proof of Theorem [2| involves a somewhat technical lemma which we defer
to Section . Finally, we prove our tight upper bounds for S,, . and H; in Sections @ and m,
respectively.

2 Proof of Theorem 4
In this section we prove Theorem [ We start with the following theorem which will give
Theorem 4{(a)| as a corollary.

Theorem 9. Let I C {0,1,...,n} be a subset of size |I| < n/2. There does not exist a 2|I|-
wise uniform distribution on {0,1}" that is supported on S := {x € {0,1}" : Y. x; € I}.

Proof. Suppose there exists such a distribution D. Define the n-variate nonzero real poly-

nomial p by
p(x) == H(—z + Z 9@-).
j=1

i€l
Note that p(z) = 0 when z € S. And so E[p*(D)] = 0 in particular. However, since p* has

degree at most 2|I|, we have E[p?(D)] = E[p*(U)] > 0, where U is the uniform distribution
over {0,1}", a contradiction. O

Proof of Theorem |4 (a) When I corresponds to the mod m test S, ., |I| <n/m+ 1. O

We now move to Theorem {|(b)| First we prove a lemma giving a useful estimate of

> (—1)Zie,

CL‘ES’m,c



Similar bounds have been established elsewhere, cf. e.g. Theorem 2.9 in [VWO08], but we do
not know of a reference with an explicit dependence on m, which will be used in the next
section. Theorem follows from bounding above the tail of the Fourier coefficients of the
indicator function of Sy, ..

Lemma 10. For any 1 <k <n—1and any 0 <c<m — 1, we have

| 3 coEr <2 (e )"

m
Q?ESm,c

while for k =0, we have
‘ Z (—1)21‘11“ - 2”/m’ <27 (COS l) .
€S, 2m

For odd m the first bound also holds for k = n.

Proof. Consider an expansion of

p(y) = 1 =) A +y)""
into 2" terms indexed by x € {0, 1}" where x; = 0 indicates that we take the term 1 from the
ith factor. It is easy to see that the coefficient of y¢ is Zm‘:d(—l)ZLl“, where |z| denotes
the number of occurrences of 1 in z. Denote ¢ := €2>™/™ as the mth root of unity. Recall the

identity

m—1 .
1 Z i) _ 1 ifd=c (modm)
0 otherwise.
Thus the sum we want to bound is equal to

1 m—1 ' '
— (¢,

J=0

Note that p(¢°) = p(1) = 0 for k& # 0 while for k = 0, p(¢°) = 2". For the other terms we
have the following bound.

Claim 11. For 1 <j <m—1, [p(¢?)| < 2" (cos %)k (cos %)n_k
Proof. As |1+ €| = 2|cos(0/2)| and |1 — €| = 2|sin(6/2)| we have

() =1L+ ¢t

. k . n—k
nf . JT Jjm
=2 (sm —> (cos —)
m m
<2" (cos —) (cos —) ,
2m m
m—1

where the last inequality holds for odd m because (1) sinjm7r is largest when j = "= or

j =" (2) sin(Z —x) = cosz, and (3) cos I is largest when j = 1 or j = m — 1. For even
m the term with 7 = m/2 is 0, as in this case we are assuming that k < n, and the bounds

for odd m are valid for the other terms. O



Therefore, for k # 0 we have

—1 k n—k k n—k
Z (—1)Z§:1xi S (cos 2l> (cos 1) < 2" <cos 2i> (cos 1) ,

m m m m m
SCESm,c

and we complete the proof using the fact that cos(w/m) < cos(m/2m). For k = 0 we also
need to include the term p(1) = 2" which divided by m gives the term 2"/m. O

Remark 1. Clearly the lemma for k = 0 simply is the well-known fact that the cardinality
of Sm.c is very close to 2" /m. FEquivalently, if x is uniform in {0,1}" then the probability
that > . x; = ¢ (mod m) is very close to 1/m.

Proof of Theorem |4](b) Let f :{0,1}™ — {0,1} be the characteristic function of S, .. We
first bound above the nonzero Fourier coefficients of f. By Lemma |10, we have for any
with |B| =k > 0,

fol = 277 -1 Zlexi<< l)n < 9—an
fil=2 Y (- < (s )" <2,

$ES’m,c m
where o« = — In cos(w/2m) depends only on m. Thus, if D is k-wise uniform,
n n n—k—1
EUDI-ES@ < Yk B |05 < Sl <z 3 (7) =2 3
|BI>k |B|>k t=k+1 t=0
For k > (1 — §)n, we have an upper bound of 2"#(©)=)  Pick § small enough so that
H(9) < a/2. The result follows by setting v := min{«a/2,d}. O

Note that the above proof fails when m is even as we cannot handle the term with || = n.
Finally, we prove Theorem {4|(c)l We use approximation theory.

Proof of Theorem[{J(c)} Let f: {0,1}™ — {0, 1} be the characteristic function of S, .. The
proof amounts to exhibiting a real polynomial p in n variables of degree d = C'(n/m)(1/¢)?
such that f(z) < p(z) for every € {0,1}", and E[p(U)] < ¢ for U uniform over {0, 1}".
To see that this suffices, note that E[p(U)] = E[p(D)] for any distribution D that is d-wise
uniform. Using this and the fact that f is non-negative, we can write

0<E[f(U)] <E[p(U)] <e and 0<E[f(D)]<E[pD)]<e

Hence, |E[f(U)]—E[f(D)]| < e. This is the method of sandwiching polynomials from [Baz09].

Let us write f = g(>_,z;/n), for g: {0,1/n,...,1} — {0,1}. We exhibit a univariate
polynomial ¢ of degree d such that g(z) < g(z) for every x, and the expectation of ¢ under
the binomial distribution is at most €. The polynomial p is then ¢(} . ;/n).

Consider the continuous, piecewise linear function s : [—1,1] — [0, 1] defined as follows.
The function is always 0, except at intervals of radius a/n around the inputs z where g
equals 1, i.e., inputs x such that nx is congruent to ¢ modulo m. In those intervals it goes
up and down like a ‘A’ reaching the value of 1 at x. We set a = em/10.
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By Jackson’s theorem (see e.g., [Car, Theorem 7.4] or [Che66]), for d = O(ne~ta™!) =
O(ne~?m™1), there exists a univariate polynomial ¢’ of degree d that approximates s with
pointwise error £/10. Our polynomial ¢ is defined as ¢ := ¢’ + ¢/10.

It is clear that g(z) < g(z) for every x € {0,1/n,...,1}. It remains to estimate E[q(U)].

As ¢ is a good approximation of s we have E[q(U)] < 2¢/10 4+ E[s(U)]. We noted in
Remark (1| that the remainder modulo m of ) z; is d-close to uniform for § = cos(7/2m)" =
e n/m*) " Now the function s, as a function of Y  x;, is a periodic function with period m
and if we feed the uniform distribution over {0,1/n,...,m/n} into s we have E[s] < £/10.
It follows that if n is at least a large constant times m?(log(m/¢)), we have E[s(U)] < 2¢/10
and we conclude that E[g(U)] < 4¢/10. O

3 Tight lower bound on k-wise uniformity vs. mod m

In this section we prove Theorem 2] For convenience, from now on we will consider the space
{=1,1}" instead of {0,1}". In particular, we will consider strings = € {—1,1}" that satisfy
> ;x; = ¢ (mod m). One can translate results stated for {0,1}" to results for {—1,1}" and
vice versa using the following fact.

Fact 12. Let z € {0,1}" and y € {—1,1}" be the string obtained by replacing each x; by

yi = 1 —2x;. Then
Zyi Zn—Qin (mod m),

and conversely,

(n— i mod m) if m odd,
sz—{ Siv) (modm) if

(n—=>,%)/2 (mod F) if m andn are even.

Let n be a positive integer. Let X, X5, ..., X, be independent random variables chosen
uniformly from {—1,1}. Let B be the sum of all the X;. The distribution of B is a shifted
binomial distribution. Note that B has the same parity as n.

Theorem 13. Let m and n be positive integers and c be an integer. Suppose that m 1s odd
orn and ¢ have the same parity. Let k be a positive integer such that k < g'=. Then there
15 a probability distribution on the ¢ mod m integers that matches the first k moments of B.
Furthermore, the support of the probability distribution is a subset of the support of B.

Theorem [2] follows from applying Fact [12] to Theorem [13]

Our goal is to come up with a distribution supported on ¢ mod m so that its first k
moments match the moments of B. We first start with a measure g on the ¢ mod m integers.
Here ¢ may not be a probability measure — its values may not sum to 1. However, we will
show that we can turn ¢ into a probability measure p by a small adjustment A on k + 1
appropriately chosen positive values of ¢(x).



3.1 Defining C,, ()

Let m be a positive integer (the modulus). Let ¢ be an integer (the residue). We will
assume that either m is odd or n and ¢ have the same parity. We will use Iverson bracket
notation: [true] = 1 and [false] = 0. Define the comb function C,,. on the integers by
Ce(r) = mz = ¢ (mod m)] if m is odd and C,.(z) = F[r = ¢ (mod m)] if m is even.

3.2 Defining ¢(z)

Define the function ¢ on the integers by ¢(z) = C,, .(z) Pr[B = z]. Note that ¢ is nonnegative.
Also if g(z) # 0, then z is ¢ (mod m) and in the support of B.

Lemma 14. If f is a function on the integers, then

Proof. By the definition of expected value, we have

> q@)f(x) =D Pr[B =2]Crne(z) f(x) = E[Cnc(B)f(B)]. O

x

3.3 Defining Lagrange polynomials

Let k be a positive integer. Let ag, a1, ..., ai be k4 1 distinct integers that are ¢ mod m,
n mod 2, and as close to 0 as possible. Because they are as close to 0 as possible, we have
la;j| < (k+1)m < 2km. In our application, 2km will be at most n. So each a; will be in the
support of B.

Given an integer v such that 0 < v < k, define the Lagrange polynomial L, as follows:

L@ = [ (e =a.
e

Note that L,(a,) = 0 if and only if v # w. It’s well known that Lo, Ly, ..., Ly form a basis
(the Lagrange basis) of the vector space of polynomials of degree at most k.

3.4 Defining A(x)
Define the function A on the integers as follows. If x equals a, (for some v), then

E[Cm,c(B)Lv<B)] — E[LU(B)] )

Ala,) = To(a)

For = # a,, for any w, then A(z) = 0.

Lemma 15. If f is a polynomial of degree at most k, then

> A@)f(x) = E[Co(B) f(B)] = E[f(B)].
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Proof. We will first prove the claim when f is a Lagrange polynomial L,. If A(z) # 0, then
x is of the form a,, for some w. But if L,(a,) # 0, then v = w. So the sum has at most
one nonzero term, corresponding to = a,. And the equation is true in this case by the
definition of A.

We have proved the claim for Lagrange polynomials. But every polynomial of degree at
most k is a linear combination of the Lagrange polynomials. This completes the proof. [

3.5 Defining p(z)

Define the function p on the integers by p(z) = ¢(x) — A(z). Note that if p(z) # 0, then =
is ¢ mod m and (assuming 2km < n) in the support of B.

Lemma 16. If f is a polynomial of degree at most k, then
> p()f(x) = E[f(B)].
Proof. By Lemmas [14] and [15] we have

Y p@)f(x) =) a(@)f(2) =) A)f(x)

x

= E[Cuno(B)f (B)] = (E[Cno(B)f(B)] ~ E[f(B)))
= Elf(B)) .

To show that p is nonnegative, we will show that |A(z)| < ¢(x). First we bound above
|A(x)|. Then we bound below ¢(z).

Recall that A(x) = E[Cm’C(B)iv((f)%fE[L“(B)] if x equals a, for some v (and 0 otherwise).
Lemmas [20[ and [22| below give upf)ef and lower bounds on the numerator and denominator,

respectively.

3.6 Bounding above |[E[L,(B)C,,.(B)] — E[L,(B)]|

We start this section by proving a few lemmas that will be useful to obtaining the upper
bound.

Lemma 17. If 0 is a real number such that || < 7, then [tan 6| > [0].

Proof. By symmetry, we may assume that 6 > 0. Recall that sec z is 1/ cos . The derivative
of tan is sec?. Because cosz < 1, it follows that sec? x > 1. Integrating both sides (from 0
to 6) gives tanf > 6. O

Lemma 18. If 6 is a real number such that || < 7, then cosf < e0°/2,

Proof. By symmetry, we may assume that § > 0. The case § = 7/2 is trivial, so we will
assume that § < w/2. The derivative of Incos is —tan. By Lemma , we have tanx > z
for 0 < x < %. Integrating both sides (from 0 to 6) gives —Incos® > 6?/2. Exponentiating
gives the desired inequality. O]



Lemma 19. Let r be an integer such that 0 < r < %. Let m be an integer such that
1 <m < +/n. Suppose that m is odd or n and ¢ have the same parity. Then

|E[B"C,o(B)] — E[B"]] < 8(3rm)Te /™"

Proof. Let m’ be m if m is odd and m/2 if m is even. Let a be 7w/m’. For now, we will
assume that n and ¢ have the same parity. At the end, we will show how to adjust the proof
when n and ¢ have the opposite parity.

Because B and n have the same parity, B — ¢ is even. So we have the identity

/-1
D B = ¢, (B) - 1.
Jj=1

Hence, by the triangle inequality and then Lemma whose proof we defer to Section |5 we
have (Lemma [38|is the second inequality)

(5o (3 — B[] = [E[ 57 5 oo

j=1

m'—1
_ ’ Z e—ijac E[BreijaB] ‘
j=1

'—1
< Z ’]E[BreijaB”
j=1

m'—1
< Z 2(8r|cot jo|)"|cos jar ™
j=1
m/—1
= 2(8r)" Z |cot ja|"|cos jar|™2.
j=1

The sum is symmetric: the terms corresponding to j = ¢ and j = m’ — £ are equal. So we
can double its first half:

Lm'/2]
[E[B"Clo(B)] — E[B"]| < 4(8r)" Y |cot jo||cos ja|™.

j=1
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Therefore, by Lemmas [17] and [18] we have

Lm'/2] 1N\ _22
T _ r T - —jla*n/4
5057 Cone ) — BB < 4650 3 (5a) ¢
&r\7 Lm'/2] 2 2
< 4(_) Z eI n/4
a/ o
8rm\7 /2] 29 2
< 4( ) Z eI n/(4m?)
T pu
lm'/2]
4(3rm)" Z e~ 24%n/m?
'/2J

4(3rm)" Z e~ 2in/m?*
1

The sum is a geometric series whose common ratio is less than 5, so we can bound it by
twice its first term:

|E[B"Cppo(B)] — E[B]| < 8(3rm) e 2"/™".

The proof above assumed that n and ¢ have the same parity. When n and ¢ have the
opposite parity, we can adjust the proof as follows. From the parity hypothesis in the
theorem, we know that m is odd. In particular, m’ = m. Because B and n have the same
parity, B — c is odd. So we have the identity

i 1)7eeB=) — ¢, (B) — 1.

It’s the same identity as before except for the factor of (—1)7. We can now continue with
the remainder of the proof. The factor of (—1)? goes away as soon as we apply the triangle
inequality. Hence we obtain the same bound. O]

Lemma 20. Let m be an integer such that 1 < m < +/n. Suppose that m is odd orn and c
have the same parity. Suppose that k < 5. If v is an integer such that 0 < v <k, then

|E[L,(B)Cino(B)] — E[L,(B)]| < 8(5km)re 2"/m"
Proof. Given a subset A of {1,2,...,n}, define X* to be the product of the X; for which j

is in A.
By expanding the product, we have

Ly(B) = [[(B—a;) = > (=) B,

J#v A

11



where A ranges over every subset of {0, 1, ..., k} —{v}. Therefore, by the triangle inequality,
Lemma [I9, and the binomial theorem, we have

[E[Lo(B)Cine(B)] ~ EIL.(B)]| = [E[[Cune(B) ~ 11L.(B)]|
= E|[Cine(B) = 1D (=1) 4 5= 141 ‘

ISt ]

< Z(&E[[CWC(B) - 1]B’““A|] ‘

<> km) I |E|[Coe(B) — 1181
<" (2km) 1 8(3(k — [Alym) A2

=8 2™ N "(2km) A (3(k — |A[)ym)* 1A
A

< 8e 2™ (2km) A (3km) 1
A

= 8¢~ 2™ (5km)*. O

3.7 Bounding below |L,(a,)|

Our lower bound on |L,(a,)| follows from the following claim.

Claim 21. Let ag < --- < ay be k + 1 points such that for every j € {1,...,k} we have
a; —aj_1 > d. Then for any integer t such that 0 <t <k,

H|@t —aj| = (ﬁ)k
o 2
Proof. First observe that we have |a; — a;| > d|t — j|. So we have
[Tla: — a;l = ] dit — j| = d*e!(k — 1)\
J#t J#t
We will use Stirling’s formula in the form x! > e/®) where f(z) = rlnZ for x > 0 and
f(0) = 0. Note that f is convex on the interval [0, 00). Hence we have

[l — a5 = d¥ti(k — )1 = dbel O B0 > gk 20/ — (
it
Lemma 22. If v is an integer such that 0 < v < k, then

by

]
2e

km

Le)] = (1)

Proof. Without loss of generality, assume that the a; are in sorted order. Then this lemma
follows from Claim 21| with d replaced by m. O

12



3.8 Conclude upper bound on |A(z)]

Lemma 23. Let m be an integer such that 1 < m < /n. Suppose that m is odd orn and c
have the same parity. Suppose that k < 5. If x is an integer, then

|A(z)] < 8(30)Fe=2n/m",

Proof. 1f x is different from a, for every v, then A(z) = 0. So we may assume that x = a,
for some v. By Lemmas 20 and 22, we have

|E[Cm,C(B)Lv(B)] — ]E[LU(B)H
| Lo(ay)]
8(5km)ke2n/m*
(km/6)*
— 8(30)ke 2™, 0

|A(2)| =

3.9 Bounding below ¢(x)

Lemma 24. If a is an integer such that |a| < n and a =n (mod 2), then
1

2y/n

Proof. The event B = a is equivalent to ”%““ of the X; being 1 and the other 5% being —1.

Hence o . . ’
i == 5o, a)

If a = n or a = —n, then the desired inequality is easy to check. So we will assume that
la| < n. We will use Stirling’s formula in the form

e 2 < z! < 2¥e Te/x,

Pr[B =a] > 2%/

where z is a positive integer. We have

< n > B n!
(n+a)/2) ~ mEiE=T
S n"\/2mn
T (M) ra)2(nge)n=a)2e2, /(n + a) [21/(n — a) /2
_ oH(A+&m_2V2mn
e2\/n? —a?’

where H is the binary entropy function H(z) = —xzlog, z — (1 — ) logy(1 — z). It’s known

13



that H(x) > 42(1 — x). That means H(5 + =) > 1 — “—2 So we have

1
2 T on

(i) 22 2/ 2n

n+a n2 — g2
2V 27
e2\/n

> 2n—a2/n 1

o

Dividing by 2" gives the desired inequality. ]

> on— a?/n eV el

3.10 Conclude |A(z)| < g(x)

Lemma 25. Let m and n be positive integers and c be an integer. Suppose that m is odd
or n and c have the same parity. Let k be a positive integer such that k < g'=. If x is an
integer, then |A(z)| < 5q¢(x).

Proof. If x is different from a, for every v, then A(x) = 0. So we may assume that = a,
for some v. By Lemma 23] we have

2

8k —2n/m len/m2 —2n/m? _ le—n/m )

Af)] < 8(30)"e /" <3

/\

e

.-lkIH

By the definition of ¢ and Lemma [24] we have

q(z) = Coo(z)Pr[B=12] > —Pr[B=a] > 27" /"—

4y/n

m
2

We know that n
|z = |a,| < 2km < —.
4m

So
g(z) > 2" n/(16m?) > —n/(16m?) M m

4\/—— avn

Applying the inequality z < e%/¢ (to x = 4n/m?), we have

— < edn/(em?) < o3n/(2m?)
m
Thus
mo_ 1(4_71)‘1/2 N ey
4y/n 2\m? )
Hence
q(x) > 1 —=3n/(4m?) ,—n/(16m?) ~ le—n/m2
Z 3 > 5
Comparing our bounds for A and ¢, we see that |A(z)| < 1q(z). 0

14



3.11 Conclude lower bound

Proof of Theorem [13 Recall the function p from Lemma We will show that p is the
desired probability distribution. From the definition of p and Lemma , we get p(z) > %q(m);
in particular, p is nonnegative. Applying Lemma (16| to the constant function 1 (the zeroth
moment), we see that the sum of the p(x) is 1. In other words, p is indeed a probability

distribution. Applying Lemma to the other monomials (namely x, 22, ..., z¥), we see
that p matches the first £ moments of B. This completes the proof. O

4 Tight lower bound on k-wise uniformity vs. threshold

In this section we prove Theorem @ Like the last section, we will work with {—1,1}" and
translate the results back to {0,1}" using the following fact.

Fact 26. Let v € {0,1}" and y € {—1,1}" be the string obtained by replacing each x; by
yi =1—2x;. Then Y, x; —n/2| <t if and only if |>_, yi| < 2t.

Let n be a positive integer. Let X;, Xo, ..., X,, be independent random variables chosen
uniformly from {—1,1}. Let B be the sum of all the X;. The distribution of B is a shifted
binomial distribution. Note that B has the same parity as n.

Theorem 27. Let n and t be positive integers such that t < n. Let k be a positive integer
such that k < %. Then there is a probability distribution on the integers with absolute
value at most t that matches the first k moments of B. Furthermore, the support of the

probability distribution is a subset of the support of B.
Theorem [] follows from applying Fact 26] to Theorem [27]
Let m be an odd integer between £ and %. In Theorem we constructed a probability

distribution (call it p’) on the 0 mod m integers that matches the first % moments of B.
Furthermore, the support of p’ is a subset of the support of B. Looking at the proof, we see
that p'(z) > $Cpo(z) Pr[B = z] for all . Let C'(z) be p'(x)/ Pr[B = z] if Pr[B = 2] > 0
and C,, o(z) otherwise. We have p/(z) = C'(z) Pr[B = z] for all . Because p’ matches the
first few moments of B, we have E[C'(B)f(B)] = E[f(B)] for every polynomial f of degree
at most %. Also, C'(z) > 5Cp0(x) for all z.

Given an integer x, let T'(x) be [ |z] < ¢t]C'(x).

4.1 Defining ¢(x)

Given an integer z, define ¢(z) to be T'(x) Pr[B = z]. Note that ¢ is nonnegative. Also if
q(z) # 0, then |z| <t and x is in the support of B.

Lemma 28. If f is a function on the integers, then

> alw)f(x) = E[T(B)f(B)).

T

Proof. By the definition of expected value, we have

S q(0)f(2) = 3 Pr{B = o|T(2) f(x) = E[T(B)[(B)) =

15



4.2 Defining Lagrange polynomials

Let ag, aq, ..., ax be k + 1 distinct integers that are 0 mod m, n mod 2, and as close to 0
as possible. Because they are as close to 0 as possible, we have |a;| < (k4 1)m < 2km.

Because k < =& and m < . we have 2km <t < n. So la;] <t and a; is in the support

200n t?
of B.
Given an integer v such that 0 < v < k, define the Lagrange polynomial L, as follows:

L@ = ] @-a)
S

Note that L,(a,) = 0 if and only if v # w. It’s well known that Lo, Ly, ..., Ly form a basis
(the Lagrange basis) of the vector space of polynomials of degree at most k.

4.3 Defining A(x)

Define the function A on the integers as follows. If z equals a, (for some v), then
E[T(B)Ly(B)] — E[L.(B)]
L,(a,) '

A(av) =

For = # a,, for any w, then A(z) = 0.
Lemma 29. If f is a polynomial of degree at most k, then

> A(x)f(x) =E[T(B)f(B)] - E[f(B)].

Proof. We will first prove the claim when f is a Lagrange polynomial L,. If A(x) # 0, then
x is of the form a,, for some w. But if L,(a,) # 0, then v = w. So the sum has at most
one nonzero term, corresponding to x = a,. And the equation is true in this case by the
definition of A.

We have proved the claim for Lagrange polynomials. But every polynomial of degree at
most k is a linear combination of the Lagrange polynomials. This completes the proof. [

4.4 Defining p(x)

Define the function p on the integers by p(x) = g(z) — A(z). Note that if p(z) # 0, then
|z| <t and x is in the support of B.

Lemma 30. If f is a polynomial of degree at most k, then
> p(@)f(x) = E[f(B)].

Proof. By Lemmas 28 and [29] we have
Y op@)f(x) =) a(2)f) =) Al)f(x)

x T

= E[7(B)/(B)] - (EIT(B)/(B)] - E[f(B)])
= Elf(B)) -

16



We will show that |A(z)] < 3¢(z). First we bound above |A(z)|. Then we bound below
q(z). Recall that A(z) = HL@BTBIELB ¢ o equals a, for some v and 0 otherwise.

Ly(av)

Lemmas [34] and |35 below give upper and lower bounds on the numerator and denominator,
respectively.

4.5 Bounding above |[E[L,(B)T(B)] — E[L,(B)]]
We start this section by proving the following lemma.

Lemma 31. Let d be a nonnegative integer. Then the (2d)th moment E[B*?] is at most
(2d)! _d
n

24|

Proof. The odd moments of each X; are all 0. The even moments of X; are all 1. Let gy,
g2, ---, gn be independent standard Gaussians (with mean zero and unit variance). The
odd moments of g; are all 0. If ¢ is a nonnegative integer, then the (2¢)th moment of g; is
known to be (22;)!!, the product of the positive odd integers less than 2c¢. In particular, the
even moments of g; are all at least 1. So the moments of X; are at most the corresponding
moments of g;.

Let G be the sum of the g;. When we expand B?*® and G??, each gives a sum of n?® terms.
By the previous paragraph, the expectation of each term of B?? is at most the expectation
of the corresponding term of G?¢. Hence the (2d)th moment of B is at most the (2d)th
moment of G. But G is a Gaussian with mean zero and variance n. In particular, G//n is

a standard Gaussian. So we have

o d
= Todgl -

E[B¥] < E[G*)] = nE[(G/vn )] = 2!

Lemma 32. If d is a nonnegative integer, then E[B?¥) is at most v/2 (2dn/e)?.

Proof. The case d = 0 is trivial (interpreting 0° as 1), so we will assume that d is positive.
Lemma [31| says that

2a) o D! 4

To bound the factorials, we will use the following precise form of Stirling’s formula due to
Robbins [Rob55]: if  is a positive integer, then

2%e " 2rg /2« gl < pTe P2y !/ (127

Hence we have

(2d)! < (Qd)zde_zd dmd e/ =12 (2_d>del/(24d)—l/(12d+l) <2 <2_d>d N
2d ]! 9ddde—d~/27d e1/(12d+1) e e/’

Lemma 33. Let n and t be positive integers such that t < n and t* > 200n. Let r be an
integer such that 0 < r < %. Then

|E[B"T(B)] — E[B"]| < 2t"e~"/m),

17



. . . 2 2
Proof. Let s be a nonnegative integer such that 4 s is an even number between & and £.

9
(Because t* > 200n, there is such an s.) We have
[1Bl >t] <t~°|B.

Hence, by the moment-matching property of C’, the definition of T', the triangle inequality,
and Lemma [32] we have

|E[B"] — E[B"T(B)]| = |E[B"C'(B)] — E[B"T(B))|
= |E[B"C'(B)[|B| > t]]|
<E[|BI'C'(B)[|B| > ]]
<t E[|B[""*C'(B)]
=t *E[B""°C'(B)]
— t—s]E[Br-f—s}

_((r 4 s)ny (r+s)/2
<2 ()
_ 2t7"<(r + S)n>(7"+s)/2
et?
o (L)
- 8e
< 2t"e 1/ (6n), O

Lemma 34. Let n and t be positive integers such that t < n. Let k be a positive integer

such that k < %. If v 1s an integer such that 0 < v < k, then

[E[L,(B)T(B)] - E[Ly(B)]| < 2(2t)Fe~/6m

Proof. Recall that for a subset A of {1,2,...,n}, we define X4 to be the product of the X;
for which 7 is in A.
By expanding the product, we have

L(B) = [[(B —a;) = Y (~1)la? BE 14,

J#v A

where A ranges over every subset of {0, 1, ..., k}—{v}. Therefore, by the triangle inequality,

18



Lemma [33] and the binomial theorem, we have

[E[Ly(B)T(B)] ~ E[L,(B)]| = [E[[T(B) - 1]L.(B)]|
— [E[[r(B) = 1] Yo (- 1)t B4

A

< Z‘aAE[[T(B) - 1]3’?*\/*'} ‘

A
< Zt'A“E[[T(B) - 1]Bk—|A‘] ‘

A
< Yt gkl on)

A
= 2671‘/2/(6”) Z tk

A

= 2/ (9p)k, O

4.6 Bounding below |L,(a,)|

Lemma 35. If v is an integer such that 0 < v < k, then

kn\*
Lo(a) = (5,) -
Lol 2 (5
Proof. Without loss of generality, assume that the a; are in sorted order. Then this lemma
follows from Claim [21f (with d replaced by 2m) and the bound m > . O

4.7 Conclude upper bound on |A(z)]

Lemma 36. Let n and t be positive integers such that t < n. Let k be a positive integer
such that k < %. If x 1s an integer, then

@) < oo,
50
Proof. 1f z is different from a, for every v, then A(x) = 0. So we may assume that z = a,
for some v. By Lemmas [34] and [35], we have
E[T(B)L,(B)| — E[L,(B
Ay - ETBILB) ~ EL,(B)
| Lo (ay)|
2(2t)k6—t2/(6n)
(kn/(9t))*

2
(ﬁ)k o t2/(6m)
kn
2
1 ( 1800¢ )ke‘tg/“").
50\ kn

I
B

IN
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The expression (%)k is an increasing function of k& on the interval (0, %]. Because
k< %, we have
2\k
(180015 ) < (1800 - 200)t2/(200n) < o2/(12n)
n
Plugging this bound into our previous inequality for |A(z)| completes the proof. O

4.8 Conclude |A(z)| < q(z)

Lemma 37. Let n and t be positive integers such that t < n. Let k be a positive integer

such that k < %. If x is an integer, then |A(z)| < 3q(x).

Proof. 1f x is different from a, for every v, then A(z) = 0. So we may assume that z = a, for
some v. By Lemma , we have |A(z)| < &e /(127 By the definition of ¢ and Lemma ,
we have

1
q(x) = C'(x)Pr[B = 2] > =Cy0(x) Pr[B = 2] > 2Pr[B =z] > 2_“”2/”@.
2 6t 12¢
We know that )
t n t
= |a,| < 2km < 2- o
ol = lau < 2km < 2- o550 - 5 = 100
> 2—t2/(10000n)_” > —t2/(10000n)_n'
a(z) 2 12t =€ 12t
Applying the inequality = < e*/¢ (to z = %), we have
£ 2/(4 2/(10
T g eplten < o)
n
Thus )
ﬂ = i(t_>_1/2 > ie—tQ/(20n)
12t 24 \4n — 24 ‘
Hence 1 ]
> = ,—t?/(20n) ,—t?/(10000n) - —t2/(12n).
alw) z 5pe ‘ = 24"
Comparing our bounds for A and ¢, we see that |A(z)| < 1¢(z). O

4.9 Conclude lower bound

Proof of Theorem [27. Recall the function p from Lemma We will show that p is the
desired probability distribution. From the definition of p and Lemma , we get p(z) > %q(m);
in particular, p is nonnegative. Applying Lemma 30| to the constant function 1 (the zeroth
moment), we see that the sum of the p(x) is 1. In other words, p is indeed a probability

distribution. Applying Lemma to the other monomials (namely x, 22, ..., z¥), we see
that p matches the first £ moments of B. This completes the proof. O
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5 Proof of Lemma [38

In this section, we will prove the following lemma that was used in the proof of Lemma [19]
Recall that X3, Xo, ..., X,, are independent random variables chosen uniformly from {—1, 1},
and B is the sum of all the X.

Lemma 38. Let r be an integer such that 0 < r < g Let 0 be a real number such that

sinf # 0. Then '
IE[B"eP]| < 2(8r|cot 8])" |cos 6]™2.

Remark 2. By the triangle inequality and Lemma we have |E[B?¢B]| < (227.?!! n", whether
sin 6 is zero or not.

Recall that for a subset A of {1,2,...,n}, we define X* to be the product of the X; for
which j is in A.

We will need the hyperbolic functions. Recall that cosh z is (e* + €77)/2, sinh z is (e* —
€~*)/2, tanh z is sinh z/ cosh z, coth z is cosh z/sinh 2z, and sech z is 1/ cosh z.

Lemma 39. If A is a subset of {1,2,...,n} and z is a complex number, then
E[X“e*P] = (sinh ) (cosh z)"~ 14l

Proof. Because B is the sum of the X, we have

E[X4¢*E] [HX Hezx]

JjEA j=1

=K [H X;e* % H eZXJ}

JEA Jj¢EA

H]E[X er HE zX

JjeA J¢A

= (sinh ) (cosh z)" 14l O

Lemma 40. Let A be a subset of {1,2,...,n}. Let 0 be a real number. If |sinf| < |cos b,

then [E[XA¢7]| = (cos 20)" 2 B[X "], where X is } In Hhentl

Proof. Because [sinf| < |cosf|, we have [tanf| < 1, so A is well defined. From our choice
of A\, we have

2 —1 (14 [tand|) — (1 — |tan])

e
tanh A = = = |tand)|.
o e +1 (14 [tand]) + (1 — [tan§)) [tan ]
It follows that
1 1 B |cos 6| _ |cos |

cosh \ =

v/1 — tanh? \ CVI—tan’0 Vcos? 6 — sin® 6  Veos20

21



Hence )
lcosf|  |sind]

Vcos 26 B \/00520'

sinh A = tanh A cosh A\ = |tan 6|
Therefore, applying Lemma [39| twice, we have

IE[X*eP]| = |sinhi0|*!|cosh i6|"
= |sin 0]'Y|cos 6]
= (cos 20)™?(sinh \)4!(cosh )"~
= (cos 202 E[XAe P, O
Let r be a nonnegative integer. Let f be a function from {1,2,...,r} to {1,2,...,n}.

Define odd(f), the odd image of f, to be the set of j in {1,2,...,n} such that |f~!(;)] is
odd. Note that |odd(f)| <r and |odd(f)| < n.

Lemma 41. If r is a nonnegative integer, then B" = Zf X°0dd() where the sum is over
every function f from {1,...,r} to {1,...,n}.

Proof. By expanding B" and exploiting the constraint that each X is £1, we have

B —ZXf(l " X

-y HX]{f—lw

fog=t

S | B A

fog=l1

=2 11 x

[ j€odd(f)

=) X, —~
/

Lemma 42. Let r be a nonnegative integer. Let 6 be a real number.
(a) If r < n, then |[E[B"e"P]| < n"|cosd|"".
(b) If |sin 6| < |cos 8|, then |E[B"eP]| < (cos 20)"/>E[B"e*P], where A is L In 2andl

1—|tan 6|

Proof. By Lemma {41] and the triangle inequality, we have
E[B¢P]| = ‘E[Z xodd(f) zHB:H _ ‘ZE [ ©dd() i0B] ‘ Z'E [X0dd()i0B]|

We will use this inequality in both parts.
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(a) By Lemma [39] we have

|E[Br6i03]| < ZHE[Xodd(f)eiGB”
f
— Z|Sin9|lodd(f)\|COSQ|H—|0dd(f)\
f

= |cos """ Z|Sin 0|14 |cog 9|10

!
< |cos@|"" Z 1
!

=n"|cos """

(b) By Lemmas 40| and (41, we have

’E[BreiGB” < Z‘E[XOdd(f)eieBH
f
= Z(COS 20)"/? B[ X 44 B
!

= (cos 26)"/? Z E[X (DB
!

= (cos 20)"2E[B"e . O
Lemma 43. If r > 0 and X\ is a nonzero real number, then
4r\rT 11 \»
E[|B|" M <2<—) ( h—)\> .
[|B]"e*] < o coS 0

Proof. First we will bound |B|" by an exponential. Let a be %. Let’s temporarily assume

that 7 # 0. Applying the inequality z < /¢ (to = |B|/a), we have |B| < aelBl/(c),
Raising both sides to the rth power gives |B|" < a"e"lBl/(¢) Plugging in the definition of a,
we have |B|" < a"ePBI/10 This inequality is true for 7 = 0 too.
Now we are ready to prove the desired inequality. By Lemma [39| (with A = ()), we have
E[|B|"e*] < E[|B| ]
< " E[ePBI/10 B
— o E[e!1BIN0)

<d E[€11>\B/10 +e—11AB/10]

11 \»
—9 ( h—)\)
a COS 10

=2 (%)T <cosh %A)n

< 2<%>T<cosh %A)n O
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Lemma 44. If X is a real number, then [tanh A| < |)|.

Proof. By symmetry, we may assume that A > 0. The derivative of tanh is sech?. Because
coshx > 1, it follows that sech?x < 1. Integrating both sides (from 0 to A) gives tanh A <
A O

Lemma 45. If X is a real number and ¢ > 1, then cosh cA < (cosh )\)02.

Proof. We will first prove that tanh cx < ctanhzx for every x > 0. The derivative of tanh
is sech®. Because cosh is increasing on [0, 00), it follows that sech®ct < sech®t for every
t > 0. Integrating both sides (from 0 to x) gives %tanh cx < tanh x. Multiplying by c gives
tanh cx < ctanh x.

Next we will prove the cosh inequality. By symmetry, we may assume that A > 0. The
derivative of In cosh is tanh. By the previous paragraph, we have tanh cz < ctanh x for every
x > 0. Integrating both sides (from 0 to \) gives %ln cosh cA\ < clncosh A. Multiplying by ¢
and exponentiating gives the desired inequality. O]

Lemma 46. If 0 is a real number such that cos® > ‘/?’2_1, then cos 20 > cos® 6.

Proof. From the hypothesis, we have

V-1 Vh+1

cos? § + cos? 0 = cos® O(1 + cos? §) > 5 5 1.
Therefore, we have
cos®f =1 — (1 — cos®6)(1 + cos® 6 + cos* 0)
=1 —sin?A(1 + cos* @ + cos* )
<1—2sin’6
= cos 20. ]

5.1 Main lemma, bounding E[B"¢"?]

Lemma 47 (Lemma 38| restated). Let r be an integer such that 0 <r < 5. Let 0 be a real
number such that sin@ # 0. Then

IE[B"¢P]| < 2(8r|cot 8])" |cos O]™2.

Proof. We will consider two cases: cos?6 < e~/¢ and cos?§ > \/52’1. Because @ < e e,
these two cases cover all possible 6.
Case 1: cos?0 < e~'/¢. Applying the inequality 2% > e/ for x > 0 (to z = 8r/n), we

have
8r > 8r/n

cos?h < e7Ve < (
n
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Hence, by Lemma [42|(a), we have
IE[B"e"P)| < n"|cos """
< n'[cos OF/ 4T
= n"(cos? 0)™/®|cos O/
<n" <8n—r>rlcos g2
= (8r|cos 8])"|cos 6]""*
< (8r|cot 8])"|cos 6]
< 2(8r|cot 0])"|cos ]2

Case 2: cos?§ > @ In particular, [sin 6| < |cosd|. Let A be 1 In iit:ﬁz{ In the proof

of Lemma 40| we showed that tanh X is |tan 6| and cosh X is |cos 8| /v/cos 20. By Lemma [44)
we have |A| > [tanh A| = |tan6|. Hence, by Lemmas [42|(b), 3] [45] and [46] we have

IE[B"¢%8]| < (cos 20)"/* E[B"e*P]
(cos 20)"2 E[| B|e*P]

2(cos 260)"/2 (%ﬁ) (cosh %A)n

11 \»
2(COS 29)n/2(4T|COt 9‘)7" (COSh E)\)
CoS 2«9)”/2(4r|cot 6])" (cosh /\)121n/100
)

(
(cos 20)™2(4r|cot B])" (cosh X)*/4
(

<
<

IN

IA

IA A

2
2

|cos 6| )5n/4

2(4r|cot B])" (cos 26)"/?
Vcos 20

5n/4
|cos 6™

(cos 26)n/8

5n /4
_|cos 6"

3n/4

= 2(4r|cot 0])

< 2(4r|cot b))
|cos 0|

2(47|cot 6])"|cos 8"/
< 2(8r|cot 8])"|cos 8]">. O

6 Tight upper bound on k-wise uniformity vs. mod m

In this section we prove Theorem [3] It follows from Theorem 48] below by translating the
statement for {—1,1}" back to {0,1}" using Fact {12l Recall that S), = {y € {-1,1}":
Y. yi =c (mod m)}.

Theorem 48. Let m be a positive integer and let ¢ be an integer. Let k be an integer

greater than or equal to 4. Suppose there is a k-wise uniform distribution on {—1,1}" that
is supported on S, .. Then k < X5,
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We can restate the theorem using moments as follows. Let B be the sum of n independent
random bits chosen uniformly from {—1,1}. Let Y be a random variable that is always
¢ mod m. Suppose the first £ moments of Y match those of B. Then k£ < 17%1—0{1.

The high-level idea of the proof is as follows. We compare |[E[e?™Y/™]| and |E[ 2miB/m]|
The first is 1 because Y is always ¢ mod m. The second we show is less than =. We then
take the Taylor approximations of the exponentials. The first £k — 1 terms are equal by the
moment-matching property of Y. The error is given by the kth term, which gives us an
upper bound on k.

Proof of Theorem[{§ If m < 4, then k < n < ITS—Q. So we may assume that m > 4. Let
a = 2w /m. Because m > 4, we have 0 < a < /2. For now, we will assume that k is even.
At the end, we will handle the odd case.

Because Y is always ¢ mod m, we have

‘E[eiaYH — ‘eiac‘ -1
By Lemma [39] (with A = ) and Lemma [18] we have
|E[e"P]| = |cosal" < e —a®n/2,

By Taylor’s theorem, for every real § we have

Hence by the triangle inequality we have

k—1 k-1 ,. ; k
zaY Y (ZO(Y)] o k
’ Z ;! [’ Ll H < 71 B
Jj=0 7=0
Similarly we have
k=1 . s ok
zaB k
—E|B
’ JZO j! k. [B7].

Because the first £ moments of Y match those of B, we get a ton of cancellation:

k k
E[B'] = 22 E[B").

Y iaB ¥
}IEl[eZ | —Ele H <7 —E[Y" + — o

k!

In particular, we have

k k
L E[BY] < e 4+ 2Z E[BY).

1= ‘E[eiaYH S |E[€iaBH +2 I x

Hence, using the moment bound of Lemma 31 we have

ok 2 aznn k/2
1<e —a?n/2 92 k/2 < e @ 2n/2 (_> )
ARy T k2]
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Let f be the function defined by f(z) = e * + ﬁxk/ 2, Then the inequality above
simplifies to f(a®n/2) > 1. Note that f(0) = 1. Also f is convex on the interval [0, c0).

We claim that f(kv/2/8) < 1. To prove it, we will show that the first term of f is less
than % and the second term is at most % Because k > 4, the first term indeed satisfies

e~kV2/8 < e V22 < L

5
The second term is ﬁ(/{;\/i/g)k/? If k = 4, then this term is exactly 1. Otherwise k > 6,
and so by Stirling’s formula we have

ey — ) WO

(k/2)!\ 8 o (k/Q)k/Ze—k/zm 8 Jrk <—=<

1
vk 2
In either case, the second term is at most 1. Hence f(kv/2/8) < 1.

To summarize, f is convex on [0,00), f(0) = 1, and f(kv/2/8) < 1. It follows that f
is less than 1 on the interval (0, kv/2/8]. Because f(a’n/2) > 1, we have a®n/2 > kv/2/8.
Solving for k gives

27\ 2 112
k < 2v2a2n = 2\/§<—W> n < 2n .
m m

So far, we assumed that k is even. Now suppose that k is odd. We can apply the proof

above to k — 1, which gives the bound £k — 1 < 1;22”. Because k > 5, we have

5 5 112n 140n
k<2(k-1)<2. -
_4( )<4 m?2 m2

. O

7 Tight upper bound on k-wise uniformity vs. thresh-
old

In this section we prove Theorem [0 which follows from Theorem [50] below by translating
the statement for {—1,1}" to {0,1}" using Fact [26]

We will show that for any k& > 3, any k-wise uniform distribution over {—1, 1}" must put
nonzero probability masses on strings « whose sums >, x; are —Q(v/nk) and Q(v/nk) away
from 0. This result shows that the lower bound we obtain in Theorem [f] is tight. We note
that this is not true for k = 2, as when n is odd, there exists a pairwise uniform distribution
supported on the all —1 vector and vectors with (n + 1)/2 ones.

Let X, X, ..., X, be independent random variables chosen uniformly from {—1,1}.
Let B be the sum of all the X;. The distribution of B is a shifted binomial distribution.

First we give a lower bound on the dth moment of B.

Claim 49. Let d be a nonnegative integer. Then E[|B|%] > (%)dm.

Proof. We first prove the claim assuming d is even. Let d = 2r. Consider expanding B?",
which gives us a sum of n?" terms. If for some index i, the variable X; appears an odd
number of times in a term, then this term has expectation zero. So the terms with nonzero
expectation are the ones in which each X; appears an even number of times. In particular,
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each such term has expectation 1. It suffices to consider the terms in which either each X;
appears exactly twice or does not appear at all. There are (:f) ways of choosing the indices
that appear twice in a term, and each term appears (2r)!/2" number of times in the n?"

terms. Hence we have o
E[BQT] Z <’I’L> ( T)‘ )
r 27

Using the inequality (") > (n/r)" and a crude form of Stirling’s formula, n! > (n/e)", we

have
nY (2r)! - <n>7“<27">2’“ 1 _<2m">T
r) 20 — \r e/ 2 \e2 /)’
proving the claim for even d.
2r4+1

For odd d, let d = 2r+1. Then by Jensen’s inequality, we have E[|B|*" '] > E[B¥] 2 >
(). O

Theorem 50. Let t™ and t~ be two positive integers. Let Y be a random variable that is
supported on {—1,1}"* so that > ,Y; > —t~ and >, Y; < t*. Let k be a positive integer.
Suppose that the (2k + 1)th moment of Y is equal to the (2k + 1)th moment of B. Then

min{t~, t*} > vnk/3.

Remark 3. The conclusion is false when Y only matches the first two moments of B.
When n is odd, there exists a pairwise uniform distribution supported on the all —1 vector
and vectors with (n+1)/2 ones.

Proof. Let p* and p~ denote Pr[Y > 0] and Pr[Y" < 0] respectively. Note that E[Y2*!] =
E[B?+1] = 0. Together with Claim 49} we have

PRE[YPFT Y > 0] - pn BV Y < 0] = By =0

2nk\k
PRIV Y 2 0]+ 5 BV | Y <0 = BYP 2 (2R

Summing the two relations, we have 2p* E[|[Y*"*' | v > 0] > (2;1—2’“)%2“. Hence, there must
be a point y in Y such that y?+1 > (nk/9)%, and so y > vnk/3. By symmetry, there is

another point ¢’ in Y such that ¢ < —v/nk/3. O
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