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NP-Hardness of Reed-Solomon Decoding,
and the Prouhet-Tarry-Escott Problem
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Abstract

Establishing the complexity of Bounded Distance Decoding for Reed-Solomon codes is a
fundamental open problem in coding theory, explicitly asked by Guruswami and Vardy (IEEE
Trans. Inf. Theory, 2005). The problem is motivated by the large current gap between the
regime when it is NP-hard, and the regime when it is efficiently solvable (i.e., the Johnson
radius).

We show the first NP-hardness results for asymptotically smaller decoding radii than the
maximum likelihood decoding radius of Guruswami and Vardy. Specifically, for Reed-Solomon
codes of length N and dimension K = O(N), we show that it is NP-hard to decode more than
N-K-— Clolgt)i ng x errors (with ¢ > 0 an absolute constant). Moreover, we show that the problem
is NP-hard under quasipolynomial-time reductions for an error amount > N — K —clog N (with
¢ > 0 an absolute constant).

An alternative natural reformulation of the Bounded Distance Decoding problem for Reed-
Solomon codes is as a Polynomial Reconstruction problem. In this view, our results show that it
is NP-hard to decide whether there exists a degree K polynomial passing through K + Clog)ﬁ) g ~
points from a given set of points (a1, b1), (az,b2) ..., (an,by). Furthermore, it is NP-hard under
quasipolynomial-time reductions to decide whether there is a degree K polynomial passing
through K + clog N many points.

These results follow from the NP-hardness of a generalization of the classical Subset Sum
problem to higher moments, called Moments Subset Sum, which has been a known open problem,
and which may be of independent interest.

We further reveal a strong connection with the well-studied Prouhet-Tarry-Escott problem
in Number Theory, which turns out to capture a main barrier in extending our techniques. We
believe the Prouhet-Tarry-Escott problem deserves further study in the theoretical computer
science community.
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1 Introduction

Despite being a classical problem in the study of error-correcting codes, the computational com-
plexity of decoding Reed-Solomon codes [RS60] in the presence of large amounts of error is not fully
understood. In the Bounded Distance Decoding problem, the goal is to recover a message corrupted
by a bounded amount of error. Motivated by the large gap between the current efficient decoding
regime, and the NP-hard regime for Reed-Solomon codes, we study the NP-hardness of Bounded
Distance Decoding for asymptotically smaller error radii than previously known. In this process, we
unravel a strong connection with the Prouhet-Tarry-Escott, a famous problem from number theory
that has been studied for more than two centuries.

A Reed-Solomon (RS) code of length N, dimension K, defined over a finite field F, is the set of
vectors (called codewords) corresponding to evaluations of low-degree univariate polynomials on a
given set of evaluation points D = {aq, ag,...,an} C F. Formally, RSp x = {(p(a1),...,p(an)) :
p € Flx] is a univariate polynomial of degree < K}. The Hamming distance between z,y € FV is
A(z,y) = |{i € [N]: z; # yi}|. In the Bounded Distance Decoding (BDD) problem, given a target
vector y € FY and a distance parameter ), the goal is to output ¢ € C such that A(c,y) < .

It is well-known that if the number of errors is A < (N — K)/2, there is a unique codeword within
distance A from the message, which can be found efficiently [Pet60, BW86|. Further, Sudan [Sud97]
and Guruswami and Sudan [GS99] show efficient decoding up to A = N —+/ N K errors (the “Johnson
radius”), a setting in which the algorithm may output a small list of possible candidate messages.
At the other extreme, if the number of errors is at least N — K (the covering radius), finding one
close codeword becomes trivial, amounting to interpolating a degree K — 1 polynomial through
< K points. However, just below that radius, namely at N — K — 1 errors, the problem becomes
NP-hard, a celebrated result of Guruswami and Vardy [GV05]. The proof approach of [GV05] is
only applicable to the Maximum Likelihood Decoding setting of N — K — 1 errors, prompting the
fundamental problem of understanding the complexity of BDD in the wide remaining range between
N —-—+NK and N — K — 1:

[GVO05] “It is an extremely interesting problem to show hardness of bounded distance
decoding of Reed-Solomon codes for smaller decoding radius.”

Some partial progress on improving the NP-hardness regime was shown in a recent result by the
same authors [GGG15| for N — K — 2 and N — K — 3 errors. The only other work addressing the
hardness of decoding RS codes are due to Cheng and Wan [CW07, CW10| who show randomized
reductions from the Discrete Log problem over finite fields, which is not believed to be NP-hard.

In this work, we study the complexity of the decision version of BDD, where the number of
errors is parametrized by d > 0, as formalized next:

Problem Bounded Distance Decoding of Reed-Solomon codes with parameter d (RS-BDD(d))

Input D = {1, ,...,an} CF, where a; # o for all i # j, target y = (y1,%2,...,yn), and
integer K < N

Goal Decide if there exists p € RSp g such that A(y,p) < (N — K) —d

We emphasize that the BDD problem above is in fact the basic and natural Polynomial Recon-
struction problem, where the input is a set of points D = {(a1,v1), (@2, ¥2), ..., (an,yn)} CF x F,



and the goal is to decide if there exists a polynomial p of degree < K that passes through at least
K + d points in D.
We state our main result in both forms.

1.1 Contributions

Our main technical contribution is the first NP-hardness result for BDD of RS codes, for a number
of errors that is asymptotically smaller than N — K, and its alternative view in terms of polynomial
reconstruction.

Theorem 1.1. There exists ¢ > 0, such that for every 1 < d < c- 105502]]\,, the RS-BDD(d) problem

for Reed-Solomon codes of length N, dimension K = N/2 —d + 1 and field size |F| = 2Poly(N) 45
NP-hard. Furthermore, there exists ¢ > 0, such that for every 1 < d < ¢-log N, RS-BDD(d) over
fields of size |F| = oNEN does not have NOWBN) time algorithms unless NP has quasi-polynomaial
time algorithms.

Equivalently, there exists ¢ > 0, such that for every 1 < d < c¢- log)i]gVN, it is NP-hard to decide
whether there exists a polynomial of degree < K = N/2 —d + 1 passing through K + d many points
from a given set D = {(a1,y1), (a2,92), ..., (an,yn)} € F x F, with [F| = 2P°YN) - Pyrthermore,
there exists ¢ > 0, such that for every 1 < d < c-log N, the same interpolation problem over fields of
size |F| = oNOWEN dhes not have NOUEN) time algorithms unless NP has quasi-polynomial time
algorithms.

Our results significantly extend |[GV05, GGG15|, which only show NP-hardness for d € {1, 2, 3}.
As in [GV05, GGG15], we require the field size to be exponential in N.

The bulk of the proof of Theorem 1.1 is showing the NP-hardness of a natural generalization of
the classic Subset Sum problem to higher moments, that may be of independent interest.

Problem Moments Subset Sum with parameter d, over a field F (MSS(d))
Input Set A CF of size |A| = N, integer k, elements my,ma,...,mqg € F

Goal Decide if there exists S C A such that > ¢ s* = my, for all £ € [d], and |S| = k.

We note that the reduction from MSS(d) to RS-BDD(d) uses the equivalence between elemen-
tary symmetric polynomials and moments polynomials, when the field is of characteristic larger
than Q(d!)(see Lemma 2.2 for a formal reduction.)

We point out that the Moments Subset Sum problem has natural analogs over continuous do-
mains in the form of generalized moment problems and truncated moments problems, which arise
frequently in economics, operations research, statistics and probability [Las09].

In this work, we prove NP-hardness of the Moments Subset Sum problem for large degrees.

Theorem 1.2. There exists ¢ > 0, such that for every 1 < d < c¢- log)ﬁung the Moments Subset
Sum, problem MSS(d) over prime fields of size |F| = 2P°Y\N) s NP-hard. Furthermore, there exists
¢ > 0, such that for every 1 < d < c-log N, the Moments Subset Sum problem MSS(d) over fields of
size |F| = oNOWEN dhes not have NOUSN) _time algorithms unless NP has quasi-polynomial time

algorithms.



Furthermore, we reveal a connection with the famous Prouhet-Tarry-Escott (PTE) problem in
Diophantine Analysis, which is the main barrier for extending Theorem 1.2 and Theorem 1.1 to
d = w(log N), as explained shortly.

The PTE problem [Pro51, Dic13, Wri59| first appeared in letters between Euler and Goldbach in
1750-1751, and it is an important topic of study in classical number theory (see, e.g., the textbooks
of Hardy and Wright [HW79] and Hua [Hua82]). It is also related to other classical problems in
number theory, such as variants of the Waring problem and problems about minimizing the norm
of cyclotomic polynomials, considered by Erdos and Szekeres [ES59, BI94].

In the Prouhet-Tarry-Escott problem, given k& > 1, the goal is to find disjoint sets of integers
{z1,29,...,2¢} and {y1,y2,...,y:} satisfying the system:

ritrzt-tr = nity2toot U
2 2 2 _ 2 2 2
ritaxs+--+xy = yity;+-o-+uy;
afdab o vaf = bbbyl

We call ¢ the size of the PTE solution. It turns out that the completeness proof of our reduction
in Theorem 1.2 relies on explicit solutions to this system for degree k = d and of size t = 2%, As
explained next, despite significant efforts that have been devoted to constructing PTE solutions
during the last 100 years, no explicit solutions of size t = o(2¥) are known. This constitutes the
main barrier to extending our Theorem 1.2 and Theorem 1.1 to d = w(log N).

The main open problem that has been tackled in the PTE literature is constructing solutions of
small size t compared to the degree k. It is relatively easy to show that ¢ > k+1, and straightforward
(yet non-constructive!) pigeon-hole counting arguments show the existence of solutions with ¢ =
O(k?). If we further impose the constraint that the system is not satisfied for degree k + 1 (which
is a necessary constraint for our purposes), then solutions of size t = O(k?logk) are known to
exist [Hua82|. However, these results are non-constructive, and the only general explicit solutions
have size t = O(2%) (e.g., [Wri59, BI94]). A special class of solutions studied in the literature is for
t = k+1 (of minimum possible size). Currently there are known explicit parametric constructions of
infinitely many minimum-size solutions for £ < 12 (e.g., |[BI94, BLP03]), and finding such solutions
often involves numerical simulations and extensive computer-aided searches [BLP03|.

From a computational point of view, an important open problem is to understand whether PTE
solutions of size O(k?) (which are known to exist) can be efficiently constructed, i.e., in time poly(k).

We identify the following generalization of the PTE problem as a current barrier to extending
our results:

Problem 1.3. Given a field F, integer d, and a,b € F, efficiently construct x1,...,x¢, y1,...,y: € F,
with t = 0(29), satisfying:

Ti+Tot -+ =Y1r+y2+ -+ Y
t t
a+ ) ah=b 4>y Vie{2,...d}
j=1 j=1

We believe that this question is worth further study in the theoretical computer science com-
munity. In this work, we prove the following theorem, which is at the core of the completeness of
our reduction.



Theorem 1.4. There is an explicit construction of solutions for Problem 1.3 with t = O(2%), and
which can be computed in time poly(t).

In the next section, we outline the proof of Theorem 1.2, and in the process, we explain how
PTE solutions of degree d naturally arise when studying the computational complexity of MSS(d).

1.2 Proof Overview

To prove Theorem 1.2, we begin with the classical reduction from 1-in-3-SAT to Subset-Sum, in
which one needs to construct a set of integers such that there is a subset whose sum equals a given
target mq, if and only if there is an assignment that satisfies exactly one literal of each clause of the
3-SAT formula (we refer the reader to Section 3 for more details about this standard reduction).
Extending this reduction so that the 2nd moment also hits target mo raises immediate technical
hurdles, since we have very little handle on the extra moment. In [GGG15], the authors manage
to handle a reduction for 2nd and 3rd moments via ad-hoc arguments and identities tailored to
the degree-2 and degree-3 cases. The problem becomes much more complex as we need to ensure
both completeness and soundness for a large number of moments. In this work, we achieve such a
reduction where the completeness will rely on explicit solutions to “inhomogeneous PTE instances”
and the soundness will rely on a delicate balancing of the magnitudes of these explicit solutions.
We now describe the details of this reduction.

For each 1-in-3-SAT variable, we create a collection of explicit auxiliary numbers which “stabilize”
the contribution of this variable to all i-th moment equations with 2 < i < d, while having no net
effect on the 1st moment equation. Concretely, if a and b are the numbers corresponding to the two
literals of the given variable, then we need to find numbers z1,...,z:, y1,. ..,y satisfying:

Tit+To+ -+ =Yty + oty

t t
a+ ) 2k =0+ Y Vie{2,....d} (1)
j=1 Jj=1

Note that in order for the overall reduction to run in polynomial-time, the above auxiliary
variables should be efficiently constructible. Moreover, we observe that () is an inhomogeneous
PTE instance: for a = b, it reduces to a PTE instance of degree d. Of course, in our case a and
b will not be equal, and (f) is a more general system (and is hence harder to solve) than PTE
instances. Nevertheless, as we will see shortly, solving () can be essentially reduced to finding
explicit PTE solutions of degrees k < d.

In addition, we need to ensure that the added auxiliary numbers satisfy some “bimodality”
property regarding their magnitudes, which would allow the recovery of a satisfying 1-in-3-SAT
assignment from any solution to the MSS(d) instance:

Property 1.5 (Bimodality (informal)). Every subset S of the auziliary variables is such that either
| > scg 8| is tiny, or |y .. g s| is huge.

We note that the existence of explicit and efficiently constructible solutions of small size t = O(d)
to system (1) (and hence to a PTE system too) would at least ensure the completeness of a reduction
with d = O(N). If soundness can also be ensured for such solutions, then our techniques would
extend to radii closer to the Johnson Bound radius.



Overview of procedure for solving system (f) We build the variables z; and y; recursively,
by reducing the construction for degree i to a solution to degree 7 — 1. Towards this goal, we design
a sub-procedure, called ATOMICSOLVER, that takes as inputs an integer ¢ € {2,3,...,d}, and a
number R;, and outputs 2’ rational' numbers {4, y@j}jepifl] that satisfy a PTE system of degree
i — 1, along with a non-homogeneous equation of degree i:

2i—1
Y@l —yl)=0 v2<j<i, (20)
(=1
27L71
> (@~ i) = Ri. (2b)
(=1
We can then run ATOMICSOLVER sequentially on inputs i € {2,...,d} with the R; input cor-
responding to a “residual” term that accounts for the contributions to the degree-i equation of the
outputs of ATOMICSOLVER(j,R;) for all 2 < j < i, namely,

271
Ri=b—a+ > Y (4, -5 (3)
2<j<i (=1
Note that the aim of the ATOMICSOLVER(i,R;) procedure is to satisfy the degree-i equation (2b)
without affecting the lower-degree equations (2a).
We then argue that the union Us<j<q{i ;, ¥i ; }je[giﬂ] of all output variables satisfies the poly-
nomial constraints in (1) with ¢t = exp(d).

Specifics of the ATOMICSOLVER We next illustrate the ATOMICSOLVER procedure by describ-
ing its operation in the particular case where i = d = 4. In what follows, we drop “i = 4 subscripts”
and denote R = Ry, 2y = x4y and yy = ya for all 1 < ¢ < 8. Then, Equation (2b) above that we
need to satisfy becomes

(7 —y7) = R (4)

NE

~
Il

1
First, we let a be a constant parameter

—~

to be specified later on) and we set
I1—Y1 =0 (5a)
Yo — Tg = @ (5b)

Namely, in Equations (5a) and (5b), we “couple” the ordered pairs (x1,y1) and (y2,z2) in the same
way. Then, using Equations (5a) and (5b), we substitute y; = x1 — @ and x2 = y2 — a, and the sum
of the £ =1 and ¢ = 2 terms in Equation (4) can be written as

(21 = y1) — (2 — 22) = Pa(@1) — Pa(y2) (6)
where p, is a cubic polynomial. If we set 1 — y2 = 3, then (6) further simplifies to

Pa(71) = Paly2) = qa,p(21) (7)

n our case, we can afford having rational solutions to Equations (2a) and (2b). Note that this system is still a
generalization of the PTE problem since we can always scale the rational solutions by their least common denominator
to get a PTE solution of degree ¢ — 1.



where ¢, g is a quadratic polynomial?.
In the next step, we couple the ordered tuple (ys3, 23, y4, 24) in the same way that we have so far
coupled the tuple (x1,y1,x2,y2). The sum of the first four terms in the LHS of (4) then becomes

4

4 4 4 4 4 4 4 4
D (@t —yp) = (a1 -yl + a3 —y3) — (ys — 25 + i — 1) -
/=1

= Ga,5(T1) = a,8(y3)-

As before, we set 1 — y3 = v and (8) further simplifies to

90,8(T1) = Ga,5(Y3) = Wa,5~(71) (9)

where wq g(21) is a linear polynomial in x;. Finally, we couple the ordered tuple (ys, s, ys, T,
Y7, T7,Ys, Tg) in the same way that we have so far coupled the tuple (x1,y1, 2, y2, 3, Y3, T4, y4), and
we obtain that the following equation is equivalent to Equation (4) above:

Wa,B(T1) = Wa,p4(ys) = R. (10)
Setting x1 — y5 = 0, Equation (10) further simplifies to

where hq g is the coefficient of x1 in the linear polynomial w, g (z1). We conclude that to satisfy
(4), it suffices to choose a, §,7v such that hy g~ # 0, and to then set = R/hqy ..

It is easy to see that there exist «, 3, such that h, 5, # 0, and that the above recursive
coupling of the variables guarantees that (2a) is satisfied. The more difficult part will be to choose
a, B, in a way that ensures the soundness of the reduction. This is briefly described next.

Bimodality of solutions In the above description of the particular case where i = d = 4, it
can be seen that the produced solutions are {0,+1}-linear combinations of {«, 3,7, 0}, which are
required to satisfy (11). It turns out that in this case hq g, =24-a- -+, and so (11) becomes

R

H'a‘ﬁ'f)f—ﬂ. (12)
So assuming we can upper bound |R|,® we would be able to set @ to a sufficiently large power of
10 while letting «, § and v to have tiny absolute values and satisfy (12). Using the fact that the
auxiliary z; and y; variables are set to {0, £1}-linear combinations of {«a, £, 7,8}, this implies that
the bimodality property is satisfied. In Section 3, we show that the bimodality property ensures
that in any feasible solution to MSS(d), the auxiliary variables should have no net contribution to
the degree-1 moment equation (Proposition 3.4), which then implies the soundness of the reduction.

Intuitively, we can think the LHS of (7) (along with the setting &1 —y2 = () as being a “derivative operator”. This
explains the fact that we are starting from a cubic polynomial p(-) and getting a quadratic polynomial gu,g(-). This
intuition was also used (twice) in (6), and will be again used in (9) and (10) in order to reduce the degree further.

3which we will do by inductively upper bounding |R;]|.



General finite fields We remark that as described above, our solution works over the rational
numbers, and, by scaling appropriately, over the integers. By taking the integer solution modulo
a large prime p (ie., p = gpoly(N )) the same arguments extend to IF,. Moving to general finite
fields F = [F,, we first observe that system (f) (and thus a PTE system too) has non-constructive
solutions of size O(d), which follows from the Weil bound (see Section 6). Our reduction in the
proof of Theorem 1.2 also extends to general fields F = F,¢, where p is a prime p = Q(d!), and
¢ = poly(N,d!). The reduction now uses a representation of field elements in a polynomial basis
{1,7,742,...,9"" 1} C T, instead of decimal representations. See Section 7 for the changes that need
to be made to the proof over the integers.

1.3 Related Work

A number of fundamental works address the polynomial reconstruction problem in various settings.
In particular, Goldreich et al. [GRS00| show that that the polynomial reconstruction problem is
NP-complete for univariate polynomials p over large fields. Hastad’s celebrated results [Has01]
imply NP-hardness for linear multivariate polynomials over finite fields. Gopalan et al. [GKS10]
show NP-hardness for multivariate polynomials of larger degree, over the field Fs.

We note that in general, the polynomial reconstruction problem does not require that the eval-
uation points are all distinct (i.e., x; # x; whenever ¢ # j). This distinction is crucial to the
previous results on polynomial reconstruction (eg. [GRS00, GKS10]). It is this distinction that pre-
vents those results from extending to the setting of Reed-Solomon codes, and to their multivariate
generalization, Reed-Muller codes.

On the algorithmic side, efficient algorithms for decoding of Reed-Solomon codes and their vari-
ants are well-studied. As previously mentioned, [Sud97, GS99| gave the first efficient algorithms
in the list-decoding regime. Parvaresh and Vardy [PV05] and Guruswami and Rudra [GROS8| con-
struct capacity achieving codes based on variants of RS codes. Koetter and Vardy |[KV03| propose
soft decision decoders for RS codes. More recently, Rudra and Wooters [RW14] prove polynomial
list-bounds for random RS codes.

A related line of work is the study of BDD and of Maximum Likelihood Decoding in general
codes, possibly under randomized reductions, and when an unlimited amount of preprocessing of
the code is allowed. These problems have been extensively studied under diverse settings, e.g.,

[Var97, ABSS97, DKRS03, DMS03, FM04, Reg04, GV05, Che03].

2 Preliminaries

We start by recalling the formal definition of the MSS(d) problem.

Definition 2.1 (Moments Subset-Sum: MSS(d)). Given a set A = {ai,...,an}, a; € F, integer
k, and my,...,mq € F, decide if there exists a subset S C A of size k, satisfying Y, g a’ =m; for
all i € [d]. We call k the size of the MSS(d) instance.

We next recall the reduction from MSS(d) to RS-BDD(d).

Lemma 2.2 (|GGG15]). MSS(d) is polynomial-time reducible to RS-BDD(d). Moreover, the reduc-
tion maps instances of MSS(d) on N numbers and of size k to Reed-Solomon codes of block length
N + 1 and of dimension k —d + 1. The reduction holds over finite fields F of large characteristic.



The reduction proceeds via SSS(d), a problem which is equivalent to MSS(d) over large fields.

Definition 2.3 (Symmetric Subset-Sum (SSS(d))). Given a set of N distinct elements of F, A =
{a1,a9,...,an}, integer k, and E1,Es,... Eq € F, decide if there exists a subset S C A of size
k, such that for every i € [d] the elementary symmetric sums of the elements of S = {s1,...,8k}

satisfy Ei(S) =3 1<jy<jpccjs<k Sit - - - Sis = Bi-

Given an instance (A, k, Eq, Ea, ..., Eq) of SSS(d), we construct an instance (D,y, K) of RS-
BDD(d) such that there exists a Reed-Solomon codeword p € RSp x with A(y,p) < (N - K) —d
if and only if there is a solution to the given instance of SSS(d). SSS(d) can be easily seen to be
equivalent to MSS(d) over large prime finite fields F using Newton’s identities [Sta99|, which will
complete the proof of Lemma 2.2. We note that this connection has been previously made (e.g.

[LWO08]).
Lemma 2.4. SSS(d) is polynomial-time reducible to RS-BDD(d).

Proof. Given an instance (A, k, Eq, Es, ..., Eq) of SSS(d), we construct an instance (D, y, K) of RS-
BDD(d) such that there exists a Reed-Solomon codeword p € RSp x with A(y,p) < (N —K) —d
if and only if there is a solution to the given instance of SSS(d). Here, A = {a1,a2,...,an} is a set
of distinct, non-zero elements of F |, Fq, Fo,..., E; € F and k € Z.

Let K = k —d+ 1. Define the degree d polynomial f(z) := 2% — Eyz¢ '+ ...+ (=1)¥1E;_ym.
For each a; of A, define an element y; € F as y; = —f(a;). Define the target vector y =
(y1,- yyn, (=1)?Ey). The set D is then given by D = {al_l,--- ,a]_\,l,O} Note that (D,y, K)
is an instance of RS-BDD(d) which can be constructed in polynomial time given the instance
(A k,Eq,...,Ey) of SSS(d). Let D = {(ai_l,yz-) for all a; € A} U {(0,(~1)E;)}. Note that a
Reed-Solomon codeword p € RSp i at a distance (N — K) — d from y corresponds to a univariate
polynomial p(x) of degree at most K — 1 which agrees with D in K + d points.

Let S be the solution to SSS(d). We now show that there exists a polynomial of degree at most
k—d (= K —1) which agrees with D in at least k+ 1 (= K +d) points. Define the following degree
k polynomial,

g(z) = H (v —a;) =co+crx+ -+ ezt + 2"
a; ES

The coefficients of this polynomial are the symmetric sums of the roots of g(x). Therefore, cx_q =
(—=1)¢Ey, ..., cp_o = Fy, and cy_1; = —E1. Now define,

p(z) = (aFg(1/z) —a?f(1/x))/2"

= Coa}kfd Y AR PR Ck—d

and note that p(x) has degree k — d. We point out that g(1/x) refers to the rational function
obtained by replacing « by 1/z in the polynomial g(z). Also, the constant term of this polynomial
is cp_q = (—1)?Ey. Hence, p(0) = (—1)?E; and since g(a;) = 0, for all a; € S, it follows that
pla; ') = —f(a;) = y; for all a; € S. Therefore, p(z) agrees with k + 1 points in D.

Conversely, we now show that if there is a polynomial p(x) of degree at most K — 1 (= k — d)

which agrees with K +d (= k+ 1) points in D, then there is a solution to SSS(d). We first observe



that if a degree k — d polynomial passes through k 4+ 1 points of D, then it has to pass through
(0,(~1)?Ey). To show this, assume p(x) agrees with k + 1 points of the form (a;*,y;) € D. Let
g(z) be a degree k polynomial defined as,

g(x) = 2" (p(1/x) + f())

k—d

Therefore, if p(z) = co + 12+ - -+ + cx—qz" ™%, g(x) can be written as

g(a:) — J,‘k + ElIk_l IS (—1)d_1Ed_1l’k_d+1 + Comk_d + Cll‘k_d_l et g

If p(a;l) =y; = —f(a;) for k + 1 points, we have by definition that g(a;) = 0 for these k +1 as.
This is a contradiction since g(z) has degree at most k and it cannot have k + 1 roots. Therefore,
p(0) = ¢ = (—=1)?E,;. Also, g(z) has k roots which have their first d symmetric sums equal to
E1, Es, ..., Eq4 respectively. Hence, there exists a solution to the given instance of SSS(d). O

Given an instance (A, k, By, --- , Bg) of MSS(d), we can construct an instance (A, k, Fy,--- , Eg)
of SSS(d) by setting

By 1 0
) By B 2 0
Ej:ﬁ : for every j € [d].
Bjy Bjo -+ By j—1
B; Bj, -+ By B

The reduction from MSS(d) to SSS(d) then follows from Newton’s identities. Note that this reduc-
tion from from MSS(d) to SSS(d) holds over finite fields F if (j!)~! € F.

We will use the 1-in-3-SAT problem in which we are given a 3-SAT formula ¢ on n variables and
m clauses and are asked to determine if there exists an assignment z € {0, 1}" satisfying exactly
one literal in each clause. It is known that this problem is NP-hard even for m = O(n) [Sch78]. We
will use [n] to denote the set {1,2,...,n}.

3 Reduction from 1-in-3-SAT to MSS(d)

We start proving Theorem 1.2 by describing the reduction from from 1-in-3-SAT to MSS(d) and its
properties. Henceforth, we denote by 1¢ the concatenation of ¢ ones, and we let (1£)10 denote the
positive integer whose decimal representation is 1¢.

Subset Sum Reduction We start by recalling the reduction from 1-in-3-SAT to Subset-Sum
which will be used in our reduction to MSS(d). In that reduction, each variable (z,%;), t € [n] is
mapped to 2 integers a} (corresponding to z;) and b} (corresponding to zz). The integers a; and b}
and the target B have the following decimal representation of length-(n + m):

e The decimal representations of a; and b, consist of two parts: a variable region consisting of
the leftmost n digits and a clause region consisting of the (remaining) rightmost m digits.

e In the variable region, a; and b; have a 1 at the ¢-th digit and 0’s at the other digits. Denote
that by (as)".



e In the clause region, for every j € [m], a; (resp. b;) has a 1 at the jth location if z; (resp. z)
appears in clause j, and a 0 otherwise. We denote the clause part of a; by (at),c.

o We define a} = 10™a,” + a,°. We define b} similarly.

e The target B is set to the integer whose decimal representation is the all 1’s, i.e., we set
B= 10m(1n)10 + (1m)10.

See Figure 1 for an illustration of the decimal representations. This reduction to Subset-Sum is
complete and sound. Indeed given a satisfying assignment to the 3-SAT formula ¢(z), the subset

S={a,|ten],zx =1} U{b; |t € [n],z = 0} is seen to satisfy that Zs: Zaé%— bef:B.

ses te[n) te(n)
zt=1 z2:=0
Conversely, given a subset S C {a}, b, | t € [n]} such that Z s = B, a satisfying assignment to ¢(z)
seS
is constructed from it by setting z; = 1 if a} € S and 0 otherwise.
n digits m digits
variable region clause region
Target: B = ISR 111111

Figure 1: Decimal representations in the original reduction from 1-in-3-SAT to Subset-Sum.

Our Reduction from 1-in-3-SAT to MSS(d) An instance of MSS(d) consists of a tuple
(A k,B1,...,By). In this reduction, each variable (z,%) is mapped to 29! — 2 distinct ratio-
nals: {a¢} U {z¢; | i € [2¢ — 2]} (corresponding to 2;) and {b;} U {y:; | i € [2¢ — 2]} (corresponding
to z;). Let {a},b, : t € [n]} be the integers produced by the above reduction to Subset-Sum. We
denote by a;’ (resp. a;°) the variable (resp. clause) region of a;. Let v be a natural number to be
specified later on. Define:

ar := 10 (10" + a,°) and,

S (13)
bt = 101’(10mbt’l) + btc).

For each t € [n], we will explicitly construct two sets of 2¢ — 2 auziliary variables, X; = {z¢; | i €
[2¢ — 2]} and V; = {y;; | i € [2¢ — 2]} which satisfy the following properties:

Property (1): Z T = Z y=0.

rEX yeYs

Property (2): Z zk — Z y* = bF — af for every k € {2,...,d}.
reXy yeYs

Property (3): For any subset S C |J (X; UY}), either > 10m 2t o

te[n]

< 10%.

D s

ses

D s

ses

10



Property (4): Every rational number of |J (X; UY:) can be written as a fraction whose numer-

te[n]
ator and denominator are integers of magnitudes at most 10P°Y(4)  Moreover,
U (XyuYy)|=n- (2941 —4).
ten]

Properties (1) and (2) will be used to ensure completeness, Property (3) will be used to ensure
soundness, and Property (4) will guarantee the polynomial running-time. Constructing such auxil-
iary variables forms the crux of the reduction.
Define the set A = U ({a;}U{b;}UX,UY;). We will observe that |A| = n(2%+! —2) by showing
ten)
that all the variables {a;}, {b;} and those in X; and Y; for ¢ € [n] are distinct.
Let N = |A| = n(2%+! - 2),k = §. The targets By, ..., By are defined as follows:

By :=10"(10"(1")10 + (1"™)10),
Bj = Zat +Z Z x’ for every j € {2,...,d}.
t=1 t=1 (EGXt

Note that a; (and b; and By, respectively) defined above are obtained by inserting v zeros to the
right of the decimal representation of a; (resp. b, and B). Therefore, a; = 10" - a;. Similarly,
by = 10¥ - b, and By = 10" - B (see Figure 2 for a pictorial illustration). The following fact is
immediate from the definitions,

Fact 3.1. For any x € {as,b; | t € [n]} U By, we have

10 < |z| < 10mFntv L

n digits m digits v digits
large components region  variable region clause region tiny components region
1st moment: By = 000000~ - -------- 000 1111101~ -------- 111 111111+ - 111 000000 -« ------ 000

Figure 2: Decimal representations in the reduction from 1-in-3-SAT to MSS(d). The “large com-
ponents region” only contains zeros in {a;,b; : t € [n]} but contains non-zeros in {|x; |, |yi| : t €

[n],i € [2¢ —2]}.

The following lemma is proved using Property (4) (and its proof appears in Section 4).

Lemma 3.2. For any integer d, the total number of variables in the instance of MSS(d) is N =
n - (2471 —2) and every variable has a poly(n,d!) digit representation in base 10.

In Section 3.1, we will show how to construct variables satisfying Properties (1), (2), (3) and
(4). The proof of Theorem 1.2 will follow from the next lemma and Lemma 3.2. The proof of
Theorem 1.1 will then follow from Theorem 1.2 and Lemma 2.2.

Lemma 3.3. (Main) There exists a satisfying assignment to a 3-SAT instance ¢(z1,. .., zy) if and
only if there exists a subset S C A of size |S| = n(2% — 1) such that for every k € [d],

Zsk = Bk.

SES

11



Proof of Theorem 1.2. Recall that N = n(2%+! — 2), and so |S| = |A|/2 = N/2. From Lemma 3.2
above, we know that every element constructed in the instance of MSS(d) has poly(n,d!) digit
representation. Therefore, for d = O(logn/loglogn), the reduction runs in poly(n) time.

Let ¢ > 0 be a sufficiently small absolute constant. The NP-hardness of MSS(d) for d <
clog N/loglog N (under polynomial-time reductions) and for d < clog N (under quasipolynomial
time reductions) over the field of rationals then follows from Lemma 3.3.

By Lemma 3.2 above, we deduce the same hardness results for MSS(d) over prime fields of size
gpoly(N) 0

We now prove Lemma 3.3.

Proof of Lemma 3.3. We start by proving the completeness of our reduction. We show that given a
satisfying assignment z to the 3-SAT instance ¢(z1,...,2,), there exists a subset S C A such that

for every k € [d],
Z Sk = Bk.
ses

Consider the following subset S of variables:

s& U ey U x U 3 U v

te[n],ze=1 ten],z¢=1 ten],z¢=0 te(n],z¢=0

Note that |S| = n(2¢ — 1) = % since the number of auxiliary variables included in S corresponding
to each t € [n] is exactly 2¢ — 2.
For every k € [d], we have that

zskzz<af+zxk>+z T (15
ses ten] Te€Xt te[n] YyEYL
z1=1 z2¢=0
By Property (2) of the auxiliary variables, we have that for any ¢ € [n] and any k € {2,3,...,d},
SR P

reXy YyEeY

Summing this equation over all ¢ € [n], such that z; = 0, we get

> (e Xot) -3 (e 3 ) 10
te(n) yeYt te(n] z€Xt
z+=0 z:=0

From 15 and 16, we conclude that for every k € {2,3,...,d},

Zsk:i(amzxfe):zak

seS t=1 reXt

12



For k = 1, Property (1) implies that for every t € [n], Z z =0 and Z y = 0. Therefore,

z€Xy yeYy
OUED SIS it )
seS te[n] te(n]
z=1 z2¢=0

Recall the variables aj, b, and B from the Subset Sum reduction defined at the beginning of the

proof. Note that (Z a, + Z b;) = B. Therefore, we can rewrite Equation (17) as:

ten] ten)
zt=1 z2¢=0

> s=10"- Zat+Zb’ =10"- B = By.

ses te(n]
Zt= 1 Zt 0
We now prove the soundness of our reduction. Let S be a solution to the MSS(d) instance.
That is, § C A is such that Zsk = By, for every k € [d]. Proposition 3.4 — which is stated

seS
below — shows that the auxiliary variables in S should sum to 0. Therefore, there exists a subset

S" C {ag, by | t € [n]} such that Z s = Bj. By definition of a4, by and By, it follows that there

ses’
exists a subset of {a}, b} | t € [n]} which sums to B, and the soundness of our reduction then follows

from the soundness of the Subset Sum reduction.

Proposition 3.4. Let S C A be such that Zs = By. Let D= |J (X: UY}) be the set of all the
seS ten]

Z y=0.

yesSND

auxiliary variables. Then,

Proof of Proposition 3.4. Since Z s = B1, we have that
ses

Z Y+ Z s = Bj.

yesSND seS\D

Note that S\D C {a¢,b; | t € [n]}. Since the v least significant digits of B; and those of each element

of S\ D are all equal to 0, either |B; — Z s|=0or |By — Z s| > 10". If |By — Z s| =0,
seS\D seS\D seS\D

then we are done. Henceforth, we assume that |B; — Z s| > 10Y. By Fact 3.1, the elements
seS\D

of S\ D as well as By all have magnitudes at most 10m*"**+1  Therefore, |B; — Z s| <

seS\D
(2n + 1) - 10m+rHvHl < 10m+2n+v - On the other hand, by Property (3) of the auxiliary variables,

13



we know that either Z y| > 10m 2ty op Z y| < 10¥. Since Z y| = |B1 — Z s/,
yeSND yeSND yeSND seS\D
we get a contradiction. Therefore, Z y=0.
yeSND

3.1 Constructing the auxiliary variables X, Y;

We now show how to construct the auxiliary variables, starting from the ay, b; variables described
before, for every ¢ € [n]. We do so in Algorithm 1, the AUXILIARY VARIABLEGENERATOR. For every
t € [n], we construct 2(2% — 2) distinct auxiliary variables which satisfy the Properties 1, 2, 3 and 4
stated above. The AUXILIARY VARIABLEGENERATOR outputs the union of the variables generated
in Algorithm 2, the ATOMICSOLVER, using the recursive coupling idea described in Section 1.2. We
use 1¢ (and 0°) to denote a column vector of £ 1’s ( 0’s) respectively. For any vector v, let v7 denote
its transpose.

Algorithm 1: AUXILIARY VARIABLEGENERATOR:
Input: U {a, b}
ten]
Output: Sets of auxiliary variables Xy, Y; for every t € [n].

1: for t € [n] do

2: Xy = 0
3: Y, = ]
4: forie{2,...,d} do
5: Rt’i:(bi—aé)+2y’— Zwl
yeYs reXy
6 Let {z¢;; | 7€ 27} U {weij | € 277} = ATOMICSOLVER(L,i, Ry ;)
7: Let X¢ = X¢U{xr; |7 € 207} and Ve = Ve U{wri; | 5 € 2671}
8: end for
9: end for

We now give the details of ATOMICSOLVER(t,i, Ry ;) for any ¢t € [n] and i € {2,3,...,d}. Let
v=mn?and M =m+v+n+1. Foreveryt € [n],i €{2,3,...,d} and r € [i], we define the
functions f(t,4) := (i — 1)!- vy and g(t,i,r) := (t — 1)d* 4+ (i — 1)i + r, where v; is the ! prime
integer greater than n*. Note that M = O(n3) and 10M > By, by Fact 3.1. We will use the fact
that v; is much larger than M later. Using the Prime Number Theorem [Sho09], it follows that
the number of primes in the interval [n#, n°] is larger than n, and thus v, < n°. Moreover, these n
primes can be found in deterministic polynomial time [AKS04].

We will implement the recursive coupling idea of the ATOMICSOLVER described in Section 1.2,
in terms of matrix algebra. For example, recall that in the first step of the variable coupling, we
set x1 —y1 = @, yo —x2 = a and x1 — yo = [B. We can then express xi,x9,¥y1,y2 as a linear
combination of «, 8, where we use the extra degree of freedom to choose r; = —x9 , as follows:

14



(z1,29)" = 3 [_11 _11] (o, B)T, and (y1,y2)" = 3 [_11 _11] -(a, B)T. In general, the polynomial
equations give rise to 2° — 1 linear constraints on 2¢ unknowns (1, ,T9i-1,Y1, " ,Ygi-1). The
extra degree of freedom allows us to preserve the symmetry of the solution, which enables us to
describe the algorithm and its analysis in a clean form.

Algorithm 2: ATOMICSOLVER(t,i, Ry ;):
Input: i,¢, Ry ;
Output: Set of auxiliary variables, {z¢;; | j € [2771} U{yri; | 7 € 271}

1: Let vy be the t*" prime integer greater than n*
2 Tet f(t,4) = (i — 1)!- v,
3: Let g(t,i,r)=(t—1)d*+ (i—1)i+rforalll <r<i
4 api1 = 10f(t’i)
5: Qi = 10947 for all 1 < r < 4
6: vy = Rei/(i [T ouin)
refi—1]
7o = o, o]

8 if 1 = 2 then
9: Ay = [_1 1 :| and By = |:_11 _1]

1 -1 1
10: else
) 21—2 ) 2i—2
1: A= [gl_l ! 212] and B; = il_l 112i2]
i—1 i—1
12: end if
13: [xt,m, . 7$t7i’2i—1]T = 1% <A O

14: [Yeins-- 'ayt,i72i*1]T =3 By .
15: Return {wei | 5 € (271} Ufeay |5 € 271}

-

Qg1 at, by, By Q525+ v vy Qg
large components region  variable region clause region tiny components region
n-digits m-digits v-digits

Figure 3: Relative distribution of oy ;, for any i € {2,--- ,d} with respect to a;, by and By.

4 Veritying Properties 1, 2, 3, 4

In this section, we prove that the variables generated by the AUXILIARY VARIABLEGENERATOR
satisfy Properties 1, 2, 3, 4. This is done via the following lemmas.

15



Lemma 4.1. For every t € [n], the auziliary variables satisfy the following conditions

Zx:Zy:O

reEXt yEKf
Z ok Zyk:bffaf for every k € {2,...,d}.
zeXy yeEY:

Lemma 4.2. For any subset S C |J X;UY; of the auxiliary variables, either
te[n]

|Z y| > 10mT2 T op |Z y| < 10”.
yeS yes

We restate the following lemma from Section 3.

Lemma 3.2. For any integer d, the total number of variables in the instance of MSS(d) is N =
n - (2971 —2) and every variable has a poly(n,d!) digit representation in base 10.

In order to prove Lemma 4.1, Lemma 4.2 and Lemma 3.2 we first state some properties of the
auxiliary variables generated by the ATOMICSOLVER(t,i, Ry ;) and prove them in Section 5.

Proposition 4.3. For any (t,i) € [n] x {2,...,d}, ATOMICSOLVER (t,i, R:;) on input a rational
Ry, returns two sets of auziliary variables {4, ;| 7 € 271} and {yri; | § € [271]} which satisfy:

9t—1

D (@i = ¥iig) = Rei,

j=1

2i—1

Z(:Ef:i,j — yf”) =0 for every k € {1,...,i—1}.

j=1
Proposition 4.4. For any t € [n], and i € {2,3,...,d},

2i—1 2i—1

: :‘Tt,l,] = : :yt77’7] = 0'
=1 =1

Proposition 4.5. For any t € [n],i € {2,...,d}, we have
o
(a) iV IT cip = R
r=1

(b) 10" < oy iq < 10%7°
(c) ouir < 10nd* forl<r<i-—1

(d) o] <2

7
() > lagr| < 10v7".

r=2

16



Proposition 4.6. For anyt € [n], i € {2,...,d} and j € [2°71], we have that
10070 — 10V < 2 [y 5| < 10070 410V
The analogous statement also holds for y; ; ;.
Proposition 4.7. We have that:
1. For every (t1,i1, j1) # (t2,12, j2), we have that Ty, 4, j, 7 Tty i, jo-

2. For every (t1,i1,j1) # (t2, 12, j2), we have that Y, iy ji 7 Yts,io jo-

3. For every (t1,41, j1), (t2, 12, j2), we have that T, i\ ji # Yto.is,jo-

4.1 Proof of Lemma 4.1

We now prove Lemma 4.1 which implies Properties 1 and 2 of the auxiliary variables.

Proof of Lemma 4.1. From Proposition 4.4, we have that for any ¢ € [n], and i € {2,3

27,'—1 21'—1
Z Ty = Z Yt,i; = 0. Summing the variables over all i € {2,3,...,d}, we get
j=1 j=1

szZyzO.

Xy yeY

For the second part of the lemma, for any k € {2,...,d}

'7d}7

d 27,' 1
k
D =D b =2 ) (g — vy
z€X; yeY; =2 j=1
k—12i—1 ok—1 9i—1
k k
- Z Z Lt g ytz + Z(‘Tt,k,j - yt,k,j Z Z :Etz yt z,]
i=2 j=1 j=1 i=k+1 j=1
k—12¢1
From the definition of the residual, Ry, the first term, Z Z Ty yf”) = =
=2 j=1
ok—1 2i—1
Also, from Proposition 4.3 it follows that Z (xf;kg - yf,k,j) Ry, and Z Z xt ivj
j=1 i=k+1 j=1

Substituting these values in the above equation, we get,

IEEPIE

reX yeYs

17
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4.2 Proof of Lemma 4.2

Before we prove Lemma 4.2, we note that each auxiliary variable, z;; ; and y;;; is a (i%)—linear

combination of the a4 ;, variables. From Proposition 4.5 (b), (c) we note that each variable oy ; , is

either of small magnitude, i.e. |ay .| < 10" or of fairly large magnitude, i.e. || > 10", Also,

we note that there is only one large magnitude term, i.e., oy ; 1, for every pair (¢,7) € [n|x{2,--- ,d}.
Recall that D is the set of all the auxiliary variables

D=A{zyijyij|te€n,ie{2,3,....d},j€ [2”1]}'

For any auxiliary variable z € D, we can split z into terms of the form j:%atw with large magnitudes
and terms with small magnitudes.
2 =2zy+ 2L,

where zy is the term with large magnitude and zy, is the linear combinations of terms with small
magnitudes. We now state and prove two properties of the small magnitude sum and the large
magnitude sum which will imply the proof of Lemma 4.2.

Claim 4.8. For any subset S C D, ZZL < 107.
z€S

Proof. For any subset S C D,

n d )

DL B 3D B TN

z€S t=1 i=2 r=2

i
From Proposition 4.5(e), we know that for any (¢,4) € [n]x{2,...,d}, Z|at,i,r| < 10", Summing
r=2
over all (¢,4), we upper bound the sum of small magnitude terms as follows:

1 n d 1
S < S

zeS t=1 1=2 r=2
< nd- 10"~
< 10¥ O

4

Claim 4.9. Let S C D such that Z zy £ 0, then > % -10™ .

z€S

>

z€S

Proof. We show that for any subset of the auxiliary variables, the contribution of the large magni-
tudes is either 0, or larger than % 107" . Note that all the large magnitude terms, i.e., ay ;1 for
any (t,1), are powers of 10 larger than n* and therefore, each z7, being a :I:% multiple of the large

>

z€S
.. . 4 . 4

then it is a non-zero multiple of % -10™ and hence is larger than % -10™ .

term, is divisible by % 10", Thus, the sum is divisible by % -10"". If the sum is Nnon-zero,

The proof of Lemma 4.2 now follows by combining Claim 4.8 and Claim 4.9.

18



Proof of Lemma 4.2. For any subset S C D, we can split the sum of the variables as:

ZZ:ZZU+ZzL.

z€eS z€S z€S

If Z zy # 0, then from Claim 4.8 and Claim 4.9 we have,
z€S

> a5
zeS zeS zeS
1
> 5 10" — 10" = Q(10”4) > 10™ 2T [using the fact that v = n?|.

On the other hand, if Z zy = 0, then from Claim 4.8,
z€S

< 10”.

D

z€S

>

z€S

4.3 Proof of Lemma 3.2

Proof of Lemma 3.2. In the construction of the instance of MSS(d), we create 2 variables, i.e., a, by
and 21 — 4 auxiliary variables X; UY; corresponding to each of the n literals in the 1-in-3 SAT
instance. From Claim 4.13 below, we know that all variables in the set A are distinct. Therefore,
the size of the set A in the instance of MSS(d), N = n(29+! —2). Now we show that every element
constructed in the instance of MSS(d) has poly(n, d!) digit representation.

From Fact 3.1, Proposition 4.6 and Claim 4.10 below, we know that the magnitudes of all the
numbers generated by the reduction are bounded by 10PY("d")  Therefore to complete the proof,
it remains to show that the denominators of all the rational numbers in the instance of MSS(d) are
also bounded by 10pe(m.d!)

Observe from Definition 13 that a; and b, for every t € [n] are integers. Also, for any ¢ € [n]
and i € {2,---,d} each oy, for 1 <r <i—1 constructed by ATOMICSOLVER(t,i, Ry ;) is a unique
power of 10, and hence an integer, but o ;; is a rational number. Each auxiliary variable generated
by ATOMICSOLVER(t,i, Ry ;) is therefore a rational number due to the contribution from «y; ;. From
Claim 4.12 below, it follows that every rational number in the instance of MSS(d) has magnitude
at most 10PY(d) and therefore a poly(n,d!) digit representation. O

The following claim bounds the magnitudes of the targets in the MSS(d) instance.
Claim 4.10. For every k € {2,--- ,d},

’Bk‘ < lok(d!)nG.

Proof. Recall from Definition 14,

Bk:zn:af—&—znj Z z for every k € {2,...,d}.
t=1

t=1 x€ X
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Using bounds on the magnitudes of a; and = € X, from Fact 3.1 and Proposition 4.6 we get
|Bk‘ < n(10k(m+n+u+1)) + n2d((10(d—1)!1/n + 10y—nd)k)

We now bound the magnitude of the denominators of «y;; for every (¢,i) € [n] x {2,---,d}.
This bound will be used in Claim 4.12 to bound the denominators of all the rational numbers in
the instance of MSS(d). Let D(x) denote the irreducible denominator of a rational number z.

Claim 4.11. For any (t,i) € [n] x {2,--- ,d},
D(at,i,i) S 10(“)2.”6

Proof. The proof proceeds by first obtaining a recursive expression for D(ay;;), and we then use
induction on 4 to show the bound. Recall the definition of oy ;; from Algorithm 2,

N Ry ;
tii = T
il T ouir
refi—1]
where R;; is defined as
i—12u-1
ot i 7 7
Rt,i - bt —a; + § : § :(yt,u,v - wt,u,v)'
u=2 v=1

Therefore, it follows that the denominator of ay;; is bounded by the product of the denominator

i—1
of Ry; and 4! - [] agip. ie.,
r=1

i—1
D(ar3) < D(Ryq) - (i [ [ i)
r=1

(¢—1)!yt+i§ g(t,ir)

= D(Ry;) - (i'-10 r=2
< D(-Rt,z) . (Z' . 10(i71)!n5+nd3)
i1 i—1
The last inequality follows from the fact that > g(¢,3,7) = > (t — 1)d? + (i — 1)i +r < td® for
r=2 r=2
all 2 < i < d and v, < n® for any ¢t € [n]. We now obtain an expression for D(R;;). Since b
120t ‘
and a; are both integers, note that D(R;;) = D Z Z (Ytuw — Ttuw) |- Also, recall that all the
u=2 v=1

auxiliary variables obtained from a given ATOMICSOLVER(t,u, Ry ), described in Algorithm 2, have
the same denominator to which D(ay ) contributes, i.e., D(2¢4y0) = D(Ytuw) = 2 - D(a ), for

all v € [2471]. Therefore, D(y},, , — %} ,,) = 2" - D(af,,,). From this observation, it follows that
qu—1

D(Z yzuv - a:%uv) =20 D(ai’%u), and we get an expression for D(Ry ;) as follows:
v=1

1—1
D(Ry;) = LCM({2 - D(c,,) |u € {2, i~ 1}}) <27 - [ D(al,.)-
u=2
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Substituting the above expression for D(R; ;) back in the expression obtained for D(ay;;), we get

at’m = (H D( atuu ) : 2 .l 10(i*1)!n5+nd3) (18)

We now use induction on i to show that that D(ay;;) < 100*7° for every i € {2,--- ,d}. For
the base case, i = 2, from definitions we know that

D(a9) = 210" < 10™
Let us assume the induction hypothesis that for all i < ¢ < d,
D(a;) < 100077

From Equation 18, we know that

O‘tf( <HD atuu ) 262 - 10(4 1)'n5+nd3)

-1
< <H(10(u')2n6)4) . (10(6—1)!n5+nd3+2€2)

u=2

U éf ((w)2-n8)+(0)!n®+nd342¢2
<10 =2

< 10£~(é—1)-(4—1)!2-n6+(e)!n5+nd3+2e2
S 10([!)2'7’16’
where the last inequality follows from the fact that £(£—1)!>n% > (£)In®+nd®+2¢2 forany £ < d. O
Claim 4.12. For anyx € A \J {Bi, -+, Ba},

D(z) < 10PoY(md),

Proof of Claim /.12. We first observe that the elements constructed from the 3-SAT clauses and
variables are all integers. So, D(a;) = D(b;) = 1 for all ¢ € [n]. Next, we argue about the
denominators of the auxiliary variables and show that they are all bounded by 2- 10(*n°  Consider
the set of auxiliary variables generated by ATOMICSOLVER(t,i, Ry ;) for some ¢t € [n| and i €
{2,3,--+,d}. Each x4 (or yy,;) is a +3-linear combination of the {ay;, | r € [i]} variables. From
the definitions in Algorithm 2, we note that all a4 ;, variables constructed by the ATOMICSOLVER
are integers except for oy ;;. Therefore, each x¢;; and y;; ; have the same denominator as c;;/2.
Using Claim 4.11, we get that for every (¢,7), D(ay;) < 1000°7° Therefore, for any j € [2071],
D(xy;5) <2- 106)*7° " A gimilar argument applies to Ytij-

We now bound the magnitudes of the denominators of the target, By, -+, By defined in the
MSS(d) instance. Recall from Definition 14 that By is an integer. Therefore, D(B;) = 1. All other
targets are rational numbers defined as

Bk—Zat—&—ZZx for every k € {2,...,d}.

t=1 x€X¢
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n
The denominator of By is defined by the denominator of the sum, Z Z z¥. This sum can be

t=1 z€X;
n d 27, 1 27, 1
expanded as Z Z Z x". From the fact that D( Z x D(af ;;) and Claim 4.11, we get,
t=1 i=2 j=1

D(By,) < H D(af; ;)
ten]
1e{2...,d}

te(n]
ie{2...,d}

< (10k(d')2n6)nd — 10kd(d!)2-n7

Therefore, we conclude that every element of the instance of MSS(d) constructed by the reduc-
tion has a denominator of magnitude at most 10Pel (), O

Claim 4.13. All variables in the set A are distinct.

Proof of Claim 4.13. From Proposition 4.7, we know that all auxiliary variables are distinct. Also,
the distinctness of the variables {a¢, b | t € [n]} follows from the construction. The only thing that
remains to show is that all the auxiliary variables are different from {a;, b, | t € [n]}.

We show this fact by comparing the magnitudes of the two sets of variables. From Fact 3.1,
we know that |v] < 10mT" T+ for every v € {as, b | t € [n]}, and from Proposition 4.6, we know
that all auxiliary variables are larger than 101 — 10¥~"¢ > 10™+"*t¥+1  Therefore the two sets of
variables are disjoint. O

5 Proofs of the Helper Propositions 4.3, 4.4, 4.5, 4.6, 4.7

In this section, we prove the helper claims stated in the previous section.

Proof of Proposition 4.3. We first show a structural property of the auxiliary variables generated
by any ATOMICSOIVER. The proof of Proposition 4.3 follows from it.

Claim 5.1. For any i € {2,---,d}, Let A;, B; are matrices defined in the ATOMICSOLVER and let
{a, | r € [i]} be some rational numbers. If

r1 e5] Y1 e5]

1) 1 (05 Y2 1 05
=—.A; , and ] =—--B; ,

Loi—1 (67 Yoi—1 (67
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then {z; | j € 2771} and {y; | j € [2°71]} satisfy:

27,'71

Z(:U;“ —yf) =0 for every k € {1,...,i—1}
j=1

2i—1 i

Z(az; — y;) = 4! H Q.

j=1 r=1

Proof of Claim 5.1. We use induction on ¢. For the base case, consider ¢ = 2. From the definition
of As and By we get,

_a @
€ 2+2
a1 a9
I9g = —— — —
2 2 2
_a a2
Y1 5 5
e ]
Y2 5 T

Therefore,
r1+x2—y1—Yy2=0
i as -y -y =2 a1y

and the claim holds for i = 2.
Let us assume the induction hypothesis for all ¢ < £ < d. For ¢ = ¢, we have,

T aq Y1 o

T2 1 a2 Y2 1 e5)]
= 5 . Ae . . and . = 5 . Be .

Tot—1 (07 Yot—1 Qy

From the recursive definitions of the matrices Ay, By in Algorithm 2, we can split the above

23



equations as

I i [ a1 i _Oég_
x2 1 Q2 1 |
= — AK—]. . _|_ 5 .
Toe—2 | | Or—1 | | Q|
$2£—2+1_ i a1 i _af_
Tot—249 1 o5 1 o
. =—.By4- — =
2 2
Toe-1 | | Qe—1 ] L |
n aq Qy
Y2 1 e%) 1 o
= — . Bffl . + 5 .
y2£—2_ _Oégfl_ _Oég_
Yoe—241 aq oy
Yot—2,9 1 25)] 1 Qy
] - _. Aﬁ—l . — . ]
2 2
Yoe—1 | | (o—1 | K72

Equivalently, they can be rewritten as

a4 5 - aqif j <2072
T = i

1 e ol—2
y;;zg_Q —5-ap ifj>2

Similarly,
] oyt aifg<2t?
Yi = a:;._ﬂ,g — % cay if j > 2072

where, the {27, y; | j € [2¢72]} by induction hypothesis satisfy

9t—2 -1
/67 /‘67
> @y == ] e
j=1 r=1
2272
Z(x;k — y;k) =0 for every k € {1,...,0 —2}.
j=1
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Therefore, for any k£ € N, we get that

2[—1 2[—2 1
Y@y =) @t 5 -a)t (i + 5 a)
j=1 J=1
Ca 1 1
+ Z (y;,ge—z - Oéé)k_(x;,ge—z §'a£)k
j=2¢-241
25—2 1
=g e — (- )
j=1
2572
1 1
=2 Wit gt = (-5 e
j=1
2¢-2 k
1 E\ 1,
B =1 ’ z% T.<T>w] “
7= r=1 mod 2
2t—2 k
1 E\
— 2 — . T
(2 3 (i
7= r=1 mod 2
22 k
1 k "k—r "k—ry 1
|2 X 5 (O)err-sa
g=1 r= 1r;1(<))d2

Observe that, for all k </ —1, k —r < { — 2, since r = 1 mod 2. Therefore, for all K < ¢ —1,
from induction hypothesis, we have, (z ¥~ — y¥=") = 0. And,

J J

2f—1

>_ @ —y)=0.

j=1

For k = ¢,
2[—1 2[—2 Y 1 6
l l "e— "0—
Z(l’j—yj)z 2 Z or <r>(J "oy e
J=1 7j=1 r=
r=1 mod 2

2[2

_2.5.() O‘EZ -1_ ’f 1)
=(-({—1)! Har Qy
=0 ] e
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Note that Claim 5.1 is independent of ¢ and the choice of the « variables. Recall the construction
of ATOMICSOLVER(t,i, Ry ;) for any (t,4) € [n]x{2,---,d}. It returns two sets of auxiliary variables
{@eij 7 €27} and {y;; | 7 € [27]} which are constructed using matrices 4; and B;. From
Claim 5.1, it then follows that these auxiliary variables satisfy:

2i—1

i

Z(‘Tém - yim) = 1! H Qg

Jj=1 r=1

22‘71

Z(m,’fw - yfij) =0 for every k € {1,...,i — 1}
j=1

Using Proposition 4.5 (a), we get,

22'71

Z(ﬂizg - yiij) = by —a; + R
j=1

O

Proof of Proposition /4.4. The proof uses the recursive structure of the matrices A; and B;. Recall
that 1° denotes a vector of £ ones, and 0° denotes a vector of £ zeros. Note that for any (t,i) €

[n] x {2, . d},
9i—1

1 i
> iy = 3 AT A o - ania]
j=1

Similarly, the sum of all the {y;; | j € [27!]} can be written as

27L71

: : yt77'7.] =
j=1

We show by induction on ¢ > 2 that

. (12i71)T - Bi - g - Oét,z‘,z‘]T

N =

(12 7. A; = (09T and (12 )7 . B; = (097
For the base case, i = 2, it can be verified that

1 1
-1 -1

1 -1
1 1] - Bo=]1 1]-[_1 1]:[0 0]
Let us assume the induction hypothesis for all i+ < £ < d. For i = £, observe that

Az_l 12572 ]

1 1] Ay =11 1]-{ ]_[0 0] and

2271 T _ 2272T 2472T :
@ A= @ @] e

= [(IQZ*Q)T cApq1 + (122*2)T -By_; O]
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By the induction hypothesis, we know that (12 °)T - 4,_; + (127°)T . B,y = (0°"1)T, Therefore,
)T A= [01 0]

9f—1

(1

Similarly,

2t—1

W B = (27T By + (27T A 0 = [0 0]

O

We now show certain bounds on the magnitudes of a;;, and hence on the auxiliary variables
Ttij,Ytij- For any two tuples of same dimensions, we say that (p1,p2, - ,pd) > (¢1,¢2, -, qaq) if
there is an i € [d] such that p; > ¢; and p; = ¢; for all j <. In order to prove Proposition 4.5, we
will need the following claim.

Claim 5.2. For anyt € [n], i € {2,...,d} and any j € [2¢71],

[Tt — Ytigl = i
Proof of Claim 5.2. We use the recursive matrix definitions to show that for every t,i,7 € [n] x
{27 e 7d} X [21'—1]’
|93't,i,j - yt,i,j| = 04,2
We use induction on 1.
For the base case, i = 2,

" y Qi 2.1 + Qi 2.2 Q2.1 i Q2.2 a
t,2,1 — Yt,2,1 = - =22
< < 2 2 2 2 <
- y o Og21 Qt 2.2 at 2.1 at22 o
2,2 — Yt22 = — - - = —22
< < 2 2 2 2 <
Let us assume the induction hypothesis for all i < £ < d.
From the definition of the ATOMICSOLVER we know that,
Tt0,1 Q1 Yte1 Q1
Tt.0,2 1 Q02 Yt.e,2 1 Qg 02
. =--A¢-| . |, and . =§'Be' .
Lt p,2¢-1 Qi op Y0201 Qe
Therefore,
Tte1l —Yted Qi p1
Tte2 — Yt 2 1 Qg 02
. =5 (Ae=Bo)-| .
Ly g,20-1 — Yp g 201 Ot

From the recursive definition of the matrices Ay and By, we get that Ay— By =

Apy— By 0277
Bpi— A 0¥
From the induction hypothesis, we get,

[As — By 0 --- 0] [0 2 0 --- 0]
By—A 0 --- 0 0O -2 0 --- 0
A= B = : = :
As—By 0 --- 0 o 2 0 --- 0
By—4y 0 - 0] [0 =2 0 - 0]
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and therefore for every j € [2¢71],
|Tte5 — Yt = e

We are now ready to prove Proposition 4.5.

Proof of Proposition J.5.
(a) Follows from the definition of o ;; in Algorithm 2.

(b) g = 107D = 106Dt where vy is the t* prime greater than n*. Since v, is increasing
in ¢, and for a fixed t, ay; 1 is increasing in 4, max{oy 1} = g1 and min{oy;1} = a121. We
t7Z‘ bAS] b b t7’L bAS) 1<

4 is at most n®°.

had noted earlier that from Prime Number Theorem, the n prime greater than n
Therefore,

4 5
10" < 10" = a101 < g < g = 10070 < 10777,

(c) From the definitions in Algorithm 2, for every 1 < r < i —1, api, = 109®47) - Note that
rglax{g(t,i,r)} =g(n,d,d — 1) < nd? and therefore,
T

EAg]

— 2
Qi iy < Qndd—1 = ]_Og(n,d,d 1) < 10nd )

(d and e) Fix an arbitrary ¢ € [n]. We prove by induction on i € {2,---,d} that,

i
’Oét,i,z" < 2 and Z|O‘t,i,r‘ < 10v—"d.
r=2
b2—a?
2021
and by is the same. Therefore |b; — a;| < 10™%. From Fact 3.1, we know that |a;| and |b;| are at
most 10m 7+ = 10M | 50 we get,

For the base case, 1 = 2, ag 22 = Recall from Definition 13 that the variable part of a;

67 — a2| = (b — ag)(bs + a¢)| < 10™T - 2max{ays, b} < 10mT . 2. 10M.

Since m +v < M, |y 22| < % < 10?M=f{t2) By definitions in Algorithm 2, f(t,2) = 14
and v; is a prime larger than n*. Also, M = O(n?®) and f(t,2) > 2M therefore, it follows that,
lagoo] <1< 10" and the claim holds for i = 2.

Let us assume the induction hypothesis for all ¢ < £ < d, and we now prove the claim for ¢ = /.

We need to show that ,

‘at,ﬁ,f‘ < 2 and Z‘at,éﬂ"| < 10V—nd
r=2
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We first bound the magnitude of a; ¢ for any ¢ € [n]. Recall from the definitions in Algorithm 2

—12v—1
| Ry g VA’ ¢ ¢
‘at,é,f‘ =5 : , where, Rt,@ = bt —a; + Z Z Yeuw — Tuw:
L H At lr u=2 v=1

rel—1]

We will bound each individual term in the definition of oy ¢ separately.
-1
The term |bf —af| in R, can be factorized as |bf —af| = |(b: —at)(z bEal=17%)|. We had seen earlier
k=0
that |(by — a¢)| < 10mT* < 10 and from Fact 3.1, max{as, b;} < 10™. Using these observations,
we get

! — af| = |(by — ay) beaf 1=k)

M l—1 30—1 (19)
<10 -ﬁ-max{at N
<10M . ¢-10MED = ¢ 10M¢
Using the definitions of oy, the denominator in the expression for oy, can be written as
- PO+ glten)
t’ + g t7 7T
2! | | =710 r=2
At 0 (20)

Z é‘ . 10f(t’£)+g(t7€’2)

¢—12v-1
Now to bound the magnitude of Z Z Yt a:t ww|s We have
u=2 v=1
£—12v-1 £—12v—1
l
Z Z Ytupw — xtuv < Z yt,u,v - "Et,u,v|
u=2 v=1 u=2 v=1
£—12v—1

_ —1— k
= g E ytuv xtuv E ytuv tu,v
u=2 v=1

<> Z |(Yeuo = @) - € max{|zeuol " [yeuol )

Using Claim 5.2, we know that for any (¢,u,v) € [n] x {2, ,£ — 1} x [2¢71],

t,u,2
‘xt,u,v - yt,u,v| = 0ty2 = 109( )

Also, from definition of the auxiliary variables in Algorithm 2, each ., and v, , for any t € [n],
is a (+1)-linear combinations of {at .y, | € [u]}. Therefore,

max{|xt,u,v|’ |yt,u,v|} < 5
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u
Since u < £, using the induction hypothesis, we know that Z|at7u,r‘ < 10", So, we get
r=2

1(10)‘(@“) + 10V—nd) < 107w
2

r=2
From these observations, we get
- (-1 2u-1
ZZ%M Trauw| <Y 10902 f (1070
=1 u=2 v=1

Note that max{g(¢t,u,2)} = g(t,¢ — 1,2) and for a fixed t, f(t,4) is increasing in 4, therefore,
u
ft,u) < f(t,£—1) for all u < ¢ — 1. Therefore,

£—12v—1
Z yf,u,v _ xf%v < 0.2t 1094=12) 1 oU=D)f(tL=1) (21)
u=2 v=1

Combining Equations 19, 20, 21, we get an upper bound on the magnitude ay s, as

Rl
-1

O] eer
r=1

¢—12u—1

L L
Z Z Ytuw — Ltuw

|b€ — at| u=2 v=1

- {—1
14 H Qt r 14 H At or
r=1 r=1

¢ . 10M¢ f.92¢. 109(2&,571,2)+(€71)f(t,571)
= 0. 10f0+g(t,¢.2) * 0. 107 &0+9(,6,2)

We now show that each individual term is at most 1, and therefore, oy | < 2.

The first term can be simplified by plugging in the definition of f(¢,¢) and using the fact that
g(t,l,r) > 2

- 10M¢ b oM
0107 @0+gtL2) = (¢ —1)!

Since £ - M < (¢ — 1)y, , it follows that
- 10M¢
10/ G0 Tete2) <
For the second term, note that f(t,¢) = ({ —1)lyy = (0 —1)- (£ —2)lyy = (L = 1)f(t, ¢ — 1) and

1.

g(t, 0,2) —g(t, 0 —1,2) =20 — 2> 2 for £ > 2. Also, for £ > 2, we have ﬁ < 4. Therefore,
¢ t0—1,2)+(0—1) f(t,0—1 ¢
?.20.109( )H(E=1)f( ) _ 2 L 109(E-1,2)=g(t,6:2) | (=1 F(EL—1)=F(t.0)
0. 10fE0+9(,2) (-1
<4-107' <1
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¢
Now that we have established |y /| < 2, we show that Z’O‘tl,r‘ < 10", We split this

r=2
summation into two terms as

-1
= Javerl + laredl-
r=2

¢
§£:|améw
r=2

From the definition of oy g, for 1 < r < ¢, we have

/-1 -1
Z‘at,ﬁ,r’ — Z log(tvgﬂn) < 1og(t7£7£_1)+1.
r=2 r=2

Since g(t,i,7) is increasing in t,i,7, g(t,£,£ —1) +1 < g(n,d,d — 1) + 1 = nd?. Recall that v = n?,
and therefore, for any d = o(y/n), we have,

10g(t,€,€71)+1 < 10nd2 < 10V*TLd*1.

Therefore, it follows that

¢ -1
D loterl < laves
r=2

r=2

+ || < 1077 42 < 10V,

O

Proof of Proposition 4.6. From the definition of oy ;, in Algorithm 2, we know that each auxiliary
variable is a (£4)-linear combination of {ay;, | r € [i]}. i.e

i
1
Ty = Zurat,i,r for some u, € {ii}

r=1

Therefore,

1 1 <
< 3 love 1| + 2" ;’at,im

7
g UrOlt g 1
r=1

1 1 <
3 || — 3 Z|am}r| <
r=2

i
Using Proposition 4.5 (e), we know that Z’O‘tﬂ'ﬂ"’ < 10" and from definitions, Qi = 106Dt
r=2
Therefore,

. (10(i—1)!Vt _ 10V—nd) S ‘iﬁt,i,j’ S . (10(i—1)!l/t + 10V—nd)

N | —
N | —

O

Proof of Proposition J.7. Let t1,ty € [n],i1,ia € {2,--+ ,d},51 € 20 — 1] and jo € [22 — 1]. If
(t1,41,41) = (t2, 12, j2), then from Claim 5.2, we know |4, 4, j, — Yt1,i1,51 ] = Q2 7 0 and it follows
that x4, 4, 51 # Yt1,61,5:- Now we show that if (1,41, 1) # (t2,42,j2), then x4, 4, j; # %1y4s,5.- The
proof holds if either or both the z;; ;’s replaced with y;; ;. Let,
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i1
i1—1)y, 1
Ty iq j = UL - 10 —Dvey g Up - Qi 4, fOr some u, € {ii}
r=2

and,
12
(i2—1)!wy ‘ 1
Lty injo = U1 - 10 2 + E Uy + Qg fOr some v, € {i§}
r=2

If @4, i1 j1 = Tts,i0,j0, then on reordering the terms we get,

@9 (51
E Ur * Aty ig,r — E Uy + Ay 4,7
r=2 r=2

Note that if [uy - 101~ D% — ¢y . 1002~ D62 | is non-zero, then using the fact that vy, and vy, are
prime integers larger than n* we have,

uj - 10(1'1*1)!1/1:1 — vy - 10(1'271)!142

’ul 100Dy gy L= D)y | > 107

But from Proposition 4.5, (e),

iz 7;1
E Up - atg,ig,?’ - E Uy - atl,il,T
r=2 r=2

which is a contradiction. Therefore, t| = to,41 = i3 and u; = vy.
Let us assume t1 =t = t,41 = i2 = 1 and j1 > jo. If 24,5, = x4, j,, then,

1 & 1 & o
< 5 ;|O‘t2,i2ﬂ’| + 5 ;|at1,i1ﬂ"| <1077"

%

Z(UT - UT) O r = 0

r=2

We know that (v, —u,) € {0,%£1}, so there exists a {0,+1}- linear combination of oy ;, equal to
0. If u, = v, for every r € {2,--- i}, then j; = js since each auxiliary variable is a distinct linear
combination of the oy ;,’s. So, there exists at least one r € {2,--- ,i} such that u, # v,. Let r* be
the largest such r. We know that

i r*—1
0= Z(UT - ur) C Qg > |at,i7r*| - | Z (Ur - ur) : at,i7r|
r=2 r=2
But each ay;, = 109447 for r € {2,---,i — 1} is a distinct power of 10 and lae il < 2. So,
r*—1
| o | — Z (vr —up) - 0y ip| # 0, which is a contradiction. Therefore, j; = ja. a
r=2
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6 Existence of (Inhomogeneous) PTE Solutions over General Finite
Fields

Recall that a solution to a PTE system of size s and degree d satisfies

rtrat-+trs = yity2too+ys
2 2 2 2 2 2
Ti+rwy o+ Ty = Yty Ty
ed a2l = ylrydt oyl

We will show that such a system always has a solution over a field F = F, for d < |F\1/ 2=0 for
d > 0. In fact, the proof will also hold for inhomogeneous PTE systems such as ().

Theorem 6.1. Let F be a finite field, and let 1,712, ...,7q € F. Let d be a positive integer such that
d < |F|'/279. Then, there exists a solution in F to the system S 5_, a:f - yzj =ry, for j € [d],
with s = 3d/J.

Moreover, if |F| is a sufficiently large function of 0, then we can ensure that the x;’s and the y;’s
are all distinct.

Let G be a group. An additive character of G is a a function x : G — C such that x(z +y) =
x(x)x(y) for all 2,y € G. We will now define characters over groups of the form ", where F = I,
and p is a prime.

Let w = €2™/P be a primitive pth root of unity, and let Tr : F,. — Fp be the Trace operator
Tr(x) = Zf;é 2?". Then, an additive character of F" = (F,¢)" is xq(2) = wTr(@) where a,z € F",
and a - x denotes the inner product over F".

We will use of some results of [KS13]. Let u be a distribution over vectors in F”, and denote by
1) the distribution of @1 + xa + ... + x5, where the z;’s are picked independently from .

Theorem 6.2. (/KS13/, Appendiz B) Suppose that for some 3, any non-trivial character x of F*
satisfies
[Egnpx(z)] < 6.

Then

and so p'®) is B°|F|"- close to the uniform distribution over F" in statistical distance.
Recall the Weil/Deligne bound.

Theorem 6.3. (Weil [Wei48], Deligne [Del78]) Let f(x1,x2,...,x:) be a t-variate polynomial over
F of degree at most [F|/?>=9, for some § > 0. Then, either x(f(x)) is constant for all x € F, or x
satisfies [Eqer x(f(2))| < [F|7°.

Proof of Theorem 6.1. For z,y € F, let vy, = (z — y, 2 — 12, ..., —yd) € FY Let p be the
distribution of v, , when z,y are distributed independently and uniformly in . Note that for a
nontrivial character x, with a € (F*)¢, we have

va,yNM [Xa(“a:,y)] = E[wa-vz,y] = Em,y[wg(x’y)] = E:v,y[Xa(g(x7 y))]
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for the polynomial g(z,y) = Z?Zl a; (' — ') of degree d < |F|'/2=9.
By Deligne’s Theorem 6.3, we have that

Eo,ymns [Xa(vz)]l = [Elxa(g(z, y))]| < [F|7°. (22)

Let 11(*) be the distribution of S = 3°7_, v, . When we pick 8 Vectors vz, 41, Vry yas - - - » Vs ys € F%
independently, according to p. Note that (%) is precisely the distribution of (3 z; — > wi, > z? —
Sy, a8 — > yd), when we pick the z;’s and y;’s independently and uniformly in F.

By Theorem 6.2 and Equation (22), it follows that

>

vEFd

() < (IF|7)°|B| = [F|~*=+.

1
7]

Picking s = 3d/J, we get that u(®)((ry,ra,...,7q)) > |F|~¢ — |F|~2¢ > 0.

We can also ensure that all ;’s and y;’s are distinct, by noticing that the Pr[|[{z1, z2,..., x5, y1,. ..

2s] = [17%," |F|1_i < (|F| —25)72 < |F|72? < |F|=¢ — |F|~2? for |F| being sufficiently large as a func-
tion of 4.

O

7 Reduction from 1-in-3 SAT to MSS(d) over I

We will choose prime p = O(d!) and £ = poly(n) for this reduction. To generate the field F, = F .,
we consider an irreducible polynomial over I, of degree ¢. Let v be a root of this polynomial in
the algebraic closure of F),. Every element of F;, can then be generated as a linear combination
of 1,7, -+, 72~ over F, (We refer to [LN97| for a general treatment of finite fields.). Then,
for v = > vy* € F,, we will abuse notation and view v as the vector (vy,va,...,v,_1). We define
an analogue of the notion of “magnitude” used in the previous sections. For v € Fy, define |v| to
be the largest non-zero index ¢ € [f] in the vector representation of v. Note that this definition
of magnitude satisfies the property that |u + v| < max(|ul,|v]) for every u,v € F,, and thus also
satisfies that the triangle inequality.

We now sketch a proof of the reduction, which follows analogously to the proof over the rational
field, with some small modifications, as described next.

An instance of MSS(d) consists of a tuple (A, k, By,...,Bg). Similar to the rational field re-
duction, each variable (2,%) is mapped to 2¢+! — 2 distinct elements {a;} U {z¢; | i € [2¢ — 2]}
(corresponding to z;) and {b;} U {ys; | i € [2% — 2]} (corresponding to Z;). Let {a}, b} : t € [n]} be
the elements of IF; produced by the reduction of 1-in-3 SAT to Subset-Sum defined as follows:

e The vector representations of a; and b, consist of two parts: a clause region consisting of the
leftmost m coordinates and a variable region consisting of the next n indices.

e In the variable region, a; and b} have a 1 at the ¢-th index and 0’s at the other indices. Denote
that by (a;)™.

e In the clause region, for every j € [m], a; (vesp. b;) has a 1 at the jth location if z; (resp. z)
appears in clause j, and a 0 otherwise. We denote the clause part of a; by (at)/c.

o a, = (a;C,a;”, 0f=m="). Similarly for .
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e The target B is set to the element whose field representation is the vector which takes 1’s in
the first m + n indices and 0 everywhere else. i.e. B = (1,17 0=,

Define,

I

ar = (0,05, a,°, 077" and, by = (0”,b¢,b,°,07 ).

For each t € [n], we will explicitly construct two sets of 2¢ — 2 auziliary variables, X; = {zy; | i €
[2¢ — 2]} and V; = {y;; | i € [2¢ — 2]} which satisfy the following properties:

Property (1): Z T = Z y=0

zeXt yeEY:

Property (2): Z zk — Z y* = bF — aF for every k € {2,...,d}.
reX, yeY

Property (3): Additionally, an appropriately scaled set of auxiliary variables, can be shown to satisfy

the bimodal property. Namely, for any subset S C |J X;UY;, and a scaling factor
te[n]

K = +", where h = poly(n, d!), either

> s

ses

>h+nt* or < h+v.

> s

seS

Define the set A = U {a;} U{b} U X, UY;. The targets By, ..., By are defined as follows:
te[n]

Bl — (Oy’ 1m’ 1n7 Oé—y—m—n)’

n n
By, :Zaf—kz Z a® for every k € {2,...,d}
t=1 t=1 zeX;

Note that a; =+ - a;. Similarly, by =~" - b, and B; =~" - B.

We now define a scaled version of the subset sum instance over the finite fields. Let h =
poly(n,d!) and let K = ~" be the scaling factor . Scaling of all the elements of the instance of
MSS(d) is roughly equivalent to scaling the rational solutions by a large power of 10. The scaling
of all the variables maintains Properties 1, and 2 of the auxiliary variables and also satisfies the

solution to achieve Property 3.
Let Ay, = {v"a | a € A}. By = v*'By, for every k € {2,...,d}. The following lemma shows
that the MSS(d) instance and its scaled version as defined above are equivalent.

Lemma 7.1. Let h = poly(n,d!) and K = v" be the scaling factor. There exists a subset S C A
such that for every k € [d]
Z sk = By.

seS
if and only if there exists a subset S, C Ay, such that for every k € [d|

Z sk = By p.

seSh
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The proof of Lemmas 7.1 is straightforward and follows from the fact that the moment equations
in MSS(d) are homogeneous and therefore scaling all the variables and the targets does not change
the problem.

We can then state the analogous statement of Lemma 3.3, which implies the NP-hardness of

MSS(d) over Fy.

Lemma 7.2. There exists a satisfying assignment to a 3-SAT instance ¢(z1,...,z,) if and only if
there exists a subset S C Ay, such that for every k € [d],

Z Sk = Bk,h-

seS

The proof of Lemma 7.2 follows from the properties of the auxiliary variables stated above and
all the steps of the proof over the rationals can be carried over here, because we chose to scale the
instance by a large enough power of v, and we chose p and ¢ large enough, in order to ensure that
there is no wrapping around when we add terms with large magnitudes.

8 Conclusion

The main open question that comes up from this work is to explicitly and efficiently construct
degree-d PTE solutions of size subexponential in d (Problem 1.3). It would also be very interesting
to prove analogous NP-hadness results for Bounded Distance Decoding of Reed-Solomon codes in the
case where preprocessing is allowed. Finally, our NP-hardness results for Reed-Solomon codes apply
to the case where the field size is exponential in the block length N; it would be very interesting to
prove analogous NP-hardness results for smaller fields.
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