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Abstract

We prove the first Statistical Query lower bounds for two fundamental high-dimensional learning
problems involving Gaussian distributions: (1) learning Gaussian mixture models (GMMs), and (2) ro-
bust (agnostic) learning of a single unknown mean Gaussian. In particular, we show a super-polynomial
gap between the (information-theoretic) sample complexity and the complexity of any Statistical Query
algorithm for these problems. Statistical Query (SQ) algorithms are a class of algorithms that are only
allowed to query expectations of functions of the distribution rather than directly access samples. This
class of algorithms is quite broad: with the sole exception of Gaussian elimination over finite fields, all
known algorithmic approaches in machine learning can be implemented in this model.

Our SQ lower bound for Problem (1) is qualitatively matched by known learning algorithms for
GMMs (all of which can be implemented as SQ algorithms). At a conceptual level, this result implies that
— as far as SQ algorithms are concerned — the computational complexity of learning GMMs is inherently
exponential in the dimension of the latent space — even though there is no such information-theoretic
barrier. Our lower bound for Problem (2) implies that the accuracy of the robust learning algorithm
in [DKK™16b] is essentially best possible among all polynomial-time SQ algorithms. On the positive
side, we give a new SQ learning algorithm for this problem with optimal accuracy whose running time
nearly matches our lower bound. Both our SQ lower bounds are attained via a unified moment-matching
technique that may be useful in other contexts. Our SQ learning algorithm for Problem (2) relies on a
filtering technique that removes outliers based on higher-order tensors.

Our lower bound technique also has implications for related inference problems, specifically for the
problem of robust festing of an unknown mean Gaussian. Here we show an information-theoretic lower
bound which separates the sample complexity of the robust testing problem from its non-robust variant.
This result is surprising because such a separation does not exist for the corresponding learning problem.
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1 Introduction

1.1 Background and Overview For the unsupervised estimation problems considered here, the input is
a probability distribution which is accessed via a sampling oracle, i.e., an oracle that provides i.i.d. samples
from the underlying distribution. Statistical Query (SQ) algorithms are a restricted class of algorithms that
are only allowed to query expectations of functions of the distribution rather than directly access samples.
This class of algorithms is quite broad: with the sole exception of Gaussian elimination over finite fields,
all known algorithmic approaches in machine learning can be implemented in this model. These include
spectral techniques, moment methods, local search (e.g., Expectation Maximization), and many others (see,
e.g., [EGR™13] for a detailed discussion).

A number of techniques have been developed in information theory and statistics to characterize the
sample complexity of inference tasks. These involve both techniques for proving sample complexity upper
bounds (e.g., VC dimension, metric entropy) and information-theoretic lower bounds (e.g., Fano and Le Cam
methods). On the other hand, computational lower bounds have been much more scarce in the unsupervised
setting. Perhaps surprisingly, it is possible to prove unconditional lower bounds on the complexity of any
SQ algorithm that solves a given learning problem. Given the ubiquity and generality of SQ algorithms, an
SQ lower bound provides strong evidence of the problem’s computational intractability.

In this paper, we prove the first Statistical Query lower bounds for two fundamental learning tasks
involving high-dimensional Gaussian distributions: (1) learning Gaussian mixture models (GMMs), and (2)
robust (agnostic) learning of a single Gaussian. These problems are ubiquitous in applications across the data
sciences and have been intensely investigated by different communities of researchers for several decades.
Our lower bounds show a super-polynomial gap between the (information-theoretic) sample complexity and
the complexity of any Statistical Query algorithm for these problems, and are essentially tight. Specifically,
our lower bound for Problem (1) is qualitatively matched by known learning algorithms for GMMs (all
of which can be implemented as SQ algorithms). For Problem (2), we give a new SQ algorithm whose
running time nearly matches our lower bound. Both our SQ lower bounds are attained via a unified moment-
matching technique that may be useful in other contexts. Our robust SQ learning algorithm relies on a
filtering technique that removes outliers based on higher-order tensors.

Our lower bound technique also have implications for related inference problems, specifically for the
problem of robustly testing an unknown mean Gaussian. Here we show an information-theoretic lower
bound which separates the sample complexity of the robust testing problem from its non-robust variant.
This result is surprising because such a separation does not exist for the corresponding learning problem.

Before we discuss our contributions in detail, we provide the necessary background for the Statistical
Query model and the unsupervised estimation problems that we study.

Statistical Query Algorithms. A Statistical Query (SQ) algorithm relies on an oracle that given any
bounded function on a single domain element provides an estimate of the expectation of the function on
a random sample from the input distribution. This computational model was introduced by Kearns [Kea98]]
in the context of supervised learning as a natural restriction of the PAC model [Val84]. Subsequently, the
SQ model has been extensively studied in a plethora of contexts (see, e.g., [Fell6bl] and references therein).

A recent line work [FGR™ 13, [FPV13], [FGV13, [Fell16al] developed a framework for SQ algorithms in the
context of search problems over distributions — encompassing the distribution estimation problems we study
in this work. It turns out that one can prove unconditional lower bounds on the complexity of SQ algorithms
via the notion of Statistical Query dimension. This complexity measure was introduced in [BEJ™94] for PAC
learning of Boolean functions, and was recently generalized to the unsupervised setting [FGR™ 13, [Fel16al.
A lower bound on the SQ dimension of a learning problem provides an unconditional lower bound on the
sample and computational complexity of any SQ algorithm for the problem.



Learning Gaussian Mixture Models. A mixture model is a convex combination of distributions of known
type. The most commonly studied case is a Gaussian mixture model (GMM). An n-dimensional k-GMM
is a distribution in R™ that is composed of k£ unknown Gaussian components, i.e., [’ = Zle wi N (i, i),
where the weights w;, mean vectors p;, and covariance matrices >; are unknown. The problem of learning
a GMM from samples has received tremendous attention in statistics, and, more recently, in TCS. A long
line of work initiated by Dasgupta [Das99, |AKO1, VW02, IAMO05, IKSVO08, BV0S|| provides computation-
ally efficient algorithms for recovering the parameters of a GMM under separability assumptions. More
recently, efficient parameter estimation algorithms have been obtained [MV 10, BS10, HP15]] under minimal
information-theoretic separation assumptions. The related problems of density estimation and proper learn-
ing have also been extensively studied [FOS06,[SOAJ14, DK14, MV 10, HP135]]. In density estimation (resp.
proper learning), the goal is to output some hypothesis (resp. GMM) that is close to the unknown mixture
in total variation distance.

The sample complexity of density estimation (and proper learning) for n-dimensional k-GMMs, up to
variation distance e, is easily seen to be poly(n, k, 1/€) — without separation assumptions (see Appendix [A).
For the problem of parameter estimation, the situation is somewhat more subtle: In full generality, the sample
complexity of parameter estimation in 7 dimensions is of the form poly(n) - (1/)%*), where the parameter
~ > 0 quantifies the separation between the components. In fact, even for the 1-dimensional setting, one
can construct [MV10, HP15]] information-theoretic sample complexity lower bounds of the form (1/ W)Q(k).
On the other hand, such instances are pathological. If the components are nearly non-overlapping, i.e.,
when the total variation distance between any pair of components is very close to 1, the aforementioned
information-theoretic impediment does not apply. Specifically, for nearly non-overlapping instances, the
sample complexity of parameter estimation can be shown to be poly(n, k) as well (see Appendix .

In summary, the sample complexity of both variants of the learning problem is of the form poly(n) f (k)
for an appropriate function of k. On the other hand, the sample complexity and (hence) running time of
all known algorithms for either variant of the learning problem scales as n9¥), for an appropriate function
g(k) > k. This running time upper bound is super-polynomial in the sample complexity of the problem for
super-constant values of &, and it is tight for these algorithms even for the case that the underlying GMM
has almost non-overlapping components. This raises the following natural question:

Question 1.1. Is there a poly(n, k)-time density estimation algorithm for n-dimensional k-GMMSs? Is there
a poly(n, k)-time parameter learning algorithm for nearly non-overlapping n-dimensional k-GMMs?

Robust Learning of a Gaussian. In the preceding paragraphs, we were working under the assumption
that the unknown distribution generating the samples is exactly a mixture of Gaussians. The more general
setting of robust (or agnostic) learning — when our assumption about the model is only approximately true
— turns out to be significantly more challenging computationally. Specifically, until recently, even the basic
setting of robustly learning an unknown mean Gaussian with identity covariance matrix was poorly under-
stood. Without corruptions, this problem is straightforward: The empirical mean gives a sample-optimal
and computationally efficient estimator. Unfortunately, the empirical estimate is very brittle and fails in the
presence of corruptions.

The standard definition of agnostically learning a Gaussian (see, e.g., Definition 2.1 in [DKK™16b] and
references therein) is the following: Instead of drawing samples from a perfect Gaussian, we have access to a
distribution D that is promised to be close to an unknown Gaussian G, specifically e-close, in total variation
distance. This is the only assumption about the distribution D, which may otherwise be arbitrary: the e-
fraction of “errors” can be adversarially selected. The goal of an agnostic learning algorithm is to output
a hypothesis distribution H that is as close as possible to G (or, equivalently, D) in variation distance. If
H is additionally required to be a Gaussian, the agnostic learning algorithm is called proper. Note that the



minimum variation distance, dty (H, G), information-theoretically achievable under these assumptions is
O(e), and we would like to obtain a polynomial-time robust algorithm with this performance guarantee.

Agnostically learning a single high-dimensional Gaussian is arguably the prototypical problem in robust
statistics [Hub64, HRRS86,|[HRO9|]. Early work in this field [[Tuk75,|DG92] studied the sample complexity
of the problem. Specifically, for the case of an unknown mean and known covariance Gaussian, the Tukey
median [Tuk75] guarantees O(¢)-error with O(n/e2) samples (see, e.g., [CGR13] for a simple proof). Since
Q(n/e?) samples are information-theoretically necessary — even in the non-robust setting — the robustness
requirement does not change the sample complexity of this learning problem.

The computational complexity of agnostically learning a Gaussian is less understood. Until recently, all
known polynomial time estimators could only guarantee error of ©(e+/n). Two recent works [DKK™16b)
LRV16] made a first step in designing robust polynomial-time estimators for this problem. The results
of [DKK™16b] apply in the standard agnostic model described above; [LRV16] works in a weaker model,
where the noisy distribution D is of the form (1 — €)G + €N, where N is an unknown distribution. For the
problem of robustly estimating an unknown mean Gaussian N (u, I), [LRV16] obtains an error guarantee of
O(ey/log n), while [DKK ™" 16b] obtains error O(e4/log(1/¢)), independent of the dimensio

A natural and important open problem, put forth by these works [DKK™16bl [LRVT6], is the following:

Question 1.2. Is there a poly(n/e)- time agnostic learning algorithm, with error O(¢€), for an n-dimensional
Gaussian?

High-dimensional Hypothesis Testing. So far, we have discussed the problem of learning an unknown
distribution that is promised to belong (exactly or approximately) in a given family (Gaussians, mixtures
of Gaussians). A related inference problem is that of hypothesis testing [NP33l [LROS]: Given samples
from a distribution in a given family, we want to distinguish between a null hypothesis and an alternative
hypothesis. Starting with [GR00, BFR™00], this broad question has been extensively investigated in TCS
with a focus on discrete probability distributions. A natural way to solve a distribution testing problem is to
learn the distribution in question to good accuracy, and then check if the corresponding hypothesis is close to
one satisfying the null hypothesis. This testing-via-learning approach is typically suboptimal and the main
goal in this area is to obtain testers with sub-learning sample complexity.

In this paper, we study two natural hypothesis testing analogues of the high-dimensional learning prob-
lems discussed in the previous paragraphs. Specifically, we study the sample complexity of (i) robustly
testing an unknown mean Gaussian, and (ii) testing a GMM.

To motivate (i), we consider arguably the most basic high-dimensional testing task: Given samples from
a Gaussian N (u, I'), where p € R™ is unknown, distinguish between the case that ;1 = 0 versus [|u||2 > €.
(The latter condition is equivalent, up to constant factors, to dry (IV(u, 1), N(0,1)) > €.) The classical test
for this task is Hotelling’s T-squared statistic [Hot31]], which is unfortunately not defined when the sample
size is smaller than the dimension [ZB96]. More recently, testers that succeed in the sub-linear regime have
been developed [SDOS]| (also see [£ZB96, |CQ10]). In Appendix [C} we give a simple and natural tester for
this problem that uses O(y/n/€?) samples, and show that this sample bound is information-theoretically
optimal, up to constant factors.

Now suppose that our Gaussianity assumption about the unknown distribution is only approximately
satisfied. Formally, we are given samples from a distribution F' on R™ which is promised to be either (a) a
zero mean Gaussian N (0, I), or (b) €/100-close in total variation distance to N (u, I'), for an unknown p €
R™ with ||u||2 > €. The robust hypothesis testing problem is to distinguish, with high constant probability,

The algorithm of [LRVI6] can be extended to work in the standard agnostic model, at the expense of an increased error

guarantee of O(e+/lognlog(1/e)).



between these two cases. Note that condition (b) implies that dty (D, N(0,1)) = (e), and therefore the
two cases are distinguishable. EI

Robust hypothesis testing is of fundamental importance and has been extensively studied in robust
statistics [HRO9, HRRS86| Wil97]]. Perhaps surprisingly, it is poorly understood in the most basic settings,
even information-theoretically. Specifically, the sample complexity of our aforementioned robust mean
testing problem has remained open. It is easy to see that the natural tester of Appendix [C|fails in the robust
setting. On the other hand, the testing-via-learning approach implies a sample upper bound of O(n/€?) for
our robust testing problem — by using, e.g., the Tukey median. This discussion raises the following natural
question:

Question 1.3. Is there an information-theoretic gap between robust testing and non-robust testing? What is
the sample complexity of robustly testing the mean of a high-dimensional Gaussian?

We conclude with our hypothesis testing problem regarding GMMs: Given samples from a distribution £’ on
R™, we want to distinguish between the case that F' = N (0, /), or F'is a k-mixture ) _, w; N (p;, X;). This is
a natural high-dimensional testing problem that we believe merits investigation in its own right. The natural
open question here is where there exists a tester for this problem with sub-learning sample complexity.

1.2 Ouwur Results The main contribution of this paper is a general technique to prove lower bounds for
a number of high-dimensional estimation problems involving Gaussian distributions. We use analytic and
probabilistic ideas to construct families of hard instances for the high-dimensional estimation problems de-
scribed in Section [1.1}] Using our technique, we prove strong Statistical Query (SQ) lower bounds that
answer Questions mnd in the negative for the broad class of SQ algorithmﬂ As an additional impor-
tant application of our technique, we obtain information-theoretic lower bounds on the sample complexity
of the corresponding testing problems. (We note that our testing lower bounds apply to all algorithms.)
Specifically, we answer Question [I.3]in the affirmative, by showing that the robustness requirement makes
the Gaussian testing problem information-theoretically harder.

In the body of this section, we state our results and elaborate on their implications and the connections
between them. Our first main result is a lower bound of (%) on the complexity of any SQ algorithm that
learns an arbitrary n-dimensional k-GMM to constant accuracy (see Theorem .| for the formal statement):

Theorem 1.1 (SQ Lower Bound for Learning GMMSs). Any SQ algorithm that learns an arbitrary n-
dimensional k-GMM to constant accuracy, for all n > k%, requires gnt) > n®%) queries to an SQ
oracle of precision n=C®%).
Theorem [I.T] establishes a super-polynomial gap between the information-theoretic sample complexity of
learning GMMs and the complexity of any SQ learning algorithm for this problem. It is worth noting that
our hard instance is a family of high-dimensional GMMs whose components are almost non-overlapping.
Specifically, for each GMM F = Z?Zl w; N (3, 2;) in the family, the total variation distance between any
pair of Gaussian components can be made as large as 1 — 1/poly(n, k). More specifically, for our family of
hard instances, the sample complexity of both density and parameter learning is O(k - log n), while any SQ
algorithm takes at least nf2(¥) time.

At a conceptual level, Theorem [I.Timplies that — as far as SQ algorithms are concerned — the compu-
tational complexity of learning high-dimensional GMMs is inherently exponential in the dimension of the
latent space — even though there is no such information-theoretic barrier in general. Our SQ lower bound

2Robust testing should not be confused with tolerant testing, where the completeness is relaxed. In our context, tolerant testing
corresponds to distinguishing between drv (D, N(0,1)) < €/2 versus drv (D, N(0,1)) > €, where D = N(p, I), and is easily
seen to be solvable with O(y/n/€>) samples as well.

3We remind the reader that all known algorithmic techniques for learning problems, with the exception of Gaussian elimination
over finite fields, are SQ or can be made SQ.



identifies a common barrier of all known algorithmic approaches for this learning problem, and provides a
rigorous explanation as to why algorithmic research on this front either relied on strong separation assump-
tions or resulted in runtimes of the form n*(*).

Our second main result concerns the agnostic learning of a single n-dimensional Gaussian. Our lower
bound applies even for the easier problem of agnostically learning a Gaussian with unknown mean vector
and identity covariance. Roughly speaking, we show that any SQ algorithm that solves this learning problem

to accuracy O(¢€) has complexity nS2og'*(1/6)  We show (see Theorem for a more detailed statement):

Theorem 1.2 (SQ Lower Bound for Robust Learning of Unknown Mean Gaussian). Lete > 0,0 < ¢ < 1/2,
andn > poly(log(1/e)). Any SQ algorithm that robustly learns an n-dimensional Gaussian N (u, I), within

total variation distance O(elog(1/€)'/2=¢), requires n‘*(os(1/ %) queries to an SQ oracle of precision
—Q(log(1/€)*/?)
n :

Some comments are in order. First, Theorem [I.2]shows a quasi-polynomial gap between the sample com-
plexity of agnostically learning an unknown mean Gaussian and the complexity of SQ learning algorithms
for this problem. As mentioned in the introduction, O(n/€2) samples information-theoretically suffice to
agnostically learn the mean to within error O(¢). Second, the robust learning algorithm of [DKK™16b]]
runs in poly(n, 1/€) time, can be implemented in the SQ model, and achieves error O(e/log(1/¢)) for
this problem. As a consequence of Theorem we obtain that the O(ey/log(1/€)) error guarantee of
the [DKK ™ 16b] algorithm is in fact best possible among all polynomial-time SQ algorithms.

Roughly speaking, our above theorem shows that any SQ algorithm that solves the (unknown mean
Gaussian) robust learning problem to accuracy O(¢e) needs to have sample complexity and running time at

least nS(log!/*(1/ ), i.e., quasi-polynomial in 1 /€. An immediate open problem is whether this lower bound
can be improved. Perhaps surprisingly, we show that our lower bound is qualitatively tight, by designing an

SQ algorithm that uses O, (nV log(1/ 6)) SQ queries of inverse quasi-polynomial precision. Moreover, we can
turn this SQ algorithm into an algorithm in the sampling oracle model with similar sample complexity and
running time. Specifically, we show (see Theorem [7.7]and Corollary[7.8):

Theorem 1.3 (SQ Algorithm for Robust Learning of Unknown Mean Gaussian). Let D be such that
dry (D, N(u, 1)) < € for an unknown . € R™. There is an SQ algorithm that uses O (n®V1°8(1/)) s1q-
tistical queries to D of precision €/n® V18D and outputs fi € R™ such that dpy (N (71, 1), N(p, I)) <
O(€). The SQ algorithm can be turned into an algorithm (in the sample model) with the same error guar-
antee that has sample complexity and running time Oe(no( Vlog(1/ 6))).

Theorems and give a qualitatively tight characterization of the complexity of robustly learning
an unknown mean Gaussian in the standard agnostic model, where the noisy distribution D is such that
drv(D,N(u,I)) < e. Equivalently, D satisfies (1 — €1)D + 1 N1 = (1 — e2)N(u, I) + e2N2, where
Ny, No are unknown (arbitrary) distributions and ¢; + €2 < e. A weaker error model, considered in the
statistics literature [Hub64, [HRRS86, [HRO9]|, prescribes that the noisy distribution D is of the form D =
(1 —€)N(u,I)+ eN, where N is an unknown distribution. Intuitively, the difference is that in the former
model the adversary is allowed to subtract good samples and add corrupted ones, while in the latter it is only
allowed to add corrupted ones.

We note that the lower bound of Theorem [I.2] does not apply for the weaker model of corruptions.
This holds for a reason: Concurrent work of the authors with Kamath, Li, and Moitra [DKK™16al] gives
a poly(n/e) time robust algorithm with O(e) error in the weak model. Hence, as a consequence, we es-
tablish an interesting separation between these two natural models of corruptions. We provide an intuitive
justification in Section[I.3]



We now turn to our information-theoretic lower bounds on the sample complexity of the corresponding
high-dimensional testing problems. For the robust Gaussian mean testing problem, we show (see Theo-
rem[6.2] for a more detailed statement):

Theorem 1.4 (Sample Complexity Lower Bound for Robust Testing of Unknown Mean Gaussian). For any
constant ¢ > 0, there is a constant € > 0 such that the following holds: Any algorithm with sample access
to a distribution D on R™ which satisfies either (a) D = N(0,1) or (b) drv(D,N(p,I)) < €/100, and
lllz > € and distinguishes between the two cases with probability at least 2/3 requires Q(n'~¢) samples.

As stated in the Introduction, without the robustness requirement, for any constant € > 0, the Gaussian
mean testing problem can be solved with O.(/n) samples. Hence, the conceptual message of Theorem
is that robustness makes the Gaussian mean testing problem information-theoretically harder. In particular,
the sample complexity of robust testing is essentially as hard as that of the corresponding learning problem,
which can be solved with O(n) samples. Theorem can be viewed as a surprising fact because it implies
that the effect of robustness can be very different for testing versus learning of the same distribution family.
Indeed, recall that the sample complexity of robustly learning an e-corrupted unknown mean Gaussian, up
to error O(€), is O(n/e?) —i.e., the same as in the noiseless case.

As a final application of our techniques, we show a sample complexity lower bound for the problem of
testing whether a GMM is close to a Gaussian (see Theorem [6.4] for the detailed statement):

Theorem 1.5 (Sample Complexity Lower Bound for Testing a GMM). Any algorithm with sample access
to a distribution D on R™ which satisfies either (a) D = N(0,1), or (b) D = >, wiN (u;, X;), where the
components of D are almost non-overlapping, and distinguishes between the two cases with probability at
least 2/3 requires Q(n'~5/(*=2)) samples.

An interesting open question is whether there exists a tester for the above task that uses fewer samples
than the sample-optimal learning algorithm.

1.3 Our Approach and Techniques In this section, we provide a detailed outline of our approach and
techniques in tandem with a high-level sketch of our proofs. The structure of this section is as follows:
We start by describing our Generic Lower Bound Construction, followed by its two specific instantiations
for the problems of Learning GMMs and Robustly Learning an Unknown Mean Gaussian. We continue
with our Sample Complexity Testing Lower Bounds, which rely on essentially the same hard instances. We
conclude with a detailed sketch of our nearly-matching SQ Algorithm for Robustly Learning an Unknown
Mean Gaussian.

Generic Lower Bound Construction. The main idea of our lower bound construction is quite simple: We
construct a family of distributions D that are standard Gaussians in all but one direction, but are somewhat
different in the remaining direction (Definition [3.1)). Effectively, we are hiding the interesting information
about our distributions in this unknown choice of direction. By exploiting the simple fact that it is possible
to find exponentially many nearly-orthogonal directions (Lemma [3.8), we show that any SQ algorithm with
insufficient precision needs many queries in order to learn the distribution in question.

To prove our generic SQ lower bound, we bound from below the SQ-dimension of our hard family of
distributions. Roughly speaking, the SQ-dimension of a distribution family (Definition [2.12) corresponds to
the number of nearly uncorrelated distributions (with respect to some fixed distribution) in the family (see
Definitions [2.10| and 2.T1). It is known that a lower bound on the SQ-dimension implies a corresponding
lower bound on the number and precision of queries of any SQ algorithm (see Lemma [2.13).

At this point, we describe our lower bound instances more concretely. Given a distribution A on the real
line, we produce a family of high-dimensional distributions P, (), for v a unit n-dimensional vector. The



distribution P, gives a copy of A in the v-direction, while being an independent standard Gaussian in the
orthogonal directions. Our hard family of instances will be the set D = {P,, | v € S, }.

For the sake of the intuition, we make two observations about this construction. First, we note that
if A and N(0,1) have substantially different moments of degree at most m, for some m, then P, and
N(0,1) can be easily distinguished by comparing their m'® moment tensors. Since these tensors can be
approximated in approximately n™ queries (and time), the aforementioned construction will necessarily fail
unless the low-order moments of A match the corresponding low-order moments of G. We show that, aside
from some mild technical conditions (see Condition [3.2), this moment-matching condition is essentially
sufficient for our purposes. If the degree at most m tensors agree, we need to approximate tensors of degree
m + 1. Intuitively, in order to extract useful information from these higher degree tensors, one needs to
approximate essentially all of the ™! many such tensor entries. Second, a natural approach to distinguish
between P, and N (0, I') would be via random projections. As a critical component of our proof, we show
(see Lemma that a random projection of P, will be exponentially close to N (0, 1) with high probability.
Therefore, a random projection-based algorithm would require exponentially many random directions until
it found a good one.

We now proceed with a somewhat more technical description of our proof. To bound from below the
SQ-dimension of our hard family of distributions, we proceed as follows: The definition of the pairwise
correlation implies we need to show that [ P, P, /G ~ 1, where G ~ N(0, I) is the Gaussian measure,
for any pair of unit vectors v, v’ that are nearly orthogonal. By construction of the distributions P, P,
it follows that in the directions perpendicular to both v and v/, the relevant factors integrate to 1. Letting
y =wv-xand z = v' - x and letting ¢/, 2’ be the orthogonal directions to y and z, we need to consider the
integral

/ AW AR)GE)G()/G(x)

Fixing y, and integrating over the orthogonal direction, we get

[ aw/cw) [ 46

Now, if v and v’ are (exactly) orthogonal, z = 3’ and the inner integral equals G(y). When this is not the
case, the A(z) term is not quite vertical and the G(z’) term not quite horizontal, so instead what we get is
only nearly Gaussian. In general, the inner integral is equal to

UU-U’A(y) )

where Uy is the member of the Ornstein—Uhlenbeck semigroup, U; f(2) = E[f(tz + V1 — t2G)]. We would
like to show that this quantity is close to a Gaussian, when v - v’ is close to 0 (see Lemma 3.4)).

The core idea of the analysis relies on the fact that U; A is a smeared out version of A. As such, it
only keeps the most prominent features of A, namely its low-order moments. In fact, we are able to show
that if A and G agree in their first m moments, then Uy A is O,, (t™)-close to a Gaussian (see Lemma ,
and thus the integral in question is O,,((|v - v'|)™)-close to 1. This intuition is borne out in a particularly
clean way by writing A/G in the basis of Hermite polynomials. The moment-matching condition implies
that the decomposition involves none of the Hermite polynomials of degrees 1 through m. However, the
Ornstein—Uhlenbeck operator, U, is diagonalized by the basis H,, G with eigenvalue t". Thus, if A — G can
be written in this basis with no terms of degree less than m, applying U; decreases the size of the function
by a multiple of approximately ¢"™.

Since, we are able to pack 22Un%) ynit vectors v onto the n-sphere so that their pairwise inner products
are at most n¢~'/2 (see Lemma , we obtain a lower bound on the SQ-dimension of our hard family
of distributions. In particular, in order to learn the distribution P,, for the unknown v, any SQ algorithm



requires either 22("°) queries, or queries of accuracy better than n(¢—1/2)

of our generic construction.

In our two applications, we can construct one-dimensional distributions A satisfying the necessary
moment-conditions for m taken to be super-constant, thus obtaining super-polynomial SQ lower bounds.
In the following two paragraphs, we explain how we apply the aforementioned framework to bound the SQ
dimension for: (i) learning n-dimensional £-GMMs to constant accuracy, and (ii) robustly learning a single
e-corrupted Gaussian N (i, I) to accuracy O(e). In both cases, it suffices to construct a distribution A on
the real-line that satisfies the necessary moment-matching conditions such that the high-dimensional family
D={P,|ve€S,}isak-GMM for (i), and an e-corrupted Gaussian for (ii).

. This completes the proof sketch

SQ Lower Bound for Learning k-GMMSs. The properties of our one-dimensional distribution A are
summarized in Proposition Specifically, we construct a distribution A on the real line that is a k-
mixture of one-dimensional “skinny” Gaussians, A;, that agrees with N(0,1) on the first m = 2k — 1
moments (condition (i)). For technical reasons, we require that the chi-squared divergence of A to N (0, 1)
is bounded from above by an appropriate quantity (condition (iv)). The Gaussian components, A;, have the
same variance and appropriately bounded means (condition (ii)). We can also guarantee that the components
A; are almost non-overlapping (condition (iii)). This guarantees that the corresponding high-dimensional
distributions P,,, P! will be at constant total variation distance from each other when the directions v, v are
nearly orthogonal, and moreover their means will be sufficiently separated.

To establish the existence of a distribution A with the above properties, we proceed in two steps: First,
we construct (Lemma a discrete one-dimensional distribution B supported on & points, lying in an
O(V'k) length interval, that agrees with N (0, 1) on the first & moments. The existence of such a distribution
B essentially follows from standard tools on Gauss-Hermite quadrature. The distribution A is then obtained
(Corollary§.4) by adding a zero-mean skinny Gaussian to an appropriately rescaled version of B. Additional
technical work (Lemmas [4.5]and [4.6)) gives the other conditions.

Our family of hard high-dimensional instances will consist of GMMs that look like almost non-overlapping
“parallel pancakes” and is reminiscent of the family of instances considered in [BVO08]]. For the case of &k = 2
components, consider a 2-GMM where both components have the same covariance that is far from spherical,
the vector between the means is parallel to the unit eigenvector with smallest eigenvalue, and the distance
between the means is a large multiple of the standard deviation in this direction (but a small multiple of
that in the orthogonal direction). This family of instances was considered in [BV08|] who gave an efficient
spectral algorithm to learn them.

Our lower bound construction can be thought of as k& “parallel pancakes” in which the means lie in a
one-dimensional subspace, corresponding to the smallest eigenvalue of the identical covariance matrices of
the components. All n — 1 orthogonal directions will have an eigenvalue of 1, which is much larger than
the smallest eigenvalue. In other words, for each unit vector v, the k-GMM P, will consist of k£ “skinny”
Gaussians whose mean vectors all lie in the direction of v. Moreover, each pair of components will have
total variation distance very close to 1 and their mean vectors are separated by Q(1/v/k).

SQ Lower Bounds for Robustly Learning Unknown Mean Gaussian. To design robust algorithms for
the agnostic model, there are two types of adversarial noise to handle: subtractive noise — corresponding
to the good samples removed by the adversary — and additive noise — corresponding to the bad points
added by the adversary. The approach of [DKK™16b] does not do anything to address subtractive noise,
but it is shown that this type of noise can incur “small” error, namely at most O(e4/log(1/¢)). For additive
noise, [DKK™16b] uses the maximum eigenvalue—eigenvector pair of the covariance matrix to create a filter.

Achieving error O(¢) in this model is hard for the following reason: the two types of noise can collude
so that the first few moments of the corrupted distribution are indistinguishable from those of a Gaussian



whose mean vector has distance Q(e4/log(1/€)) from the true mean.

To formalize this intuition, for our robust SQ learning lower bound, we construct a distribution A on
the real line that agrees with N (0, 1) on the first m = log!/*(1/¢) moments and is ¢/100-close in total
variation distance to G’ = N(e, 1) (see Proposition . We achieve this by taking A to be the Gaussian
N (e, 1) outside its effective support, while in the effective support we add an appropriate degree-m univari-
ate polynomial p satisfying the appropriate moment conditions. By expressing this polynomial as a linear
combination of appropriately scaled Legendre polynomial, we can prove that its L; and L, norms within
the effective support of G’ are much smaller than ¢ (see Lemma[5.11). This result is then used to bound
from above the distance of A from G’, which gives our SQ lower bound.

Sample Complexity Testing Lower Bounds. Our sample complexity lower bounds follow from standard
information-theoretic arguments, and rely on the same lower bound constructions and correlation bounds
(i.e., bounds on f P,P, /G) established in our SQ lower bounds. In particular, we consider the problem of
distinguishing between the distribution G and the distribution P, for a randomly chosen unit vector v € S,
using N independent samples. Let G®V denote the distribution on N independent samples from G, and
P&V the distribution obtained by picking a random v and then taking N independent samples from P,. If
it is possible to reliably distinguish between these cases, it must be the case that the chi-squared divergence
x(PPN,G#N) is substantially larger than 1. This is [, , - [T, Py(2:) Py (2:) /G (2;)dvdy’ dz;. Note
that after fixing v and v’ the above integral separates as a product, giving

/U ( / P,(z)Py(z) /G(:c)dx) Y et | 1)

Note that the inner integral was bounded from above by roughly (1 4+ (v - v')™). By standard results,
(v-v') < n~¢ except with probability exp(—Q(n'=2¢)). Soif k > 1/c, the integrand of (T)) is very close to
1. The integrand is only large (though it might be exp(O(N)) large) with probability exp(—n'=2¢). Thus,
solongas N < n!=OM/m we can expect to show that the chi-squared divergence is close to 1, and thus
that this testing problem is impossible.

Algorithm for Robustly Learning an Unknown Mean Gaussian. We show that our SQ lower bound for
robustly learning the mean of a Gaussian has a nearly-matching upper bound. As our main positive result,
we give a robust SQ algorithm with O(e)-error. Our algorithmic approach builds upon the filter-approach
of [DKK™16b], generalizing it to the more involved setting of higher-order tensors.

As is suggested by our SQ lower bounds, the obstacle to learning the mean robustly, is that there are e-
noisy Gaussians that are 2(¢) in variation distance from a target Gaussian G, and yet match G in all of their
first O(log'/*(1/¢)) moments. For our algorithm to circumvent this difficulty, it will need to approximate
all of the t""-moment tensors for ¢ < k = Q(log'/*(1/¢)). Note that this already requires n* queries.

The first thing we will need to show is that £ moments are enough, for an appropriate parameter k.
Because of our lower bound construction, we know that k needs to be at least Q(logl/ 4(1/€)). We in fact
show that k& = O(log'/?(1/e)) suffices. Specifically, we prove a one-dimensional moment-matching lemma
(Lemma |[7.T)) establishing the following: If an e-noisy one-dimensional Gaussian approximately matches a
reference Gaussian G in all of its first £ moments, where k = O(log'/?(1/€)) (i.e., quadratically larger than
our lower bound), then it must be O(¢e)-close to G in variation distance. We note that it suffices to prove this
in the one-dimensional case, as we can just project onto the line between the means.

We now proceed to describe our algorithm: Using the algorithm from [DKK™ 16b], we start by learning
the true mean to error O(ey/log(1/€)). By translating, we can assume that the mean is this close to 0. We
need to approximate the low-order moments of our target Gaussian G’. This is complicated by the fact
that even a small fraction of errors can have a huge impact on the moments of the distribution. However,



any large errors are easily detectable. In particular, if any t** moment tensor differs substantially from that

of the standard Gaussian, it will necessarily imply the presence of errors. In particular, it will allow us to
construct a polynomial p so that E[p(X)] — E[p(G’)] (where X is a noisy version of G’) is much larger
than €|[p(G’)||2. If this is the case, then many of our errors, x, must have p(x) very far from the mean.
By standard concentration inequalities, this will allow us to identify these points as almost certainly being
errors. This in turn lets us build a filter to clean up our distribution X, making it closer to G’

Repeatedly applying filters as necessary, we can reduce to the case where the higher-order moments of
X are close to the higher-order moments of G. This will tell us that, in almost all directions, the first &k
moments of X match the corresponding moments of (G. By our moment-matching lemma, this will imply
that the mean of G’ is close to 0 in these directions. We will then only need to approximate the mean of
the projection of G’ onto the low-dimensional subspace V' in which these moments fail to match. This
approximation can be done in a brute force manner (in time exponential in dim(V"), which is still relatively
small), completing the description of the algorithm.

1.4 Discussion and Open Problems This work studies learning and testing high-dimensional structured
distributions. Distribution learning and testing are two of the most fundamental inference tasks in statistics
with a rich history (see, e.g., [NP33, BBBB72, IDGSS, S1186, ISco92, IDL.O1} [LROS]) that date back to Karl
Pearson. The main criteria to evaluate the performance of an estimator are its sample complexity and its
computational complexity. Despite intensive investigation by several decades by different communities, the
(sample and/or computational) complexity of many learning and testing problems is still not well under-
stood, even for some surprisingly simple high-dimensional settings. In the past few decades, a long line
of work within TCS [KMR™94, [Das99, [FM99, [AKO1, VW02, [CGG02, MR03, BV08, KMV10, MVI0,
BS10,DDS124, DDS12bl [CDSS13, DDO™ 13, [CDSS144, [CDSS14b, [ADLS 15, DDS13, [DDKT16, DKS13,
DKS16al has focused on designing efficient estimators in a variety of settings. We have already mentioned
the most relevant references for the specific questions we consider in Section[I.1]

With respect to computational lower bounds for unsupervised estimation problems, the most relevant
references are the works [FGR™ 13, [FPV13, [KV16] that show SQ lower bounds for the planted clique and
related planted-like problems. It should be noted that, beyond the fact that we also use the concept of
SQ dimension, our techniques are entirely different than theirs. Prior work by Feldman, O’Donnell, and
Servedio [FOS08] implicitly showed an SQ lower bound of nf2(°8%) for the problem of learning k-mixtures
of product distributions over {0, 1}". This was obtained by a straightforward reduction from the problem of
learning k-leaf decision trees over n Boolean variables. Our lower bound construction for learning GMMs
is entirely different from [FOSOS]| that relied on the obvious combinatorial structure of the discrete setting.
It should also be noted that our lower bound construction crucially exploits the structure of the covariance
matrices of the Gaussian components.

A related line of work establishes statistical-computational tradeoffs for sparse PCA [BR13a, BR13b)
MW15, [WBS16], and sparse linear regression [[ZWJ14]] based on various hardness assumptions. An impor-
tant difference between these works and the SQ lower bounds of this paper is that the aforementioned sparse
problems are known to be tractable if we increase the sample size by a small polynomial factor (typically
quadratic) beyond the information-theoretic limit. In contrast, both our SQ lower bounds show a super-
polynomial gap between the information-theoretic limit and the sample complexity of any SQ algorithm.

Finally, we remark that in the supervised setting of PAC learning Boolean functions, a number of hard-
ness results are known based on various complexity assumptions, see, e.g., [KKMSO08, [KS06, [FGKP06,
KK14,[DNS 14| Dan16| for the problems of learning halfspaces and learning intersections thereof.

The main contribution of this paper is a technique that gives essentially tight SQ lower bounds for two
fundamental high-dimensional learning problems: learning GMMs and robustly learning a single Gaussian.
To the best of our knowledge, these are the first such lower bounds for high-dimensional distribution learning
problems in the continuous setting. As a consequence, we provide a rigorous explanation of the observed
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(super-polynomial) gap between the sample complexity of these problems and the best known algorithms.

Our work raises a number of interesting open questions. A natural open problem is to extend our
lower bound technique to broader families of high-dimensional distributions. More concretely, is there
an ZQ(k)poly(n) SQ lower bound for learning k-mixtures of n-dimensional spherical Gaussians? Note
that our n* lower bound does not apply for the spherical case, as it crucially exploits the structure of the
covariance matrices. In fact, faster learning algorithms for the spherical case are known [SOAJ14], albeit
with exponential dependence on the number k of components.

1.5 Organization The structure of this paper is as follows: In Section [2| we introduce basic notation,
definitions, and a number of useful facts that will be required throughout the paper. Our SQ lower bounds
are established in Sections BH5] Specifically, in Section [3] we give our high-dimensional SQ lower bound
construction, assuming the existence of a one-dimensional density satisfying the necessary conditions. In
Sections[]and 5| we construct the appropriate one-dimensional densities for the problems of learning GMMs
and robustly learning an unknown Gaussian, respectively. Section [6] gives our testing sample complexity
lower bounds. Finally, in Section [/|we present our robust learning and testing algorithms.

2 Definitions and Preliminaries

2.1 Notation and Basic Definitions For n € Z,, we denote by [n] the set {1,2,...,n}. We will denote
by S,, the euclidean unit sphere in R™. If v is a vector, we will let ||v||2 denote its Euclidean norm. If M is
a matrix, we will let || M ||2 denote its spectral norm, and || M || p denote its Frobenius norm.

Our basic object of study is the Gaussian (or Normal) distribution and finite mixtures of Gaussians:

Definition 2.1. The n-dimensional Gaussian distribution N (u, ) with mean vector u € R™ and covariance
matrix ¥ € R"*"™ is the distribution with probability density function

o) = (2m) 2 den(5) 2 exp (50 = "= e =) )

Definition 2.2. An n-dimensional k-mixture of Gaussians (k-GMM) is a distribution on R™ with probability
density function defined by F'(x) = Z?:l w;N(pj,X;), where w; > 0, for all j, and Z?:l w; = 1.

Throughout the paper, we will make extensive use of the pdf of the standard one-dimensional Gaussian
N(0, 1), which we will denote by G(x).

Definition 2.3. The fotal variation distance between two distributions (with probability density functions)
P,Q: R" — R, is defined to be dry (P, Q) % (1/2) - [P - Q| = (1/2) - [,cpn [P(2) — Q(2)|du.
If X and Y are random variables, their total variation distance dry (X, Y) is defined as the total variation

distance between their distributions.

The following simple fact bounds from above the total variation distance between two Gaussians with
identity covariance in terms of the Euclidean distance between their mean vectors:

Fact 2.4. For any 1, jia € R", we have that dry (N (p1, I), N(p2, 1)) < 3|2 — pull2 -

2.2 Formal Problem Definitions We record here the formal definitions of the problems that we study.
Our first problem of interest is learning a mixture of k arbitrary high-dimensional Gaussians:

Definition 2.5 (Density Estimation/Proper Learning of GMMs). Let G,, ;. be the family of n-dimensional
k-GMMs. The problem of density estimation for G, j, is the following: Given € > 0 and sample access to
an unknown P € G,, 1, with probability 9/10, output a hypothesis distribution H such that dry (H,P) <'e.
The problem of proper learning for G,, ;, is the same with the additional requirement that H € G,, ;..
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Our next problem is the question of robust (agnostic) learning of a Gaussian with unknown mean vector
and identity covariance matrix:

Definition 2.6 (Robust Learning of an Unknown Mean Gaussian). The problem of robust (agnostic) learning
of an unknown mean Gaussian is the following: Given € > 0 and sample access to an unknown distribution
D with dpy (D, N(p, I)) < €, where o € R™ is unknown, output a hypothesis distribution H such that
dpy (H, N(u,I)) is as small as possible.

Definition 2.7 (Robust Testing of an Unknown Mean Gaussian). The problem of robust (agnostic) test-
ing of an unknown mean Gaussian is the following: Given € > 0 and sample access to an unknown dis-
tribution D with the promise that one of the following two cases is satisfied: (i) D = N(0,1), or (ii)
drv (D, N(u,I)) < €/100, where ||u1]|2 > €, the goal is to correctly distinguish between the two cases with
confidence probability 2/3.

Definition 2.8 (Testing GMMs). The problem of robust (agnostic) testing of a GMM is the following:
Given ¢ > ( and sample access to an unknown distribution D with the promise that one of the following
two cases is satisfied: (a) D = N(0,I), or (b) D is a k-GMM . w; N (y;,%;) in R™ which satisfies
drv(P;,P;) > 1 — ¢, for all i # j, distinguish between the two cases with probability at least 2/3.

2.3 Basics on Statistical Query Algorithms over Distributions We begin by recording the necessary
definitions of Statistical algorithms for problems over distributions. All the definitions and facts in this
section are from [FGR™13]]. We start by defining a general search problem over distributions.

Definition 2.9 (Search problems over distributions). Let D be a set of distributions over R, let F be a set
of solutions and Z : D — 27 be a map from a distribution D € D to a subset of solutions Z(D) C F that
are defined to be valid solutions for D. The distributional search problem Z over D and F is to find a valid
solution f € Z(D) given access to (an oracle or samples from) an unknown D € D.

For general search problems over a distribution, we define SQ algorithms as algorithms that do not see
samples from the distribution but instead have access to an SQ oracle. We consider two types of SQ oracles
from the literature.

1. STAT(7): For a tolerance parameter 7 > 0 and any bounded function f : R” — [—1,1], STAT(7)
returns a value v € [Egp[f(x)] — 7, Ezp[f(x)] + 7].

2. VSTAT(t): For a sample size parameter ¢ > 0 and any bounded function f : R” — [0, 1], VSTAT(¢)
1 [Vare o[ }
£ ¢

b}

returns a value v € [E, p[f(z)] — 7, Eswp[f(z)] + 7], where 7 = max
where Var,.p[f(z)] = Ez~p[f(2)] (1 — Exp|[f(2)]).

The first oracle was defined by Kearns [Kea98] and the second was introduced in [FGR™13]. These oracles
are known to be polynomially equivalent [FGR™13]]. Also note that these oracles can return any value within
the given tolerance, and therefore can make adversarial choices.

The main technical tool that allows us to prove unconditional lower bounds on the complexity of SQ
algorithms is an appropriate notion of Statistical Query (SQ) dimension. Such a notion was defined in the
context of PAC learning of Boolean functions in [BFJ"94], and subsequently generalized to search problems
over distributions in [FGR ™ 13]. We will require the simpler definition from Section 3 of that work that relies
on pairwise correlations:

Definition 2.10 (Pairwise Correlation). The pairwise correlation of two distributions with probability den-
sity functions D1, Dy : R™ — R with respect to a distribution with density D : R™ — R, where the sup-

port of D contains the supports of Dy and Ds, is defined as xp (D1, D2) aef Jgn D1(z)Do(z)/D(x)dx — 1.
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We remark that when D; = Ds in the above definition, the pairwise correlation is identified with the

x2-divergence between D; and D, i.e., x*(D1, D) aef Jgn D1(2)?/D(z)dz — 1.
We will also need the following definition:

Definition 2.11. We say that a set of m distributions D = {D;,..., D,,} over R" is (v, )-correlated
relative to a distribution D over R" if

yifi#j

D’iaD' <
o (D, D) {M:j.

We are now ready to define our notion of dimension:

Definition 2.12 (Statistical Query Dimension). For 5,~ > 0, a search problem Z over a set of solutions
F, and a class of distributions D over R”, let m be the maximum integer such that there exists a reference
distribution D over R™ and a finite set of distributions Dp C D such that for any solution f € F, Dy =
Dp \ Z71(f) is (v, B)-correlated relative to D and [Dy| > m. We define the statistical (query) dimension
with pairwise correlations (7, 5) of Z to be m and denote it by SD(Z,, 5).

Our lower bounds proceed by bounding from below the statistical query dimension of the considered
distribution learning problems. The corresponding lower bounds on the complexity of SQ algorithms for
these problems are a corollary of the following result from [FGR™13]]:

Lemma 2.13 (Corollary 3.12 in [FGR™13])). Let Z be a search problem over a set of solutions F and a
class of distributions D over R™. For ~,3 > 0, let m = SD(Z,~,3). For any v' > 0, any SQ algorithm
requires at least m -~ /(8 — ) queries to the STAT (\/~ + +') or VSTAT(1/(3(v ++"))) oracles to solve
Z.

3 Statistical Query Lower Bounds: From One Dimension to High Dimensions

Both our statistical query lower bounds are shown in two steps: We first construct a one-dimensional density
satisfying certain technical conditions, and then construct a high-dimensional distribution which is Gaussian
in all but one directions. The second step is the same for both problems that we consider. To formally define
it, we have the following construction:

Definition 3.1 (High-Dimensional Hidden Direction Distribution). For a distribution A on R with proba-
bility density function A(z) and a unit vector v € R™, consider the distribution over R™ with probability

density function
P,(z) = A(v-z)exp (—[|z — vl 2v||3/2) /(2m)(n—1/2,

That is, P,, is the product distribution whose orthogonal projection onto the direction of v is A, and onto the
hyperplane perpendicular to v is the standard (n — 1) dimensional normal distribution.

Condition 3.2. The distribution A on R is such that (i) the first m moments of A agree with the first m
moments of N (0, 1), and (ii) x*(A, N(0, 1)) is finite.

Note that (ii) implies that the distribution A has a probability density function (pdf), which we will
denote A(x). We will henceforth blur the distinction between a distribution and its pdf.
The main result of this section is the following:

Proposition 3.3. Given a distribution A that satisfies Condition consider the set of distributions {P } yes,,,
forn > Q(m?). For a given € > 0, suppose that dry (P, P.y) > 2¢ whenever |v - /| is smaller than 1/8.
Then, any SQ algorithm which, given access to P,(x) for an unknown v € S,, outputs a hypothesis Q
with dry (Q,P,) < € needs at least 27" > M gqueries to STAT(O(n)~™/%,/x2(A,N(0,1))) or to
VSTAT(O(n)™/3 /x%(A, N(0,1))).
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The rest of this section is devoted to the proof of this proposition. In Section[3.1} we prove a correlation
bound which is the main technical ingredient for the proof. In Section we show a simple packing for
unit vectors over the sphere and put the pieces together to complete the proof.

3.1 Main Correlation Lemma The main technical result of this section is the following:

Lemma 3.4. If A agrees with the first m moments of N (0, 1), then for all v,v' € R™, we have that
xXn(0,1) (P, Por) < v V|2 (A, N(0,1)) .

Note that we may assume that x?(A, N (0, 1)) is finite, otherwise the lemma statement is trivial. Hence,
we can henceforth assume that Condition is satisfied. In particular the distributions A, P, and P, all
have probability density functions.

We first bound the x2-divergence between the one-dimensional projection of P, onto v’ and N (0, 1).
As well as being a critical component towards the proof of Lemma [3.4] this fact can be used to show that
random projections of P,, are close to N (0, 1) with high probability.

Lemma 3.5. Let Q be the distribution of v’ - X, for X ~ P,,. Then, we have that
XA(Q,N(0,1)) < (v- /)M FIN2(A,N(0,1)) .

Proof. Let 6 be the angle between v and v’. Let x, y be orthogonal coordinates for the plane spanned by v
and v’, with the z-axis in the v’ direction. Note that P, is a product of a distribution on this plane and a
standard Gaussian perpendicular to it. On this plane, P, is a product of A and N (0, 1). Thus, we have that

Q@)= [ Puxax

= Az cosf + ysin0)G(xsinf — ycos0)dy .
yER

Let Uy be the linear operator that maps f : R — R to

f(xcosh + ysin@)G(zsinh — ycosb)dy ,
yER
so that Q = Up(A). We will show that we can expand A as a linear combination of eigenfunctions of Up.

Let He; () denote the i-th (probabilists’) Hermite polynomial. We note that the functions He;(x)G (z) /V/4!,
for i € N, are orthonormal with respect to the inner product (f,g) = [, _p f(2)g(x)/G(x)dz. Indeed, by
using the fact that the Hermite functions, which can be written as He(z)/G(x), are a complete orthonor-
mal family for Lo(R), we get that any function f : R — R such that [, f(z)g(z)/G(2z)dx < oo is
almost everywhere equal to a linear combination of these He;(x)G(z)/il. Since [* A(z)*/G(z)dx =

1+ x2(A, N(0,1)) is finite, we can write
o0
Az) = ZaiHei(x)G(x)/\/;! :
i=0
Using the orthogonality of He;(z) we can extract these coefficients, since

Ex.4 [Hez(a;)/\m} = /RaiHei(a;)QG(w)/i!dx =a;.
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Since A agrees with the first m moments of the standard Gaussian, for 0 < ¢ < m, we have that
Exa[Hei(x)/Vil]| = ExalHei(z)/Vil] = 650 .

This implies that ag = 1 and aq, ..., a,, = 0. Thus, we have

A(z) = G(z) + Z aiHei(x)G(z)/Vil . (2)

i=m-+1

The orthonormality of these functions with respect to the inner product (£, g) fR x)/G(x)dz also
allows us to express the y2-divergence in terms of these coefficients:

o0

X (A, N(0, 1))=/ (A(z) - G(2))*/G(x)dw

—0o0

:/ ( S aHe( )/f) /G (x)d

i=m+1

-y @

i=m+1

Now we consider the effect of Uy on this orthogonal family. From the definition of Uy, we have
oo
Upg(He;G)(z) = / He;(xcosf + ysinf)G(xzsinf — ycosb)dy
—0o0

We can expand this 2-variable polynomial as follows:
Claim 3.6. ‘
(2 B
Hei(xcosf +ysinh) = Z (z) cos’ @sin"~J OHe,(z)He;—j(y) -
, J
7=1

Proof. The He;(x) are monic polynomials: the lead term is x% with coefficient 1. Thus, all the degree-i
terms of He;(x cos§ + ysin ) are given by

iy
(2 cos + ysin §)’ Z <;> cos’ Osin’ ™7 Qg
j=1

It follows that the degree- terms of the LHS and RHS of the lemma agree. Therefore, we have
Hei(zcosf +ysinf) = p(x,y) + Z ( ) cos’ @sin"J OHe;(z)He;—(y) ,

for some polynomial p(x,y) of degree at most 7 — 1. We need to show that p(z, y) is identically zero. To
show this we consider E[He;(X cos@ + Y sin §)?], for (X,Y) ~ N(0,I). Since the Gaussian is unaltered
by rotations, by a change of coordinates we have that:

= / / He;(2')2G(2)G(y)dx'dy = i! .
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However, pairs of distinct He;(z)He;—;(y) are orthogonal to each other and they are all orthogonal to the
lower degree polynomial p(z,y). Thus, we have

A N 2
E[He;(X cosf + Y sin6)?] = E[p(X,Y)?] + <Z> cos® 0sin2(=9) GE[He, (X )2 He;_;(Y)?]
. J
J=1

7 N 2
= E[p(X,Y)Q] + E (Z> cos? 0 sin?(—79) 0il(i — 7)!
; J
Jj=1

=E[p(X,Y)?] + ! <l> cos? 0 sin20—9) g
[p(X,Y)7] ; j
= E[p(X,Y)?] +i!(cos® 6 + sin? §)" = E[p(X,Y)?] +i! .

We must therefore have that E[p(X,Y)?] = 0. Since the Gaussian has positive pdf everywhere, this implies
that p(X,Y") is identically zero. O

We can now show that conveniently He;(z)G(x) is an eigenfunction of Uy:

Corollary 3.7. We have that:

Up(He;G)(x) = cos'(0)He;(z)G () .

Proof.
Up(He;G)(z) = /OO Hei(zcosf + ysinf)G(zcosh + ysinf)G(zsinh — ycosf)dy
= /00 He;(xcosf + ysin0)G(x)G(y)dy
= i: (;) cos’ fsin" 9/00 Hej(x)Hei—;j(y)G(zsinf — ycosf)dy
— o
= ::osi 0He;(x)G(z) ,
since [% He;—j(y)G(y)dy = d;;. O

We can now use these eigenfunctions and eigenvalues with equation (2)) to get an expression for Uy A:

UpA(z) = G(z) + Z a; cos' OHe;(z)G(z) V!,

i=m+1

which can be used to express its y2-divergence:

Recalling that Q = UyA and cos§ = v - v/, this completes the proof of Lemma 0
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Proof of Lemma[3.4] We first show that the correlation between the high-dimensional P, and P, needed
for Lemma[3.4] can be reduced to a one-dimensional correlation.

Just as in the proof of Lemma let § = arccos(v-v') and let x, y be coordinates for the plane spanned
by v and v" with the x-axis in the v’ direction. Each of P,, and P,,is a product of a distribution on this plane
and a standard Gaussian perpendicular to it. On this plane, they are products of A and N (0, 1) with different
rotations applied. Thus, we have that

won(PoPo) 1= [ PUOPL()/Gx)dx
/ / Az JA(x cosf + ysin0)G(xsinf — ycosh)/G(x)G(y)dxdy

:/_ A(z)/G(x) - /oo A(x cos + ysin0)G(zsin 0 — y cos 0)dydx

—0o0

=1+ xn,n) (A UpA) .

Now we can use the Cauchy-Schwarz inequality to bound from above this correlation in terms of the x2-
divergences of both distributions from N (0, 1), one of which we can bound using Lemma

o (A, Upd) = /OO (2) — G(2))(UpA(z) — G(2))/G()dx

\// \// (UgA(z) — G(x))?/G(x)dx

= /Xx2(A,N(0,1))x2(UgA, N(0,1))
< cos™ () - x*(A,N(0,1) .

The proof of Lemma [3.4]is now complete. O

3.2 Proof of Proposition [3.3] We note that our distribution learning problem can be expressed as a search
problem in the sense of [FGR™13]. Consider the following search problem Z: find a distribution f given
samples from P, for an unknown unit vector v such that dpy (P, f) < e. Thus, for us, F' is the set of all
distributions on R™ and D C F is the set of P, for all unit vectors v € S,,. For a unit vector v, Z(P,) is
the set of all distributions f such that dry (P, f) < e. For a distribution f on R%, Z~1(f) is the set of P,
such that dpy (f, P,) < e.

To prove a lower bound on the statistical dimension, we will take D = N(0,1), D = {P, : v € S"}
and construct a suitable finite set Dp.

Lemma 3.8. There is a set S of at least 2" unit vectors such that for v,v' € 8, lv-v'| <O(n~1/3).

Proof. If we take |S| unit vectors at random uniformly from the unit sphere in n dimensions, then this
happens with positive probability. We use the following lemma:

Lemma 3.9 (Proposition 1 from [CEI13]]). Given any 0 < e < /2, let 0 be the angle between two random
unit vectors uniformly distributed over S,. Then we have that:

Pr[|6 — /2| > €] < O(v/n(cose)"?).

As a corollary, we have:
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Corollary 3.10. Let 0 be the angle between two random unit vectors uniformly distributed over S,,. Then
we have that:

Pr{|cosf| > Q(n™ )] < exp (—Q(nl_zo‘)) ,
forany0 < a <1/2.

Proof. We apply Lemma 3.9\ with ¢ = n~%. If n=® = O(1), the result is trivial, so we may assume that
€ < 1/100. Then we have:

cose <1—€/2+€%/24

<1-¢€*/3

< exp(€®/4) .
Lemma [3.9]now gives that

Pr(|0 — 7/2| > n~¢] < O(v/n(exp(—n"2%/4)""2) < exp(—n'2¥/5) .
Note that if [0 — 7/2| > n™%], | cos 8| < |0 — /2| < 1/n~“. O
By a union bound, the probability that v,v’ € S have |v,v’| < O(n~/3) is
|52 ?) — gn? T )

for n = Q(1). For n = O(1), the result is trivial since then |v - v/| < 1 < O(n~1/3). O

Proof of Proposition[3.3] We take S to be as in Lemma[3.8] Let Dp be the set of P, for v € S. Then, by
Lemma 3.4] we have that, for v,v’ € S with v # ¢/, it holds

XN (0,0 (Pos Por) < v 0/|"X3 (A4, N(0,1)) = Q(n)"™*x*(4,N(0,1)) .
If v = ', then x (0,1 (Pv, Po) = X2 (Py, N(0,1)) = x*(A, N(0,1)). We thus have that Dp, is
(Qn) ™™ (A,N(0,1)),x°(4, N(0, 1))

correlated with respectto D = N (0, I).

Since dty (P, P,/) > 2¢ for distinct v and v’ in S, for any distribution f over R™, we have that
Z7Hf) ={Py, :v € Sand dpy (Py, f) < €} has |[Z71(f)| < 1 using the triangle inequality for dy. We
thus have that Dp \ Z71(f) is

(Q(n)™™3x2(A, N(0,1)), x*(A, N(0,1)))
correlated with respect to D = N(0,1),and |Dp \ Z71(f)| > |S| -1 = 9(2"1/7). That is,
SD(Z,Q(n)"™/3y%(A, N(0,1)), x2(A, N(0,1))) > Q2""") .

If we apply Lemma[2.13|with v = Q(n)~™/3x2(4, N(0,1)) and 7' = Q(n~"™/3)x%(A, N(0,1)), we obtain
that it requires at least 9(2”1/7n_m/ 3) calls to the

STAT(O(n)~™/%/x2(A, N(0,1)))

VSTAT(O(n)™3 /x*(A, N(0,1)))

oracle to solve Z. Since n > 2(4mlog,n/3)", we have that it needs at least 2n*/1% > pm calls. This
completes the proof. 0
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4 SQ Lower Bound for Learning Gaussian Mixtures

The main result of this section is the following:

Theorem 4.1. Fix 0 < € < 1. Any SQ algorithm that given SQ access to a mixture P of k Gaussians
N(p1,%1), o N(ug, k) in R, for n > Q(k®log(1/€)3), which are promised to have drvy (P;,P;) >
1 — ¢, for all i # j, and moreover satisfy

o (s s ol ma [20132} < pots (o, g1/ (min /114

’,

outputs a distribution Q with dry (P, Q) < 1/2, needs at least 20" >k calls to STAT (O(n)*’f/ﬁ) or
to VSTAT (O(n)*/3).

We remark that the technical condition in the above theorem (i.e., that the distances between the means
and the largest and smallest eigenvalues of any covariance matrix are bounded) is required so that an SQ
algorithm with a bounded number of SQ queries (in the worst case) is possible.

The proof follows from the results of the previous section and the following proposition:

Proposition 4.2. For any € > 0, there exists a distribution A that is a mixture of k Gaussians A;, 1 < i <k,
that satisfies the following conditions:

(i) A agrees with N(0,1) on the first 2k — 1 moments.

(ii) A is a mixture of Gaussians each with variance © (m) and means of magnitude O(\/E)
(iii) It holds drv (A, Aj) > 1 — € forall i # j.

(iv) We have x*(A, N(0,1)) < O(exp(O(k))log(1/e)).

(v) In the high-dimensional construction, we have dpy (P, P,) > 1/2 whenever |v - v'| < 1/2.

Given the proposition, the proof of the theorem is easy.

Proof of Theorem First note that the distribution A given by Proposition 4.2} satisfies Condition [3.2]for
m = 2k — 1. By Proposition [3.3] any algorithm that is given SQ access to P, for an unknown v € S,,, and
outputs a distribution Q with dry (P, Q) < ¢, needs at least gn?/1? > nk calls to

STAT (O(n) =175/ (exp(O(k))v/log(1/¢))

or to
VSTAT <O(n)(2k_1)/3 /(exp(O(k)) log(1 /e))) .

For n = Q(1 + log(1/€)3), we have n*~1 > n*/2 > exp(O(k))log(1/€)?, and so we need precision
O(n)~*/6 for STAT or O(n)*/3 for VSTAT.

It remains to show that P, is a mixture of k£ Gaussians that satisfies the necessary conditions. Note that
P,, when expressed in an appropriate basis, is a product of the mixture of k£ univariate Gaussians and the
standard (n — 1)-dimensional normal distribution. The product of two Gaussians is a Gaussian. If A is a
mixture of k Gaussians, N (u/}, §) with weight w;, then P, is a mixture of k Gaussians N (vj, [ —(1—6)vovT)
with weights w;. Indeed, we have that

drv (N (vpf, I — (1= 8)ov"), N(opy, I = (1= 6)vv")) = drv (N (5, 6), N(1,8)) > 1 —e,

19



by Proposition d.2] (iii). Also, we have that

s — I, [V
ma {miacs s = s 123057} e fma  — g o 1) < O(VE/8) < poly(klog(1/e)) .
(mins 1/15711157%) 6 - -

O

The proof of the proposition is deferred to the following subsection.

4.1 Proof of Proposition [4.2] We start with the following lemma:

Lemma 4.3. There is a discrete distribution B on the real line, supported on k points, that agrees with
N(0, 1) on the first 2k — 1 moments. All points x in the support of B have |z| = O(Vk).

Proof. This mostly follows from standard techniques for Gaussian quadrature. Given a (possibly infinite)
interval [a, b], a weighting function w(x), and an integer & > 0, we can find x; and w; for 1 < i < k such

that
b k
[ w@mle)ds =3 wipta)
a i=1

for all polynomials p(z) of degree at most 2k — 1. The Gauss-Hermite quadrature is a standard implemen-

tation of this on the interval (—oo, 00) with w(z) = e~*". Here, we take the z;’s to be the roots of the k-th
21kl /7
k2Hp_1(zi)?"

We would like to take w(z) = G(z) := \/%e_‘ﬁﬂ, the pdf of N (0, 1). To do this, we need to rescale
the above w; and z;, and use the probabilist’s Hermite polynomials Hey(z) := 2~%/2Hy.(x/+/2). We claim

(physicist’s) Hermite polynomial Hy(x). Then, we have that w; =

that we can take the z;’s to be the roots of He(z) and w; = WM Indeed, we have
;wzp(xz) = ; W]@(%)

k

_ My 1 s
_;kﬂk NSRRI

\fyeydy

aw

— 00
o0

/ z)e " 12 )\ 2dx

=/ (2)G(x)de

for all polynomials p(x) of degree at most 2k — 1.

. . . . E=1F1
Note that all the weights are nonnegative, since from the definition w; = % Also note that

Zle w; = [ 1-G(z) = 1. We take B to be the probability distribution with probability w; of being x;,
for each 1 < i < k. Then we have

o

Exp[X’] = szx —/ 2/ G(z)dx = Ex.un(01)[X]

—0o0
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for all integers 1 < j < k.
It is known (see, e.g., [Sze89]) that all roots of Hj,(x) have absolute value O(v/k), and so all roots of
Hey,. Hence, all points z in the support of B have || = O(v/k). This completes the proof. O

On the other hand, if we want x%(A, N (0, 1)) to be finite, we need to have a mixture of Gaussians each
with positive variance § > 0.

Corollary 4.4. For any 0 < § < 1, there is a distribution A that is a mixture of k Gaussians each with
variance § that agrees with N(0,1) on the first 2k — 1 moments. The means of all the Gaussians have

magnitude O(\'k).

Proof. By rescaling the distribution B given by Lemma 4.3 we can find a discrete distribution supported
on k points with absolute value no bigger than v/k that agrees with the first 2k — 1 moments of N (0,1-19).
This has weights w; /(1 — 9) at the points z;(1 — ) for 1 < ¢ < k. Let X be a random variable with this
distribution. Let X’ be a random variable distributed as N (0,1 —¢). Let Y be a random variable distributed
as N (0, 9) that is independent of X and X’. We take A to be the distribution of X + Y. Then we have

J

E(X+Y)Y]=)" (?)E[Xi]E[YN] => <Z..>E[X’i]E[in} = E[(X' +Y)],

i=0 \J izo

for all integers 1 < j < k. By standard results about Gaussians, X’ + Y is distributed as N (0, 1). Finally,
note that the distribution of X + Y is a mixture of k& Gaussians N (/1 — dx;, §) with weights w;. t

To set §, we need to consider the high-dimensional construction:
Lemma 4.5. Forv,v € S, with |v-v'| <1/2, we have that dry (P, Py) >1—0 (k:\/glog(l/é) csce 6).

Proof. We write A;, for 1 < i < k, for the Gaussians N (u;, ) that A is a mixture of. Fix ¢ > 0. By a
Chernoff bound, A; is within the interval [p; — a, p1; + a], where a = 2,/d log(1/€) with probability at least
1—e

We again consider the plane spanned by v and v’. Let z,y be the orthogonal coordinates with v in
the direction of the z-axis. Similarly, let 2’,3/ be the orthogonal coordinates with v’ in the direction of the
x’-axis. Let 0 be the angle between v and v'.

We have that

[ min{P. (0. Pooax = [

T=—00

o

/ ) min{A(z)G(y), A(2")G(y') }dzdy
y=—00
- /_ /,_ min{A(z)G(y), A(z")G(y')} csc Odxda’

< kmax/ / min{A4;(z)G(y), Aj(z")G(y')} csc Odzda’
4J =—00 Jx'=—00

uﬁ; wita
< ke 4+ kmax min{A4;(z)G(y), Aj(z")G(y')} csc Odzda’

.7 T=U;—a z/:uj—a

< ke + kmaxa® cscf max min{4;(2)G(y), A;(z")G(y)}

.7 $,$,€R
< ke + ka® csc0/(2nV/6)
= ke + kVd cscOlog(1/e)/x .
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Taking € = /5, we obtain that [ min{P,(z), Py (z)}dz < O(kv/dlog(1/5) csc ). On the other hand,

dry (Py, Py /|P z)|dw
/ max{P, (), Py ()} — min{P,(z), Py (z) }dz
/P<>+P /(%) — 2min{Py (z), Py (2)}do
—1—/m1n{P 2)}dx

> 1— O(kV5log(1/8) cscb) .
This completes the proof.

This gives an upper bound on §. We don’t want § to be too small, because of the following lemma:
Lemma 4.6. We have that x*(A, N(0,1)) < exp(O(k))/V26.
Proof. Each component A;, for 1 < i < k, satisfies the following:

1+ x%(A;, N(0,1)

= /Ai(x)z/G(:U)cm

= 1/(V2mb) [ exp(—(a = )?/6 +a%/2

— 1/(v/27) /xexp(—xQ(l/d _1/2) + 2w /6 — 12)5)

= 1/(V378) [ exp(~(o = 2/ (2 = §)R(2 = 0)/26) + 20/ (6(2 = 5)) = 2/0)

= 1/(V2r8) [ exp(—( = 2/ (2= (2= 8)/20) + 202/ (62— 8)) = (2= D) /62 — 8)

= V2/(2 - §)dexp(ui/(2 / 1/3/2m(26/(2 = 6)) exp(—(x — 2p3/(2 = 6))*(1/6 — 1/2)de

= /2/(2 = )dexp(p2/(2 — 8)))
< exp(O(k))/V/25 .

Thus, for the mixture A we have that:
14+ x%(A,N(0,1)) Zzwzwjm— /A (z)dx
sZZwiwj/ (1= 8)y/(1+ X2 (A5, N(0.1)) (1 + X (4;, N(0, 1))
<Zzwzwg/1— - exp(O(k))/V2
= exp(O(k))/V/25 - ZZ“”“’J
:exp(O(k:))/\/%-ll. ]

This completes the proof.
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We could take § = O(1/k?log?(k)). But we’d like to enforce the condition that the Gaussians are
well-separated:

Lemma 4.7. Given e > 0, if 6 = O(1/v/klog(1/¢)), then drv (Ai, Aj) > 1 — .

Proof. Tt is known (see, e.g., [Sze89]) that the difference between two roots of Hy,(z) is (1/v/k)). Thus,
the same is true of Hey(z) and by our construction, we have that |1; — ;| > Q((1 —6)/Vk), for i # j. By
standard concentration bounds, with probability at least 1 —e/2, A, lies in the range (p; — /29 In(2/€), i +
261n(2/€)). Similarly, with probability at least 1 — €/2, A; lies in the range (1; — /20 In(2/€), 5 +
251n(2/e)). If these intervals are disjoint, we have dry (A;, A;) > 1—e. This holds when (1—0)/Vk) =
Q(+/dlog(1/e€)), which is true when 6 = O(1/vk log(1/¢)). O

We are now ready to prove the main result of this section.

Proof of Proposition We take § = C/(k?log?(k+1/¢)) for a sufficiently small constant C.. That is (ii).
For (1), by Lemma A agrees with N (0, 1) on the first 2k — 1 moments. Lemma gives (iii), Lemma
(.6 gives (iv), and Lemma4.5] gives (). O
5 SQ Lower Bound for Robust Learning of a Gaussian

In this section, we use the framework of Section [3|to prove the following theorem:

Theorem 5.1. Lete > 0,0 < ¢ < 1/2, and n > Q(log(1/€)*). Any algorithm that, given SQ access to a
distribution P on R™ which has drv (P, N(p, 1)) < € for some vector 1 € R™ with ||uu]]2 < poly(n/e),

and returns a vector fi with ||fi — pl|a < €elog(1/€)'/2=¢, requires at least on?1% > ploe(1/9* (alls 1o
STAT (o<n>—1og<1/e>c/2/6) or to VSTAT (o<n>log<1/e>c/2/3).

The theorem will follow from the following proposition:

Proposition 5.2. For any 6 > 0 and integer m > 0, there is a distribution A on R satisfying the following
conditions:

(i) Aand N(0,1) agree on the first m moments.

(ii) drv(A,N(6,1)) < O(6m?/+/log(1/6)).
(iii) x*(A, N(0,1)) = O(d).

We defer the proof of the proposition for the following subsection and show how Theorem [5.1] follows
from it.

Proof of Theorem[5.1) We apply Propositions [3.3| and |5.2| with m = In(1/¢)%/? and § = Celn 1/61/270,
where C' > 0 is a sufficiently large constant. By Proposition we have that (i) A and N (0, 1) agree on the
first log(1/€)*/? moments, (i) dry (A, N (5,1)) < O(8m?/+/log(1/6)) = O(e) and (iii) x*(4, N(0,1)) =
O(9). Note that for any unit vector v € S, it holds that dty (P, N (vd,I)) = drv(A,N(6,1)) < O(Ce).
We thus have that for any unit vectors v and v’ with |v - v'| < 1/8, that

drv (Py, Py) > drv(N(dv, 1), N(80', 1)) — drv (Py, N(v3,1)) — drv (Py, N(v'6, 1))
> Q(3lv = v'l2) — O(Ce)
= Q(6v2 = 2v-v') — O(Ce)
= Q(8) — 0(5/(log 1/6)%7%) = Q(5) -
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We want to apply Proposition with ¢ taken to be §2(§). Our condition on n, n > In(1/¢)%, im-
plies the condition n > Q(m?®). We conclude that it requires at least on?/1? > plos(1/6)/? calls to
STAT (O(n)flog(l/‘;)c/Q/G\/S) or to VSTAT <O(n)ln(1/5)6/2/3/(5> to produce a hypothesis distribution
Q with

drv(Q,P,) < O(8) < eln(1/e)!/*7,

where we used the assumption that C' is sufficiently large. O

5.1 Proofof Proposition The proof proceeds as follows: For some C' = O(4/log(1/0)), we will have
A(z) = G(x — 6) outside of [-C, C]. On [-C, C], we will have A(z) = G(x — §) + p(x), where p(x) is
the degree-m polynomial, which is unique after fixing m, C and 9, with f_cc p(x)dx = 0 and

/_zp(x)xid;p = /_Z(G(x) — G(z - 8))aidr

for 1 <4 < m. We need to show that we can find appropriate m, C, and § such that the L;-norm of p(x) is
at most O(6m?/4/log(1/9)) and that A(x) is non-negative.

We will express p(z) as a linear combination of (appropriately scaled) Legendre polynomials, a family
of orthogonal polynomials on [—C, C]. Rather than showing that the first 2 moments agree directly, we
will instead want that the expectations of the first m scaled Legendre polynomials agree. Bounds on the
coefficients of the Legendre polynomials in p(x) allow us to obtain bounds on the L; and L., norm of p(x)
on [—C, C|]. Choosing m, § and C appropriately will then show the proposition.

We record here the basic properties of Legendre polynomials that we will need:

Fact 5.3. [Sze89] The Legendre polynomials, Py (x), for integers k > 0 satisfy the following properties:
(i) Py(x) is a polynomial of degree k. Py(z) = 0 and P,(x) = .
(i) [, Pi(x)Pj(x)da = (2/(2i +1))d; forall i, j > 0.
(iii) |Py(z)| <1 forall |z| < 1.
(iv) Py(z) = (=1)"Py(—x).
(v) Pylw) = 1/20 S (5) (4 %)k,
As a simple corollary we obtain the following lemma:

Lemma 5.4. We have:
(i) |Py(z)| < (4|z|)F for all |z| > 1.
(i) [ 1Pi(z)| < O(1/VE).

First we note that we can express p(z) as a linear combination of scaled Legendre polynomials whose
coefficients are given by integrals:

Lemma 5.5. We can write p(x) = Y ;" apPi(x/C), where a, = ((2k 4+ 1)/2C) IEYC Pi(x/C)p(z)d.

Proof. Since p(z) has degree at most m and the set of Py(z/C) for 0 < k < m contains a polynomial of
each degree from 0 to m, there exists ay, such that p(z) = Y ", apPr(x/C).
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It follows from Fact(ii) and a change of variables that f?c Pi(x/C)Pj(z/C)dx = (2C/(2i+1))d; ;,
for all 7, j > 0. We can use this to extract the ay’s. For 1 < k < m, we have

¢ C m

/c Py(z/C)p(x)dx = /Cpk(x/c);aiﬂ(x/C’)d:c
m c

:;ai /_CPk(ﬂﬂ/C)B(x/C)dx

(202 + 1))as, .

Note that knowing the first m moments fixes these integrals:

Lemma 5.6. ffc Py(x/C)p(a)da = [

o0

(G(z) = G(x — ) Pp(z/C)dx, for any 0 < k < m.

Since we will apply this with 1/§ exponential in k and C, we will be able to ignore O(4?) terms. We
use Taylor’s theorem to expand (G(z) — G(z — 0)) to get the § and O(6?) terms.

Lemma 5.7. (G(z) — G(x —§)) = 2G(2)5 + (£(x)? — 1)/2 - G(&(x))62 for some x < &(z) < = + 6.
Lemma 5.8. For k < 4C, [*_Py(z/C)zG(z)dz < O(Vk/C).

Proof. When £k is even, using Fact[5.3|(iv), we have that Py (z/C)zG(z) = —(Pi(—2/C) - (—z)G(—z)),
and so the integral is zero. When £ is odd, we can rewrite Fact[5.3|(v) in ascending order of terms, by using
the change of variables j = (k4 1)/2 — i, as

(k+1)/2

A =112 3 (e _ayo ) (a0 )

J=1

By standard results about the moments of Gaussians, we have that for all j > 1, [ fooo ¥ G (z)dr = (25 +
Hit:= Hg:1(2z' + 1). Thus, we have

. o (kD)2 N |
| mencwa= [ 1723 (i) (377 cwyeas
p
el k E42i—1Y .. -
=1/2* ; <<k_ 1)/2+j>< % - 1 >(2g +n/cEt
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Note that this is non-negative. We can bound it from above as follows:

(k+1)/2 .
o ek k kE+2j—-1 , 2j—1
/OOPk(a;/C)xG(:c)da:l/Q ; ((kz—l)/2+j>( % - 1 )(2]+1)!!/C
(k+1)/2
< Z 1/f<k4r ‘71 >(2j+1)!!/02j_1
(k+1)/2
< N 1VE(k+25 - )P+ D)I/CH (25— 1)
j=1
(k+1)/2
< > UVEAk+2j - )P C!
j=1
(k+1)/2
<2/Vk Y (2k/C)Y7' <8VEk/C.
j=1

Lemma 5.9. For any integer 1 < k < 4C,

/_OO Pu(@)(€(2)* = 1)/2- G(E()de < O(1)

for any function §(x) with x < §(x) < x + 6, forall x € R.

Proof. We separate this integral into the interval [—C, C] and the tails. We can use Fact (iii) to bound
the integral on [—C, C, as follows:

/ * B@)(E)? — 1)/2- Gle()da

-C

<| / —1)/2- G(E()da
<| / (il +6-+12/2- Glomin0. ]| - 6})da]

C+4
<0®) +| /_0_5(1:1;\ 4264+ 1)2/2 - Gla)dal

< O0(8 +Ex-c[l] + Ex~c[|X|] + Exc[X?)
—0(1).
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For the tails, we need Lemma [5.4{i). For the right tail, [C, 00), we have

/ " Pua)(E(@)? — 1)/2- G(E(x))da| < / "4l O () — 1)/2 - G(E(x))da
C C

< /Oo(4yx\/0)k(:c +0)*G(x — 8)dx
C

< / (4/C)¥ |z + 262G (@ — 8)da
C

< /Oo (4/C)|z|F+2 . (1 4-26/C)*G(x — §)dx
Cc—-é

<2 ‘/Oo (4/O)V¥|z[*T2G(x — 6)dx

< O((4/C)F(k +3)11)
<Oo((4Vk/C)F) <0(1).
A similar bound holds for the left tail, which completes the proof.

Putting everything together, we have:

Corollary 5.10. We can write p(x) = Y"1 ax P(z/C), where ai, = O(6k%/? /C?), for 0 < k < m.
Thus, we can get bounds on the L; and Lo, norm of p(z) on [-C, C]:

Lemma 5.11. We have that: f_CC Ip(z)|dz < O(6m?/C) and |p(x)| < 6m®?/C?, for all z € [-C, C.
We can now bound from above the desired y2-divergence:

Lemma 5.12. x?(4, N(0,1)) = O (6% + 6m®/2/C? - (C%§ + max, <c |p(2)|/G())).

Proof. We have the following:

o0

Y24, N(0,1)) = / A2)?/G(2)dr — 1

—0o0

c

() C
= /_ Gz —0)*/G(x)dx — 1 + /C 2p(z)G(x — 6)/G(x)dx + /_Cp(x)z/G(x)dx .

For the first term, we can write:
/ G(z —6)?/G(z)dx = 1/\/27r/ exp(—z?/2 + 26z — 6°)dx
= / G(z — 26) exp(0?)dx

= exp(6?) < 1+ 267

‘We bound the second term from above as follows:

C C
/ p(@)G(z — 6)/G(x)dz| = ‘ / 2p(x) exp(ad — 62/2)dx
—-C -C

_ ‘/Z p(z) - (1 + 28 + O(C26%))de

C
< Clao| + O(Cé|a1|) + 0252/C Ip(2)dz

<0+ 0(6%/C) + O(8°m?/?) .
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Finally, for the third term we have:

C
/_Cp(x)Q/G(w)dx < om’?/C? Lhax, Ip(@)l/G(z)

This completes the proof of the lemma. O

To prove the proposition, we need to set C' appropriately and check the bounds on m needed for A(x)
to satisfy the necessary properties.

Proof of Proposition[5.2] Note that unless ¢ is sufficiently small and m? < O(y/log(1/6)), taking A =
N(0,1), instead of using our construction, satisfies the Proposition. We will take C' = ©(4/log(1/4)), and
so we can assume that m < v/C.

Recall that A(z) is defined to be G(z — §) + p(z) on [—-C, C] and G(z — ¢) outside of [—-C, C|. Firstly,
A(x) needs to be the pdf of a distribution. Since

C 0o
| Pa/Omyin = [~ (G@) - Gl - 5) Pula/C)is
-C —00

for k = 0, when Py (z) = 1, we have that [* A(z)dz = 1. We also need that A(xz) is non-negative, i.e.,
thaton [—C, C], A(x) = G(x — 6§) — p(z) > 0. Note that

G(x) — p(z) > G(C +5) — om>?/C?

using Lemma Since m? < C, we need G(C +8) > 6C3/%. This holds when C' = /In(1/5) — 4, since

then we have G(C + ) = /d/27 > 6/In(1/ 5)3/4 for sufficiently small 0. Note that this also implies that
A(z) < 2G(z —6) forall z, and |p(z)| < G(z) forall -C <z < C.

The second of these and Lemma [5.12] imply (iii). For (i), by construction, we have that the first m
moments agree.

A satisfies (ii), since by Lemmal[5.11],

C

drv (A, N(5,1)) = % / Ip(@)|dz < O(6m?/C) = O(6m?/\/log(1/3)).

-C

The proof is now compete. O

6 Sample Complexity Lower Bounds for High-Dimensional Testing

In this section, we use our framework to prove information-theoretic lower bounds on the sample complexity
of our two high-dimensional testing problems: (i) robustly testing the mean of a single Gaussian, and (ii)
(non-robustly) testing between a Gaussian k-mixture and a single Gaussian. Both these statements follow
from the structural results established in the previous sections using the following proposition:

Proposition 6.1. Let A be a distribution on R satisfying Condition Then, there is no algorithm that,
for any n, given O(nl_%) samples from a distribution D over R™ which is either N (0, I) or P, for some
unit vector v € R"™, correctly distinguishes between the two cases with probability at least 2/3.

The proof of the proposition uses the structure of the set of P,’s and standard information-theoretic
arguments, and is deferred to the following subsection.
Using Proposition [6.1} we establish the two main results of this section:
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Theorem 6.2 (Sample Complexity Lower Bound for Robustly Testing a Gaussian). There is no algorithm
that, for every e > 0 and integer n, given O(nlfln(l/ 6)71/3) samples from a distribution P on R™ which
is promised to satisfy either (a) P = N(0,1I) or (b) dryv(P,N(p,I)) < €/100, where ||uu||2 > € can
distinguish between the two cases with probability at least 2 /3.

Theorem [6.2] follows from the following slightly stronger statement:

Lemma 6.3. Fix e > 0 and 0 < ¢ < 1/2. There is no algorithm that, given O nl—3log(l/e)=/? samples
from a distribution P on R™ which is promised to satisfy either (a) P = N(0,1) or (b) dry (P, N(pu, 1)) <
e, where |||z > elog(1/€)'/>=¢, can distinguish between the two cases with probability at least 2/3.

Proof. We take m = In(1/€)*/? and § = Celn1/ ¢'/27¢  for some sufficiently large constant C, and apply
Proposition Then, we apply Proposition [6.1] instead of Proposition Again, Proposition [5.2] yields
that

dryv(A,N(6,1)) < O(0m?/y/log(1/68)) < e,
for sufficiently large C'.

We then apply Proposition which gives that no algorithm that takes O(n1=1/(5108(1/9*/% /9)) gam-
ples from a distribution P on R", which is either P, for a some unit vector v, or N (0, I) can distinguish
between the two with probability at least 2/3. Since drty (Py, N(dv,I) = dry (P, N(u,I)) < e, this
proves the lemma. O

Theorem 6.4 (Sample Complexity Lower Bound for Testing GMMs). Fix ¢ > 0, k € N, and n >
Q(k®log(1/e). There is no algorithm that given O(n'=5/*=2)y samples from a distribution on R™ that
is promised to be either (a) N(0,1I), or (b) a Gaussian k-mixture ), w; N (i, X;) in R™ which satisfies
drv(P;,P;) > 1 —¢ forall i # j, distinguishes between the two cases with probability at least 2 /3.

Proof. The distribution A given by Proposition [4.2] satisfies the assumptions of Proposition [6.1] This gives
that there is no algorithm, such that given O(n'~°/(4*=2))) samples from a distribution P which is either
N(0,I) or P, for some unit vector v, distinguishes between the two with probability at least 2/3.

By the same argument as for any v, P, is a mixture satisfying the necessary conditions. This
completes the proof. O

6.1 Proof of Proposition [6.1] Suppose that, after fixing the dimension n, the algorithm takes at most
N samples. We can consider the testing algorithm as a (possibly randomized) function from N-tuples of
samples to its output. For a distribution D, let D®V denote the distribution over independent N-tuples
drawn from D. We write f(D®") for the Bernoulli distribution that gives the output of the algorithm given
a single sample of D®V . Let Q be the distribution obtained by choosing v uniformly at random over the
unit sphere S,,, and then drawing N samples from P,. Then, f(Qy) should be “NO” with probability at
least 2/3, since the probability that each f(PZ") is “NO” is at least 2/3. On the other hand, f(N (0, I)®V)
is “YES” with probability at least 2/3. By the data processing inequality, it follows that

dry(Qn, N(0,1)*Y) = drv (f(Qn), f(N(0,1)*¥)) = 1/3.

Suppose for the sake of contradiction that N < O(n1_5/ (2m)) and n is sufficiently large compared to
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m and x%(A, N(0,1)). Then, we claim that dty (Qn, N (0, 1)®) < 1/3. Indeed, we have that:
4dry (Qn, N(0,1)®N)2 +1 < x*(Qn, N(0,1)®V) +1 =

N
:/ / QN(x(l),...X(N))z/HG(x(i))dx(N)...dx(l)
x(DeRrn x(N) eRrn i=1

N

_ / / / / PY (U, xM)PY (D )y T] G D)o/ dvds™ .
x(1)eRn x(NM eRn JoeS,, Jv'eS,

i=1

N
[ [ TP G ™) ax Ve
vESy JV'ES, Jx(DeRn x(NMern ;-7

= / / (1+ xn(0,1) (Po, Py)) N dv'do
’UGSn ’UIGSTL

Consider choosing v and v’ independently uniformly at random over S,,. By Corollary we have that
Pr Uv | > Q(n_o‘)] < exp(—Q(n*72%)) ,
for some 0 < aw < 1/2. By Lemma we have
X o,1)(Po, Pur)| < o - o' " X (A, N(0,1))

For any v, v" we have
|XN(0,I)(P117PU/)| < X2(AaN(0a 1)) :

When |v - v'| = O(n™%), we have
X, (Po, Poy)| <07 - O(1)™ - x* (A, N(0,1))x*(4, N(0, 1)) .
Thus, we get that

4dTV(QN7 N(O7 I)®N))2 +1

S/ / (1 +xn(0,n(Po, P, )N dv'dv
veS, Jv/es,

dx™)

<Pr [|v-v/| < O(™)] (1 +n=*"0(1)" (A, N(0,1)))" + Prllo - v/| > Q(n~*)](1 + (4, N (0, 1)))"

< (140701 ™3 (A, N(0,1)))" + exp(—Q(n' 7)) (1 + x*(4,N(0,1)))"

forany 0 < a < 1/2. We now set & = 6/(5m). For n = exp(2(m))x%(4, N(0,1))®, it holds that
n=%/50(1)"x2(A, N(0,1)) < 1/n < 1/N, and therefore we have that

(1+n7mO0(1)™ (4, N(0,1)))" < 1+ Nn~9°0(1)"x*(A, N(0,1))
<14+n"Y2°0(1)™x%(4,N(0,1)) < 11/9 .
For n > log(1 + x?(A, N(0,1)))1°™, we have that

exp(—~Q(n' 7)) (14 x2(4,N(0,1)))" = exp (= (n' /7" — Nlog(1 + x*(4,N(0,1)))) )

- (-8 95 (1 gt 0,800 )

< exp(—Q(n' /M) < 2/9 .

Thus, ,
ddry (Qn, N(0,1)®N)" +1 <11/9+2/9,

and so drv (Qn, N(0,1)®V) < 1/3.
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7 SQ Algorithms for Robustly Learning and Testing a Gaussian

The structure of this section is as follows: In Section[7.1] we prove a moment matching structural result that
forms the basis of our algorithms. In Section[7.2] we present our robust testing algorithm, and in Section
we give our robust learning algorithm.

7.1 One-Dimensional Moment Matching Lemma The main result of this section is the following struc-
tural result:

Lemma 7.1. Let G ~ N(0,1). For § > e¢ > 0, define k = 2[e\/In(1/€)/d]. Let G’ be an e-noisy one-
dimensional Gaussian with unit variance so that for all t < k we have that the t'"* moments of G and G’
agree to within an additive (t — 1)!(8/€)*e/t. Then, we have that drv (G, G') = O(0).

Proof. Let G = N(y, 1) be such that dpy (G', G) < e. We can assume without loss of generality that zz > 0.
Looking at just the mean and variance suffices to get dry (G,G’) = O(d+/log(1/9)) using techniques
similar to the proof of the O(ey/log(1/¢)) filter algorithm from [DKK™16b]. This allows us to focus on the
case that > 1. Formally, we have the following claim:

Claim 7.2. Lemma holds when the mean  of G is at least 1.

Proof. We start by noting that we can assume € > 0 is smaller that a sufficiently small universal constant.
Assuming otherwise and recalling that § > € gives that dry (G, G’) < 1 = O(0), in which case the lemma
statement is trivial.

Let 1/ be the mean of G’. We can write

G =G+ dE—¢L, 3)

for distributions E, L with disjoint supports where ¢ = dpy (G, C~¥) < €. Moreover, it holds

G>dL. “
Since k > 2 by definition, the lemma assumptions imply that |¢/| < § and Ex..c[X?] < 62/e. By ( .
we have that i/ = p + €Exg[X] — € Ex~p[X], and similarly Exq/[(X — /)% = 1 + ( 1)? +

€Ex~p[(X — /)2 — éEx~p[(X — i')?]. Therefore, we get
CExap[(X —1)’] < 6% /e =1 (1 = p)* + €Exor[(X — )’

Note that Prxr[|X — p/| > T] < Pry ~[|X — p/| > T]/¢’. As in Corollary 8.8 of the high
dimensional agnostic paper [DKK™16b], we have that

Ex~r[(X — /)’ —/ Pryxp[|X — 4| > T|2TdT
0
< / 2Tmin{1,PrX~N(u71)HX —u'l > T]/e'} drT
0

< /OO 27 min{1, exp(—((T — | — /'|)%/2)2T /€' YdT
0

V2In(1/€)+|p—p'| oo -

/ 2TdT + / exp(—T?/2)2(T + | — p'|)/drv (G, G)dT
0 V2Inije

= O(In(1/é) + 1+ |p—p/) .
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By combining the above, we get that
CBxpl(X — @)% < 6%fe— 1~ (1 - O()|u— i[> + O n(1/¢)) .

and thus Exp[(X — 1/)?] < 6%/(e€).

However, the means of L and E, uy, and pup have |up — /| < Ex~p[(X — /)] and |pup — p/|? <
Ex~g[(X — 1)?], and therefore € |ju;, — p//| < O(e'\/In1/e + €|y’ — p|) < O(ey/In1/e+ €|y’ — p|) and
€lpug — pnl < O(+/62/ee’) = O(9).

We thus have that y' — = €' up — € pg has |p' — p| < O(6) + O(ey/In1/€) + O(e|p — p'[). Since €
is sufficiently small, we have |p/ — u| < O(0) 4+ 1/2. Since |p/| < §, We thus have that u < O(6) + 1/2.
Since we assumed that ;1 > 1, we thus have that 0 = Q(u — 1/2) = Q(1/2) and so . = O(J). We now
have that dpy (G, G') = O(u) = O(9). O

We will henceforth assume that ;2 < 1 and thus we have that dpy (G, G) = ©(y). Suppose for the - sake
of contradiction that drv(G,G") = Q(9), for a sufficiently large constant in the big-€2. Then, dry (G, G) >
dtv (G, G) — € > 5. We may assume that 1 > C?6 for a sufficiently large constant C' > 0. Thus, we have
that e < pu/C? < 1/C2.

The proof will proceed as follows: Let f(z) = sin(zCe/ju1). We note that f(z) has a simple expectation
under G or (G, and we can easily get a lower bound on their difference. We will also use the Taylor series
for f(x) and our moment bounds to derive an upper bound on this difference which contradicts this lower
bound.

For » € Ry, we want an expression for Ex . (,,1)[f(X)]. By standard facts on the Fourier transform,
we have that

ExN(1)lexp(—iwX)] = exp(—iwz)Ex.n(o1)lexp(—iwX)] = exp(—w?/2 — iwz) ,
for any w € R. Since sin(zCe/p) = (exp(—izCe/u) — exp(izCe/1u))/2i, we obtain that
Ex NGyl (X)] = exp(—(Ce/p)?/2) sin(zCe/p) .
Therefore, Ex . n(0,1)[f(X)] = 0 and Ex n(,1)[f(X)] > exp(1/C) sin(Ce) > (C/2)e, and thus
Ex~a[f(X)] 2 Ex_alf(X)] —e> (C/3)e. Q)

Let h be the degree-(k — 1) Taylor polynomial of f plus the term (Cxe/p)* /k!. By the Lagrange form of
the remainder in Taylor’s theorem, we have that ‘h(:n) — (Cze/p)*/k! — f(@)] < FE(€)xk /k!, for some
¢ € [0,z]. Since k is even, we have that the k-th derivative of f, |f(¥)(&)| = (Ce/u)¥|sin(£Ce/u)| <
(Ce/u)k. Thus, we get

f(z) < h(x) < f(z) + 2(2zCe/p)" /KL .

Our goal will be to show that Ex ¢r[h(X)] is substantially larger than Ex x(9,1)[R(X)], which will con-
tradict the assumption about approximately matching moments. We start by considering E x . (,,1)[2(X)]
versus Ex 0,1y [2(X)]. We can write

Ex () [MX)] = Exon(o,)[h(X)]
= Ex (X)) = Exanion[F(0] + O (Exonguy [(XCe/w) /R = Bxonon [(XCe/w) /1))

> (C/3)e + O (Bxanuy |(XCe/w)*/R!] = Exovon) [(XCe/w)/R1])

where the last inequality follows from (5]). To bound this latter term, we make the following claim:
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Claim 7.3. We have that
|G(x — p) — G(2)| < O(u)G(z/V?2).

Proof. First, we note that G(z — u)/G(z) = exp(—2zp + p?/2).

Recalling our assumption that 0 < p < 1, for |z| < O(1/p), we have that |G(z — u) — G(z)] S
Olfelu+ #2)G(x) < O((Jz| + 1)u)G(z). Then, since G(x)/G(z/v/2) = O(G(x)) < O(1/(|a] +1)), w
get |G(z — ) — G(2)] < O(WG(z/V?).

For |z| > 5/u, since \/2In(1/p) +2 < 2In(1/p) +3 < 2/pu+ 3 < z, we have that G(|z| — 2) < p
Thusm G (z)/G(z/v2) < O(G(x)) < O(u) and

G(x — p)/G(x/V2) = O(exp(—2?/4 + px — 12 /2))

= O(G((z — 2u)/V2) exp(u?/2))
< O(G(lz[ = 2)) <Op) ,

and hence |G(z — pu) — G(z)] < O(u)G(z/V?2). O

Using this claim, we note that

/_OO (@Ce/u)* /R |G(2 = §) — G(x)| d = O(€)Ex~n(0,1/2)[(Ce/n)"/k!] = O(e/(C/V2)*) = O(e).

Therefore, we have that
Ey glh(X)] =2 Ex~g[h(X)] + (C/3)e.

Next, we wish to compare Ex.q[h(X)] to E, =[h(X)]. Using , we have the following for ¢/ =
dry (G, G):

Ex~g/[h(X)] = Ey_glh(X)] + € (Exos[h(X)] - Exs[h(X)]
> By glh(X)) + € (Exenlf(X)] - Bxar[f(X)] - Exor [(Xe/0) /k))
=By [h(X)] +O(e) = ¢Bxr, [(XCe/p)" /K] .

From H i.e., G > €L, it follows that L satisfies the concentration inequality
XPrLHX — | > T) < 2exp(—T2%/2)/¢ .
We now proceed to bound the subtractive term from above:

¢Exor [(XC’e/u)k /k!}

§e'z Pr [|X—u| 22J\/1og(1/e)} (2(J + 1)\/log(1/€) + u)*(Ce/p)k /!
€(31/log(1/€)Ce/ )k /! +226 (J +2)y/log(1/€)Ce/p)* /k!

Se-O(Vlog(l/e)Ce/,u) Jk!- (1—1—2 (J+2) )

<e 0 <\/10g(1/e)6/05)k /K <e-0 (\/log(l/e)e/Cﬁ)k J(V2rk(k/e)")
< €0(\/log(1/€)e/Cok)* /VE < O(e/VEC) < O(e) .

33



Therefore, we conclude that
Ex~c/[h(X)] > Exn(u,n)[R(X)] + O(€) > Ex o, [R(X)] + (C/4)e .

On the other hand, recalling that h is the degree-(k — 1) Taylor expansion of f(x) = sin(xCe/u), we
can write h(z) = E?:_ol a;z’, with a; = O((Ce/p)'/i!) = O((¢/C6)?/i!. Therefore, the difference
Ex~c/[h(X)] — Exn(,1)[h(X)] is the sum over i of a; times the difference in the i*" moments, which
by assumption is at most

€ D (i = DN(F/Ce) O((e/)'/it) = O(e)

N
—_

(1/i)% = O(e) .

M1

i=1

s
Il
=)
-
Il

This contradicts the fact that their difference is at least (C'/4)e, and concludes the proof. t

7.2 Robust Testing Algorithm In this subsection, we give a robust testing algorithm, i.e., an algorithm
that distinguishes between an e-noisy Gaussian and N (0, ). This algorithm will form the basis for our
robust learning algorithm of the following subsection.

Theorem 7.4 (Robust Testing Algorithm). Let G’ be an e-noisy version of an n-dimensional Gaussian
with identity covariance. Let § be at least a sufficiently large constant multiple of €. There exists an SQ
algorithm that makes O(n¥) queries to STAT (e - O(nlog(n/e)?)™%) where k = 2[O(e\/log(1/€)/d)],
and distinguishes between the cases that G' is the standard normal distribution N (0, I), and the case that
G’ is at least 0-far from N (0, I). The algorithm has running time nO®),

By simulating the statistical queries with samples, we obtain:

Corollary 7.5. Given sample access to G', an e-noisy version of an n-dimensional Gaussian with identity
covariance and €,0 > 0 with § be at least a sufficiently large constant multiple of €, there is an algorithm that
with probability 9/10 distinguishes between the cases that G' is the standard normal distribution N(0,1),
and the case that G' is at least S-far from N (0, 1) and requires at most (nlog(1/€))°*) /€2 samples and

running time where k = 2[O(e+/log(1/€)/0)].

Proof. In the case when G’ is é-far from N (0, 1), let G = N(u, I) be such that dry (G', G) < e. We need
to show that we can distinguish between the cases G’ = N (0, I) and G’ is an e-noisy version of a Gaussian
G=N (u, I) with dTV(é ,G) > § — e. We assume from now on that the completeness case is to show that
dTV(C:Y ,G) > 0, since replacing ¢ with ¢ + € does not affect the statement of the theorem.

The algorithm is quite simple. Let C be a sufficiently large universal constant such that the O(J) total
variation distance bound in Lemma [7.1]1s less than C'd. We assume that § > 4Cl.

Robust Testing Algorithm:

e For each coordinate axis 1 < ¢ < n, use STAT to approximate Pryx. ./ [X < €] and Pryxc/[X > €]
to within €/2. If any of these approximations are bigger than 1/2 + ¢, then output “NO”.

o Let k = 2[2Ce/In(1/€)/d]. Let C’ be a sufficiently large constant.

e Using access to STAT, find all the mixed moments of X ~ G’, conditioned on || X||2 < C'k+/nlog(n/e),
of order at most k to within error n=*/2¢/2.

o If the difference between any moment of order ¢ < k that we measured and that of N (0, /) is more
than ((t — 1)!(6/2Ce)t/t — 1) - n~*/%¢, then output “NO”.
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e Otherwise, output “YES”.

The idea is to use Lemma with the approximations the moments. However, we have the issue that
the STAT oracle can only be used to approximate the expectation of a bounded function. Using the condition
| X2 < C'ky/nlog(n/e) allows us to avoid this. But we first need to show that conditioning on it does not
affect the moments too much and does not move the distribution far in total variational distance.

Note that the first step of the algorithm will reject if the median of N (u, I') projected onto any coordinate
axis is outside of the interval [—e, €]. If this occurs, then p # 0. If this step does not reject, then p projected
onto any coordinate axis is O(e), and so ||u]|2 < O(ey/n).

The condition ||x|2 < C’ky/nlog(n/e) ensures that the any degree less than k& monomial in X
is at most (C'nk?log(n/€)))*/2. Thus, we can approximate this expectation to precision n~*/2¢ using
STAT (e - O(nlog(n/e)?)~%). However, since |ull2 < O(ey/n), by standard concentration bounds, the
probability that X ~ N (u, I) does not satisfy this condition is at most e - (C'nk?log(n/¢)))~*. Let G” be
G’ conditioned on || X||2 < C'ky/nlog(n/e). If G’ = N(0,I), then we need to show that the moments of

G and G are within In"%/2(¢/2). To show this, we use the following lemma:

Lemma 7.6. For 0 < ¢ < exp(—k), the difference between any mixed moment of degree at most k of
N(0,I) and N(0,I) conditioned on ||x||2 < O(\/nklog(1/d)), is at most o.

Proof. Let X be distributed as N(0,1). Let € be §/(k + In1/8)*~D(C for a sufficiently large constant
C. Thus, In(1/e) = In(1/0) + InC + (k — 1)In(k + In(1/0)). Let T be /2nlogl/e. Then, T =
Oc(y/nklog(1/6)) and by standard concentration inequalities, we have that Pr[|| X |j2 > T] < e.

For a € N" with ||a||; < k, consider the monomial of degree at most k, ma(x) = [[\; z;*. First we
consider its mean and variance. If any q; is odd, E(ma)(X) = [[I; E(X;") = 0, since the odd moments
of X; ~ N(0,1) are zero. If all a; are even, then E(m,)(X) = [[I, E(X") = T[;2%/?(a;/2)! <
2k/2(k /2)!. For the variance, we have Var[ma(X)] < E[ma(X)?] = 1L, E(X7%) = [[, 2¢a;! < 28k
Let pa(X) = ma(X)/2¥/2\/k!. Then we have that 0 < E[p,(X)] < 1 and Var[p,(X)] < 1.

By the standard concentration inequality given in Lemma below, we have that for all ¢ > 0,
Pr[[pa(X)| >t + 1] < exp(2 — (t/R)*/*) for some R > 0. Thus, we have Pr[|pa(X)| > ¢ + 1] < ¢, for
¢ = R(In(1/€) — 2)*/2. Let I(x) be the indicator function of ||x||2 > T'. Then we have that

[E[(X)pa(X)]| < E[L(X)[pa(X)]]

_ /Ooo PrI(X)|pa(X)| = f]dt

c+1 o)
< / edt + / exp(2 — (t —1/R)¥*)dt
0 c+1

= (c+ e+ /OO exp(2 — (t/R)*/*)at

=(c+1)e+ /OO exp(2 — x)(dt/dx)dx (where z = (t/R)*/%)
In(1/¢)
=(c+1)e+ (Rk/2)/ exp(2 — z)z*/* Lda
In(1/€)
k/2—1
= (c+ e+ (RE/2)e- > ((k/2)!/(k/2 = 5))In(1/e)*/>~
j=0

IN

RIn(1/€)*/%¢ + (k?/8)e(k + log(1/€))*/?~1
< O(k*e(k +log(1/€))*/>71) |
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where the integral [ 7)) exp(2 — 2)z*/?>~1dz is calculated explicitly below in Claim In terms of
me(x), we have

B )ma(X)]| < OR2e(k +log(1/e)//> 1242 V/ET) < O(e(k +log(1/e)*~D) < 0(5/C) < 5/2.
Then, for X’ distributed as N (0, I) conditioned on || X'||2 < T, we have

[E[ma(X)] — Elma(X))]| = [E[ma(X)] - Elma(X)(1 — I(X))]/(1 - Pr[| X |}z > T])
— [(BII(X)ma(X)] - Elma(X)] Pr[| X[}z > T]) /1 — Pr[||X[}2 > T])|

< (6/2+2"2Vke) /(1 - ¢)
<26/3(1—¢€) <4.

O]

Applying Lemmamfor 6 = n~k/2¢, noting that C"k+/nlog(n/e) = Q(C’\/nklog(1/8)) yields that
the moments of G and G’ = N (0, I) are within In~%/2(¢/2). Thus, in this case, the approximations of the
moments of G” are within n~*/2¢ of the moments of G’.

For the soundness case, we just note that since (¢t — 1)!(§/2Ce)le/t — 1 > (6/2C€)/2 — 1 > 1, the
bounds on the moments we need to fail are bigger than the precision of the statistical queries we use to
approximate them, and therefore we never output “NO” when G’ = N(0, I).

Now suppose that G’ is an e-noisy version of an | identity covariance Gaussian G. Then G” is a 2e- -noisy
version of G. We will denote 1 the mean vector of G and will assume that ||u||2 > 6. We need to show that
the algorithm outputs “NO”.

Consider the unit vector v = p/||u||2 which has v - > 4. Consider the one-dimensional distributions
G" and G, of the form v - X, where either X ~ G” or X ~ G. Note that G, = N (||zz]|2, 1) has mean larger
than § and that dry (G, Go ) < 2¢. We can now apply the contrapositive of Lemma with §/C in place
of ¢ and 2¢ in place of €, which implies that there is a ¢ < k such that the ¢-th moment of G, is more than
(t — 1)!(6/2C¢€)te/t far from that of N (0, 1). That is,

[Ex~cr[(v-X)] = Ex nonlv-X)1| > (t—1)(6/2Ce)"e/t .

Now consider the polynomial (v-x)!. Note that the coefﬁcient of amonomial [ [, 2", fora € ZZ, ||a||; =t,

is given by the multinomial theorem as (a1 t " ) [T, vi". The Ly-norm of its coefﬁ01ents is the same as the

Ly-norm of entries of the rank-¢ tensor v®?, which has i-th entry H vi ;. forie {0,.. ,n}!, since there

) entries in this symmetric tensor which are given by [
t 2
i=1"Y4;
the L1-norm of its entries must be at most n*/2 < n*/2. We can write Ex . [(v- X )] — Exno,n(v-X)']
as a linear combination of differences in moments with these coefficients, and we can thus bound this from
above by the product of the Li-norm of the coefficients and the L,-norm of the differences in moments.

Hence, there must be some moment E[[ [, X/"] with a € ZZ, ||a|| < k, such that

Ex o [H X = Exono,) [H X;“]
[ [

This in turn means that the difference in the approximation of this moment of G” and that of N (0, I) is at
most ((t — 1)!(6/2Ce)t/t — 1) - n=%/%¢. Thus, the testing algorithm outputs “NO”. O

are ( i for any a. The Frobemus norm of

a1,...,0n i=1Y;

v®!, the Lo-norm of its entries, is >icfo,..nyt 11 = Hj:1 >, v? = 1. Since there are n' entries,

> (t —1)1(6/2Ce)te/t - n /2.
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7.3 Robust Learning Algorithm In this section, we build on the testing algorithm of the previous section
to design our robust learning algorithm. Formally, we prove:

Theorem 7.7. Let G' be an e-noisy version of an n-dimensional Gaussian with identity covariance matrix,
N(p, I) with ||ull2 < poly(n,€). There is an algorithm that, given statistical query access to G', out-

puts an approximation i to the mean i such that ||j — Jil|s < O(e). The algorithm uses n®v log(1/€)) 4
2log(1/e) V=D Lais o STAT(¢/(n1n(1/€))°V1e(/DY and has running time n°v log(1/6)) 1 glog(1/e) 2(VIor(H/)

By simulating the statistical queries with samples, we obtain:

Corollary 7.8. Given sample access to G', an e-noisy version of an n-dimensional Gaussian N (u, I), there
is an algorithm that with probability 9 /10 outputs [i with ||p—Ji||2 < O(€) and requires (nlog(1/e))°(V108(1/€) /2
samples and n®WV1°e(1/) /2 4 9log(1/e) VIR oo

The work [DKK™16b] gives algorithms which can compute an approximation ' with |[p — p/||2 <
O(eq/log(1/€)). These algorithms can be expressed as Statistical Query algorithms. However, due to the
model of adversary used for robustness in [DKK™ 16b], the algorithms were expressed there in terms of op-
erations on sets of samples that were drawn before the execution of the algorithm. The filtering algorithms
work by successively removing samples from this set and then computing expectations of the current set of
remaining samples. The samples that are removed are those that satisfy an explicit condition, we say that
they are rejected by a filter. We can implement these algorithms as SQ algorithms by replacing expectations
of the current set of remaining samples with the conditional expectation of the input distribution, conditioned
on all previous filters accepting. This is similar to the filtering algorithm for learning binary Bayesian net-
works given in [DKS16b]. Even there, we still used samples to compute the threshold for the filter. We note
that using arguments similar to those we use for the algorithm below, all theses algorithms can be expressed
as SQ algorithms. In particular, this is the case for Algorithm Filter-Gaussian-Unknown—-Mean,
which we will use as a black box pre-processing step to approximate the mean within O(e4/log(1/€)).

Instead of dealing with moments, i.e., the expectations of monomials, directly, we will consider expec-
tations of Hermite polynomials, which have a simpler form for normal distributions.

Definition 7.9. We define multi-dimensional normalized Hermite polynomials as follows: for a € Z",
Hea(x) = [[i", Hegq,(x;). We define n(a) =[] a;!.

Thus we have the following:
Fact 7.10. EXNN(O,I) [H@a(X)Heb(X)] = 6abn(a).

We define a linear combination of these Hermite polynomials with degree ¢ associated with a tensor
of rank t. For i € {0,...,n}", we define the count vector ¢(i) € ZZ such that c(); is the number of
coordinates of ¢ that are j.

Definition 7.11. For a rank-¢ tensor A over R”, we define

ha(x)= Y Heya)(x)/Vi!,

i€{0,...,n}t
We are now ready to describe our learning algorithm.

Robust Learning Algorithm:

1. Letk = 2[4/In(1/€))].
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2. Compute an approximation y' with || — plla < O(ey/log(1/€)) by iterating Algorithm
Filter-Gaussian-Unknown-Mean from [DKK™16b]. We change the origin so that z/ = 0.

3. Let N be the filter that accepts when ||x||2 < \/2nlog(1/€).

4. For1 <t <k, let ]St be the rank-¢ tensor with i1, . . ., i, entry given by v/¢! times the result of asking
an SQ oracle for Ex ¢r[h(;)(X)] conditioned on N accepting to within precision ¢/ nt/2.

5. While ||P||p > eQ(log(1/€))"/? for some t,

e Let ' be the least ¢ such that || Py||p > eQ(log(1/€))!/2.

e Let A = Py/||Py|p. Let ha(z) = 32 o AiHe) (z)/+/t! For each positive integer T,
approximate ’

i1,
Pr [|ha(X)| > T +1]
X~G
until one is found that is at least

3exp(2 — Q(T)Y)) + ¢/Cn?

for a sufficiently large constant C. Let F be the filter that accepts when |ha(z)| < T + 1.

e Recalculate ﬁt, for all 1 < ¢t < k, where all expectations are conditioned /N and the filters F'
from all previous iterations.

6. End while.

7. For1 <t <k, compute the SVD of M (JBt), ]3t considered as an n x nf~! matrix, and let V; C R"
be the subspace spanned by all right singular vectors of P, with singular value more than e.

8. Let V be the span of V1,..., V.

9. Let S C V be a set of unit vectors of size | dim(V)|9d™(V)) such that for any unit vector v € V,
there is a v’ € S with ||[v — v'[|2 < 1/2.

10. For each v € S, compute the median m,, of vT' X, for X ~ G’, to within € /v/dim V' using bisection
and statistical queries to approximate the Pr[v” X < m] for m = u’ 4+ O(e+/log(1/¢)). (We don’t
need to condition on any filters here).

11. Find a feasible point fiy of the LP fiy, € V with [v7 1y, — vT'm,| < O(e) for all v € S.
12. Return fiy .

Using similar techniques to those used to express this algorithm in terms of Statistical Queries, we can

run Algorithm Filter-Gaussian-Unknown-Mean using poly(n/e) time and calls to STAT(O(e/poly(n))).
Note that we can approximate conditional expectations easily as a ratio of expectations approximated

by two SQ queries. Since, as we will show, our filters only throw away at most an O(¢) fraction of points,

we will not need to increase the precision beyond a constant factor to do this.

The algorithm needs approximate expectations to within e/n?(V1°8(1/)) o show that we can use the
oracle STAT (¢/(nIn(1/¢€))9V108(1/9)) to obtain this, we need to note that the distributions we approxi-
mate the expectations of are supported in an interval of length (n In(1/€))?(V1°e(1/€)) Thanks to the naive

pruning of Step only x with ||x]|2 < y/2nlog(1/€) contribute to these expectations. This suffices to show

that the maximum value of all polynomials we consider on any such x is at most (n In(1/e))°(V1og(1/e)),

We need to show the following for the filter step of our algorithm:

38



Proposition 7.12. The loop in Step E] takes O(n?*) iterations and all filters together accept with probability
at least 1 — O(e).

7.3.1 Proof of Proposition We now proceed with the proof. By standard concentration bounds, N
accepts with probability 1 — O(e). Let F” be the event that N and all filters F' from previous iterations
accept. We assume inductively that Prg/[F’] < O(e), and need to show that the same holds if we include
the filter F’ produced in the current iteration.

Let G = N(u, 1) be a Gaussian with dpy (G’ G) < e such that ||ulla < O(ey/log(1/e)). We write
G'|F’ for the distribution obtained by conditioning on F”. Since Pre/[F'] < Ce, we have that

drv(G'|F,G) < dpy (G, G) + dpy (G, G'|F') < (C + 1e .

Thus, for the first iteration, we have G/|F" = G + dpv (G'|F, G)E — drv(G'|F, G)L, for distributions E
and L with disjoint supports. B

For any iteration, we will write G'|F’ = wgG + wrpE — wr, L, for distributions £ and L with disjoint
supports, where wg + wr, = O(€) and wz = 1+ O(e). In the first iteration, we will take wz = 1 and
wp = wp, = dpy (GF,G).

We will need properties of the polynomials h 4 (z) for the analysis. In particular, we show the following:

Lemma 7.13. Given a rank-t symmetric tensor A over R", let ha(x) be as in Definition Then, we
have:

(i) Exono,nlha(X)?] = [|All7.

(ii) If B is a rank-t tensor with B; = Vt'Ex..p [He;)(X)], for a distribution P, then Ex p[ha(X)] =

(iii) We can recover A from ha(x) using \/tTAil,,..,it 9 .. _0 ha(z).

- 6% 69%

(iv) If O is an orthogonal matrix, then h4(Ox) = hp(x) for a symmetric rank-t tensor B with || B||p =
1Al 7

(v) If B is a rank-t tensor with B; = Vt!Ex.p [He) (X)), for a distribution P, and j > 0, v € R",
then Ex.p[He;(v- X)]/Vt! = B(v,...,v).

Proof. For (i), we first need to get an expression for the coefficients of each He,(z), since they appear
multiple times in ha(x) = > iero o1t AiH ec(a) (x)/V/t!. Let ¢*(a) be a function mapping a € 7%,y with
lalli = ttoie {1,...,n}, with ¢(c"!(a)) = a for all a. Since A is symmetric, the choice of ¢! does
not affect A.-1(,) for any a. Note that, for a given a, there are (al,f’an) = t!/n(a) possible i with c(i) = a.
Thus, we have:

ha(x)= Y AiHeq)(x)/VH!

i€{0,...,n}*

= Z t/n(a) - Aer ) Hea(x)/VH!
llafls=t

=S Ve A s ea).
llall1=t
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Now, by orthogonality of He,(x) with distinct a, we have that, for X ~ N(0, I), it holds:

Eha(X)?) = 3 t!/n(a)>- A2, ElHea(X)?]

llalli=¢

= 3 t/n(a)- A,

llalli=t

= Z A7 = || Al%
For (i1), we now have that

Exp[ha(X)] =1/Vtl- > AEx.p[Hes ()]
- ZAiBi .

For (iii), note that a with ||a||; = ¢, Hea(z) has only one monomial of degree ¢, which is [] z}*. Thus,

given i € {1,...,n}, there is only one a with ||alj; = ¢ and % e %Hea(x) # 0, which is a = ¢(i)
i1 it
and has
0 0 0 c
aﬂiil al‘it ec(l) ((L‘) 8xi1 8Iit 1;[‘7:3
= [I <)t = n(e(@)
J
Thus, we have
0 0

ha(x) = n(c(i)) - V!/n(a) - A1 (a)
= Vtl4; .

For (iv), consider the linear transformation of rank-¢ tensors O®?, which for our purposes can be defined as
the unique function such that (O®*A)(vy, ..., v;) = A(OTvy,...,0Tv;), for all rank-t tensors over R”, A,
and vectors vy ...v; € R™. Itis a fact that |O®* A||p = || A|| r. Now, we consider the ¢-th order directional
derivatives of a function f, V,,,---V,, f ( ) where Vug(x) = >, vi(%q( ). These can be expressed in
terms of the rank-¢ tensor F', with F; = ax - f( ), as Vi, ... Vy, f(x) = F(v,...v). We have
that, for all i,

8.%1 8371}5

0 0
8332‘1 6l‘it
= sz‘l o Veit hA(OX)
= VOTeil ce VOTeit hA(X)
= \/EA(OTeiI, ce ,OTeZ-t)
= \/tT(O®tA)Z

0 0
= 8xi1 . 8;pit ho@tA(a) .

ha(Ox)
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Since h4(Ox) and hpet o(x) are both multivariate polynomials of degree ¢, that these derivatives agree
means that the coefficients of all monomials of degree-t agree. We thus have h4(Ox) = hget4(x) +
p(x), where p is a polynomial of degree at most ¢ — 1. Since hpet 4(X) is a linear combination of Her-
mite polynomials of degree ¢, which are orthogonal to all polynomials of degree smaller than ¢, we have
EXNN(O,I) [hoot4(X)p(X)] = 0, and so
1= [|Allr = Exno,nlha(0x)?]

= Exno.nhosta(X)?] + Exono.nP(X)?] + 2Ex (0.1 [hosta(X)p(X)]

= 0% Al r + Exn(o,n[p(X)*] + 0

= 1+ Exn(o,n[p(X)?] -

Since Ex .y (0,n)[P(X)?] = 0, we must have p(x) = 0, and thus
hA(OX) = ho@tA(X) .

Taking B = O®! A gives (iv).
For (v), let O be an orthogonal matrix that gives a rotation mapping e; to v, a = {¢,0,...,0} and 77 be
the rank-¢ tensor with (1,...,1) entry 1 and every other entry 0. Then, we can rewrite

Hei(v-x) = Hey((0x)1) = Hea((0x)1) = Vilhy, (0x) = Vilhpsir, (%) .

For any i, we have

Thus we have O®'T} = v®!, the tensor with entries H§:1 v;,, and so

EXNP[Het(v . X)]/\/E = EXNP[hU®t(X)]

=S B[ v, = Bv,...v). (by (ii))
i 1

j=
This completes the proof. O

We write P or Gy for the rank-t’ tensor with entries \/ﬁE[hc(i) (X)], where X is distributed according
to G'|F' or G respectively. We know that || Py ||z > eQ(log(1/€)!'/2).

Lemma 7.14. When || Py||r > eQ(log(1/€)!'/2), we have |Ex . [ha(X)]| > €- Q(log(1/€))!/2.
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Proof. The assumption on the SQ errors imply that the corresponding entries of P and ﬁt/ are within
e/n''/2. It follows that N
||Pt’_Pt’”F§ t,!€.

Using Lemma (iii), we have
Ex~c[ha(X)] = Z Ai(Py)i
ie[n]t

=1/|Pllr- > (Po)i(Pr);

ic[n]t’

=1/|Plle- |12 % + Z (Pi)i(Py = P)i

ic[n]?

> ”f)t’HF - ||Pt/ — ﬁt’”F > Hﬁt’HF — Ve
> GQ(IOg(l/e)t//z)) — € IOg(l/e)t
> eQ(log(1/€)!/?) .

Lemma 7.15. E,_s[ha(X)] = O(ey/log(1/€))! and E_5[ha(X)?] = O(1).

Proof. Since forall a € Z% , Exn,nlHea(X)] = 0, we have Ex (o, [ha(X] = 0. By Lemma
@, Exono,nlha(X)?] = [A]f = 1.

We need to take these expectations under G = N (u, ) instead of N(0,I). Consider a rotation given
by an orthogonal matrix O that maps ||p[|2€1 to p. By Lemma [7.13] (i), there is a symmetric rank-¢ tensor
B with || B||p = 1 such that h 4 (OX) = hp(X). Now we have that

Ex~a'[ha(X)] = Exon(ufse,n)[ha(0X)] = Ex n(ufser,n) [PB(X)]

and similarly for 4 (X)?2.
Fora € Z%, with a # 0, writinga_; € Zgal for the vector dropping the first coordinate of a, we have

Ex N(julzer,n[Hea(X)] = Exono,nHea_, (X)Ex N (u)s,1) [H €a, (X))
= da_1,0Ex~n(0,1)[Hea (X + [[u]l2)] -
Note that there is only one index 7 such that ¢(7) is zero in all except the first coordinate, and so we have
Ey glha(X)] = Exon(ue;nhe(X)] = Bi. 1 ExonoyHed (X + [|ul2)/ V1] .
Since || B||r = 1, we have
Ex. alhs(X)]] < [ExononHeX + [lpll2)/vVH]
dHei

By standard results, we have that 7% (x) = iHe;_1(x), and so by Taylor’s theorem we have He;(x +
lrell2) = 3250 () lkllzHei—j(w). Thus,

t

5 () I oo (Her- i)

1=0

Ex~nn[He(X + |lpll2)]] =

= llell -
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This gives
1By alha(X)]| < llulls/VE! = O(ey/log(1/e))' V1!,
as required.
Similarly, we have, for all a, b € ZZ,

ExN(|ullzer,n) [ H ea(X)Hep(X)] = Exno,n[Hea  (X)Hen  (X)Exn(|ullo,1) [H ear (X) Hep, (X)]
= da_sb_; - Exonon[Hea (X + [[pll2) Hep, (X + [[ull2)] -
When ||al|; = ||b|ly =t,ifa_; = b_1,thena = b (since a; = by =t — ||al|1). For 1 < j <, we have:

2

j .
J i
EXNN(O,I)[Hej(X + HMH2)2] =Ex N0, (Z <z> HN”2Heji($)>

1=0

-\ 2
J i
(7) Wl B oo e,

AN
(7) g

ull3* (37 (G = 0)1)? /!

M- 1

~
I
o

M- 1M

IN

|2z

|pll375% /4!

<.
I
o

IN
I\

'MQ.
[\
£

s
Il
=)

(since ||plle < 1/2k < 1/27)

<3.
Putting these together, for a, b with ||al|; = ||b]|; = ¢, we have
‘EXNN(HMHQel,I)[Hea(X)Heb(X)]‘ < 35ab .

The sum of squares of coefficients of all Heq () in hp(X) is Ex.un(0,1)[hB(X)?] = | B||r = 1, and so we
have that EXNN(||M||2€1J) [hB(X)2]| < 3. Finally, recall that EXNg[h(A)Q] = EXNN(||;L||261,I) [hB (X)QH,
and so this is O(1), as required. O

Now consider the equation
Ex~a[ha(X)] =wgEx _glha(X)] + wpEx~plha(X)] — wrEx~p[ha(X)].

We know that the LHS is Q(elog(1/€)!/?) and that the first term on the RHS is smaller. Therefore, one
of the last two terms is small. Since wyL < é we will use standard concentration inequalities to show
that wrEx.p[ha(X)] is O(elog(1/€)!/?). If we cannot find a filter, then wpE < G’ must satisfy similar
concentration inequalities, which would imply that wpE x g[ha(X)] is O(elog(1/€)!/?). Since some term
on the RHS must be bigger than this, we can find a filter.

Lemma 7.16. For X ~ N(0,1), if p(x) is a degree-d polynomial with E[p(X)?] < 1, we have that

Pr(|p(X)| = T + E[p(X)]] < exp(2 — T)*%)) .
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Lemma 7.17. We have that wi|Ex~p[ha(X)]| < e- O(log(1/€))!/?).

Proof. We start with the following claim:

Claim 7.18. Forany R > 0,d € Z,, € > 0, and exp(—(a/R)*?) = €, we have
/ exp(—(T/R))TdT < (d*/2)e(d +In(1/e))*" .

Proof. Note that (a/R)?/% = In(1/€). First, we change variables to 2 = (7'/R)?/¢ to obtain

/ exp(—(T/R)Y)TdT = / exp(—:r)xd/zd—de
In(1/¢) In(1/e) dz
= / exp(—z)2¥? - (Rd/2)zY?dx
In(1/¢€)
= (Rd/2)/ exp(—z)z? tdx
In(1/¢€)
We can now integrate by parts
/ exp(—z)z¢ tdr = eln(1/e)¥ 1 + (d — 1) / exp(—z)z? 2dx |
In(1/¢) In(1/¢€)
By a simple induction, we have
0 d—1 ‘
/ exp(—z)x? tdz = eZdl/(d — )n(1/e)d=I=1)
In(1/¢€) =0
Now we have
0o d—1 A
/ exp(—(T/R)*)Tdt = (d/2)e Y _d!/(d — j)!In(1/e)(*7~1)
a §=0

d—1

< (d/2) exp(—(a/R)**) Y d In(1/e) @77
7=0

< (d?/2)e(d + In(1/€))* " .
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Let iy, = Ey_z[ha(X)]. We have the following sequence of inequalities:

wiBxpa(X)7 = [ Twy P 1a(X)] > TlaT

< /OOTmin{wL, Pr [|ha(X)| > T)}dT
0

~

< /OO T min{wy,, exp(2 — Q(T — pp)*/*))}dT
0

< /OO T min{wg, exp(2 — (T — ps)/R)**))}dT (for some R > 0)
0

a /OO (T + pp) min{wy,, exp(2 — (T/R)*/*))}dT
—pn

— [ @ monar+ [ expl2 — (/RPN + )t
~Hh ¢
(where ¢ = (RIn1/wz)"/?)

< wplet m)/2+ e+ m)fe- [ exp(—(T/RP/)TaT
< wpO(n(1/wy))’ + O wy, (¢ +In(1/wg))" )
< e On(1/9))" |

where the last line follows from ¢’ < k = O(y/log(1/¢)) < O(log(1/€)). Then, by an application of the
Cauchy-Schwarz inequality, we have that

wr|Ex~pha(X)]] SwrEx~p[[ha(X)[] < \/w%EX~L[hA(X)]2 < e O(log(1/€))"/?).
This completes the proof of the lemma. O

Lemma 7.19. If Prx.c/ p[|ha(X)] > T + 1] < O(exp(2 — QT %) + €/ (2n)?"), for all integers T,
then wE‘EXNE[hA(X)” < O(e ln(l/e)t//Q)‘

Proof. Since F” includes the filter M, we have that the support of G| F” and the support of E includes only
x with [|z]|2 < /2n1n(1/e):
Claim 7.20. When ||z||2 < \/2n1In(1/€), then |ha(x)| < (2n+/In(1/€))".

Proof. Note that t' < k < /2nlog(1/e€). Using the explicit formula for the coefficient He;(x), we can
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show that for |z| < /2n1n(1/e), with k > i, the He;(z) is dominated by its leading coefficient:

li/2)
|Hei(x)] = | Y il(=1)72 = /51(i — 25127

<Y jN(3/2) x|
< 3 3/2Y (VanIn(1/e)

li/2] o
> (2nlog(1/e)) =/

IA

7=0
2. (nlog(1/€))"? .

IN

Therefore, for any a € Z%, with ), a; = t, and [|z(|2 < /2nlog(1/¢), we have that

|ha ()]

[[1Hea (2)/Vaill
i=1

2\/nlog(1/e)ai
2¢/nlog(1/e))" .

Since ||A||z = 1 and A has n! entries, the Li-norm of the entries is at most nf/2. Thus, we have that

|ha(e)] < n'/? - (2¢/nlog(1/e))" = (2n+/log(1/e))". H

We note that since

IN
s

Il
—_

—_— .

<

G PrIBa(X)] 2 T4 1) < Ofexp(2 — (T)) + ¢/ (20)*)

for integers 7', that

W Br IBa(X)| 2 T 42) < Ofexp(2 — (D)) + ¢/ 20)*) .

forall T'.
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Similarly to the proof of Lemma/7.17] we obtain:

wpExp[ha(X)?] —/ Twg Pr [[ha(X)| > TldT
0 ~

(2n+/Iog(1/))"
- Twg Pr [[ha(X)| > T)dT

(2n4/log(1/€))*

IN

Tmin{wE,XP%/HhA(XN > T)}dT

(QH\/W)t ’
T min{wg, O(exp(2 — QT — 2)*/") + ¢/Cn*")}dT

(2n4/log(1/€))t—1 ,
(T + 2) min{wg, O(exp(2 — (T/R)*/*) + ¢/Cn?*')}dT

IN

INA
T o— o— o—

-2

(2n4/log(1/e€))? c

O(Te/(2n)*")dT + / (T + 2)wgdT
-2

(VAN
S—

+(c+1)/c- /OO O(exp(—(T/R)¥*)\TdT (where ¢ = (RIn1/wg)!/?)

= (2nV/log(1/6))** - ¢/ (2n)*" + O(wpc®/2) + O(*wp(t' +In(1/wg))" ")
<e-(4log(1/e)' + wg - O(In1/wp)
< e-O(log(1/e))" .

Then, by the Cauchy-Schwarz inequality, we conclude that

wp|Ex~pha(X)]| < wpEx pl[ha(X)]] < \/W%Exw[hA(X)P < e-O(log(1/e€))"* .
This completes the proof. O
As an immediate consequence, we obtain:

Corollary 7.21. There is an integer 0 < T < O(ny/log(1/€)) such that

. Pgw/[\hA(X)\ > T + 1] > 3exp(2 — UT)¥Y) + 2¢/Cn? .

We can now prove the following crucial lemma:

Lemma 7.22. The algorithm finds a T with

WP BA(O] 2 T 4+1] < exp(2 = T)) +¢/Cn

Proof. By Corollary [7.21] such a T exists, and therefore our algorithm will find one after enumerating
O(n+/log(1/€))! possibilities. O

Let F be the event that the new filter accepts. In the next iterations, we will use G’|F’ N F instead of
G'|F’. We need to show that the parameters wx, wg and wy, improve in such a way that we only need a
bounded number of iterations:

Claim 7.23. We can write G'|F' N F = w'éé + Wi B — w} L', where L' and E' have disjoint supports

why,w) > 0 and wly + w), < wg + wr, — ¢/Cn®'. The probability that the filter rejects is at most
O(wg +wr, — w}; — wj:)
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Proof. This proof is very similar to that of Claim 26 from [DKS16b]. Let —=F' be the event that the filter
rejects, i.e., that [h4(X)| > T + 1. We have that Prey p [~ F] > 3exp(2 — Q(T)?/%)) + ¢/Cn?". On the
other hand, by the concentration inequality, Pr5[—F] < exp(2 — Q(T)%/%)). Thus, we have that

Pr [~F] > 3Pr[~F] +¢/Cn?" .
G'|F'! a

However, the defining relation between G'|F’ and G, Eand L yields for the event —F' that

GP,"?,[—'F] > wg Pér[ﬂF] +wg f;r[ﬂF] —wg E;Jr[ﬂF] .

Since

Pr [F] < wx Pr[~F Pr[-F
G/l}g,[ | < wg Pr[=~F] + wg Pr[=F],

andwgy < 1+ O(e), we must have

Dr [FF] < 2+ 00w Br{-F].

and

Pr[=F] < (1/3+ O(e))wg Pr[~F].

Then, we get that
(1 _ pr [ﬁF]> G'|F'(z) = (1 _ P;r |F’[—|F]> (G|F' 1 ~F)()

= wéé(x) +wg <1 - lzjr[ﬁF]> E(x) 4+ wp <1 - lzr[—'F]> L(z) —wg IZ}"[—'F]CN?(:U) .
Thus, we have
wy, (1 — PrL[—'F]) — wé PI‘GV [—\F]
1 — Prp[-F]

wy, =
<wr+ (1+0(e)) 1(3;}"[—'17] +0 <ef1’3r[ﬂF]>

<wr+ (1/3+ 0(€)) wg I];r[ﬁF] +0 (GGP’)};’[_‘FD .

Also we have
wWEg (1 — PrE[—!F])
1-— Pr(;/u:v [—|F]

wy =
<wg <1 — Pr[—F]) +0 <e Pr [—|F]> .
E G'|F
Thus,

wr, +wp —wj, —wy > (2/3 — O0(e)) wg lzr[ﬁF] -0 (el}th])

> (1/3 = O(¢€)) Pr [-F] > ¢/Cn?" .
G'|F'
Note that the penultimate inequality also gives that

GE‘?,[_\F] < (34 0(¢) (wr, + wg — wj, — wh).
This completes the proof. O

Proposition now follows using induction on the iterations.

48



7.3.2 Completing the Proof of Correctness
Lemma 7.24. dim(V) < O(log(1/€)).

Proof. After leaving the filter loop, for all 1 < ¢ < k, we have that ||P,||r < eO(log(1/€))!/2. M(P,) has
the same Frobenius norm, and thus the Lo-norm of its singular values, when considered as a matrix. Thus,
there are at most O (log(1/¢))*/? singular values bigger than e. So, we have that dim(V;) = O(log(1/¢))!/?,
and so dim(V) < S2F_ dim V; < O(log(1/e)). O

Let py be the projection of p onto the subspace V. Now we can show using our moment matching
lemma that it suffices to approximate /.

Lemma 7.25. We have that ||y — ull2 < O(e).

Proof. Letv = (uy — p) /||y — p|2- Note that v is a unit vector perpendicular to V' and we need to show
that v ;1 < O(e). We will apply Lemma to G”, the projection G’ conditioned on the event that all the
filters we produced accept F”, onto v. Note that G'|F’ has dty (G, G’'|F’) < O(e), and so we have that
dry (G”, N(0,vT11)) < O(e). We can bound the expectation of the Hermite polynomials as follows, for
1<t <k

[Ex~or[Hel(X)/VH]| = [Ex~cr[He(v - X) V| = [P(v, ..., v)]
= [T M(P*)v| < 0™ 2| M (P*)vll2
<1-0(e) .

On the other hand, we have EXNN(Ovl)[Het(X)/\/ﬂ] =0,forl <t <k Fort=0,He/ (X)/Vt! =1,
which has expectation 1 under both G” and N(0,1). We want to consider the difference in the expec-
tations of X, for 1 < t < k. We can write o' as a linear combination of Hermite polynomials, 2! =
Z;ZO a;He;(z)/v/i. Using the orthonormality of these polynomials, we have that Ey N [(X 02 =
>~; a?. On the other hand, by standard results, E x..n(0,1)[(X")?] = 2¢!. Thus, we have:

[Ex~cr[X'] = Exonon[X

Z (EXNG” Hel( )/\/>] EX~N01)[H61( )/\/;‘])‘

Note that for ¢ > 10, v/2!t! < (¢t — 1)!/t. Thus, there is a constant ¢ > 0 such that this O(¢) - /1 - V2!

is smaller than (¢t — 1)!cte/t, for all 1 < t < k. Now we can apply Lemma[7.1] with § = ce and obtain

that [vT 1] < O(8) = O(€). We need to set k to be a sufficiently high multiple of e1/In(1/¢) to make this

work. O
It remains to analyze the rest of the algorithm and show that iy, it produces is close to jiy/.

Lemma 7.26. We can construct a set S C 'V of unit vectors of size dim (V)0 (dim(V)

vector v € V, there is av' € S with ||v — v'|| < 1/2, in time dim(V)O(dim(V),

such that for any unit
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Proof. Let £ = dim(V'). We will construct such a cover for R’ and translate that to V' by using the or-
thonormal basis for V' given by the right singular vectors of M (P;) with singular values bigger than e. We
can divide the cube [—1, 1] into £°) cubes of side length 1/(2+v/7). For each cube, we check if it has
a corner with Lo-norm > 1 and a corner with Ly-norm < 1. If it does not, it does not contain any unit
vectors so we can ignore it. If the cube does contain any unit vectors, then if its center is v, we add the
normalized vector v/||v||2 to S. Since there is a unit vector v’ in the cube, and all vectors in the cube have
|v" = v|l2 < VE||[v' = v]|oo < 1/4, we have |||v]|2 — 1| < 1/4, and so ||v — v/|[v|2]]2 < 1/4. Thus, for any
unit vector v’ in this cube, we have ||v' —v/||v||2|l2 < 1/4+1/4 < 1/2. Since every unit v’ is in some cube
whose normalized center we added to S, we are done. OJ

Firstly, we note that in order to approximate v’ 1, it is sufficient to find an = with Pry .c/[vT X > 2] =
1/2+ O(e):

Lemma 7.27. Forall x € R with | Prx..q[vT X > ] — 1/2| < 3¢, we have that vy — x| < O(e) .

Proof. First note that the pdf of G projected onto v has G(z — v ) > 1/2 for all & with |z — 0T | < O(e).
Supposing that [z — v” | > 8¢, we have that | Pry,_s[v"X > 2] — 1/2| > 4e, and so | Pryc/[v? X >
1‘] —1/2’ 246—dTv(G/,G) 236. ]

To show that we can find such a point by bisection, we need to show that there is an interval of such
points of reasonable length where we are looking for them:

Lemma 7.28. Given a unit vector v € R", there is an interval [a, b] such that
e forall x € [a,b), we have that | Prx . [vT X > 2] — 1/2| < 2¢,
e b—a=0(e),

e and |al,|b| < O(ey/log1/e).

Proof. We can take [a, ] to be the set of z with | Pr,._s[v" X > z] —1/2| < e. This is an interval since
Pr. &' X > ] is monotone. All z in it have |Pryx c/[vTX > z] — 1/2] < e + dry (G, G) < 2e.
Thus, by the previous lemma, [b — v” |, |a — vT'u| < O(e) and thus |b — a| < O(e), and since |v” p| <

O(eq/log 1/¢), we have that |a|, |b] < O(e/log1/e). O

Thus, we obtain:

Lemma 7.29. Given a unit vector v € R", we can find an m,, with [vT p—m,,| < O(¢) using O(loglog 1/e)
statistical queries of precision €/2.

Proof. We use bisection to find a point where our SQ approximation p to Prx g/ [v? X > z] is within 5¢/2

of 1/2. If we find such a point, it has [v”x — m,| < O(¢), by Lemma Lemma yields that there
log(1/e)

is an interval [a, b] of length O(e) containing such points in the interval |z| < O(e ). Indeed, if
our test point x has p > 1/2 4 5¢/2, then xz > band if p < 1/2 — 5¢/2, then < a. Thus, [a, b] remains a
subinterval of the interval we are considering. O

We now have that y, is a feasible point of the LP considered in Step[I1] The following lemma completes
the proof:

Lemma 7.30. Any feasible point of the LP considered in Step |l 1} piy has ||py — gy |2 < O(e).
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Proof. Consider the vector v = (uy — fiy)/||py — pv||2. Note that v is in V, since pc, iy are. Since
v is a unit vector in V, there is a v/ € S with |[v — /|2 < 1/2. Since fiy is a solution to the LP,
T (uy — fiv) < O(e). Thus, we have that

lnv = fivll2 = o* (nv — fiv)
=" (pyv — fiv) + (v = o) (p — fiv)
< 0(e) + [lpv — avl2/2 .

Therefore,

wy — iy |l2 < O(e), as required. O

Proof of Theorem Since the LP has a feasible point, we can find such a point iy that has || uy — iy ||2 <
O(e). By the previous lemma, we have that ||y — u||2 < O(e). Thus, the algorithm is correct. All statistical
queries are of the claimed precision. We need to get bounds on the running time and number of statistical
queries.

Step [2| that uses the algorithm from [DKK™16b], takes poly(n/¢) time and statistical queries. Finding
P, foreach 1 < t < Fk, takes n' statistical queries, giving n° (k) time total. There are at most O(n2)
iterations of the loop. Each iteration takes poly(n/¢) time and statistical queries to find T, and n’ statistical
queries to recompute P;. It suffices to compute the SVD to within Frobenius norm 1/poly(n,/¢), which takes
time poly(n/e). The set S has size dim(V)O@m(V)) = Jog(1/e)kOUoe(1/e))* — 9log(1/)°™  Computing it
takes time 2108(1/9°") Approximating the medians takes 2'°8(1/ 9™ statistical queries and time. The LP
has 21°8(1/9°" constraints and log(1/€)9%) variables. The size of the LP is 218(1/ 9% bits, and so with a
polynomial time LP solver, we can get 2°8(1/0°" time.

We thus have that the total time and statistical queries are both at most

nCWpoly(1/e) 4 208(1/%M — [0(V10g(1/) 4 glog(1/e)7VIer/)

Acknowledgements. 1.D. would like to thank Andy Drucker for useful discussions on Question (1.1
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Appendix
A Sample Complexity Upper Bound for Learning GMMs

In this section, we show that learning a k-mixture of n-dimensional Gaussians to variation distance error e
is easy information theoretically. In particular, we have:

Theorem A.1. Given ¢ > 0 and positive integers k and n, there exists an algorithm that, given a probability
distribution P which is a k-mixture of n-dimensional Gaussians, takes O(n?k>log?(k)/€®) samples from P
and with probability at least 2/3 returns a distribution Q with dtv (P, Q) < e.

Note that the algorithm given in Theorem [A.T| will not be computationally efficient.

The basic idea of Theorem [A.T| will be to make many guesses as to the mixture, at least one of which
is close, and then run a tournament to find the true answer. We approximate the mixture by first guessing
approximations to the weights and then approximating each individual Gaussian. If we had polynomially
many samples from a single part of the mixture, it would be easy to learn:

Lemma A.2 (Folklore). Let G be an n-dimensional Gaussian, and let § > 0. There exists a polynomial
time algorithm that, given O(n?/5?) independent samples from G, returns a probability distribution P so
that, with probability at least 2/3, dry (G, P) < 0.

Note that we can easily improve the success probability in Lemma[A.3|to 1 — ¢ at the cost of multiplying
the sample complexity by log(1/4). In particular, we have:

Corollary A.3. Let G be an n-dimensional Gaussian, and let € > 0. There exists a polynomial time algo-
rithm that given M independent samples from G returns a probability distribution P so that with probability
at least 1 — exp(—Q(Me?/d?)), we have drv (G, P) < e

Unfortunately, we cannot simply run this algorithm for each component in our mixture, since we do not
know which samples come from which component. However, if we manage to correctly guess where each
sample comes from this will not be an issue.

Proposition A.4. Given € > 0 and positive integers k and n, there exists an algorithm that given a proba-
bility distribution P, which is a k-mixture of n-dimensional Gaussians, and ©(n*k? log(k)/€3) independent
samples from P, returns a set of exp(O(n?k3log? (k) /€®)) distributions Q; so that with probability at least
2/3 there exists an i so that dry (P;, Q;) < e

Proof. If our algorithm is given N samples, it will return a ¢; for each function f : [N] — [k]. Intuitively, f
encodes our guess as to which sample came from which component of the mixture. Note that there are only
exp(N log(k)) many such f’s.

The algorithm is quite simple. Let s1, s2, ..., sy be our samples, and let S; = {s; : f(j) = i}. Letting
A be the algorithm from Corollary [A.3|with § taken to be €/(10k), we let

Q= 2 (B s

We claim that at least one of these works with probability 2/3.

In particular, let P be the mixture Zle w;G;. Consider the case where f correctly guesses which part
of the mixture each sample was taken from. In particular, f(i) = j if and only if s; was taken from G;. We
claim that, with probability at least 2/3, this choice of f leads to drv (Qy, P) < e. We will henceforth use
S, to denote the set of samples actually taken from the i*" component of the mixture.
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Firstly, note that by standard concentration bounds, we have that ‘ 15 — w;

probability at least 9/10.

Secondly, note that after conditioning on which samples of P were taken form which part, the samples
themselves are independent samples from the appropriate GG;’s, that with probability at least 9/10 we have
that dy (G, A(S;)) < €/(10k) for all i with |S;| > n?k?log(k)/€>.

We claim that if both of the above conditions hold (which happens with probability at least 2/3) that
drv(P,Qy) < e. Letting S be the set of indices ¢ so that w; < €/(5k), we note that for ¢ ¢ S that
|Si| > n2k?log(k)/e®. We then have that

< €/(10k), for all 4, with

1< Bl
drv(P,Qy) = 2ZwZG Z( )
1
1 ¢ E
< 2; w; G — <N> A(S)) )
1< 1SN 1< 15|
§§Z wi—<]\;>'+2i§:;max<wi7<]\;>>|Gz’_A(Si)‘1

=1

<e/20 4+ % S (wi + ¢/ (10k)[G: — AGS) + 3 dev (Gi, A(S)
ies iZS

< ¢/20 + % > " 3¢/(10k) + > " €/(10k)
ies igS

< €/20 + 3¢/20 + €¢/20

<E€.

This completes the proof. O

Theorem now follows immediately form a standard tournament argument (see, e.g. [DLO1,IDDS12b]).

B Sample Complexity Upper Bound for Parameter Estimation of Separated GMMs

Next we consider the more complicated task of parameter estimation. In particular, given samples from a
distribution P = Zle G, where each G; is a weighted Gaussian, we would like to learn a distribution
Q that is not only close to P but that can be written as Q = Zle H; with |H; — G}|1 small for all 1.
Now, in general, this task will require number of samples exponential in k, simply because there are pairs
of mixtures that are €*(*)_close in variation distance and yet e-far in terms of their individual components.
However, we will show that if the components are separated, this cannot be the case and thus learning the
distribution in variation distance will be sufficient.

Before we begin, we need to clarify our notion of separation. Given two pseudo-distributions, p and g,
we define their overlap as V (p, ¢) := [ min(dp, dq). We should note that if p and ¢ are honest distributions,
then dtv (p,q) = 1 — V(p, ¢). We have the following theorem:

Theorem B.1. There exists a constant C so that if we have two mixtures p = Zle G;and q = Zle H;,
where p and q are normalized distributions with H;, G; weighted Gaussians, such that drv (p, q) < (6/k)¢
for some sufficiently small § > 0, and so that for any i # j, V(G;,G;),V (H;, H;) < (6/k)C, then there
exists a permutation 7 : [k] — [k] so that ||G; — H;)l[1 < 6 for all .

We begin by producing a proxy for the overlap between distributions. In particular, for pseudo-distributions
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p and g, we define
h(p,q) = —log </ \/dpdq> :

Notice that if p and ¢ are true distributions, this is related to the Hellinger distance by H(p,q) = 2(1 —
e‘h(p"I)). We also note the relationship to the overlap:

Lemma B.2. If p and q are pseudo-distributions with L1 norm at most 1, then

V(p,q) = exp(=O(h(p,q)) + O(1)) .

Proof. On the one hand, there is an easy upper bound

V(p,q) = / min(dp, dq) < / Vdpdg = exp(—h(p, q)).

The lower bound is by Cauchy-Schwarz
1/2

exp(~h(p.0) = [ /s §< / min(dp,dq>)1/2< max(dp,dq>> < Vg,

This completes our proof. O

Ideally we would like to show that & is nearly a metric for Gaussians. Namely that h(A,C) =
O(h(A, B) + h(B,C)). This would imply that H; could not have large overlap with more than one G},
since if V(H;,G,) and V (H;, G) were both large, then h(H;, G,), h(H;, G) would be small and there-
fore, h(G,, Gy) would be small. This would contradict our assumption that G, and G} have small overlap.
Unfortunately, this is not true. In one dimension, a very wide Gaussian may have non-trivial overlap with
two narrow Gaussians with widely separated means, neither of which overlaps the other substantially. We
will need to develop techniques to deal with this circumstance.

To do this, we introduce an intermediate notation. If G; = w; N (u;, %;) are weighted Gaussians, we
define

hs(G1,G3) := h(N(0,%1), N(0,32)).

This is useful because it does satisfy an approximate triangle inequality.

Proposition B.3. For I, G, H weighted Gaussians, we have that
hg(F, H) = O(hg(F, G) + hg(G, H))
Before we prove this, we will first need to find an approximation to hy,.

Lemma B.4. If G and H are weighted Gaussians with covariance matrices A and B respectively, then

hE(Gﬂ H) =0 <2)\ eigenvalue of B—1/2AB~1/2 min(’ log()‘)‘a ‘ log()‘)|2)) :

Proof. By making an appropriate change of variables, we can assume that H has identity covariance and G
has covariance B~Y/2AB~1/2, Thus, it suffices to consider the case where B = I. In this case, we may
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diagonalize A to get A = diag(\;). We then have that

= —log <(27r)”/2 ﬁ)\;wl /exp <— Zn::c?/Q(l/(Q)\i) + 1/2)) dx)
i=1

=1

— —log (ﬁ A A;l)/2)1/2>

i=1
= log(Ai)/4+1log((1+A;71)/2)/2.
i=1
We claim that
log(A)/4 +log((1 + A™")/2)/2 = ©(min(| log(X)], [log(N)[*)).
To see this note that when A = 1 + ¢ for small values of ¢, the left hand side above is
(e/4 — €2/8 4 O(€®)) + (—¢/4 + 3¢/16 + O(€)) = €2 /16 + O(®) = O(?).

On the other hand, when A >> 1, this is asymptotic to | log(\)|/4, and when A < 1, it is similarly asymptotic
to — log(\) /4. Finally, since it is easily verified that log(\)/4+1og((1+A~1)/2)/2 is never O unless A = 1,
this proves the claim, from which our lemma follows easily. O

We will also need the following fact about eigenvalues of a product of matrices:

Lemma B.5. Let A and B be symmetric matrices with eigenvalues vi > vy > ... > v, > 0and 1 >
Ho > ... >y > 0, respectively. Let \y > Ao > ... > Ao > 0 be the sorting of the v; and p; together.
Let M be a matrix with MT M = A. Then, the k' largest eigenvalue of MT BM is at most )\i.

Proof. We need to show that there is an (n — k + 1)-dimensional subspace V so that for v € V' we have
that vAY/2BAY2y < )\i|v|2. Suppose that A1, ..., A\p_1 contains m of the v; and k — m — 1 of the y;. Let
V be the subspace of vectors v so that v is perpendicular to the top m eigenvectors of A and so that A1/
is perpendicular to the top m — k — 1 eigenvalues of B. Then

vMT BMuv < X\g| Mol = MwAv < X |v|%
This completes the proof. O
We are now ready to prove Proposition

Proof. Let F,G, H have covariance matrices A, B, C respectively. Let ¥; = A~1/2BA71/2 %, =
B~12CB~1/? and X3 = A~V2CAT?2 = (A~Y2BY2)%5(BY2A~1/2). Let the eigenvalues of ¥; be
A§’) > )\;Z) > .. > A\ > 0. Let f(2) = max(0, min(log(z), log?(z))). We have by Lemmaﬂthat

hy(F,G) = © (Z FOM) + f(l/AE”)) :



On the other hand, Lemma says that )\53) is at most the square of the i’ largest of the /\5-1) and A§-2).

Therefore,
S o =o0 (Z O+ f(A?))) :
i=1 i=1 i=1

Similarly, by considering the inverses of these matrices, we find that

Zf 1/AY (Zf 1/A) + Zf(l/A£2>>> -

Together these complete the proof. O
In addition to this, we need to know what else contributes to h(G, H). We define
hu(G,H) = h(G,H) — hx(G,H).
We make the following claim:
Proposition B.6.
hy(wiN (p1, 51), w2 N (p2, 52)) = =1/2log(wiwz)+inf ((x—p1) 57 (2 p) + (@ —p2) X3 (x—p12)) /4.
Proof. We have that
h(wiN (p1, 21), wa N (p2, X2))

— — 1/2log(wyws) — log ( / (2m) /2 (det (21 52)) " exp(—((@ — ) E1 (= ) + (0 — p2) 25 (2 — M2))/4)dw>

Letting 20 achieve the minimum value of ((z — u1)X7 (x — p1) + (z — p2) X5 (@ — p2)) /4, this is
—1/2log(wiws) + (w0 — p1) X7 (w0 — p1) + (w0 — p2) By ' (w0 — p12)) /4

+ log </(27r)”/2(det(2122))1/4 exp(—(z — 20) (ST + 25 ) (@ — xo)/él)d:r) .

Noting that the term at the end is simply hx (w1 N (@1, 21), wa N (p2, 32)) completes the proof. O
We need one further proposition from which Theorem [B.T|will follow easily.

Proposition B.7. Under the assumptions of Theorem [B.1| for each i there exists at most one j so that

WGy, Hj) > (6/k)VC
To prove this, we will need one further lemma:

Lemma B.8. If h(G;, Hj) > (6/ k:)\@ with ¥ and X the covariance matrices of the corresponding
Gaussians, then for A a sufficiently large constant (independent of C) Y < AYg.

Proof. Suppose for sake of contradiction that this is not the case. By making a change of variables, we can
assume that ¥.i; = I. This means that X has some eigenvector v with eigenvalue less than 1/A. Let H' be
H; translated by C/*,/log(k/§) in the direction closer to the mean of G;. We have that

h(H;, H') = h,(H;, H') = ©(AVClog(k/5)).
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Therefore, V(H;, H') = (6/k)¥AVC) _On the other hand,
h(Gi, H') = hs(Gi, H') + h,(Gi, H')
< hs(Gi, H) + O(VClog(k/5))
< h(Gi, H) + O(VClog(k/5))
= O(V/Clog(k/9)).
This means that V (G, H') = (6 /k)°(VC

This means that p = ), G/ has V(p, H’) (6/k)O( V) and since p s close to ¢ = ), Hy, there must

be some ¢ so that V (H', Hy) > (5/k)°(VC). Note that £ here cannot be j. On the other hand, this implies
that

h(Hj, H) = hx(Hj, He) + hu(Hj, He)

hsy(H', Hy) + O(h,(H', Hy) + AVClog(k/5))
O(h(H', Hy) + AV Clog(k/9))

= O(AVClog(k/d)).

IN A

Therefore, V (Hy, Hj) = (6/ k:)O(A‘@), which for C' >> A? contradicts our assumptions. This completes
the proof. O

We are now prepared to prove Proposition

Proof. Suppose for sake of contradiction that V' (G;, H;), V(G;, Hy) > (5//{:)‘@ for some j # ¢. Then, by
Lemma@ we have that all of the covariance matrices of G;, H;, Hy are comparable to each other (namely
each is no more than a constant multiple of any other). We claim that this implies that h,(H;, Hy) =
O(hyu(H;,G;) + hy(Hy, G;) ++/Clog(k/8)). This is because, letting X; be the covariance matrix of G,
and letting wg = |Gi|1,wy = |Hjl1,wly = |Hy|1, we have the following: First, each of wg, wy, wy =
exp(O(v/C'log(6/k))), because each distribution has large overlap with some other. Next, we have that

hu(Gi, Hy) = O(v/C'log(6/k)) + inf O((z — pe,)Y6(* — pe;) + (¢ — puy) Xe (@ — pm,)

= O(VClog(3/k)) + O((ng, — pa,)Sa (e, — p;))-

Similarly,
hu(Gi, Hy) = O(VClog(8/k)) + O((ua, — na,)Sa(pa, — i),

and
hu(Hj, He) = O(VClog(8/k)) + O ((pm; — ) Sc(um; — poa,))-

This implies that

hN(Hj7 Hg) = O(hM(Hj, G) + hu(G, Hg))

Therefore, we have that

h(Hj, He) = hx(Hj, He) + hu(Hj, He)

hs(Hj, G) + hy(Hj, G) + hs(G, He) + hyu (G, Hy))
h(H;,G) + h(G, Hy))

log(1/V (Hj,G)) + log(1/V (G, Hy)))
VClog(k/s)).

o(
= 0O(
= 0O(
=0(C
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However, this implies that V (H;, H;) = (6/ k)OVO) 3 contradiction.
This completes our proof. O

We are now ready to prove Theorem

Proof. For each G; that has overlap more than (§/ k:)\@ with some Hj, let 7(4) be that j. For other 7, define
(1) arbitrarily subject to 7 being a permutation.
Note that V (G, Hj) < (6/k)VC for any j # 7(i). Also note that

V(Gi,q) = V(Gi,p) — lp—ql1 = |Gily —2(5/k)C.
On the other hand,
J
<V(Gi, Hy)) + Y VI(Gi, H))

J#m (i)
< V(Gi, Hriy) +0/3.

Therefore V (G, Hy(;)) > |Gi1 — 0/2. Ttis also at most |G| — 0/2. On the other hand |G; — H ;)1 =
|Gil1 + [Hyrylt — 2V (G, Hy(iy) < 6. This completes the proof. O
C Testing the Mean of a High-Dimensional Gaussian

Theorem C.1. There exists an algorithm that given k = O(\/n/€*) samples from an n-dimensional Gaus-
sian G = N(u, I) distinguishes between the cases

o =20
o [[ull2>€
with probability at least 2/3.

Proof. The tester is fairly simple. Let X; be the " sample, and let

1 n
—\/E;Xi.

The algorithm returns “YES” if | Z|2 < €2k/2 4+ n and “NO” otherwise.

To show correctness, note that Z is distributed as N(uv/k, I). If u = 0, then |Z|3 has mean n and
variance O(n), and so is less than n + €2k/2 with probability at least 2/3, assuming that k is a sufficiently
large multiple of \/n/e?. On the other hand, if ||u||2 > €, we note that |Z|3 has mean n + k| u|3 and
variance O(n) + O(Vk||p||2). Thus, if k||u||3 > \/n, the algorithm rejects with probability 2/3. Again,
this happens if ||u||3 > € and k is a sufficiently large multiple of \/n/¢>. O

We also note that this tester can be implemented in the SQ model simply by verifying that each
coordinate-wise median has absolute value less than €/+/n, which can be verified by showing that Pr(z; >

0) = 1/2+ O(e/ V).

We also show that the tester above is sample-optimal, up to a constant factor:

Theorem C.2. There is no algorithm that given k = o(y/n/€*) samples from an n-dimensional Gaussian
G = N (p, I) distinguishes between the cases
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e =20
o [[ull2>€
with probability at least 2/3.

Proof. Suppose for sake of contradiction that such an algorithm does exist. Consider the following scenario:
Let u be taken from the distribution N (0, (2¢/4/n)I). Note that ||u||2 > € with probability at least 9/10.
Let Y7,Y5,. .., Y} be independent samples taken from N (u, I). Andlet Z1, . . ., Zj, be independent samples
from N(0,I). Assuming that our algorithm exists, it can distinguish between a sample from Y7, ..., Y}
and a sample from Z1, ..., Zj with probability better than 1/2. This means that these distributions must
have constant variational distance. However, note that the vector (Z71, ..., Zy) is simply a standard nk-
dimensional Gaussian. The vector (Y7, ..., Y}) on the other hand is an nk-dimensional Gaussian with mean
0 and with
1+2€2/n ifab=cd
Cov(Yap, Yed) = < 2€¢2/n ifb=danda # ¢

0 otherwise.

By standard results, G’ = N (0, X) has constant variational distance from N (0, I) if and only if ||~ —I||p >
1. Taking 3 to be the covariance matrix for the Y’s, we have that

1% = I||% = nk(2¢/v/n)? = 4ke* /n = o(1) .

This implies that the distribution on Y’s is close, in total variation distance, to the distribution on Z’s, and
gives a contradiction. 0
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