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Abstract

We show that for any (partial) query function f : {0,1}" — {0,1}, the randomized com-
munication complexity of f composed with Index), (with m = poly(n)) is at least the random-
ized query complexity of f times logn. Here Index,, : [m] x {0,1}" — {0,1} is defined as
Index,, (z,y) = y, (the xth bit of y).

Our proof follows on the lines of Raz and Mckenzie [RM99] (and its generalization due
to [GPW15]), who showed a lifting theorem for deterministic query complexity to deterministic
communication complexity. Our proof deviates from theirs in an important fashion that we con-
sider partitions of rectangles into many sub-rectangles, as opposed to a particular sub-rectangle
with desirable properties, as considered by Raz and McKenzie. As a consequence of our main
result, some known separations between quantum and classical communication complexities
follow from analogous separations in the query world.

1 Introduction

Communication complexity and query complexity are two concrete models of computation which
are very well studied. In the communication model there are two parties Alice, with input x
and Bob, with input y, and they wish to compute a joint function f(z,y) of their inputs. In the
query model one party Alice tries to compute a function f(x) by querying bits of a database
string x. There is a natural way in which a query protocol can be viewed as a communication
protocol between Alice, with no input, and Bob, with input z, in which the only communication
allowed is queries to the bits of x and answers to these queries. Given this, we can (informally)
view the query model as a “simpler” sub-model of the communication model. Indeed several
results in query complexity are easier to argue and obtain than the corresponding results in
communication complexity. One interesting technique that is often employed with great success
is to first show a result in the query model and then “lift” it to a result in the communication
model via some “lifting theorem?”.

One of the first such lifting theorems was shown by Raz and McKenzie [RM99] (and its
generalization by [GPWT5H]). For a (partial) query function f :{0,1}™ — {0,1} and a commu-
nication function g : {0,1}™ x {0,1}* — {0, 1} let the composed function f o g" be defined as
fog"(z1,y1)s- -y (Tnyyn)) = flg(z1, 1), .., 9(2n, yn)). Raz and McKenzie [RM99] (and the
generalization due to [GPWI5]) showed that for every query function f : {0,1}" — {0,1} the
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deterministic communication complexity of f composed with Index,, (with m = poly(n)) is at
least the deterministic query complexity of f times logn. Here Index,, : [m]x{0,1}" — {0,1} is
defined as Index,, (z,y) = y, (the ath bit of y). Subsequently several lifting theorems for differ-
ent complexity measures have been shown, example lifting approzimate-degree to approzimate-
rank [Shell] and approzimate junta-degree to smooth-corruption-bound |[GLM™15)] etc.

Our result

In this work we show lifting of (bounded error) randomized query complexity to (bounded error)
randomized communication complexity. For a (partial) query function f : {0,1}™ — {0,1} let
the randomized query complexity with (worst-case) error € > 0 of f be denoted R.(f). Similarly
for a communication function g : {0,1}™ x {0, 1}* — {0, 1}, let the randomized communication
complexity with (worst-case) error € > 0 of g be denoted R.(g). We show the following.

Theorem 1. For all (partial) functions f : {0,1}™ — {0,1},

Ri/4(f o Index;,) = Q(Ry/3(f) - logn),
where m = poly(n) [1]

On the other hand it is easily seen with a simple simulation of a query protocol using a
communication protocol that Ry/3(f o Index,) = O(Ry/3(f) - logm). This implies Ry /5(f o
Index),) = O(Rq3(f) - logn) with m = poly(n).

Our result implies a recent result of [ABBD™ 16| where they exhibited a power 2.5 separation
between classical randomized and quantum communication complexities for a total function. It
also implies exponential separation between two-round quantum communication complexity and
randomized communication complexity first shown by [Raz99]

Our techniques

Our techniques are largely based on the techniques of Raz and McKenzie [RM99] as presented
in [GPWT5] with an important modification to deal with distributional error protocols instead
of deterministic protocols. Let T be a deterministic communication protocol tree for f oIndex,
(with m = poly(n)). We use this to create a randomized query protocol II (see. Figure|l]) for f.
Let z be an input for which we are supposed to output f(z). We start with the root of 7 and
continue to simulate 7 (using randomness) till we find a co-ordinate ¢ € [n] where T has worked
enough so that Index,,(z;,y;) is becoming (only slightly) determined. Using the properties of
Index,, we conclude that 7 must have communicated O(logn) bits by now. We go ahead a
query z; (the ith bit of z) and synchronize with z;, that is go to the appropriate sub-event of
the current node in 7 consistent with z;. We then continue to simulate 7. This way we do (in
expectation) one query in II for O(logn) communication bits in 7. On reaching a leaf of 7 we
make the same output as 7. This output is correct with high probability since the unqueried
bits are sufficiently un-determined.

The synchronizing of 7 with z; was done by Raz and McKenzie [RM99] via a Projection
Lemma by going to a “sub-event” (of small probability) of the current node in 7. They could
afford to do so since T was a deterministic protocol and hence it was correct everywhere. On
the other hand we are forced to work with a “partition” of the node into sub-events where each
sub-event is consistent with either z; being 0 or z; being 1. This allows us to move according to
the “flow” of T so that we can “capture” correctness of 7 wherever it has to offer. This requires
us to show a different Partition Lemma which works in place of the Projection Lemma of Raz
and McKenzie.

1'We state our result for Boolean functions f, however it holds for general relations.



2 Preliminaries

In this section, we present some notations and basic lemmas needed for the proof of our main
result.

Let f: {0,1}" — {0,1} be a (partial) function. Let € > 0 be an error parameter. Let the
randomized query complexity, denoted R¢(f), be the maximum number of queries made by the
best randomized query protocol computing f with error at most £ on any input x € {0,1}".
Let 6 be a distribution on {0,1}". Let the distributional query complexity, denoted DZ( f), be
the maximum number of queries made by the best deterministic query protocol computing f
with average error at most € under 6. The distributional and randomized query complexities
are related by the following Yao’s Lemma.

Fact 2 (Yao’s Lemma). Let ¢ > 0. We have R.(f) = maxy D?(f).

Similarly, we can define randomized and distributional communication complexities with a
similar Yao’s Lemma relating them.

Let A be a hard distribution on {0, 1}" such that Df/3(f) = Ry/3(f), as guaranteed by Yao’s
Lemma. Let m = O(n'%) and let Bal,, C {0,1}™ be the set of all strings of length m with
equal number of 0’s and 1’s. Observe that |Bal,,| = (m"/LZ) > 2™ /\/m. The notation Bal),
will refer to the set Bal,, x Bal,, X ...Bal,,. Let Index,, : [m] x Bal,,, — {0,1} be defined as
Index,, (z,y) = y, (the xzth bit of y). Consider the following lifted distribution for the composed
function foIndex): u(x,y) = MG(z,v))/|G~(G(z,y))|, where G := Index],. We observe for
this distribution that p(z) and p(y) are uniform in their support.

Let Alice and Bob’s inputs for the composed function be respectively z = (z1,...,z,) € [m]™
and y = (y1,...,yn) € Ball,.

We use the following notation, which coincides largely with the notation used in [GPW15].

e For a node v in a communication protocol tree, let R¥ = XV x Y denote its associated
rectangle. If Alice or Bob send the bit b at v, let v, be the corresponding child of v and
Xt C XV and Y¥® C Y? be the set of inputs of Alice and Bob respectively on which
they do this.

e TFor an interval I € [n], let I be [n] \ I.

e For a string « € [m|™ and an interval I C [n], let x; be the restriction of = to the interval
I. We use shorthand wz; for x(;;. We use similar notation for string y € Bal’.. For a set
A C [m]™, let Ar := {x; : x € A} be the restriction of A to the interval I. Moreover, we
use A, to denote the subset of A in which the bits at coordinates inside I are fixed to
those in z;.

o For aset U C [m], let Aly; :={x € A:x; € U} (we will omit the substript ¢ from A|y;
when it is clear from context).

o For A C [m]”, an interval J, let

_ Hepps €tm " ray0uy € A} |4,

palxy): = s
(1) A A

where x; o z7 denotes the concatenation of z; and x 7. We use similar notation for A;
and x; whenever J C I.

e Fix an a € (0,00). For a probability distribution p(z,y), define the Conditional Renyi
Entropy of order « as

Ho(X[Y)p = 5 fa log | > p(y) (ZP($|y)a>




Fix e = 1L Let

logm*

P(AL ) = (Zm(aa;wf) -

o For A C [m]", interval I and index i € I,

AvgDeg;(A,I) = Z ba (II\{I} )p° (Azz\{i} {i}), MinDeg;(A,I) = ggl\a{'x} p° (Aml\{i} i)
T\ {i} '
o A C [m]"is called thick for I C [n] if MinDeg;(A,I) < m~% for all i € I.
e For i € [n], a set B C Baly,, and a string n € Bal,,, let B, ; :={y € B : y; = n}.
e Foran interval I, y € Ball!l and z € {0,1}!7], define U(y, z) := {z € [m]!| : Index!(z,y) =

Following fact is well known.

Fact 3 (Chernoff bound). Let X1, X5...X,, be random variables such that 0 < X; < b. Let
X =3.X; and p =E(X). Then for 6 >0, it holds that

52,2
Pr[|X — p] > pd] < 2e” moZ .

Following is the chain rule for Conditional renyi entropy [Dupl5].

Fact 4 (Chain rule for conditional Renyi entropy, [Dup15]). Let XY be jointly correlated random
variables with probability distribution p(x,y). Let a, 3,7 be such that -%5 = % + % If
(a=1)(B—-1)(y—1) <0, then

Ha(XY)p < Hﬁ(X|Y)p + H'y(Y)p'

We will need the following claims. First claim is the application of above fact.

Claim 5. Let XY be jointly correlated random variables with probability distribution p(x,y). It
holds that
Hy 0o (XY) <Hp o (X|Y) + Hy o (Y) + 6 log? m,

for the choice of €.

Proof. Setting a = 14+2¢,86=1+4¢,7 = ﬁ in Fact {4 (the constraints are satisfied), we
conclude that

Hipoo (XY)p < Hip o (X[Y), + Hﬁ (Y)p S Hipe(X[Y)p + Hi0c(Y )y,

where the last line follows from the fact that Renyi entropy is monotonically decreasing in Renyi
parameter. Now, consider



H1_25(Y)p — H1+25(Y)p = 2718 log (Z p1725(y) . ZlerQe(y))

p(y’)

1 o
= 5olog | Do p(p(y)e™

_ 2% log :_OO (ZZ,) ’ %;p(y)p(y’) log i((i‘;/)))k

L log 1+ ]i (2;)k gp(y)p(y') <1og Z((Z)) ) k
< glog |1+ gz (2;)k yzy;p(y)p(y’) (10% p(ly)) k
) 2%10g (1 . ]i (213)’“ ;p(y) <10g p(1y>>k

< 2% log (1 + ;i (2,:!)k 10gk(fﬂ)>

. 715 log (¢216™ _ 92 log m) < Gelog? m,

where (a) follows since »-, ., p(y)p(y’) log % =0, and (b) follows from the choice of . This

completes the proof. O

Claim 6. Let A € [m]™ be a set and A’ C A be its subset. Let I be an interval and i € I be an
index. Then

AI
Proof. We expand
AvgDeg,(A, 1) = > palenpp(Aa, - {i})
Tr\{i}
Ay, Ag oo
— Z | I\{L}| . max | IN{i} i
L1\ (i} = o Mengy
_ Z maxg, AII\{q‘,}OIi
2 4]
\{i}
Similarly,
maxy, |AL ou |
AvgDeg,(A', 1) = Y —— \ATII\M -
TI\{i}
But |A/$I\{i}omi < |Aup (o | as A" C A, Thus,
maxy, | Az, ;o A
AvgDeg,;(A',I) < Z |A,|I\{ } = ||A/||AVgDegi(A,I).

TI\{i}



This completes the proof. O

Claim 7. Let A € [m|™ be thick in the interval I U {i}, where i ¢ I. Then A is also thick in
the interval I.

Proof. Choose any index j € I. For every xp (;}, we have that
Py, (T5) = ZPA”\U} (@)P AL s (F3)
T

Since A is thick in the interval T U {i}, we have pa,, . (x;) < m~17/20 for all z;. This
J T

implies that Py sy (x;) < m~17/20 This proves the claim. O]
J

Claim 8. Consider a tree with nodes and weighted directed edges such that for every node, the
sum of weights of edges going to its children sum to 1. Call a non-leaf node aborted if it has no
children. For any node, let the sum of weights of the edges going to aborted children be at most
6. Let the depth of the tree be d. Consider a random walk that starts from the root and goes
to the children according to the weights of the edges. Then the overall probability of abort is at
most 6 - d.

Proof. We construct a new tree in which nodes at a particular level which do not abort are
coarse-grained into a single node and the aborting nodes are coarse grained into another node
(which we again call abort node). For this tree, the probability of a node having an aborted
child is still at most § and the overall probability of abort is at least as large as in the original
tree, which is

S+(1=08)-6+(1—=08)2-6...+(1 =641 <ds.
This completes the proof. O

A Thickness Lemma was shown in [GPWI15]. We prove our own version below.
Lemma 9 (Thickness Lemma, [GPWT5]). Ifn > 2 and A C [m]™ is such that AvgDeg, (A, T) <
é for alli € I for some I C [n], then there exists A" C A such that
(i) 14> (1= 3 A,

(#1) MinDeg,(A’,T) < "73 foralliel.

Proof. For each i € I, let Bad; be the set of all xp\ ;) such that pE(AmI\ij {i}) > "73. By
Markov’s inequality, we have that

1 [ A
B2 2 paleng)= ), A
z1\ iy €EBad; z1\ iy €EBad;
|{QZ € A: xiu{i} € Bad1}|
A
This implies that
[{z € A:xp,gy € UierBad; | < 1
Al T n?
We define A" := {z € A: x5,y ¢ UierBad;}. This completes the construction of A’. O

Now we prove a Partition Lemma which helps to partition a current node when the algorithm
IT performs a query.



|Ba
AC [m]”' is thick in the interval I, then for all i € I and for all z; € {0,1} with probability at

least 1 — 27" when y; = n s drawn randomly from the distribution |Elgg,‘|i| it holds that

Lemma 10 (Partition Lemma). For I C [n], let B C Ball!l be such that - "I'I > 2" If

—_

1 -5 -5 Il-1
3 +n > Z PAup iy (z;) > 3~ n VII\{i} S [mw -1
z; €U (yi,zi)
We say a y; € Bad(A, B, i) if it does not satisfy above property or % <2, Then,
for all y; & Bad(A, B,1i), we have that pay,, . (zngy) € [1+ 20" Ipa(zp giy)-

Proof. Fix an index ¢ € I and z; € {0,1}. Fix an 6 to be chosen later. For arguments below y
is fixed outside I. Let a string y; satisfy the property P(xp ;1) if it holds that

1 1
gtz > Py, (@) 2 5 =0
;€U (Yi,24)

For a fixed xp\ (4}, we have p™® (A, ., {i}) < m~17/20_ We can rewrite

Z pa ”1\{} i) Z| Yi)w: Zi|p"‘wz\{i} (z;).

z; €U (yi,2:)
If y; is chosen uniformly from {0, 1}™, then the expectation value of ) [(yi)z; — i|PAz,\{ , (x;)
is 1, as expectation value of |(y;)s, — 2| is 3. Thus, using Chernoff bound (Fact [3)) and the fact

that 0 < |(5)a, — %lpa,, , (z:) < m~'7/%, we have

7/10 52

|Z yza;_z J”I\{}(i) ‘>(5}<2@ m_ge

Now for a fixed yp (5} € Bal‘n{b‘_l, consider By, ., at the i-th block. Above argument implies
that the total number of strings in the i-th block of By, (even after an over counting to
include strings not in Bal,,), such that the property P(xy\ ;) does not hold, is at most

7/10 52
2m+1 e o en /4 -8

This implies, for a y drawn from B the probability that y; does not satisfy the property

Yi\{i}?
. /1062 gm41
P(zp\(iy) is at most e B

- Thus the probability that y; does not satisfy any of the
YI\{i

. .\{ ’ 71717/10452 2’m+1
properties P(zp\ ;) for all xp g4y is at most m” -e T

- Hence, the probability that
YI\{i}
y drawn according to the distribution given in the statement of the lemma satisfies P(z\ ;1)

for all zp\ 4} is at least

1
1—m"- e_w —2m+ Pr[yl\{l}] > 1 — gnlogmtm— m7/20.52 Z ‘B
|B - |B| - |B
YI\{i} YI\{i} ¢
= 1-9 log m+m— m7/20.52 Z
S |B|
\{i}

Since number of strings yp ;3 < [Bal,,|/I=! and |B| > |Bal,,|I'! 277" we conclude that above
probability is at least

1—9n log m+m—m7/20.52 7/20 52

. \Balm|_1 . 2n2 >1—m- 22n2—m



Choosing § = m~1/2%, we conclude the first part of the proof.

For the second part, we observe that

|(A|U(yi»zz'))w1\{i}

PAlycy, -, @1\ (i})

|A|U(yi721)‘
ZIiGU(yi,Zi) AII\(t}OIi
|A‘U(yl,zl)|
_ |A$I\{i} ineU(yi’zi)pAII\{” (xz)
|A|U(yi~,Z¢)‘
_ |AWI\U) | ZziGU(yi»zz‘) PAcy 1y ()
sz\m Awl\{i} E$i€U(yi>zi)pAmI\{i} (i)
Ay,
€ [1£2n79 HAeno € 1+ 2n " "pa(zpiy),

Zml\“} | Tr\{i}
where in the last step we have used the first part of the lemma. This proves the second part. [

Following is a Uniformity Lemma, which ensures that as long as B is a large set, the dis-
tribution p on Alice’s side, conditioned on Bob’s side being in set B, behaves like a uniform
distribution. The proof of the lemma is deferred to Appendix [A]

Lemma 11 (Uniformity lemma). Fiz an interval I C [n], a subset B C Bal), and a string

z € {0,1}". Let B have the additional property that B is a fized string and |B|BI‘|I‘\ > 2"’
alm

Define the distribution

Zy:G(mhy):z,yEB u(@'sy)
Eaz,y:G(Ly):z,yeB M(Ia y) ’

which is the distribution p conditioned on z, B. Then following properties hold:

O'I’B’Z(.’E,) —

1. For any A C [m]™ such that A is thick in I and A; C U(zf, Bf), we have that

] -
> ooz (2) HA0 =407 ) 2nlogm,

T 17/20
= m mMl ml7/
2. For any A" C A, where A is thick in I and Ay C U(zf, Bf), we have
LBy(, < 2\ ! 1+4n=° o 4nSlogm A
z;a (z) < m W(\ |+ TIT/20 |A]).
zeA’

3 Proof of main result

We restate Theorem (1| and provide its proof below.
Theorem 12. For all (partial) functions f, it holds that

R‘l‘/4(f oIndex,) > Q(Ry/3(f) - logn),

where m = poly(n).



Proof. For a given function f, recall the definition of A (hard distribution for f) and p (lifted
distribution for f o Index;, ) from Section [2} Let 7 be a deterministic communication tree for f
achieving Df/él(f oIndex;, ). Let k := D‘l‘/4(f oIndex],) be the depth of 7. Using our algorithm
IT given in Figure [I} we get a randomized query protocol for f which makes an error of at
most % under A (as implied by Lemma and makes at most O(k/logn) expected number
of queries (as implied by Lemma [18). This can be converted into an algorithm with O(k/logn)
number of queries (in the worst case) and distributional error 1, using standard application of

3
Markov’s inequality. This shows that

(N=pjn =0 ().

O

We construct a tree T4 which represents the evolution of the algorithm IT and is helpful
in our analysis. The steps have been depicted in Figures 7?7 and ??. All the nodes of the tree
are labelled by subsets of [m)7, Bal!, (where j € {1,2,...n}) and the current interval. The root
node is ([m]™, Bal,,[n]) and the rest of the tree is constructed as follows. Consider the step
2(a.i.A) of the algorithm II when A is going to be partitioned into Ay, As. Set the children of
(A,B,I) to be (A1, B,I),(As, B, I) and assign the weights of the edges going from parent to
children as Pr,[A; x B|A x B],Pr,[As x B|A x B]. Now,consider the step 2(a.i.C). Let the
children be regular nodes obtained by Thickness Lemma. Consider the step 2(b.iii) and let
the query at this step be done at i-th index. We shall construct a pair of regular children for
every 1. Fixing an ), let the partitions of A be A, Ay (corresponding to U(n,0),U(n,1)). Set
the children to be (Ay, By, I\ {i}), (A2, By, I\ {i}) and label the edges with 7, probability of
obtaining 1 conditioned on A x B, and probability of the child conditioned on fixing 7. For the
step 2(a.ii) that involves partition of B, the children are constructed in similar way and weights
of edges are associated probabilities of transition. This finishes the construction of the tree.

For a node (A4, B,I) € Tap, let Par((A, B,I)) represent the parent node of (A, B,I) and
Chil((A, B, I)) represent the set of children nodes of (A, B, I). With some abuse of notation (as
it shall be clear from the context), Par 4(A) shall represent the set A associated to the parent
node, Parp(B) shall represent the set B associated to the parent node and Chilz(I) represent
the set of sets in the children node. Similarly, we shall consider Par 4(I) and Chil4(I). A level
in tree shall be represented as ¢ > 0, with ¢ = 1 representing the root node. In any level ¢, let
R(t) represent set of all nodes which are at distance ¢ from the root. Let Q(t) (or query nodes)
represent the set of all nodes at level ¢ which were obtained from their parent through the step
2(b). Let C(t) (or non-query nodes) represent the set of remaining nodes at level t. Let the
nodes that did not abort for set A at level ¢ be Nyport(t).

Note that the depth of the tree T4p is at most O(nlogn), as (without loss of generality)
there are at most O(nlogn) communication steps in 7 and at most n query steps and constant
number of operations for each of these steps in the algorithm II.

Error analysis of algorithm II

We first show the following lemma, which states some conditions that remain invariant under
our algorithm.

Lemma 13 (Invariance Lemma). Throughout the execution of the algorithm II, we show the
following invariant:

1. A is thick in the current interval I, after leaving the step 2(a) and step 2(b).

2. |Br| > gmlI|-n® for the current interval I for nodes of Tag.



1. Initialize v as root of the protocol tree T, initialize the intervals I = [n],J = ¢, Alice’s
part of rectangle A = [m|" and Bob’s part of rectangle B = Bal,.

2. While v is not a leaf do:
(a) If AvgDeg;(A;) < m~19/20 for all i € I
i. If Alice sends a bit at v:
A. Pick b€ {0,1} with probability Pr,[(A N X"?) x B|A x B]. If LA < 1
for the picked b, then Abort.
B. Set v < v, and A = An XVP.
C. Apply the Thickness Lemma to get A’ satisfying [A'| > (1 — ) |A] and A’ is
thick for I. Set A <— A’ with probability Pr,[A’ x B|A x B]. Set A + A\ A’
with probability 1 — Pr,[A’ x B|A x B] and Abort.
ii. If Bob sends a bit at v:
A. Pick b with probability Pr,[A x (BNY"?)|A x B]. If KB;}:# < 27" for the
picked b, then Abort.
B. Set v < v and B < BNYvb,
(b) If AvgDeg;(Ar) < m'¥/?0 for some i € I:
i. Query z;.
ii. For an n € Bal,,, select n with probability Pr,[A x By|A x B]. If the picked
n € Bad(A, B, 1), then Abort.

iii. Set B < Bn»i’ A+ A‘U(
iv. Set I+ I\{i}.

3. Assume I = {1,2,...]I|} (without loss of generality for the procedure described here).
Set ¢ = 1.

4. While ¢ < |I| do:
(a) For an n € Bal,,, select n with probability Pr,[A x By|A x B]. If the picked 1 €
Bad(A, B, i), then Abort.
(b) Set B «— By ;, i+ i+ 1.
5. Output as T does on the leaf v.

T),Zi)vi'

Figure 1: Randomized query algorithm II for f.
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Proof. 1. After the execution of step 2(a.i.B), the size of A reduces by at most - (otherwise

there is abort). Thus, Claim [6] ensures that for all i € I, AvgDeg; (A, I) < n®-m~19/20,
Further application of thickness lemma produces an A’ such that MinDeg,(A’, 1) < n® -
m~19/20 < ;~17/20 /2 Thus A’ is thick in current interval after leaving step 2(a) due to
the application of thickness lemma in step 2(a.C).
Now we consider step 2(b). A was thick in the interval I just before entering step 2(a).
Let the queried index be 4. Partition Lemma (which can be applied as n did not abort)
ensures that conditioned on z;,7, the distribution of Aly(,,.,) in the set I\ {i} is same as
the distribution of A in the set I\ {i} (upto multiplicative factor of 1 +2n~°). But A is
thick in the interval I, which implies that A is thick in the interval I\ {i} (using Claim
the multiplicative factor of (1 4= 2n~?) is insignificant as MinDeg, (A, I) was at most
m~17/29 /2 whereas the requirement for being thick is to have MinDeg;, (A, I) < m~17/20)
Thus, distribution of Aly(,,.,) in the set I\ {1} is thick in the interval I\ {i}. Thus, the
item follows.

2. The item follows since a B which does not satisfy this condition is aborted.

Now we are in a position to do the error analysis.

Lemma 14. The algorithm II makes an error of at most 1/4 4+ O(logn/n).

Proof. We begin with computing the overall probability of abort. We will first compute the
probability of abort associated to A subsets. For a node (A, B,I) € T4, consider the quantity
(AN X"?)|/|A|. Tt is upper bounded by -% if there is abort. Thus, child of (A, B,I) aborts
only if size of Chil 4(A) is smaller than n% times the size of A. We appeal to Uniformity Lemma
(it can be verified that the conditions required for the lemma are satisfied for the considered
sets) to conclude that the probability of transition from parent to child is upper bounded by

Pr[(AN X"?) x B|A x B] < (AN X"")|/|A] +n~ 5" <n~2
I

Similar argument holds for steps 2.(a.i.D). As noted before, the tree T4 has depth at
most O(nlogn). Hence, we obtain that the overall probability to abort is at most O(logn/n),
appealing to Claim

Marginalizing over Alice, we now compute the probability of abort associated to B subsets.
At the steps 2(b.ii) and 4(a), the sampled 7 is from Bad(A, B,i) with probability at most

271" 4 277" At the steps 2(a.ii.A), the abort occurs if ‘B;ni)‘/;” < 277, Without loss of
generality, the depth of 7 is at most O(nlogn), resulting in at most 2°(*1°8™) subsets of Bal’’,.
Thus the overall probability of abort of this form is at most 2°0(*legn) . 2-n* <9 m,

Thus by union bound, the overall probability of aborting in the algorithm is at most
O(logn/n).

Conditioned on non abort, we proceed as follows. We consider the algorithm when it reaches
aleaf L in T and does not abort. Let I be the set of corresponding un-queried bits (dropping the
index L) and let the queried string be 2 ;. Without loss of generality, let I = {1,2,...[[}.
Let the rectangle corresponding to this lea %e A x B. We have the following claim.

Claim 15. For allr < |I| and the sequence Y1, Yz, - - . Yr, the yr41 drawn from By, 4, . .. belongs
to —Bad(A4, B,i) and |By, y,,..y.| > om(|[I]—=r)—n®

Proof. The property that y,+1 drawn from B, ,, . belongs to =Bad(A, B, 1) is guaranteed
by Step 4. To lower bound the size, we consider the base case = 0. Then |B| > 2mil=n* from
the non-abort condition. Moreover, y; belongs to =Bad(A, B, 1), which, by definition, implies
that |By,| > gml|=n*~m — om(lI|=1)=n* " Continuing this way, the claim follows. O
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We start with the following distribution over the strings z € {0, 1}":

I _ 1
P SR Rk

(z,y)EAX B:G(z,y)==2
Note that p”(z) is only supported on those strings z for which 2n)/1 = zfn] 1~ We shall establish
the following claim.

Claim 16. For the strings z such that zp, ;1 = Z[Z]/{I}} it holds that

pE(2) € [1—2n"*1+42n7"].

olIl

Proof. We shall keep track of two invariant properties: A is thick in the interval I and |B| >

9mI11=n" Note that these conditions are true after the execution of step 2, as argued in Invariance
Lemma [T3] We start with computing

[Ae | [(Alue)e o] |A,_ ||
P |B| 22 |4 sz |B| 2> A > pa, (@)

yEB T_1 yeEB z_1 21€U(y1,21)

From Partition Lemma (which we can apply due to our invariant), it holds that

Z (z1) € 1fn*SEJrn*‘r’
pAm71 1 2 72

z1€U (y1,21)

for every x_1,y. Thus, we conclude that p*(z1) € [ —n™°, 1 +n77].
Now we proceed to compute p e We fix a y; and argue in same manner as given in Invari-
ance Lemma [13| (Item 1). Partition Lemma ensures that conditioned on z1,y;, the distribution
of Aly(y,,z) in the set I\ {1} is same as the distribution of A in the set I\ {1} (upto multiplica-
tive factor of 1 4 2n=°). But A is thick in the interval I, which implies that A is thick in the

interval I\ {1} (using Claim [7)). Thus, distribution of Aly(y, .,) in the set I\ {1} is thick in the
interval I\ {1}. From Claim |15 we have that |B,,| > 9m(11=1)=n* Thus, we have maintained
the invariant properties that we started with. Hence, we can apply the Partition Lemma again
to obtain that p e €lz—nb3+n77.

Continuing in the same fashion, we see that the invariant properties continue to be main-

tained. Hence by recursive application of the Partition Lemma, we obtain the claim.
O

A corollary of this claim is the following.

Corollary 17. Consider the distribution 77 (2) over strings z conditioned on reaching the leaf.
It holds that T"(z) € Mz|zn/qry) - [1—4-n"%1+4-n7] . 8(z /1y = Zn/q1})-

Proof. We have that

1
TL(Z) _ Zw,yeAxg;G(z,y):Z w(z,y) _ A(2) Zz,yEAXB:G(x,y):z [ATB] .
Zm,yGAxB ,U,({I?, y) Zz )\(Z) Zm,yGAXB:G(x,y):z WI\B|

From above claim, we have that

1 1 _ _
2 __lAliB] € gmll—2-n"h1+2n7
z,y€EAXB:G(z,y

12



as long as z,/¢r} = z:/{l}. Thus, we find that

h(2) € Mzlznqny) - [1—4- nh1+4-n7Y- 6(2p 11y = Zn/{1})-
This proves the corollary O

Thus we conclude that conditioned on being on a non-aborting leaf L, 77 differs by at most
n~* (in trace distance) with X conditioned on z, (1} = Zn 1)

Furthermore, probability of our algorithm reaching a non-abort leaf is as according to the
probability in the tree 7. This can be seen as follows: by construction of the algorithm,
our probabilities of transition into sub-rectangles are as directed by 7 during all the non-
query steps of the algorithm. During the query steps, the probability of transition of our
algorithm to the event corresponding to query outcome z; is as directed by A. However, it
can be argued identically along the lines of Claim (using Invariance Lemma that this
transition probability, up to a multiplicative error of 1 +n7° for each query step, is as directed
by 7. Thus, overall error due to this discrepancy is at most n~%.

Since 7 made an error of at most 1/4, the query algorithm makes an error of at most
1/4+2n=%* 4+ O(logn/n) < 1/4 + O(logn/n). This proves the lemma. O

Expected number of queries of II

We prove the following lemma.

2k

Lemma 18. The algorithm II makes at most FTogn

of the tree T is k.

expected number of queries, where the depth

Proof. We will consider a potential function at the level ¢ as follows, where the quantities are
computed with respect to the tree T45. For every node (A, B,I) € Tz, let the probability of
this node, computed by summing over all the conditional probabilities from root to the node be
Pr(A, B). Define

1
Pt)= Y PrAB)log( ). (1)
|Ar]
(A, 1)ENport(t)

Consider the change in the potential function as the level ¢ progresses.

13



mlIl mlll
Pt+1)-Pt) = > Pr(A, B) log <Al|> - > Pr(A, B) log <|AI|
(

(Aval)eNaboTt(t) AvaI)ENabort(t)

a 3 Pr(A, B) log <m”> - > Pr(A, B) log <

|A1

(A,B,I)eC(t+1)NNaport (t) (A,B,I)ePar(C(t+1))NNabort (t)

Pr(A. B)log [ ™ Pr(A. B)log [ ™
+ ) (A, >og(|AI|)—(AM ) (4,5 1o (71 )

(A,B,1)€Q(t+1)NNabort (t) €Par(Q(t+1))NNaport (t)

b P A ar
< 3 Pr(A,B)log<| arA(A)T Aml)
(A,B,1)EC(t+1)NNaport (t) !

P A ]
S [Ty

Parz (I
(A,B,1)€Q(t+1) | Ar|m/Parz (D]

= Z Pr(A, B)log <|ParA(A)1|>

(A,B,I)EC(t+1)NNgbort (t)

+ Z Pr(A, B)log <

|Par.A(A)ParA(I) >
(A,B,I)eQ(t+1)

|Ar|m

where in (a), we note that parents of non-aborted nodes cannot be aborted nodes. The inequality
(b) holds by partitioning the probability of a parent node as a sum of probabilities of its child
nodes. An inequality comes instead of an equality since we use the fact that a parent of a non
aborted node may have an aborted intermediate child. In (b), we have also used the fact that
in query step, every child of a node belongs to Nypors and in any non-query step, the size of I
does not change. Equality (c) follows since in a query step, the size of I decreases by 1.

Lets consider the second to last expression above. In a step that involves partitioning of
a B set, there is no change in the expression in logarithm. Thus, we consider only the steps
involving partitioning of A sets. We begin with steps 2(a.i.A)-2.a(i.C). Consider a node (A*, B)
and its intermediate children (IntChil(A4*)y, B), (IntChil(A*)s, B) in a non-query step. Let the
collection of A’s obtained from IntChil(A*); and IntChil(A*)s by the Flattening Lemma be C;
and Cy respectively. Define ]% = m. For an A € C; , define qil = I‘:E‘l, which is the
same for all A € C; as argued in the Flattening Lemma. Similarly define g5. This allows us to
conclude that for j € {1, 2},

> Pr(A,B)log (:jz:) = Pr(IntChil(A*);, B) log ('AI|> :

A:A€eC; |AI|

where the A appearing on the right hand side belongs to C;. Suppose the node A* was obtained
from a non-query step. Then A* is thick and uniform. Thus from the statement of the Flattening
Lemma, we have that q% < % and q% < ﬁ. Thus, we conclude that for j € {1, 2},

A7 . |A%|
< , ATy
A;C: Pr(A, B) log <|AI| < Pr(IntChil(A*);, B) log Tt Chil( A7),

Now using Uniformity Lemma we have the upper bound Pr[A x B|A* x B] < ‘Lﬁl‘ +n77 <
(1+n—60) I‘ﬁ*‘l , due to the fact that % > L (else the intermediate child was an aborted child).

Thus, the contribution of A* to second to last expression in Equation [2]is upper bounded by

)< 1.1

1 1
(1+W)'(P10g2;+(1—27)10g1_p <

14



With this we conclude,

Z Pr(A)log(W) < 11 Z Pr(A, B)

(A,B,1)eC(t+1)NNaport (t+1) (A,B,I)eC(t+1)

= 1.1 Z Pr(A*, B),

(A*,B,I)eC*(t)

where by C*(t), we represent the set of parent nodes at level ¢ that are partitioned via a non-query
step. Same analysis holds for the step 2.(a.i.D).

Now we evaluate the last expression in Equation[2] Let the queried index be i. Since AvgDeg;
has reduced below m!'%/2® and Parz(I) = I U {i}, we conclude that W < mt9/20,
This implies

| arA(‘UParI(I)‘ 1 *
LA A CYA N P
E Pr(A, B)log < ml AL 20 logm E Pr(A*, B),

(A,B,I)eQ(t+1) (A*,B,1)eQ*(t)

where the set of parent nodes that are partitioned via step 2(b) at level ¢ are represented by
Q% ().

Finally, we observe that Z(A*’B’I)ec*(t) Pr(A*, B) is the expected number of communication
steps taken by Alice at step t (which is upper bounded by k) and Z(A*,B,I)eg*(t) Pr(A*, B) is
the expected number of query steps to be taken at step t. Let the last step of the algorithm be
last. Using telescopic sum, we have that

last—1
P(last) — P(1) = »_ P(t+1) - P(t).

t=1

Thus, setting q to be the expected number of queries made by the algorithm, we have that
P(last) — P(1) < 2.2k — 2i0 -logm.

But P(1) = 0 and P(last) > 0. Thus setting the value of m, we have that ¢ < 5120'§n - k. This
proves the lemma.

O
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A Proof of Uniformity Lemma

We shall use the following claim for the proof.

Claim 19. Let I C [n] be an interval and B € BallnlJ be a set such that % > 27F for some

k > n?. Then there exists a set of indices J with |J| > m|I| — 2n* - k, such that for all j € J,
|By, |

[B] € [% + #]7 fOT Yj € {Oal}

Proof. Let Y :=Y1Y5... Yo be the random variable with associated probability distribution
Pry (y) = ﬁ if y € B and 0 otherwise. We have that

H(Y) =1log|B| > |[I|log|Bal,,| — k > m|I| — k — nlogm > m|I| — 2k.

Hence, >°; H(Y;) > H(Y) > m|I| — 2k. Since H(Y;) < 1, this can be re-written as >, (1 —
H(Y;)) < 2k. By Markov’s ineqaulity, the number of indices for which H(Y;) < 1 — - is at
most n* - k. Let the rest of indices form the set J. By our construction, for every j € J, we
have H(Y;) > 1— 4. Thus, Pr[Y; = 0] € [ + -5]. Since Pr[Y; =0] = w, and same
argument applies for ¥; = 1, the claim follows.

O

Proof of Lemma[I1l We start with the observation that

Hyr : G(2%,yr) = 21,91 € Br}|
Zml Hyl : G(xf,yl) =2z1,Yr € Bl}‘7

which follows since B is fixed in the interval I. Without loss of generality, let I = {1,2,...|I|}.
For brevity, we set

G y)—yen MY 2\ !
O_I,B,Z(x/) _ Zy‘G( y)=z2,yEB ( ) _ () 5(33/1, c U(vaBI_))'
Zf(:,y:G(z,y):z,yeB /u’(x7 y) m

Hyr : G(x7,yr) = 21,91 € Br}|
Ez; |{y1 : G(J?[,y[) =Zzn,Yyr € BI}|’

which is a probability distribution. First we compute the distribution o/-%#(z). For this,
consider

I7B,z(

ol () =

Z Hyr : G(27,y1) = z1,y1 € Br}| = Z |{95'1\{1} : G(gjllxll\{l}vyf) = z1}|
'y yr€EB

16



m
= (5
where second equality holds since for every y; which is balanced, the number of xp\ (1, giving a

)|I|71|{y1 € B: Indexm(I/pyl) == Zl}|a

particular zp (13 is (2)1=1. Thus, we find that

m _
>~ Hur: Glahyn) = 21y1 € Br} = ()7 Biey g .

’

T_q

where By, ,) is the set {ye B: Yol = z1}. This allows us to conclude:

1By o)

I,B,z( ./
o (x]) = =—5+—.
! Zml |B(z1,3c1)|

Similarly, we conclude that

|(B(Z1,a:1))(Z2,r’2)‘
Z.T,Q |(B(Zl-,$1))(227$2)‘ 7

O_I,B,z(

Th|Ty) =

and so on.

Now we introduce some notations. For every sequence xj := x1x3...x|7, we assign an
associated string D(x) of length |I| over alphabet {VeryGood, Good, Bad, Small} (which serves
as a description of the string x;) in the following way. We shall drop the brackets whenever x;
is clear from context.

e We let D; = VeryGood if it holds that % —n2< % < % +n2 If m_|1‘+1/3 <

7‘&%"”1)‘ < % —n~2, then we let D; = Good. If 7|B(T}3‘r1)| < m_”|+1/3, then we let
D = Small. Else we let D; = Bad.

e Similarly, let Dy = VeryGood if it holds that % —n2< ‘(B(Tg(”% < % +n2 If
z1,wq

m~+1/3 < By ool < 1 n~2, then we let D; = Good. If By e)eaenl <
‘B(erﬂ”l)‘ 2 lB(szl)
m"”‘“l/?)7 then we let Dy = Small. Otherwise let Dy = Bad.
e Continue this way for whole of the string.
We are now in a position to prove the following claim.
Claim 20. Fiz a xj := x172...2|7 and associated description D := D1Ds. ..D|1| Following
properties hold.
1. If there exists an i such that D; = Small, then ol B*(z7) < m— 1l
2. If for all i, D; # Small, then
(a) If for all i, D; = VeryGood, then we have o'-B*(x1) >
(b) O.I,B,z < 1 = (1 4 n—2)|#i:Di;ﬁBad| . 2\#1‘:D7‘,:Bad|.

mll

1
mll

(1 —=n"1).

For any i, a substring x1xs...x; and the associated description D1Ds ... D; from the alpha-
bet {VeryGood, Good, Bad}, the number of x; | such that Di;1 = VeryGood is at least m —
2n5 log m.

Proof. Claimensures that number of 21 such that D; = VeryGood is at least m —2n®. Thus,
(m +20)[B|/2 = (m — 20%)|B|/2 + 20°|B > 3" | Bz, | > (m — 20) B2
1
This gives,

|B(Z1,961)|

BZ x
I (2-3n7% <oglB3(x) < 7| 1) ~(2+3n79)

— m|B|
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for all 7.

If z1 is such that D; = Small, then % < m_”|+1/3. This automatically ensures that
JI’B’Z(mlxI\{l}) <olB3(z)) < m~ M for all Tp{1}-

Otherwise, we have that Dy # Small, for which [B., ;)| > |B|-"”L7‘3”+1 > |Badm\'“2_”2_”1"g m,
In this case, Claim [L9] once again ensures that the number of x5 such that Dy = VeryGood is

at least m — 2(n% + n’logm). Thus, > as |(B(za,22)) (1,an) | = (M — 2n5 — 2n°logm)|B(., o1)]/2.
This gives,

B B
|(B(za,22)) (1,00 | '(2_4,”/—6) < UI’B’Z(x2|x1) < |(B(z2,22)) (z1,20) | . (2+4n—6).

m| Bz, a)l m| Bz, )
Moreover, we find the following expression for o/-5% (x125):
1 — |B(z x )| |(B(Zz zz))(m w1)| I1.B 1 —67\2 |B(z1 m1)| |(B(z2 a:z))(zl a:l)|
— (2—4n~6)2. 22U, ’ —— < o"7F(rx0) < —(2+4n7°)%- L ’ =
2 ‘Bl |B(Z2,I2)| m? |B| ‘B(me)‘

for any z; for which D; # Small.
The argument proceeds similarly in an inductive fashion. For any x; and associated D, if it
holds that Dy # Small, Dy # Small, ... D)7 # Small, then we find

|B(z1,m1)| . ‘(B(227$2))(Z1’x1)| (3)
|B| |B(21,901)|

1 _
UI,B,z(gglmQ...azm) € m(?:l:éln 6yl .

On the other hand, if there exists an i such that D; = Small, then we automatically have that
ol B2 (xr) < m~ M (proving Item 1).
In the rest, we prove Item 2 and its subitems.

For 2(a), we observe that D; = VeryGood implies that % >1_n2 W >
1,21
3 —n~2 and so on. From Equation [3| we get the lower bound. Similar observation proves 2(b).

Last part of the claim follows from Claim [I9] as discussed in the inductive steps above.

7

O
Now, we are in a position to prove the items of the lemma.

1. Consider

I1,B,z 2 ‘ﬂ I1,B,z
Yol = Y () S(ey € Uler, B) - o' B (ar)

m
T€EA rror;€A
1|
2\ !
I,B,z
= (m E g (1)
rroxfEA

Y

I _
m ml!|
xrox;€A,D(z1)=VeryGood!!!

To evaluate the last expression, we fix the prefix x1zy...2;—1 of ;. Then we need to
evaluate

1—4n=°
|A911932~-5D\1\_1| E pAwl,.,xu‘_l(xlIl) mll
z|71:(D(z1...2 1)) 1j=VeryGood
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By Claim [20| (Item 4), we have that number of strings x|7 such that (D(xy...x1))r #
VeryGood is at most 2n° log m. By definition of Thickness, we have that p* (A, zy...0 ;1 {|1]}) <

m~17/20 Thus,

> PAgy oy, (@) = 1= > N

z|1:(D(z1...2|1))) | 1]=VeryGood z1:(D(x1...2 1)) |11 #VeryGood

1 2n8logm
= T miTe/20(1+e)

Thus, we have removed the constraint that (D(zy...x7)));| = VeryGood at the cost of a

6
multiplicative factor of (1 — %) We can continue this way for x|7—; (constraints on

which depend only on 1,25 ...2|5—2) and so on. This finally gives us

1] 6 -5

2 2n°logm ., 1 —4n

E 1,B,z “ . _ n
7 () 2 <m> 4] m17/20 ) mll

z€A

This proves the item.

. We now compute ) . ol:B-#(z). For this, we shall divide the set of strings z into two
parts: Sp,S2. S1 contains all the strings x; such that their associated string D(z) has at
least one alphabet ‘Bad’ and no alphabet ‘Small’. S5 contains rest of the string. Now we
proceed as follows.

Z UI’B’Z(J)) _ Z O'I’B’Z(J))—F Z O'I’B’Z(Z‘)

zeA’ €Az €Sy z€A’ ,x1€S,
S § O'I’B’Z(SC) 4 § 017B,z(x)
€A1 €Sy r€A,x1€S
( 2 )|I| 14+ 4n " 2\#i:(D(zI))i:Bad|(1 4 277/75)
< (= S —t D
- m 1] 1]
rroxfEA:xESs m rroxfEA,xr €S, m

IN

1] -5
(2> 1+dn™ 14| + Z ol#i:(D(z1))i=Bad|

m ml
mloszA,wjesl

where the second inequality uses Claim 20 Below, we upper bound the last summation.

Consider the set of all strings in S; for which the description string has a ‘Bad’ at the
index 1 in I. Let this set be S7. We consider the summation

Z 2|#i1(D($1))i=Bad\.

rroryEA,xr€ST

Fix a string ws ... x)7). Then summing over all x1, z; such that z1z2... 27 021 € A and
r1...7|7 € ST, we obtain that

Z gl#i:(D(zr))i=Bad| _ |Ax2...z|1‘| . ZpAzzmzm (x1)2|#i:(D(ac1))i:Bad\
T1,T|1| z1

6
271081 o4 (D (w1)) =Bad] A

- ml7/20 T2 21 k

where the last inequality uses the fact that A is thick in interval I and number of possible
x1 is at most 2n®logm, from Claim Thus, we have removed the constraint over
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that its associated alphabet D; is Bad, at the cost of multiplicative factor of 2”611%
m

This process can be continued further for every x; with associated D; = Bad, leading to
the upper bound

|#i:(D(x1));=Bad|
T g#eoema oy (A lgm T (Anflogm |
= m17/20 =\ T pl7/20 ’
rrox€EA,x1 €S rroxEA

as 57 contains strings with associated description strings having at least one ‘Bad’ alphabet.
This collectively implies that

Z (TI’B’Z(.’K)

1] -5 6
2 1+4n , 4n°logm
= (2) S (s (225) ).
€A’

This concludes the item.

IN

Thus, the lemma concludes. O]
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