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Abstract

We show that for a relation f C {0,1}"™ x O and a function g : {0,1}™ x {0,1}™ — {0, 1}
(with m = O(logn)),

Ruga(f o9") = (Ruja() - (1og i Otiogm) )

where f o g™ represents the composition of f and g”, M, is the sign matrix for g, disc(M) is

the discrepancy of M, under the uniform distribution and Ry /3(f) (Rq/3(f o ")) denotes the

randomized query complexity of f (randomized communication complexity of fog™) with worst
1

case error 3-

In particular, this implies that for a relation f C {0,1}" x O,

Rl/S(f © IP%) =Q (R1/3(f) ~m) )

where IP,, : {0,1}™ x {0,1}™ — {0,1} is the Inner Product (modulo 2) function and m =
O(log(n)).

1 Introduction

Communication complexity and query complexity are two concrete models of computation which
are very well studied. In the communication model there are two parties Alice, with input x
and Bob, with input y, and they wish to compute a joint function f(z,y) of their inputs. In the
query model one party Alice tries to compute a function f(z) by querying bits of a database
string . There is a natural way in which a query protocol can be viewed as a communication
protocol between Alice, with no input, and Bob, with input z, in which the only communication
allowed is queries to the bits of 2 and answers to these queries. Given this, we can (informally)
view the query model as a “simpler” sub-model of the communication model. Indeed several
results in query complexity are easier to argue and obtain than the corresponding results in
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communication complexity. One interesting technique that is often employed with great success
is to first show a result in the query model and then “lift” it to a result in the communication
model via some “lifting theorem”.

One of the first such lifting theorems was shown by Raz and McKenzie | ] (and its gen-
eralization by | ). Raz and McKenzie | | (and the generalization due to | D
showed that for a relation f C {0,1}"™ x O, the deterministic communication complexity of f
composed with Index,, (with m = poly(n)) is at least the deterministic query complexity of f
times Q(logn). Here Index,, : [m]x{0,1}™ — {0,1} is defined as Index,, (z,y) = y, (the xth bit
of y). Subsequently several lifting theorems for different complexity measures have been shown,

for example lifting approzimate-degree to approximate-rank | |, approximate junta-degree
to smooth-corruption-bound | | and, more recently, randomized query complexity to
randomized communication complexity using the Index,, function [ | (for m = poly(n)).

Our result

In this work we show lifting of (bounded error) randomized query complexity to (bounded error)
randomized communication complexity. Let R.(-) denote the randomized query/communication
complexity, as is clear from the context, with worst case error e. We show the following;:

Theorem 1. Let f C {0,1}"™ x O be a relation and g : {0,1}™ x {0,1}™ — {0,1} be a function
(with m = O(logn)). It holds that

Ruja(f o5") = @ (Ruja() - (log T Otioxn)) )

where My is the sign matriz for g and disc(My) is the discrepancy of My under the uniform
distribution.

In particular, this implies that for a relation f C {0,1}" x O,

Ri3(f oIP},) = Q (Ry3(f) - m),

where 1P, : {0,1}" x {0,1}™ — {0,1} is the Inner Product (modulo 2) function and m =
O(log(n)). In comparison, the Index,, function used by [ | required m = poly(n).

On the other hand it is easily seen with a simple simulation of a query protocol using a
communication protocol that Ry/3(f o g") = O(Ry3(f) - m).

Our techniques

Our techniques are partly based on the techniques of Raz and McKenzie | ] as presented
in | ] with an important modification to deal with distributional error protocols instead
of deterministic protocols. Let T' be a deterministic communication protocol tree for fog™ (with
log m = Q(logn)). We use this to create a randomized query protocol II (see Algorithm 2)
for f. Let z be an input for which we are supposed to output a b such that (z,b) € f. We start
with the root of T' and continue to simulate T (using randomness) till we find a co-ordinate
i € [n] where T has worked enough so that g(z;,y;) is becoming (only slightly) determined.
Using the properties of g we conclude that 7" must have communicated O(log m) bits by
now. We go ahead and query z; (the ith bit of z) and synchronize with z;, that is go to the
appropriate sub-event of the current node in T' consistent with z;.

To keep the unqueried bits z; (with ¢ belonging to the unqueried interval I) sufficiently
undetermined, we keep track of how much 7" has worked to determine z; (or y;), using the
conditional probability of x; (or y;), given all possible xp\ ;3 (or yp\ 1) at other unqueried
locations. When either of the conditional probabilities pa(z;|zp\ i) or pp(yilyn(iy) (where



A, B are current rectangles) becomes too high for a sufficiently large number of strings, we
conclude that a query must be made.

Lets suppose that the conditional probability at some location becomes high in A. We
only want to make a query in that part of A where the conditional probability violation takes
place. This eventually lets us compare the number of queries we make with the number of bits
communicated. So within a query subroutine, we first probabilistically split A into the strings
HiGH where the conditional probability becomes too high, and A \ HiGH, where this does not
happen. A query is then made in the HIGH part, and only the x; and y; that are consistent with
the z; (that we learn from the query) are retained and partitioned into a collection of rectangles.
After this, the conditional probability can be restored to a low enough value for the rest of the
indices, and we can move on with communication steps.

As long as we have a bound on the conditional probabilities in the unqueried locations, the
unqueried z; are sufficiently undetermined and we can move from node to node of T' according
to the “flow” of T, for every input z. We prove this in Lemma 12 in Section 3. This lets our
algorithm to sample the leaves of T close to the desired probabilities, and thus the correctness
of T on (z,y) in expectation ensures the correctness of our algorithm on z in expectation.

During the course of our simulation, we may end up at some “bad” subevents, where we
will not be able to maintain a sufficiently large number of (x,y) consistent with z. We need to
abort the algorithm on such subevents. When we have a bound on the conditional probability
and we are going with the “flow” of T', we can ensure that the probability of going to such bad
subevents is small. But, if we need to do a series of queries in one go, we will not be able to
maintain the requisite bound on the conditional probabilities in between queries. So it may be
possible that when we do a query and try to synchronize x; and y; with z;, we do not find any
(or sufficiently many) x; and y; that are consistent with z;. In the technical Lemma 7 we show
that there is a way around this: if we do some “preprocessing” on A before carrying out queries,
the probability of this bad subevent happening is still small. The arguments here are similar
to showing that g is a good strong extractor for blockwise sources with appropriate conditional
min-entropy in each block. Thus the algorithm aborts with small probability. Similar arguments
hold for B.

2 Preliminaries

In this section, we present some notations and basic lemmas needed for the proof of our main
result.

Let f C {0,1}"xO be arelation. Let € > 0 be an error parameter. Let the randomized query
complexity, denoted Re(f), be the maximum number of queries made by the best randomized
query protocol computing f with error at most € on any input z € {0,1}". Let 0 be a distribution
on {0,1}". Let the distributional query complexity, denoted DY(f), be the maximum number of
queries made by the best deterministic query protocol computing f with average error at most
e under #. The distributional and randomized query complexities are related by the following
Yao’s Lemma.

Fact 2 (Yao’s Lemma). Let ¢ > 0. We have R.(f) = maxy D?(f).

Similarly, we can define randomized and distributional communication complexities with a
similar Yao’s Lemma relating them.

Let A be a hard distribution on {0, 1}" such that D§/3(f) = Ry/3(f), as guaranteed by Yao’s
Lemma. Let m be an integer. Let g : {0,1}™ x {0,1}™ — {0,1} be a function, interpreted as a
gadget. Let G := g™. Define the following distributions:

1 _ 1 _

0 g(z,y)=0 1 g(z,y)=1

pl(r,y) = e, () = e
lg=1(0)] lg=(1)]



For every z € {0,1}", define p* := p® x pu*2 x ... x p*». The lifted distribution for the composed
relation fo g™ is u:=E,\u®.

Let Alice and Bob’s inputs for the composed function be respectively z = (z1,...,2,) €
({0, 1}™)" and y = (y1,...,yn) € ({0,1}™)™.

We use the following notation, some of which is adapted from notation used in [ ]

For a node v in a communication protocol tree, let X” XY™ denote its associated rectangle.
If Alice or Bob send the bit b at v, let v, be the corresponding child of v and X¥* C X*
and Y’ C Y be the set of inputs of Alice and Bob respectively on which they send b.

For a string € ({0,1}™)™ and an interval I C [n], let 1 be the restriction of z to
the interval I. We use shorthand z; for z;;;. We use similar notation for a string y €
({0, 13™)™.

For a set A C ({0,1}™)", let Ay := {x; : ® € A} be the restriction of A to the interval I
and A,, := {2’ € A: 2} = zr}. Our convention is for an x; & A;, A,, is the null set. We
use similar notation for B.

For A C ({0,1}™)™, we represent the uniform probability distribution on strings z in A
with p(z). We use similar notation for B.

For A C ({0,1}™)", an index 4 € I and =\ g3y € {0, 13 HI=1) et
Pmax (A, T\ fiy) = s pa(zi|zpgiy)-

We say a pmax bound of a holds for A with respect to I, if pmax(4, 2\ ()) < aforalli € I
and all such z\ ;3. Similar terminology holds for B.

For A C ({0,1}™)™, I C [n], let
HiGH(A, o, 1) :={z € A:Fi € I,pa(zi|zpy) > a}.

Similarly, we define HIGH(B, o, I).

For y; € {0,1}™ and z; € {0,1}, let U(y:, 2) = {x; € {0,1}™ : g(zi,y:) = z:}. We
use Aly(y,,z) to denote Uy cu(y, 2y Az, Similarly, for 2; € {0,1}™ and z; € {0,1}, let
Vi(wi, zi) := {ys € {0, 1} : g(@i,yi) = zi}. We use Bly (g, 2,) to denote Uy, cv (z, ) By, -
Let M, represent the sign matrix for the function g. That is, My (z,y) = (—=1)9@¥). For
an interval I and zy,y; € {0, 1}’"‘”, we define M;?l[l(x],yl) = ILier My (25, y;). Observe
that Mf”l is also a sign matrix.

Discrepancy of My, defined below, gives a lower bound on the communication complexity of
g. We consider it with respect to the uniform distribution, although it extends to any general
distribution (see for example, [ D-

Definition 3. Discrepancy of M, with respect to the uniform distribution is defined as

dise(M,) = — Y M)

= 227777, max
AC{0,1}m , BC{0,1}™
c{0,1}™,BC{0,1} veAgeB

This definition extends to the matrix M;@’", for any integer » > 1, in a natural fashion.
Following lemma follows from [ , Theorems 16,17].

Lemma 4. Let My be a sign matriz and v > 1 be an integer. Then it holds that

disc(ME") < (8- disc(M,))".



For the rest of the proof, we define a parameter 0 as

1

pi= gd1sc( My)

Our working assumption is that 5 > 100logn.

We shall use the sets SMALL(A, A, I), SMALL(B, B’,I), UNBALx (A, B, I) and UNBALy (A, B, 1)

defined in Lemmas 5 and 7 respectively in our algorithm and analysis.
Following lemma is similar to the Thickness Lemma in | ]

Lemma 5. For A C ({0,1}™)", 1 ] and A’ C A, there exists A” C A’ such that for all

cn
i €I and xp () GAI\{ b |A > LA and

II\{z}' zI\{L}|7

pA(A/\A//) <

Define SMALL(A, A’ I) := A"\ A”.
Similarly, for B C ({0,1}™)", I C [n] and B’ C B, there exists B"” C B’ such that for all

i€l and yp\giy € BI\{Z}, |By1\m| > %|Byl\m|, and

pB(B/\BI/) <
Define SMALL(B, B’,I) := B"\ B”.

Proof. We prove the statement for the sets A, A’. Similar argument holds for B, B’. The set
A" is obtained by running the following algorithm on A’. It is easy to see that the A” obtained
satisfies the property required.

Algorithm 1: Decomposing A" = A” U SMALL(A, A’, I)

1
2
3
4
5
6

Initialize A= A4',j =0

while |Ai1\{i}| < %|A9€1\{¢}| for some i € I and xp ;) € A]I'\{i} do
Pick such an i € I and zp\
Set ATt = AT\ {2’ € AT : Ty = Ty}

end

Output A” = A7

To bound the size of SMALL(A, A, I), let (i;, x]}\{ij}) be the pair picked by the algorithm in the

j-th iteration. Then we have, |AJ Note that a particular x;\ (i} can only
J

1
T\ (i }‘ < FlAJCI\{ij}|'
be removed once in the algorithm, so at most all zp\ ;3 for all i € I can be removed. So the

total strings removed is at most

‘ ! |f|
DD TN A~ D DR IEE> D! JlAI < 4]
('Ljaz]I\{lJ}) ! (ZJ’:E]I\{qj}) i€l To\ (i}
This proves the lemma. 0

Lemma 6. Fizx a real number k € (0,1). Let A,B C ({0,1}™)" and I C [n] be such that
pal(xr) < 27WIM=EB) for all 21 € {0,1}™1 and pp(y I) < 27 HIm=kB) for all y; € {0,1}™M1.
Then it holds that

1Y pala)peu) M (@r,yr)| < (8-27 G208

Tr1,Yr



Proof. First we show that without loss of generality, we can assume that pa(z;) and pp(yr)
are uniform in their support. The probability distributions pa(zr), ps(yr) have min-entropy
at least |I|(m — kB). Thus, they can be decomposed as a convex combination of probability
distributions having min-entropy at least |I|(m — k) which are uniform in their support. Thus,
we write

paler) =Y Nipa(zr), plyr) =Y mipllyr), with > A=y =1,% > 0,5 > 0.
i j i j
We obtain by triangle inequality that
1N pale)ps)MEM @y <7 il > pa(@)pl ) ME (@, y1)].
T1,Y1 4,J T1,Y1

Thus, the maximum value is attained at distributions that are uniform in their support.

Thus, assuming that pa(xz;) and pg(yr) are uniform in their support, let A’, B’ be their
respective supports. Since the min-entropy of pa(z;) and pg(yr) is at least |I|(m — kB), we
have that |A’| > 210m=kB) and |B’| > 2l/I(m=kB)  Thus,

1

®|1| _ @[]
| ZpA(mI)pBQ/I)Mg (‘Thyf)‘ - |A/||B/|‘ Z Mg (xlay1)|
TI,y1 w1 €A yr€B’
22m\]\ 1 ol
= famE] e 2 Ml
rr€A’,yr€B’
22m\1\ ] sl
< e wg dise(My")
< 22MIRB(8 . disc(M,))l  (Lemma 4)
= (8.2—(2—2k)5)|1|
This completes the proof. O

Lemma 7. For A,B C ({0,1}™)" suppose a pmax bound of 2=™F080 holds with respect to
I C[n]. We say x € UNBALx (A, B, 1) if it does not satisfy the property

1
Pr [Nz, yr) = 2] € ol [1— 270050 1 4 270055] vz € {01},

Yi~prB

We have,
pa(UNBALy (A, B, I)) < 270095,

Similarly, we say y € UNBALy (A, B, I) if it does not satisfy the property

1
Pr (¢ (zr,yr) = 2] € ol [1 2700981 4 270-058) vz ¢ {0,1}1].

TI~PA

We have,
pe(UNBALy (A, B, I)) < 270058,

Proof. We prove the first part. The second part follows similarly. Fix an interval J C I. Since a
Pmax bound of 27™+0:85 holds for the given A, we have that for all 27, pa(zs) < 27171(m=0.85),
Consider any subset A’, C A such that pa(A4’) > 2718 Tt holds that

pa(as|Ay) < 2017189 171(m—0.88) _ o=1J1(m—0.98)



Thus, invoking Lemma 6, we obtain

\ Z pa(@s|A))ps () ME (25, y)| < (8- 27028171 (1)

TrYJ
Let BADf]l) be the set of all z; € A, for which >_ pB(yJ)MflJl(mJ,yJ) > (827928171 and
BADSO) be the set of all z; € A; for which >° PB(yJ)MflJl(xJ,yj) < —(8-27028)11 Let
Bapy := BADSU U BADSO). From Equation 1, we conclude that pA(BADF]i)) < 2-0.18lJ] for
i € {0,1}. Thus,

pa(BaD,) < pa(Bapy)) 4+ pa(Bap() < 2.27018171
Using 8 > 100logn, we obtain

11|

I n
pa(UjcrBapy) < ZPA(BADJ) < ZZ <| |>20'1T’8 < 222”%"70'“5 < 270058,
r=1

r
JCI r=1

Now we show that UNBAL(A, B,I) C Uyc;BAD;. For this, we consider an x such that x; €
—=BAD; for all J C I. That is,
1Y ey MO @,y < (8-2702)1 forall JCT.
Ys
Following claim shows that © ¢ UNBAL(A, B, I), which completes the proof. This claim is a
restatement of [ , Lemma 13].

Claim 8. Consider an x satisfying

1> o) M @,y < (8-272)1 forall J C 1. 2)
Yy
It holds that
1
Pr gz, y1) = 21] € o0 [1 — 2700%F 1 4 270-057] vz e {0, 1},
YI~pPB 21|

Proof. Fix an x satisfying Equation 2. Let x(z) := (—1)®i€7% be the parity function. The
fact that M, is the sign matrix for g implies

1> pey)xs (g'J'(a:J,yJ)) | < (8-27028)1 forall JCI. (3)

Let p(zr) be the distribution of z; for the given x and averaged over y ~ pg, that is p(z;) =
Pry,~ps 91 (z1,y1) = 21]. We fourier expand p(z7) := > scr Xa(z1)p(J), where

p(J) = % ZP(ZI)XJ(ZI) = % ZPB(?JJ)XJ (9‘J‘($J7?JJ)> :

From Equation 3, we have that 2///|p(.J)| < (8 -2792%)VI. Furthermore, p(¢) = 5im» where ¢ is
the empty set. Thus we conclude (using 8 > 100logn)

e -5l = 1S xanpt)

JCI,J#¢
1 _
< oIl Z (8. 270-28)1|
JCIJ#$
(1+8-27028)11 1

2111
210gn70.1ﬁ 270.055

< <
- 211] - 9l




This establishes the claim.

3 Proof of main result

We show the following which implies Theorem 1.

Theorem 9. Let f C {0,1}"™ x O be a relation and g : {0,1}™ x {0,1}™ — {0, 1} be a function
(with m = O(logn) ). It holds that

DY), (fog") = QRuss(f) - (B —100logn)),
where f = %log ﬁ(g).

Proof. If p < 100logn, then the statement is trivially true. Thus, we assume 5 > 100logn. For
a given relation f, recall the definition of A (hard distribution for f) and u (lifted distribution for

fog™) from Section 2. Let T' be a deterministic communication tree for f achieving DY / J(fog™).

Let ¢ := D’f/4(f o g") be the depth of T. Using our algorithm II given in Algorithm 2 and

described in the form of a flowchart in Figure 1, we get a randomized query protocol for f

which makes an error of at most 14—1 under A (as implied by Lemma 10) and makes at most

O(c/(B8—3logn)) expected number of queries (as implied by Lemma 16). This can be converted

into an algorithm with O(c/(8—3logn)) number of queries (in the worst case) and distributional
1

error 3, using standard application of Markov’s inequality. This shows that

(=} =0 (5577 )

which shows the desired. O

For an input z, we construct a tree 7 which represents the evolution of the algorithm II,
depending on the random choices made by it in steps 4, 24, 11, 31, 14, 34 and the FILTER
steps of Algorithm 2. All the nodes of the tree are labeled by unique triplets (A x B,I,v)
where I C [n] is the current interval, A C ({0,1}™)", B C ({0,1}™)™ are the current parts of
the rectangle held by Alice and Bob respectively, and v is the current node of T. The root
node is (({0,1}™)™ x ({0,1}™)™,[n],r) where r is the root of T, and the children of any node
are all the nodes that can be reached from it depending on random choices made. Each edge
is labeled by the conditional probability of the algorithm reaching the child node, conditioned
on it reaching the parent node for that z. The overall probability of the algorithm reaching a
node (A x B,I,v) on input z, denoted by Pry .[(A x B, I,v)] is obtained by multiplying all the
conditional probabilities along the path from the root to (A x B, I,v).

Note that there are at most O(nlogn) communication steps in 7" and at most n query steps
in IT (along with a constant number of additional operations for each of these steps).

Error analysis of algorithm II
In this section we shall prove the following main lemma.

Lemma 10. The algorithm II makes an error of at most 1/4 + O(logn/n) when input z is
drawn from .



Alice sends bit

(Ax B,I,v)
(pmax < 2—m+0.73,3)

Bob sends bit

\

Pick b L
A . A N Xv7b rel. Sllze ABORT
V4 Uy <z
Filter
SMALL(A, AN X?? )

(pmax S 2—m+0.766)

i eI s.t.
|HIiGH(A, 27™+078 )|
> oslAl?

n

Z

Procedure
similar to

Alice’s side

Filter
Hicu(A,2-m+078 1)
(pmax < 2—m+0.73/3’)

Filter UNBALy
(Pmax <

27m+0.79ﬁ>

Fix such an 7

/\

A\ Hicu(A

2 m+-0. 7[3

HiGgH(A

2 m+-0. 75

i)

Query z;

Pick y;
AX B+
A’U(yiyzi) X By,,
I 1\ {i}

bad
ABORT

Yi

di € I s.t.

|HicH (A, 27m+078 4)|

> L|Al?

Yes

Figure 1: A flowchart description of the algorithm



The proof of this lemma has the following components. First, we prove an Invariance Lemma
which will show that an appropriate ppmax bound holds at right steps in the algorithm. Second,
we show a lemma related to the size of |(A x B) N G(z)| relative to |A x B| at any node of T for
any input z to II. This lets us do two things: first we can show that the transition probabilities
of IT are almost the same for any z that is consistent with the bits queried so far, and second, we
can show that the probability of the algorithm going to an aborted node is small. This allows
us to argue that the probability of II reaching a leaf is close to the desired probability. Thus,
the expected value of the error of IT over the leaves is close to the expected value of the error of
T over the leaves, which is small.

Lemma 11 (Invariance Lemma). Throughout the execution of 11, we show the following invari-
ants:

1. Pmax bounds of 27~m+0.768 9=m+0.798 o=m+0.T35 g 2=m+0.T35 for the current A with
respect to the current interval I hold after steps 27, 29, 41 and 16 respectively;

2. Pmax bounds of 27 +0.T68 9=m+0.796 9=m+0.736 g 9=m+0T38 for the current B with
respect to the current interval I hold after steps 7, 9, 21 and 36 respectively;

Proof. We prove the statement for A. A similar argument holds for B.

1. After step 27: If ABORT does not happen here, A is set to A’ = A\ Ab|SMALL(A,Ab,I)
(where we use A® to denote AN X??). For all x € A’ and for all i € I, Lemma 5 implies

/ 1 /
that \AII\M| > o5 |Az; iy |- Moreover, ‘AZEI\{i}OIi < |Az; (you:| for every xi,xp (i)
Since a puax bound of 2740738 holds for A (refer to the topmost node in Flowchart 1),
we have,
! 3
‘ T\ {i10F; n-- |AI i} O%i —
max AI/\H < max - (i} < 9~ mH0.T65
Ti | T\ {i} Ti | T\ {i}

Hence, the pmax bound of 27™+0:765 holds for A’.

After step 29: Here an A for which a pmax bound of 27™19:765 holds is set to A’. We have

/ . / 1 /
for every x € A" and i € I, |A; | = ;5|4 ;|- Moreover, [AL oo | < [Azp o,
for all @;, xp\ (43. So for any xp (i,
|A! | n3-|A |
T\ {i10T; T\ {310 _
max AI/\{ T hax - NPT 9=m+0.795

due to the pmax bound on A.

After step 41: A similar argument holds here. Since the strings in both HigH(A, 2-™+0-78 T)
and SMALL(A, A\ HigH(A,27"+0-78 ) I) are removed, we have for the remaining strings
in the set A’,

| !

n3 - |(A\ Hicu(A,2- 078 1))

T\ 41085 T\ {i}1O0%; _
max I/\{L} S max I\{:} S ) m—+0.733

by the definition of HiGH(A,2~™+0-78 T).

After step 16: The set A is fixed to A,,, for some x; and i € I, after this step. Since a
Pmax bound of 27™+0-78 held before this step in interval I, and the interval I\ {i} is a
subset of I, the same pax bound continues to hold.

O

10



Thus, we conclude that at every step, the pya, bound is at most 27988 We will use this
upper bound below unless more precise upper bound is required.

Lemma 12 (Uniformity lemma). Let (A x B,I,v) be a node of T at which a pmax bound of
2= +088 nholds for A, B with respect to I. Then the number of inputs (z,y) in A x B consistent
with z, denoted by piaxp,1)(z) = |(A x B)NG~1(z)], satisfies

1 _ _
Paxs,n(2) € gy [1-2 0048 1 4 270048] .1 4] |BY.

Proof. Without loss of generality, we assume I = {1,...,}, which means that the bits of z that
have been queried till now are [ 41, ...n. Since II reaches (A x B, I,v) on z, we must have that
g"’l(x[n]\[l], Ym\[]) = 2\ We view ﬁp(AxBJ)(z) as a probability distribution over zj,
which we denote by p(z7). Our bound shall follow by computing p(z1)p(z2|z1) - .. p(zi]21, . - - z1-1).
Setting I = {1} in Lemma 6, we conclude that

p(z1) = Y pa@)pBU) g, )=
T1,Y1
1 1—2z
= 53T ! ZPA(Il)pB(yl)Mg(zlayl)

Z1,Y1

[1 o 270.05B, 1 + 270‘05['3] .

2
c !
2

Now, we consider p(z2]21). For this, it is sufficient to consider p(za|x1,y1) for any 1 € Agy, 91 €

Byyy satisfying g(x1,%1) = 21. Since a pmax bound of 274088 3150 holds for the sets A,,, B,
with respect to I\ {1}, we can appeal to Lemma 6 to conclude that

|:1 _ 270.0557 1 4 270.05ﬂ] .

N | =

1
p(z2]x1,91) € 3 [1—270056 1 4 270050] — p(29]21) €
Proceeding in similar fashion, we conclude that

1 1
p(z) € W [(1 o 2—0.05,@)71’ (1 + 2—0.055)n} € W [1 o 210gn—0.05,@7 14+ 210gn—0.056] .

This completes the proof. O]

The lemma has the following immediate corollary.

Corollary 13. For any node (A1 x By, 11,v1) and its successor node (Az X Ba, I, v2) such that
@ Pmax bound of 2-m+0-88 poids for Ay, By and As, By with respect to Iy and Iy respectively,
the probability that the algorithm II reaches (Aa X Ba, Iz, vs), conditioned on it reaching (A; X
Bi,I1,v1) on any input z, lies in the range

) ) ot sl Bl
1 — 2700398 1 | 9-0.0398] .o IAVARRES .
[ ] A B

Proof. Note that the transitions in 7 from (A4; X By, I1,v1) to (4] x By, Ij,v}) and so on
until to (As x Ba, Iz, vs) happen according to the relative sizes of the rectangles. Hence the
probability of these transitions on z are given by p(a; xp;,1,)(2)/pP(a, xB,,1,)(#) and so on until
P(A2x Ba, 1) (%) Payx By, 1) (2)- So,

/ 1o z
7Erz[(A2 X Ba, I, v2)|(A1 X By, I1,v1)] = Py 1) (2) c P(Asx B 1) (%) — P(Aax Ba,t2) (2)

P(Ayx By, 11)(2) payx By 1) (%) PayxB.,1)(2)

11



Appealing to the p,,q, bound, we can apply Lemma 12 to obtain that for every z,
1 _ _
P(A x By, 1) (%) € W[l — 270048 1 4 270048714y - | By

and a similar result holds for (Ay x Ba, Iz, v2). Plugging in the upper and lower bounds for both
these quantities, we get the desired result.
O

For bounding the probability of the algorithm aborting, we need the following claim.

Claim 14. Consider a tree T representing a random process with directed edges weighed by the
conditional probability of going to a child node conditioned on being in a parent node. Some of
the nodes are marked as aborted nodes, and we have that for any node, the sum of weights of the
edges going to aborted children be at most 6. If the depth of T is d, then the overall probability
of the random process reaching an aborted node is at most ¢ - d.

Proof. We construct a new tree 7/ in which nodes which are not aborted at a particular level are
coarse-grained into a single node and the aborted nodes are coarse grained into another node
(which we again call abort node). For 7/, the probability of a node having an aborted child is
still at most § and the overall probability of reaching an aborted node is at least as large as in
7. The probability of reaching an aborted node in 7’ is given by

S+(1=0)-0+(1—-6)26...+(1-06)%15<ds
which gives us the required bound for the probability of reaching an aborted node in 7. O

Lemma 15. The overall probability of the algorithm I1 aborting on any input z € {0,1}" is
O(logn/n).

Proof. We will compute the abort probability for steps corresponding to A. A similar argument
holds for B. The algorithm aborts on steps 25, 35 and the FILTER steps. We shall consider each
of these separately, and further subdivide the argument into query and communication parts.
First we consider the communication steps. For this, we upper bound the abort probability
for a fixed z, from which the actual abort probability can be upper bounded by averaging over

A(2).

On steps 25 and 26: We first consider the conditional abort probability on a communication
sub-routine of Alice starting from step 23 and ending at step 26, conditioned on being at a
node (A x B,I) at the beginning of this subroutine at step 23. This gives us the conditional
probability of not aborting at either step 25 or in the FILTER procedure in step 26. Note that
a Pmax bound of 271088 holds at A and a pmax bound of 27™+0-88 holds for all possible
non-aborting A; obtained from it at step 26. A ppyax bound of 2-m+0.88 }5lds for B at the
beginning and does not change in these steps. Hence by Corollary 13,

P(a;xB,0(2) > —0.0398 | 4]
— - 1-2 —
Z paxB,)(2) 2 ( ) Z |Al

non-aborting j non-aborting j

Note that at first A is partitioned into two subsets A and A' according to the picked b in step
24. At most one of A? and A! could have lead to an abort and because of our aborting condition

we have
> Wl d
: Al = n?
non-aborting b€{0,1}

12



Moreover, from Lemma 5,

1
pa(SMALL(A, AY) 1)) < =
n?
which gives us

Z 1451 Z | A%\ SMALL(A, A% 1)

A4 |A]

non-aborting j non-aborting b€{0,1}

1

e{o1}| |

3
-2)-300-3

Z P(a;xB,0(2) > (1—2700396)(1 _ 3,72) > | — 32 — 200395
P(AxB, 1)( z)

v

(147 = 1A 1 SmaLL(4, A", T)))

non-aborti

v

So finally we get,

non-aborting j

Hence, the probability of abort conditioned on reaching this node is at most 4n~2, by the choice

of B.

On steps 29 and 41 (no queries): We can do very similar calculations for the probability
of abort on steps 29, conditioned on the A after step 26. Note that a pmax bound of 2-m+0-88
holds for both the parent node A in step 26 and the non-aborting child node A’ in step 29.
Hence ,
p(A’XB,I)(Z) >(1- 270.03%) . ﬂ
p(AxB,I)(Z) |A|

Now in A’ the strings UNBAL(A, B, I) and the strings SMALL(A, A\ UNBAL(A, B,I),I) are re-
moved. By Lemma 7, the total probability loss due to removal of the strings in UNBAL(A, B, I) is
279958 and the total probability loss due to removal of the strings in SMALL(A, A\UNBAL(A4, B, I),I)
is n2 by Lemma 5. Hence the total conditional probability of aborting is again upper bounded

by O(n~2) by the choice of 8. A similar argument holds for the abort probability in step 41 if
there are no queries carried out.

Note that each of the aborts whose conditional probabilities we have calculated so far happen
once after Alice communicates a bit. Since there are at most O(nlogn) bits communicated, by
Claim 14, the overall probability of abort in these steps is at most O(logn/n). Now we proceed
to the steps where a query has taken place.

On steps 35 and 41 (at least one query): Now assuming at least one query happens, we
calculate the probability of abort on steps 35 and 41, conditioned on being at a node (Ax B, I, v)
before the while loop began. A pyax bound of 271085 holds for A, B with respect to I by the
Invariance Lemma. By Lemma 12 we can say,

14270048

—— 14118 (4)

paxB,n(z) <

Warm up, one query: Consider the simplest case where the while loop has only one iteration,
querying say z1 (where we assume, without loss of generality, that {1} € I). In the while loop,
first A is split into A’(= HiGH(A,27™+078 [1})) and A\ A’. A\ A’ exits the while loop without
any queries being done, and then a FILTER step is carried out on it, after which a py,.x bound of
2-m+0:86 11olds by the Invariance Lemma. Suppose the part that is not aborted in the FILTER
step is A”, then |A”| > (1 — 2n~2)|A\ A’|, since at most n~2 fraction is removed in HIGH and
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SMALL parts each (for this, notice that at this stage, [HiGH(A \ A’,2-m+0-78 [i1)] < |A7\L§4/| for
all i € I). By Lemma 12 we have,

1— 270.04ﬁ (1 _ 270.04[3)(1 _ 2n72)

parxB,1)(2) > T|AH| -|B| > o] |A\ A’ - |B.

On A’, 21 is queried and A’ is set to A’|¢/(y, -,) depending on the choice of y; in step 34. Some
of these y; lead to abort in step 35. Let Ab (representing abort) denote this set of y;, that
is, |A’'[7(y1,20)| < 25|A4|. The non-aborting part then goes through another FILTER step, after
which at most 2n~2 fraction of AUy 2, is removed, and it has a ppax bound of 2-m+0-88 with
respect to I\ {1}. So if we let { Ay X By }x denote the rectangles on which a query happens and
which are not aborted on steps 35 or 41, then by Lemma 12,

(1 —270045)(1 — 2n~2)
Y paxBLnan(z) 2 ST T D 1m0l - 1Byl
k vi1gAD
(1 —270:048)(1 — 2 72)
= e D A0zl 1Bl = Y 1A lu e - 1Byl
Y1 y1 €EAD

We bound each of the summations in the above expression separately. For the first term, note
that

(1—27099)4 - |B]  (5)

N | =

ST el 1Byl = 1B1 Y. Pr [g(ar,y) = 21] >

" seA Yi~pPB

where the inequality holds due to Lemma 7. For the second term we have,

1 _
> Aol 1Bul < A1 1BI Y poly) < 4] |B] -0~ (6)
y1€AD y1EADb
This gives us
(1 —270:048)(1 — 2n72) _o0s8 2
ZP(Akak,I\{l})(Z) > 511 (1—270056 — E)MI\ -|Bl.
k

So the total probability of not aborting is at least

Dok P(Apx B, N1} (2) + pearx B,y (2)
paxB,1)(2)

1= 270048 (1 — 270056 _ 3) | AT+ [A\ A
1120048 = ]

> (1—3n"2)
>1-— 6n_2,
for the choice of 3. So the conditional probability of aborting in this step is at most 6n~2.

More than one query: For a larger number of queries, there are more possible divisions of A, but
the calculations are similar, applying different cases of Lemma 7. There are different sequences
of queries for the different partitions of the rectangle (A x B) at the beginning of the while
loop. Recall that the unqueried interval for (A x B) is I. To capture the branching sequence,
we consider the subtree 79 of 7, with root at (A x B, I) (we shall drop the v label) and the
leaves at all the nodes that reach (but do not exit) step 41. For every non-aborting leaf node

14



(AL x Br,I1,) of T4, there is a child node (A7 x Bp,IL) in T that goes through step 41 and
does not abort. We have the following relation for all leaves L € T, using Lemma 12,

L
pay By (2) > (1 =200 (1 — anz)wmd -|Bil. (7)

Let Leaf(7?) represent the non-aborting leaves of T9. We shall argue that

oy 1
> Py B (2) > (1—4n 2)W|AHB|-
LeLeaf(T9)

Combined with Equation 4, this shall allow us to upper bound the probability of abort. To
show the desired inequality, it suffices to lower bound

Z 2Nl ALl |By, (8)
LeLeaf(T9)

To achieve this, we shall evaluate the expression starting from the leaves and going up to the
roots.

We call a node penultimate if it is a parent of a leaf node. Consider a penultimate node
L = (A* x B*,I*), which was partitioned into children {(Aj X By, I’)}x. Suppose the partition
happened through a query step (observe that I’ is same for each child, as they are all queried
at the same location). Let ¢ = I* \ I’ be the queried location and Ab; be the set of aborting
y;’s. Following relation holds using Lemma 7, where the argument is similar to that used in
Equations 5 and 6:

D AklBy] > 1A 1B
(AkXBk,I') yiiAbi
> 1(1—2_0'05B—£)|A*HB*|.
-2 n3
If the children of penultimate node were not formed due to any query step, then none of them
were aborted (abort only occurs at Step 35 within the While loop) and I, did not change. Then
it trivially holds that

> AIB| = 1A% B7.
(Ag X Bg,I")

Now, consider the tree 7;% formed by removing all the leafs from 79. Let Leaf(7;?) be the
leaves of 7;1. Above argument allows us to conclude that the summation in Equation 8 is lower
bounded by the following:

2
(1-2700% _ 2 Z 2NLl ALl - By,
LeLeaf(T%)

Continuing the same process, we can reduce the tree till it is just the node (A x B, I). Then
Equation 8 is lower bounded as

2
> 2MVEAL B > (1 - 27090 — Z)MA||B| > (1 4n?)|A]| B,
LeLeaf(T1) "

for the choice of 5. This shows that the abort probability is at most 6n2.
This gives the total probability of the algorithm aborting to be at most O(logn/n). O

Now we are in a position to do error analysis for the algorithm.
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Proof of Lemma 10. The probability that IT makes an error is at most the sum of the probability
that IT aborts, given by Lemma 15, and the probability that it makes an error on a leaf. We
know by Lemma 15 that the overall probability of abort on any z is at most O(logn/n), hence
the overall probability of abort when z is drawn from ) is also at most O(logn/n).

To bound the error at a leaf, let us denote the output of a leaf L of T by b* and probability
that T on input (z,y) drawn uniformly from G~!(z) for a fixed z, reaches leaf L by ¢.. By
correctness of T' on the distribution p we have,

n 3
Pr [((z,y),T(z,y) € fog" | =Eeur | >, af|> ' (9)
(e L:(z,bL)ef

Let us further denote the probability of II reaching a leaf on a fixed input z by ¢/X. We will
lower bound

Pri(z0() € fl=Ecn | > ¢
L:(z,bl)ef

Due to (9), it is enough to show that ¢~ and ¢/* are close. Let the rectangle associated with the
leaf L of T be denoted as AL x BE. Since T has no internal randomness and conditioned on a
particular z the underlying distribution is uniform in its support, the probability that an input
drawn uniformly from G~!(z) reaches L is given only by the relative number of (z,y) € ALY x BF
that are consistent with G~1(z). That is,

o Ll x BY NG|
: (e

Now there are many nodes (A X By, I, L) in T corresponding to the node L and we have that
AL = (UpAg) U AL oo BY = (U By) U B, - Moreover, we know from Corollary 13 that the
probability of II going to node (A x B, I, L) is proportional to |(Ax x Bx) N G~1(2)] - [1 —
270-0398 11 4 9-0.0398] (the non-aborting leaf nodes all have a ppax bound of 27="+0-85 for A B).
So,

> (A x By T )eT |(Ak X B) N G7l(2)|
G
(A" x BY) N G71(2)] — [(Apore X Bore) NG~ (2)]
|G=1(2)]
|[(Akporr X Bisorr) NG~ (2)]
Gi(z)

gL > (1 270-0398)

— (1 _ 2—0.0395)

_ (1 _ 270.039B)qu _ (1 _ 270.039[3)

We now appeal to Lemma 15 to conclude that overall probability of abort is at most O(lo%).
This gives us the probability of the algorithm making an error on a leaf to be

1 1 1
I-Eeoy | Y, | S1-(1-2709E 0| >0 ! +O<Oin)<4+0<oin>.

L:(z,bL)ef L:(z,bL)ef

O

Expected number of queries of II

Lemma 16. The algorithm 11 makes at most 0-7672%
the number of bits communicated in T in the worst case.

expected number of queries, where c is
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Proof. Consider the non-aborting leaf nodes {(Ay X By, I, L) }x in T, where Ly, is a leaf node
of T. In each of Ay, By, some strings are fixed in intervals Jy4, Jp respectively (we drop the label
k from these intervals, as it will be clear from context), where J4 and Jp are disjoint. Moreover
JaUJp = [n] \Ik.

Assume for simplicity that I, = {1,2,...|Ig|}, Ja = {| k| + 1, | L] + 2,... |Ix] + |Ja|} and
Jp = {|Ix| + |Ja| + 1,|Ix| + |Ja| + 2,...n}. For any pair of strings (z,y) € Ax X By, we have
that,

1
TA o PAx (x)ka (y) = DPAy (zlkUJA)'pAk (:EJB "rlkUJA) XPBy (yIkUJB)'ka (yJA |yIkU~]B) (10)

| Ak || B|
We evaluate the term pa, (7, |z1,07, ) in the following way. Suppose the queries in Jp happened
in the sequence {|I;| +|Ja| +1, 1| +|Ja| +2,...n}. Let A} be the ancestor of A, when index
{n} was queried. Since Aj C A}, we have

(w10 l21,0,) S S (w10 l21,0,)
PA LI |TIuTa) = = =PA Xy |TI,uda)-
: R |(Ak)$1kuJA| |(A/ )xlkuJA| * R

Now, the fact that the query happened at index {n} implies pa; (zn|z1,07,) > 2-m+0.78  Thuys,
pa ($JB|$I;C.UJA) > 9-m+0.78 Py (T 7o\ {(n} [T 1 UT 4 UL} ) NOW,. we can .consider jche. ancesjcor Al
of A}, at which z,,_1 was queried and further lower bound this quantity. Continuing this way,

we obtain

pa, (xJB ‘xlkUJA) > 2_(m_0-76)|JB|‘

Similar argument for By gives us

DBy, Yaalyrosg) > 27 M=0TAIal,

Combining, we obtain

pa, (xJB ‘kaUJA )ka (yJA |y1kUJB> > 2_(m_0.7ﬁ)(|JB‘+|JA|)'

Now, there is at least one x, such that pa, (z7,07,) > 27™ !l (recall that 2, is fixed).
Similarly, there is at least one y;, such that pp, (yr,u7,) > 27"kl (vecall that gy, is fixed).
Thus, collectively, we find from Equation 10 that

_ > 9—2me|lx|  9—(1Jal+|JB))(m—0.78)
|Axl|Bi| ~

This implies that

gm(2n—|Ta|~|T5])

> om(2n—=|Jal=|JBl) . 9=2m-|Ix| L o= (|Jal+|J5|)(m=0.78) _ 90.78(|Jal+|B])
|Ag|[Bk|
Taking logarithm on both sides and taking expectation over all (A x By, Ii), we get

2m-n

0.78 - E((ay,xB),10) ([ Jal + [IB]) < E(a,xBw),10) (10g <|Ak||-Bk|

) =me (12l 178 ) (D)
Now, recall that |J4| + |Jp]| is the number of queries in the rectangle (A; x By). Let

Eq:=Eqa,xBy).10.)(Jal +|JB])

be the expected number of queries in the algorithm II. We upper bound the right hand side of
Equation 11. For this, we view the protocol IT as a communication protocol II¢¢ in the following
sense. Let Alice and Bob publicly share z distributed according to A. Alice and Bob simulate
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all the steps in I, and communicate abort if required. Suppose the players reach steps 10 or 30
during the simulation. If Alice (Bob) finds that there exists an ¢ € I that satisfies the ‘while’
condition, then she (he) communicates ¢ to Bob (Alice) with logn bits. For every query done
by Alice or Bob at some index 4, the respective player samples z; from the shared randomness.
If either of Alice and Bob need to fix an x; or y; (respectively), they communicate the fixed
string to the other party with m bits of communication. In similar manner, rest of the steps are
simulated. We find that for each query done in II, II°° communicates at most m + log n + 2 bits.
Thus, expected number of bits communicated in II° is upper bounded by 2¢ + (m + log4n)E,,
where the term 2¢ arise due to the possibility of abort in non-query steps (note that there is at
most one additional abort per communication step). Using Claim 17 below, we conclude

2m-n

E((AxxBy),12) l0g <Ak||Bk> <2c+ (m+log4dn)E,.

Using this in Equation 11, we obtain
0.78- Eq < 2c+ (m+logdn)E, —m- E;, = (0.78 —log4n)E, < 2c.

This completes the proof.

Claim 17. The expected number of bits communicated in I1°¢ is lower bounded by

22mv’ﬂ
E((axxBy),11) 108 <|Ak|Bk|) .

Proof. Given the protocol II¢, we construct a tree 7¢ as follows. The nodes of tree T
are labeled by the rectangles (A x B) that appear in the protocol II°>. The root node is
(({0,1}™)™ x ({0,1}™)™). For each node (A x B), its children are the set of all nodes that
are obtained by partitioning (A x B) in the given randomized fashion. We include the aborted
nodes in 7. Observe that 7 is different from the tree T constructed earlier, in the sense
that the latter is constructed for a fixed z. For a node (A x B) € T°¢, let Ncnua(A4 x B) be the
number of children of (A x B) (we set this number to 1 for a leaf node). The expected number
of bits communicated in II°¢ is equal to

]E(AXB)ETCC log NChi]d(A X B)
For a node (A x B), let {(Ar x Bi)}r be the set of its children. Then it holds that

Z |Ak||Bk|10g |A||B]
) | Al B | Ax|| Bx|

< log Ncnia (A x B).

(Arx By
Since the transition probability in II1°¢ from (A x B) to (Ax x By) is "?j”gf‘ , the claim concludes.
O
O
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Algorithm 2: Randomized query algorithm II for f

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

32
33
34
35
36
37
38
39
40
41
42
43
44

Input: z € {0,1}"
Initialize v as root of the protocol tree T', I = [n], A = ({0,1}")" and B = ({0,1}™)"
while v is not a leaf do
if Bob sends a bit at v then
For b € {0, 1} pick B’ = BN Y%? with probability |B N Y"v|/|B]
if |B'| < 5|B| for the picked b then ABORT
FILTER(B', SMALL(B, B', I))
Set v < vy and B + B’
if there is an i € I such that |Hicu(B,2-™1078 )| > %]B[ then
FILTER (B, UNBALy (A, B,I) USMALL(B, B\ UNBALy (A, B, I),1))
while [HicH(B, 27078 )| > L|B| for some i €1 do
Pick B’ = HiGH(B,2-™+078 4) or B\ HicH(B, 271978 j) with probability
|HicH(B, 27078 4)|/|B| or 1 — |HigH(B,2-™%078 4)|/| B| respectively
if B’ = HigH(B, 271078 4) is picked then
Query z;
Pick x; € {0,1}"™ with probability |A,,|/|A]
if |B'|v(4:,2)| < -5|B'| then ABORT
Set B < B'ly(a,,2), A+ Ay, and I < I\ {i}
end
Set B+ B’
end

end
FiLTeR (B, HicH(B, 2=™078 T) U SmALL(B, B \ Hicu(B,2-™07 1) 1))
nd
Ise if Alice sends a bit at v then
For b € {0,1} pick A’ = AN X¥" with probability |A N X¥?|/|A|
if |A'| < n—lg\A\ for the picked b then ABORT
FILTER(A’, SMALL(A, A’, 1))
Set v+ vy and A «— A’
if there is an i € I such that [HiGH(A, 27078 )| > 15| A| then
FILTER (A, UNBALy (A, B,I) USMALL(A, A\ UNBALx (A, B,I),1I))
while [HicH(A4, 27078 )| > d;|A| for some i€ I do
Pick A’ = HicH(A,27™F078 ) or A\ HiGH(A,27™+078 ) with probability
|HigH(A, 27078 §)|/|A| or 1 — |HIGH(A, 27078 )| /| A| respectively

if A" = HigH(A, 271078 4 is picked then

Query z;

Pick y; € {0,1}™ with probability |B,,|/|B|

if |A'|7(y;2)] < 5|A’| then ABORT

Set A < A'[yy B < By, and I « I\ {i}
end
Set A+ A’
end

® O

Yir%i))

end
FILTER (A4, HigH(4,27™07% T) U SMALL(A, A \ HicH(A,27™+078 1) T))
end 20

end
Output as T does on the leaf v.




Procedure 3: Filter(T, S)

Input: T'C ({0,1}™)" and S C T
1 Pick 7" = S or T'\ S with probability |S|/|T| or 1 — |S|/|T| respectively

2 if T = S is picked then ABORT
3 Set T + T’
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