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Abstract

We show that for any (partial) query function f : {0,1}" — {0,1}, the randomized com-
munication complexity of f composed with Index), (with m = poly(n)) is at least the random-
ized query complexity of f times logn. Here Index,, : [m] x {0,1}" — {0,1} is defined as
Index,, (z,y) = y. (the xzth bit of y).

Our proof follows on the lines of Raz and Mckenzie | | (and its generalization due
to | ]), who showed a lifting theorem for deterministic query complexity to deterministic
communication complexity. Our proof deviates from theirs in an important fashion that we con-
sider partitions of rectangles into many sub-rectangles, as opposed to a particular sub-rectangle
with desirable properties, as considered by Raz and McKenzie. As a consequence of our main
result, some known separations between quantum and classical communication complexities
follow from analogous separations in the query world.

1 Introduction

Communication complexity and query complexity are two concrete models of computation which
are very well studied. In the communication model there are two parties Alice, with input x
and Bob, with input y, and they wish to compute a joint function f(z,y) of their inputs. In the
query model one party Alice tries to compute a function f(x) by querying bits of a database
string x. There is a natural way in which a query protocol can be viewed as a communication
protocol between Alice, with no input, and Bob, with input z, in which the only communication
allowed is queries to the bits of x and answers to these queries. Given this, we can (informally)
view the query model as a “simpler” sub-model of the communication model. Indeed several
results in query complexity are easier to argue and obtain than the corresponding results in
communication complexity. One interesting technique that is often employed with great success
is to first show a result in the query model and then “lift” it to a result in the communication
model via some “lifting theorem”.
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One of the first such lifting theorems was shown by Raz and McKenzie | ] (and its
generalization by [ ]). For a (partial) query function f : {0,1}" — {0,1} and a commu-
nication function ¢ : {0,1}™ x {0,1}* — {0,1} let the composed function f o g be defined as
fog"(z1,y1)s-- s (Tnyyn)) = flg(z1, 1), ..., 9(xn, yn)). Raz and McKenzie | ] (and the
generalization due to [ ]) showed that for every query function f : {0,1}™ — {0,1} the
deterministic communication complexity of f composed with Index,, (with m = poly(n)) is at
least the deterministic query complexity of f times logn. Here Index,, : [m]x{0,1}" — {0,1} is
defined as Index,, (z,y) = y, (the ath bit of y). Subsequently several lifting theorems for differ-
ent complexity measures have been shown, example lifting approzimate-degree to approzimate-
rank | | and approzimate junta-degree to smooth-corruption-bound | | etc.

Our result

In this work we show lifting of (bounded error) randomized query complexity to (bounded error)
randomized communication complexity. For a (partial) query function f : {0,1}"™ — {0,1} let
the randomized query complexity with (worst-case) error e > 0 of f be denoted R.(f). Similarly
for a communication function g : {0,1}™ x {0,1}* — {0, 1}, let the randomized communication
complexity with (worst-case) error € > 0 of g be denoted R.(g). We show the following.

Theorem 1. For all (partial) functions f :{0,1}" — {0,1},

Ry/4(f o Indexy,) = Q(Ry3(f) - logn),

where m = poly(n) *.

On the other hand it is easily seen with a simple simulation of a query protocol using a
communication protocol that Ri/3(f o Index;,) = O(Ry/3(f) - logm). This implies Ry/3(f o
Index;,) = ©(Ry/3(f) - logn) with m = poly(n).

Our result implies a recent result of | ] where they exhibited a power 2.5 separation
between classical randomized and quantum communication complexities for a total function. It
also implies exponential separation between two-round quantum communication complexity and
randomized communication complexity first shown by | ]

Our techniques

Our techniques are partly based on the techniques of Raz and McKenzie | ] as presented
in [ ] with an important modification to deal with distributional error protocols instead
of deterministic protocols. Let T be a deterministic communication protocol tree for f oIndex;,
(with m = poly(n)). We use this to create a randomized query protocol II (see Algorithm 2)
for f. Let z be an input for which we are supposed to output f(z). We start with the root
of T and continue to simulate T (using randomness) till we find a co-ordinate i € [n] where
T has worked enough so that Index,,(x;,y;) is becoming (only slightly) determined. Using the
properties of Index,, we conclude that 7' must have communicated O(logn) bits by now. We
go ahead a query z; (the ith bit of z) and synchronize with z;, that is go to the appropriate
sub-event of the current node in T" consistent with z;.

To keep the unqueried bits z; sufficiently undetermined, firstly we need the number of possible
y; in each of these locations to be large. Since the set of y is exponentially larger than the set
of x to begin with, the communication protocol lets us do this for free. To make sure z; is not
too determined by x;, we need to make some effort. Suppose the set of unqueried indices in z
is I C [n]. The parameter we use to keep track of how much T" has worked to determine z;,

'We state our result for Boolean functions f, however it holds for general relations. Moreover, for convenience we
use a partial version of the Index;, function defined on the subset Baly, of {0,1}™" that only contains strings with
an equal number of 0’s and 1’s in every block.



is the conditional probability (within the set A of all possible x at this point) of a particular
value of x;, given a particular value xp\ ;) at other unqueried locations. When this conditional
probability pa(z;|zp (;}) becomes too high for a sufficiently large number of strings, we conclude
that we cannot maintain the conditional probability to be low for this ¢ any more and a query
must be made.

However, we only want to make a query in that part of A where the conditional probability
violation takes place — this eventually lets us compare the number of queries we make with the
number of bits communicated. So within a query subroutine, we first probabilistically split A
into the strings HIGH where the conditional probability becomes too high, and A\ HIGH, where
this does not happen, according to their respective sizes. A query is then made in the HicH
part, and only the z; and y; that are consistent with the z; that we learn from the query are
retained — in such a way that they still form a rectangle. After we have done the HiGH, A\ HIGH
splitting and querying in all indices where the conditional probability pa(xi|zp 1;3) Was too high
for many strings, the conditional probability can be restored to a low enough value for the rest
of the indices, and we can move on with communication steps.

As long as we have a bound ppyax on the maximum pa(z;|rp 53) in A and the set B of all
possible y is large, the unqueried z; are sufficiently undetermined and we can move from node
to node of T according to the “flow” of T, for every input z. We prove this in parts in the
Partition Lemma 5 in section 2 and Lemma 11 in section 3. This lets our algorithm sample
the leaves of T close to their original probabilities, and thus the correctness of T on (x,y) in
expectation ensures the correctness of our algorithm on z on expectation.

During the course of our simulation, we may end up at some “bad” subevents, where we
will not be able to maintain a sufficiently large number of (z,y) consistent with z. We need to
abort the algorithm on such subevents. When we have a pna.x bound, B is large and we are
going with the “flow” of T', we can ensure that the probability of going to such bad subevents
is small. But, if we need to do a series of queries in one go, we will not be able to maintain
the requisite pyax bound in between queries. So it may be possible that when we do a query
and try to synchronize x; and y; with z;, we do not find any (or sufficiently many in the form
of a rectangle) z; and y; that are consistent with z;. In the technical Lemma 7 we show that
there is a way around this, that in fact if we do some “preprocesing” on A before carrying out
queries, the probability of this bad subevent happening is still small. Thus the algorithm does
not abort with high probability, and ends up at the leaves with the correct probabilities.

2 Preliminaries

In this section, we present some notations and basic lemmas needed for the proof of our main
result.

Let f:{0,1}"™ — {0,1} be a (partial) function. Let € > 0 be an error parameter. Let the
randomized query complexity, denoted R.(f), be the maximum number of queries made by the
best randomized query protocol computing f with error at most £ on any input = € {0,1}"™.
Let @ be a distribution on {0,1}". Let the distributional query complexity, denoted D?(f), be
the maximum number of queries made by the best deterministic query protocol computing f
with average error at most € under . The distributional and randomized query complexities
are related by the following Yao’s Lemma.

Fact 2 (Yao’s Lemma). Let ¢ > 0. We have R.(f) = maxy DY(f).

Similarly, we can define randomized and distributional communication complexities with a
similar Yao’s Lemma relating them.
Let A be a hard distribution on {0,1}" such that Di‘/g(f) = Ry3(f), as guaranteed by

Yao’s Lemma. Let m = n'% and let Bal,, C {0,1}™ be the set of all strings of length m with

equal number of 0’s and 1’s. Observe that |Bal,,| = (7:;2) > 2™ /y/m. The notation Bal],



will refer to the set Bal,, x Bal,, X ...Bal,,. Let Index,, : [m] x Bal,, — {0,1} be defined as
Index,, (z,y) = y, (the zth bit of y). Consider the following lifted distribution for the composed
function f o Index): u(x,y) = MG(z,v))/|G~(G(z,y))|, where G := Index],. We observe for
this distribution that p(z) and p(y) are uniform in their support.

Let Alice and Bob’s inputs for the composed function be respectively z = (z1,...,z,) € [m]™
and y = (y1,...,yn) € Bal.

We use the following notation, some of which is adapted from notation used in | ].

e For a node v in a communication protocol tree, let R¥ = XV x YV denote its associated
rectangle. If Alice or Bob send the bit b at v, let v, be the corresponding child of v and
Xv? C XV and Y¥® C Y? be the set of inputs of Alice and Bob respectively on which
they do this.

e For a string € [m|™ and an interval I C [n], let x1 be the restriction of z to the interval
I. We use shorthand z; for ;. We use similar notation for string y € Balj,.

e For aset A C [m]", let A := {x1 : x € A} be the restriction of A to the interval I and
Ay, ={2' € A: 2, = zr}. Our convention is for an z; & Ay, A, is just the null set. We
use similar notation for B.

e We say B C Bal,, is large with respect to I C [n] if B is fixed outside of the interval I (ie,

B —n2(2n—
| Bi| = |BJ) and |BL1,,,IL\III\ > 27 nll),
e For A C [m]™, an interval J, we define a uniform probability distribution on strings x in

A and restriction of x to J in A as, pa(xy) := "?Z‘JI. We use similar notation for B.

e For J C [n] and i & J, we define the conditional probability of x; given x; in A such that
pa(zy) >0, as pa(z;lxy) = %.

e For A C [m]", an index i € I and xp\ (3 € [m]l11=1, let
Pmax (A, xz\{i}) = H}C?LXPA(CUHSUI\{H)-

We say a pmax bound of a holds for A with respect to I, if pmax(4, 2\ (}) < aforalli e I
and all such zp\ 43

e For AC [m]™,I C[n]and i€ I, let
HIGH(A, o, i) := {x € A: pa(wi|zp 3y) > af.

Moreover, we use HIGH(A, «, I) to denote U;e tHIGH(A, v, 7).
e For y; € Bal,, and z; € {0,1}, let U(y;, 2;) := {x; € [m] : Index,, (x;,y;) = 2;}. We use
Alv(ys,z) to denote Uy, ey, =) Ae, -

Fact 3 (Chernoff bound). Let X1, Xs...X; be independent random wvariables such that 0 <
X;<ec Let X =3, X, and p=E(X). Then for § >0, it holds that

52,2

Pr(|X — uf > pub] < 2e~ 5
We shall use the sets SMALL(A, A',T), BAD(A4, B, i) and UNBAL(4, B, I) defined in the next
Lemmas 4, 5 and 7 respectively in our algorithm and analysis.

Lemma 4. For A C [m]|* I C [n] and A’ C A, there exists A” C A" such that for alli € I and
gy € Ay 1A%, 1 2 114 Further, if we denote A\ A” by SMALL(A, A’,I), then

TI\{i}
1
> pale) <.

n
xE€SMALL(A,A’,T)

51?1\{1:}|'



Algorithm 1: Decomposing A" = A” U SMALL(A, A’, I)

1
2
3
4
5
6

Initialize A= A4',j =0
while A%, | < 75|A

ml\m| for some i € I and xp\ ;) € A]I'\{i} do

Pick such an i € I and =
Set A1t = AT\ {2/ € AT : Ty = TN

end
Output A" = A

Proof. The set A” is obtained by running the following algorithm on A’. It is easy to see that
the A” obtained satisfies the property required.
To bound the size of SMALL(A, A’, I), let (i;, xf,\{ij}) be the pair picked by the algorithm in the

j-th iteration. Then we have, |A§I\{ij}\ < %|Ar1\{1j}|'
be removed once in the algorithm, so at most all zp\ ;3 for all ¢ € I can be removed. So the

total strings removed is at most

: J
Note that a particular x I\{i,} can only

; 1 1 | 1] 1
J - . = — 2 il
Z |Ax§\{ij}| <3 Z |Awi\{ij}‘ S3 Z Z [z ] = n3|A| < n2|A|'
(ij’mjz\{ij}) ’ (iijJI\{z‘j}) i€l T\ (i}
This proves the lemma. O

Lemma 5 (Partition Lemma). For A C [m]™ suppose a pmax bound of m~8/10 holds with respect
to I C [n]. For a B C Baly, that is large with respect to I, we say a y; € By is in BAD(A, B, 1)
if it does not satisfy the property

1 = 1 _
Z pA(l‘i|l‘]\{i}) S [2 —-n 5, 5 +n 5:| le\{i} S AI\{i} Vz; € {O,l}
z; €U (Yi,2:)
or By, is not large with respect to I\ {i}. Then,
ST pely) <27
y; €EBAD(A,B,i)

Proof. For a fixed index i € I and fixed z; € {0,1} we say y; € Bal,, satisfy the property
P(zp\(iy, 2i) for set A if it holds that

1 1 -1
§ + > e[; )pA(xi\x[\{i}) > 5 -0 V.%‘]\{i} S [m]‘ | .
T YirZi

Consider an indicator 14, )=z, for the event g(z;,y;) = z; (say the function (1 — (y;)z, © 2:)).
We can rewrite
Yo pal@ilen) =Y Lywy=s  Pal@ilzn ).
i €U (yi,zi) T

Note that By;; C Baly, and when y; is drawn uniformly from any subset of Bal,,, expectation
value of the above quantity is %, as the expectation value of 1, 4,)=z, is % Thus, using
Chernoff bound (Fact 3) and the fact that for any xp\ iy, 0 < g, y)=z - Pa(@ilrny) <

pa(@ilzn iy) < Pmax(A, 2 (i) < m~8/10

Pr1
YivTB ]

, we have

m3/5.52
£

1 S
Z lg(miyyi):zq, ~pA((Ei|x]\{i}) - 5 > 51 < 2¢” Tmom 16710 = ¢~



That is, the probability that y; does not satisfy P(x\ i, 2:) for any fixed xp ;3 and z; is at

m3/5.52

most 2¢~~ 7 . Thus the probability that y; does not satisfy property P(zp\ (4}, 2:) for at least
m3/5 .52 m3/5.52 m3/5.52
one Iy {;) Or one z; is at most 4ml1—1 . e= ™7 <m".e " 1 = — gnlogm | - e

say y; € BAD1(A, B,i) if it does not satisfy P(z\ ), 2:) for at least one zp\ (33 or z;. Taking

ml/2

§ = m~1/20, we get the number of y; € BAD; (A, B,i) to be at most |By;| - 2718 me= "7~ <
< |Bal,, |71, we get,

IBal,,| - 27", Since for any y;, | By,

50
|Bal,,| - 27" - |Ba1m‘|1|—1 .45
N < <27"
E pB(Yi) < Bal,, [l - 2-n*@2n=l1) = 2
yi €BAD1 (A, B i)

Now we say y; € BADo(A, B, i) if % < 2~n’(@n—|II+1)  Then,

- |Ba1m| . |Ba1m||I\—12—n2(2n—‘1|+1) < 2—n2
Z pe(Yi) < |Bal,, |I] - 2-n*(@n—IID) - .
yi €BAD2(A,B, i)

Note that BAD(A, B, i) = BAD1 (A, B,i) UBADy(A, B, i), which gives us the required bound on

ZyiEBAD(A,B,i) pB(Yi)- O
The following lemma follows from a result in | |, which we state below. Here, x(z) =

(_1)@21.

Lemma 6 (] ], Equation 4). For an interval I C [n], suppose pa(xr) < m= " for all

xy (min entropy is at least 0.7|I|logm) and B is large. Then it holds that

| Z pA(l'I)pB(yI)X(gI(zl,yl))| < 9—5|I|logn

Tr1,Y1

Lemma 7. For A C [m]" suppose a pumax bound of m=8/1% holds with respect to I C [n] and
B C Baly,, is large with respect to I. We say an © € UNBAL(A, B,I) if it does not satisfy the
property

1 )
Pr (¢! (z1,y1) = 21] € o 1-n"%1+n"7] vz e {0, 1}

|Bygl
~
yr B

Then,
1
pa(UNBAL(A, B, 1)) < —.
n

Proof. Fix an interval J C I. Since a pmax bound of m=8/19 holds for the given A, we have that
for all x;, pa(zy) < m =817l For any subset A, C A such that pa(A)) > m =%l we have
that pa, (xy) < mO U m =087l < 1, =071/1 " Thus, invoking Lemma 6, we obtain that

| > par (@)pe(yr)x(9” (@, y0)) < 2701 1oen, 1)

TJ.YyJ

Let BAD(JU be the set of all z; € A, for which 3 . pe(W)x(g” (zs,ys)) > 27°M1Megn and

Bap? be the set of all ry € Ay for which By Hwy,yy)) < —27511Mogn et
7 y, PB(Y1)x(9 y

BaADj := BAD(JD U BAD(JO).We conclude that

]ZI‘(BADJ) < l?f(BADEIU) n PAr(BADf,O)) <2.m 0

where the last inequality follows from Equation 1.



Now, we put an x in UNBAL(A, B, I) if it holds that for all J C I, z; € BAD;. The overall
probability of z € UNBAL(A, B, I) can be upper bounded as

1] n
pa(UNBAL(A, B, T)) ZPr (BAD,) < 22 ( >m0‘1’“ <2) griean—Odriosm < 3.9=9lon,
JCI r=1

Fix an © ¢ UNBAL(A, B,I). We have that x; € “BAD; for all J, which implies that

|ZPB y)x(g” (xs,y5))] < 270118 for all J.

Using Lemma 9 from | ] (which appeared earlier in | 1), we conclude that

1
Pr (9" (zr,yr) = 21] € Bl [1—n"" 14077 vz e {0,1}11.

B
Yr~ =g

This establishes the desired property of UNBAL(A, B,I) as given in the statement of the
lemma. This completes the proof. O

3 Proof of main result

We restate Theorem 1 and provide its proof below.

Theorem 8. For all (partial) functions f, it holds that
RT/4(f oIndex;,) = Q(Ry3(f) - logn),
where m = poly(n).

Proof. For a given function f, recall the definition of A (hard distribution for f) and u (lifted
distribution for f oIndex),) from Section 2. Let T be a deterministic communication tree for f
achieving D’1‘/4(f01ndexﬁl). Let ¢ := D’l‘/4(fOIndexfn) be the depth of T'. Using our algorithm II
given in Algorithm 2 and described in the form of a ﬂowchart in Figure 1, we get a randomized
query protocol for f which makes an error of at most 1 under \ (as implied by Lemma 9)
and makes at most O(c/logn) expected number of querles (as implied by Lemma 15). This
can be converted into an algorithm with O(¢/logn) number of queries (in the worst case) and

distributional error %, using standard application of Markov’s inequality. This shows that

logn

Ry =D}(N <0 (1)
O

For an input z, we construct a tree 7 which represents the evolution of the algorithm II,
depending on the random choices made by it in steps 4, 9, 16, 19 and the FILTER steps. All the
nodes of the tree are labelled by unique triplets (A x B, I, v) where I C [n] is the current interval,
A C [m]™, B C Bal}, are the current parts of the rectangle held by Alice and Bob respectively,
and v is the current node of T'. The root node is ([m|™ x Bal),, [n],r) where r is the root of T,
and the children of any node are all the nodes that can be reached from it depending on random
choices made. Each edge is labelled by the conditional probability of the algorithm reaching the
child node, conditioned on it reaching the parent node for that z. The overall probability of the
algorithm reaching a node (A x B, I,v) on input z, denoted by Prr .[(A x B, I,v)] is obtained
by multiplying all the conditional probabilities along the path from the root to (A x B, I,v).

Note that there are at most O(nlogn) communication steps in T' and additionally at most
n query steps in II, and constant number of operations for each of these steps in the algorithm.



Algorithm 2: Randomized query algorithm II for f

17
18
19

20

21
22
23
24
25
26
27
28
29

Input: z € {0,1}"

Initialize v as root of the protocol tree T', I = [n], A = [m]"” and B = Bal,
while v is not a leaf do
if Bob sends a bit at v then
Pick b € {0, 1} with probability |[B N Y"?|/|B]
if |BNYvt| < 277"l |Bal,, || for the picked b then ABORT
Set v < v and B <+ BNYv?
end
else if Alice sends a bit at v then
For b € {0,1} pick A’ = AN X¥" with probability |A N X¥?|/|A|
if |A'| < n—lg\A\ for the picked b then ABORT
FILTER(A’, SMALL(A, A’, 1))
Set v+ vy and A «— A’
if there is an i such that |HiGH(A, m~93/100 4)| > - |A| then
FILTER (A, UNBAL(A, B,I) U SMALL(A, A\ UNBAL(A, B,I),1I))
while |HiGH(A, m~93/100 )| > n—ld\A| for some i€l do
Pick A’ = HigH(A, m~93/100 4) or A\ HiGH(A, m~ /190 ) with probability
|HicH(A, m~93/190 )| /|A| or 1 — |HiGH(A, m~93/190 )| /| A| respectively
if A" = Hicn(A, m=9/19 ) is picked then
Query z;
Pick y; € {0,1}™ with probability |By,|/|B]
if [A[p7(ys,0)] < 5| A| or |By,| < 9~n*@n—II+1) . |Bal,,[11-1 for the picked
y; then ABORT
Set A < A'ly(y, ), B < By, and I < T\ {i}
end
Set A+ A’
end
end
FILTER (A, HIGH(A, m™93/1%0 T) U SMALL(A, A\ HiGH(A, m~93/1%0 1), T))
end
end
Output as T" does on the leaf v.

Procedure 3: Filter(4, S)

1
2
3

Input: AC [m]” and SC A

Pick A’ = S or A\ S with probability |S|/|A| or 1 — |S|/|A| respectively
if A’ =S is picked then ABORT

Set A+ A’

Error analysis of algorithm II

In this section we shall prove the following main lemma.
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> | A?

Figure 1: A flowchart description of the algorithm



Lemma 9. The algorithm II makes an error of at most 1/44O(logn/n) when input z is drawn
from .

The proof of this lemma has the following components. First we prove an Invariance Lemma
which will show that the conditions required for the the Partition Lemma 5 hold. Second, using
the Partition Lemma, we show a claim related to the size of |(A x B)NG(z)| relative to |A x B| at
any node for any input z to II. This lets us do two things: first we can show that the transition
probabilities of IT are almost the same for any z, and second, we can show that the probability
of the algorithm going to an aborted node is small. Finally, due to the transition probabilities
being independent of z, the probability of II reaching a leaf is close to the probability of the
original protocol T' reaching that leaf. This lets us show that the expected value of the error of
IT over the leaves is close to the expected value of the error of T over the leaves, which is small.

Lemma 10 (Invariance Lemma). Throughout the execution of I, we show the following invari-
ants:

87/100 1, —84/100 9/10

1. Pmax bounds of m~ and m~ for the current A with respect to the
current interval I hold after steps 12, 14 and 206 respectively;

2. B is large with respect to the current interval I.

Proof. 1. After step 12: If ABORT does not happen here, A is set to A" = AP\ A°[gy1311.04,40. 1)
(where we use A” to denote AN X"?). A’ only contains xp\(;3 & SMALL(A, A°,I). For
= =5 - |Aa; ., | and obviously |A] | <A

" 1\ (33 0F4 | for every

these prefixes, |A

T\ (i} 0T

z;. Since a pmax bound of m=9/19 holds for A, we have,

/ 3
max |Amll\{1}0$1| — max n- - |A$I\{7,}O:EL| S m_87/100_

Hence, the pmax bound of m=87/100 holds for A’.
After step 14: Here an A for which a pmax bound of m=37/100 holds is set to A’. We

N / 1 /
have for every remaining prefix zp\ (3, |Aw1\{i} > 75l Aen o |- |Ax1\{i}owi\ can only be at
most |AII\{7',}OCE'£ . So for any z\ (i},
! 3
| T\ fi10T; n-- ‘Aw i1ox; _
max II\{ } < max . {3} < g 84/100
i ‘ T\ {i} i | TI\{}

due to the pynax bound on A.

After step 26: A similar argument holds here. Since the strings in both HicH(A, m~%3/100 1)
and SMALL(A, A\ HicH(A, m~%/1%0 ) T) are removed, we have for the remaining strings

in the set A’,

max 4|A;1\{i)°'"£| < max n® - |(A\ HIGH(A,m™ /10, D yon| < m~90/100
i ‘A/II\{i}‘ Com RPRYS B

by the definition of HIGH(A,m=93/100 1),

2. Bis changed in steps 6 and 21. In step 21, I is changed to to I'\{i} and B is correspondingly
changed to By, , so B always has a single string outside of the current interval /. The choice
of how to update B is made in steps 4 and 19 and a choice that would lead to B not satifying
the condition is aborted in steps 5 and 20.

O
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Lemma 11. Let (A x B,1,v) be a node of T at which a pmax bound of m=3/10 holds for
A with respect to I, and B is large with respect to I. Then for any z € {0,1}"™ on which
IT reaches (A x B,1,v), the number of inputs (x,y) in A X B consistent with z, denoted by
paxs.n(2) = (A x B)N G 1(2)], satisfies

1 _ _
paxnn(2) € 5 [1—4n~*14+4n""] - |A|-|B|.
Proof. Without loss of generality, we assume I = {1,...,1}, which means that the bits of z that
have been queried till now are [+ 1,...n. Since II reaches (A X B, I,v) on z, we must have that

9" @ us Yen) = 2\ Hence,

P(AxB,I) (z) = Z Lyary)=z1 - Lg(ar)==
(z,y)€eAXB

=S 3 Y Al

YyEB z1€U (y1,21) z1 €U (y1,21)

Now note that B contains only a single string outside of the interval I, so |B| = |B;| and B;
satisfies the condition required in the Partition Lemma 5. Additionally, since the ppax bound
of m~8/10 holds for A with respect to I, we can apply the Partition Lemma, to A x B on this
interval. By the Lemma, we have that for at most 2 - 2" fraction of y1 € BAD(A4, B, 1), and
for all y; & BAD(A, B, 1),

1 =1 B
Z Az, .| € {2 -n 575 +n 5:| |Azy..c0|
21 €U (y1,21)

1 1
B [2 ‘”‘5’2”‘5] S Auragmn] Vs (2)
T1

and moreover B,, is large for [I] \ {1}. Moreover note that, for a fixed 1, the pmax bound
also holds for A, with respect to [I] \ {1}, since it holds for A with respect to [I]. So taking
B = Uy1 ZBAD(A,B,1) By, we can apply the Partition Lemma again on A;, x B’ for an index in

{2,...,1}. By the Partition Lemma, at most 2 - 2" fraction of y2 € BAD(A, B’,2), and for all
y2 € BAD(A, B',2),

1 =1 _
> Ndndesal€ [5=n7g 4 07 Ay

22€U (y2,22)

1 s 1 _
= |:2 —-n 5,5 +n 5:| Z|Az1m2...acl| Vo Vs ... 1 (3)

X2

and By, is large for [I] \ {1,2}. For y» ¢ BAD(A, B’,2), both conditions (2) and (3) hold, and
for yo € BAD(A, B',2),

> S Aaw <300 1 Any -

21 €U (y1,21) v2€U (y2,22) T1 T2

So similarly defining B” = U, ¢pap(a,57,2) B,

., and combining conditions (2) and (3) we get, for

11



all x3...xy,

S 0Y M2 Y Y Al

yEB z1€U (y1,21) v2€U (y2,22) yEB" z1€U (y1,21) ©2€U (y2,22)

o (N
sa-2epl Y (Go0) Tl

z1€U (y1,21)

=(1-2-27") (; — n_5> B> Y A al

T2 z1€U(y1,21)
2
w1
> =227 (50 ) B e
Xy o

where in the last inequality we have used the fact that condition (2) holds for all 5. ..2; and
hence all z5. Similarly, for all x3 ...z,

2
> S |Axm,,_m,|<(1—2.2n2)2<;+n5> D)

YyEB 21 €U (y1,21) 22€U (y2,22) T1 T2

+4-27 B3 [ Auy ]

1 X2

Proceeding in this manner by successively applying the Partition Lemma on indices through to
[ and going to subsets which are not bad for these indices, we get the lower bound

l
peannn (@) = (1-27) (=0 1B 3 ey
Z1 xy

1 _a2\! _5 1 4
> 2 (1-27") @ =1-n7)A] [Bl = (1 -3079)4] - |B
and the upper bound
1 _ 2 1 _
plaxsn(z) < 57 (L+3n"Y[A]- Bl +20- 27" [A] - [B] < 5 (14 4n~)|A] - | B].

The lemma has the following immediate corollary.

Corollary 12. For any node (Ay X By, 11,v1) and its successor node (As X Ba, I, v9) such that
@ Pmax bound of m=8/10 holds at both these nodes and By, and By are both large with respect to
their respective intervals Iy and Iy, the probability that the algorithm I reaches (As X Ba, Iz, vs),
conditioned on it reaching (A1 X By, I1,v1) on any input z, lies in the range

[Az| - |Ba|

1—8n~% 1+ 8n~4 . 27 IL\El .
[ ] A B

Proof. Note that the transitions in 7 from (A; X By, I1,v1) to (A} x By, Ij,v;) and so on
until to (A2 x Bag, I3, vy) happen according to the relative sizes of the rectangles. Hence the
probability of these transitions on z are given by P(AY % B} 1) (z)/p(A1 xB;,I;) and so on until some

P(Asx Ba,1n) (2)/ P(Ay x By, 1) (2)- So,

’ 1oy z
Pr[(As x Ba, In, v2)| (A x By, I, v1)] = PABLi ) Plaxma o)) _ ptas i i) (2)
T P(Arx By (2) P(ayxBy.13)(2) (A xBy.1) (%)

12



Since the ppax bound of m~8/10 holds at both these nodes and B; and By are large, we can
apply Lemma 11 on them to obtain that for every z,

1 _ _
P(AxB.,1)(2) € ﬁ[l —dn~ 1+4n7" - Ay - | By

and a similar result holds for (Ag x Bg, I3, v3). Plugging in the upper and lower bounds for both
these quantities, we get the required result.
O

For bounding the probability of the algorithm aborting, we need the following claim.

Claim 13. Consider a tree T representing a random process with directed edges weighed by the
conditional probability of going to a child node conditioned on being in a parent node. Some of
the nodes are marked as aborted nodes, and we have that for any node, the sum of weights of the
edges going to aborted children be at most §. If the depth of T is d, then the overall probability
of the random process reaching an aborted node is at most ¢ - d.

Proof. We construct a new tree 7/ in which nodes which are not aborted at a particular level are
coarse-grained into a single node and the aborted nodes are coarse grained into another node
(which we again call abort node). For 7/, the probability of a node having an aborted child is
still at most § and the overall probability of reaching an aborted node is at least as large as in
7. The probability of reaching an aborted node in 7’ is given by

S+(1=06)-04+(1—=0%0...+(1-0)"15<ds
which gives us the required bound for the probability of reaching an aborted node in 7. O

Lemma 14. The overall probability of the algorithm II aborting on any input z € {0,1}" is
O(logn/n).

Proof. The algorithm aborts on steps 5, 10, 20 and the FILTER steps. We shall consider each
of these separately.

On steps 10 and 11: We first consider the conditional abort probability on a communi-
cation sub-routine of Alice starting from step 8 and ending at step 11, conditioned on being at
a node (A x B,I) at the beginning of this subroutine at step 8. This gives us the conditional
probability of not aborting at either step 10 or in the FILTER procedure in step 11. Note that
a Pmax bound of m=9/1% holds at A and a pmax bound of m=87/100 holds for all possible non-
aborting A; obtained from it at step 11. B is large at the beginning and does not change in
these steps. Hence by Corollary 12,

p(A]-xB,I)(Z) —4 |AJ|
— L - >(1—-8n —
Z paxB,1)(2) ( ) Z |A|

non-aborting j non-aborting j

Note that at first A is partitioned into two subsets A% and A' according to the picked b in step
9. At most one of A” and A! could have lead to an abort and because of our aborting condition

we have
|A?| 1
E —2>1-—.
, | Al n?
non-aborting b€{0,1}

Moreover, from Lemma 4,

Abl 1
> pa(z) = > )|AI| <5

TESMALL(A,AY,T) zESMALL(A,Ab, T

13



which gives us

Z 14, _ Z | A%\ SMALL(A, Ab 1)
A A

non-aborting j non-aborting b€{0,1}

D SR 1 LR SR

non-aborting b€{0,1} 2ESMALL(A,AbT)
1 2 3
>(1l-=|-=2>21—-—.
- < n2> n? — n?

So finally we get,

> Py xs.n (%) >(1—-8n"H1—-3n"2)>1—4n"2
non-aborting j p(AXB’I) (Z)

Hence, the probability of abort conditioned on reaching this node is at most 4n 2.

On steps 14 and 26 (no queries): We can do very similar calculations for the probability
of abort on steps 14, conditioned on the A after step 11. Note that a pn.x bound better than
m~8/10 holds for both the parent node A in step 11 and the non-aborting child node A’ in
step 14. Hence piarxp,1)(2)/paxs,n(z) > (1 - 8n~%) . % as before. Now in A’ the strings
UNBAL(A, B,I) and the strings SMALL(A, A \ UNBAL(A, B,I),I) are removed. By Lemma
7, the total probability loss due to removal of the strings in UNBAL(A, B, I) is n=°° and the
total probability loss due to removal of the strings in SMALL(A, A\ UNBAL(A, B,I),I) is n™2
by Lemma 4. Hence the total conditional probability of aborting is again upper bounded by
O(n=2). A similar argument holds for the abort probability in step 26 if there are no queries
carried out (we deal with the case where this abort happens after some queries are carried out
in the next part).

Note that each of the aborts whose conditional probabilities we have calculated so far happen
once after Alice communicates a bit. Since there are at most O(nlogn) bits communicated, by
Claim 13, the overall probability of abort in these steps is at most O(logn/n).

On steps 20 and 26 (at least one query): Now assuming at least one query happens, we
calculate the probability of abort on steps 20 and 26, conditioned on being at a node (Ax B, I, v)
before the while loop began. A pmax bound of m=84/190 holds for A and B is large with respect
to I, which suppose is {1,...,l}, by the Invariance Lemma. By Lemma 11 we can say,

14 4n—*
paxs,i(?) £ —5— 4] |B]

Consider the simplest case where the while loop has only one iteration, querying say z;. In the
while loop, first A is split into A’(= HiGH(A,m~23/19 1)) and A\ A’. A\ A’ exits the while
loop without any queries being done, and then a FILTER step is carried out on it, after which
a Pmax bound of m~9/10 holds by the Invariance Lemma. Suppose the part that is not aborted
in the FILTER step is A\ A”, then |A\ A”| > (1 —2n72)|A\ A’|, since at most n~2 fraction is
removed in HIGH and SMALL parts each. So again by Lemma 11 we have,

1—4n=1 (1—4n=)(1 —2n"2)
Pavanyxa iy (2) 2 ——r— AN A" | B| =

. A\ '] |B|.

On A’, 21 is queried and A’ is set to A’|¢/(y, -,) depending on the choice of y; in step 19. Some
of these y; lead to abort in step 20, let us denote this set by Ab. Note that Ab = Ab; U Abs,
where Ab, is the set of y; for which B,, is not large with respect to [I]\ {1}, and Ab is the set
of yy for which |A’|¢7(y, »1)| < 25| A’|. The non-aborting part then goes through another FILTER
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step, after which at most 2n~2 fraction of A’| U(y:,z) 18 removed, and it has a ppax bound with
respect to [I] \ {1}. So if we let A; x B; denote the rectangles on which a query happens and
which are not aborted on steps 20 or 26, then by Lemma 11,

> pea, By (2)
7

1—4n=4)(1 —2n"2)

(
> 9i—1 Z |A/‘U(y1,21)| . |By1|
y1¢Ab
(1 —4n=(1 - 2n72)
= 9l—1 Z |A/‘U(y1,z1)| : |By1‘ - Z |A/|U(y1721)| ! |By1|
Y1 y1 EAby

- Z |A/|U(y1,z1)|'|By1‘
y1EAbs\Ab;

We bound each of the summations in the above expression separately. For the first term, note
that

Z |AI‘U(y1,Z1)| . |By1| = |B| Z ZPB(yl)]lg(ml,yl):m

Y1 €A’ Y1

= |B]| Z fl)}; [9(z1,91) = 2]

y |
T€EA Y1~y |B|1

1 _ 1 _
> 1Bl S0 =3n7") = (-804 | ()
zeA’

where the inequality holds due to Lemma 7, because A’ does not contain any unbalanced strings.
For the second and third terms we have,

Z |A/|U(y1,21)| ' |B111| =+ Z |AI|U(y1,Z1)| ' |Byl|

y1E€AD, y1€Ab2\Aby
1
<|A'-1B] Y pe(y1) + —|A'|-|B] > pe(n)
y1E€ADb; y1E€Abs\Ab,
<A Bl 2 4 4] |Bl 0 S < 4] |B] 207, (5)

This gives us

(1—5n"%)|A'|-|B|.

(1—4n=*)(1—2n"2)
> Pt xs, i n (2) 2 ;
q

So the total probability of not aborting is at least

> Pa;x By N1 (2) + pavar < B, (2)

peaxs,p)(2)
Lo l—dnTt A HANA] (A
> (1— 2y, _ 3.
z(1=2n77) 1+4n—4( Al T

>(1—2n"3)(1—6n"3)>1—4n"2

So the conditional probability of aborting in this step is at most 4n 2.
For a larger number of queries, there are more possible divisions of A, but the calculations are
similar, applying different cases of Lemma 7. There are different sequences of queries different
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partitions of the rectangle A x B at the beginning of the while loop. Let A x B; denote all the
sub-rectangles that were queried in sequence s and were not aborted in step 20 in any iteration.
Let the unqueried set left after the query sequence s be J;. Step 26 takes A to A, removing
at most 2n~2 fraction of the strings for each subrectangle, so we have for all non-aborting
subrectangles after step 26,

— — 1 S S

s AlfxBl s A7xB}

Now each A? x B¢ is formed successively projecting onto the HIGH or A \ HIGH part for each
index that is queried and then projecting Alice’s part to U(y;, 2;) and Bob’s part to the y;
picked in step 19. However, note that all subrectangles that are queried in a particular sequence
have the same sequence of falling into the HiGH or A \ HIGH parts. Once we know what the
HicH and A\ HIGH choices are for each sequence s, we may rearrange the branching process so
that the projections to HIGH or A \ HIGH are done first and then the projections to U(y;, 2;)
and y; are done. Suppose for the query sequence s, A*® is the subset of A (Alice’s part of
the rectangle before the query sequence began) obtained by doing the projections to HIGH or
A\ HIGH corresponding to s first. Now fix an s = (41,...,%x). Similar to the calculation in (4),
by applying Lemma 7 with J = I\ J; we can say that

N 1—-3n""%
Z |A S|U(yi172i1) e |U(y1k’zlk)‘ ’ |ByI\Js| = W‘A sl ’ |B‘

Yi\Js

And similar to the calculation in (5), we can say that the choices of of y; that lead to abort
somewhere in the sequence satisfy

[T](1 + 3n=%)
= oIN\J.-2 . 3

Z |A*S|U(yi1,zz‘1) e |U(yik ’Zik)l ’ |By1\.ls |A™*] - |B.

Y1\, EAb

This gives us

s o 1—=3n"1 4(1+3n71) s 1—6n"2 .,
A3 x B}

Plugging this into (6) we get,

(1—4n~H)(1 —2n72)(1 — 6n?) s 1 — 2002
DD parxsea(z) > S1T] > |A |.|B|ZT|A|.|B‘_

s Alfx Bl

Now using upper bound p(axp,1)(2), we get the abort probability to be O(n~=2) for the case of
multiple iterations of the while loop as well. Since there can be at most n queries, the total
probability of aborting is at most O(n™1).

On step 5: Since the abort condition here is with respect to the whole of Ballyfll rather than
the parent, we calculate the abort probability conditioned on the root. Conditioned on the root,
by a similar argument as above, the probability of one such abort happening on (A x B, I) is at
most O(n=%) |B£L|n. Now note that everytime we change I, B is restricted to having only one
string outside of I. So for the aborting sets,

Bl |Bi] 1Brl  _ 5n
|Bal,,|*  |Bal,,|® — |Bal,,|/l — '
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Now the depth of 7 is at most O(nlogn), resulting in at most 20" 1°¢™) subsets of Bal”, which

can abort. Thus the overall probability of abort of this form is at most O(n~=*)-20("legn) 2 =
o@2™m).

This gives the total probability of the algorithm aborting at any step to be at most O(logn/n).

O

Now we are in a position to do error analysis for the algorithm.

Proof of Lemma 9. The probability that IT makes an error is at most the sum of the probability
that IT aborts, given by Lemma 14, and the probability that it makes an error on a leaf. We
know by Lemma 14 that the overall probability of abort on any z is at most O(logn/n), hence
the overall probability of abort when z is drawn from A to also be at most O(logn/n).

To bound the error at a leaf, let us denote the ouput of a leaf L of T by b" and probability
that T on input (x,y) drawn uniformly from G~1(z) for a fixed z, reaches leaf L by ¢~. By
correctness of T' on the distribution p we have,

(7)

> w

Pr [T(z,y) = fog"(x,y)] =Eeun | Y, d¢F|>
(@w)~i L:f(z)=bE

Let us further denote the probability of II reaching a leaf on a fixed input z by ¢’*. We will
lower bound

Prili(z) = f(2)] =Eeur | > g

ZA
L:f(2)=bL
Due to (7), it is enough to show that ¢& and ¢/* are close. Let the rectangle associated with
the leaf L of T be denoted as AY x B%. Since T has no internal randomness, the probability
when an input drawn uniformly from G~!(z) reaches L is given only by the relative number of
(z,y) € AX x B that are consistent with G=1(z). That is,
L_ (AP x BM)nGTH(2)]

= G1(2)]

Now there are many nodes (A; x B;, I;, L) in T corresponding to the node L and we have that
Al = (U;A;) U A BY = (U;B;) U BY, - Moreover, we know from Corollary 12 that the

ABORT?
probability of IT going to node (A; x By, I;, L) is proportional to |(A4; x B;) N G~1(z)|, which is
independent of z (the non-aborting leaf nodes all have a ppax bound and large B). So,

gL = S ax i ryer [(Ai x Bi) NG71(2)]
’ |G=1(2)]
|(AX x BE) 0 G2 (2)] = [(Akyomr ¥ Bsorr) NG~ (2)]
|G=1(2)|

> qu _0 <logn>
n

where we have used the abort probability calculation to upper bound [(A%,ouw X BXyorr) N
G~ 1(2)]/|G71(2)|. This gives us the probability of the algorithm making an error on a leaf to
be

logn 1 logn
1=Eeux | D | <1-Een| > af +O( = >s4+o< = )

L:f(z)=bl L:f(z)=bl
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Expected number of queries of II

Lemma 15. The algorithm 11 makes at most 12 Cn

number of bits communicated in T in the worst case.

expected number of queries, where ¢ is the

Proof. Consider a leaf node L of T, whose corresponding rectangle in T is A¥ x BL. As noted
before, AL = (U;A;) U A%, Where (A; x By, I;, L) are different nodes corresponding to leaf L
in 7. Note that at either a communication or query step of II, at most O ( ) fraction of |A| is
aborted, and since there are O(nlogn) communication steps and O(n) query steps, we can at

most have [A%. | <O (k’%) |A%|. The different A; correspond to different choices made by

the algorithm in steps 16 and 19. For each query performed, step 16 reduces the size of Alice’s
half of the rectangle by at most n3 (by the condition on which queries are carried out) and step
19 reduces the size by at most n® (otherwise we abort on step 20). Since (n — |I;]) queries are
performed on (A; x B;,I;, L), we must have,

1 1
|A;| > nSULI=m) AL\ AL | > pS(L]=n) (1 —0 (02”» |AF| > 5 pSULl=m) AL (8)

Now consider a string € A; and suppose for convenience I; = {1,...,l} without loss of
generality. We have that,
1
A pa, (@) = pa,(zp) - pa,(@aloy) - - pa, (TnlTg 0o Tigr 0. 0 Tn1).

Note that there is at least one xp; in A; such that pa, (zp)) > m~!. Without loss of generality,
let us assume the queries happened in the order z,,z,-1,...,2;41. Suppose the query z;41
happened on an ancestor A, of A;. In order for the query to have happened, for any z;;1 that
is retained in A; we must have had pa (x11]2p)) > m~93/190 Now A, is obtained by projecting
HIGH(A;,m*%/lOO,l +1) to U(yi11,2141) for some y;11 and then filtering out some xp;. This
means that for all z) o 241 present in A;, we must have [(A;)azy 001 | = [(A)ayjom,,, | and
obviously |(Ai)ay | < [(A})zy,| for all zy). So we have,

[

|(Ai)93[1]0£171+1 | |<A;)€E[z]0$z+1 | 93/100
pa, (Tip1lry) = ' 2> > m98/100,
T T Ay (4] |

—~93/100

Similarly we get pa, (vi2|op 0 x141) > m and so on. This gives us, for at least one z,

I1;|—
|j| > mll <m93/100) " n Tl Ly =930/100 5 ) =n T(n=| 1)) 9)
So from equations (8) and (9) we get for any (A4; x B;, I;, L),

- pT(Lil=n) > %  nS(Ll=m)| gL

Rearranging and taking logarithm on both sides we get,

2 m™
1 L)1 -1 — L] < 1
Og<|AL|> ( ‘ |) Ogn = n | Z|—10gn Og<|AL|)

Now (n — |I;]) is the number of queries done on this branch of 7 and log (IZ’—Z‘) is the number
of bits communicated by Alice on this branch of 7, which is at least the total number of bits
communicated at leaf L of the communication protocol. Hence the expected number of queries
made is at most 2/logn times the expected number of bits communicated, which is at most the
number of bits communicated in the worst case. O
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