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On Non-Optimally Expanding Sets in Grassmann Graphs
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Abstract

The paper investigates expansion properties of the Grassmann graph, motivated by recent results
of [KMST16, DKK™16|] concerning hardness of the Vertex-Cover and of the 2-to-1 Games problems.
Proving the hypotheses put forward by these papers seems to first require a better understanding of these
expansion properties.

We consider the edge expansion of small sets, which is the probability of choosing a random vertex
in the set and traversing a random edge touching it, and landing outside the set.

A random small set of vertices has edge expansion nearly 1 with high probability. However, some
sets in the Grassmann graph have strictly smaller edge expansion. We present a hypothesis that proposes
a characterization of such sets: any such set must be denser inside subgraphs that are by themselves
(isomorphic to) smaller Grassmann graphs. We say that such a set is non-pseudorandom. We achieve
partial progress towards this hypothesis, proving that sets whose expansion is strictly smaller than 7/8
are non-pseudorandom.

This is achieved through a spectral approach, showing that Boolean valued functions over the Grass-
mann graph that have significant correlation with eigenspaces corresponding to the top two non-trivial
eigenvalues (that are approximately 1/2 and 1/4) must be non-pseudorandom.
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1 Introduction

The PCP Theorem [AS98] IALMT98] is a widely applicable, fundamental result in theoretical computer
science. One area in particular in which it is vital, is hardness of approximation of optimization prob-
lems [FGL96]]. Several useful parameters in PCP constructions were highlighted by the work of Dinur
and Safra [DS03]], however, the existence of optimal PCPs with respect to these parameters is not known.
The Unique-Games Conjecture of Khot [KhoO2|], which asserts the existence of such PCPs, is a promi-
nent open question in theoretical computer science and in PCP theory in particular. This conjecture has
far-reaching consequences — it was shown to imply optimal hardness results for almost all optimization
problems [KKMOOQ7, KR0S, [Rag08|]. Research aimed at the design of algorithms for Unique-Games has
led to some interesting algorithmic ideas [CMMO6, [Kol11, IABS15| [TreO8]]. In contrast, progress towards a
proof has been slow — a first candidate for hard instance of Unique-Games has only recently been suggested
[KM16].

An independent line of research towards Khot’s 2-to-1 Conjecture, a weaker variant of the Unique-
Games Conjecture (also from [[Kho(2])), was initiated recently: First in [KMS16], which focused on the NP-
hardness of approximating Vertex-Cover, and then in [DKK™16], where it was extended to 2-to-1 games.
A key mathematical object in both constructions is the Grassmann Graph, and an associated agreement
test for linear functions. The results in [KMS16, DKK™ 16 relied on conjectured properties of this Grass-
mann agreement test, specifically they conjectured that when a certain assignment passes the test with non-
negligible probability, that assignment must have a large-scale structure consistent with some global linear
function.

The motivation of this work is to better understand the structure of the Grassmann graph, with the hope
of approaching a proof for the conjectured properties of the associated consistency test. Towards this end, we
study properties of sets that do not expand well; such sets play crucial role in all currently known challenging
examples for the Grassmann consistency test and their understanding seems to be a prerequisite for proper
understanding of the test.

1.1 The Grassmann Graph and the linearity agreement test

Let V be a k dimensional linear space over Fo. The ¢-dimensional Grassmann encoding of a linear function
H:V — Fyis atable F of values, assigning to each /-dimensional subspace L C V the restriction of H to



it, namely F (L) = H|r,. For any ¢-dimensional subspace L, L' C V, F(L) and F(L’) obviously agree on
LN L, as they are both consistent with the global .

Suppose, on the other hand, that we are given a table F specifying a linear function to every /-dimensional
subspace of V' and we would like to test whether the table is consistent with some global linear function
over V. The Grassmann consistency test, used in [KMS16, DKK™16], is as follows: Pick two random
¢-dimensional subspace L, L' C V under the constraint that dim(LN L") = ¢ — 1, and verify that 7 (L) and
F (L") agree on LN L’ (the Grassmann graph G(V, £) is obtained by connecting such L and L’ by an edge).
The consistency of an assignment F is the probability it passes the Grassmann test.

As noted above, a Grassmann encoding of a linear function has consistency 1. What can we say if a
table F passes the test with probability §? It is easy to show that when 6 = 1 the table must be an encoding
of a global linear function over V. But the case § < 1 is not nearly as trivial, and when ¢ is a small positive
constant this becomes quite subtle.

Before we continue the discussion about the relation between  and a global structure, we remark about
the relation between the Grassmann test and the 2-to-1 conjecture.

From 2-to-2 to 2-to-1. Note that the Grassmann test is 2-to-2 in the following sense: for every pair L, L’
of subspaces that are considered by the test, every linear function on their intersection L N L’ has exactly
two extensions to L that are consistent with it, and also two consistent extensions to L’. One can therefore
partition the possible labels of both L and L’ into pairs, so the test on L, L’ defines a matching between
these sets of pairs. A simple technique can transform this 2-to-2 test into a 2-to-1 test as required so as to
prove the 2-to-1 conjecture — this is done in [DKK™16].

From passing the test to global structure. Let F be a table assigning a linear function F[L] to every ¢
dimensional subspace L. C V/, and suppose that F has non-negligible consistency §, namely it passes the
Grassmann test with probability 6. Must F be consistent with a global linear function H: V' — Fy? At
least when interpreted in the most straightforward sense, the answer to the above question is negative: there
exists a table F that has constant consistency 6 > 0, such that for every linear function H: V' — [ the
probability F[L], |, agree on a randomly chosen ¢-dimension space L is negligible: O(2/=F).

Nevertheless, by considering the structure of known examples of the type mentioned above, one can
come up with some weaker form of large-scale consistency that might be implied by the fact that a table
passes the Grassmann test with non-negligible probability. Indeed, the following hypothesis was proposed
in [DKK™16]:

Hypothesis 1.1. For every § > 0, there exists ¢ > 0, and r > 0 integer such that the following holds
for sufficiently large k > (. Let V be a k dimensional subspaces over Fo, and suppose F is a labeling
of G(V,£) by linear functions that has 0 consistency with respect to the Grassmann test. Then there exist
subspaces Q,W CV,dim(Q) = r,dim(W) = k — r and a linear function H: W — Fo, such that
oLy, FILI=H]s] > e

In words, if F has non-negligible consistency, then there exists () of small dimension and W of small co-
dimension, so that F has non-negligible agreement with a legitimate linear function on subspaces containing
(2 and contained in W. Considering spaces containing () is referred to as “zoom-in”, and restricting to spaces
contained in W is referred to as “zoom-out”.

Hypothesis was left as an open question in [DKK™16]. A variant of the above hypothesis was made
earlier by [KMS16], where it was suggested that studying vertex expansion properties of G(V, ) may be a
good starting point for studying the Grassmann test.



1.2 The Grassmann test and Edge expansion

In order to prove Hypothesis wrong, one needs to construct a labeling of G(V, ¢) that has non-negligible
consistency yet does not posses global structure. One possible approach for doing this is by covering the
vertices of G(V, ¢) by a large number of less-than-optimally expanding sets.

Definition 1.2. Ler G = (U, E) be a d-regular graph, and S C U a set of vertices. The edge expansion of
S is the fraction of edges in S that go outside of it, namely

_E(S,U\S)|
als

where E(S,U \ S) denotes the set of edges between S and U \ S.

P(9)

Equivalently, the expansion of a set in a regular graph is equal to the probability of picking a uniformly
chosen vertex from it, taking a random edge from it and reaching a vertex outside the set.

Take A, ..., A, to be disjoint subsets of vertices of roughly equal sizes that cover a non-negligible
fraction G(V, ), and suppose that these sets have small expansion. Choosing H;: V' — Fs to be random
global linear functions, one can construct a table F by assigning the elements of A; according to H; (vertices
which are not in any A; can be assigned randomly). We now have an assignment where no global linear
function agrees with it on significantly more that % of the vertices. However, since the set A; are non-
expanding (we leave exact parameters for later), the Grassmann test still has a good chance of picking an
edge that lies within one the A;’s, and thus to accept.

If, moreover, one could avoid any zoom-in/zoom-out structure while constructing these sets A1, ..., A,
then one would effectively refute Hypothesis[I.1] It thus seems that determining if such small non-expanding
structure-less sets A; exist is a prerequisite for resolving Hypothesis[I.T} This paper tries to make a first step
to answer this question.

While we do not know a formal way to obtain Hypothesis [I.1] from expansion properties of the Grass-
mann Graph, there seems to be a strong connection between the two. For example, using the fact that a small
set of vertices S in the Grassmann Graph has expansion at least nearly half|'| one can prove the following
theorem, proved in Section

Theorem 1.3. For every § > % there exists € > 0 such that the following holds for sufficiently large k., . If
F is a labeling of G(V, £) by linear functions that has §-consistency in the Grassmann test, then there exists
a linear function H: V — Fy such that

Pzr [FILl =H|L] > e.

Note that Theorem n implies that Hypothesis holds for § > %.This may interpreted as a further
suggestion that understanding the structure of non-expanding sets in the Grassmann graph may contribute
to resolving Hypothesis

1.3 Non-Expanding sets in the Grassmann Graph

Theorem [I.3] relies on the fact that a set whose expansion is very small must be relatively large. But this
does not necessarily hold for sets whose expansion is just slightly smaller than optimal, which seems to be
the relevant case for Hypothesis[I.1]

!"This fact is proved later in the paper in Section@



We would therefore like to understand what we can say about the structure of non-optimally expanding,
small subsets of vertices in G(V, £). Some natural examples are sets of vertices that induce a subgraph that
is by itself (isomorphic to) a Grassmann graph of smaller dimension.

Zoom-out. One type of such sets results from taking the set of subspaces of a hyperplane (or more gen-
erally, a small co-dimension subspace), namely taking G/(W, ¢) for a hyperplane W C V: Given a vertex
init L C W and a random edge (L, L'), the probability that this edge stays inside G(W, ¢) is 1/2. This
is seen by observing that L’ is obtained from L N L’ by “adding a random vector”, which belongs to W
with probability 1/2 since it contains half of the points in V. Below we refer to these type of examples as
Z00m-outs.

Zoom-in. A different set of examples result from induced subgraphs isomorphic to G(W, ¢ — 1) for hy-
perplane W. For examples consider the graph induced by all vertices that correspond to subspaces that
include a particular vector  # 0. One can observe that the degree of each vertex in this induced subgraph
is roughly half of its degree on G(V, £): for any L in this subgraph, the probability a random neighbour L’
also contains z is roughly half, since L, L’ share nearly half of their non-zero vectors.

More generally, the set of vertices that correspond to subspaces that contain some particular r vectors,
result in poorly-expanding induced subgraph, which by itself is isomorphic to G(W' k — r), for W' of
co-dimension r. Below we refer to these type of examples as zoom-in.

1.3.1 Pseudo-random sets

What can we say about the structure of general sets that are non-optimally expanding? The above examples
are obviously not general, as once can obtain such sets using a combination of zoom-ins and zoom-outs:
Namely take the set of subspaces that are contained in some hyperplane as well as contain few specific
vectors. Are there any inherently different non-optimally expanding sets of vertices? The main question
of this paper is whether these are, in a sense, the only non-optimally expanding sets (see Hypothesis |1.7
below).

To formulate this question more precisely we need to define the density of sets relative to zoom-ins and
Zoom-outs.

Definition 1.4. Let G = (U, E) be a graph. The density of a set of vertices S C U, denoted 11(S), is the
fractional size of S in U.

Definition 1.5. Let V be a k-dimensional space over Fa, consider the Grassmann Graph G(V, () and let S
be a set of vertices in it. For Q,W C V of dimensions dim(Q) < ¢ < dim(W), the density of S among
spaces containing () contained in W' is denoted by (@, in),(W,out) (S) and equals

ISN{LeG(V,0)|QCLCW}
{LeGV.0|QCLC Wy

Note that setting 7 = dim(Q), the induced subgraph on the set of /-dimensional spaces containing @
and contained in W, is isomorphic to G(W, £ — 7). Thus f1(q in),(w,out) (S) is nothing but the density of .S
in that subgraph.

We have seen examples of sets that are non-optimally expanding that are small. However, one may
theorise that such a set must be significantly denser inside a zoom-in/zoot-out combination: this would mean



that such a set is, in a sense, close to the examples discussed above. The following definition encapsulates
this idea.

Definition 1.6 (Pseudo-randomness). Let V' be a vector space of dimension k over Fa, and consider the
Grassmann Graph G(V, (). We say a set of vertices S is (m,e) pseudo-random if for every integers q,r
such that q+r = m, Q a q-dimensional subspace and W' of co-dimension v, (i@ .in),(wW,out) (S) < p(S) +e.

We are now ready to formulate a precise version of the question leading this paper. It asks whether a
small set of vertices that have that have less than optimal expansion, must be correlated with a combination
of the above examples.

Hypothesis 1.7. For every n > 0 there exist d,r,e > 0, such that for large enough k > ¢ > 1 the
following holds. Let S is a set of vertices in G(V, () of density at most 0. If S is (r, €)-pseudo random, then
O(S)=1—n.

Equivalently, the above questions asks whether a small set with expansion bounded away from 1 is
necessarily not pseudo-random.

1.4 Main Results

Our main results can be seen as partial answer to Hypothesis Below we state slightly informal (and
quantitatively weaker) versions of them. Our first result states that a (1, £) pseudo-random set has expansion
at least close to 3/4:

Theorem 1.8 (Informal version of Theorems [3.3l[3.5)). For sufficiently small §,m > 0, there exists € > 0
such that the following holds for large enough k, L. If S is a (1, €) pseudo random set of vertices in G(V, ()
of density 6, then ®(S) > % —n.

Our second result states that a (2, £) pseudo-random set has expansion at least close to 7/8:

Theorem 1.9 (Informal version of Theorem [3.7). For sufficiently small §,m > 0, there exists € > 0 such
that the following holds for large enough k. 0. If S is a (2,¢€) pseudo random set of vertices in G(V,{) of
density 0, then ®(S) > % — .

In light of the above theorems, one would expect that a (r, ) pseudo-random set must have expansion
close to 1 — 27". While this seems plausible, at this point we are unable to apply our techniques to this
general case.

Pushing to the limit. Note that a set S of density J can potentially have expansion 1 — . This follows by
observing that it must contain at least 5% — o(1) fraction of the edges, since this fraction equals

E Pr [L,L' € S]| —o(1) = E [ Pr [L € S]Z] —o(1)
ACV,dim(A)=¢—1 [ L,L'2A ACV,dim(A)=¢—1 [L2A
2
> E [ Pr [L € S]} —o(1)
ACV,dim(A)=¢—1 [ L2A
=62 —o(1).

In this light, the most ambitious form of Hypothesis asserts that if ®(S) < 1 — 0 — ¢, then S is not
pseudo-random.



1.5 Techniques
1.5.1 A spectral approach for expansion

We study the structure of non-expanding sets in G(V, £) via spectral analysis: Identifying sets of vertices
with their indicator functions, we study representations of functions over G(V/, ¢) as sums of eigenvectors.

Since G(V, ¢) is undirected regular graph, we know that the space of real-valued functions over it can
be written as a direct sum of orthogonal eigenspaces. Finding such a decomposition is often straightforward
for Cayley graphs of nicely structured groups, however this is not the case with G(V, ¢). In Section [2| we
show that when ¢ < k, the normalized adjacency operator of G(V,£), Ag(v,p), has eigenspaces J, ..., J—¢
with eigenvalues Ag, ..., Ay, where \; & 27°. The first eigenspace consists of the constant functions, and the
corresponding eigenvalue is A\g = 1.

Let S be a set of density J, and assume ®(5) < 1 —§ — e for e > 0. Denote by F' the indicator function
of S. Tt is easy to see that the quantity (F, Ag(y¢)F) counts the fraction of edges of the graph with both
endpoints in S. Therefore, the expansion of the set .S equals 1 — %(F, Ag(v,pF), and the assumption on the
expansion of .S can be rewritten as

<F, Ag(ng)F> = (5 + 5)5

Writing ' = F_g + ... + F_, where F_; € J_;, the above inequality can be rewritten as:
¢

> N(FLi, Fu) = (5 + )8,
=0

Noting that the summand corresponding to i = 0 equals 62, we thus have

14
Z)\i<in7in> = Oc. (1)

=1

Recalling that \; ~ 27%, we see that for (T) to hold the weight of F' on low-index eigenspaces must
be significant. In conclusion, F' must have non-negligible correlation with an eigenspace J—; for relatively
small . If we could show that having significant weight on low-index eigenspaces implies not being pseudo-
random, we would be done.

We do not prove such a general statement for any low-index eigenspace — the bulk of this paper is
focused on partial results, namely proving such a statement specifically for the cases ¢ = 1 and 7 = 2.
Theorem [I.8] and Theorem [I.9]are relatively direct corollaries of these cases.

1.5.2 Correlation with small order eigenspace implies non pseudo-randomness

We would like to describe the main ideas utilized in the proof that if F' has significant weight on one of the
levels 1 or 2, it must not be pseudo-random. We need some observations about these eigenspaces first.

Structure of eigenspaces We have already seen that J—( consists of constant functions. We can also give
a simple characterization of functions in J—; — these are the functions of the form

GlLl= 3 gala),
z€L\{0}

where g—1: V \ {0} — R has average 0. Similar characterizations in fact hold for all eigenspaces, as
discussed in Section 2l



Idea of the proof Let us focus on the case ¢ = 1, and for simplicity let us further assume that F' is
entirely supported on J— and J—; (as opposed to only having non-negligible correlation with J—;) — that is,
F = F_y + F_1. Note that F'_y = ¢ is constant, and since F' is Boolean valued, we have that F_; receives
only two distinct, far apart values: —§ and 1 — 9. As previously noted, we can write F_; € J—; as

le[L]: Z f:l(x): Z ]leLf:1<m)7

z€I\{0} zeV\{0}

for some f—;: V' \ {0} — R with average 0.

Consider this sum from a probabilistic perspective: think of L as being uniformly chosen among the
vertices of G(V,¢), and of the summands 1,¢z, f—1(x) as random variables. Note that since ¢/-dimensional
subspaces are almost pairwise independent (namely the probability that a random L contains two distinct
points is roughly the square of the probability of containing one point), we have that F_;[L] is a sum of
almost pairwise independent random variables. In fact, since £ > 4 the summands which correspond to
linearly independent points are even nearly 4-wise independent.

We would thus expect F—1[L] to have a fourth moment which roughly equals the square of its second
moment, unless one of the following cases occur: either there is a large contribution to F—;[L] from sum-
mands 1,¢c7 f—1(x) that correspond to x’s that are *not* linearly independent; or else there are some x’s
such that the contribution of 1,¢7, f—1 () is significantly higher than that of typical summands.

Roughly speaking, we show that in the first case the values of f—; must be non-negligibly correlated
with a hyperplane W C V. In turn, we show that this implies that zooming out on W increases the density
of S significantly. This last step is done by viewing f—; as a function over a hypercube and analyzing its
fourier coefficients.

The second case turns out to be rather straightforward: in that case f—; must have high magnitude on at
least one = € V. We show that in this case zooming-in to x increases the density of .S significantly.

2 Preliminaries

In this section we present the necessary background on the Grassmann Graph.

Definition 2.1. Let V' be a vector space of dimension k over Fo, and let 0 < ¢ < k be an integer. The
Grassmann Graph G (V. 0) is defined as follows: its vertex set is the set of all £ dimensional subspaces of V,
and two vertices L, L' are connected by an edge if dim(LN L") = ¢ — 1.

This paper largely deals with real-valued functions on the vertices of the Grassmann Graph, F': G(V, () —
R. We often consider normalized adjacency operator of G(V, £), Ag v, E|and consider its action on real-
valued functions " on G(V, ¢) ﬂ

(Ao F)Ll=  E [FILT].
L':dim(LNL")=£—-1

That is, an n by n matrix (n is the number of vertices in G(V, £)) where Agw,p(u,v) = % when u, v are connected by an
edge and otherwise 0, when d is the degree of G(V, £).
3 Which can be viewed as vectors in RS9,



2.1 Spectral analysis on the Grassmann Graph

The Grassmann Graph has been considered in the context of spectral theory [Sril2, [Sri14), [FW&6], however
its analysis is more complex than the spectral analysis done on the hypercube ﬂ One key difference is
that there is no “canonical orthonormal spectral basis” for the transition operator Ag(y,¢) ; thus one has to
settle for a less explicit “block decomposition”. It is folklore fact that such decomposition exists and can be
obtained; for the sake of completeness, we develop such a block decomposition in this section.
We endow the space of real-valued functions over G(V, ) with the inner product
(F,G)= E [FILIG[L]],
LeG(V,0)
Definition 2.2. Let i > 0. We say a function F': G(V,¢) — R is spanned by the first i levels, if there is
f: D/] — R such that
L= > ().
L;CL
dim(L;)=i
We denote the set of functions spanned by the first i levels by J¢;.

Note that J<, is the set of all real-valued functions on G(V/, ¢).

Let us look at the first few levels. The 0-level space, namely J<g, contains only constant functions. How
do functions from J<; look like? First, observe there exists a natural identification of V' \ {0} with [‘1/] by
the mapping =z — Span({z}), thus functions spanned by level 0, 1 are determined by functions assigning
values to V' \ {0}.

One natural example for a function in J<, is the indicator function of the set { L € G(V,¢) |z € L} for
any non-zero z € V. Another important example is the following: Consider W C V a hyperplane (i.e. sub-
space of dimension (dim(V') —1)), and consider F' the indicator function of theset { L € G(V,¢) | L C W}.
Intuitively, this function is of level one, since L C TV depends solely on L being perpendicular to W, which
is a subspace of dimension 1. More precisely, define f1: V' \ {0} — R by

¢
nw={ %, 15

Thenif L C W,
Y Al =@ -2 t=1-27"

ze€L\{0}
If L ¢ W, then it contains 2/~! — 1 non-zero points from W and 2¢~! non-zero points outside W, thus
> Al =@ -2t -2t = 2t
zeL\{0}
In conclusion,
1 LCW,
— _ < W,
zeL\{0}

The left hand side can be rewritten as W + fi(z),and F € J<;.
z€L\{0}

* And more in the flavor of the spectral analysis done on the slice of the hypercube [Fil16bl [Fil16a, FKMW 16| EM16] with key
distinctions.
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Fact 2.3. Let k > £ > 0 be integers. Then for every 0 < ¢ < £ — 1, J¢; C J<iy1.

Proof. Let F € Jg; be givenby F[L] = > f(L;) for f: [‘Z/] — R. Note that each i-dimensional space
LiCL

L; and (-dimensional space L, there are precisely 2" — 1 (i + 1) dimensional subspaces L; 1 such that
L; C Liy1 C L. Define g: G(V,i+ 1) — Rby

oLis) = gy Y S(E
1 CLit1
Then for any L € G(V, {),

Z g(LZ+1) 24 i1 Z Z f Z f(L’L) = F[L]7

Li+1CL Li+1CLL;CLiyy L;CL
the second equality holds since L; is counted 2=+ — 1 times. Therefore by definition F' € J<; 1. 0

We will be interested in functions strictly on the ¢-th level, namely functions in J¢; that are perpendicular
to J. <i—1-

Definition 2.4. The set of level i functions is
Jo; = Jgi N (ng;l)J_

It is a well known fact that the sets J—;’s are eigenspaces of Ag(y,). For the sake of completeness we
provide a proof later in this section.

Unraveling the definitions,
Jge:ng@Jgg_l — ... :Jzz@J:e_l@...@J:O’
and thus we can decompose each function over G(V, £) according to its projection to those subspaces.

Definition 2.5. Let V be a vector space over Fy of dimension k, and 0 < £ < k an integer. For a function
F: G(V,¢) - Randi € {0,1,...,0} we define F—; to be the projection of F onto J—;. Fori < { — 1, we
define f—;: [‘Z/] — R to be the function such that

= f=ilL)

L,CL

Using the notation in the above definition, the block decomposition we are interested in is F' = F_y +

.. + F—,. For our purposes we require more information about this decomposition. Coming up with exact

formulas for the projections F—; turns out to be tricky; instead we work out simple approximations for each
F_;.

In the remainder of this section we show that each J—; is an eigenspace of Ag(y,), present exact for-

mulas for the projection onto J—g, J—1, and develop the approximations for all levels. Towards this end, we

first define the notions of zoom-ins and zoom-outs that play an important role in the projections.
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2.2 Zoom ins and zoom outs

We will often be interested in the effect of events of the form L. > z or L C W on the average of F'. For
that, we introduce the notion of zoom-ins and zoom-outs.

Definition 2.6 (Zoom-in). Let F': G(V,¢) — R be a function, and Q C V be a q-dimensional subspace,
where q < L. Define

nQin(F)=_E [F[L]].
LEG(V0)
QCL

In words, it is the average of the function I on all subspaces that contain Q).

The following claim is easy to verify and will be used throughout this section. We omit the proof.

Claim 2.7. Let Q be a q-dimensional subspace, and q' > q be an integer. Then

E ’; F)| = Jin F).
B [i@in(F)] = non(P)
QCQ’

Definition 2.8 (Zoom-Out). Let F': G(V,{) — R be a function, and a W C 'V a subspace of dimension at
least . Define

,U«W,out(F> = E [F[L]]

In words, it is the average of the function F' on all subspaces that are contained in W - namely on the

subgraph G(W, ().
Definition 2.9. Let F': G(V,{) — R. For subspaces Q,W C V where dim(Q) < ¢ < dim(W), define

. F) = F|L}|.
Qi) (Wiout) (F) QQILEQW[ [L]]

In words, it is the average of F on subspaces contained in W and containing Q).

Gaussian Coefficients

The Gaussian Binomial Coefficients mp count the number of i-dimensional subspaces of IE";. As we are
only interested in p = 2 throughout this paper, we omit the p subscript.

Definition 2.10. Let k > ¢ > 0 be integers. The Gaussian Binomial Coefficient is

k _ (2k _ 20) L. (2k _ 22'71)
H (220 (20 -2

We will often abuse notation, and denote the set of i-dimensional linear subspaces of V' by [‘Z/] .

Observe that the Gaussian coefficients have the same symmetry as the binomial coefficients, namely
m = [k]i Z] for every i, k. This follows by the natural bijection A — AL of i dimensional subspaces
with £ — ¢ dimensional subspaces. They posses additional properties of the binomial coefficients, such as

unimodality with mode at k/2, and the following Pascal-type identity.

HE e R R R i

12
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Proof. Both equalities are easy to prove algebraically, however for clarity we provide combinatorial proofs.
Let V be a k-dimensional space over Fy and let W C V' be of co-dimension 1. We count the number of ¢
dimensional subspaces of V' in two ways. Clearly, by definition it is m . On the other hand those spaces can
be partitioned to two: there are [k ;1] subspaces contained in W, and [f:ll] ( [kfliﬂ] - [k I’]) not contained
in W (the first factor chooses the intersection with W - which is ¢ — 1 dimensional, and the second chooses

the last basis vector without over-counting). This shows

-7

The second equality follows by plugging in i = k& — j, yielding
k k k—1 Tk—1 k—1 k-1
et A A sV R e R
J 1 ) 1 —1 j—1 j

The following fact can be verified by an easy calculation.

Fact 2.12. o , ‘
i 2 =2 —i -
[[2]]:2 s =2 00 h.

2

Instead of calculating, it is often useful to consider such terms probabilistically. Fix L to be an /-
dimensional space, L' C L to be an £ — 1 dimensional subspace, and let us pick an i-dimensional subspace
of L uniformly at random. What is the probability it is contained in L’? Clearly, it is the expression on the
left hand side of the above Fact. On the other hand, picking an ¢ dimensional subspace of L amounts to
picking v, ..., v; linearly independent. If we ignore the dependency in choice of the v’s, the probability they
all fall in L' is ~ 27, since it has roughly half the number of non-zero points of L.

2.3 Eigenspaces of the Grassmann Graph

In this subsection we characterize the eigenvalues and eigenspaces of Ag (). We show below that the
eigenvalues of this operator can be expressed as follows.

Definition 2.13. For integers 0 < 1 < ¢ — 1,4 < k, denote

e [ (= (DA - 5D
N0 = aE-o

For 1 = ¢, denote )
def
Mk l) = =g
[ 1 }_1

We often write just \; when k, ¢ are clear from context. Morally speaking, we encourage the reader

should think of \; as 2% for i < ¢ — 1 and as 0 for i = £. More precisely, a basic calculation can show that
the following holds:

13



Fact2.14. Fori </{—1, k> 20,0 > 2,

Toerr ey
[f] (26 _ 1)(2k—€+1 _ 2)’

and in particular
271 22 h N <27

Fact 2.15. Suppose k > 20. Then \g > A\ > .... > Ap.
Proof. We first prove that A\; > ;1 forall 0 < ¢ < £ — 2. By the expression for \; in Fact[2.14] we get that

2k7i+1 4 21 _ 2k75+1 _ 2f+1 +1
(2£ _ 1)(2k—£+1 _ 2)

A =

A close inspection reveals that this formula is correct for ¢ = £ as well. Since only the numerator depends
on ¢ and is decreasing as long as k — i + 1 > 4, i.e. as long as 7 < k/2 (which holds since i < ¢ < k/2), we
have that ); is decreasing in 0, ..., £. O

The main objective of this section is to prove the following theorem:

Theorem 2.16. Let k,/ > 0 and 0 < i < { be integers. If k > 70? + 1 El then J—; is an eigenspace of
Ag(v,e) with eigenvalue \;(k, l) and dlmenszon m — [:1]

The following claim identifies a (rather straightforward) spanning set of Jg;.
Claim 2.17. Let k > 2{ > 0 be integers. Then {Gp,}, [€[v] spans J<i, where

0 else.

6101 {
Proof. Let F' € Jg;. Then thereis f: D/] — R such that

=) f(Li) Zf L) € Span({GLi} p,cv))-

L;eL

LetL; € [ } and define f: D/] — Rby f(R;) = 1i R; = L;, and otherwise 0. Then

Zf €J<z

R;eL
O

The following technical claim asserts that the average of a function I’ € J¢; over spaces containing
L;_1 can be expressed in terms of averages of f over spaces containing subspaces of L;_1. The important
point (and the way it is applied later on) is that any information about near-orthogonality of F' to J¢;_1 can
be expressed in terms of properties of f, and vice versa.

3This condition is not needed and is artifact of the proof presented herein. We present this proof since some of the elements in
it are needed in later proofs.
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Claim 2.18. Suppose 0 < j < i < £, k > 702+ 1. There exists Bo, ..., Bj € R such that the following holds.
Forevery F € Jg; givenby F[L] = . f(R;)and L; € [‘J/]

R.CL
L%JFMH—(L:é]+50.ugm07+§é@;§iummg)

Additionally, the 3’s have the following properties:

BT‘ < 2652'

o forr=20,....,5—1,
o Bl < 27K

In particular, the coefficient of jir; in(f) is not 0.
We defer the proof of this claim to Section [B]

Lemma 2.19. Supposei < {, k > 702+ 1. Let F € Jg; be givenby F[L] = Y. f(R;).
RiCL

Then F' € J—; if and only if for every j < ¢ —1land L; € [‘;] ,uLjJn(f) =0.

Proof. Suppose that for every j <¢—1and L; € [‘]/] we have p7,; in(f) = 0. Then by Claim we have
that for every L;_; € [Z.Yl],

i—2
E [F[LH = Bi-1- ,UJLz-,l,in(f) + Z Br Z /“ﬁ.ﬂn(f) =0.
Lotz r=0 R,CLi,

Hence F' is perpendicular to Gz, _, from Claim and so F' € (Jg;_1)*. It follows that F' € J_;.

Suppose that F' € J—;. We prove by induction on j that i, in(f) = O forall j <i—1and L; € [V}
We may assume that ¢ > 1, otherwise the claim holds trivially. For j = 0, we get that from Claim [2.18
(applied to j = 0 and L; = {0}) that

E[FIL]] = 8o - u(f).

L

Since F' € J_;, it is perpendicular to constant functions, that is Ey, [F'[L]] = 0. Since 8y # 0 we conclude
that p(f) = 0. Assume the claim is true for all j < n where n < ¢ — 1, and prove for j < n + 1. Fix

Lyt1 € [,44], then by Claim2.18]

E  [FIL]) = Bnst Brnsrin(H) + DB D irein(f),

L2Lnt1 7=0  R,CL;i,

where 3,41 # 0. The left hand side is, up to normalization, the inner product of F' with G, ,, which is
0 since F' € J—;. By the induction hypothesis, ig, in(f) = 0 for every R, such that dim(R,) < n. We
conclude that the last equation implies

Bn-i-l : :uLn+1,in(f) =0,

since (1 # 0, we conclude that iz, in(f) = 0. O
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We next show that J—; is an eigenspace for all ¢ = 0, ...., £. The proof considers the cases ¢ < ¢ — 1 and
1 = { separately.

Lemma 2.20. Suppose k > T¢*> + 1, and let F; € J—;. Then forevery0 < i < ¢ —1,L € [‘ﬂ
(Ag,p Fi) L] = Ni(k, £) Fi[L].
Proof. Denote F;[L] = % f;(L;) for some f;: [‘z/] —R.
L;CL

AevoRlLl= B[R] = 2 fill
L', dim(LNL/)=¢(-1 L', dim( LﬂL’) =1 | =1
In the last sum, consider L; contained in L N L’ and those that are not separately; let us denote their
contributions by A, B respectively.

A= E > i) :Fil

/ N—p_
L, dim(LAL)=t=1 | | S50

5 U]

] L, dim(LNL)=(—1 [LigL/ﬂL

Note that L; is distributed uniformly over all ¢-dimensional subspaces of L. Therefore,

A= B (L) = Li]

P i 1

Fi[L).

As to the contribution of B, write

V4 /-1
B = E W(Li)| =1\ |.] — . E E i(Li)] |-
L', dim(LNL/)=¢—1 Z fill) (H { i ]) L/, dim(LOL)=(—1 [L@L/,L&L Lfi(La)]

LiCL'\LiZL

Each contributing L; intersects L N L’ in subspace of dimension ¢ — 1; we partition B according to this
intersection R;_1 = L N L' N L;. We have that

o= ([]-[3) 2. [, s 5o

Denote the last expectation by £. By Lemma , since F; € J—; for every R;_1 € [:1] we have
Er,oR; . [fi(Li)] = 0. Therefore using conditional expectation:

o= k| & 1]

R;1CL |[LiDR;—1

= E [E [fz‘(Rz'—l@SPan(fr))]}

R;,_1CL |z¢R;_1
= PrCL [z € L] . ECL [fi(Ri—1 @ Span(x))] + PrCL [ & L] o ECL [fi(Ri—1 & Span(x))]
Igﬁlf;l xef\lfzz 1 l“%Piz 1 Zéf
CB-[ HESHIN

T A
B o DR I

Aon T
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Rearranging yields

Plugging this into equation (2)) yields

and overall

Lemma 2.21. Let Fy € J_y. Forevery L € [‘2]
(Acv,p Fe)[L] = Ae(k, £) Fy[L].

Proof. Fix L. By definition,

A Fy|L| = FlRy,_ S
(AgveFo)[L] RZE[?QL ng[ [Re—1 @ Span(2)]]],

denote the expression on the right hand side by F.
The rest of the proof examines the following quantity, and computes it in two ways. On the one hand,
using conditional expectation,

RZ_IEEQL ['U’thfl,in(Ff)]

= E P Ll- E [Fy|Ry—1 ®Span(z)]|+ Pr [z €L E Fy|Ry_1 @ Span(z)]]].
WE | Br @d L B (AlRo o Spn@)] + Pr e L] B [Alfe ©Span(r)]

Computing the above probabilities and using linearity of expectation one sees that the above equals

k1 _ 14 0 re-1
By [HreanlFd] = V[}J— V[gl] o % - %}1} o B, [FilRe1 @ Span(@)]]

On the other hand, since FyLJcp_1,

RZEQL [MRZ—l,in[FH = 0.

Combining the last two equations, we get that

- L -0,
-0 T Een
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which by rearranging implies that

Note that the coefficient of F'[L] in the previous equation is precisely

ot-1 1

ok gt = g g = k0,

and we are done. O
We are now ready to prove Theorem [2.16}

Theorem 2.16 (Restated) . Let k. ¢ and 0 < i < £ be integers. If k > 70> + 1 El then J—; is an eigenspace
of Ag(v,) with eigenvalue \;(k,{) and dimension m — [:J

Proof of Theorem[2.16] By Lemmas[2.20] 2.21| we have that J_; are eigenspaces, and their direct sum is the
entire space of functions over G(V, £). Let A; be the eigenspaces of ;. By [BCNI12| Theorem 9.3.3] we
have that dim(A4;) = m — [Z f 1]. Since by Fact@ all )\; are different, we conclude that J—; C A;. If we
have equalities for all ¢, we are done. Otherwise, we have strict containment for at least one ¢ and so

i)muﬁ<§)mmg:m.
=0 1=0

On the other hand, since all spaces J—; are mutually orthogonal, the left hand side equals dim(J—o & ... &
J—y) = dim(Jg) = [’Z], the last equality holds since the space of all functions on G(V,¢), J<y, is of
dimension [¥]. Contradiction. O

2.4 Explicit projections

In this section we derive some expressions related to the projections of a function F': [‘g] — Rto Joo ®
J—1 @ ... ® J—y, as in Definition [2.5] We give exact expressions for F_g, F;, and approximated versions
F; for all 7. While this may already be known, we include the proofs as we are unaware of a published
source.

24.1 Exact projections

Let F: [/] — R, and denote y(F) =) Le[V] [F[L]]. Let us find F—¢. Clearly, Fj is a constant function
such that F' — F is perpendicular to J—o. Therefore, we need |, e[Vl [F[L] — F=[L]] = 0 and thus we
4
get that F_g = pu(F).
More generally, assuming we have computed F_o, ..., F—;_1, F; is the only function from J¢; such

that ' — F—; — F_;_1 — .... — F—q is perpendicular to Jg;. Le., for every L; € [‘ﬂ,
E [(F —F_;—F_; 14— .. — F:())[LH =0.
LDL;

Thus, in theory, deriving a formula for F_; is possible, albeit involves unpleasant computations. We
shall demonstrate it in the simplest case ¢ = 1.

SThis condition is an artifact of the proof presented herein, and can probably be relaxed.
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Level 1 projection
k_
Define fl(fE) = % (MSpan(x),in(F) - M(F))
Lemma 2.22. Let k > ¢ > 1 be integers, and F': Fg] — R. Then
PaLl= Y fl)
zeL\{0}

in other words f—1 = fi.

Proof. 1t suffices to show that G[L] “p [L]— > fi(x) — Fy[L] is perpendicular to J<;. By Claim
xeL\{0}
2.17) it suffices to show that for every x # 0,

E [G[L]] =0.
L>z

Using linearity of expectation,

E [GIL]| = E |FIL]= Y fi(y) - Fo[L]
L>z L>x yeL\{0}

=E[FILl- E | Y AW|-wF)

L>x Loz
yeL\{0}

= fispan(eyin(F) = w(F) = fi(e) = E | Y fly)

Lo | yern o)
= pispan(a)in(F) = p(F) = fi(z) = (2° = 2) E [ E [f1(y)]] :
L3z | yeL\{0,z}
Let us evaluate the last expectation. Note that y is distributed uniformly from V' \ {0, z}. It holds that
0= E [A( )]*Zki_2 E [fi )]+;f($)
vevior T R S T ejony T T 2R ST
and therefore Eycvn\ (0,0} [f1(y)] = —ﬁ fi(x). Plugging it into the previous yields
20— 2
ngx [G[L]] = tspan(a),in(F) — p(F) — fi(x) + mfl (7).

Plugging in the definition of f; and simplifying shows that the above expectation equals 0, as desired. [J

Formulas for higher levels

The above described method can be used to obtain explicit formula for higher levels as well, however as
explained, it requires tiresome calculations. Instead, we choose to work with approximated forms of the
higher level components, presented in the next section.
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2.4.2 Approximate Projections

Let F': [‘g] — R be a function. After computing the projection of F' to the eigenspaces J—p and J—1, we
would like to continue with the projections to J—; for larger i’s. But the exact projections for higher levels
turn out to be difficult to work with, and thus we turn to computing approximate projections instead.

So as to get an initial intuition, assume we already subtracted from [’ its projections on J—; for j <
1, namely we are left with F>; = F_; + F_;11 + .... Suppose we would now like to find, or at least
approximate, F;. A natural approach would be to start by averaging F~; down on i-dimensional subspaces,
namely taking f(L;) = Ezor, [F>i[L]]. By Lemma[2.19} the components of F%; of higher levels than i are
zeroed out by this averaging, hence we are left only with Ez>r, [F=;[L]]. One might have hoped that this
function equals f—;(L;); this is false, nonetheless we prove that they are close.

There are sources of errors other than the above: we defined F; above using the exact versions of
F_;, which we do not have access to. Instead we have access to approximations f~; of f—; and instead of
working with F>; we work with F'— Fiyg— ... — Fy;—1 where Fj[L] = > fxj(L;) are the approximated

L;CL

projections previously calculated. In turn, approximating Er>z, [(F — Fxi—1 — ... — Fxo)[L]] boils down
to the fact that

E [FylLill = D fay(Ly).

LjCLi L;CL;

Definition 2.23. Let [': [‘g] — R be a function. Define f~q: [‘6] — R by fao(0) = wand fr [‘1/] — R

by
def
le(Ll) = MLl,in(F) - M(F)
Inductively, once fx~;: [‘Z/] — R has been defined, define fx~ii1: LKJ — Rby

def :
frirt(Lin) = ppn(F) =Y Y fa(Ly).
Jj=0 L;CL;11
dim(L;)=j

Comparing f~; and f—;, one can already observe that while the two functions are different, they are
very close to each other. Hence Fx; given below is a good approximation for F}.

Definition 2.24. Let F': D{] — R be a function. Define

FrolL] = p(F)
For(0 < i < /{—1, define
def
Fzz[L] = fzi(Lz)v
L:CL
dim(L;)=i
and for i = {, define

-1
FulL] = F[L] = ) FuilL]

=0

The following theorem, which is the main purpose of this section, asserts that the Fi;’s are close to the
F_;’s in £5-norm, given that the function F' is bounded.
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Theorem 2.25. Assume k > 1302 + 1, let V be a k-dimensional vector space over Fy. Then for every
F: ] >RO<i<
4_
|Fei — Faill3 < 22505 2.

Roughly speaking, the way this theorem is proved is by showing that ' — Fi—...—Fyis nearly
perpendicular to Jg; for all . Morally speaking, this implies the projection of F' onto Jg; is nearly Frg +
... + Fx;. Given this holds for every 7, one can prove by induction that Fi; is close to F—;.

The actual proof is more involved, and is deferred to Section @ We remark that we did not attempt to
optimize the upper bound in terms of the dependence on /; in fact it is clear they are not tight:

Claim 2.26. Forall 0 < { < k, F: []] — R it holds that
1F=1 = Fatlloo < 2727F)| F oo,

In particular,

I1Fo1 — Fralloo < 227275 F|l .

Proof. The first is straightforward by definitions, and the second follows from the first by the triangle in-
equality. O

3 Expansion on the Grassmann Graph
In this section we describe our main results.

We begin with a function-version definition of pseudo-randomness.

Definition 3.1. Let V' be a vector space of dimension k over Fo, £ < k. Let m be an integer and € > 0. We
say a function F': [‘2] — R is (m, ) pseudo-random if:

e For every integers q,r such that ¢ + r = m and q-dimensional subspace () and W of co-dimension
7y | 1(Q.in),(Wiouty (F) — n(F)| < e.

Identifying sets and their indicator functions, we see that the above definition is a generalization of
Definition [1.5] with the exception that we require a pseudo-random function to not deviate from its mean
to any direction. In Definition [I.5] we only required that a set is not significantly denser on zooms for it to
be pseudo-random. Note that whenever € > u(F’) the definitions are equivalent for non-negative functions,
and in particular for indicators of sets.

We have already seen several examples of non pseudo-random functions, namely the indicator function
of {L|x € L} forafixedz € V \ {0} and {L | L C W} for a hyperplane W C V. The main goal of
this paper is to show that the indicator function of a non-optimally expanding set cannot be pseudo-random.
As discussed in the introduction, we approach this question via the spectral decomposition of the indicator
function.

3.1 Spectral approach for expansion

Recall that by inequality (T)), if F is the indicator of a set with expansion bounded by 1 — ¢ — ¢,

L

> XilFoi, Fuy) > €6,
=1
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We will now use the fact that the eigenvalues of G(V, ¢) are exponentially decaying to conclude there is a
low-level ¢ on which F has large mass. First, we define the weight of a function on a single level.

Definition 3.2. The weight of F on level i is denoted by W="[F, and defined by
W=F] = (Foi, Fzy).
By orthogonality, the weight of F on level i equals (F, F—;).

To make the above discussion quantitative, let us estimate the tail of the sum on the left hand side. By
Fact i <27% and so

¢ ¢ l
—log 2 1 1
> N(FL, Pl <2718 Y (B Fl) <56 § (F_;, F; ngﬁggm

We used Parseval in the last equality. Therefore we conclude that

[log %‘\ -1 [log %] 1
Z; Ni(F=i, Fy) > €6 — Z; Ni(Fl, Foy) > 555,

and in particular there is i* € {1, 2,..., [log %] — 1} such that the weight of F' on the ¢* level is large:

1 €

————0.
Aix 2[log 2]

(Fope, Foje) >

It follows that in order to characterize sets with non-perfect expansion, it suffices to prove a good enough
structural result for Boolean functions with large weight on their low-level spectrum. In this paper we make
some progress in this direction, giving some structural results for functions with large weight on their first
or second levels. We hope our techniques might be relevant to the general case.

We begin with our results for the first level. The first one asserts that a function that has at least 9(54/ %)
weight on its first level is not pseudo-random:

Theorem 3.3. There exists cy > 0, such that the following holds Let V be a k-dimensional vector space,
10 < £ < k be an integer, and §,m > 0 such that k > 6{ + 210g + co. Let F': [ | = {0,1}, and assume
W= F] =n, w(F) = 6.

Ifn > 306/3, then F is not (1 pseudo-random.

772
> 50057)
The above theorem asserts that any Boolean-valued function that has significant weight on its first level
must have noticeable correlation with the indicator function of { L |z € L} or { L | L C W} for some x €
V or W C V hyperplane. The above theorem is proved in Section 5]
It will be useful for us to phrase the above theorem in a counter-positive form, which reads:

Corollary 3.4. There exists co > 0, such that the following holds. Let V be a k-dimensional vector space,
10 < ¢ < k an integer and €,6 > 0 such that k > 6 + 3log  + co. Let F': [‘g/] — {0,1}, and assume

p(F)=6,¢> 567,
IfFis (1, 5) pseudo-random, then W=1[F] < v/200&4.
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Our next main result is concerned with a quantitative improvement of Theorem with regards to the
weight needed on level 1 so as to deduce non-pseudorandomness.

Theorem 3.5. There exists {y > 0, such that for all £ > £ the following holds. Let V be a k-dimensional
vector space, and €,0,m > 0 such that k > 300* + 1;]—30, logl(l% <e <1 Let F: [‘ﬁ — {0,1}, and
assume W=L[F] = n, u(F) = 6.

9 . —20 plt+g
Ifn = 6°7%, then F is not (1,2” <> '=—) pseudo-random.

Counter positively, a small pseudo-random set cannot have significantly higher weight than §2 on its
first level, where 0 is the density of the set. The above theorem is proved in Section [6]

We complement this last result with a matching example, showing that 6> weight on the first level is
necessary to conclude non pseudo-randomness. More precisely

Theorem 3.6. There exists constants c1,co,cs > 0 such that the following holds. Let § > 0 and k >/

sufficiently large, and let V be a k-dimensional subspace over Fo. Then there exists a set of vertices S in
G(V, ) such that

o S has density ©(6): u(S) = c16.

e S has weight Q(52) on the first level: W=[S] > c26°.
o Sis (1,c327?) pseudo-random.

The above theorem is proved in Section [C]

Our final result is analogous to theorem [3.3| on the second level. It asserts that a pseudo-random function
cannot have large weight on the second level. More precisely:

Theorem 3.7. There exists {o > 0, such that for all integer £ > (g the following holds. Let k be an integer,
V be a k-dimensional vector space, an integer and €, > 0 such that k > 27¢* + 10 log %

Ifn > 217 . 5%3 then F is not (2,2752 (g)s) pseudo-random.

The above theorem is proved in Section [/| (note that we have made no significant effort optimizing the
various constants and dependencies between k, £, ¢ in our main results).

4 Analysis on The Boolean Hypercube

In this section we show each f~,; can be viewed as a function over the Boolean hypercube, and and develop a
connection between its hypercube fourier transform and zoom outs. This connection exhibits strong duality
between zoom ins, that in a sense define the values of f~;, and zoom outs, that in a sense define its fourier
coefficients f;.

Let V be a vector space over Fy of dimension k. We can naturally identify V' with Fg: leteq,...,e; be a
basis of V/, and consider the transformation

k
T = g zie; — (T1, X2, ..., Tk).
i=1
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Thus we may think of z as having coordinates (x1, ..., xx). This view gives rise to the decomposition of
each f: V — R according multiplicative functions:

Fl)=">" F(S)xs(x),
SC[k]

> Ti
where xs(x) = (—1)€S , and

78)= & [f@xs@).

e
It turns out that when f is a level function of F’, there is a tight relation between its fourier coefficients
and the notion of zoom-outs from Definition

Definition 4.1. The associated hyperplane Wg of S # ) is defined by

d
W 2 {z | xs(x) =1}.
Lemma 4.2. Let F': [‘g] — R, and consider f~1: V — R (We extend fl(O) =0). Then

le(s) = Cl(kag)(MWs,Out(F) - M(F))a

< =27+ 00272

]
L1=["2"]
Proof. By definition,

J/c\%l(s)

where c1(k,0) =

Fa@xs@] = & E @] -2 B [fa@)

p— ]E p—
zeV 2zews 22¢Ws

Note that the above two expectations sum up to Ezcv [f~1(z)] = 0 and hence are equal in absolute values
but negated in signs, and it holds that

J?zl(s) =— E [fsi(2)]

zZ€Wg
Let us expand out the previous.
fe1(S) = — o = in—0] =— F[L]-§]| =— F[L] - §].
Fa($)=- B U@l == B [sspmrn—0] =~ E_| B [FlI]-dl| == & [FIL]-3)

3)
The first equality is by definition of f~1, the second by Definition and the third follows since each L
that is not contained in W, contains precisely 2¢~1 points outside it.
Using conditional expectations,

0=E(F[L] 8§ =Pr[LCWs] E [F[L]-8+P[LgWs] E [FIL] -9

L L o LCWg LZWs

k—1 k k—1
_ [ ¢ ](MWS,out*(s)JFM E [F[L] -]

k k
[¢] (] z2ws
Rearranging yields
"]
— E [FIL] = 4] = = (twsout — 9)
LEWs [z] - [ ¢ ]
Plugging the above equation into Equation |3|finishes the proof. 0

Asymptotically, the coefficient in the last Lemma can be shown to be 27¢ 4 O(27%), which is the main
point here.
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Fourier analysis for higher levels. One can derive similar expressions for the fourier coefficients of fr,
for > 1. Indeed we develop the case r = 2 in Section [7.1|for the analysis of the second level.

5 Results for The First Level

In this section we prove Theorem [3.3] slightly restated as follows:

Theorem 3.3 (Restated) . There exists cog > 0, such that the following holds. Let V be a k-dimensional
vector space, 10 < £ < k be an integer, and 6, > 0 such that k > 6+ 2log % +c¢g. Let F': [‘2] —{0,1},

and assume W=[F] = n, u(F) = 6.
Ifn> 306%/3, then at least one of the two must happen:

1.

I’;I‘ HSpan(m),in(F) >0+
where c¢(n,0) > 0 depends only on 1, .

2. There exists W of co-dimension 1, such that piy out(F') > 0 + %.

Throughout this section, whenever F is clear from the context, we also denote § = pu(F), n = W=L[F].

First, we establish a relation between the second moment of F_; and the second moment of f_;. As we
need this relation later for higher levels than 1, and since this relation is implied for higher levels with the
same proof, we give it in full generality.

Lemma 5.1. Let k > ¢ and 1 < r < { be integers, and € > 0, and let G.[L] = > g¢,(L,) where
L.CL

gr: D{] — R
Suppose that for all L,_1 € [TYl],

EL,.oL,_, [gT(LT)H < e. Then

16:18 = || s2(20)] + 02 (e + 2l ),

T

Proof.

2

IE [Gz[[z]] :IE Z gr(Lr) :IE Z gr(Lr)gr(L;")

L,.CL L., L;.CL
We divide the last sum according to the dimension of L, N LL, which is between 0 and 7r:
I8 .
LV [6—i]ll—r
= L L
]% Z [J [7“ —z} [r —z} 5 lor(Lr)ar (L]

= L L.CL
- dim(L-NL!)=i

the first term is the choice of L, N L/, and the other two correspond to the choice of the rest of the vectors
in L, such that the intersection remains of dimension ¢. Interchange the sum and the outer expectation, and
note that the distribution over L,, L. is uniform over those that intersect on dimension 7 to get
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s .
=il [l—r
= 91 H 1 | i S P AT
i—0 (3 T 1 r (3 L’ML;"E[T]
dim(LyNL.)=i
Divide the last sum into 7 = r - for which we get [ﬂ Er, [gf(Lr)] , and the rest. Notice that for a fixed

i, the distribution over L,, L’ is O(2("=97=F) close to picking A € [‘Z/] and then picking L,, L. O A
independently. Therefore,

oo r—1 -
4 2V [e—i]lll—r :
2 L — 2 Lr , Lr , L/ 2(7‘—1)7‘—k - 2
E [Gr[L]] _T_E[gr( )] +i§ il L] 4] Ag:[v_] [9-(Li)gr(L7)] + O lgrl15)
Le,LDA
0] Uk VN VS R 2
— 2 LT - - - Lr O 247‘(—]{? , 2 .
HEACCRIED i | R (L5, lo2]) | +0E" g )

We used the fact that each one of the Gaussian coefficients above is at most 2"%. Note that for every A, since
dim(A) < r — 1, we have that |Er, >4 [9-(Lr)]| < €. Therefore we get that

sloat] = g e+ T[] B, 060 +0E" )

- i |r—1t||r—1

I
=)

i

14 _
- [ e+ 0w 2 o g )

We remark that in this section, the above lemma will always be used with ¢ = 0.

5.1 Deviation properties of F_;[L]

We capture the idea that F_; has to oscillate between two far values using its various moments. The obser-
vations below are not specific for F_;.

Claim 5.2.

Proof. By definition. O

Lemma 5.3. 7 n
L > | = =
br [FA[L] Z 45} Z 9

Proof. Observe that B, [(F[L] — F-1[L])?] is the weight of F' outside the first level. Since by Parseval the

weight of F' sum up to || F'||3 = & and the weights of F on the first level is 1, we conclude that

£ [(FIL) - Fa[L)?] =6 -
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Hence, by Markov’s inequality,

Pr (F[L]—le[L])2>1—£} <oz <5(1—1)=6—%n-

Note that F[L] = 1 with probability 6, and therefore (1 — F_;[L])* < 1 — & with probability at least 7).
Thus with probability at least %n,

(in thfl: last inequality we used v/1 —e < 1 — %5), implying that g5 < F_;[L] < 2 — 5 with probability at
least 5. O
2

Claim 5.4.

Proof. Using Lemmal5.3|

E[Fa[L]'] > Pr [le[ﬂ > 4%} (4%)4 > 51772554'

Claim 5.5. B
Eq [fil(x)] = w + O(QM*’“) = % + 0(245716).

1 1

Proof. By Lemma[5.1) with ¢ = 0 (since F—; € J—;, Claim and the fact that || f=1||.c = O(1) for a
Boolean F', which is clear by the exact formula from Section[2.4.1)), we get that

14 _
E [Fo[L]?] = MIE; [£21(z)] + 02%h).
The left hand side is W= [F] = n by Claim Rearranging finishes the proof. O

5.2 Proof of Theorem 3.3 the main argument

The next step of the proof is to obtain information about f—; from the information we know about the fourth
moment of F_;. We write F_; as a sum of values of f_;, and hence its fourth power can be written as a
sum of products of values of f—; at four points. The heart of the proof of Theorem [3.3|goes by partitioning
these products according to the linear dependencies of the participating points.

Lemma 5.6. There is cq > 0, such that the following holds.
Let F': [‘ﬁ — {0, 1} and denote n = W=[F],5 = u(F). Assume n > 156*/> and k > 6( + QIOg% +
co. Then at least one of the two holds:

1.

E, [fil(x)] >
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1 n°
B @@ @y +2)] > 2048[]° 0°

Proof. By Claim Ep[F_1[L]*] is at least 51264

Let us now, using the definition of F_1, open the parenthesis in the computation of Ep[F_1[L]*]. We
partition the resulting summands according to their linear dependencies: in the sums below we only sum
over vectors that are linearly independent, unless explicitly stated otherwise (e.g. we sum over x,y, 2, W, u

where x # y, z € Span({z, y}), w & Span({z, y, z})).

)
xzeL\{0}

i P

zeL\{0} z,y€L\{0}
+E > @)l )f21(33+y)] +E > f=1(@) f=1(y) f=1(2) f=1(u)
| z,y€L\{0} z,y,2€L\{0}

ueSpan({z,y,2})\{0,z,y,2}

+E Z f=1(@) f=1(y) f=1(2) f=1 (w

| y,2,weL\{0}

Y )] :
z,y€L\{0}

“)
Denote the above expectations Ay, ..., Ag. Clearly by linearity of expectation A; = [ﬂ Ex [ f 4(x)]. Below

we bound A, A3 by O(n?).
<L ([]-1) (=, @i +oe™)

=L (L )2l
_ [ﬂ (m - 1) <£§v 2@+ o<2-k>) < [ﬂ ([ﬂ - 1) ([Z] ' o<2“—k>)

< 772 + O(QGZ—k)'

[fQ (z )fil(y)]

The second inequality is by Claim[5.3]

SRR

Apply Cauchy-Schwartz inequality on the first expectation to get

]20(2—k).

E (@) fr (& + 1) (0) fr (& + ym' T [

z,yeV

=) (1)) LB @m0, [ B o + 1] e

yeV yeV

[1([0-).5 e+ [Jor
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which is < n? + O(2%/=F) as before.
For Ay, the distribution of x, 3, z is O(27%)-close to uniform over V. Therefore

3
Ay =3 [ﬂ E @) o) fmr (2) for ()]
z,y,2€V
u€ plzty,a+z,y+2}

+ Hg E  [fe1(@)f=1(y) f=1(2) f=1(z +y + 2)] + O (m 32_k> |

1 z,y,z€V

The first term is 0 by independence: fix one of the choices foru, say v = x + y. Then z is independent of
x,y,u, and hence

E [fa@)f=(w)f=1(x) fz1(u)] = E [f=1(z)f=1(y) f=1(u)]

E
z,y,2€V z,yeV zeV

[f=1(2)].

The last expression equals 0, since the average of f—;(z) is 0 by Lemma Therefore,

a=l & [f:l(w)le(y>f=1(2)f:1(:v+y+Z)]+O(ﬁ]s?"“>-

zy,ze€V

For As note that the distribution of z,y, z,w is O(27%)-close to uniform over V, and therefore |A5| =
O(2%=F). Similarly it is easy to see that Ag is O(227F).
Plug everything into equation (@) to get

3
HEl@]+ 1] B U@ e 4y 2] > B 21217 - 1Al - [4a] - 45| - |40
5
> g — 21"~ 0 (27)

?75

> -
~ 1024647

the last inequality is since 7 > 156%/3 and  is large enough in comparison to £. Therefore are least one of

the two is larger than %, and we are done. O
5.3 Linearity testing and zoom-outs

Lemma in the previous section showed that a Boolean function on G(V,¢) having high level-1 mass
must satisfy one of two conditions. Here we show that if the second case holds, then there exists a zoom-out
increasing the average of F'. More precisely:

Lemma 5.7. Assume € > 46°n, k > 2 + log } + co, and
/ 3
E [fe1(@)f=1()f=1(2) f=1(z +y +2)] > e
1 z,y,2€V

Then there exists a hyperplane W such that p,ou[F) > 6 + %
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Proof. A standard calculation shows that

1517

T s

ax f2,(5).

6))

The last equality is by Parseval and the fact that by ClaimEI [f2,(z)] < % Therefore there is S* # ()
1

E [fa(@) /@i @y +2)] =) FA(S) Smax f2,(5) ) 24(8) =
S S

z,y,2€V

(since f—1 (@) = 0) such that

o < L] e
F21(57) = QUWIE;JE‘/[f:1(3:)f:1(y)f:1(z)f:1(:v+y+2)] > 1'577[11,]27

5 [z] _1~ Since by Claim [2.26] || fx~1 — f=1]|oc < 20+2-k we conclude that

159 L1
e[t
N fer — f > [
1= fall >[5

and so ‘le(S*) >

‘le(S*)

= ‘le(S*)

Apply Lemma[4.2]to conclude that

7]

S - P
[k] . [kﬂ S* out = 277 1 :

Multiplying by m and using

we conclude that ) HW g 5‘ > /%. Finally, recall that by the hypothesis , /% > ¢, and so it must be

Jout

the case that ‘ PWgs oy — O ‘ = UWgs ,,, — O (otherwise it is at most J), and we are done. O

5.4 Putting it all together

Proof of Theorem[3.3] Let F : [‘g] — {0, 1} be a function as given in Theorem and apply Lemma/|5.6

to it. If the first item holds, we have that E, [ 2, (z)] < % (by Claim , and B, [f2,(z)] > 20418[f] 5.

2 Ui
=l )] Z 109654 HE

Therefore 4

819254

5

E fi1( ) —

and by an averaging argument (Clearly the function inside the expectation is upper bounded by f4,(z) < 2),

with probability at least over random choice of x from V, we have that

819264[ ]

fi(z) - f21(x) >0,

Ui
819244

"Easy to conclude from Factm
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: : 2 . 2
implying that | f=1 ()] > 555 Thus, by Claim[2.26|| fx1 (2)] = | f=1 ()] = | fo1 — fretlloo > 1ibss. Recall
that f~1(2) = fispan(z),in[F] — 0 > —0, and since % >, it must be the case that fr1(z) >

. . ?
implying fispan(z),in[F] = 0 + 1o652-

n?
10062

If the second item holds, apply Lemmawith €= 2085[] 54 to conclude there is a hyperplane W with

2048

2
7
HwoulF] 2 5+\/ 2 = 0 To057

6 Improved Results for the First Level

In this we prove Theorem [3.5] restated below:

Theorem 3.5 (Restated) . There exists £y > 0, such that for all ¢ > £y the following holds

Let V be a k-dimensional vector space, €,6,m > 0 such that k > 300* + 160—30, log(1/5) <e< L

Let F': [‘Z] — {0, 1}, and assume W=L[F] = n, u(F) = 6. If n > 627¢, then at least one of the two
must happen:
. — = 'r)1+1
1. There is x such that pspan(z)in = 0 + 2 > 1

20 1+4

2. There exists W of co-dimension 1, such that pyy,eu[F| > p(F) + 27 2 15—

The proof follows the same lines of the proof of Theorem[3.3] however since a smaller weight on the first
level is assumed, it requires studying higher moments of the first level component. Technically speaking,
more types of sums appear in such moments and one needs to be able to control all of them. Fortunately
there is a simple trick, namely Lemma[6.3] that allows handling all types of sums single-handedly.

6.1 Deviation of F.,

The first part of the proof estimates higher moments of the first level component. For technical reason, we
show this for the approximated first level component. Since this argument is applicable to component parts
on all levels, we present it in a more general form.

Let 2m be an even integer, and let F" be as in Theorem Let f~,,F~. be the functions from Definitions
and denote n = W="[F, 6 = p(F) throughout this section.

Claim 6.1. L
E [FNT[L]2:| =7 + 0(21% f§k)'
L

Proof. By the triangle inequality
||F:7”H2_ HF:r T||2 H 7”H2 HF 7“||2+||F _F’M"HQ'

Using Theorem [2.25] the fact that || F.||3 = 7, and squaring finishes the proof. O
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Claim 6.2. Suppose k > 2704, ¢ > {y. Then
4_1
E[f2,(@)] = = + 02" 3h).

1

Proof. By Claim since F' is Boolean, we have that || fx,||cc = O(2%). By Lemma forevery L,_1,
: . S . _ 100* —k

the average of f~, on r-dimensional subspaces containing L,_; is at most ¢ = O(2 ). Therefore,

using Lemma [5.1] we get that

B [P l2] = || [2,0)] + 034

By Claim the left hand side is 1 + O(213£4_%k ). Rearranging finishes the proof.

Lemma 6.3. Suppose k > 27¢* + 2log %, £ > by. Then

Proof. By the triangle inequality,
a_1
IF = Farllz < |IF = Forll2 + | For = Frrll2 < /6 =+ 0227 725),
The last inequality is by Claim [5.2]and the fact that
IF = Pyl = |FI — | Forli3 = 6 =1,

Therefore 3
E[(F - Fu)?[L]] <6 —n+ 023" 2% <5 - i
L

From this point on, the proof follows a similar argument to the one in Lemma [5.3] Using Markov’s
inequality,

3
P[F—EwQLgl——}g <6 — -,
[ - Pt > 1 - ) < = <o g

and so with probability at least 1 — § 4+ 11 over the choice of L, (F — Fx,)?[L] < 1 — gk. Since with
probability at least 0 we have that F'[L] = 1, we get that with probability at least %77 over the choice of L,

n
1— Fo [L])?<1— L,
(1 FalL) <1 L
which, by v/1 — & < 1 — e, implies that |1 — Fx,[L]| < 1 — J5. Opening the absolute value finishes the
proof. O

The following lemma obtains a lower bound on high moments of the approximated first component:
Lemma 6.4. Suppose k > 270* + 2log %, £ > bo. Then
2m+1
E[PulLI™] > gz

Proof. By Lemmal[6.3]
2m+1

B [P 0] > e [Flt) > ] (55) 2 givengon
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6.2 A Fourier-Analytic lemma

A classical fourier-analytic computation shows that for any function f: V' — R,

E_[f(@)fw)f@+)]| < [ flloollfII5- (6)
z,yeV
Estimates of the above type, namely expected values of product of f on linear combinations of randomly
chosen points, have proven very useful (see for example [Rot53] [Tre98, [ST00, Has01, HWO03], [HKO0S,
KS13]). The following lemma is another generalization of (6).
Let s < m be an integer, and let M be a binary (2m — s) x s matrix of rank r < s. For 1, ...,x5 € V,
we denote (Y1, .., Yom—s) = M - (x1,22,...,x5)T - in words, y; is the linear combination of x’s, when the
coefficient of z; is M[i, j]. We write ¥ = M - Z in short.

Lemma 6.5. Let s < m be an integer, and M a binary (2m — s) X s matrix of rank r < s. Let f: V — R
be a function. Then

B @) f@) fyn) o f(yam-s)] <A1 115

We defer the proof to the end of this section.

6.3 Proof of Theorem

Choose with foresight m = [2] , and consider Ey, [Fx1[L]*™]. Our main task is to show an upper bound

on the following quantity by expanding it out:

2m

E[ALP] =E|| > f«@)

zeL\{0}

Note that picking 2m terms from the sum can be equivalently done by first choosing s from 1 to 2m to be
the number of linearly independent vectors, then choosing s linearly independent vectors from L and the
rest 2m — s vectors are chosen from the span of the first. In other words, we can write

2m
E [F1[L]2m] =E Z Z frr(z1) o far(2s) Z fa1(y1) - fr1(Y2m—s)

s=1 w1,..x.€L\{0} Y1yeesY2m—s €SPan(z1,...,xs)\{0}
linearly independent

2m
= 14 ~ = s ~ o x m—s )
E ;a(sam, ) xlmxISEéL\{O} frr(@n) -+ fra (@) Y far (1) -+ frt (Y2m—s)

linearly independent
L yl7"'7y2m—865pan(x17"‘7x5)\{0}
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where a(s,m, ) = (2¢ —1)---(2¢ — 2571)(2™ — 1)>™~$ | Next, note that the distribution on z1, ..., z is
O(527%)-close to uniform, and the last expression is at most

2m
<) 2%t E - Usale) o far@s) - faly) - fa(gam-o))| + 027275 ()
TlyeesTs
s=1 M(2m—L19) X s binary matrix
J=Mz

where we have used (s, m, £) < 2522 and || fx1]/oo < 1.
Fix s and a matrix M, and let » = rank(M ). We consider the case where s < m and s > m separately.

Denote

d
R if max {}MSpan(x),in - 5‘ ’ ’MW,out - 5‘ ‘ reV,WCV hyperplane}. ®)
For s < m, apply Lemmal6.5]to obtain

E [frr(@1) - frr () - for(y1) - frr (y2m—)]
T1,...,LsEV
M (2m—s) x s binary matrix
y=MZ

S 1251 amandl FY -l [§ 011 4

o ([]) () ol

< 2. 2—58R2m—2rnr +0 (213£4—%kz>

where the first inequality is by Lemma the second inequality is by the definition of f.;, Lemma
and Claim

For s > m we apply the previous argument dually. More formally, we use the following lemma (the
proof is deferred to the next section):

Lemma 6.6. Let M be an (2m — s) X s matrix of rank v, f: V — R, and define A; = {j | M[j,i] = 1} .
Then

E [f@) - fl@s) fy) - fams)l = D> F(S) - f(Ss) - F(T) - F(Tom—s)-
T1,...,LsE€EV Tyoo o s
j=Mz Si=@jea,Ti

Using Lemma [6.6] we see that
E [fsa(@r) - frr(@s) - far(yn) - far(yam—s)]

T1,...,Ls€EV
G=M7
= Z le(Sl)"'le(SS)'le(Tl)"'le(T2me)
Tlv---aTQm—s
Si:@jeAiTj
=20 B Faa(S) Fea (89 Fma (1) Faa (Toms)|,
15--542m—s
Si:@jeAiTj

34



where A; = {j | M[j,i] = 1}. Now we have 2m — s < m, and we can use Lemma (with f;l instead

[P 3]

of f and renaming of the parameters, the new “s” is 2m — s) to get that the previous expression is upper-
bounded by

—
p—

o V7

2Cm=I| £ Y [ VA ©)

1]

Note that f;l = 27% f.1, and therefore

T —kr 2 ' —kr T
| fxall3 = 27F (Zm(&) =277 fa |13, (10)
S

where the last equality is by Parseval. We use (10) to get
@ < 2B fay 552 BT TR 1222 )13

= | Fxa I35 N fon 12557 fra 137
—1 s=r r
< <|:f:| R) R2m—s—r <Z> + O <216€4_k>
1]
< 9. 2758R2m72rnr +0 (213547%]6) ’

where in the third inequality we bounded H}’;l lloo bY Lernma || f~1llco by definitions, and || f~1]|2 by
Claim[6.2]

We plug in both estimates (of s < m and s > m) to (7] to get that

2m min {s,2m—s}
E [le[L]Qm] < Z 28622ms Z (2 . 2758R2m727“?7r +0 (213247%k>> + 0(22m€27k)
L
s=1 r=1
am S 2 4_1
< Z Z 9im*+1 p2m=2r,r | ) (2145 7§k) _
s=1r=1

Therefore, there are s, 7 such that
2m—+1

21 o 1 9 1464k n
odm R2m TUT>W|:I%[FQ1[L] m]_O(Q ):|>2éh)1—|-5ﬂ72(§‘27717

where the last inequality is by Lemma|[6.4] and the fact that the error term is at most half the main term for
sufficiently large /. Rearranging and using m? < 2™ yields

2m n\" Ui
R (ﬁ) >Q4m2+5m+652m'

Next, we claim that the parameter r in equation [T 1]is strictly smaller than m:

2m+1

)

Proposition 6.7. r < m.

772771-{»1

Proof. Assume toward contradiction » = m. We get "™ > , concluding that

24m2 £5m+6 §2m

m 1
5278 g T] < 24m+652m+1 g 24m+652— m+1
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Rearranging and using §~/(m+1) < 53¢ yields
5735  9im+6
taking logarithm, using the definition of m and rearranging implies

16420 40
log 1/5 log 1/5’

contradicting the condition on €. O

If < R? then the left hand side in (TT) is at most R2™ and we conclude that

772m+1
24m?24-5m+-6 §52m’

implying

Else, since » < m — 1 we get that

2
2 —1em2 ™
R > 2 " §2m ’
implying
sm+1
R> 2*8’”2% > 2‘?*3%
the last inequality follows from the definition of m. Either way, we have
1+4¢/4
_sop
R>2 ¢
0

Using the lower bound we know on &, 7, it is easy to see that the last expression is greater than J. Recalling
the definition of R from (8)) finishes the proof.

Auxiliary lemmas

Proof of Lemmal6.6] Expand out each f(x;), f(y;) to its fourier representation to get

E [fe)-- fzs)- f(yr) - f(yam—s)]

T1,...,Ls€EV

oM

= Eev > F(S1)xs, (1) -+ f(Ss)xs. (ws) - F(T1)xr (y1) -+ f(Tom—s)XTom—o (Y2m—s)
T,y Ts
ly:Mf Tlé;i-,.?tbg%sfs

Note that
Xy (1) - x5, (s) - X1 (Y1) -+ XTom—s (Y2m—s) = XS10@,c 4,1, (T1) -+ Xs.0@, 4,13 (s)-

Thus for a summand not to be 0, it must be the case that S; = € T, and the proof is concluded. ]

JEA;
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Lemma 6.5 (Restated) . Let s < m be an integer, and M a binary (2m — s) X s matrix of rank r < s. Let
f:V — R be afunction. Then

B @) f@) fyn) - fyam—s)] < AT IS 11

Proof. Since the matrix M has rank r, there is a subset of 7 of the rows such that each other row is a
linear combination of them. Such subset of the rows corresponds to a subset of the y’s that form a basis for
Span(yi, ..., Yam—r) - without loss of generality assume ¥4, .., ¥, is a basis. Then each y; for ¢ > r can be
expressed as a linear combination of y1, ..., y,. In particular, the function f(y1) - - f(y2m—s) is a function
of y1, ..., yr, which we denote by:

Ryt yr) = fF(y1) - f(Y2m—s)-

Therefore the expectation we want to evaluate is

E  [f(z1) f(zs)h(y1, - yr)]

L1y, XsEV
G=M.Z
= E F(S1)xs, (z1) - (So)xs.(@s) D> AT, Te)xr (1) - X, (ur)
{El, ,ZsEV
Y Ss T1,...,Ts
> f(S) - FSOMTL, T B s () -+ xs, (@) - X () -+ xr ()]
SioS CE1£..,IS§V
Ty, T, y=M-z

For every ¢ = 1, ..., s consider
Ai:{j ’M[J’Z] :1}7

in words, the set of j such that x; appears in the representation of y; according to the x’s. Then

xs: (@) -+ xs. (@s) - x1 (1) -+~ xz (ur) HXS@@]EA (@5).
=1

Thus our original expression equals

Z f(Sl) T A(Ss)ﬁ(Th ”'7T7") [H XS; &Djca, T ( Z)]

S1,ye.ySs z1,.. ,mgeV
Tl:- 7’ T
= 3 Js)-- (Ss)h(Tl,...,TT)HE{Xsi@@jEAiTj(Ii)]
S1,..,5s Z,lefz
Ty,...T-
= Y F(S)- FSOR(T, . T).
Ti,..., T
SZZGBJ'GA T;
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Applying Cauchy-Schwartz on the last sum implies it is upper bounded by:

< ST S 2(Ss) > Ry, T (12)
Tr,...Tr T, Ty
Si:@jeAiTj Si:@jeAiTj

To estimate the first expectation, let us abuse notation and look at characters as {0, 1}-valued vectors. This
way, we can succinctly write that (St ..., Ss) = M2 (T4, ..., T)T, where M is the s x r matrix whose rows
are the first  rows of M. In particular, since M Thas rank 7, we can choose a subset of 7 of its rows that are
linearly independent - without loss of generality we assume the first » rows are such. Then

Yoo PGS PS) <P > PS) - (S

Tl,.--7T7- le---vTr
Si=@;ca,Tj Si=@jea,Tj
=I5 > FP(S) - FA(S)
Slw"vSr

=177 | D2 F2(8)
S1
= 1Pl E [P

D is—
= /21113

The first inequality is by taking out the maximal fourier coefficient, the first equality holds since the first
rows of M g are linearly independent, the third equality is by Parseval.
To evaluate the second term in Equation (I2)) we use Parseval:

Z /I;,z(Tl,...,Tr) = E [hz(yl’--wyr)]

Ty, T Ybyeoslr
$=B,enT;
= B [P P Pln)
UL B [P ) )

= HfQH?X‘_S_Ty E [f)]

1ye-sYr
= 2138 IA11E

Plugging the last two estimate into Equation (12)), we get that our original expression is upper bounded
by

\/HfQH&‘THfH%’"HfQHEZZ‘S‘THJ”H%’" = 1A= IS A 113

7 Results for the Second Level

In this section we prove Theorem [3.7] The proof follows a similar strategy as in the proof of Theorem
— upper-bounding the fourth moment of the level 2 component of F' — but it is technically more involved:
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recall that the value of the level 2 function at L is a sum of values of a function defined over 2 dimensional
spaces. Hence when computing the fourth moment one obtains various products of terms that behave differ-
ently, depending on the intersection pattern of the corresponding spaces. Since there are many intersection
patterns between four 2-dimensional subspaces, simply enumerating over all of them, analyzing each pattern
separately may be infeasible.

We currently do not have a fully systematic way of dealing with all types of summands at once — this
issue seems to be the bottleneck in extending our results to all levels. For level 2 however we still manage
to partition the terms into a relatively small number of classes, and then to bound each class separately.

Structure of Section We begin in Section by associating f~o with a function over the hypercube,
and establishing a connection between its fourier coefficients and zoom-outs — this is the level 2 analogue
of Section[d] In Section [7.3| we define the key definitions that allow us to partition the terms into relatively
small number of classes, present a set of example-terms that arise in the proof, and analyze them. Finally,
in Section we argue that those examples cover all types of terms (up to symmetries), and in Section
we conclude the proof of Theorem [3.7]

7.1 Fourier coefficients and zoom-outs on the second level

Let F': [‘2] — R and consider f~s: [‘2/] — R. Formally f~o is a function on 2 dimensional subspaces, thus
to discuss its fourier expansion we first have to extends its range to V2.

Definition 7.1. We identify fao from Definition with f~o: V? — R by

f~2(Span(z,y)) x,y linearly independent,
K — HSpan(z),in xzy#Oorw#O,yzO
K — HSpan(y),in z=0y 7& 0,

0 z=y=0.

sz(LU, y) =

Note that the two definitions agree whenever x,y span a 2-dimensional subspace.

This extension can be viewed to be natural by expanding out fo in terms on Io,in- We begin by noting
few basic properties of fo. We omit the self-evident proof.

Claim 7.2. Let F': D{] — R, and f~z: V? — R be from Deﬁnition

1. For every x, Ey [ f~2(z,y)] = 0.

2. fao(x,y) = fao(x,x D y) for every z,y.

3. fro(x,y) = faoly,x) for every x,y.

A few basic properties of j‘;g that can be derived from the properties of fao.
Claim 7.3. Let F': [‘g] — R, and fro: V? — R be from Deﬁm’tion

1. ‘]/C;Q(S, 0) = 0 for every S.

2. For every S1, So, fzz(sl, Sy) = sz(Sl, S1 @ S2).

3. Forevery S, So, f/;Q(Sl, Ss) = ]?z2(527 S1).
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Proof. For the first item,

)

F<2(8.0) = E [faa(w 9)xs(@)] = B | xs(2)E [fea(w,9)]| = E[xs(x) - 0] =0.
For the second item,
fra(S1,52) = E [fra(@, y)xs, ()xs, ()]
= E [fra2(z @ y,y)xs, (2)X5, ()]

E [fr2(z @y, y)xs: (T © y)X 5,05, (V)]

x7y

= ZIEy[fz2(zgy)X51(Z)XSI@SQ(y)]

= f2(51,5 @ Sy),

we used fro(7,y) = fa2(z @y, y).
The third item similarly follows from fro(z,y) = fa2(y, ). O

The previous claim implies that f~s is essentially a function on two-dimensional subspaces.
The following lemma establishes a connection between the fourier coefficients of fo and zoom-outs.
The proof goes along similar lines the proof of Lemma4.2] however, includes more tedious calculations.

Lemma 7.4. Let F': [‘Z] — R, fe2: V2 = R from Deﬁnition and let S1, Sy C [k| be distinct and

non-empty. Then

Fra(S1, 82) =ea(k, €) [MWSlﬂWSQ,out(F) — W(F) = (W, gs,0ut (F) + Hwg, out(F) + piwg, out(F)) — 3p(F))
+O02¥||F ),

where
[*¢7]
(1] =3[0 +2[50)]

ok, 0) = =272 L 0(27%),

We defer the proof to Section [E.T}

Remark 7.5. With a little more effort it is possible to prove the following: there are constants c1(k, (), ca(k, 0)
such that

f%Z(Sla 52) =C |:,UW51 NWs,,out — ,U(F)i| —C2 [MWSI out T HWsg, out + HWs, @s,,0ut — |,

and ¢y =272 + 02738, ¢y = 272 4 O(273).

7.2 Basic claims and notations

Notations. Let F.9, f~o be from Deﬁnition We will use the usual notations of § = u(F'),n =
W=2[F], and we assume F is (2,¢) pseudo-random where ¢ > §. It will be convenient for us to prove
counter positively: assuming F' is (2, ¢) pseudo-random, we derive an upper-bound on the weight of F' on
the second level.

For each x € V, we choose an arbitrary complementing space M, namely a k — 1 dimensional subspace
of V such that Span(z) & M, = V.
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Definition 7.6. For F': Fg] — Rand x € V, we define F,.: [%ﬁ] — R by
F,[L'] = FIL' ® Span(z)].
Definition 7.7. For W C V, define Fyy: [')] — R by
Fw[L] = FI[L].

The following claim asserts that (2, ¢) pseudo-randomness of F' implies (1, O(g)) pseudo-randomness
of F', F,, Fyy for any x € V and hyperplane W C V.

Claim 7.8. If F is (2, ¢) pseudo-random, then F is (1, ) pseudo-random, and for any x € V and hyperplane
W CV, F,, Fy are (1,¢ + 0) pseudo-random.

Proof. Let z € V, and assume F), is not (1,e + J) pseudo-random. Then there is z2 or W5 such that the
density of F), ;, or Fy yy, is at least the density of F}, plus § + € - assume for example that the first case
holds (the other case is handled similarly). Then

P(Fpay) = p(Fy) +6+e>6+e,

contradiction to the fact F' is (2, €) pseudo-random. The proof for Fyy is similar.

For F', assume it is not (1, ) pseudo-random. Then there is x € V (W C hyperplane) such that the
density of F,, (Fyy) is at least § + ¢ - assume for example that the first case holds (the other case is handled
similarly). Clearly,

yEH%/Ix [M(ny)] = pu(Fy),

thus there is y such that pu(F,,) > p(F;) > d + €, and contradiction to the fact F' is (2,¢) pseudo-
random. O

We will often be interested about the implications of (2, ) pseudo-randomness of F' on several measures
that seem to be related to zoom-in/zoom-out of dimension one of F'. This is the content of the following
claim which will be repeatedly used later this section.

Claim 7.9. Suppose F is (2, €) pseudo-random where € > §, and define hy,: V. — R by h,(y) = fa2(x,y).
Then

1 || fa2lloo < 4de.
2. Hfz\QHoo <4- 2_%(1 + 0(1))5 + O(Qé—k).
3. [lhelloo < 8e.

4. Forany S, ZE(SM $5)2 < 900(1 + o(1)) - 273¢4/3 4 O(2166' k),
So

Talloo < 4-270(1 1 o(1))e.

5. Forany z,
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Proof. Note that

ng(x, y) = ,UJSpan(a:,y),in(F) —0+0— NSpan(x),in(F) +0 - :U’Span(y),in(F) +0 - :U’Span(a:+y),in(F>

Each one of the four differences above is at most € in absolute value by the (2, ) pseudo-randomness of F'
and the (1, ) pseudo-randomness of F' (Claim [7.8).

For the second item, note that f;(Sl, Sy) is 0 if Sy, Sy are linearly dependent (Claim ; otherwise
apply Lemma[7.4]to get

7’&1\2(517 52) :C2(ka£) |:UW51 ﬂWSQ,out(F) —0— (MWsl@SQ ,out(F) + ,UI/VS1 ,out(F) + MWSQ,out(F) - 35)]
+ 02| Flloo),

where ¢y (k, £)272¢ 4 0(273%). Using the (2, ) pseudo-randomness of F' and the (1, ¢) pseudo-randomness
of F' (Claim we see that the densities of FWS1 , FW52 , FWS1 055" FWslﬂng is e-close to ¢, and so we
get that.

]f;(sl, 52)‘ <dea(k, O)e + O(207%) = 4. 2721 + o(1))e + 025,

The third item is immediate from the first.
For the fourth item, by Lemma|/.4|we have that

9
wa (S1,52)
Sa

2
= C%(kv 0) Z [MWSl ﬁWSQ,out(F) - Hwg, out(F) + (2u(F) — NWsl@SQ,out(F) - Hwsg, out(F)) + 0(23£_k)
Sa

Use (a1 + ... + as)? < 5(a? + ... + a2) to get that the above is upper-bounded by

5 . 62(k7£)2 |:Z (MWSlﬂWS2,Out(F) - :u’Wsl ,out(F))2 + Z (:u’Wsl@S2,0ut(F) - IU’(F))Q (13)
Sa S2

37 (e, ou(F) = p(F)? + - 0(2%%)]
So Sa

We next estimate each sum separately. For the first sum, consider the function G = F; Wy, » and let g~ be its
level 1 approximated point function

By Lemma 9~1(52) = c1(k—1, g)(/iWslﬂWsQ,out(F) — B, .out)- Since the first sum counts each
subspace twice (Wgs, N W, is counted for Sy, S1 @ S2), we have that it equals

2

2 : 2 E ~2

- (/J'WSlﬂWS2,Out(F) - ,UWsl,out) - c1 <k - 1?€)2 e g (‘92)
2 2

SN
ek — 1,02 19112

2 WG] 1664k
“a (o)

®Le. the function for which Gxi[L] = Y. gea(z) forall L C W, .
zeL\{0}
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The second equality is by Parseval, the third transition is by Claim[6.2] By Claim[7.8] G has density at most
d+e < 2eandis (1,e+0) pseudo-random, and in particular (1, 9e%/) pseudo-random. Hence by Corollary

B4
WG] < V200 - 9e2/3 (@) < 60e*/3.

Plugging this into the previous inequality, we get that the first sum in Expression (13) is at most
120
[ea(k — 1,02

The second and the third sum are equal and are estimated similarly; By Lemma §.2] each one of them

equals
W=F 1
i SR = o Z)Q\f@u\( o oe k)),

1

£4/3 + 0(22£+16E47k)‘

in the first transition we used Parseval and in the second transition we used Claim [6.2] By Corollary [3.4]
since F'is (1,¢) pseudo-random (Claim , it is in particular (1, %52/ 3) pseudo-random and we have that

W=HF] < 4/200 - 252/35 < 3063,

(we used § < ¢) thus the second and third sum are bounded by

30

4/3 20+1604—Fk
774+ 0(2 .
[flei(k —1,0)2 ( )

The fourth sum is O(25¢=%).
Combining all of the above, we get that the Expression in (I3) is at most

180
ek —1,0)2
Since ¢y =272 + 0(27%),¢; =27t + 27 and [ﬂ = 2¢(1 + o(1)), we have that the coefficient of £%/3

is 900(1 + o(1)) - 273¢, and we are done.
Finally, for the fifth item, denote G = F),. Then for any y € M,

5ea(k, )2 - e84 02160k,

hx(y) = :uSpan(x,y),in(F) - :UJSpan(z),in(F) +0— :uSpan(y),in(F) +0— :uSpan(z—i—y),in(F))
= g~1(y) — fa1(y) — faa(z +y).

Therefore for any S character on M,

he(S1) =G (S) +— E a1 @xsi@)] = E  [fra(z +y)xs, (v))- (14)
yeWsl y6W51

We extend S to Sy on V so that Xg, (z) = 1. Then

yell/%sl [fx1(y)xs, (9)] + yell%sl [fr1(z + y)xs, (v)] = 2yI€EV f=1(W)xg, (y)] = 2f1(5y).
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Taking absolute value and using triangle inequality on equation (14)), we get that

Fa(S1)] < [5=(50) | + 2| Fra(5)

Finally we bound the first fourier coefficient on the right hand side by 27¢(2 4 o(1))e using the (1,6 + ¢)
pseudo-randomness of G and the second by 27¢(1 + o(1))e using the (1, )-pseudo randomness of F' (Both
by Claim[7.8)).We demonstrate for the first (the second is done similarly). By Lemma[4.2]

g1 (S1)] = 27(1 + o(1)) ‘MWsl,OUt(G) — @) <271+ o(1))2.

Claim 7.10.
10n

4_
W +O(216£ k:)

| frall3 = {% + 0215 k) <
2

Proof. Immediate by Lemmal5.1] O

7.3 Analysis of representative cases

In this section we unravel the fourth moment of Fl.2, and show how to group the different sums into relatively
small number of classes. We then analyze some representatives of these sums in order to demonstrate the
different arguments that are needed.

We begin with two important definitions that will be helpful throughout the rest of the section.

Definition 7.11. Let K, M, P,QQ C V be subspaces. The total dimension of a term of the form
Fo(K) fo(M) fo(P) f2(Q) is defined to be

dim(K & M & P& Q).

Sometimes the spaces will be given in formal form with parameters; for this purpose we define the
formal total dimension:

Definition 7.12. Let x1, ..., xg be formal variables, and let K, M, P, Q) be subspaces of the formal subspace
Span{z1,...,xs}. The formal total dimension of a term of the form fo(K) fo(M) fo(P) f2(Q) is defined to
be

dm(K®M e P o Q),

when K ® M @ P & Q is treated as formal subspace of Span(x1, ..., zs).

The following lemma asserts that the fourth moment of F.» can be written as linear combination of
expectations of formal total dimension d = 2, ..., 8, where the coefficient for d is ©4(2%).

Lemma 7.13. There are aq({) for d =0, ..., 8 such that

8

E [FzQ[L]ﬂ = Zad(f) E [fr2(K) faa(M) fr2(P) fa2(Q)].
L) =" o)
dim(KeMeP®Q)=d

Moreover, ag(f) = 0 for d = 0,1 and |ag(0)| < 2% for any d.
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Proof. By definition,

E [Fwlll']= E > fra(K
LelY] Lele] | \ ey

= E Z fr2(K) fr2(M) fra(P) f~2(Q)

| K,M,P.QC7]

We partition the last sum accordingto A = K & M & P @ @, which has dimension at least 2, to get

5 Z > Yo ea(B) faa(M) fea(P) f22(Q)
e d=2 ACL KM PQE[]
dlm(A) dKEBMEBP@Q A

Note that by symmetry, the size of the set
{(K,M, P,Q) | all are subspaces, K M ® P dQ = A}

depends only on d = dim(A); denote it by 3;. Then the last expectation is

8
= E 2[2] E Ba E [fr2(K) faa(M) fra(P) f2(Q)]
Lely] | a=2 AcL K.M,P.Qe[4]
dim(A)=d KeMaPoU-A |
. Te
= 2 (K) faa (M) frn(P) f :
;[d]ﬁdeT\ﬂ .AIEL KMJIDEQE[] [f22(K) fra(M) fr2(P) f22(Q)]
dim(A)=d KOM®PEG-A |

where the last equality is by linearity of expectation. Note that for a fixed d, the 4-tuple K, M, P,Q is
distributed uniformly over all 4-tuples of 2-dimensional subspaces of V' such that their direct sum is of
dimension d. Thus the last sum equals

8
Slfo B lal®ia0n @]
& KMPQel]

dim(K&M®P®Q)=d

Denoting aq(¢) = [ | B4 for d > 2 and 0 otherwise we conclude the lemma. The bound on aq(¢) follows
from the crude bounds [ ] < 2% and B, < 2% which is easy to verify. O

Below we consider different types of sums and show how to obtain sufficient upper bounds on them. We
write them in expectation notations since it is easier to work with.
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7.3.1 Expectations that are essentially 0

The first type of expectations are those that can be argued to be essentially 0. The following observation is
sufficient for us to identify such expectations. Roughly speaking, it asserts that if one of the spaces depends
on a random vector y such that the direct sum of all 3 other spaces does not contain it, then the expectation
is close to 0.

Lemma 7.14. Let x1, ..., x4 be formal random vectors from V, and K, M, P,(Q be formal vector spaces
spanned by them. Define an event

E={(K,M,P,Q)|dm(K®M®P)<d—1,dmK®MoP®Q)=d}.

Then
20 B [faa(K) fra(M) faa(P) fr2(Q)] = OQUH| faalll)-

T1,..., g€V
(K7M7P7Q)€E

Proof.

2 B [fra(K)fr2(M) fr2(P) f2(Q)]

T1,.., g€V
(K7M7P7Q)EE

o [fm(K)fzz(M)fzz(P)Ig [Faa Q)| K. M, P}]

T1,...,LgEV
(K,M,PQ)EE

For any value of K, M, P, the induced distribution on ) = Span{x, y} is such that 2 has some distribution
A:eitherz € K@M @ Pifdim(K & M & P) = d — 1, else uniform outside K & M @ P. In both cases,
y is uniform outside K & M & P. Thus

E[f2(Q)|K,M,P] = & [ E
Q e~ |ygKoMaP

[fza(Span{x,y})]]-

For any fixed x the resulting distribution on y is O(27%) close to uniform over y # x, 0. Thus

E  [f~x2(Span{z,y})] =

E [fx2(Span{z,y})] + 027" fr2lloc) = OQ27F| frzlloo)-
yEKOMPP K>z

7.3.2 Error terms

The second type of expectations are those that we bound by O(n?) using Cauchy-Schwartz inequality. An
example is

4
[q E [f~2(Span{z1, z4}) faz(Span{za, x5}) faz(Span{z| + x2, x4 +m5})2].

1 T1,22,L3,T4,L5,L6

More generally,
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Lemma 7.15. Let 1, ..., x4 be formal random vectors from V, and K, M, P, Q be formal vector spaces
spanned by them. Define an event

E={(K,M,P,Q) | KNM=PnNnQ={0},dm(KeMaePodQ)=4}
Then

W B [fea(K), fea(M), fan(P), fur(Q)]] < 10052 + O(21F).

T1,...,L4EV
K,M,P,QeE

Proof. Applying Cauchy-Schwartz

E [fz2(K)afz2(M)afz2(P)vf%2(Q)]

T1,...,L4€EV
K,M,P,QeFE
< \/ E  [far?(K) fxa?(M)] \/ B [/x22(P)f(Q)]
T1,...,L4EV T1,...,L4EV
K,M,P,QeE K,M,P,QeE
= E [fr2?(K) f2?(M)], (15)
T1,...,L4€V
K,M,P,QEE

the last equality is because the distributions of (K, M), (P, Q) are identical. Note that since K N M = {0},
the distribution of K, M is O(27%) close to choosing two independent 2-dimensional subspaces of V. Thus
the last expression in [I3]is

= B [f2P(K) [ (M)] + 027" fx2lloo) = |l fr2lls + +OQR 7| fx2lloo)-
K,Me[}]

Finally, || fxzll§ < 2992 + O(2'' =) by Claim|[7.10} O

7.3.3 Zoom-in 2 dimensions.

The only expression of this type is

22 [ frnd (K)] < 2% frz 3]l f2l% < (107) - (€)% + O(224H1667F) = 16002 + O(22 104 ~Fy,
K
the last equality is by Claim[7.10]and Claim[7.9]

7.3.4 Reducing to first level via zoom in

There are some that can be handled by reducing to the first level. That is, to analyze it one has to rely on
the fact that after zooming-in (or out) on one dimension, the resulting function is pseudo-random against
zoom-in (or out) to dimension one. This, combined with Corollary provides us an upper-bound on the
level-1 mass of the zoomed-in function. To demonstrate the idea more concretely, consider the expression

PR | E [szQ(K)me(M)]- (16)
T |x€eK,M
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Define g(x) = Exs [f2?(K)]. Then Eq [g(x)] = Exc [fx2?(K)] = [|f=s3. Therefore

B B [12002200)| =B [#0)] < lolBlo(o)] = lallel fald. a7

Let 2* be such |g(z*)| = ||g]|co. We have

lg(z") = E [f~2®(Span{z*,y})]
y#x*,0
2
= y;ﬁIE* 0 [(,U'Span{:v*,y},in(F) — MSpan{z*},in(F) + :U’(F) - :U'Span{y},in(F) + M(F) - :U’Span{:v“ry},in(F)) }
< 3y7é15* 0 [(,U'Span{x*,y},in(F> - :uSpan{x*},in(F))2 + (MSpan{y},in(F) - M(F))Z + (MSpan{z*er},in(F) - :U’(F))Qy]

in the last inequality we used (a + b+ c)? < 3(a? + b2 +¢?). Note that r(y) = [Span{z* y},in — HSpan{z*},in
is the approximated point function of F,-. By Claim[6.2]

1 _ _
E [r(y)] < W Ee] + 02" 7F | Fl|o).
y#e",0 [1]

Similarly, fispangyy,in — #(F) is the approximated point function of F; since the distribution of y is
O(27%) close to uniform, we have that:

1 _
ygﬁ [(1span{y}in — w(F))?] < EW_I[F] + 027" F||o)-

Therefore

A _ _
[9lloe = lg(2)] < W(W’I[Fx*] +2- WF]) + 02" h).
1
We next upper bound the weight of F), F;+ on their first level. By Claim Fis (1, ) pseudo-random and
thus (1, 26%/3) pseudo-random, and hence by Corollary 3.4/ W=1[F],/200 - 36%/35 < 30e*/3. Similarly,
F,~ has density at most 2¢ and is (1, ¢ + &) pseudo-random and in particular (1, 9¢%/3) pseudo-random and
therefore by Corollary W=F,] < V200 - 9e2/31(Fyr ) < 60e%/3.
We thus obtain
9
T
1
Plugging this in Equation (I7) and using Clairrm to estimate || f~2||3, we get the expression in (T6) is
bounded above by

9lloe < '3 4+ o27%) =901+ 0(1))27654/3 + 0(216£47k)'

23@ (90(1 + 0(1))27264/3 4 0(216847}’{)) <]‘202Z 4+ O(216Z4k)> _ 900(1 +0(1))€4/37]+ 0(2354*1654*]6)‘
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7.3.5 Ones requiring zoom-outs

An example is

26¢ E [fa2(Span{x1, z4}) faa(Span{xa, x5}) faa(Span{xs, x6}) faa(Span{z1 + xo + 3, 24 + x5 + x6})].

x1,22,23,T4,25,L6
A classical fourier-analytic computation shows that the above equals
4
26¢ Z f~2 (S1,52).
51,52
Clearly by Parseval
—4 —_ —2 —_—
D fr2 (S1,9) <|Ifs2llZ D fro (S1,9) = [|fx2llZE [fx27].
51,52 51752

Use Claims[7.9][6.2] to get that the above is at most

26¢ (16(1 +o(1))27 4 + 0(23*’6)) <2(;Z +Oo(2t! k)> — 160(1 + o(1))e2n + O(25H16¢ kY.

7.3.6 Reduce to first level via zoom-out

An example is

2 E [f~2(Span{z1, 24}) f~2(Span{z1, 25}) f~2(Span{ze, x6}) fr2(Span{z2, 14 + x5 + 26})].

Z1,22,24,T5,L6

A standard fourier-analytic computation shows the above is

2% Z Z f~2 (51,52)

S1 Sa

Clearly,

2

> ZEZ(&,&) < max 252(51»52) ZZEZ(ShSﬂ

S1 SQ 52 Sl SQ

—2
= max Zf::’Z (51732) ||fr"v’2||%7

S
2 5

the last equality is by Parseval. Use Claims[7.9][6.2]to get that the above is at most

25 (900(1 + o{1))2- 15 1 0(21%) (g7 + 021 4) ) = 0,000(1-+0(1))e O[5 %)

Expressions requiring combination of methods

Unfortunately there are two more arguments that we must present for the proof of Theorem [3.7] that require
thinking about zooming in and zooming out simultaneously.
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7.3.7 Zoom-in, Zoom-out Combination - Part 1

Consider the expectation

2 B [fx2(Span{w,a}) frz(Span{w, y}) fr2(Span{w, 2}) fxa(Span{w, @ +y + 2})].

x?y7z7w

Denote g,,: V — R, gy () = f(Span{w, z}). Then the above expression is

2% B [g0(2)9uw(¥)gu(2)gu(@ +y + 2)] = 2YE

x,Y,z,w w

@4(5)] :

S

Note that E,, [Z @2(5’)} = Eu [|l9wl3] = || f~2l|3, and therefore the last term is at most
S

<2ME
w

2 —~ —~
> G (5)] 17l2 = 2| frcl3l g%
S

Use Claims to get that the expression in (19)) is at most

(18)

94l (1077 + 0(21664_k)> ((4 + 0(1))2_%62 + 0(21654—k>> _ 40<1 + 0(1)>€277 + 0(24f+16£4—k>.

922¢

7.3.8 Zoom-in, Zoom-out Combination - Part 2

The last type of expectation we shall examine is the following. In the previous term (Section[7.3.7), it was
quite apparent that some combination of fourier argument along with “zoom-in” argument is needed (since
one point - namely w, appeared in all spaces (suggesting zooming-in ideas), and on the rest corresponded to
linearity testing - =, y, z, * + y + 2z). While in the below expectation it is much less apparent, we show that

this combination can still be used to estimate it. We are currently unaware of a different analysis.

2 E (fea(Span{u. ) fea(Span{u. y}) fua(Span{u, 2} fralSpan{ay + D). (19)
Define g, (z) = fax2(w,x). Then the expression in equals
2¥ B 190(@)gu(®)gu(2) fra(@,y + 2)]
= 242 E, ST GulS)xs, (@) (S2)x5 ()T (S3) sy (2) Fra (S, S5) x5, (2)x55 (y + 2)

51,52,53,84,55

=2"E | 3 9u(51)90"(52) fra(51, 52)
51,52
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Apply Cauchy-Schwartz to upper bound the last expression by

< 2¥E Zgw (S1)Tw"(S2) Z f~2 (51,52)

Y 51,52 51,52

/ 4
< H max [F(S)E | |3 Gt (S0g (52l f=al

51,52
¢ —~
= 2% max|gu (S)[|| f[12E [/l 3]
w,S w

Note that the last expectation is the expectation of f~o?, namely || fx2||3. Overall we have that the expression
in (19) is at most

Use Claims[7.9] [6.2] to upper bound the last expression by
1.5

2 ({4012 + 02 0) (JT40()) < 160(1 +of1))en' + 0211,

7.4 Summary - the above cover all arising terms

We shall now examine carefully all type of expressions that arise when evaluating

4

Ig Z f~2(L2)

KCL

by opening the parenthesis. As stated earlier, each type of sum corresponds to the value of fro on four
2-dimensional subspaces K, M, P,(). We shall divide the expressions according to the total dimension
defined earlier, namely

dm(K e M e P& Q).

Throughout this section, we shall ignore terms of the order O(2°(Y)=F) that arise as negligible error terms.

7.4.1 Total dimension 2
The only summand of this type is 22E, [ f*(L2)], which is bounded in Section by 160ne2.

7.4.2 Total dimension 3

We can think of summands with total dimension 3 in the following way. First, we pick L3 a 3-dimensional
subspace, and then we pick subspaces Lo, L}, L7, LY’ whose direct sum is Lz. Note that not all subspaces
can be identical, as otherwise we would have total dimension 2 Therefore, such sums can be written as

23 zyﬂi‘;;ev [sz(SPa”{%y})fm(SPa”{fUaZ})fz2(L2>f%2(L/2)]-
Lg,LééS’pan{x,y,z}
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There are actually two subcases for this sum. Either one of the two dimensional subspaces repeats three
times, in which case the sum can be written in the form
2 E y [f=2®(Span{z, y}) fra(Span{z, z})] = O(2F),

x,Y,2€
where the equality is by Lemma Else, each subspaces repeats at most twice. In this case we can
partition the 4-spaces into 2 pairs such that of distinct subspaces. Notice that the spaces in each such pair
must have intersection of dimension exactly 1. Assume { Lo, L5}, {L4, LY’} is such partition. Then we have
by Cauchy-Schwartz

PE [ fan(La) fra( L)) frea( L) fra (LY)] < 2“%& [fan? (L) fo2?(L))] \/E [far®(L5) ™ (L)

=g [ E [fz22(L2)fz22(L,2)]]'

zeV x€L27L’2

The last term was bounded in Section by 900(1 + o(1))e*/3.

Total dimension higher than 4

For the rest of this section, we shall deal with expectations with total dimension at least 4. It turns out that
expectation with total dimensions higher than 4 can be treated quite easily once terms with total dimension
less than 4 have been treated by a duality trick which we present below. Suppose we have total dimension d.
Roughly speaking, the idea is to view such expectations in the fourier spectrum, where their total dimension
becomes 8 — d. In this case we simply adapt one of the previous arguments from the “less than 4 total
dimension” cases. Formally, this trick is encapsulated in Lemma [7.16] which is in the spirit of Lemma [6.6]
with essentially identical proofs.

Finally in the end of this section, we deal with expectations with total dimension exactly 4. Those turn
out to require a more detailed case-analysis type examination.

Lemma 7.16. Let g: V" — R and let M be an (mr) x d matrix of rank d. For vectors x1,...,xq4 € V,
consider the mr vectors yi, ..., Ymy defined by j = MZ (i.e. y; = M[j, 1]y + ... + M[j, d)zq for all j).
Define Aj = {i | M[i, j| = 1}f0rj =1,...,d. Then

m—1
H 9(Yir+1, - Y(ir1yr) | = Z H 9(Sir+1,- -5 S+1)r)

Slv"'7STYLT’ 1=0

T, ,IdERV
J=MZ )
¥ Vg ®i€Aj Si=0

Proof. Expanding each term according to its fourier expansion, we get that the left hand side equals

m—1
. IEE v 11 > G(Siate o Sy HXSWH (Yir+s)
"g;ﬁf i=0 | Sirt1,eS(it1)r j=1
m—1
= E . > T 9Sis1s- s Sasay HXSWH (Yir+j)
’y;](ﬁ[ RY | 81,....Smr =0 j=1

m—1
= Z H 9(Sir+1y - -, S(z‘+1) ) H XS; yj )

. 1, ,:): ERV
Slv---7Sm7' =0 ! y_]\dﬂ R
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the last equality is by linearity of expectation. Consider the product of characters inside the expectation
in the expression above. Recalling that 7 = M, we have by multiplicativity of the characters and the
definition of A that

mr d
H XS; (yj) = H XeaieA S (I‘]),
j=1 j=1 !

since the y;’s that contribute a factor of xg,(x;) are precisely i € A;. Thus, the expectation is non-zero if
and only if for all j, P, A S; = 0, in which case it is 1, finishing the proof. O

The main point of the above lemma is that a product that has total dimension d out of potential mr
translates into a product with mr — d total dimension in the fourier domain, since there are d independent
linear equations in the right hand side of Lemma ﬂ

7.4.3 Total dimension 5

We can expectations of this type by taking x1, ..., x5 € V formally, considering y1, ..., yg € Span({z1, ..., z5})
that have formal total dimension 5 and looking at

25'F [f~2(Span{y1,y2}) - -+ fxa(Span{yr, ys})].

As discussed earlier, we would like to view this expression in the fourier domain. To do that, consider M
the coefficient matrix of the y’s according to the basis z. Apply Lemma([7.16](with m = 4,7 = 2,d = 5) to
get a sum of fourier coefficients of total dimension 3 there:

20 N Fea(51,8) - Fea(S7, S5)

S1,...,55
dim({S1,...,Ss}=3)

,we identified a set .57 with its indicator vector). Repeating the argument in Section [7.4.2] we either get that
the sum is an essentially 0 expression or

2

2y (> J=2 (51.52) |

S1 Sa

which we bounded in Section by 9,000*/37.

7.4.4 Total dimension 6

Moving to the fourier domain like in the previous section, we see that the total dimension on the fourier
domain is 2. Therefore, it is either an essentially 0 expression (e.g. if something of the form f~2(S1,51))

or else it is
0° —q
) Z f~2 (51,52),
51,52

which was upper bounded in Section by 160£2.

The equations are linearly independent since they are defined by the transpose of M, that has rank d.
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7.4.5 Total dimension 7,8

Those are essentially O by Lemma(/.14

7.4.6 Total dimension 4

This case has several type of sums, which we enumerate over using symmetries. Consider the general form
2YE [fr2(K) frn(M) fr2(P) f2(Q)]
If there is a space appearing 3 times, then the sum must be of the type

2 B [f~2’(Span{z,y})fr2(Span{z, w})],

x?y7z7w

which is essentially 0 by Lemma

If there is a space appearing twice, say K = M, then either both P, ) intersect K on {0}, in which case
we have a bound of 100n? from Lemma Else at least one of them, say P, intersects K on dim > 1. In
this case dim(K @ P @ P) < 3 and the term is essentially 0 by Lemma([7.14]

Next consider the main case, in which each space appears at most once; we further divide by looking
at the point that appears in the maximal amount spaces denote this point by w, and branch according to the
number of spaces it appears in. If it appears in all 4 spaces, we have an expression of the form

x7y727w

4
| L Ua(Spanu,a) fea(Span{u, ) fea(Span{o. 2)) fen(Span o, )],

where - can be any linear combination of x, y, z. If it is not « + y + z, we have a bound of 100? by Lemma
If it is 2 + y + 2, we get a bound of 10£%7 by Section[7.3.7}
Let us now assume w appears in 3 spaces. Then the general form of our expression is

4
| L a(Span(i, o) fea(Spanuc, ) fen(Spaniv, <)) fea(Span., )L

"E7y’z7w

If % is x,y or x + y, we have essentially 0 by Lemma Else it is an independent point, and our
general form is

4
| L WaSpan{u, ) fea(Spanus, ) fea(Spanfuc, ) fea(Span, )L

There are several cases here, but they are all the same up to switching names ; they are all equivalent to:

4
m E  [f(Span{w,a})f(Span{w,y})f(Span{w, z})f(Span{w,y + 2})].

which was bounded by 160en! in Section m

'9The following pairs are name-interchangeable: (z,w + z), (y, w + y), (z,w + 2).
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Finally we consider the case in which w appears in two spaces (this is the last case, since if every two
spaces intersect in {0} we have a bound of 1007? by Lemma(7.15). Our general form is

x?y723w

4
| L Ua(Spanu, ) fua(Span{u. ) fea(Span{s, =) fea(Spand-, D)L

Both of blank spaces need to depend on an independent point of w, x,y since otherwise the term is essen-
tially 0 by Lemma the other point must be from Span{w, z, y}.

4
K] I,y@',w [f(Span{w, z}) f(Span{w, y}) f(Span{z, x}) f(Span{-,-})].

If * is not y, x or w then the third space intersects both the first ones in {0}, and since the fourth depends
on z it must intersect one of the first spaces in {0}, and we have a bound of 10012 by Lemma Since *
cannot be w, it must be = or y - let us assume by symmetry it is x:

4
| L alSpan{u o) fea(Span(u, ) fea(Span(,2) fen(Spand-, D)L

If the last space intersects the first one on {0} we have a bound of 1007 by Lemma Thus we may
assume it contains w, z or w + x. Note that this point cannot be w or z, as otherwise there would be a point
in three spaces:

4
[ﬂ . [f~2(Span{w, }) fa2(Span{w, y}) f~2(Span{z, v}) faa(Span{x, w + z})].

* has to depend on z, so it can be z, 2 + y, 2 + w + y, 2 + w. The cases * = z, z + w the term is essentially
0 by Lemma (isolating the second space). In the other two cases we have a bound of 1007? by Lemma
(grouping the first with the fourth and the second with the third).

7.5 Proof of Theorem

In this section we prove a counter-positive version of Theorem[3.7] stated below. Theorem[3.7]can be derived
from it rather easily - the (rather self-evident) proof is deferred to Section[E.2]

Theorem 7.17. Let V be a k-dimensional vector space, 10 < { < k an integer and § > 0 such that
k> 270" +101log § + 10. Let F': [‘2] — {0,1}, and assume j(F) = 6.
Ife > 0 and F is (2,¢) pseudo-random, then

W=2[F] < 21782

Proof. Denote n = W=2[F],§ = u(F). By Lemmawe have that

5

E [FalL]'] > 21%4. (20)
On the other hand, by Lemma|7.13]
8
E [FeolL]!] = Zad(gﬂde E [fra(K) fr2(M) fa2(P) fr2(Q))-
Le[y] = K,M,P.Qe[y]

dim(KoM®PHQ)=d
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where |aq(¢)| < 2% for all d.
We apply the bounds we got from Section to get

E [FeolL]'] < max 2%(160ne* + 9003 + 1,200ne° + 9,0007*/3 + 16072 + 100n* + 10ne2) + o(1)

Le[‘/_f] d=2,...,8

< 2402 4 950.4/3), Q1)

Putting (20) and (1) together we have

5
n 40, 2 50_4/3
21054<2 n°+2 5/77.

Hence one of the terms in the right hand side must be at least half of the left hand side. If the first one is
such term, rearranging yields
,'7 < 21754/3

Otherwise the second summand is at least half the left hand side, and rearranging implies
n < 2963,

Since £ > 6, we have < 2176¢"/? in either case and we are done. O
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Appendix
A Proof of Theorem

We begin with a crude upper bound on the functions f~; from|[2.24

<27 F oo

Proof. Induction on i. For ¢ = 0, 1 this is obvious. Let ¢ > 2 and assume for j < ¢, then for every L; € [ }

i—1
i (L)l = |urain(F) =D > fri(Lg)

j=0 L;CL;
1—1 5
<UF N+ 30 2° sl
=0

The last inequality is by the triangle inequality. Use the induction hypothesis to get

i—1
5 »
L)) < [Pl + 32727 | Flloe < (142776 0%) | Py < 27 e,
=0
the last inequality follows by 1 + 20" T(=D* < 27 for every i > 2. O

Lemma A.2. Forevery L;_1 € [z‘_/l]

LB UalL)]] <2904 P
2 1—1

Proof. Foreachi =1,...,£ — 1, let §; be the maximum over L; 1 € [ZZI] of |ELi2Li—1 [ m(LZ)H We will
upper bound &; inductively.

Fori =1, Claim yields that E,c11 {0} [fl(x)} =0,i.e. & = 0. Let i > 1, assume the statement for
all j < i and prove for 2. Let L;_ be the one obtaining &;.

i—1
E=| E_ [ful@l|=| B |pran®) =3 fui(Ly)
LielV Li[Y] j=0 L;CL;
L;1CL; Li—1CL;
= luLi—l,in( Z Z f~]
[ j=0 L;CL;
L,1CL

The second equality is by linearity of expectation and Claim We divide the inner sum to L; contained
in L;_; and those that are not. Using linearity of expectation, the contribution from those contained in L; 1
is

1—2

Z S (L) = frica(Licn) + Z fNJ =, in(F),
CL

J=0L;CL;—1 J=0L;
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the last equality is by the definition of f~;_1. Therefore

i—1
i = IeE[V D>ty

Lie;] |j=0 L;CL;
L 1CL; | LiZL;—q
-1
=| E > : E [f~i(L;j)]
L€l j=0r=0 r J—-r L;CL;
L;1CL; L dim(L;NL;—1)=r

We next interchange order of summations and note that for fixed j,r L; is a random j-dimensional
subspace intersecting L;_1 in dimension r to get that

i—1 j—1 i — P

~i(Li)]| -

;7’20[ r :||:]_’l”:| L]g[v] [f .7( ])]
dim(LJﬂLifﬂ:T

Fix 7, r and consider the inner expectation.

1
i)l == Do E - [fe(L)
Lﬂ'e[‘;] [ r ] R-CL; 1 Lje[\;]
dim(LjﬂLl',l):T L;NL;—1=R,

for every R, C L;_1, the distribution over L; that intersect L; 1 on Iz, is j 2i=k_close to the distribution of
L; such that R, C L;. Therefore

oo Wil <u) B (fx(L)] + 7278 fajlloo = lpmein ()| + 527 %Il frsllon
L;elY] LielY]
L;NL; 1=R, LiDOR,

which by Claim and definition of &;, is bounded by &; + j 2i=k9i® ||F||oo- Plugging it back in, we get
the same bound on

E Ll
Lje[j]
dim(LJﬂLi_l):r

and hence by the triangle inequality,

i—1 j—1 i—1
§<) [ r H }(QHT “27 [ Fll)
j=0r=0 J =
<@ max &+ 27427 Ploo).
J=401=
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Applying the induction hypothesis, we get that the last expression is at most

2-2221'2 (210(i—1)4—k”F||OO + 223+z—k||F||OO)

24i2(210(i_1)4+1_kHF||oo)
2

INININ

10i4_kHF”oo-
]

We use &; defined in the proof of the previous lemma for the next lemma as well. First, note that for

every j < i — landevery L; € [‘;]
E [fo(L))|=| E [ E [fzi(Li)]” < E [ E  [f=i(Li)] ] <&
Li2L; Li12Lj [Li2Li Li12Lj [|Li2Li

Lemma A.3. Let L; 1 € [Zfl] and let F; be from Definition Then

4_
LB Fl]] < 2K P,
=ZLi—-1

Proof. Let &; be from Lemma[A.2] Use Claim to get that

1—2

[FlL]] = cicy - pin yin(fri) + > > prpin(fri),

L2Liz 7=0  RyCLi

where all ;. are upper bounded by 27e

. 1 2
&; and the estimate [’T ] <2v,

in absolute value. Then by the triangle inequality, the definition of

1—2
E [Fm'[LH’ <leic| &+ lay] 2
L2Li ~

Next we use the bounds we have on the a,.’s and &; to get the last expression is at most

<2727 < 202107 K| || < 2208 H| P

Define ~ dof
G@[L] = (F —Fyi = Frion — oo — FEO)[L]'

We show that G; is nearly perpendicular to J<i in the following sense:

Lemma A.4. Suppose k > 502+ 1, andleti <V, L; € [‘ﬂ Then

E [6ao]| <2 4y
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Proof. By definition,

E {éi[L]} = E |FIL] = )  FylL]| = pir,in(F) —ZLIDEL_ Z f~i(Lj) | (22)

=0 j=0"="" | L;CL

the last equality is by linearity of expectation and the definition of F;. Consider the last sum, and for each
J divide the inner sum into L; that are contained in L; and those that are not. The contribution from L; C L;
is

&=
2
<.

™~
<

Il
—
~

Il
Il =
o
o, .

I
—
Q
<.
~
<.

= pr;in(F),

where we noted L; is a randomly chosen j-dimensional subspace of L; in the second expression, and used
the definition of f~,; in the last equality.
Plugging this into Equation (22)), we get that

%

LIQELi [@[L]] T Lo > faiLy]-

j=0"=" | L;CL
L;ZL;

Using standard manipulations (as in the proof of Lemma[A.2)), the last sum equals

SEULN | 3,y o

Fix 7 < 4,7 < j — 1 and R,, and consider the inner expectation. Then the distribution induced on L; is
r27=% close to uniform over L; O R,. Thus the absolute value of this expectation is at most

<| E [fzj@m\ + 20278 fjlloo = |1y in(Fr) ] + 2020 7F]| fjlloo
L;iDR,
< 2108 | || oo + 20207527 | F o
< 214i47kHF||OO?
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the second inequality is by Lemma[A.2]and Claim Thus by the triangle inequality,

i J—1 .
LDL [ H ZZ [ } [ ]21414 kHF” i22¢2+52214i4_k”FHm < 220(4_k\|F||oo-

7j=0r=1

O]

Before we show prove [2.25] we require rough bounds || f—;||~ in terms of || F||, provided by the
following claim.

Claim A.5. Foreveryi €0,1,...,4,
. . 2
1 =illoo < 22| F oo

Proof. Induction on 7. For i = 0,1 this is clear by the exact formulas in Section[2.4.1] Let ¢ > 2, assume
for all j < ¢ and prove for i. Then for every j < 4, since F_;[L] = Z f=;j(L;), we have that

V4
1Foilloe < u 1illoe < 29°GHD2

the last inequality is by the induction hypothesis.

Let L; € [‘Z/] be a space obtaining | f—;(L;)| = || f=i|lco- Since F' — F_; — ... — F is perpendicular to
J<i,
E [(F—Fo—..—Fo)L]] =0,
LOL;

and therefore by triangle inequality

i—1
B, 1Pz < s, il < HFHoo+ZHF—JHoo\||F\|oo+2227+(”+1)4 I
oL; =0
(23)
On the other hand,
FlL]] = (L (L L
E = B Y S| =fsTo+ |y, )
L/CL LICLLIAL;

rire—r ,
= =il + 5 TE% H [Z - 7“] ron | pes [=(ZD)]

K3
L/NLi=R,

Rearranging and noting that for fixed r, R, L is distributed uniformly among the ¢-dimensional subspaces
intersecting L; in R,, we get that

E - [f=i(L)]
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For a fixed » < 7 — 1, R,., the distribution of L; is 12"~F close to uniform over all i-dimensional subspaces

containing R,, and hence

E [fi(L)]] + a2 foilloo = 127 filloos

E [f=(L)]] <
Lel] L/ OR,

3

LiNL;=R,

in the last equality we used the fact the inner expectation is 0 by Lemma (F=; € J=;). Therefore by
the triangle inequality,

s mo > g [S][C0,e || g, vee

LDL; LDOL; |~ |r||t—T LiCL
=0 LNLi=R,

. 2602 . —
> fmilloo =i 2727 - 27 il
1
> Sllf=illo

Combining this with Equation (23)) we conclude that
i—1 i—1
e o ,
1f=illoo < 20| Flloc +2 ) 25 0E oo < 2| Flloo + -2 || Flloo ) 2%
=0 §=0
02 22i
< 2Pl +2- 2% Fllas
< 22i+i£2||FHoo-
O

Proposition A.6. Leti < { be integers, H[L|, F[L] = Y fi(L;) be afunctions, and assume |Er>r, [H[L]]| <
LCL

e for every L; € [‘;] Then
[(H, F)| < 29| filloce-

Proof.

=[] &, |no,E o)

The proof is concluded by using the triangle inequality and the crude estimate [f] < 2%, 0
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A.1 Proof of Theorem [2.25|

Theorem 2.25 (Restated) . Assume k > 50%> + 1, let V be a k-dimensional vector space over Fo. Let
F: [‘ﬁ — R, 0 <1 <Y, let F; be the projection of F onto J—; and let F; be from Definition Then

4 _
|Foy — Fugl2 < 2%C 4|1 F )2

Proof. Fori = 0, 1 the theorem is obvious by the exact formula we have seen for F—q, F1.
Recall that we have defined

GilL) = (F — Fxi — --- — Fro)[L),

and define
GilL] = (F — F_; — ... — Fo)[L].

Note that G; is perpendicular to J;. Apply Propositionto (Gi, Fx) ( H = Gy, using Claims |A. 1]A 4),
and to (G, F—;) (H = G, using Claim , to get that both terms are bounded by € e g2tk I1F]12
On the other hand, since Fj is perpendicular to J¢;—1 and Froo + ... + Fi—1 € J<i1,

(G, F—) = (F, F=) — (Fui, F—y) = (F_i, F_i) — (Fui, =) = || F=il|3 — (Fai, F=i),

the second equality is by orthogonality. Thus

I Fill — (Freiy Fi)| <& 24)
Additionally,
i—1
<G1,in>:<F,Fz> <Fm’F~>* (szaF~>
§=0
thus
~ i—1
[(F, P = 1 Pill] < [(Giy Fi)| + D (P, Pid] <, (25)
§j=0

We have used | (Fx;, Fj)| < € that follows by Proposition[A.6|using Claims and[A.1]
Since G; is perpendicular to J¢; and Fx; € J<; we have

i—1
0= (Gi, Fri) = (F, Fxi) — (Foi, Fri) = Y (Foj, Fr),
7=0
Thus as before .
i
[(F, Fxi) — (Foiy Faa)l <D UF=g, Fra)| < (i — De. (26)

=0
We have used |(Fx;, F_;)| < € that follows by Proposition[A.6|using Claims[A.3|and
Combining Equation 24)),(23)), (26) we finish the proof:

I1F=i — Fxill3 = |1F=ill3 — 2(F=;, Fri) + || Frill3
= (IF=ill3 — (Fris F=i)) + ((F, Fri) — (Foiy Fri)) + (| Frall3 — (F) Fri))
< 2ie < 2250 R P2
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B Proof of Claim

B.1 Auxiliary propositions

1— [d+1

For an integer d > 0, define a sequence {aq(m)},,c7 by aq4(0) = 1, aq(1) = %], and inductively

m
aglm+1)=1- Z {dtlf’:; 1} agq(n)
n=0
We also define a4(—1) = aq(—2) =--- = 0.
To prove Claim [2.18] we require two simple propositions. The first of them is an inclusion-exclusion
type statement.

Proposition B.1. Let 0 < d < j < i be integers and f: [ ] — R be a function. Then for every L; € [ ]

J
Y. fB)=)aalr—d) Y Y f(R)
Rie[Y] r=d RyCL; R;DR,
dim(R;NL;)>d
Proof. Let us count the number of times an R; appears in the sum in the right hand side. Fix R; such that
dim(R;NLj) = d+m, form > 0. Note that R; appears in the inner sums corresponding tor = d, ..., d+m,
and is counted [dtm] times respectively in each sum (since this is the number of R, from L; that are
subspaces of R;). Therefore the coefficient of f(R;) on the right hand side is

d+m
d+m d+m
> 5 autr - ) = astm +Z LHH] m=1
r=d
the last equality is by the definition of the sequence a4(n). O

Proposition B.2. Ler 0 < d < j < i be integers and f: [‘Z/] — R be a function. Then

> ) =Y Gl ) ol d=1) 1] Y, )
reel! = T
dim(R:NL;)=d

Proof. It holds that

o fR)= D> fR)- D (R,

R[] Rie[7] Rie[7]
dim(RiﬂLj):d dim(RiﬂLj)Zd dim(RiﬂLj)Zd-‘rl

Use Proposition on each one of the sums, we get that their difference equals

Zad(r—d) >ood FR)= D agm(r—d=1) > > f(R

R-CL; R; DR, r=d+1 R-CLj R DR,
- )-asnt-a-0) 3 Y 1w
R-CL; R; DR,

ﬁ ﬁ
([~ | M“
=N =Y
= =
& &
) )
| |

0) — agpa(r —d— 1)) [k‘} S OB (R

1—T
R,CL; Ri2Rr
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The third and final proposition is a crude upper-bound on the sequence aq(m).
Proposition B.3. For every d > 0 and m,
|ag(m)| < [m + 1|2,

Proof. Fix d, the proof is by induction on m (clear for negative m’s). For n = 1, 2, the claim is obvious
by the definition of a4(m). Let m > 3, assume for all n < m and prove for m + 1. By definition and the
triangle inequality,

" Td+m+1
1_
e

1+Z [‘Hmﬂ} lag(n)|.

|aa(m +1)| =

We apply the induction hypothesis and the crude estimate [ } < 20(=P) to get

n=0

=14+ 2(d+m+1)(m+1) (n + 1)2n(n7m71)

NE

Il
=)

n

NE

< 1 + 2(d+m+1)(m+1) (n + 1)2—71

i
[e)

n=0

<
< (m+2) d+m+1)(m+1)‘

O]

Claim 2.18 (Restated) . Suppose 0 < j < i < £, k > 702 + 1. There exists S, ..., Bj € R such that the

following holds. For every F' € Jg; given by F[L)| > f(Ri)and L; € []]
R;CL

g (i) = ([;27] +5) DS S wan()

LOL; J r=0  R,.CL;
Additionally, the B’s have the following properties:

o forr=0,....7—1, |5/ < 267,

° |6_]’ < 2752—1&:
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In particular, the coefficient of jir,; in(f) is not 0.

Proof. By definition

T
-5 Sl v @)
=7 |d=0 dim(R;NL;)=d

We have used the fact that there are [ d] [f J ] i-dimensional subspaces of a given ¢-dimensional space L that

intersect L; in dimension d. Using linearity of expectation, we interchange expectation and the sum to get
that the expression in (27) equals

S LB, )
dim(Rij):d‘

- [f: ﬂ s, (Ri>]+J - [d] [f_é] R,-IeEm )

Next we rework the expectation inside the sum. Fix d < j — 1, then

1
E [f(R)] = === f(R;)
el i) ZH

dim(R;NL;)=d dim(R;NL;)=d

J

1—=T
—dl r=d RrCL;—

the second equality is by Proposition - Plugging the previous two equalities into Equation [27|yields

E [F[L]] = [5— }ML],m +§ - Zi:adr— ) — agp1(r —d — 1)) [Z_T] S rinlf

DL 1 —
LiL] .] _ RrCLz 1

an-a-0) [T T B i)

Interchanging the order of summation on d, r, we get that the last expression equals

/ j j b min(r,j—1) [[ié]

S GRS S A D SR = TS BTN B ST,
t=J —o LT d=0 [i—(ﬂ R,CL;
{—j 4
L. j]/ﬁLZ 1|n f)+ Br MRr,in(f)

r=0 RyCL;—1
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as desired. We next estimate the coefficients. Letr = 0,1, ..., 7 — 1, then

min(r,j—1) 4—j

k=T [i=d]
|ﬁ7“ - 7» —r Z [k ]]
d=0 i—d
Note that since ¢ —d > i — r for each j in the sum, and the Gaussian coefficients are increasing in that
interval, we have that [’f:gl] > [12:7]. Further note that by the triangle inequality and Proposition

r

maxgq—o, . j—1 ‘ad(r —d)—agr1(r—d— 1)‘ <2(r+1)- 21’ < 22r°+1 we get that

(ag(r —d) —agy1(r—d—1))

) k 7" 7j—1 0 i
2r<+1 z 7‘
1B, <27 k z+1 [z d]
i—r 1 d=0
The sum can be bounded by

iy 0
- . - 02 202
%L_d]gj max [i_d}gﬂ < 2.

The ratio of the Gaussian coefficients can be bounded by:

[]:::] o (2kir — 1) S (Qkfr — Qifrfl)(Qi*T — 1) - (QZ?T _ 22‘77‘71)
(7] @9 —1) (@M -2 ) (@E T = 2 (2 — 1) (27 — 2

i—r=1 5y m i—r—1 gp_p
2 2 2 : : 2
= +1 14
H 2k—j —_om < H 2k—j—1 2(J r)(i-r) < 20 .

m=0 m=0

Combining the above, we conclude that 3, < 227" +12262¢% < 266,

Finally we estimate the coefficient of si1; in(f). Clearly this coefficient is [Z 7’“} + B;.

ez,

. [i‘f}g[’::ﬂ (a4(r = d) = aga(r = d = 1)
[]::]]] . l— 3 o o

) [ikjjl]dz;)[i_d}‘ad(r d) —agy1(r —d 1)‘

The maximal difference between the a’s is bounded the same way as before by 237 Additionally, a basic
computation shows that

[I::j]] . 1 (2i7j+1 _ 1) . (2i7j+1 _ 2¢,j)
[1f;i1] (2k—J — 21—1) (22—] _ 1) - (21—] - 21—j—1)
1
—21 7j—1 2z j+1 _1
(2F—7 — 2i) ( )
1 .
= —j+1
i yrs wa  CHM
1 )
<5=(2-1)
< 2%k,
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Combining the above yields

7j—1 .
18i] < 23£222e—kz t—j
J li-d

t—3j
< 9302k ; o
= J d:g,l...,)j{‘—l i—d

2342 22£—k2e2£2
2

NN

02—k

C Proof of Theorem

Below we construct the S randomly.

Let {Xu}, ey {0 be independent uniform {—1,1}-valued random variables. Let Y3, ..., Y5 be addi-
tional uniform {—1, 1} independent random variables (those will only be used in the analysis). Define a
random variable

ueL\{0}

To construct the set .S, add each L € [‘2] such that g[L] > clog(1/0) for constant ¢ such that 6 <
Pry, [g[L] > clog(1/6)] < 26 (there exists such constant since g[L] is close to a standard Gaussian random
variable).

The density of S is O(9) with probability 1 — o(1). For each L, let )1, be the indicator random variable
which is one iff L € S. Let u be the expectation of ()7, (which we know is between d and 24). We prove
that

Pr||Y Q- mu <2—4m >1—o(1).
Le[}]

Given that, it is clear we have u(S) = u + O(27%) = ©(J) with probability 1 — o(1).
Proposition C.1.

k
Pri| > Qr—p <2’5M > 1 — 021062k,

Le[y]
Proof. We use the fourth moment method. Note that all 7, have identical expectation .
Let us estimate the variance of the sum of the Q)1.’s.
4

Elf Y Q-ul||=E Y (Qr—m)(@Qu—m(@p—pm)(@Qn —p)|-

Lely] L.M,PNe[Y]
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Note that if there is a space out of {L, M, P, N} that intersects all others in {0}, then the expectation is
0. For any quadruples, this expectation is at most 1. Therefore the variance above is at most the number
of quadruples such that for any space intersects at least one other space non-trivially. The number of such

quadruples is at most
k| L '3k—1 BL: .36 k-1
L 1 -1 l 1 -1

The first factor chooses L, the second factor chooses non-trivial intersection, the third factor chooses the rest
of the space to intersect L - say M. The fourth factor chooses P, and the fourth factor chooses non-trivial
intersection of NV with one of L, M, N and the fifth completes the choice of V.

To get some crude estimate of it, note that

[};:ﬂ 2% < 920tk
] 22t '

Hence the number of quadruples is at most

4
k 26€+672k
/ .

Therefore by Markov’s inequality

Pr ZQ— K >2*€k =P _ulF >274€k4 < O(2100—2k
L ME = i =rIr ZQL Mf = / X ( )

LelY] Lely]

Zooms of S. For any hyperplane W, one can repeat the argument of the proof of Proposition to
show that uu(Sy) = p + O(27¢) with probability O(2!%/~2%). Hence by union bound, zoom-outs into one
dimension do not increase the density of S by more that O(2~¢) with probability 1 — O(210¢=F),

Fix a non-zero v € V. We analyze the expectation of y(.S,) — u(.S) conditioned on X, = 1. A similar
analysis works conditioned on X, = —1.

Denote m = [c4/log(1/5)v/2f — 1]. Let L be a subspace containing v. Then the probability L condi-
tioned on X, = 1isin S'is

1
Pr \/ﬁ(l +Y§ 4+ ... +Y2l) 2 C\/log(l/(S) = Pr [}/3 =+ ... +}/2€ 2 m — 1],

hence this is the expected density of S,,.
Similarly, the expected density of 1(S) is

1 1
Pr(Yo+Ys+ ...+ Yy >m]:§PI‘[Y3—|—...+Y22 2m—1]+§Pr[Y3+...—|—Y2z >m+1].

Let us assume m is even— the proof is similar otherwise. Then

1 ot 2t —2
Bu(S)] — = gPrlm =1 < Vit vy <l =0 ) (o, 2 F )

71



Proposition C.2. E [u(S,) | X, = 1] — u < Q(27¢/?).
Proof. Using the standard fact

S (00226 (o)

we get that by the inequality preceding the proposition that

A
Bu(s)] - 0 < 2 Vig1m0e ) Y (0 )

Fs 142
2471_1 2[ 1

_ Ao—t)2 o

— 0(27"/2\/10g(1/3)) '_2/2 (2z—1 —H’)

= 0(27%\/10g(1/0))Pr [YVa + ... + Yor > m]
2742, /log(1/6)0).

O
Proposition C.3. E [1(S,) | X, = 1] — u > Q(274/26).
Proof. Using the standard fact
n/2
n n
<
2 (e 8) <o o)
we get that by the inequality preceding the propositions that
0—1_
Bl — > 20y 3 (L, 22
! - , 20-1 — 1+
i=m/2
2t-1_ ¢
= Q@22 Y <3f1>
i=m/2 2 t
= Q27 )Pr (Yo 4 ... + Yoo >
= Q(272%5).
O

From both propositions we see that conditioned on X,, = 1, the expected density of .S, is u + 0(2_4/ .
Repeating the argument of [C.1|it is easy to prove that with probability 1 — O(2'%~2F) the density of S,, is
-+ O(274/%) conditioned on X, = 1.

The case where we condition on X,, = —1 is similar.

By a union bound the probability for all v, the density of S, is  + O(27/2) is 1 — O(210¢%),

Finally, taking a union bound over zoom-out and zoom-in we see S is (1, 0(27%/?)) pseudo-random
with probability 1 — O(210¢=F),
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S has weight ©(52) on the first level with probability Q(62). Recall that the weight of S on the first
level equals (Claim[6.2))

Fix v; € V. Then
E  [u(Sy) — u(9)?
ij NEZ)
=Pr[X,, = 1]Q(27%?)
= Q(27%?).

S,) — u(S)?] =
XWI‘E’X% [(1(Sy) — p(9))?] )gE

The first inequality is by E [Z 2] >E[Z ]2. The second inequality one is by Proposition and the fact
that 11(S) = p 4+ O(27*) with probability 1 — o(1) conditioned on X,, = 1 (this is true since we proved
1(S) = p+ O(2*) with probability 1 — o(1) and we condition on event of probability 3).

Therefore, since [ﬂ =201, we get that

E [W=1[S]] = Q(5%).

Since W=[S] < u(S) < 1, we have by an averaging argument that W=1[S] > ¢/62 with probability (5?)
(for explicit ).

Wrapping things up. Let G; be the event u(S) = O(J), Gy the event S is (1,0(27%/?)) pseudo-
random and G the event W=1[S] > /6% for the an explicit constant. Then in the above we have seen
Pr [G1],Pr [Ga] > 1 — o(1) while Pr [G3] > 162, and therefore

Pr[G1 NGy NG3) > Q(6%) — o(1) > 0,

and in particular there exists a choice of S as desired.

D Proof of Theorem

Fact D.1. Let 6 > 0, k, £ be integers and V' a k-dimensional space over Fo. For sufficiently large k, ¢, if S
is a set of vertices in G(V, £) of density 6, then ®(5) > § — 30.

Proof. Let F be the indicator function of S. Then
1
o(S)=1- 5<F, AgwaF). (28)

Writing the spectral decomposition F' = F_g + ... + F_; and plugging it into the inner product, we see that

14 L

(F, A F) =D Xi(F=i, Foi) < (Foo, Fog) + M1 Y (Foi, Foy).
=0 =1
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In the last inequality we used Ag = 1 and A\; < A; for all 4 > 1 (Fact[2.15]). Notice that since F_g = § and
A < % (Fact , we get that
l 1 y4

1
(F,AgpF) <6+ (O (Fui, Fuy) = 6% + 5(2 (Foiy Fo) — 6%) = 6% + §(HFH§ - 8%).
i1 i=0

N[ —

The last equality is by Parseval. Since || F'||3 = §, we conclude that

1
(F, AgnF) < 5(52 +0).
Plugging this into Equation 28] finishes the proof. O

Theorem 1.3 (Restated) . For every § > % there exists ¢ > 0 such that the following holds for sufficiently
large k. 0. If F is a labeling of G(V,{) by linear functions that has §-consistency in the Grassmann test,
then there exists a linear function H: V' — Fy such that

I-zr [FIL] = H|L] = e.

Proof. Definec > 0by § = § + ¢, and fix b = | £/10]. Forany B € [‘ﬂ, define

sl ={ze [} ‘BQL}.

Note that the following distribution over edges is uniform: sample B € [‘g], then sample L, L' € S[B]
conditioned on dim(L N L") = ¢ — 1. Therefore, the expected fraction of edges satisfied by F inside S[B]
is 0. By an averaging argument, there is a set B C [‘g] of relative size at least %5, such that at least % + %5
fraction of the edges are satisfied inside S[B] for each B € B.

Fix B € B. Partition S[B] into 2 parts, according to the value F[L]|5. Namely, let g1, ..., go» be all 2°
linear functions g;: B — {0, 1}, and define

Bi[B] ={L € S[B] | FILl|z = g} -

We claim there exists ¢ such that P;[ B] contains at least ¢ fraction of the spaces in S[B]. Assume towards
contradiction this is not the case. Note that the induced subgraph on S[B] is isomorphic to G(W, ¢ — b) for
some W of dimension k£ — b. Since the density of each P;[B] is strictly smaller than ¢ in this induced
subgraph, we have ®(P;[B]) > % — 1z by Fact

Note that any edge going outside of P;[B] is not satisfied by F (since the labels of the endpoints do not
agree on B). Since P;[B] for i = 1, ..., 2" cover the subgraph, we conclude that all edges go out of one of
them. Combining all of the above, we see that less than % + %5 fraction of the edges in S[B] are satisfied,
and contradiction.

Therefore, there exists i such that |P;,[B]| > ¢|S[B]|. Define the assignment P on [‘g] that assigns

each space a linear function on it, by P[B] = g¢;, for B € B and else arbitrarily. Then clearly
1 1
Pr  [FIL)lp=P[B]]>Pr[BcB] Pr [F[Ll|p=P[B]] > -c-c= -
Be[Y].Le[Y] BeB,Le[Y] 2 2
BCL BCL

By [KMS16, Theorem D.1] (for large enough ¢), we conclude there exists a linear function g: V' —

{0, 1}, such that

b

Pr [FILl=g|L] > 513"

Lely]

as desired. OJ
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E Missing Proofs

E.1 Proof of Lemma

By definition
,}?;2(517 52) = :tEy [f%Q(xay)X,Sﬁ (x)XSQ (y)]
:i E [fre(z,y)l = E [fre(@,y))l— E [fr2(z,y)]l+ E [fra(z,y)]
z€Wg, rgWs, z€Wg, rgWs,

yEWs, yeEWs, yEWs, yEWs,

Using the second item in Claim we conclude that the sum of any two consecutive expectations is 0;
hence R
f~2(51,52) = E [fa2(,y)].
rgWs,
yEWs,
Denote

de
U {(,y) |2 ¢ Ws,,y & Ws,}.

Since the probability x,  are linearly dependent is at most O(27%), we have that

i [sz(CU, y)] = E [//'Span(a:,y),in — MSpan(z),in — MSpan(y),in — HSpan(z+y),in + 2:“’] +O(2ikHFHoo)
SU€W51 (a:,y)ERU
y¢Ws,

We now use linearity of expectation.
Proposition E.1. The distribution of x + y is uniform over V- when (x,y) €r U .

Proof. Sample (x,y) €r U With probability % x € Wg,, in which case it is easy to see = + y is distributed
uniformly outside Wg,. With probability %, x & Wg, in which case z + y is distributed uniformly over
Ws,. O

Thus, the expectation of fi5pan(244),in 18 4, and the last expectation equals

E [sz ($a y)] = E [(MSpan(m,y),in - M) - (:uSpan(x),in + HSpan(y),in — 2:“)]7 (29)
(le,y)ERU (Jf,y)ERU

which is E(ac,y)ERU [(:uSpan(x,y)Jn - :u) - (le(l‘) + le(y))} by the definition of fx1.
By the proof of Lemma.2]

- E [f~ (:c)]:[ki( — )
R T i R,

and thus the above combined mean that

R [k’—l]
fz2(517 52) = E [,USpan(a:,y)Jn - ,u] + £

————=— (1w out+ W, ou —QM)‘FO(Q_kHFHoo)- (30)
(e0)ent 5] = [F1 e e
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We compute the first expectation. Define U’ = { (z,y) € U | = # y}. Since the probability z = y when
(x,y) € Uis O(27%), we have that

2 zylin ~H) = B e)in — 1] +OC27F||Flo
B sonyin =i = B [nspanieayin — ] + O F )

= [FIL] = u] | + 027" Flls)

E [ E
(z,y)eRU’ | LOSpan(z,y)

We now consider the resulting distribution on L. First, note that each L supported on that distribution
is not contained in Wy, and in Wg,. In particular, dim(L N Wg, N Wg,) can be £ — 1, in which case
L CWs,gs,, L L Wg, H or else dim(L N Wg, N Wg,) = £ — 2. We now proceed to calculate the precise
weight given to each L in the last expectation; clearly, it is proportional to the number of tuples (z,y) in U’

so that z,y € L. This number is (W ey \ W)

(|LNWs,| = |LNWs, N Wg,|) |LNWs,|
+ |LNWs, N Wg,| (|ILNWg,| —1),

the first line corresponds to choosing x € Wg, \ Wy,, and the second corresponds to choosing x outside
both Wg, , Wg, (this reduces the options for y by 1). Thus, the weight of L is proportional to

226—2 — 2€_1 L - Wsl@SQa L g WSI7
p(L)={ 2272202 dim(LNWs, NWs,) = -2,
0 else.

And to get the weight of L, p(L) should be divided by

k=2 2k—2 K2y [k =2
W:\U’\h_J:@ =201, )

Thus,

1
E [FIL]-pl =+ p(L)(FIL] = ).
LDSpan(z,y) w(L)>
We manipulate the last sum. We count all L-spaces 22/~2 — 2¢=2 times and subtract L that were overcounted
due to that to get

22@*2 o 2@*2 22@*2 o 2@*2 2@*2
= (Fll]-p) - ———— > (FlLl-p-= > (FIL-p
w w w
L LCWg, NWg, LCWs, @54
LZWSl ﬁVVS2
224—2 _ 2[—2 226—2 _ 25—2
e DIV [ e (FlL) - .
LCWs, LCWs,
LZWs, MW, LEWs, MW,

"2In this case there must be W D Ws, N Ws, of co-dimension 1 containing L, but there are only 3 co-dimensional 1 spaces
containing Ws, N Wg,, namely Ws,, Ws,, Ws, g5, .-
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The first sum is O since y is the average of F' over all L. For the 3 last sums, remove the restriction
L € Ws, N Wg, and compensate for that in the coefficient of the second sum to get

22@*2 2@*2
Y wwew-ts Y Fl-w)
LQVVS1 ﬂWSQ LgWSﬁBSg
22(—2 _ 24—2 22€—2 _ 2€—2
D DB =S 4! )
LCWs, LCWs,

We turn those into expectations to get

=g (bws,nws, ou — 1)
(—2 [k—1
22

- VI/:|(:U’W51@52 ,out + 'LLW51 ,out + ,U‘W52 out — 3“)

20-2 _ ot—1y[k—1
- S _VQV )[ ¢ ] (MWS1 ,out T HUWg, out — 241).
Plugging this into Equation (30)) we conclude that
N 2%—2Vzﬂ
J~2(S1,52) = T(#WslmWSQ,out — 1)
22
_“‘i;?‘*(MW@ﬁMme‘%MW@pom‘FMW@TOM‘—3N)
k—1 20-2 _ ot—1y[k—1
+ < [k] [_Z[g—l] N 2 _I/QV L] ) (KW, out + KW, out — 214) + 027" Flloo)
¢ ¢

The last step in the proof is to estimate the coefficients above. Plugging in W and doing basic manipu-
lations with Gaussian coefficients shows that the coefficients in the third line is O(2¢7%), that the difference

7]

between the first two is O(2e_k), and that the second is O(2€_k)—c10se to co(k,l) = gr—m—r—m—17-
[e]=30"2 271

Hence we get

sz(Sla SQ) =C2 |:IU’W510WS2 ,out 7 m—= (MW51@52,out + MWSl ,out + MWSQ,Out - 3,“) + 0(267]{:”FHOO)

E.2 Proof that Theorem [7.17 implies Theorem [3.7|

Suppose F satisfying all the conditions, and let € > § be infimum of all £ such that F' is (2,¢) pseudo-
random. We show that
e > 275 (9)3 .

0
Suppose we showed that. Then either ¢ = § and thus § > 275! (g)?’ - which cannot happen by the

assumption on 7). Otherwise £ > § and therefore F is not (2,272 (%)3) pseudo-random (minimality of ¢).
We now show the lower bound on €. By Theorem [/7.17] we have that

n=W=2[F] < 276",

rearranging yields leads to the desired lower bound on €.
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