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Abstract

Given a function f : [N]F — [M], the Z-test is a three query test for checking if a
function f is a direct product, namely if there are functions g1,... g : [N] = [M] such
that f(x1,..., %) = (g1(x1), - . . gr(xx)) for every input x € [N]k.

This test was introduced by Impagliazzo et. al. (SICOMP 2012), who showed that
if the test passes with probability e > exp(— Vk) then f is Q(e) close to a direct product
function in some precise sense. It remained an open question whether the soundness of
this test can be pushed all the way down to exp(—k) (which would be optimal). This is
our main result: we show that whenever f passes the Z test with probability € > exp(-k),
there must be a global reason for this: namely, f must be close to a product function on
some ()(¢) fraction of its domain.

Towards proving our result we analyze the related (two-query) V-test, and prove a
“restricted global structure” theorem for it. Such theorems were also proven in previ-
ous works on direct product testing in the small soundness regime. The most recent
work, by Dinur and Steurer (CCC 2014), analyzed the V test in the exponentially small
soundness regime. We strengthen their conclusion of that theorem by moving from an
“in expectation” statement to a stronger “concentration of measure” type of statement,
which we prove using hyper-contractivity. This stronger statement allows us to proceed
to analyze the Z test.

We analyze two variants of direct product tests. One for functions on ordered tuples,
as above, and another for functions on sets, f : (UZ]) — [M]*. The work of Impagliazzo
et. al was actually focused only on functions of the latter type, i.e. on sets. We prove
exponentially small soundness for the Z-test for both variants. Although the two appear
very similar, the analysis for tuples is more tricky and requires some additional ideas.
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1 Introduction

A function f : [N]¥ — [M] for N, M,k € IN, is a direct product function if f = (g1,... gx), for
gi : [N] = [M], i.e. the output of f on each coordinate depends on the input to this coordinate
alone. Direct products appear in a variety of contexts in complexity, usually for hardness
amplification. In PCPs it underlies the parallel repetition theorem [Raz98] and implicitly
appears in other forms of gap amplification, e.g. [Din07]. The specific task of testing direct
products as an abstraction of a certain element of PCP constructions was introduced by
[GS00].

The combinatorial question that underlies these works is the direct product testing ques-
tion: given a function f : [N ¥ — [M]F, is it a direct product function? The setting of interest
here is where we query f in the smallest number of inputs possible, and decide if is it a direct
product function or not.

The direct product testing question is a type of property testing question, yet it is not
in the standard property testing parameter regime. In property testing we are generally
interested in showing that functions that pass the test with high probability, for example
99%, are close to having the property.

In our case, we are interested in understanding the structure of functions that pass the test
with small - but non-trivial - probability, e.g. 1%. The 1% regime is often more challenging
than the 99% regime. It plays an important role in PCPs where one needs to prove a large
gap. In such arguments one needs to be able to deduce non trivial structure even from a
proof that passes a verification test with small probability, e.g. 1%.

There are very few families of tests for which 1% theorems are known. These include
algebraic low degree tests and direct product tests. For low degree tests there has been a
considerable amount of work in various regimes and in particular towards understanding
the extent of the 1% theorems, see e.g. [RS97, AS97, BDN17] and [BTZ10]. It is intriguing
to understand more broadly for which tests such theorems can hold. Indeed, as far as we
know, there are no other tests that exhibit such strong “structure vs. randomness” behavior,
and direct product tests are natural candidates in which to study this question.

We remark that finding new settings where 1% theorems hold (including in particular
derandomized direct products) can be potentially useful for constructing locally testable
codes and stronger PCPs, see e.g. the recent works of [KMS16, DKK*16]. Towards this goal
gaining a more comprehensive understanding of direct product tests, as well as developing
tools for proving them, is a natural goal.

1.1 Owur Main Result

The main question we study is: if f : [N IF — M]* passes a certain natural test (Test 1 below)
with non-negligible probability, how can f look like? We prove

Theorem 1.1 (Main Theorem - Global Structure). For every N,M > 1, there exist small
constants ¢y, c; > 0 such that for every constant A > 0 and large enough k, if f : [N]F — [M]*
is a function that passes Test 1 with probability a, X (f) =€ 2 e~1N% then there exist
functions (g1, ... gx), i : [N] = [M] such that

P 0% @) )]z e
x€[N]

Ak . .
Where ~ means that the strings are equal on all but at most Ak coordinates.
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Test 1: "Z"-test with parameter t (3-query test)

1. Choose A, B,C to be a random partition of [k],
such that |A| = |B| = t. 4 ¢

2. Choose uniformly at random x, y,z € [N ]¥ such

— B

|

that x4 = y4 and yp = zp. v [
]

3. Reject if f(x)a # f(y)a or f(z)g # f(y)p, else | z |
accept.

Denote by az(f) the success probability of f on this test.

The theorem is qualitatively tight with respect to several parameters: (i) Soundness, (i.e.
the parameter €), (ii) Approximate equality vs. exact equality (i.e. the parameter A), (iii)
Number of queries in the test. We discuss these next.

(i) Soundness The soundness of the theorem is the smallest success probability in which
the theorem is valid, in our case it is 27 for some constant ¢ > 0. This is tight up to the
constant ¢, as can be seen by the example bellow.

Example 1 (Random function). Let f : [N]F — {0,1} be a random function; i.e. for each
x € [N]¥ choose f(x) €10, 1)k uniformly and independently. Two random strings in {0, 1}/ are
equal with probability 277, therefore az((f) = 272, since the test performs two such checks.
On the other hand, since f is random, it is not close to any direct product function.

We remark that every function f : [NTF — {0,1}F is at least 27 close to a direct product
function !, so this amount of correlation is meaningless. We conclude that in order to have
direct product theorem that is not trivial, the minimal soundness has to be 2=k for some
constant ¢’ < 1.

(ii) Approximate equality vs. exact equality In the theorem, we prove that for Q(e) of

the inputs x: f(x) & (91(x), ..., gk(x)). A priori, one could hope for a stronger conclusion in
which f(x) = (g1(x), ..., gk(x)) for Q(e) of the x’s. However, Example 2 shows that for t = %,
approximate equality is necessary.

Example 2 (Noisy direct product function). This example is from [DGO8]. Let f be a direct
product function, except that on each input x we “corrupt” f(x) on Ak random coordinates by
changing f(x) on these coordinates into random values. For A < 15, the probability that Test 1
on f missed all the corrupted coordinates is 27, in which case the test succeeds. Since
we have changed f(x) on Ak coordinates into random values, no direct product function can

approximate f on more than (1 — A) of the coordinates.

From this example we conclude that for f that passes Test 1 for t = % with probability
e%¥, it is not possible to approximate f on more than (1 — A) of the coordinates. Further
discussion and examples for different intersection sizes (i.e. t) are in Section 6.

1Consider the direct product function constructed incrementally by taking the most common value out of
{0, 1} on each step.



Test 2: ”V” test with parameter f (2-query test)

1. Choose A C [k] of size t, uniformly at random.

2. Choose uniformly at random x,y € [N]* such | x [ \
that x4 = ya.

3. Acceptif f(x)4 = f(y)a.
Denote by ayy)(f) the success probability of f on this test.

(iii) Number of queries in the test The absolute minimal number of queries for any direct
product testis two. Indeed, there is a very natural 2-query test, Test2. Dinur and Goldenberg
showed that it is not possible to have a direct product theorem with soundness lower than
m using the 2-query test [DGO8].

Example 3 (Localized direct product functions). In this example we assume N > k. For
every b € [N] we choose a random function g, : [N] — [M] independently. For every input
x € [N]¥, we choose a random iy € k, set b = x; and set f(x) = (gp(x1), - - -, gp(xx))-

The function f satisfies ay ) (f) > % . i ; indeed, for x, y and A chosen in the test, if i, = i
and iy € A, then the test will pass. The probability that iy = iy is %, and the probability that
QEAE%

For N > k, the function f is very far from direct product, since it is made up from
N different direct product functions. Each piece consisting of roughly 1/N fraction of the

domain [N]*.

For every t, the function described in the example satisfies ay ) (f) > k%' yet there is
no direct product function that approximates f when N > k. In [DGO8] the conclusion
from Example 3 was that 1/ poly(k) is the limit for small soundness for direct product tests.
However, [IKW12] showed that by adding just one more query, this limitation goes away.
They introduced a 3-query test, similar to Test 1, and proved a direct product theorem for all
e > 27 for some constant g < 1/2.

Direct product test for functions over sets Some of the previous direct product works,
such as [IKW12] were proven in a slightly different setting, where the function tested is
f: (U]\(ﬂ) — [M]F, i.e. the input to the function f is an unordered set S C [N] of k elements. In
this work, we also prove a direct product testing theorem for this setting, Test 3 is the analog
of Test 1 for functions over sets. In Test 3 (see figure), we pick disjoint sets W, X, Y, Z such
that XN W =YNW=YNV =0so that XU W| = |YUW| = |YU V| =k and they can be
inputs to the function f.

Theorem 1.2 (Global Structure for Sets). There exist a small constant ¢ > 0, such that for
every constant A > 0, large enough k € N and N > k%1% if the function f : (UI\{] h = M
passes Test 3 with probability a; X y(f) =€> e, then there exist a function g : [N] — [M]
such that

P [ £5) % 9(5)] > e — 4e%,

Notice that the probability bound of € — 4€? is better than Q(e), and it is tight as demon-
strated by the function f which is a hybrid of 1 different direct product functions on equals
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Test 3: "Z” test for functions over sets, with parameter ¢ (3-queries)

1. Choose random V,W, X,Y C [N], such that |[W| =
Vi=tIXl=lY|=k—-tand XNW=YNW = X W
YNV =0.

2. Rejectif (XU W) # f(Y U W)y or Y 4

fYUW)y # f(Y U V)y, else accept.
Denote by az,,,(f) the success probability of f on this test.

parts of the inputs. f passes Test 3 with probability €, and every direct product function is
close to f only on € fraction of the inputs.

We remark that the two theorems are not the same. In Theorem 1.1, there are k different
functions g1, ..., gx : [N] = [M] whereas in Theorem 1.2 there is a single one. Furthermore,
Theorem 1.1 holds for any N, M € IN and large enough k, and Theorem 1.2 (and other such
direct product theorems) only holds for N > k. The proofs of the theorems are also different,
which is discussed later in the introduction.

1.2 Restricted Global Structure

Our proof has two main parts, similar to the structure of the proof of [DG08, IKW12]. In the
tirst part, we analyze only Test 2 (which is on tuples) and prove a restricted global structure
theorem for it, Theorem 1.3 below (this was called local structure in [IKW12, DS14]). The
term “restricted global structure” refers to when we restrict the domain to small (but not
trivial) pieces, and show that f is close to a product function on each piece separately. This
is the structure of the function in Example 3.

More explicitly, for every A € [k] of size k

157 €IN 14 and y € [M]4, a restriction is a triple
T = (A,r,7). The choice of t = % in Theorem 1.1 is somewhat arbitrary, the theorem can be
proven with t = ck for ¢ < 3. The restriction corresponds to the set of inputs

Ve = {w € NI f(r,w)4 = y}.

Our next theorem shows that for many restrictions 7 there exist a direct product function
that is close to f on V.

Theorem 1.3 (Restricted Global Structure - informal). Let f : [N ¥ — [M]* be a function that
passes Test 2 with probability Ay(k) (f)=€> e~9k then there exist a natural distribution over

restrictions T = (4,7, 7) such that with probability )(e), there exist functions (g7, ... gg_k), g7
[N] — [M] such that, 0

Ak o T 2
we[}ilfj][kl\fl fr,w)ppa = (gl(w1),...g%(w%)) ‘ w e (VT] >1-€ (1)

Where the distribution over 7 is the test distribution, namely choose A C [k],x € [N]
uniformly, and set 7 = (A, x4, f(x)a).

A similar theorem was proven in [[KW12] but only for soundness (i.e. €) at least exp(—kF)
for a constant f < 1/2. This was strengthened to soundness exp(—€(k)) in [DS14]. Our
Theorem 1.3 improves on the conclusion of [DS14] . In [DS14] the probability in (1) was
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shown to be at least 1 — O(A) (recall that A is a constant), whereas we show it is exponentially
close to 1 (when € is that small). This difference may seem minor but in fact it is what
prevented [DS14] from deriving global structure via a three query test (i.e. moving from the
V test to the Z test). When we try to move from restricted global structure to global structure,
the consistency inside each restriction needs to be very high for the probabilistic arguments
to work, as we try to explain below.

The restricted global structure gives us a direct product function that approximates f
only on a restricted subset of the inputs. In the proof of the global structure, we use the
third query to show that there exists a global function. A key step in the proof of the global
structure is to show that for many restrictions 7, the function g* is close to f on a much larger
subsets of inputs. This is done, intuitively, by claiming that if f(x)4 = f(y)a, then with high
probability f(y) = g*(y) for T = (A, x4, f(x)4). Since B is a random set and f(z)p = f(y)a, then
f(2), 9" (z) are also close. This claim only holds if the success probability on (1) is more than
1 — ¢, else it is possible that all the success probability of the test comes from f such that

f(¥)a = f(y)a, but f(v), g% (y) are far.

1.3 Technical Contribution

In terms of technical contribution our proof consists of two new components.

Domain extension Our first contribution a new domain extension step that facilitates the
proof of the restricted global structure. The restricted global structure shows that with
probability Q(e), the function f is close to a direct product on the restricted domain V.
A natural way to show that a function is close to a direct product function is to define a
direct product function by majority value. However, this method fails when the agreement
guaranteed for f is small, as in our case.

This is usually resolved by moving to a restricted domain in which the agreement is
much higher, and to define majority there. The first part of our proof is to show that with
probability Q(e), over restrictions © = (A,r,y) ~ D, the set V; satisfies the following two
properties:

1. Its density is at least 5.

2. f has very high agreement in V., informally it means that taking a random pair
w,v € V; such that w; = v}, results in agreeing answers, i.e. f(r,w); = f(r,v));, with
probability greater than 1 — €20,

We call such restrictions excellent, following [IKW12].

We show that for every excellent restriction V', the restriction i, of f to V., defined by
ho(w) = f(r,w)p\a, is close to a direct product function. The function /i, has high agreement,
which is good for defining majority, but unfortunately the low density of V., which can be
as low as §, which is exponentially small, is where the techniques used in [IKW12] break
down. In order to prove that /i, is close to a direct product function, we use a local averaging
operator to extend the domain from V; to [N JUenA,

The local averaging operator P 3 is the majority of a 2-correlated neighborhood,

Vw e [N]HVA ¢ A Pshe(w) =  Plurality {h(0)},

veN 3 (w),veV,vi=w;
I



where v € N 3 (w) means that v is %—correlated with w, i.e. we change each coordinate of w

with probability } independently. The new function, P 3 h is defined over all [N]*\4, unlike
h. which is defined only on V.

In order to use ¥ %hT for showing that /i, is close to a direct product function, we show
two things:

1. 7)% h; and h, are similar on V;.

2. P 3 h. has high agreement, taking a random pair w, v € [N]¥\4 such that w; = v}, results
in agreeing answers, 7’% he(w); = 7’% h.(v); with probability 1 — €°.

To prove that P 3 h: has high agreement we use reverse hypercontractivity to show that only

a few w € [N]*¥\4 have sparse neighborhood (with density less than €>°), and use the very
high agreement of k..

Lastly, we define a direct product function g, by taking the plurality over £ 3 h., and show
that it is close to k.

Direct product testing in a dense regime A second new element comes when stitching the
many localized functions into one global direct product function, by using the third query.

We prove two global structure theorems, Theorem 1.1 for functions on tuples f : [N]*
[M]¥ and Theorem 1.2 for functions on sets f (U: ]) — [M]~.

When we work with f that is defined over sets, we can directly follow the approach
of [IKW12] to complete the proof. However, when working with f defined on tuples we
reach a combinatorial question that itself resembles a direct product testing question, but in
a different (dense) regime. Luckily, the fact that this question is in a dense regime makes it
easier to solve, and this leads to our global structure theorem for tuples. An outline of the
global structure proofs appears in Section 5.1.

-

1.4 Agreement Tests and Direct Product Tests

The question of direct product testing fits into a more general family of tests called agreement
tests. We next describe this setting formally and explain how direct product tests fit into this
framework.

Agreement tests In all efficient PCPs we break a proof into small overlapping pieces, use
a relatively inefficient PCPs (i.e. PCPs that incur a large blowup) to encode each small piece,
and then through an agreement test put the pieces back together. The agreement test is needed
because given the collection of pieces, there is no guarantee that the different pieces come
from the same underlying global proof, i.e. that the proofs of each piece can be “put back
together again”. The PCP system needs to ensure this through agreement testing: we take
two pieces that have some overlap, and check that they agree.

This situation can be formulated as an agreement testing question as follows. Let V be a
ground set, |[V| = N, and let H be a collection of subsets of V, namely, a set of hyperedges.
Let [M] be a finite set of colors, where it is sufficient to think of M = 2.

A local assignment is a collection a = {as} of local colorings a5 : s — [M], one per subset
s € H. A local assignment is called global if there is a global coloring g : V' — [M] such that

Vs € H, as = gls.
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Figure 1: complete k-uniform k-partite graph

An agreement check for a pair of subsets s1, s> checks whether their local functions agree,
denoted a5, ~ a5,. Formally,

as, ~ ds, S Vx €s1Nsy,  as(x) = as,(x).

A local assignment that is global passes all agreement checks. The converse is also true: a
local assignment that passes all agreement checks must be global.

An agreement test is specified by giving a distribution D over pairs (or triples) of subsets
s1,52. We define the agreement of a local assignment to be the probability of agreement,

agreep(a) = P [as, ~as,].
s1,5~D
An agreement theorem shows that if 2 is a local assignment with agreep(a) > € then a
is somewhat close to a global assignment. Agreement theorems can be studied for any
hypergraph and in this work we prove such theorems for two specific hypergraphs: the
k-uniform complete hypergraph, and the k-uniform k-partite complete hypergraph.

Relation to direct product testing Theorem 1.1 is equivalent to an agreement theorem on
the complete k-uniform k-partite hypergraph (see Figure 1). Let G = (V = Vj,... V), H) be the
complete k-partite hypergraph with |V;| = N for i € [k], and

H={(01,...00)]| Yielkl,oie V.

There is a bijection between H and [N]*. We shall interpret f(x1, ..., xx) as a local coloring of
the vertices x1, ..., x. In this way, we have the following equivalence

fINF> M = a={aden

Moreover, local assignments which are global, i.e. a such that a, = gl for some global
coloring g : V1 U---U V) — [M], correspond exactly to functions f which are direct products,

f = (g1/~~-/gk) where gi = glV,'/
f=01--- 9 = a is global.

Finally, Test 2 can be described as taking 2 hyperedges that intersect on ¢ vertices, and
check if their local functions agree on the intersection. Similarly, Test 1 can be described



as picking three hyperedges, h1,hy, hz € H such that hy, hy intersect on t vertices, and hy, h3
intersect on a disjoint set of ¢ vertices, and checking agreement.

Our main theorem, Theorem 1.1, is equivalent to an agreement theorem showing that if
a local assignment a passes a certain 3-query agreement test with non-negligible probability,
then there exists a global assignment g : V — [M] with which it agrees non-negligibly.

The k-uniform complete hypergraph (it is non-partite, in contrast to the above), is related
to Theorem 1.2. In this hypergraph the vertex set is [N] and there is a hyperedge for
every possible k-element subset of [N]. Now we have a similar equivalence between local
assignments and functions over sets, i.e. functions where the input is a set S C [N] of size k,

f: (U,f ]) SME = a=

An agreement theorem for this hypergraph is equivalent to Theorem 1.2, in which f is defined
not on “tuples” [N]¥ but on “sets” (Ul\{] ]). A global assignment a or this graph is equivalent to
a direct product function over sets, i.e. f =g :[N] — [M].

1.5 Organization of the Paper

Section 2 contains preliminary notations and definitions. In Section 3 we prove the restricted
global structure, Theorem 1.3. Section 4 is dedicated to the global structure for functions on
sets. We show how to deduce a variant of Theorem 1.3 for sets rather than tuples and then
prove the global structure theorem for sets, Theorem 1.2. In Section 5 we prove the global
structure theorem for tuples, Theorem 1.1. Lastly, in Section 6 we discuss lower bounds for
various 3-query direct product tests that were not presented in the introduction.

2 Preliminaries
Definition 2.1. For each two strings x, y € [N I we say that

t
1. x = y if x, y differ in at most ¢ coordinates.

t
2. x # yif x, y differ in more than t coordinates.

Definition 2.2 (Plurality). The plurality of a function f on a distribution D is its most frequent
value

Phirﬁity( f(x)) = arg max {xJEPD [f(x) = /3]}

For a set A C [k] we denote by A the set [k] \ A.

Fact 2.3 (Chernoff bound). Let Xj, ... Xy be independent random variables in {0, 1}, let X =
Zi;l, and denote p = [E[X], then for every 0 € (0, 1),

2,2

0cu
P [X<(1- <e 7T
xl,...xk[ s(I-opl=<e™,

and for every 6 € (0,1]
62'“2
> <e 3.

X}?Xk [X>1+0dv]<e 3



Corollary 2.4. Let k be a large integer, and let A C [k] be the set generated by inserting each
i € [k] into A with probability p. For every constant c € (0,1)

(-
H,Z“Al <cpk] <e 2

ok
7

and for every ¢’ € [1,2],
c —1)2

]11: [IA] = ¢’ pk] < e Tk,

Claim 2.5 (Chernoff bound for fixed size subsets). Let k € IN be a large integer, D C [k] be a
fixed subset of size at most % Let A be a random subset of size exactly %, then

1
P[l4nDI2 Zipl| <o i 2
If ID| < 31—0k then
1
P[14n Dl < ooiDi] < P -

The proof appears in Appendix A.
In our proof we also need Chernoff bound for non-binary random variables.

Fact 2.6 (Non-binary Chernoff bound). Let Xj,... X} be independent random variables in
[0,1],let X = Zle X;, and denote p = E[X] then,

P [IX -yl >t] <20k
Xq,... Xg [| Hl ]_ ¢

2.1 Reverse Hypercontractivity

Definition 2.7 (p-correlated distribution). For each string y € [N]* and constant p € (0,1),
the p correlated distribution from y will be denoted by (x,]) € N, (y). For each i € [k]
independently, i € | with probability p, and x is chosen such that x; = y;, and the rest is
uniform.

We quote Proposition 9.2 from [MOS13]:

N

a 2

Claim 2.8. Let A, B C [N]* of sizes Pyenplw € Al =77 and Pepyye[w € B] = e‘bT, then

_ (Z—p)(a2 +b2) _ pab

P [xeA,yeB]>e = "xH
x€[NTE,yeN, (x)

By changing notations and simplifying, we get the following corollary.

Corollary 2.9. For |A| > |B|,

P 3p
P [xeAyeBl> P [xecA]l"T9 P [xeB]' mn
x€[NTK, yeN, (x) xe[N]k xe[NJr

Claim 2.10. Let G c [N]* be a set of measure v, then for any 1 € (0,1) the set L =
{w e INJ*

P, pens w) [v € Gl < 17} has a measure less than v‘%n%.
4

Both proofs appears in Appendix A.
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3 Restricted Global Structure

Let f : [N]* — [M]* be such that Ayt () =¢€= e~ i.e. the success probability of f on
Test 2 equals €. To make the reading easy, we write again Test 2 from the introduction.

Test 2: ”V” test with parameter t (2-query test)

1. Choose A C [k] of size t, uniformly at random.

2. Choose uniformly at random x,y € [N]€ such | x I \
that xq = ya.

3. Acceptif f(x)a = f(y)a.
Denote by avyy)(f) the success probability of f on this test.

We show in this section that ay, £ )(f) = € already implies that f is somewhat structured,

namely there are restrictions of the domain V., C [N J¥ such that on these restrictions fis
roughly a product function.

Recalling the definition from the introduction, we define a restriction to be a triple T =
(A,1,7), for A C [k], r € [N]? and ¥ € [M]“. In this section denote by k' = %, and recall that
A =T[k]\ A.

Definition 3.1 (Consistent strings). For each restriction 7 = (A,7,), a string w € [N/ is
consistent with 7 if f(r,w)4 = ). For every 7, let V; be the set of consistent strings,

Ve ={we INF| fo,w)a =7}

Definition 3.2 (Distribution of Restrictions). Let D be the following distribution over restric-
tions 7. Pick a uniform set A C [k] of size %, pick a uniform x € [N]F and set r = x4 and

Y = f(®)a
Note that the distribution D depends on the function f.
We define good restriction in an analogous way to the definitions of [[IKW12].

Definition 3.3 (Good restriction). A restriction © = (A, 1,y) is good, if P, \palw € Vo] = 5.

Definition 3.4 (DP restriction). A restriction 7 = (A,r,y) is a DP restriction if it is good, and
if there exist functions (47, ... g;,), 97 : [IN] = [M] such that

Ak
P | f(r,w)z # (9;(w1), ... g, (wWy)) ‘ w e (VT] <é.
we[N]A

The main theorem of this section shows that (a) a non-negligible fraction of restrictions
are good, and that (b) almost all good restrictions are DP restrictions.

Theorem 3.5 (Restricted Global Structure, restated). There exist a small constant 6 > 0, such
that for every constant A > 0 and large enough k € IN the following holds. For every function
f: [N]F — [M], if av(%)(f) = € > ¢~ then with probability at least £, T ~ D is good, and

with probability at least 1 — €2 over the good restrictions, 7 is a DP restriction. Namely, 7 is
such that there exist functions (97, ...g;,), 97 : [N] = [M] such that

we[NJA

P |f(r,w)s )3\5 (g1 (@1), ... g (wp)) ‘ w e (VT] <é

11



A similar theorem was proven in [DS14] under the name “local structure”. Under the
same assumptions [DS14] showed that f must be close to a product function for many
restrictions V; of the domain. However the closeness was considerably weaker: unlike
in our definition of a DP restriction, in [[DS14] even in the restricted part of the domain,
V., C [N, there could be a (small) constant fraction of the inputs on which f differs from the
global product function g7. In contrast, we only allow an €? fraction of disagreeing inputs.
As explained in the introduction, in order to extend the restricted global structure into a
global one, the set of disagreeing inputs in V; has to be smaller than €.

3.1 Proof of Theorem 3.5

In this section we prove Theorem 3.5, we start by writing a few definitions and lemmas that
are used in the proof, and give an intuition for the proof of each lemma. We deffer the proofs
of these lemmas to the next sections.

The distribution D over 7 is related to the distribution of Test 2. The test can also be
written as choose 7 = (A,7,7) ~ D, w € [N ] and accept iff f(r,w)a = y. Therefore, if the
function f passes Test 2 with probability €, by a simple averaging argument

TE) [t is good] >

~ (4)

NI ™

For each T we define the function /,, which is a restriction of f to V.

Definition 3.6. For each restriction v = (A,7,y), leth, : V; — [M]% be the function,

he(w) = f(r,w)z.
We define excellent restriction, in an analogous way to [IKW12],

Definition 3.7 (Excellent restriction). Fix a constant a = 16%/\, a restriction T = (A,r,)) is
excellent, if

1. 7is good.

2. Forevery p € {#] a,b € N,a < b <k}, if we pick w € [N]" and (v, ]) € N, () then,

ak 9 \20k
P [w,ve%, hT(w)]aehT(v)]]s(E) . (5)

w,(v,])

Note that (5) holds trivially when p < a, because with high probability |J| = pk < ak, in
which it is not possible that h(w);, h(v); differs in more than ak coordinates. For an excellent
7, the set V; is of measure at least §, and the function f is consistent on V.

1
iak

< €120 = 12000k

We assume that the constant 0 is small enough to satisfy (19—0) and

k
€120 > o~ mom

Lemma 3.10. For every p € (0,1), let T = (A,1,y) ~ D, let w € [N]A be uniform, and let
(v,]) € Ny (w), then

P Vo @y Sn o] < ()
P oo Ve, how) ) —(E) .

12



The proof appears on Section 3.2, the main idea in the proof is that the probability of
k
w,v € Vi, h(w); t;e h(v); is low when averaging over 7 as well. From the definition of k., this

k
is equivalent to f(r,w)a = f(r,v)a = y and f(r, w); [;6 f(r,v);. Whenr,w,v,A, | are all random,
the probability for a uniform A, J to be such that f(r, w), f(r,v) are equal on A but far on | is
very small.

Corollary 3.8. A good 7 ~ D is excellent with probability larger than 1 — €2.
Lok k
Proof. Let p = (%)Za , and denote by E(t,w,v,]) the event of w,v € V., h(w); (;B h:(v);.

Lemma 3.10 in these notations is: for every p € (0,1), Prpw,@nen,w) [E] < u?.
For every 7 that is good but not excellent, exist p € {% | a,beN,a<b< k} such that,

P E] > u.
w,(vJ)ENp(w)[ ] H

In this case we say that 7 is bad for p.
Assume towards contradiction that IP.p [T is good but not excellent] > €*. The set

{% | a,beN,a<b< k} contains less than k? elements, so there exists p in this set such that

4

T1~Pz) [7 is bad for p] > i—z
For this p,
&3
7~D,w,(715)eNp(w) [E] > TE) [7 is bad for p] w,(v,})]lZN,,(zu) [E | 7 is bad for p] > alh

This contradicts Lemma 3.10, because i—; u > u? (we assume that u < €'?Y). Therefore, we
conclude that IP,p [7 is good but not excellent] < e*

Since T ~ D is good with probability at least 5, by averaging a good © ~ D is excellent
with probability at least 1 — €2. m]

In order to prove Theorem 3.5, it is enough to show that every excellent restriction is a
DP restriction. A natural idea is to define a direct product function by taking the plurality of
h. on V¢, because the agreement of 1, inside V; is almost 1. However, it is difficult to prove
that this function is close to /i; because the set V; is very sparse. We define a local averaging
operator, which allows us to go from h, that is defined on V, to a function that is defined
on [N]4.

Definition 3.9 (Local averaging operator). For every p € [0,1], let #, be the following

function operator. For every subset V, C [N]4, and every function h : V; — [M]}, the
function P 1 : [N]' — [M]' satisfies Vi € [k], w € [N]’,

Poh(w); = Plurality (h(v);).
(0. ))EN, (W), vi=w;

If there is no v such that v; = w; in V;, we define P h(w); to an arbitrary value.

13



The local averaging operator of & takes for every w and i the most frequent value h(v);
over a p-correlated neighborhood of w. We note that the function operator is not linear.
In order to prove that i, is close to a direct product function, we first show that that 3 h.

is close to hi;, and then that Ps he is close to a direct product function. Clearly 3 is an arbitrary

constant, our proof works for any constant p > 1, and we fix p = 2.

Lemma 3.11. For every excellent 7,

12ak 3
P ) he(w) # P%hr(w) weV | <Le.
we[N]%O

The proof is in Section 3.3, and uses the very high consistency of i, inside V; to show
that the plurality vote is almost always consistent with h.(w). In the proof we use reverse
hypercontractivity [MOS13] to show that the set V; is not too sparse, such that for almost
all w € V, the neighborhood N ) (w) is not empty.

In a similar way to the proof of Lemma 3.11, we show that for an excellent 7 the function
P 3 h: has high agreement.

Lemma 3.12. For every excellent 7,

20ak 10
=~ >1-
w’](IZJ)[P%h(w)] Pih(v)]]_l el

where w € [N]% and (v,]) € N% (w).

The proof of this lemma also appears in Section 3.3, the main idea is that if SD% h(wy),

SD% h(w,) disagree on a lot of coordinates, then a large fraction of their 3-correlated neighbor-
hood also disagree on a lot of coordinates. This can only happen for very few inputs w, else
we contradict the fact that 7 is excellent.

After showing that P%hT has high agreement, we define g* to be the plurality vote of

P 3 h., and then use the high agreement, Lemma 3.12, to show that they g* is close to %hT.
Lemma 3.13. For every excellent restriction 7 there exist a direct product function g* =
g9y [N]% - [M]% such that

il

1500ak
P P%hT(w) % g'(w)| < 3€eh.

9%k
we[N]10

The proof is in Section 3.4.
Using the above lemmas we can prove the local structure.

Proof of Theorem 3.5. Let f : [N]F — [M]* be a function that passes Test 2 with probability €.
From averaging, IPr-p [7 is good] > §, Lemma 3.10 implies that with probability (1 — €?),
a good 7 is also excellent.
Fix an excellent 7, by definition the function &, has high consistency inside V., and by

12ak
Lemma 3.11, P%h is close to h on V;. Let E1(w) be the event that i, (w) 9? P%hf(w), in this
notation Lemma 3.11 implies that

P [E1 |we V,] <é. (6)

14



From Lemma 3.13, there exists a product function g* that is similar to P%hf. Denote by
1500ak
E>(w) the event that P%hT(w) sﬁa g% (w). In this notation,
P[E,] < 3¢*. 7)
w

We want to use (6) and (7) to prove that /i, is similar to g* on V;. In order to do that, we
need to bound the probability of E, conditioned on w € V..

3e* > P[E,]
w
> ]P [w €V.] ]P [Ex | w € V,] (7 is excellent)

PIE; |w e Vr].

I\) |

Therefore P, [Ex> | w € V;] < 6€°.
If w is such that none of Ej, E; happened, then h.(w), P% h:(w) are equal in all but 12ak
of the coordinates, and SD% h-(w), g*(w) are equal in all but 1500ak of the coordinates, which

means that /i, (w) 1532ak g (w).

[h(w) 98 g(w)‘we(\/]s [E1 VEy |we V]

_w[E1|we(VT]+Ile[E2|we(VT]

e + 663 < 2.

By definition, h.(w) = f(xa,w)g4,

1512ak

P [f (xa,w)z # g'(w)

15120k
w e (VT] = IP[hT(w) % g(w) l w e (VT] <é

Since A = 1600« we are done. m]

3.2 Good Restrictions are Excellent with High Probability
For convenience, we restate the lemma.
Lemma 3.10. For every p € (0,1),lett ~ D, w € [N]% and (v, ]) € N, (w), then
9 \ak
P o e Ve ooy % he(o) ] (10) .
Proof. Fix p € (0,1), let E1(t,w, v, ]) be the event in equation (5) of the definition of excellence,

k
Definition 3.7. More explicitly, E; = 1if w,v € V; and h.(w); 0;8 h(v);.
Recall the definition of i, for © = (A,r,y), for w € V, h(w) = f(r,w)s. Therefore, the
k
event Eq can also be written as f(r,w)a = f(r,v)a =y and f(r,w)4 07;8 f(r,v)4.

k
Let E; be the event that f(r,w)a = f(r,v)a and f(r,w) 0;8 f(r,v)1. We can easily see that
E; C E,, therefore over every distribution IP[E;] < IP[E;].

We start by bounding the probability of event E,, over the distribution 7 ~ D, w € [N ]%
uniformly and (v, /) € N, (w). Writing the distribution explicitly:

15



1. Pick A  [k] of size £.
2. Pick x € [N], set r = x4 and y = f(x)a.
3. Pick | [%] of size B(%, p) (binomial random variable).

4. Pick uniform w,v € [N] such that wy = .

Notice that E; is independent of y, so it does not matter how y is chosen. We can define an
equivalent process for producing the same distribution (without y):

1. Pick aset A’ C [k] of size & + B(%%, p).

2. Pick y,z € [N]* such that ya = za.
3. Pick A € A’ of size 1%.
4. Setr=ya, w=yzand v =zy.
k
In order of E; to happen, y,z, A” must be such that f(y) 4 * f(z)ar. Furthermore, the set A
must be chosen such that f(y)a = f(z)a. As the second random process allows us to see, A is

arandom subset of A’, and each of the ak coordinates i on which f(y); # f(z); has probability
of at least % to be chosen to A (as |A| = % and |A’| < k). The probability that none of the ak

. . . ak
coordinates are in A is at most (%) , SO

9 ak
P [Ei] P [E]< (—) . 8
7,w,(v,]) [ 1] T,w,(v,]) [ 2] 10 ( )

3.3 Local Averaging Operator

In this section we prove the two lemmas concerning local averaging operator. We repeat the
two lemmas and prove them.

Lemma 3.11. For every excellent 7,

12ak 3

P ) he(w) # P%hf(w) weV.|<Le.

we[N]%O

Proof. Fix an excellent restriction 7, denote by V =V, h = h, SD% h = 7)% hr: and k' = %. In
Lok

order to simplify the notations, denote by u = (%)za the constant from the definition of

excellence (Definition 3.7).
From the fact that 7 is excellent, we know that P .\ [w € V] > 5 and

ak
P w,v € (V/ h w) # h )| < u.
w e ))eN3 (@) [ j(w) % hy( )] 4
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Our goal is to prove that for almost all w € V, P%h(w) ~ h(w). First, we characterize the

"bad” inputs w € V for which we can’t prove this claim . Then, we prove it on the rest. Fix
n= €20, the first set of “bad” inputs is the set of inconsistent ones,

B:{we(V

Ul
P h h
(U,I)EN% (w) [v €V h) 38 (@) ] - 100}

By averaging, Py[w € B] < 2.

The second set is the set of “lonely” inputs, inputs that have very sparse neighborhood,

L=LweV
(UI)GN%(W

[UE(V]<17}

-u
By hypercontractivity, Claim 2.10 (uses [MOS13]), IP,[w € L] < 17% (g) ”.
Fix an input w € V \ {B U L}, we will show that h(w) = 12k Pa h(w), i.e. h(w) and Ps h(w)

—u
are equal on all but 12ak of the coordinates. Since P, [w ¢ BN L] < 100 [17' (2) ? < €, this

finishes the proof (e is such that €' > p).
Denote by D the following set

D:{ie[k’]

h(w); P%h(w)i}.

D is the set of coordinates in which the local averaging of h doesn’t equal /. Sincew ¢ BUL,
the neighborhood of w is very consistent, and we show that the set D is small.
Assume towards a contradiction that |D| > 12ak. For v € [N]¥,] c [K] and i € [k], let
E(v, ], i) be the event
E(v, 1) = (i € ] A h(w); # h(v);).

We will reach a contradiction by upper bounding and lower bounding the probability of the
event E, under the distributioni € D and (v, ]) € N 3 (w), given thatv € V

Lowerbound WelookonE = E;{AEy, whereEq =i € Jand E; = h(w); # h(v);. By definition,
for every i € D, the value h(w); is not the most probable /(v); when (v, ]) € N. 3 (w). Therefore,

Vie D, Ey|E1,veV h +h clveV
1 (vD€N3uﬁ[2| 1,0 €V]= @]ENEW,[(W) ()lieveV]>

©)

NI*—*

We want to remove the conditioning over Ej, in order to get a bound E. If we choose a
uniform (v, ]) € N 3 (w), the probability of i € | is exactly 7. If we condition on v € V, this
probability can be different. We start by bounding the probability of D N | to be small.

Every i € D has probability of 3 be be in | independently, by Chernoff bound (Corol-

lary 2.4), Py pens (w) [ID NJ < %IDI] < ¢ %. If we condition on v € “V, this probability can
1

increase by a factor of at most ,1—], where 11 < P, pen; w) [0 € V]
4

e

SE

IDﬁ]|<—IDI

ve (v] (10)

[ 1
() )EN 3 (w) n

17



Equation (10) implies that for a typical i € D, the probability E; is not very far from (o, ))
are such that DN J| > |D|, arandom i € D has probability at least = 3tobein .

P [E1|veV]= P [ie]lveV]
(v,])eN% (w),ieD (v,])eNg (w),ieD
3
> P eJANIDN]J|>=|D||ve by (10
2 Bl €1ADANIZ D ve V] ey 0)
4
>3 (1 - 1e—?—3). (11)
5\ n
Now we can lower bound the probability of E:
P [ElveV]= P [E1 AEx|ve V]
(0.))eN 3 (w) ieD (0.))eN3 () ieD
= P E eV P E> |Eq,veV by (9
(v,])eN%(w),ieD[ 11o ](v,])eN%(w)[ 2| Ey,veV] (by (9))
1
> P E ceV]= by (11
opent (w),l,eD[ 1loeV]s (by (11))
4
3 1 ak 1 1
>Z|1-=¢10|=> =, 12
—5( n )2 =5 (12)

Where the last inequality holds since 1 = €2’ and ¢ satisfies €!%° > 0.

Upper Bound We want to upper bound the same probability, and reach a contradiction.
Sincew ¢ L, Py e N @) [0 € V] > n, and from the fact that w ¢ B we know that its neighbor-

hood is consistent, i.e. P, NN (@) [v €V, h(v); 96 h(w) ]] 100 Combining both together,

(13)

veV ]
(0,)eN 3 (w)

k
This implies that with probability at most 11W the chosen (v, ]) can be such that h(v); D;& h(w);.

Else, h(v); % h(w);, so there are at most ak coordinates i € | in which h(v); # h(w);. Since
|D| > 12ak, with probability at most % a uniform i € D is in these ak coordinates.

Elve(V]SL+

1
P — 14
(v.)eN 3 (w),ieD [ 100 2 (14)

U1|>—‘

And we reached a contradiction with (12). ]

In order to show that the function Psh is close to a product function, we need to show

that it is consistent in a similar way to h (as in the definition of excellence, Definition 3.7).
Lemma 3.11 only gives us that P%h is consistent among the inputs in V;, and not in all

[N]%.

18



Lemma 3.12. For every excellent 7,

200{]( 10
~ >1 -
ZU’](IZ’])[P%h(w)] P%h(v)]]_l el

where w € [N]% and (v,]) € N% (w).

Proof. This proof is similar to the proof of Lemma 3.11. We fix excellent 7 and denote V = V,,
Lak

h=hcand Pyh = Pahe K = % and p = (£5)""

k
We characterize the inputs w, (v, J) on which we can’t prove that 73% h(w); Xe SD% h(v);.
Instead of the set B in the proof of Lemma 3.11, we define a set of two correlated inputs
(w, (v, ])) that are inconsistent. Fixing n = el let

4 4 /7 le ’ nz
P w',v" €V, h(w'); # h(v');| = .

C = s\, = T ANAN
{w ©]) @], ") 4000

Where (w’, ') € N‘% (w),@,]") e N% (@ andJ=]NnJ NnJ".

If w is chosen uniformly in [N ¥ and (v,]) e N 1 (w), then the marginal distribution on w’
is uniform, and (v, ]) € N, (3) (w"), since for each i independently, the probability of i to be
inf=Jnpnjy” is(g)z%.

Since 7 is excellent, P, ., 1y [, v € V, h(w'); Oaf h(v") 7] < u. By averaging, it means that

4000

]Pw,(v,]) [w/ (U/ ]) € C] < DI
We define the set of inputs with sparse neighborhood,

L= {w e [NJ¥

P w eV]<n}.
(W’J’)EN% (w)[ ] 77}

1

=

ol

From hypercontractivity argument, see Claim 2.10, IP,[w € L] < 1]% (%)

20ak
For every w and (v, ]) such that w,v ¢ L and (w, (v,])) ¢ C, we show that P% h(w); ag

P%h(v) 7. This finishes the proof since for w € [N ¥ and (v,]) e N 1 (w),

4000 =
P [(w,(,])eCVwelLvoel] < 2”+2-n%(f) T <,
) n 2

Fix w, (v, ]) such that w,v ¢ L and (w, (v, ])) ¢ C, and let D C ] be the set
D= {i ¢ ]| Pihiw) # P%h(v)i}.

Similarly to the previous proof, we assume towards a contradiction that [D| > 20ak.
Forevery J',J” C [K'],w’,v" € V and i € [K'], we denote by E(J', ]/, w’, V', i) the following
event:
EJ, ], o', v, i) = (h@w'); # h(@)inie] Nn]").
We upper bound and lower bound the probability of this event, under the distribution i € D
and (w’,]’) € N% (w),@,]") e N% (v) given that w’,v" € V.
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Lower Bound WelookonE = E1 A Ey, where E; =ie "N ]J"” and E; = h(w'); # h(v');.

For every i€ D, P%h(w)i * P%h(v)i, so the most frequent value h(w’); for (w’,]’) € N 3 (w)
doesn’t equal the most frequent value h(v'); for (v/,]”) € N 3 (v). For every i € D, taking
@, ]) € Ny (@), (', ]") € N} @)

( ]I[EzlEl,wve(V] IP [h(w)l;&h(v)llze]ﬂ]”wve"V]
w’
G (v ]”)

(15)

Nln—\

In order to prove the lower bound, we need to remove the condition over E;. To do that,
we need to lower bound the size of D N ] N J”. Both J” and | are taken by picking each
coordinated independently with probability 3. If we do not condition onw’, v’ € V expected

valueof [IDN ] N J"|is ( ) ID|. Each i € Disin J' N ]J” with probability ( ) independently,
so using Chernoff bound (Corollary 2.4),
ak
P DNJ NJ”| < 0.56|D|] < e o,
o IDAT N DI} <
(U’J”)EN% @)

If we condition on w’ € V,v" € V, the probability can increase by a factor of at most #,
where ]P(w/,p)ej\/3 (w) [w’ < (V] 21 and ]P(v’,]”)€N§ (v) [U, S (V] =1,
4 4

1
IDNJ NJ"|<056D] | w,v' € V] < —e s, (16)
W I’)ENs (w) 1>

@',] '/)€N3 ()
4

If DN]'NJ]”| > 0.56|D|, then a uniform i € D has probability of at least 0.56 tobein J'N]”,

1
[E1 |, v € V] > (1 - e 9000)0 56 > 0.55. (17)

P
i€D(w',]")eN 3 (w) Ui
4

@.]")eN 3 (©)

. s . . ok
The last inequality is correct because we assume e is large enough to satisfy ' > n%e 5000,

Combining (15) and (17), we can lower bound the probability of E, wheni € D, (w’,]’) €
N} @) and (o) € N} ()

s oy VT €Y=, m o oy 1A B2 [0, 07 €V
= s (v' oy E1 [0 €V (18)
l(w, ],) o ) [Ex | w', v’ €V, E]
1
25 -0.55 > T (19)

Upper Bound Since (w, (v, ])) ¢ C, we know that

P "0 eV, h(w ¢ h(v —
(w’J’)eN%(w) @)y # (@)

@ J")eN 3 (©)
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where [ = ] N ]’ N J”. From the fact that w ¢ L, P jyen; w) [w' € V] > nand since v ¢ L,
P jens o) [07 € V] = . This implies that ’
1

ak 1
P h(w'); # h(v'); | w', 0" € V| < —.
(w’J’)eN3(w)[ @y % ke ‘w ? ] 4000
4
@, ]")eN; )

k )
If h(w’); x h(v');, then even if all these ak coordinates are in D, a uniform i € D has
probability of at most % < #ﬁk < 55 to be one of these coordinates. Therefore,

1 1 1
P Els —+ —< —,
ieD,(w',]')eN3 (w)[ I= 4000 20 10
4
@ J"eN 3 (@)

which contradicts (19). m|

3.4 Direct Product Function

Fixing an excellent 7, we first show that the local average function ¥ 3 h: is close to a product
function g*. Then, by Lemma 3.11, we will conclude that &, is close to g*. This implies that
T is a DP restriction as needed.

In this section we prove Lemma 3.13,

Ske

Lemma 3.13. For every excellent restriction 7 there exist a product function g* : [N]10 —

[M]% such that
1500ak

P |Pih(w) # g (w) < 3¢t
we[N]10

We first define g°, the candidate direct product function

Definition 3.14. For each excellent T = (A,r,y), let g° : [N]% - [M]% be the following
function, for eachi ¢ A and b € [N],

g.i(b) = Plurality {P%h(w)i},
we[N]% s.t. w;j=b
ties are broken arbitrarily.

We prove Lemma 3.13 using the following few claims.

Claim 3.15.
P [Pihw); = Pyh); | w; = vi] > 1-200a.

ie[%],w,ve[N] %

In order to prove Claim 3.15, we need to define an “almost p-correlated” distribution.

Definition 3.16. (x,]) are almost p-correlated to y € [N I¥, denoted by (x,]) € Ay (v), if they
are chosen by the following process:

1. Choose i € [k] uniformly at random, set | = {i}.
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2. For each j # i, add j to ] with probability p independently.
3. Set xj = yj and the rest of x is uniform.

Claim 3.17. For any p € (0,1) and any event E(y, x, ]) over x, y € [N]* and ] C [k],

ok
P [Eyx)l<2 P [E(yx )] +5e
YeINT (x,))eA, () VeINT5,(x,DeN, (v)

The proof appears at the end of the section.

Proof of Claim 3.15. Let k' = %. We start by showing that for a uniform w € [N]¥, (u,]’) €
Ay @) and i € ', Py, o) [P%h(w)i = P%h(v)i] > 1—100a.
Let E; be the event that P% h(w); # P%h(v)i, we further define the following two events,

200k
let E; to be the event P%h(w)p 93 P%h(u)]/, and let E3 be the event that || < %.

If both Ey, Ez don’t happen, then |J’| > f;i, and there are at most 20ak coordinates i in
which P% h(w); # P% h(v);. Therefore, a uniform i € J” has probability at most %"‘k to satisfy
4

P%h(w)i * P%h(v)i,

200k
P [E; | ~Ez, —Es] SOT“ - 80a. (20)
w,(v,]")i i

In order to remove the condition over —E;, =E3, we bound their probability. For a uniform
we [N and (i, ]') € Ay (p),

ok
P [E]<2 P [E]+5¢ 7 (by Claim 3.17)
w,(u,]')EA 1 (w) w,(u,]' )N 1 (w)

<2¢!0 4+ Se_ka < 3¢9, (by Lemma 3.12)

Similarly, for w € [N]¥ and (u,]") € A 1 (w),

ok
P [Es]<2 P [E3]+5¢ % (by Claim 3.17)
w,(u,]’)EA 1 (w) w,(u,]" )N 1 (w)

=

e p

<2¢" 45077 < €', (Chernoff Bound)

For(u,]’) e N 1 (w), each coordinate i is in |* with probability % independently, so we can use
Chernoff bound. If we add a condition on —E,, it can increase the probability by a factor of
ﬁ < 2, therefore ]Pw,(u,]’)eA%(w) [E3 | =E,] < 260,

Combining everything together, for a uniform w € [N]¥, (u,J’) € Al (w)andie],
P [Ei]< P [E]+ P [E3|-Ex]+ PP [E;|—Es, —Es]
w,(u,]') i w,(u,]") i w,(u,]')i w,(u,J') i

<3€'? + 2¢1% + 80a < 100a (21)

Let O : [K'] x [N]F x [N]¥ x [N]¥ — {0,1} be the following distribution, generating
1,w,0,U:
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1. Pick a uniform i € [K'].
2. Pick w,v € [N]¥ such that w; = v;.

3. For every j # i, insert j into | with probability 1 independently.

w]‘ ]E]

4. Foreveryje[k’],u]-:{ lse
v; else

The distribution 2 is built such that the marginal distribution over w, v,i is that i € [K']
uniformly, and w, v are uniform in [N ¥ such that w; = v;. Furthermore, the marginal
distribution over w, (i, ] U {i}),i is such that w € [N]¥ uniformly, (,] N {i}) € A 1 (w) and the
coordinate i is uniform in {i} U J. Similarly, the marginal distribution over v, (1, J) is v € [N]¥,
(u,]) € A% (v)andie€].

Therefore, we can use equation (21) on the pairs w, (1, ] U {i}) and v, (1, ]), and by union
bound,

Z_EE,] [P% h(w)i = P3h(); | w; = vi] > Z,’W]’I;D/ [P%h(w)i =Psh(v); = P%h(u)i]
w,ve[N]k'

>1 — 100« — 100c.

Corollary 3.18.
P [P%h(w)i = g(w);| > 1 - 4000
we[N]%O,ie[%]
Proof. For eachw € [N]% andie [%] such that P% h(w); # g(w);, the value P% h(w); is not the
most frequent, ]Pve[N] % [7)% h(w); = P% h(v)ilw; = v;] < % Therefore,

1
P [Pshw)# Pih)i|wi=vi] =5 P [Pyh(w) # glaw)].
w,e[N]T0 e[ %] we[N]10 il {5]
Using Claim 3.15 we reach the corollary. m]

Proof of Lemma 3.13. Fix an excellent 7, denote k’ = .

For each w € [N]¥, let D,, C [K’] be the set of coordinates in which g (w), PghT(w) differs

Dy = {i € [¥]

7@ # Pyl
Let C c [N]¥ be the set of inputs such that g7, P%hT are similar on them,
C={we NI | IDu| < 500ak}.

By Corollary 3.18 and averaging, IP,[w € C] > 1.
Let B c [N]¥ be the set of inputs on which g7, 73'% h, are far,

B ={we[NI"| Dyl > 1500ak}.
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15000k
B is the set of inputs in which Psh (w) % g"(w), so our goal is to prove that B is small.

Let E1(w,v,]) be the event that |] N Dyl > 600ak, and let Ex(w, v, ]) be the event that
20«
P%h(w)] % P%h(v)]. By Lemma 3.12, ]Pwe[N]k',(v,])eNl(w) [Ex] < ell,

For every v, w, | such that v; = wj, the function g satisfies g*(w); = g*(v); (since g is a
product function) and therefore E1 A (v € C) = E,. Thisis because if E; doesn’t hold, then
733 h(w) ] R 733 h(v);, if E1 does hold then |] N Dy,| > 600ak, which means that D, N ]| > 580ak,
and vé¢C.

We show if B isn’t small, then E; A (v € C) happens often, when we pick w € [N 5@, e

For w € B, the set Dy, is large, |D,| > 1500ak, if we take (v,]) € N 1 (w), each coordinate
i € Dy, is in | with probability 1 independently, so for w € B, by Chernoff bound

pk
P Ei(w N Dyl > 600ak] =1 — ¢ 100,
(U’DEN%(“’)[ 1= e Nl(w 70 Dal ]

From reverse hypercontractivity [MOS13], Corollary 2.9

[w e B, veC]>1P[weC]znv[weB]%.
W(UJ)EN1(W)

Therefore,

P [weBoveCAE]> [weC]zIP[weB]% o1
w,(v,])eN% (w) w

Njw

1 5 ok

z(—) Plw € B]} — 1. (22)

5] w

Where (22) is since Py[w € C] > %

Since E1 A (v € C) = Ej and by Lemma 3.12, P ni¥ 0, )en, @) [E2] < €'Y, it means that
2

(22) should be smaller than €!°, which implies IP,,[w € B] < 3e* and finishes the proof. O

We are left with proving the simple distribution claim - that almost p correlated is similar
to p correlated.

Proof of Claim 3.17. The proof is based on the fact that the distributions N, (y),A, () are
very close, and the probability of an event depending on y, x, | is not much different in both
distributions.

By Chernoff bound, p-correlated sets are almost always of size about pk, this holds for
almost p correlated as well,

1 > 2pk] <5,
(DN, (y)

ok
(171 > 20k] < &%
(x, J)eA,,(y)
For each y € [N 15, let By, be the (x, ]) that satisfy E(y, x, ])

By ={(x )| E(v,x,)) =1},
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Using this notation

P [E(y,x,])] = P (x,]) € By|.
VeINTE(x,))eN, (v) Y ye[N]k,(xJ)eNp(y)[ y]

Fix y € [N I¥, for each (x, ) € B y, by the definition of p-correlation,

k=[]1
N = _ g — oy L
b e === (g)

By the definition of almost p correlation,

N = gy e (Y
(zJ’)lelzp(y)[(Z']) = Ze 1 =p) (N) '

Note that for each such (x, ]) € B, such that |]| < 2pk,

P z])=xD<2 P [i&])=x)].

(z])eAp(y) @J)EN(v)
Therefore
P |((x,)eB, < P [I=20k]+ P |(x,])eB,|l]l <2pk
<xJ>eAp(y)[ y] (x.DeAL(y) <xJ>eAp(y)[ g | ]
pk
< t+2 P () eB, |l <20k
<xJ>eNp(y)[ /| P
< T+2 P [(x,]) c By] +de T,
(. )EN,(v)

’

When we used conditional probability in the last inequality. This is true for all y € [N]¥,
therefore,

[Ex D= P [(x])€B,

P
YEINTE(x,))eAp(v) YEINT- (x,))eA, (1)

ok’
<2 P [,)) € By + 577
yeINT(x)eN, (y)

4 Global Structure for Sets

Up until now we have considered functions f : [N ¥ — [M]* whose inputs are ordered tuples
(x1...,x) € [N]¥. We now move to consider functions f : (Ul\{]]) — [M]¥ whose inputs are
unordered {x7,...,x;} € ([I]\f]), and we assume that N > k (for tuples no such assumption was
made).

To each subset S = {sy, ..., s¢} the function f assigns f(S) € [M]F. £(S) should be viewed
as a “local function” on S, assigning a value from [M] to every a € S. We denote by £(S),
the output of f that corresponds to a. For a subset W C S, let f(S)w be the outputs of f
corresponding to the elements in W.
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There are straightforward analogs to Theorem 1.1 and Theorem 3.5 which we present
and prove in this section. Interestingly, in the case of sets deducing global structure from
restricted global structure is quite easier than it is for tuples.

First, let us present the Z test for sets, from [IKW12] when t = 1—"0. Let Ay .k )( f) be the
success probability of this test. This is the same test as Test 3 from the introduction written
differently, it is written this way because it is easier to refer to the test items during the proof.

Test 4: ”Z” test for functions over sets, with t = % (3-query test)

1. Choose a random set W C [N] of size %.
X W
2. Choose X, Y C [N]\ W of size %.
3. If F(XUW)w # f(Y U W) reject.
Y |4

4. Choose V C [N]\ Y of size .

5. If f(YU W)y # f(Y U V)y reject, else accept.
Denote by o, x \(f) the success probability of f on this test.

Theorem 1.2. There exist a small constant ¢ > 0, such that for every constant A > 0, large
enough k € N and N > k%% if the function f : (U]\(] h - M passes Test 3 with probability
Az, (& )( f)=€e> e~ then there exist a function g : [N] = [M] such that

set\ 7

P [ £(5) ¥ g(S)] > € - 4¢?.

In order to analyze this test, we first need to “translate” the restricted global structure
result into this setting, and then prove the global structure in this setting.

4.1 Restricted Global Structure for Sets

In this section, we see that for N > k, the restricted global structure for tuples, Theorem 3.5,
implies restricted global structure for sets. First we define analog definitions for sets, for
good restrictions and DP restrictions. To make the reduction proof simpler, we use a constant

ne [1 - %, 1] (i.e. almost 1) and define good pair using 7.
Definition 4.1 (Good pair). A pair X, W C [N], |X| = %, [W| = % is good if
PLAXUWW = X UWw | YN W =0] > gn.

This definition is analog to Definition 3.3 of good restriction, the main difference between
the definitions is that here we don’t have a set of coordinates A C [k], because f is defined
on sets and not coordinates.

Definition 4.2 (DP pair). A pair X, W C [N], |X| = %, [W| = % is a DP pair if it is good, and

if there exist a function gxw : [N] — [M] such that

P|f(YU W)y g | Y AW =0, F(XU W) = £(Y U Wy | < 262,
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This definition is analog to Definition 3.4 of DP restriction, only here there is a single
function gx w, instead of % different functions in the case of coordinates.

Lemma 4.3 (Restricted global structure for sets). There exist a small constants 6 > 0, such
that for every constant A > 0 and large enough k € IN such that N > k2!%% the following
holds,

For every function f : (Ul\f]) — [M], if angt(%)(f) =€ > e %% then at least (1 — €% — %) of

the good pairs W € (UZ]),X € ([2]]) are DP pairs, i.e. there exist gxw : [N] = [M] such that
10 1

9%k
0
P|f(YU W)y W g | Y AW = 0, F(X U W) = £(Y U W) | < 262,

This lemma for sets is analog to Theorem 3.5, and we prove it by a reduction from it. For
every f : ([I;(f]) — [M]* we define a function f [NJF - [M]F U L that equals L if the input
has two identical coordinates, and identifies with f everywhere else. For N > k, almost all
inputs don’t have two identical coordinates, and f’, f are equal almost always.

Using Theorem 3.5, we derive a restricted global structure on f” which gives a direct
product function g* = g7, ... g%—{;k for every excellent 7. Since f equals f’ almost always, we

find an equivalence between excellent T and excellent X, W. Then, we build a restricted
global function gxw by taking the most frequent value among the product g7, ... g%, . Note
10

that even though f” is permutation invariant, the functions g7, . .. g5, may not be the same.
1

Since the proof is technical, and its main points are described in the paragraph above,
we deffer it to Appendix B.

4.2 Global Structure for Sets

Now we are ready to prove Theorem 1.2. The proof is very similar to lemma 3.16 in [IKW12].

Proof. Fix a function f : (U]\(] ]) — [M]F that passes Test 4 with probability € > e=**, denote by
0 =¢anda=>5A

Let W € (U%]),X € (U%]) be the subsets chosen on the first two items of the test, if
Py [fXUW)w = fFYU W)w | YNW =0] < §n, the test rejects in Item 3 with probability
atleast 1 - 51.

Therefore, in order for f to pass the test with probability €, the test must pass with
probability at least € on W, X such that Py [f(XU W)y = f(Y U W) | YNW=0] > 5n, we
call these W, X good.

Using Lemma 4.3, for at least (1 — 2e? — %) of the good W, X there exist a function
gwx : [N] = [M] such that

P
Y

FYUW)y % gxw(Y) ‘ YNW=0, f(XUW)w = f(YU W)W] <262,

Fix such W, X, let G = {Y eBh| Ynw =0, fxUWw = f(Y U W)w}, and let g = g :
10

[N] — [M]. We want to use the last query to show that this g is in fact a global product

function, i.e f(S) = g(S) for about an € fraction of S € (U,\J]).
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5ak
For every set S, we say that S is bad if f(S) i g(S). Let p be the probability of a uniform
5ak
Stobebad,ie. p = ]PSE(UZ]) [f(S) % g(S)].
Suppose that instead of running Test 4 as is, we choose Y, V by the following process:

1. Choose a uniform S € (Ul\f .

2. Choose Y to be a uniform % subset of S.
3. Set V =S5\ Y and return (Y, V).

We suppose that if the process outputs Y such that YN W # 0, the test rejects. The probability

of this event is less than kﬁz, and if it doesn’t happen the process generates the test distribution.
k2

Therefore, the test on f using this distribution should success with probability at least € — ;.
In order for Test 4 to pass, two checks must hold:
1. fXUW)w = f(YU W), equivalentto Y € G.
2. fYUV)y = f(YUW)y.
Suppose that S is bad, and we let Y UV = S to be the sets used in the test. If Y ¢ G, the
test will fail. If y € G, from the local structure, Lemma 4.3,

r
Y

3ak
FYUW)y % g(Y) ' Y e G] < 2€%.

If we condition on S to be bad, we restrict Y and therefore the probability of this event
can increase by a factor of %.

P
Y

3ak
FYUW)y # g(Y) ‘ Y €G,Sis bad] < %28. (23)

Since S is bad and Y is a uniform % sized set inside S, the probability that less than 3ak
out of the 5ak elements in which f(S), g(S) differ is in Y is exponentially small.
3ak

P [ £ ¥ g(v) ‘ Sis bad] < ek, (24)

The inequality is due to Chernoff bound, using Claim 2.5 (if D is the set of elements in which

£(S), g(S) differ, f(S)y ¥ g(Y) = |Y N D| < 2ID|, in the claim we use A = S\ Y).

From equation (23), we know that with probability 1 — szz, fYUW)y & g(Y). From (24),

3ak
with probability 1 - e‘3%_0“k, f(S)y 52 g(Y). If both holds, then f(S)y = f(YUV)y # f(YUW)y,
and the test will fail. Therefore,
2¢2  3¢?

]E [Test passes | Sisbad] < sk 4 % < e (25)
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. o1 2
The test must pass with probability € — ,

2
€— kﬁ = IP[Test passes] = IP[S is bad] IP [Test passes | S is bad]
+ P[S isn’t bad] IP [ Test passes | S isn’t bad]

3¢2
SP7 +(1-p)

Thereforep = P[Sisbad] <1-€¢+ E 4 3€2, which implies that at least € — E _3¢2 of the test
p N p N

S are not bad, and for such sets f(S) 2 g(S). We choose ¢ = g soa = %/\, and notice that
e—4e*<e- % — 3e% which finishes the proof. m|

In the introduction, we stressed that in order to extend the restricted global structure
into a global structure, the restricted global structure theorem has to be ”strong”, i.e. the

probability of f(Y U W)y 3;]{ gxw(Y) should be strictly smaller than ¢, it is 2¢? in our case.
If the local structure was not strong, the bound in (25) would have been larger than €. This
means that all the success probability of the test could come from bad sets S. From (25), we
see that almost all of the success probability of the test comes from sets that are not bad, this
we couldn’t have deduced from the restricted structure theorem of [DS14].

5 Global Structure for Tuples

In this section we prove our main theorem - global structure for tuples. The proof uses the
restricted global structure, Theorem 3.5. For convenience we copy the test and theorem from
the introduction.

Test 1: ”Z”-test with parameter ¢ (3-query test)

1. Choose A, B,C to be a random partition of [k],
such that |A| = |B| = t. 4 ¢ B
X -
2. Choose uniformly at random x, y,z € [N I¥ such |
that x4 = y4 and yg = zp. vy [
3. Reject if f(x)a # f(y)a or f(z)p # f(y)B, else | = \ [
accept.

Denote by az(f) the success probability of f on this test.

Theorem 1.1 (Main theorem - Global Structure for tuples). For every N,M > 1, there exist
small constants cq, c, > 0 such that for every constant A > 0 and large enough k, if f : [N Ik —
[M]¥ is a function that passes Test 1 with probability Ak (f)=€e2> e~"k then there exist
functions (g1, . .. gx), gi : [N] = [M] such that

P 0¥ @i gt 2 e
x€[N]

Ak . .
Where ~ means that the strings are equal on all but at most Ak coordinates.
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5.1 Proof Outline

Our proof of Theorem 1.1 relies on Theorem 3.5, which gives us, for many restrictions 7, a
product function g° that is defined on a set A of % coordinates and approximately equals f
on V;. In this section we show how to stitch the restricted functions g* together into one
global function g. The proof has three parts.

1. In Section 5.2, we show that there exist an x € [N]* such that,

(@) On at least Q)(e) of the sets A, the tuple T = (A, x4, f(x)a) is excellent, and Test 1
passes with probability at least .

(b) Taking two such sets Aj, Ay, their functions g™, g are similar with probability
Q).

We start from picking x such that the test succeeds on it with probability Q(€), and that
for Q)(e) of the sets A, T = (A, x4, f(x)a) satisfies the first item above. We use the third
query of the test to show that each g* approximates f on [k] \ A in Q(¢) of the inputs in
[N]F. This implies that for many different pairs 71, 72, both g™ and g™ are close to f on
[K]\ {A1 U Ay} in Q(e?) of the inputs, which means that g%, g are similar to each other.

2. InSection 5.3 we view this situation abstractly as yet another agreement question, with a
different setting of parameters: given a set of direct product functions, each defined on
1—90k coordinates, such that each two are consistent with probability Q(e?), find a global
direct product function g = (g1, .. . gx) that is consistent with Q(e?) of these functions.
We show that such a g can be found, essentially proving an agreement testing theorem
for this setting. This may seem circular but in fact the current setting is easier than
our original problem because of the density: Since the sets are so large, every two sets
intersect.

In order to solve this agreement question, we build a graph with the functions as nodes,
and connect by an edge each two consistent functions. We connect by a "weak edge”
each two functions that are somewhat consistent, where we allow a larger difference
between the two functions. The weak and strong edges have an “almost transitive”
property, if (v1,v2) and (v2,v3) are connected by a strong edge, then almost surely
(v1,v3) are connected by a weak edge. We use this property to show that there exist a
set of vertices C of size Q(e?) that is almost a clique, i.e. almost every two functions in
C are consistent. We build the global function by taking the plurality over C, and show
that it is close to most functions in C.

3. Lastly, in Section 5.4, we connect the two previous items. The functions g* for © =
(A, x, f(x)a) from the first item are each defined on % coordinates, and each two are
similar with probability Q(e?). This means that they satisfies the conditions of the
second item, and there exists a global function g defined on all [] that is close to Q(e?)
of them. We recall that on Section 5.2 we showed that each g7 is close to f on ((e)
fraction of the inputs, and conclude that the global function g is also close to f on {)(e)

fraction of the input, which finishes the proof.

5.2 Consistency Between Restricted Global Functions

From Theorem 3.5, we know with probability 1 — €% a good 7 ~ D is excellent, and for each
excellent 7 there exist a local direct product function g* = (47, .. ., 75, ) that equals f on V..
0
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Definition 5.1. For every x € [N I¥, let A, be the set of subsets A C [k] of size % such that
1. Fixing A, x, P p . [Test 1 passed] > §.
2. T =(A, x4, f(x)a) is excellent.

Definition 5.2. Let 71 = (A1,71,71), T2 = (A2, 12,72) be two excellent tuples, we say that g™,
g™ are consistent if for a uniformi ¢ Ay U Ay and u € [N],

P (g7 (u) # g7(u)| < 60A.
iu
The main claim we prove in this section is the following,

Claim 5.3. There exist x € [N]¥, such that

1. PA[A €A > .

2. P, aen, [97, g™ are consistent] > ;—;, where the tuples are 71 = (A1, x4,, f(x)4,) and
T2 = (A2, Xp,, f(X)4,)-

We start from looking for a candidate x € [N Ix.

Claim 5.4. Let
24 = {x € [N]k| IP [Test 1 passed with x] > Z},

2 = {x e NI

€
> =0,
E[AE%‘]—S}

Then
21N Z +0.

Proof. Let G be the full weighted bipartite graph, with vertex sets L = ([ik]) and R = [N]F. The
10

weight of an edge A, x equals the success probability of Test 1 given that A, x are chosen.

The expected weight of an edge is equal to the test success probability of Test 1, €. For
each edges with weight less than 5, we change its weight to 0. We removed at most half of
the total weight, so the expected weight of a uniform edge now is at least 5.

All the edges that remain with positive weight are of (A, x) such that 7 = (A, x, f(x)4) is
good (there may also be good tuples with weight 0, if Test 2 passed with probability larger
than 5 but Test 1 didn’t). We further change to 0 the weight of all the edges A, x such that
T = (A, x4, f(x)4) is not excellent.

From Theorem 3.5, a random good 7 ~ D is excellent with probability 1 — €2, and the
distribution 7 ~ O corresponds to a uniform choice of A € L, x € R. Therefore, changing to
0 the wight over these edges means changing to 0 the weight of at most €? of the edges in
G. The maximal weight of an edge is 1, we have reduced the expected weight by at most €.
The expected weight now is more than § — € > §.

Let x be the vertex with the maximal sum of weights of neighbor edges, then

IP [Test 1 passed given x| > ]E [w(A, x)] > g

The inequality is because we have changed to zero the weight some edges.
All edges (A, x) that still have positive weight satisfy A € Ay,

€

III:[A e Al = ]II;[cu(A,x) >0] > 3
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since the maximal weight an edge can have is 1.
Therefore, x € 27 N 2. O

In the rest of this section we fix x € 27 N 2>, denote A= A, and ga = g* = @5 ,gg_k)
for 7 = (A, x, f(x)a), and prove that it fulfills the conditions of Claim 5.3. K

i e . . . . . 201k
Definition 5.5. An input z € [N]¥ is consistent with a set A € Aif f(z); "~ ga(zz). Let Z4
be the set of inputs that are consistent with A.

2z = (ze INF| @1 "2 gaea}.

Claim 5.6. Forevery A € A, P, [z € 23] > {.

Proof. Assume towards contradiction that the claim does not hold, and fix a set A € A such
thatP; [z € 24] < 5.

We reach a contradiction by showing that conditioning on A,x chosen by the test,
P, 5. [Test 1 passes] < § contradicting the fact that A € A.

We define the following events, under the assumption that y4 = x4 and y3 = zp as in the
test.

1. E1: f(x)A :f(y)A
2. Ex: f(2)B = f(y)B-

3. E3: f(y)s X 94(yp)-

Ak
4. Ey: f(2)B = ga(zp).
5. E5: z¢ f’fA.

Note that since g4 is a product function and yg = z, E4 can also be written as f(z)p & ga(yB).
We also notice that E; A E3 = E4, since we can switch f(y)g by f(z)g in E3.
By definition, Test 1 succeeds if E1, E; both happened.

P[EiANE)] £ P [EyAE;ANE3ANEs]+ P [Ef AEx A=Es]+ P [Eq A Ex A —Es]
y.B y.Bz y,Bz y,Bz
< P [E1ANE4ANE5]+ P [E1 AEx A=Es]+ P [Eq A Ex A —Es]
v.Bz y.Bz v.Bz

< P [Ey | Es]+ P [-E3|Ei]+ P [-Es]. (26)
y,B,z y,B,z y,Bz
We bound each of the three probabilities.

201k
1. If Es happened, z ¢ Z4 so f(z)4 # ga(zz), let D be the set of coordinates in which
f(Z)A and gA(ZA) differ
D={icA| f2); # gai(z)}.
In order to satisfy E4, the set B should be such that |[B N D| < Ak, since B is a random set
of size %, using Claim 2.5

A

P [E4 | Es] <P[BND|< Ak] <e @ < €.
By,z B

=
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2. Since A € Ay the tuple (A, x4, f(x)4) is excellent, and from Theorem 3.5

P [-E3|Ei] =P [f(y)B % ga(ys) | f(x)a = f(y)A] <é,
y,Bz y,B

_ Ak Ak
where we use the fact that B C A, therefore f(y)p # ga(yg) implies f(v)z # ga(y)-

3. From our assumption,
lP [Es] =Pz e Za] <

W1 |

Therefore, from (26) we get

= AE, ] <é?+é? € f,
] y?IB’,Z[El ] <€ +e +4<3

contradicting A € A. m|

In the introduction, we explained the difference between our restricted global structure,
and the result of [DS14]. In our result, Theorem 3.5, f(y)4 ~ g°(y) for 1 —€? of y € V, and it
their result it was much less.

Claim 5.7.
&2 &2
[|3’3PA1 N Za,| > —Nk] > —.
Aq AzE

Proof. For a uniform pair Aj, Ay € A:

E (1230 20l] = ) E,

1,

1z € 23, 1 23,)] 2 Y P[z e A 27)

1.A2 > 1

Where I is an indicator. The last inequality holds since A, A; are independent uniform sets
in (A, and the square function is convex.
From Claim 5.6, IP; [z € Z4] > § for every A € A. Therefore, from (27) we get

E [1220 2ul] > Y Ple e Al

1,412

2
> (ZZ: N-: IILE [z € %41]) (Cauchy Swartz)
e\2
> (Z) NF. (Claim 5.6)

The maximal value of [Z4, N Z4,|is N¥, therefore by averaging

2
s €Nk
z[l"%‘l N 24l 2 32N]— 32

1A

O

Claim 5.8. If A1, Ay € A are such that |24, N Z4,| > 32N then ga,, g4, are consistent, i.e. for
a uniformi € [k] \ {A1 UAy} and u € [N],

P [gAl,i(u) s gAz,z-(u)] < 60A.
Lu
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Proof. Let A1,Ay € A be two sets such that |24, N Z4,| > %Nk, and let 29, = 24, N Zy,.
In order to simplify the notation, denote S = [k] \ A1, S2 = [k]\ A2 and S1p = 51N S, =
[k] \ {A1 U Az}, 513 is the set of coordinates that both g4,, g4, are defined on, |S12| > 0.8k.

For each i € Sy, let

pi = [gAl i(u) # ga,, 1(“)]

u€[N]

Letw € [N]°2 uniformly at random, and let I; be indicator for g, i(w;) # ga,,(w;). Each I;
equals 1 with probability p; independently. In this notation

-

i€S1p

[dlst(g 4, (W), ga,(w

Assume towards contradiction that IP;;, [gAl,i(u) * gAz,z-(u)] > 604, this will imply that

Ey, [dist(g4, (w), 9, (®))] > 60A - 0.8k.
Using Chernoff bound:

P [dist(ga, (@), 7, (w)) < 40Ak] =

ZI_

ZES]Z

e

16512

If instead of taking a completely uniform w € [N]°12, we pick a random z € %9, and

restrict it to Sqp, getting w = zg ,. The probability of any event on w can increase by a factor

Nk 32
INT 52
of at most 20 o

1

. 32 _1
& |dist(g4, (zs,,), 94, (25,,)) < 40Ak| < e 2k < 5 (28)

By the definition of Z4,, Z4,, each input z € 27, satisfies both f(z)s, 22k g4,(zs,) and

f(2)s, 2k Ja,(zs,) which implies g4, (zs,,) ok g4, (zs,,) with probability 1, which contradicts
(28). ]

Combining the last two claims, we prove Claim 5.3.

5.3 Agreement Theorem in the Dense Case

In this section, we present and prove an abstract problem that will later be used to create the
global product function. Given a collection of local functions ¥ = {fs} Se([k]), such that for

each S € ([k]) fs S — L, can we deduce from the agreement of fs the existence of a single

global function g : [kK] — X that is close to many fs?

We need to define what exactly agreement means in the case of 7, as it is not the setting
on which we previously defined agreement on. In order to do so, we assume that we have
a bounded distance measure on L, i.e. for every 01,07 € X, dist(01, 02) € [0, 1].

Definition 5.9. The difference between fs,, fs, € ¥, denoted by A(fs,, fs,) is defined by
Afsi, fs,) = B _[dist(fs, (), fs, ()]
1€S1NSy

The difference between fs € F to a function g : [k] — X is defined by,
A(fs, 9) = E[dist(fs(1), g1
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Note that the difference defined above is not a distance, it may be that A(fs,, fs,) = 0 for
S1 # Sy

Now we are ready to define the agreement, notice that since we are talking on an
agreement inside a function set ¥, the definition is different. The general idea is the same -
we check for the agreement of two random elements in F according to some distribution.

Definition 5.10. The agreement of the collection of local functions ¥ regarding the uniform
distribution with parameter a, denoted by agree () is defined by,

Fy= P [Afs, :
agree, (F) f51/f52€7:[ (fs1, fs,) < al

Theorem 5.11. For every small constant @ € (0,1) and v > e‘%"‘zk, if a collection of local
functions ¥ has agree (¥) > v, then there exists a global function g : [k] — X such that

P [A(fs, 9) < 300a] >
x(%)

|
=

In order to prove the theorem, it is helpful to look at the elements S € ([9_12]) as vertices in a
10

graph. Let G = (V, Es U Ey) to be the graph with the vertex set V = ([9_12]), and two edge sets,
10

weak edges and strong edges.

Definition 5.12. For every two sets 51,5, € V,
1. S1,S; are connected by a strong edge, denoted by S; — Sy, if A(fs,, fs,) < a.
2. 51,57 are connected by a weak edge, denoted by S1 ~ Sy, if A(fs,, fs,) < 60a.

We want to find a subset of vertices that is close to a clique in G, such subset will allow
us to define a global function g. We start by showing that there exist many vertices of high
degree in G.

Claim 5.13. Exists a set S C V of measure at least 75, such that for every S € S

P [S-S]=> %v.

S'eV
Proof. Let
1
= - S —ph.
S {s_(v‘ P[s S]zzv}
By averaging
< —
v _531,’52 [S1 - S2]
<P[S1e€S] P [S1—-5,51€S]+P[S1¢S] P [S1-52]51 ¢S]
S] S],Sz S] S],SZ
1
SISIj[Sl €S]+ Ev(l _E[Sl € S]).
Then P, [S1 € S] > %v. O

35



Strong connectivity is not transitive, but we can have an ”almost transitive” property by
considering both strong and weak edges.

Claim 5.14. For S, 51,52 € V uniformly and independently,

P [S—S1,S—S5,5 4 Sp] <2e7k
5,51,5

Proof. Fix 51,52 € V to be two vertices such that S; # S; (if there are no such vertices, the
probability is 0 and we are done).
For every S € V, we define by d;, d}, dl.2 the following distances:

1. Foreachi € 51N Sy, d; = dist(fs, (i), fs, ().
2. Foreachie SN Sy, d} = dist(fs(7), fs, (7).
3. Foreachie SN Sy, dl.z = dist(fs(i), fs, ().

By the triangle inequality, for every i € SN S1 N Sy, d; < dj + d?, therefore for every such i,
max{d!, 42} > 4.

Since S1 # Sz, we know that Eics,ns,[di] > 60a, if we look on the sum }';c5 s, di > %60a
(because |S1 N Sy| > %k). If 5—51,5-5,, then max{E;csns, [d}], Eiesns, [d?]} < «, which means

that max{Y.jesns, 4}, Yicsns, 47} < Zak (we switched expectation in a sum, |S N S| < %).

max{ Y d, Y, df}z% Y rmx{d},czf}z}1 Y d (29)

i€SNS; i€SNS, i€SNS1NS; i€SNS1NSy

The first inequality is since taking the maximum over every i can increase the total sum
in a factor of 2 at most from taking maximum of the sum. The second inequality is since
max{d},d?} > %.

Notice that the last expression is independent of the function fs, and depends only on
the set S. Let X5 be the random variable Xg = Yiesns,ns, 4i for a uniform S € V. Since the
set S is a uniform % sized subset of [k], Es[Xs] = 19—0 Yiesins, di = %%60ak. For S € V such
that X5 > ak, by (29) it means that S is not strongly connected to one of Sy, 5.

To finish the proof, we need to show that Xs < ak for very few S € V. Let D contain the
%‘ indices i € 51 N S, with the largest d;. Obviously Y;cpd; > 3 Yies,ns, di = 16ak. In order of
Xs < ak, the sum over i € D N S should satisfy, ) ;cpns di < 4ak. By Claim 5.15, this happens
with probability less than 2e%k,

Therefore, for every S1 # Sy, the probability of a uniform S € V to be strongly connected

to both is at most 2e~*’K, This is true for every Sj # Sy, it is also true for a random pair. m]

Claim 5.15 (Fixed sized Chernoff bound). For every constant a € (0,1), let k € N be a large
enough integer, D C [k] a subset of size at most %, and for every i € D let d; € [0,1] be
constants such that ) ;. d; > 4ak.

Let S C [k] be a random subset of size exactly %, then

P
S

Z d; < ak} < 27k (30)

ieSND
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Proof. For aset S thatis chosen by putting each i € [k] in S with probability £5 independently,
Chernoff bound gives us the required bound easily. Because S has a fixed size, we need to

work a little harder.
For each i € D, let S be a uniform set in ([95,3), and let [; be,
10

di ieS
Ii = :
0 i1¢S
In this notation, ) ;csnp di = Yiep Li- The random variables I; are not independent, we define
the independent random variables J;,

= d; w.p%
"o wp 3

Since |D| = Ié, and S is a uniform %k sized subset of [k], even conditioning on all other
j € D\ {i} to be in S, the probability of i to be in S is at least %

P[I;=d;|VjeD\{i}1;>0] 2 P[J; = di]. (31)

So a lower bound for J; implies a lower bound for I;.
The random variables J; satisfies E [Y;cp Ji] = 3 Yicp di > 2ak.

:]F—ZL-Sak

| ieD ]
SI}? ZL‘ < ak

| ieD

) Ji-E
| 1ieD
<Ze—a2k

> ak] (Chernoff bound)

v

ieD

O

From the last two claims, Claim 5.13 and Claim 5.14, conclude that there is a high degree
vertex in V that its neighbors almost form a clique.

Claim 5.16. There exists a set S € S such that

P [$51~5|5-55-S5]>1-a
51,526(‘/

Proof. From Claim 5.13, we know that if we choose S, S1, S» € V independently;,

3
> 2>(V)
S,S]I;SZ[SES,S—Sl,S—Sz] _IE[SGS]S],I; [S-51|5€S8] > 5

From Claim 5.14, on the same distribution

P _ _ <9 —a%k
s [S—51,5—52,51 # S2] £ 2¢
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Therefore 3
2
P [S14£5|5€8,5-5,5-5]< (—) 207 <
551,52 v
The last inequality is since log (%) < 1a%k.
From averaging, there must be S € S that achieves this bound. m]

Proof of Theorem 5.11. Let S € S be the vertex promised from Claim 5.16, and denote by C its

strong neighbors,
c={se(s)| s}
9k s
10

since S € S, the measure of C is at least 3. From the claim we also know that Ps, 5,ec[S1 #
S»] < a, so almost every two sets in C have small difference.

The global function g(i) is defined to be § € X that is closest to fs(i) over all S € C that
contains i,

Vi€l g0) = argmin {Sec E _[dist(fs(D), 5)]}.

If there isno S € C such thati € S, we define g(i) to an arbitrary value.
We notice that for every i, by definition

P ldist(fs@), gDl < P [dist(fs, i), fs,0)] (32)

SeC 51,52€C s.t. i€51,5,

We know that Sq, S, € C are weakly connected with probability at least 1 — a, which means
that the difference between their functions is small.

CE MG S <t PS4 S0+ E A, fe) [ S1~ 2]

<a + 60a < 61a.

By the definition of difference, we get that,
>
6lax_E_[Afs, fs.)]

> B [dist(fs, (), fs, ()] (33)

T 51,5,€C,i€S1NSy

Notice that the distribution over i in this expression is not uniform, we define formally the
distributions over i that we use.

1. Let O : [k] — [0, 1] be the distribution that picks S € C uniformly, theni € S.

2. Let D, : [k] — [0, 1] be the distribution that picks S1,S> € C uniformly, theni € S; N S,
(as |Si| = % there is always such 7).

Using this definition, (33) can also be written as

oo B |dist(fs, (), fs, (@) [ 1€ 51082 < 61a. (39)

To prove the theorem, we need to prove (34) when i ~ D;. First, we show that the dis-
tributions D1, D, are close to each other. In order to do so, we define the following set,
D,

Dz{ie[k]’ S]EC[iGS]<%}.
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By Claim 5.17, the set D is small |D| < 4ak. For each i ¢ D, Pscc[i € S] € [%, 1] which means
that for everyi ¢ D,

P li=iljeDl<2 P [j=i[jeD]. (35)

]

Using (35), (34) and (32), we show that the expected difference between g and fs for a
random S € C is small,

E [A(fs, ) = E_ [dist(f(), g()] (by definition of D)
=, E_ [dist(fs (), 90) | i € 5] (by (32)
< o E . [dist(fs, (), f5,()) | i € S11 &,
<P lieDl+ E__ [dist(fs, (i), fs,(0) | i € S10 $2\ D] (by (35))
<da+2 B |dist(fs, (), fs,(9) | i € S10 S2\ D] (by (34))
<4 +2- 16_1“a < 150a. (36)

Equation (32) holds for every i € [k], therefore it holds for expectation over i under any
distribution. The last inequality holds because of (34), and because if we condition on i ¢ D
we can increase the probability by a factor of at most IP;.p, [i ¢ D], which is small.

The only thing left now is a Markov argument, if Egec [A(fs, 9)] < 1500, then at least half
of the sets S € C satisfies A(fs, g) < 300a, since the measure of C is 5, the measure of half of
Cis 7 and we are done. m]

Claim 5.17. Let C C ([9@]) a subset of fraction size 7, then the number of indices i € k such that
10

Psec[i € S] < % is at most 4ak.

Proof. Let D C [k] be this set of indices
D—{ie[k]‘ P [ie51<1}
B seC -2
If we pick a completely uniform S’ € (g{),
10
E(IS' N DIl = —D|
3 10
From Chernoff, using Claim 2.5 with A = [k] \ &', (if |D| > §, the probability is even smaller)
, 2 I
1P[|S ND| < —|D|] <e B
s 3
If we pick a uniform subset in S € C, instead of a completely uniform set:
[|s AD| < §|D|] <28

P —e
SeC v
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From the definition of D, for each i € D, Psec [i € S] < %, so of course
E [ISNDJ|] < 1|D|
SeC 2

From averaging
1

2
<= > =
[ISle_ 3|D|] 27

P
SeC
This implies that %e_% > i, which means that |D| < 4ak (recall that v > e‘ﬁ"‘k) . m|

5.4 Direct Product Function Inputs

In Section 5.2 we proved Claim 5.3, let A = A, for this input x. From the claim, we know
that for each A € A there exists a direct product function g4 such that,
&2
istent] > —.
Algeﬂ[%l'% are consistent] > o
We want to use Theorem 5.11 in order to build a global direct product function. For every
A € A, the direct product function g4 = (94,1,...9 A,?—g)' ga,i : [IN] = [M] can also be written
as fs: S — X, where S = [k] \ A, and & = [M]N. For every i € S, fs(i) is the truth table of
ga,i- The distance measure in X is the normalized hamming distance between two strings in
MY, ie.
dist(o1,02) = P [01(u) # 02(u)].
u€[N]

From the definition of consistent, for every consistent A, Ay, the functions fs,, fs, satisfy

A(fgl, fsz) < 60A.
Forevery A ¢ A, we define a “fake” function fs for S = [k]\ A, and assume that its outputs

are at distance 1 from any other outputs, i.e. forevery S’ € (UZ h),iesns, dist( fs(i), fsr (i) = 1.
Let ¥ be the collection of local functions {fs} (™) that we have just defined, let &« = 601
k

et
512°

d — 6262
an V_(Z) 35

2 2
agree () = AE‘\z [A1,A; € A, Ay, Ay are consistent] > (Z) ;—2 =
In order of the theorem to hold, we need v = % = 31—26_4C1A2k to satisfy v > e 30k = o=
this holds for a small enough c;.
By Theorem 5.11, there exists a product function g’ : [k] — X which is close to j of the
functions fs. Translating it back to our setting, we can write g’ as g = (g1,...9x), 9 : [N] —
[M], and a set A" of size 7 = 2(}%64f such that for each A € A*,

1(60A)%k
7

P [gi(u;) # gai(ui)] < 300a = 18000A.
i€eA,ue[N]

For simplicity of notations, let 6 = 300a. Notice that by our definition, for each A ¢ A
the function g4 never agrees with any other function, therefore A* C ‘A.

Definition 5.18. An input z is consistent with a set A € A" with respect to the product

function g, denoted by z € 27, if z € 24, and ga(z) £ 9(2) 1.
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Claim 5.19. For each A € A",

€
P |ze 2>
ze[N]k[ ] 8
Proof. Fix A € A, for each i € A, denote by p; the probability of g, g4 to differ on the ith
coordinate, p; = Pyeny [94,i(1) # gi(u)], from Theorem 5.11 E; 4 [pi] < 6.

Let I; be the indicator random variable that equals 1 with probability p; independently

for each i. For a uniform z € [N ]k,

[dist(ga(2), 9201 = Y I

€
z [ icA

Using Chernoff

Z [ >2FE

25k
Plga(za) # g9(2)| <P
ie[k]\A

Z Ii“ < e 90k < g.
ie[k]\A
We know that A € A, therefore I, [z € 23] > §, therefore

26k € € €
HZ[ZG fng] 211;[2 € Zu,9a(zz) = Q(Z)A] 2717523

O

Claim 5 20. If z € [N]* is satisfies z € 2 X for more than 7% fraction of the sets A € A", then
) % 9.
Proof. Fixz € [N J¥ such thatz € & Z for more than {7 fraction of the sets A € A".

305k
Assume towards contradiction that f(z) # g(z), and denote by D C [k] the set of coordi-
nates in which they differ

D={ie[kl| f@)# 9@}

For each A such that z € Z Ag , by definition g(z) 4 2 ga(zz). Since z € 2, we also know
that ga(z) “%" f(2) . Using both,

9@); "= fe)
By the definition of D, this implies that |A N D| < 26k + 204k < 2.16k, the rest of D must
be in A, |A N D| > |D| — 2.16k. According to our assumption, |D| > 36k, which implies that
|JAND| > $ID|.
From the previous paragraph, all sets A such that z € 3;\9 satisfies |[A N D| > iIDI, and
there are ;7 |A"| such sets.
From Claim 2.5, we know that for a random set A C [k] of size %k,

1
P [|D NA| > —IDI] < o150k,
A 4

% e : ; e € —150Ak
The set A" has measure 55;5,in order to satisfy the requirements 1z 555 < e ,and we

reach a contradiction. O
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The previous claims practically finishes the proof

Proof of Theorem 1.1. From Claim 5.19, each A € A" satisfies ID%"X | > %Nk, therefore

E|

From averaging, a uniform z € [N]* satisfies |{A eA

(Aear| ze gfj}” = AZ E[ize 2))]| = %elﬂ*l
EA*

z € .ffj}| > %elﬂ*l with prob-

ability at least %e. Using Claim 5.20, each such input z satisfies f(z) % g(z). We chose
0 = 300a = 180004, in order to get that f(z) & g(z) we just need to choose small enough c;,
and substitute A’ = 181W/\ in the proof. m]

6 Lower Bounds for Approximate Equality

Our direct product theorem states that if a function f : [N IF — [M]* passes Test 1 with t = %
with probability € > e~k

g =(q1,---gx) such that

,le anx > e‘cl)\zk, then there exists a direct product function
7(%) p

P [ f X g(x)] > Q(e).

xe[NF
Ideally, we want the stronger conclusion that

P [f(x) = g(x)] = Qfe).

x€[N]k

i.e., replacing approximate equality with equality.
In the introduction there is an example explaining why approximate equality is necessary
for f such that oy i \(f) 2 ¢~%_ In this section, we show two extensions.
10

1. We generalize Test 1 with intersection size t to Test 5 with two intersection parameters
t1,t» € N,t; + t» <k, and show a lower bound for Test 5 with every such t;,t; (Test 5
with t; = t; is equivalent to Test 1).

2. We analyze the triangle test, Test 6, and give a lower bound for this test.

Definition 6.1. We say that functions f;, f> : [NT — [M]F are (€, 6) close, if

P A0 % pw]ze

xe[NTF

A function f : [NJ* = [M]* is (e, 6) far from direct product, if there is no direct product
function g = (g1,..., 9%) : [NT]F = [M]* that is (¢, ) close to f.

Recall w ~ w' if w,w’ are equal in all but ¢ of the coordinates.
In this notation, Theorem 1.1 states thatif a, i \,(f) = € > ek then f is (Q(e), A) close to
Z(35)

a direct product function. We are interested to know if it is possible to have a direct product
theorem such that f is (Q(e), 0) close to a direct product function.

Let h be the function from Example 2 in the introduction, it satisfies Z(k )(h) =€> e‘clAzk,
1

but is (c - €, A)-far from a direct product function for any constant c. Therefore, it is not true
that gk )(h) > e~k implies (€2(e), 0) close to a direct product function.
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Test 5: "Z"-test with parameters t1, t; (3-query test)

1. Choose A, B,C to be a random partition of [k],
such that |A| = t1, |B| = t,. 4 ¢ B

2. Choose uniformly at random x, y,z € [N ]¥ such

that x4 = y4 and yp = zp. v O
3. Reject if f(x)a # f(y)a or f(2)s # f(y)s, else | z | | ]

accept.

Denote by az, +,)(f) the success probability of f on this test.

h is a direct product function with noise, on each input x € [N 15, h(x) is corrupted on Ak
coordinates. The direct product test with t = % does not check all the coordinates of each
input, so with probability e, non of the corrupted coordinates are checked. However, if
we change the parameters of the test from t = 10 to t = 7, in which all coordinates of the
input y are checked, the function / no longer passes the test

Is it possible to prove (€(e), 0) close for Test 1 with t = %? the answer is no. For m = {0, 1}
we don’t know the answer, and it remains an open question.

Claim 6.2. For every constant 6 > 0 and t1,f, € IN, t; + t < k, there exist a constant f3 > 0and
a function f : [N]F — [M]* for N, M > k, such that Az p)(f) =€ e~k but fis (€ ) far
from any direct product function.

’ logk

Proof. Test 5 is symmetric with respect to t;,t>, so we can assume wlog that t; > ;. We
choose N,M > ¢ such that M < VN. We divide the proof into two cases, depending on t;.
For each of the two cases we construct a function with £ corrupted coordinates, such that
Az p)(f) =€ ¢~k and show that both these functions are (€2, 2k) far from direct product
function.

If t; < 0.4k This case is similar to Example 2, and we provide here a detailed analysis. Let
f [N]F — [M]F be the constant function 1, i.e. f(x) =1,...1 for every x € [NT¥, but for
every x € [N I we corrupt f(x)on € < 110k random coordmates z( ). igf) to random values in
[M] \ {1}. The number of corrupted coordinates ¢ is decided later

Let A, B,C, x, y, z the sets and inputs chosen in Test 5, since t; < t; < 0.4k, |C| > 0.2k. If all
the corrupted coordinates of x, i,z are not in A and all the corrupted coordinates of y, z not

in B, the output of f on all of the corrupted coordinates is not checked and the test passes.
IP [Test passes] > ]P[ S (f ¢ A, (yl ,- ..i(;) ¢ AUB, iS’, . ..ig) ¢ B] > 0.1%.

The last inequality is because the corrupted coordinates on x, y, z are independent. For input
x and 1(1) o (5) , even conditioning on z(l) . (g Ve C, the probability of 7y 9 to be in Cis at
least 0.1 (smce é’ < 0.1k), same for y, z.

We choose ¢ = Sk for a constant f, such that 0.13 > ¢~%, this means that f satisfies
Az )(f) = € = ek,

We now show that f is (€?, 2k) -far from every direct product function. We do it by

describing a property of f, showmg that our function satisfies it with high probability and
that this property implies (€2, 2k) -far from direct product function.
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For every i € [k],b € [N] let G;; be
Gip = {x e [N¥| xi = b}.
The function f is called balanced if for every i € [k],b € [N],a € [M] \ {1},

2k

xeﬂéilb [f(x),- = a] < M

We show that our random function f is balanced with probability almost 1. Fixi € [k],b €
[N],a € [M]\ {1}. By the definition of f, Pycc,,[f(x); = a] < Al/f, and this is independent for
each x € G;, therefore using Chernoff bound

2 _ 1 gk
P Z I(f(x)i:a)zj\—/INk U < gmmN"

X€ G,‘/b

Preforming union bound over all i € [k], b € [N],a € [M], the probability that f is balanced is
atleast 1 — kNMemN'™" > 1 — N,

Given that f is balanced and has exactly ¢ corrupted coordinates per input, we show
it is (62,2—{}()-far from direct product function. Let f be such function, and assume to-
wards contradiction that there exist g = (g1,...,9x) that is (€%, £) close to f. Let F =

{x e [N]F ' f(x) & g(x)}, by our assumption |F| > e2NF.
Let F;j, € Gjj be the set

Fip = {x € F| xi = b, gi(x;) = f(x); # 1}.

Every x € F has ¢ coordinates i € [k] in which f(x); # 1. For every x € F, f(x) & g(x), so there
must be i € [k] such that f(x); = gi(x;) # 1. Therefore, every x € F must be in at least one F;,
and the sets {Fi,b}ie[k],be[N] must cover F,i.e. F C Uie[k],be[N] Fip.

By definition, all x € F;, satisfies f(x); = gi(b) € [M] \ {1}, since f is balanced, |F;;| <
HIGisl < BN
MIVibl = M :

2k 2K
Fl< Y Il <Nk =N < TN <Nt

ie[k],be[N] M

and we reached a contradiction to the assumption |F| > €2NF.

If t; > 0.4k In this case, we can’t simply corrupt coordinates to random values, because
it is possible that t; + t, = t, and all coordinates of f(y) are checked. Instead, we corrupt
coordinates in a more subtle way. We start by constructing a function f : [N]* — [M]* that
has a single corrupted coordinate per input, and az, +,)(f) = Q(%).

Let f : [N]JF — [M] be the constant 1 function (i.e. f(x) =1,...1 for all x), and for every
b € [N], let py : [N] — [M]\ {1} be a random function. For every input x € [NT¥, we choose
two random coordinates i, # j, € [k], iy is the corrupted coordinate, and j, is the master
coordinate. We corrupt f(x) by setting b = x;, and

fx)i, = pp(xi,)-
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Let A, B, x, y, z be the sets and inputs chosen in the test, if iy = iy, jx = j, and iy, jx € A, then
f(x)a = f(y)a (because the corrupted coordinates are corrupted to the same value). If in
addition i, ¢ B, then also f(z)p = f(y)p (because y,z don’t have any corrupted coordinates
on B).

The probability of i, = i, and j, = j, is k%, as they are both random indices in [k]. The
probability of iy, jx € A, i, ¢ B is at least 0.3, therefore a, 1,)(f) = Q(klz).

Instead of corrupting a single coordinate per input, we can corrupt ¢ < 0.1k different
coordinates, by choosing different 1'9), .., igf) and jfcl), .., jgf) forevery x € [N J¥, and continue
as before. A similar probabilistic argument shows that that this function f has az, 1,)(f) =
Q(ﬁ) (conditioning on all other i§}>, . igf), ]';1), ey jgf_l) € A, the probability of jff) € Ais at
least 0.2).

Fix a constant § > 0, in order of the function f to pass the test with probability =%, the
number of corrupted coordinates £ should satisfy k% > ¢~% which means that we can choose

t=p 10’; ¢ for some constant > 0.

The constant function 1 is (1, %) close to f, we show that any direct product function
g=(g1,---,9x) is (€%, %{)-far from f. Intuitively, it is true because the corrupted coordinates
are corrupted to N different random functions, receiving values in M, for k < N, M. More
formally, we show that with high probability the function f is also balanced, and use the
proof of the previous case.

In the previous case, we showed that f is balanced with high probability by Chernoff
bound over the inputs in G;,. This is not possible to do in our case, because for x,y € G;p,
there is a dependence between the values of the corrupted coordinates of x and y. Instead,
we look at the random set of functions {py}ye[ny-

The function set {py}pen] is called balanced, if for every b’ € [N] and a € [M] \ {1},
Ppepnlpp(V') = al < 24

Fix b’ € [N],a € [M] \ {1}, a random function set {pp}pcn] satisfies for every b € [N],
Py, [py(V’) = a] = 31, independently for each function pj,. Therefore using Chernoff bound,

Preforming union bound over all b’ € [N],a € [M] \ {1}, a random function set {p}en] is

balanced with probability at least 1 — NMe.

We now show that a balanced function set {pp}pe[n) implies a balanced function f. Fix
i e[k],b/ € [N],a € [M],and let A = {b e [N1| po(¥) = a}, if {pploerny is balanced, then
|A| < 1\_2/1N . The set G; is a subcube of dimension k — 1, so its coordinates are uniform in [N],
and by union bound

. . 2k
xe](I;)b,/,-[EI] € [k]\{i} stxj e Al < v
If there is no j such that x; € A, it is impossible that f(x); = a, because f(x); is either 1, or
px; (V') for some j € [k] \ {i}. Therefore, at most ]2\—47‘ of x € G, can satisfy f(x); = 4, and such f
is balanced with probability 1.

The function f is balanced with ¢ corrupted coordinates per input, so by the previous
case, f is (€?, %{)-far from direct product. O
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Notice that in the proof, the range of t; < 0.4k has a lower bound of ¢ = pk, whereas in

i

the second case, the lower bound is only ¢ = o

The example in the proof can easily be transformed into a function on sets f : ([11\(7 h = M,

which gives a bound on Test 4. This is done by choosing for each set S € (UZ ) £ elements in
S to corrupt and ¢ master elements (instead of coordinates) .

In Test 5 with t; + to = k, we compare f(y) on all coordinates, but only part of the
coordinates of f(x), f(z). What if we compare all coordinates of all three inputs? This brings
us to the triangle test, ,Test 6, for functions over sets. In this test, every two out of the three
inputs share a joint subset of size %, for this test we must assume that k is even.

Test 6: Triangle test (3-query test, for even k)

1. Choose disjoint W, X, Y C [N] of size %

2. Reject if f(XUW)w # f(Y U W)w, fF(XUY)y # WY
fYUW)yor f(XUW)x # f(XUY)x, else accept. X

Denote by ar,,(f) the success probability of f on this test.

Claim 6.3. For every constant 6 > 0, there exist a constant f > 0 and a function f : ([ll\([ h > M
with N,M > k,such thatar,,(f) =€ > e~ % and fis (2, %) far from direct product function.

Proof. The function f that we describe in this proof is similar to the function from the previous
proof, we only need to modify it slightly such that there is the same number of corrupted
elements in each half of the inputs. We start by describing a function with two corrupted
elements per input.

Let f : (UZ]) — [M]* be the constant function 1, i.e. f(S) = 1,...1 for every set S, and for

every b € [N] we choose a random function p;, : [N] — [M]\ {1}. For every S € (UI\(] ]), we
choose two elements to corrupt a;,a, € S and two master elements by, b, € S. Then, we set

f(8)ay = pp,(a1) and f(S)a, = py,(a2).

Suppose W, X, Y are the sets chosen in Test 6, fix a1, b1 € X, a2,b, € Y and a3, bz € W. If the
following three events hold, the test passes, see Figure 2

1. Inthe set S, = X UY the elements chosen to corrupt are a1, a, with the master elements
b1, by respectively.

2. Inthe set S; = XU W the elements chosen to corrupt are a1, a3 with the master elements
b1 bz respectively.

3. Inthe set S3 = YU W the elements chosen to corrupt are a,, a3 with the master elements
by, b3 respectively.
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Figure 2: The set S, = X U Y is marked in yellow

If the three events hold, then on every check of the test, both the corrupted element and its
master element are the same in both inputs, so they are corrupted to the same value and the
check passes.

The probability of each event is at least k1—4, and the event are independent, since the choice
of which elements to corrupt is done independently for each S € ([I,\J ). Therefore the function

f passes Test 6 with probability at least # It is possible to do a more careful analysis and
get a higher success probability bound, but it is not important in our case.

If we corrupt 2¢ elements per set S € (UI\(’ ), similar analysis shows that f satisfies at,,(f) =

Q(ﬁ). Setting ¢ = % for some constant 8, we get f such that ar_,(f) > ek

We show that f with 2¢ corrupted coordinates is (€2, %)-far from direct product function
in a very similar way to the previous proof. As we have seen in the proof of Claim 6.2, the

random function set {p,}pc[n] is balanced with probability at least 1 — MNe~1 N,

For every b € [N], let G, = {S C [N]| S| =k, b € S}, we say that the function f : () —
[M]F is balanced if for every b’ € [N],a € [M]\ {1},

2k
SEIIC);b/ U(S)b’ = a] < ]\_/I

We show that every f with a balanced function set {pp}pe[ng is balanced. Fix b” € [N],a €
[M], and let A = {b € [N] | py(b’) = a}, for a balanced function set, |A| < % Like previously,
the set Gy is actually equivalent to all subset of size k — 1 of elements in [N] \ {I’}, therefore
a uniform S € Gy contains b € A with probability at most %—/Ik, and f is balanced.

Assume towards contradiction that f is (€?, 2—{;) close to a direct product function g : [N] —

[M], and let F be set set of inputs in which f(S) & g(S). Similar to the previous proof, for
every b€ [N]letF, = {S e F| be S, f(S), = g(b) # 1.

Since g approximated F up to £ — 1 elements, and f has ¢ corrupted elements, every S € F
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is in some Fj, and F C Uy ¢njFpy. Since f is balanced, for every b’ € [N], [Fy| < %—Aleb,L

2k?

2k
[Fl< ) IFyl < NGyl < T

be[N]

)

The last inequality, is because each S € (UZ 1) is in at most k sets Gy,. This is a contradiction of

IF| > €2 |(). D
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A Chernoff and Hypercontractivity Proofs

Proof of Claim 2.5. For each element i € D, we define the indicator random variable I; to
indicate that i € A. In this notation
IAND| = Z I.

ieD
We want to use Chernoff bound on I;, but since A is of fixed size, the indicator variables

are not independent. Instead, we define for each i the new random variables J; that are
independent.

For (2), let
= 1 wp 23—0
"lo0 wpl- 23—0 '

For every i € D and every fixed value b € {0, 1)IP! of the indicators {I;,] # i},

P[L=1|VI#il=b]<P[];=1].

In the worse case, they are all set to 0 (none is in A), and IP[[; = 1] = 23—0. Therefore, we can
use Chernoff bound on the random variables J; and get a result for I;:

Y iz gl <P|Y i 2D

ieD ieD

1
P < e~ lDl
A

<P
I

For (3), we define

)1 wp %
Ji= .
0 wpl-+
In this case, for every i € D and fixed value b € {0, 1})P, P[I; =1 |Vl #i, [, =b] > P[]; = 1],
and
1 1 1
< < ~&!Dl
P E li < 55D SJF E Ji< 55Dl <€
ieD ieD
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Proof of Corollary 2.9. |A| > |B| implies a < b, we know that

__pab_ _pbt L
e ) >¢ 2= = P [xe€B]r
xe[NJx

Similarly

_p)@+?) 2-p .(_a_z_ﬁ) 1+l .(_ﬁ_ﬁ)
e 4(1-p) - eZ(l—p) 2 2 - e( 2(1—p)) 2 2 -

P [xeB"T9 P [xeAl"Tw
x€[NJk xe[NTF

Together we get

3
PlxeAyeBl> P [xeAl"T7 P [xeB] ™
Y x€[NJk xe[NJk

Proof of Claim 2.10. We notice that regardless which of the sets G, L is the largest, by Corol-
lary 2.9,

-
=

P [weL,veG]Z(]P[weL])zv%.
we[NTk,(v,))eN 3 (w) w
4
By the definition of L,
P [weLveG] <PlweL]n.
we[NTF,(v,])eN, (w) w
Therefore

Plw € L]% <v %17.
w

B Tuples to Sets Local Structure Proof

In this section we prove Lemma 4.3, restricted global structure for sets, we restate it bellow.

Lemma 4.3. There exist a small constants 6 > 0, such that for every constant A > 0 and large
enough k € N such that N > k2e1002k the following holds,

For every function f : (Ul\g]) — [M], if azm(%)(f) = ¢ > ¢ 9 then at least (1 — €2 — %) of

the good pairs W € (Uz]),X € (Uglk]]) are DP pairs, i.e. there exist gxw : [N] = [M] such that
10 10

]1; f(YUW)y 3%]( gxw(Y) [ YN W =0, F(XUW)w = f(Y U W)w| < 26>
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In order to prove the lemma, for every function f : ([I,\(] ]) — [M]* we define a function
f: [NJF - [M]* U L. For every S C [N], we assume that the output of f(S) is ordered in an
ascending order over the elements or S.

In order to simplify the notation, for every string x € [N]¥, we define U(x) = 1 if x has
unique coordinates, i.e there is no i # j such that x; = x;, else U(x) = 0.

Definition B.1. Given a function f : (U]\f]) — [M], let f [N]F = [M]* U L be defined as
follows. For every x € [N ]¥ let X be the set of elements in x,

son (X)) U(x) =1
f(x)_{ L Uw=0"

Where 7t € S is the permutation from the ascending order over the elements of X to x.

For a set S C [N] of size k and a permutation 7t € Sy, we denote by 7t(S) € [N I¥ the string
generated by applying 7 on the elements of S ordered in an ascending order. Therefore, for

every X € ('), f/(n(X)) = n(f(X)).
Definition B.2. Let D : (UZ]) X ([]91]) X ([2,{]) — [0, 1] be the following distribution:
10 10 10
1. Choose W C [N] of size %.
2. Choose X C [N] of size % such that XN W = 0.

3. Choose Y C [N] of size % such that YN W = 0.
Let D' : (U,f_]) X [N]* x [N]¢ — [0, 1] be the following distribution:
10

X
10°

2. Choose x € [N]* such that U(x) = 1.

1. Choose a set A C [k] of size

3. Choose y € [N] such that x4 = y4 and U(y) = 1.

Fixing aset A C [k] and x € [N ]¥ such that U(x) = 1, we denote by O'|A, x the distribution
over y, conditioning on A, x being already chosen. Similarly for W, X C [N], we define D|W, X
the distribution over Y.

We can easily see that if we pick (W, X, Y) ~ D, then choose a random set A and random
permutations 1y € Sl_ko,TCZ, Ti3 € Sl_ko, and set x = (11(W)a, m2(X) 1),y = (m1(W)a, 3(Y)z), we
get (A, x,y) ~ D'

For each two sets W, X, let x = (111(W)a, 2(X) z) for an arbitrary A C [k] and 71, 712, then

the distribution y ~ 9'|A, x is the same distribution as (711(W)a, 3(Y)4) for Y ~ D|W, X and
uniform 7tz € S o
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We further notice that the distribution (W, X,Y) ~ D is the distribution used in Test 4.
The distribution (A,x,y) ~ 9’ is the distribution of Test 2 with t = % conditioning on
U(x) = U(y) = 1.

Let p1 = Py [U(x) = 0]. For every x € [N]F such that U(x) = 1 and a set A C [k], let
p2=P,[U(y)=0 | ya = xa] (p2 is the same for every A, x such that U(x) = 1). We bound the
probabilities p1, p>.

Choosing a uniform x € [N]¥ can be done coordinate by coordinate. For each coordinate
i, the probability that x; = x; for j <iis less than 5 L, therefore

i1 g2
- u <§ oL
P xe[N]"[ (x) =0l LN TN

Similarly, we can think of picking y given A, x as starting with the fixed y4 (which doesn’t
contain two identical coordinates as U(x) = 1) and choosing coordinates one by one.

k.
i—-1 k2
pz—ﬂ;[U<y>—0|yA-xA]s;TsW

1

Sl

Claim B.3. For every function f : (U]f]) — [M]¥, the function f’ : [N]J* — [M]* from Defini-
tion B.1 satisfies

y(k (f ) = (1 —p1)(1 — p2) P[f passes Item 3 of Test 4],

Proof. Fix a function f : ([1]\(11) — [MJ5, and let ' : [N]F — [M]* be the function from
Definition B.1.

If either U(x) = 0 or U(y) = 0, by definition f” outputs L and the test fails. If we condition
on U(x) = U(y) = 1, the test distribution equals 9. Let W be the set of elements of x4, X of
xzand Y of yz, then (W, X, Y) ~ D.

For every A, x,y such that U(x) = U(y) = 1 and x4 = ya, the permutation 7; € S £

from the ascending order in W to the order of x, satisfies f'(x)4 = m( f(X Wiw), and
f'()a = mi(f(Y, W)w). Therefore, f'(x)a = f'(Y)a = f(X, W)w = f(Y, W)w

This implies that
P[f’ passes Test 2] :A]I;'y [f' ()4 = £ | xa = yal
:A],l; [U(x) = U(y) =1|x4 = yA] ) o [f'(0)a = f'(y)al
=A-p)d-p) T rjee W)W = f(X, W)w]

=(1 = p1)(1 — p2) P[f passes Item 3 of Test 4].

Where Py ., [U(x) = U(y) = 1 | x4 = ya] = (1 — p1)(1 — p2) by the definition of p1, p>.
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Claim B.4. For every function on sets f : ([I,\(]]) — [MJF, the function f’ : [N]F — [M]F
from Definition B.1 satisfies the following. For every disjoint W € (UZ]), X e ([Q,Z]), every set
10 10

c [k], 1Al = % and every permutations 71y € S%, i) € S%, the pair (A, x = (m1(W)a, m2(X) 7))
satisfies

PIf(a=fWalya=xal=A=p) P [FXUWW = fYUWW],

Proof. Fix a function f : ([N]) — [MJ5, and let f’ : [N]k — [M]* be the function from
Definition B.1. Fix two disjoint subsets W € ([N]) X e ([ ), a subset A C [k],|A| = 10,

permutations m; € S kT2 € 39’6 Set x = (nl(W)A, nz(X)A) since X, W are disjoint, U(x) = 1.
By the definition of f’ f'(x)a = m(f(X, W)w).

and

Let y € [N]* be a random string such that x4 = y4, if U(y) = 0, then f’(y) = L and
f'(x)a # f'(y)a. By definition, p» = IP,[U(y) = Olx4 = yal. If we condition on U(y) = 1, the
distribution over y is O'|A, x. If we take Y to be the elements of y4, then the distribution
over Yis DIW, X.

For y such that U(y) = 1, by the definition of f’, f'(y)a = mi(f(Y, W)w), and therefore
ff@a=fWa = fXWw=fY, Ww.

lg[f’(x)A ='W | ya = xal =1P[U(y) =0 x4 = yal [f'(¥)a = f'()al

D’ |A,x

=(1-p2) z>|wx [f(XU W)w = f(YUW)w].

Proof of Lemma 4.3. Let f : (UI\(] Iy = [MJ* be the function such that Uz () =e> e, and

let f" : [N ¥ = [M]F be the function from Definition B.1. By Claim B.3, f” passes Test 2 with
probability €’ = (1 — p1)(1 — p2)e, therefore, Theorem 3.5 holds for the function f’.

By Claim B.4, for every disjoint W € ([N]) Xe ([ )

P[f/()a=fWalya=xal=A=p2) B [FXUWw = FYU W],

Setting n = 1 — py, this means that if X, W satisfies Py [f(X U W)w = f(Y U W)w] > 15,
then for every set A C [k] and permutations 71, 712, the pair (A, x = (111(W)4, m2(X) 7)) satisfies

Py [f'(x)a = f'(Ya | ya =xa] 2 5.

Theorem 3.5 implies that with probablhty 1-€?agood T ~ D (equivalent to A, x that
satisfies P, [f'(x)a = f'(y)a | ya=x4]l2% € ) is a DP-restriction. Since every W, X corresponds

for the same number of (4, x), for at least (1 — €?) > (1 — €* - —) of the sets W, X, there exist
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at least one set A and permutations 71, 7y such that 7 = (A, x, f'(x)4) is a DP restriction, for
X = (7’(1(W)A, ﬂz(X)A).

Let W, X be such sets, i.e. there exist A C [k] and permutations 71,7, such that 7 =
(A, x, f(x)a) is a DP-restriction, for x = (111(W)a, m2(X) 7). We show that (W, X) are a DP-
pair. Let g* = g7,...9%,97 : [N] = [M] be the direct product function of 7. We define

10

gwx : [N] — [M] to be the following function, for every a € [N], gwx(a) is the most frequent
value g7 (a), among all i € %.

We recall that V,; = {w e [N | f'(xa,w)a = f’(x)A} and denote by Vyx the analog in

sets,
~ [N]
(VW,X =<Ye€ 9k

10

YNW= (Z),f(Y, W)W = f(X, W)w} .

We notice that for every w € V., f'(x4, w) # L, so it has unique coordinates, U(xa, w) = 1.

k
In these notations, Theorem 3.5 implies Pycy, [ f'(xa,w)z 0;8 g° (w)] < €’?, and we need to

prove the analog statement for Y € Vi x.

We describe the following random process: for every Y € Vyx, we choose a random
permutation 73 and set w = n3(Y). We notice that for every Y € Viyx, f(Y, W)w = f(X, W)w,
and by the definition of f’ this implies that f'(xa,w)a = f'(x)a, so w € V,. Moreover, for
every w € V; exists exactly one Y € Vy x and permutation 73 such that w = m3(Y).

3ak
Suppose Y € Vyx such that gy x(Y) ; f(Y U W)y, and let B C Y be the set of elements
that gwx(Y), f(Y U W)y differ on, i.e. for every b € B, gwx(b) # f(Y U W),. Since gwx is the
most frequent value among g7 (b), for at least half of the locations i, g7(b) # f(Y U W),

For a random permutation 73, each b € B has probability of at least 1 to fall into a “bad
location”, i.eisuch that g7 (b) # f(YUW),. Since a is a very small constant, even conditioning
on ak of b € B to be in a bad location, the probability of b" € B to fall into a bad location is at

least % By Chernoff bound, with probability larger than 1 — e~ 0%, 113 is such that at least %

k
of b € B are in a "bad location”. By the definition of f’, this implies that f’(x4, w),4 P 7" (w).

Therefore, we get that

3ak _ 1k , ak ”
r [gw,x(Y) # f(YuW)y] (1-em*)< P [f (xa,w)1 # 9" (w)| < €.

Ye WX WG(VT

Which implies that

3ak n R )
$ gwx(Y) # f(YUW)y[ <€ +e % < 2e”,

Ye WX
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