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Abstract

With any hypothesis class one can associate a bipartite graph whose vertices are
the hypotheses H on one side and all possible labeled examples X on the other side,
and an hypothesis is connected to all the labeled examples that are consistent with it.
We call this graph the hypotheses graph. We prove that any hypothesis class whose
hypotheses graph is mixing cannot be learned using less than 228" %) memory states
unless the learner uses at least a large number of |7-L|Q(1) labeled examples. In contrast,
there is a learner that uses 29U°8lX 1108 M) memory states and only ©(log |#|) labeled
examples, and there is a learner that uses only || memory states but a large number
O(|H|log|H|) of labeled examples. Our work builds on a combinatorial framework we
suggested in a previous work for proving lower bounds on space bounded learning. The
strong lower bound is obtained by considering a new notion of pseudorandomness for
a sequence of graphs that represents the learner.
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1 Introduction

Let ‘H be a family of Boolean hypotheses. One can learn an hypothesis from H after seeing
O(log |H|) random labeled examples. Intuitively, this is true since a typical labeled example
cuts the number of possible hypotheses by a factor of two. However, learning with so few
examples requires enough memory to store ©(log|#|) examples in memory. If X' is the
family of possible labeled examples, then such a learner uses |X |@(l°g|H|) memory states.
It is also possible to learn H using many fewer memory states: enumerate the hypotheses
one by one, moving to the next hypothesis only after encountering a new labeled example
that is inconsistent with the current hypothesis. Such a brute force learner uses only |H|
memory states but requires an extravagant number O(|H|log [H|) of labeled examples. A
natural question is whether one can learn with both < |x|®0°8 /D
< |H| labeled examples.

Perhaps surprisingly, Raz [6] showed that parities (X = {0,1}" x {0,1} and‘ H =
log|H]) _

memory states and

{@icrxi|I C{1,...,n}}) cannot be learned unless the learner uses either ||
20(n?) memory states or |H|Q(1) = 29() Jabeled examples. Until recently, parities gave the
only hypothesis classes known with strong lower bounds on space-bounded learningﬂ

In this work we show that strong lower bounds hold for any hypothesis class that
satisfies a natural combinatorial condition about the mixing of a graph associated with the
class. This subsumes the result on parities and shows similar results for random classes
and classes that correspond to error correcting codes [5]. Many other applications follow
using the large body of research on combinatorial mixing (see, e.g., [I]). More details will
appear in the full version of this paper.

An hypothesis class can be described by a bipartite graph whose vertices are the hy-
potheses ‘H and the labeled examples X, and whose edges connect every hypothesis h € H
to the labeled examples (x,y) € X’ that are consistent with it, i.e., h(x) = y. We say that
the hypothesis class is d-mixing if for any set of hypotheses A C H and any set B C X
of labeled examples it holds that ||E(A, B)| — |A||B|/2] < d\/|A||B|, where E(A, B) is
the set of edges between A and B in the hypotheses graph. For instance, for parities,
d = 0(y/|X]) (see, e.g., [5]). We prove that mixing hypothesis classes admit strong lower
bounds on space-bounded learning.

Theorem 1 (main theorem). If the hypotheses graph is d-mixing, m = |H(|1|2X| and |H| are

at least some constants, then any learning algorithm that outputs the underlying hypothesis
2

with probability at least m~°W) must use at least 220°8° ™) memory states or mM labeled

examples.

'Kol, Raz and Tal [3] generalized Raz’s work to parities on [ variables out of n, showing that either

9(m®%%) memory states or {$2()

Q(log |H]|) — nﬂ(nl)

28(nd) memory states or 290 examples are needed, and for | < n°?, either
examples are needed. Note: (1) For small [ there are learners with both < |X| memory
states and < |H|*" = n®® examples [3]. (2) The work [3] implies lower bounds for classes that contain
parities on [ out of n variables. To get a result for interesting classes, like DNF's or decision trees, one can

pick | =~ logn, but then the lower bounds are weak.



A similar theorem holds if the learner only approximately learns the underlying hypoth-
esis [5].

1.1 Related Work

In this work we rely on a combinatorial framework — henceforth referred to as the low
certainty framework — that we introduced in a previous work for analyzing space-bounded
learning [5]. In [5] the bound on the number of memory states was only ~ |H|!?> (the
bound on the number of labeled examples was the optimal |#|*()). Independently of
those two works (the current work and [5]) Raz [7] showed a result similar to the one in
the current paper, relying on a spectral mixing condition instead of a combinatorial mixing
condition.

1.2 Key Ideas

A key object in the combinatorial framework of [5] is the knowledge graph of the algorithm
at various time steps. The knowledge graph is a bipartite graph, where one side corresponds
to memory states and the other side corresponds to the possible hypotheses. There is an
edge (m, h) between a memory state m and an hypothesis h for every sequence of labeled
examples that is consistent with h and leads to m at the relevant time step. For every
memory state, its neighborhood in the knowledge graph corresponds to the probability
distribution over the possible hypotheses conditioned on landing in the memory state at
the relevant time step. In this respect, the knowledge graph captures exactly the knowledge
of the algorithm about the underlying hypothesis at the time step.

The paper [5] defines the notion of certainty. Low certainty implies that there are
many plausible hypotheses for a typical memory state, whereas high certainty implies that
one can guess the underlying hypothesis with good probability given the memory state.
The combinatorial framework centers around bounding the certainty at every step of the
algorithm, showing that it can only go up sufficiently after many time steps (i.e., after
seeing many labeled examples).

Towards the goal of bounding the certainty, the work [5] shows that when the hypothe-
ses graph is mixing and the space is sufficiently bounded, the knowledge graph remains
“pseudorandom” throughout the execution of the algorithm. The intuition is that thanks
to the bounded space very little information can be known about the underlying hypothe-
sis provided that only bounded information is known about the memory state. The exact
notion of “psuedorandom” is similar to an extractor property, except that the knowledge
graph is determined by the algorithm and may be highly irregular, so we cannot use the
standard definitions of extractor and min-entropy, but rather more general notions that we
develop.

Unfortunately, an extractor-like property no longer holds when we wish to rule out
learners that use, say, |X|> memory states, let alone when the number of memory states



is |4|®Uog M) In this case the algorithm may store a whole labeled example in memory,
and a large set of memory states may only span hypotheses consistent with that example
(about half of the hypotheses). In order to handle this case, we introduce a new notion
of pseudorandomness for the knowledge graph. The notion is a suitably enhanced sampler
with multiplicative error. We describe it next without the modifications required due to
irregularity.

We say that the knowledge graph is a sampler with multiplicative error L if the following
property holds: For every probability distribution p with sufficient min-entropy k over the
memory states M, for every sufficiently large H C H, the set H is sampled according to
its fraction, up to a multiplicative error L, i.e.:

(B _ | 1H|
2 P (5] <Ly

where E(-,-) denotes the set of edges between given memories and hypotheses in the knowl-
edge graph. For intuition, consider the case where the algorithm stores some of the labeled
examples in memory. While the algorithm knows certain information about the hypothesis
(it is consistent with the stored examples), the amount of information is limited. Hence,
the probability of certain events H may grow, but not too much. Indeed, one can show
that if the knowledge graph is a sampler with low multiplicative error throughout the ex-
ecution of the algorithm, then the required lower bound follows. However, to prove that
the sampler invariant is preserved, we need an enhanced property that we discuss next.

In our enhanced notion, for every probability distribution p over memories, we wish
to benefit from memory states m whose probability is much lower than 2% where k is
p’s min-entropy. The intuition is that such memories can be thought of as coming from
a much higher “entropy level”, and hence should give rise to a much lower multiplicative
factor than the rest of the memories. Formally, for every m € M, denote p(m) = 27F . yFm
where « is a parameter related to the mixing of the hypotheses graph and k,, > 0. We’d
like the following condition to hold:

B o H]
2 P Gy Y S L

We show that the knowledge graph is a sampler with low multiplicative error by induction
on the time ¢ in the execution of the algorithm. Every probability distribution over mem-
ories at time ¢ 4 1 corresponds to a probability distribution over memories at time ¢. This
distribution depends on the likelihood of transitions to the time ¢ + 1 memories. Moreover,
roughly speaking, less likely transitions from time ¢ to time ¢ + 1 may give a lot of infor-
mation about the underlying hypothesis. The enhanced notion guarantees that even after
taking the new information into account, we still have a sampler with multiplicative error
(the actual analysis is quite involved, partly because it takes irregularity into account).
The enhanced sampler notion might be of independent interest for pseudorandomness.



2 Preliminaries

log(+) always means log,(-). The following claims were proven in [5]:

Claim 2. Let p be a probability distribution over a set A with ) ;4 p(i)2 < r. Then, for
every A" C A it holds that ), 4 p(i) < \/|A|r.

Claim 3 (generalized law of total probability). For any events A, B and a partition of the
sample space C1,...,Cy,

Pr(A|B) =Y Pr(A|B,C;)Pr(Cy|B).

i

Claim 4 (generalized Bayes’ theorem). For any three events A, B, C,

Pr(A|C)
Pr(A|B =Pr(B|A,C)———
r( ‘ ’C) r( | 7C)Pr(B|C)
Claim 5. Suppose By, ..., By are some disjoint events. Then,
(B )
Pr(A|lB1 U... Pr(A|B;) .

2.1 Mixing

For a bipartite graph (4, B, E), A are the left vertices and B are the right vertices. For
sets S C A, T C B let
E(S,T)={(a,b) € Ela € S,be T}.

For a € A (and similarly for b € B) the neighborhood of a is I'(a) = {b € B|(a,b) € E},
and the degree of a is d, = |I'(a)|. If all d, are equal, we say that the graph is d,-left
regular or just left regular. We similarly define right regularity.

Definition 6 (mixing). We say that a bipartite graph (A, B, E) with average left degree
da is d-mizing if for any S C A, T C B it holds that

\rEoszT)r I g /157

|B|/da

Definition 7 (sampler). A bipartite graph (A, B, E) is an (e, €')-sampler if for every T C B

it holds that
LOTE 1| AP
aEA |B’ ’

where a is sampled uniformly.



|P(a)nT| 1|

We say that a vertex a € A samples T correctly if & 1B

‘ < €. The sampler
property implies that there are only a few vertices S C A that do not sample T correctly.

Claim 8 (Mixing implies sampler). If a bipartite graph (A, B, E) is d-mixing and d-left

, ;fl'ﬂ‘)-sampler for any € > 0. Specifically, if da = |B|/2 then
AC

regular then it is also an (e

the graph is an (e, %)—sampler for any € > 0.

Proof. See Claim 13 in [5]. O

3 The Low Certainty Framework

In this section we will summarize the main components of the combinatorial framework
presented in our earlier work [5].

3.1 Hypotheses Graph

The hypotheses graph associated with an hypothesis class H and labeled examples X is
a bipartite graph whose vertices are hypotheses in H and labeled examples in X, and
whose edges connect every hypothesis h € H to the labeled examples (z,y) € X that are
consistent with h, i.e., h(z) = y.

Let us explore a few examples of hypothesis classes with mixing property.

parity. The hypotheses in PARITY (n) are all the vectors in {0,1}", and the labeled
examples are {0,1}" x {0,1} (i.e., |H| =2" and |X| =2-2").

Lemma 9 (Lindsey’s Lemma). Let H be a n X n matriz whose entries are 1 or —1 and
every two rows are orthogonal. Then, for any S,T C [n],

> Hij| < VISITIn.

1€S,jeT

Lindsey’s Lemma and Claim 11 from [5] imply that the hypotheses graph of PARITY (n)
is O(/]X|)-mixing.

random class. For each hypothesis h and an example x, we have h(x) = 1 with
probability 1/2. The hypotheses graph is a random bipartite graph. It is well known that
this graph is mixing (see [4]).

We can rephrase Claim [§| for the hypotheses graph and get

Proposition 10. If a graph (H,X, E) is d-mizing then it is also (e
any € > 0.

8d?
, W) -sampler for



3.2 H-expander

The main notion of expansion we will use for the hypotheses graph is H-expander, as we
define next (H stands for Hypotheses graph). This notion follows from mixing (Defini-

tion @

Definition 11 (H-expander). A left regular bipartite graph (A, B, E) with left degree da
is an (a, 3, €)-H-expander if for every T'C B, S C A, with |S| > «|Al,|T| > B|B| it holds
that

[S|IT
| B|/da

|E(S,T)| - < €lS||T].

For example, the hypotheses graph (H, X, E) is left regular with left degree |X|/2, so
in this case the denominator |B|/d4 will be equal to 2.

Note the following simple observation that relates mixing and H-expander.

Proposition 12. If a graph (H,X,E) is d-mizing then it is also (a,ﬁ,%) —
(8%
H-expander, for any o, € (0,1).

3.3 Knowledge Graph

Definition 13 (knowledge graph). The knowledge graph at time t of a learning algorithm
with memory states M for an hypothesis class H is a bipartite multigraph Gy = (H, M, E})
where an edge (h,m) € E; corresponds to a series of t labeled examples (x1,y1), ..., (T¢,yt)
with h(zx;) = y; for every 1 < i <t and the algorithm ends up in memory state m after
receiving these t examples.

At each step we will remove a tiny fraction of the edges from the knowledge graph and
we focus only on the memories M; — denote this graph by G}. We can read off from this
graph the probability g;(h, m) which indicates the probability that the algorithm reached
memory m after ¢ steps and all examples are labeled by h. The probability ¢:(h,m) is
proportional to the number of edges Ej(m,h) between a memory m and an hypothesis
h in the graph G}. We can also observe the conditional probability g¢;(m|h) which is
the probability that the algorithm reached memory state m given that all the examples
observed after ¢ steps are consistent with hypothesis h. We can deduce the probability of a
memory m: g(m) = >, g:(m|h)g:(h). We can also find the probability of a set of memories
M C M, (M) =73, crq(m). If the algorithm, after ¢ steps, is in memory state m, we

can deduce the probability that the true hypothesis is h, ¢;(h|m) = w.

qt(m)

3.4 K-expander

To achieve the new results we need a different definition of pseudorandomness of the knowl-
edge graph. This definition will be discussed in Section [4]



3.5 Certainty

Throughout the analysis we will maintain a substantial set of memories M; C M and a
set of hypotheses H;y C H. At time ¢ we pick the underlying hypothesis uniformly from
H; and only consider memories in M;. Initially, before any labeled example is received,
Hy = H and My contains all the memories. At later times, H; and M; will exclude certain
bad hypotheses and memories.

In this section we define the key notion of certainty. The certainty of a memory captures
the information it has on the underlying hypothesis, whereas the certainty of an hypothesis
captures the information it has on the memory state to be reached assuming the hypothesis
was picked. We further define the average certainty over all memories or hypotheses. We
will consider memories or hypotheses that are “certain above average” as bad. An algorithm
that successfully learns H will transform from having low average certainty at the initial
stage to having high average certainty by its termination. Our argument will show that
this increase in average certainty must take a long time.

First, we define the certainty of memories.

Definition 14 (certainty). The certainty of a memory m at time t is defined as
Z gt (hlm)?.
h

The average certainty of a set of memories M at time t is defined as

cer'(M) := Z qt(m)th(h\m)Q.
h

meM

If, for example, all the hypotheses could have caused the algorithm to reach m with the
same probability, then m’s certainty is >, g:(hlm)* = Wll (e.g., this holds for the initial
memory). If, on the other hand, given a memory m there is only one hypothesis h* that
caused the algorithm to reach this memory m then m’s certainty is >, qi(hlm)? = 1.

To simplify the notation we write cer’(m) when we mean cer®({m}) = q:(m) 3", a:(h|m)?,
i.e., the average certainty with the set {m} of memories.

At each time t we will focus only on memories that are not too certain, i.e., whose
certainty is not much more then the average certainty. Using Markov’s inequality we will
prove that with high probability the algorithm only reaches these not-too-certain memories.
Let us define this set more formally,

BadS, = {m eEM ‘ qu(h|m) > c~cert(Mt)} ,
h

for some ¢ > 0, that is of the order |H|¢, for some small constant e. Oftentimes, we will
omit ¢ when it is clear from the context. For all ¢ > 1 we will make sure that M; will



not include Bad§, (and additional memories, as will be defined in later sections). The
next claim proves that removing bad memories does not reduce the weight too much. The
following claims are proved in [5].

Claim 15. For any ¢ > 0 and time t, ¢;(Bad$;) < 1/c

There is an equivalent definition of certainty in terms of the certainty of the hypothesis,
rather than the memory.

Claim 16. For each memory m, hypothesis h and time t

ge(m)as(h|m)* = qi(R)gs(h|m)g,(m|h)
In particular we can prove

Claim 17. The average certainty is also equal to

cer' (M) = 3 qu(h) 3 qulhlm)aqi(mlh).

heH meM

We can therefore define the certainty of an hypothesis h, when focusing on a set of
memories M as

S a(hlm)ai(min)

meM

Given the last claim in mind we define

Bady ={heH | Y q(m|h)q(hlm) > c-cer'(M;)}.
mGMt

Oftentimes, we will omit ¢ when it is clear from the context.

Define Hy = H and for t > 1, Hyy1 = H; \ Bady. We will define the distribution over
the hypotheses at time ¢ by ¢.(h) = ﬁ if h € Hy, else ¢(h) = 0. Next claim proves that
H, is large.

Claim 18. For any ¢ >0, |Hyy1| > (1 —1/c)|Hy.

In the rest of the paper we will prove that the average certainty of M;, even for a large
t ~ logc, will be at most Wc\’ and in Section [7| we choose ¢ ~ log %.
In the next claim we will show that small certainty, small fraction of edges removed

and q;(M;) ~ 1 imply that learning fails after ¢ steps.

Claim 19. Suppose that the learning algorithm ends after t steps, |Hy| > 3 and at most
fraction of the edges were removed from the knowledge graph. Then, there is an hypothesis
h such that the probability to correctly return it is at most

3\ c-cert(M;) + 3(1 — qu(My)) +



We also define a weighted certainty using a weight vector w of length | M| and each
coordinate in w is some value in [0, 1] by

M) =Y a(m)wy, - g7 (hlm).

meM

cer

Note that if w is the all 1 vector then cerf (M) = cert(M).

w

3.6 Representative Labeled Examples

For each memory m at time t, a representative labeled example x is one with g;(x|m) equal
roughly to ﬁ In particular, given m and the unlabeled example, the probability to guess
the label is roughly 1/2.

Definition 20. Let m be a memory state at time t, and let €.¢, > 0. We say that a labeled
example x is €"°P-representative at m if

1 — erep 1 4 erep
—or < @a(zim) < ———
|X] |X]

We denote the set of labeled examples that are not €"°P-representative at m by N Rep(m, €"P).
In [5] a weaker notion of N Rep with some specific constant €"P was used.

Claim 21. Let m be a memory in the knowledge graph at time t with certainty bounded
by r, i.e., >, qt(hlm)? < r, assuming the hypotheses graph is an («,3,€) — H-expander,
|NRep(m, 4/ a|H|r + 4e)| < 2.

We prove this claim in Section [3.6.1

3.6.1 Auxiliary Claims
The next claim will imply an equivalent definition for N Rep.
Claim 22. For any set of labeled examples S C X and a memory m it holds that
G+1(Sm) =Y Pr(S|h)gi(hlm).
h
Proof. Using Claim [3] we know that

q+1(Sm) = Z qu+1(S|m, h)gi(h|m)
h

= ) Pr(S|h)g(hlm)
h



Using Claim we know that the not-representative set N Rep(m,€"P) is also equal
to

{x € | Y Pr(a|n)ai(hlm) < 1“)4} U {w € X1 2 Pr(alf)ar(fim) > 1|+x} |

heH heH

We would like to prove that N Rep(m, €"P) is small for any memory with small certainty.
Note that

qe(h|m, x) oc gt (hlm) (g hep;

Claim 4 with A = {h}, B = {z},C = {m} and ¢/(x|h,m) = q:(z|h) = |27|I(x,h)€E)' This
probability distribution can be imagined as if it were constructed by taking the hypotheses
graph and adding weight g;(h|m) to every hypothesis h. Keeping this observation in mind
we need some new notation.

Suppose there is a weight w; for each hypothesis in the hypotheses graph (H, X, E).
Then, define the weights between sets S C H and T' C X by w(S,T) = >~ c51e7W(8)(s,t)eE
and w(S) := >, cqw(s). We would like to prove that even if there are weights on the hy-
potheses the hypotheses graph is still pseudo-random. More formally, we will use the
following definition.

where ix n)cp means that x and h are connected in the hypotheses graph (this follows from

Definition 23. We say that a left regular bipartite graph (A, B, E) is (83, €) —weighted-expander
with weights wy, ..., wyay, Y ;w; = 1, Yi,w; > 0, and left degree da if for every S C A and
T C B,|T| > B|B] it holds that

w(S)
|B|/da

w(S,T) — Tl < €T
The next claim proves that any H-expander is a also a weighted-expander assuming low
2 weights.

Claim 24. If the hypotheses graph (H,X, E) is an («, 8,€) — H-expander and Z';i'l w? <
r then the hypotheses graph is a (53,2€ + 2\/a|H|r) — weighted-expander with weights
wl,...,w|H|.

You can find the proof of this claim in [5]. Next we will prove our main claim in this
section.

Proof. (of Claim Denote €* = 4y/a|H|r + 4e. Define T1 = {x| ), 4 Pr(z|h)q:(h|m) <
1|;(€|* } and define weights to hypotheses w(h) = ¢;(h|m). From the definition of 77 we know

that

Ti|(1—€*
S Pr(a|h)g(hlm) < '”(‘X')
heH,xeTy

10



The left term is equal to
2

2
Z mf(x,h)eEQt(mm) = w(HaTI)W
heH,xeTy

Assume by a way of contradiction that 17| > 5| X/, then Claim [24] implies that

2 w(H) 2
w(?—[,Tl)— > (‘T1| —2( a\H|r+e)|T1|>
|X| [X]
71 2|, 2ITh]
= = —2vaoH]|r — 2e¢ ,
| | X | X
where the equality follows from the fact that w(H) = 1.
e mi0 ) 1) 7|, 20T
1l —e¢ 1 1 1
—— > = — 2V o|H]r — 2¢ ,
|X] |X] X |X]

= 4/ a|H|r + 4e > €".
But the latter contradicts the definition of €*. Hence we can deduce that |T1| < 8|X|.
Similarly, define To = {z| ),y Pr(z|h)q:(hlm) > H‘E }. Assume by a way of contra-
diction that |T| > §|X| then

(1 + 6*)|T2 2‘T2 2‘T2|
(Sl Ch] Pr(To|h)gu(hlm) < L2 4 o\ /aHlr ,
m <2 i FIRRNEY

where the left inequality follows from the definition of 75 and the right inequality follows
from Claim So again we conclude that |Ty| < 5]X|. O

3.7 Decomposition to Heavy and Many Steps

We show that the certainty does not increase much with a single step of the algorithm.
To this end, we decompose almost all the transitions of the bounded space algorithm to
two kinds: either a heavy-sourced or many-sourced. A heavy-sourced memory state at time
t + 1 is one to which the algorithm moves from a memory state at time ¢ via any labeled
example from a large family of labeled examples. A many-sourced memory state at time
t 4+ 1 is one that has many possible time-t sources. We analyze each kind of transition
separately using H-expansion and K-expansion. For more details see [5].

4 Knowledge Graph Remains K-Expander

In this section we define a pseudorandom property, called K-expander, for the knowledge
graph. We then prove that a K-expander remains a K-expander even in the face of a new
labeled example, provided that the certainty is low and the hypotheses graph is mixing.

11



Definition 25 (enlarging distribution). We say that a distribution p over the memories is
(8,7)-enlarging with respect to a probability distribution q if for every memory m it holds

that p(m) < % and if p(m) > 0 then p(m) > % .

B and v provide a certain measure of the entropy in p. As usual, it is useful to use
a logarithmic scale to measure the entropy and our log scale will be with respect to a
parameter g associated with the hypothesis class.

Definition 26 (entropy-level). The (p,q, 3,70)-entropy-level of an element m is defined
as

ey (m) = log,,

In other words, if p(m) = qt(ﬁm) 78, then e (m) = i.

Definition 27 (K-expander). We say that the knowledge graph G} is an (o, 8, 4,70, k) —
K-expander if for every H C H with |H| > o|H| and every (B,~%)-enlarging distribution p

it holds that
|H|

Pr(H|m)p 2670 (1 </{-
2 Pridlmp(m) ]

The usual definition of sampler with multiplicative error is

H
ZPr H|m)p(m) < ”H"

Our definition requires more and seeks to benefit from memory states whose probability is
much lower than g;(m?)/3.
Denote by gmtm ™ ¥ the examples that cause the memory to change from m! to

mttl.

Claim 28. Lett > 1. Assume that the following conditions hold:
1. The hypotheses graph is d-mizing.
2. The graph G} is an (!, ', £,v0, k) — K-expander.

3. All the edges (m', m'™1) with labeled example x in G}, are representative, i.e., g;11(z|m?) ¢
N Rep(mt, €"P).

. All memories have low certainty, i.e., for all m' in G, cer(m?) < ¢ - cert(M;) and
t

cert(My) < c/|H].

5. [3’>’yg1anda’22k+2\/%+2k+2'6- % d2

6. € <1/2, and vy < 1/16.

12



Then, Gy, is an (o/, ', (1 +10\/70 + 26”7’) 4,0, k) — K-expander

Proof. We can define a distribution q; 1 over pairs (m/, Smt’th) where m! is a memory
at time ¢ and S™"™"" C X is the set of labeled examples that lead from m! to m*!, in
the following way

t . t+l t o ttl
g1 (m', 8™ = g (m) g (S [mb).

Fix a f’-enlarging distribution p (with respect to g:+1) over memories at time ¢ 4+ 1 and
41 (m'th)
i+

denote its support by M;,1. For each m!*' € M;,1, denote p(m!T!) = , for

mt ,'mt+1 t
5 ™Y Tndeed,

B 11 > (. This induces the distribution p(m’, Smt’th) = 2D

Bmt+1

/ - !
mt+1 5mt+1

t t+1
plmt 1)y = LD Yo @ea(mEy STT) S gty
)
mt

The probability that p induces on memories at time ¢ is

N ¢ Smt7mt+1 . t qt+1(5mt,mt+l|mt)
p(m)'_zp(ma )_Qt(m)z B/

mt+1 mt+1 mttl

Fix H C H with |H| > o/|H|. In order to prove the claim, we would like to bound the
expression

ST g HmH)p(mit)2e M)
mttle My q
log p(mt+l)ﬁl (1)
= S G (Hm Y )p(mi 2 70w e
mttle My

The proof consists of five steps:
Step 1: Rewrite Exzpression [ in terms of memories at time t:

13



t+1
Since p(m!t1) = @10 Expression (1)) is equal to

1877Lt+ 1

!
log,YO [3,37

Z 1 (Hmp(m'*1)2 mit
mt+1€Mt+1
!
log., —2—
(definition of m!'™!) = Z Qes1 (H| Ve (m, Smt’mtﬂ))p(mt“)Q "0
’mt+1€Mt+1
¢ Smt7mt+1 log 5
(Clalrn — Z Qt+1(H|mt, Smt7mt+1)qt+1(m 7( t+1> )p(mt+1)2 Y0 6:nt+1
qt+1(m
t+1
mm’é%?d
t Smt,mt+1 t+1) log _s8
(deﬁnition of p) — Z qt+1(h|mt, Smt7mt+1)qt+l (m ) — ) Qt+1/(m ) 0B i
mttleM QtJrl(m ) mt+1
mteM;,he H
t mt,mtt1 [AN! _8
tt+1(]thtls’ m og 7
= Z qt+1(h|mt,5m T (m’) +BE — [m’) Jlogs Bt
t o t+1 t o, t+1 8’
(Claim {4)) = Z qt(h|mt)Qt+1(Sm T mb R) g (mf) g (ST m?) 210g70 I
qt I(Smt’mtJrl‘mt) ﬁ/ t4+1
mt+1€Mt+1 + m
mteM;,he H
!
P Smt,m'”rl B) log. —2—
(definition of gi41) = Z q¢(hlm") g (m") Z r(ﬁ’)2 0 87 (2)
mtthheH mt+1€Mt+1 mttl

In the next steps we will prove that for most memories m' and for most hypotheses h
the term inside the outer sum in is bounded, that is,

P mtmt h) lo /Ll
qt(h’mt)qt(mt) Z I'(S’—‘)2 g’YO ﬁmt+1 S qt<h‘mt)p(mt)2670(mt) (3)

/
t+1
mt+1€Mt+l m

Moreover, the effect of the other memories and hypothesis is negligible. Proving the
latter will finish the proof since G} is a K-expander.

1. In step 2 we show that memories m; with low p(m') do not add much to Expres-
sion .
2. In step 3 we focus on a memory m; whose p(m!) is now low. To show that Inequal-

mt,mtJrl
ity (3) holds for most hypotheses h we first recall that since p(m') = q;(m") >", 11 a1 (S ")

Y

!
6mt+1

14



we need to prove that

mt,mttl log, —2— mt,m?t t
Z Pr(S ]h)2 S0 B L+l Z Gi41(S \m )2% (mt) (4)

it Bmtﬂ L mt+1
In step 3 we show that for most hypotheses h it holds that

lsmt,m
h ~N — Y
) |X| Qt+1(

t+1‘

t+1 ‘ Smt7mt+1 |

Pr(sm'm

mt).

3. In step 4 we show that the hypotheses that are not considered in the previous step
do not add much to Expression .

4. In step 5 we would like to show that Inequality holds. After step 3 and the
definition of e, (m) this is merely showing that

mt+1 t
mt,mttl) ¢ 8 mt,mttl)_t ag41 (5™ [m”)
Z Pr(S Im )21ogwo Bl i1 < Z G+1(5 Im®) 21°g705 Lot I

/6;1t+1

/
IB t+1
mt+1€Mt+1 mt+1 m

This is proved in step 5 using Jensen’s inequality.

5. In step 6 we sum everything up.

Step 2: getting rid of low p-weight memories at time t: In order to use the as-
sumption in the claim regarding the K-expander property of G}, we need to make sure that

for each memory m' at time ¢, p(m?) = 0 or p(m?) > a(m’) . Denote by Low the set of all

B /g
memories m! at time ¢ with 0 < p(m!) < qt( 5k k). Note that this set has low p-weight
t 75 75
p(Low) = Y pm") < > a(m )ﬁ' <5 <0 (5)
mt€ Low mt € Low

where the last inequality is true since 3 > 'yg*l. Thus, by setting the probability of the
memories in Low to 0, the remaining memories need to be multiplied by a factor of at
most 1/(1 — 7o) (i.e., by a factor that is close to 1) so as to make it a distribution again.
More formally, we divide the sum that we want to bound, Expression (|2, into two sums
depending on the membership in Low:
Pr(Smtva—l’h) log, B’ﬁ,
> a(hlmhg(m') oy, 2 T
mtELow,hEH mtt1 €My mt+1 (6)
Pr(S™ ™ ) log,, 72—

+ Z qe(h|mb) g, (m?) Z ¥2 70 87 1

mteM\Low,he H mttleM; ﬁmﬂrl

15



!
log., o = — t+1
For m! € Low, the expression 2 “mt+1 is at most 2% (since % = p(m!*tt) >
mt+1

t+1 k
qt“(mﬂi,)% for any m!*!). Thus, the first term in Expression @ is at most

Z qe(hlm")q:(m") Z w_zk

mteLow,he H mttleM i /BmH—l
_ 2(1 + 2€rep gmtm Tt
(see Clalm < Z qi(hlm") g (m") Z ( >(g7r1( ) 2F
mteLow,he H mtle My mi+
(definition of p(m')) = Z qi(H|m") 2541 (1 + 26" )p(m?)
mt€ Low
(q(Hlm') < 1,6 < 1/2) <242 3™ p(m)
mteLow
(see Inequality ([5))) < 2k+2 (7)

Denote s = p(Low). The second term in Expression (6) is equal to

P Smt,mt"'1 h) log 7173?,/
(1 — S) E qt(h’mt)qt(mt) E rl(/BIHQ 0 1= Bot+1
mteMi\Low,he H mt+leM ( o 8) mt+l

which is at most

/
P Smt,mt+1 B) log + B
Z Qt(h|mt)Qt(mt) Z d—,”2 70 (1=9)8] 111 . 9log, 1-s
mteM;\Low,he H LMy (L—=9)B,01

Using Claim , o < 1/16, and Inequality , it is at most

Z Pr(smt,mt+l ‘h) 210&/0 s B’

(14 v"0) Z a(h|mb) g (m?) T B 1 (8)

mteMi\Low,he H mttleM;

We define a distribution p’ over memories at time ¢: if m! € Low then p/(m!) = 0, else

p'(m') = p(m")/(1 — s). For convenience, we henceforth denote (1 — )3 .1 by .41
mt77nt+1
Step 3: Pr(S™ ™ |h) ~ % ~ Gy 1 (8™ Imt): Focus on a memory m' ¢

Low. In this step we will prove that for most hypotheses h the term Plr(Smt’mt+1 |h) can be
Pr(Smt’mHl
€M1 B i1

in Expression . For this purpose we first sort all the memories in m‘*! € M, according

replaced by Pr(sm"m" "

lm*). We would like to rewrite the inner sum, > 141

16
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. logq B’/Bi / / / t+1 :
to ascending order of 2 mtt1 / Bmt+1. Denote by g; the value ﬁmtﬂ for m that is
the i-th member in the sorted order. Then we get that the inner sum in Expression is
equal to

¢ 210gﬂ,0 ’% g 210%0 ‘%
Z Pr(s™ ™ |h)T - ZPr(Sm . |h)? +
miEMt+1 @ Jj=1 1
log B—,/ log B—,/
. 9 770 5y 9 770 5
D SR AU
j>2 2 1
log., ﬁ—,/ log ﬁ—,/
. 9 770 By 9 770 By
+ > Pr(S™™|h) T +...
j>3 3 2

Denote by S m",2i 411 the examples that lead from the memory m! to any of the time-(t+1)
memories that are not the first ¢ — 1 memories. For convenience, define 1/ := 0. Thus,
it holds that

B B’ 1 i
it 2log7° B mt > 80 5 2 %0 B
> Pr(S™ M h) ——— = Pr(S™|h) T

B i>1 i i—1

m;€Myi41

We divide this sum into two, using index i(,,+) which is the largest ¢ such that |Smt72i| >
€'|X], for € to be determined later.

i(mt) log, 2, log,, 22—
t>q 2 08 2 0P
m 7_Z p—
> Pr(s™|h) 7 ; +
1 i i—1
(9)
s s’
|Mi1] ) 210g70 & 210*‘570 B,
mt,>i I
E Pr(S |h) { {
i=(i () +1 i i-1

Let us start with bounding the first term in Equation @ From Claim we know

that except for a fraction of %2 : % hypotheses h € H for each i < (1 — €')]X],

t o~ 4 mt, 2
Pr(S™"Zi|h) < (1+e’+ ‘ )‘S|

()2) |xl 7
for € > 0 to be determined later. From Claim B0] we know that the RHS is at most

) 1+ 26r6p)@t+1(5mz’zi|mt)

(10)

4de

(€)?

<1+6'+

17



Denote the set of hypotheses that the bound in Inequality does not apply to by
Err(m'). We know that

t 2
|Err(m?')] < 1 d

M T XA

(11)

Let us now bound the second term in Expression @ For each i > i(,,1) we use the
simple bound given in Claim

Pr(S™ 2 h) < 2(1 + 2P ) gy 1 (S™ 2 mt). (12)

We can now rewrite Expression @ using Inequalities [10] and Namely, for m! ¢ Low
and h ¢ Err(m!) Expression @ is at most

b (mt) log., 2 %80 B,
4e ; 2 i 2 i1
<1 +e + /2> (14+26) | D grer (5™ |m) — - +
(¢) i—1 Bi i—1
[ M| L 2log70 % 21°g'v0 6?7_1
Z 2 g (S™ ’Zl‘mt) 5 7
=i (pty)+1 g -1
Which is equal to
it log.,, &/ | M1 log., £
4e _ 2 Fi _ 2.2 08
<1 +€+ (6,)2> (1+2P) | Y qraa(S™ ™ |m?) g " > Qt+1(5mt’m’|mt)75/ (13)
i=1 i :

=i pty) 1

Step 4: getting rid of “bad” hypotheses: We would like to bound the portion of
Expression that involves h € Err(m?!) for some m!. Namely, we would like to bound

t o, t+1 B’

Pr(S™>™ " |h) log,, zr———
Z g (hlmH) g (m?) Z (5")2 10 B (14)
mteMy;,h€ Err(m?) mttleMiq mitt
1 t+1\~ k
For any m!*!, from the definition of p we know that @1 (™) _ p(mitl) > q”l(rgi,)%,
b+l

/
logaYO e E k . .
hence 2 mt+1 < 27 Hence Expression ((14]) is at most

Y amhamty Y EETT g

mteMy,h€ Err(m?) mttle My Bmt+1

18



m m +1 mt,mt+1 t . .
From Clalmwe know that (SB h) < 4 (S ; m®) Hence, Expression 1 is

mtt1 - 5mt+1
at most
t t+1
Qi1 gm'm mt
Z C]t(h‘mt)é_h(mt) Z + ( : | )2k+2 _ Z qt(h\mt)p(mt)ZkJrQ
mte M, mt+1EMy 4 mitl mbteM;
heErr(mt) he€Err(mt)
< k2 Z Ygs (Brr(mt)|m?b).
mteM;
From Claim [2| and Inequality we know that
ot 1 d2
qge(Err(m")m') < \/\Err(mt)]c -cert(My) < - W’

where the second inequality follows from Inequality and the assumption in the claim
regarding the bound on cer!(My;). To sum up this step, Err(m!) adds only a small additive

k+2 .. /1 . _d2 i
error of 2 c 2 TR to Expression .

Step 5: towards using the K-expander property of G}: Recall that according to
our plan at step 1 we want to prove now that for m* ¢ Low, h ¢ Err(m!) it holds that

t t , qt+1(Smt’nLj\mt)
mt,m; mtm; 41> T
Z Pr(S ilm )Qlogvo 5/ Z qe+1(S J \m ) 210570 B Zm]— B
/

mj m]

(1+¢€)

ijMH—l

for some small €}, € (0,1) to (implicitly) be determined in the next step. To this end we
first prove, having in mind the expression in [I3] that the following inequality holds

B’ t 8"
ity geer (S™ ™ |mt )210g4,0 8 4 Z|Mt+1| ge41(S™ ’milmt)Qlogvo Bl
i=1 B i)+ B

(8™ ™3 mt)

mj

mt,m : t
log., B Zm_ M
9 70 J B ; (1 4 64)
for some small €4 € (0, 1) to be determined later.

Define the function f(z) = 91850 & and the following distribution over memories at time
t+1: p(m?) w and divide both sides by 2!°%% " then Inequality (15)) can be

m?

rewritten as

Ii>i mi log(1+€4) mt,m;
Zﬁ(mﬁf(ﬁé-(,ylo) ( )>§f <710> /qus m)

mj
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where I is the indicator function. Use Jensen’s inequality with the concave function f (see
Claim and get that the LHS is at most

qe+1(S™ "I m?) Yo
!

mg m;

Since f is monotonically increasing (see Claim , to prove Inequality it is enough to

show that , log(1+4)
1 i>i0 ¢ 1 og €4

S qraa (57 ) () Te (>

= Yo o

Using the inequality z/2 < log(1+ z) (which follows from Fact [33[and ¢4 < 1) it is enough

to prove that
Ii i € /2
. 1\ ) 1\
St (1)< () (16)
- o 7o

Note that by separating the LHS into two and the definition of ¢ we have that
I. .
. 1\ "7t . 1 1
St (1) 10 5 oot (1) 10 (1)
0

Y0

my i>’i(mt)

Thus, to show that Inequality holds, it suffices to show that

1 1\ /2
1+¢ () < () :
70 Yo
Which is true if and only if

In (l—i-e' (1>> < “n <1> .
Y0 2 Y0

Using Fact [33]it is enough to show that

(2)<5n(l)
Y0 2 Y0
We choose €4 = 2v/€. If Ve <~ then the 1nequahty W111 hold since v < 1/16 < 1/e.
Step 6: Summing up: Using Expressions (| . ), . recall that e, = 2v/¢ ), the

assumption is the claim regarding the K-expander of G , Expression ([7] ) and the conclusion
of step 4 we have proven that Expression (|1)) is bounded by

1@
> x|

4 H
(1+v) (1 / (6/§2> (1+2¢"P)(1 +2Ve)L - ”,H" + 262y 4 2K 2 ¢

20



We choose ¢ = 72 (note that indeed Ve’ < o) and € = ~2/4. From the assumption in the
Yo =7 Y0 p
: / k+2 k+2 16 d2 : .
claim we know that o' /79 > 2“9 + 2 O[3 TR Hence, Expression 1} is at

most

H H
(1 + vA0) (1 +13 +70) (1 +2€"P) (1 + 270)€ + v/70) - II”H\’ < (14 10y/~0 + 2€™P) £ - "H“
(in the RHS the constant 10 near /o was chosen arbitrarily) O

4.1 Auxiliary Claims

Claim 29. For any ¢ < 1/2, the function f(x) = glogc for x > 0 is monotonically
increasing and concave.

Proof. Note that
—logx 1
f(l-) =2 logge — qlogl/e

The first derivative of f is equal to

o) = (1 g
f(x)_<log1/e> TR

The second derivative of f is equal to

" _ 1 . 1 _ . mg%’Z
7= (gerre) (e =)=

1 _ 1 _
The terms z217< ' and z™1/< > are both positive since > 0. Since € < 1/2 < 1 we
know that (log1/e)~! > 0. The term (ﬁ - 1) is smaller than 0 since ﬁ <le2<
l/le<=e<1/2. O

In the next claim we lower bound g;11(S|m!) in terms of Pr(S|h) via the term |S|/|X].
Claim 30. Let SC X. Let he H.

2Is|
1. Pr(S|h) < 3

2. Let m' be a memory at time t. Assume SN N Rep(m!, ") = () and €"P < 1/2. Then

Bh < (14 2¢7)gp 41 (S|m?).

Proof. The first inequality follows from the fact that if (z,h) € E (i.e., hypothesis h and
labeled example x are consistent) then Pr(z|h) = 2/|X| and if (z, h) ¢ E then Pr(z|h) = 0.
To prove the second inequality, we use the definition of N Rep (see Definition to deduce
that

Lo 8 < (Sl = 5L < L (smty = B < (1 aerenyg (st
where the last inequality is true for €"? < 1/2. O
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Suppose that the labeled examples are sorted in some way and denote by SZ¢ all the
examples except the first i — 1 examples.

Claim 31. If the hypotheses graph (H, X, E) is d-mizing, then for any €,€’ > 0 except for
a fraction of 6% . \Xd\|27{| of the hypotheses h € H, for each i < (1 — €')|X|,

P51 < (1€ + ) ||S;|l’

Proof. We will pick €1,€2,e5 > 0 at the end. Divide all the labeled examples into 1/es
consecutive equal parts, each of size e3|X| (without loss of gnerality the integer es|X|
divides |X|). Focus for now on some part S. First we would like to show that for each part
S C X most hypotheses h do not over-sample 5, i.e.,

Pr(S|h) < (1+ ) ||i|‘

Denote by T' C H all the hypotheses h € H such that Pr(S|h) > ‘X|| (14€1). Then E(S,T) >
‘lf," (1+€ )'X‘ |T|. From the d-mixing property we know that E(S,T) < |S||T|/2+d+/|S||T|.
Combining these two inequalities we get that

ISIIT! 4d?
<dV/19|T| = |T| < 2|5| Erpat
€1

Denote by Err C H all the hypotheses that over-sample at least one part, i.e., hypoth-
esis h ¢ Err if and only if for each of the 1/ey parts, S, it holds that Pr(S|h) < (1 +e€1) fo"
\‘Ne |can easily deduce, using a union bound, that the fraction of this set is at most

Err 442
T S 331 |
Let us go back to the expressions that we want to bound, namely Pr(S=¢|h) for each i.

We will show that for each h ¢ Err, and for each ¢, the probability

52
T

Pr(S=%h) < (1 + €3)

(17)

For each i denote by ¢* the largest index that is smaller than 7 and divides e2|X'|. We have
that Pr(z|h) < ‘27| for each labeled example = and hypothesis h, thus Pr(S2%\ S=¥ |h) < 2es.

Hence, the LHS of Inequality is bounded by

|5=7]

Pr(SZih) < Pr(SZ|h) + 26, < (1 + 1) 7

+ 2627

So we need to make sure that
5]
| X

|5=7]

X1

(1+€1) + 2e9 < (1—|—€3)
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5> 5%1]

i ) >
which will happen only if 61|7‘| 4+ 26 < 63?7‘, or equivalently —22- < 1521

e3—e1 — |X|

2
ﬁ hypotheses h € ‘H

(assuming
€3 > €1 as we will choose later). Thus, except for a fraction of
for each i < (1 — 22-)|X|,

€3—€1
57|

X]

Pr(S=%h) < (1 + €3)

Choose € = € and ey = f—f and €3 = €] + Qf O

Claim 32. For any 0 < x < 1/16 it holds that

olos(1=2) < 1 4 /7.

Proof.
glog, (1-x) <1+ \/E
& log, (1 —x) <logy(1 + V)
- In(1 — ) - In(1+ /)
Inx — In2
Inx - In(1
(r<1) & In(l-g) > 2l Vo)
In2
o —z _ Inz-In(l+ /)
: < — >
(Fact 1_$_ln(1 7)) < 11—z~ In2
—x (x—1)-In(1 4+ /)
rx—12> =
(Fact x—1>In(x)) <« T L2
- x <(1—a:)-ln(1+\/§)
1—x — In2
(Fact: D <mOvE) = ames a2
& Vz(l++v/2)In2 < (1 —x)?
(x<1/16) <« Vz<(1—2)
and the last inequality is true for x < 1/16. 0

Fact 33. For any x > —1 it holds that

T
1+=x

<In(l+4+z) <z

Proof. Our starting point is the known inequality

1+a<et (18)
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which is true for any z. This immediately proves the second inequality in the fact. To
prove the first inequality, substitute z = —In(1 + y) in Inequality and get

1-In(l+y) < ——.
n( y)_1+y

Equivalently,

Y
—2 < In(1+
T4y s (1+y)

5 Heavy Sourced Memories

We start by examining one possible step of the algorithm: when there is an abundance of
examples S C X that lead from a memory m! at time ¢ to a memory m/*! at time ¢ 4 1.
The algorithm can apply such a step, for example, to examine consistency with a specific
hypothesis h. All the labeled examples that are consistent with h (there are |X|/2 such
labeled examples) will lead the algorithm to change the memory state from m! to m!*!.

Definition 34. The set of heavy-sourced memories at time t + 1 is defined as

Mt}ffvy>b = {m!TY3Im! € M, with at least b|X| labeled examples that lead to m'™'}.

We will assume, without loss of generality, that m!*! cannot be reached through other

memories (otherwise, make a few copies of m!™!; we will make this argument formal in
Section . Under this assumption it makes sense to identify — as we will do later — a
memory m!T! with a pair (m!,S) that lead to it.

We would like to show that the certainty does not increase much as a result of heavy
steps. The intuition is that if there is low certainty at m!, then the mixing of the hypotheses
graph ensures that S reveals very little information on which of the possible hypotheses
is the underlying one. The bound on the certainty at time ¢ + 1 as a function of the
certainty at time ¢ is shown in Claim [35]and in Claim Claim [35] gives an expression for
cer”l(Mt’f?vwb). To understand this expression, notice that a small variant of Claim
is the following equality

cert,(M) =Y a(h)a(hlm)a(m|h)w(m).
meM heH
Claim 35. If |Hyy1| > |He|(1 — 1/¢), and ¢ > 2 then for any set M of memories at time
t+1 and any weighted vector w (i.e., Vi, w; € [0, 1]) it holds that cerﬁl(Mﬁfiwy% NM) is
at most

2
(1 + c) > ar(h)ar(hlm") g (m" 7w gt 5) Pr(S|h)
(mt,S)eM V>0 nM
hew

Pr(S|h)
2w qe(W/|m') Pr(S[h/)
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Proof. Let us start with rewriting g;y1(h/m!™!), for some m!*! € M[f?vwb that corre-
sponds to the pair (m!,9)
(%) gre1(Rlm™) = gpy1(R]S,m")
. . qt(h|m")
using Claim[) = ¢;11(S|h, m!)————
( (5] )Qt+1(5|mt)

Pr(S|h) g (hlm'")

using Pr(S|h, m!) = Pr(S|h),
st P = P = s (STt W) ()

and Claim |3))
Pr(S|h)q:(hm')
2w Pr(SIh) gy (b |m?)

Note that
(k) qer1(m' T R) = gi(m'|h) Pr(S|h).

Use Claim [17| and equations (x), (%, %) to rewrite certt (M, heavy>b ~ pr )

t+1
Z qr+1(h) Z Wt Gig1 (Rm ) g (m [ R)
heH mt+l EMthflwy>bﬂM
Pr(S|h)qi(h|m') ¢
= h W(pm m'|h) Pr(S|h
el o s B P
(mt,8)eM Y7 NM
2 Pr(S|h)q:(h|m!
(see below) < <1—|— ) th(h) Z Wit S) 1:5 !S)}i]/t( ‘h/) . qt(mt|h) Pr(S|h)
¢ heavy>b zh/ r( | )qt( ’m )
heH (mt,S)eM] 1> nM
2 Pr(S|h)
- (1.2 t t p
(12) Xt P
(m,8)EMIEF V>
heH

to understand why the inequality is true, notice that we have a sum of the form ), 4, gt41(h)ay,
for some value aj, > 0, which is equal (by the definition of ¢:(h)) to

1 1
P —
|Hyp| 2 o < [H (1 —1/¢) 2 an

heH¢y1 heHi 1

2 1
fore>2) < <1+> ap,
fore22) ) T, 2
2 1
(Hiq1 € Hy) < ( +> ap
+ c) |Hyl h;{
2
= (1 + C) Z Qt(h)ah
heH
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O]

The next claim shows that certainty does not increase much in the case of heavy sourced
memories.

Claim 36. If the hypotheses graph is an (e, €')-sampler, ¢ > 4, |Hy| > |H|/3, |Hit1]
|Hy|(1 — 1/¢), cert(My) < > and for each m € My, h € Hy, it holds that qt(h|lm)
a - cert(My), and

IN IV

b > max(5ec + 22V 4a’e ¢ + €),

then for any set of memories M at time t + 1 and any weight w it holds that

4 S 2
cerfj_l(Mtthvy>me) S (1 + E Z ce?«t(mt)uw(mt7s) + |:c . cert(Mt)}

( t g Mhea'uy>me ’X‘
mt,S)EM, 'y

Proof. For each subset of labeled examples S C X define Err(S) C H as the set of all
hypotheses that do not sample S correctly, i.e., if h € Err(S), then‘Pr(SUL) - %H > €.
7)

From the sampler property of the hypotheses graph (see Definition
every S C X, |Err(S)| < €|H]|.
: : t+1 heavy>b .
According to Claim cery (M, N M) is at most (%)

we know that for

Pr(S|h)

2
<1 + C> > q(h)gi(h|m") g (m!|R)w (e 5y Pr(S|h)
(m*,)eM{ 1> M
heH

2 @ (W'[m?) Pr(S[n’)

The denominator can be lower bounded using the sampler property of the hypotheses graph
as follows

D aqWmPr(SIE) = Y (W jm') Pr(S|)
h h ¢ Err(S)
sl o
> (m ) S )

h'¢Err(S)

(see below) > <||f(‘|—e> (1—€"),

where in the last inequality we used Claim [2| with €” := \/€/|H|c - cert(M;) and the distri-
bution g (-|m!) we also used the fact that since m! ¢ Badys; we know that Y, q(h|m)? <
c - cert(My). From the assumption in the claim we know that cert(M;) < this implies
that ¢’ < cVe'.

Consider two cases:

_c
[H|’
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Case 1: If h ¢ Err(S), then Pr(S|h) < % + e. Thus,
Pr(S]h) i
> ar('[mt) Pr(S|p') (% _ e> (1— e
< 14 xre
eI
(using S|/ >B) < 14—

Case 2: If h € Err(S), then we use Pr(S|h) <1 to bound
Pr(S|h) 1

2w q(W'|m*) Pr(S[n’)

We will show that

2

(m',S)eM Y= M
heErr(S)

The left hand side is at most

(see below) <
(Claim [I6) <
(assumption in the claim) <
c
(cer'(My) < —) <
(M) < )
(IErr(S)| < €M) <
<
<

Shoga_)

2

(m',S)eM 1> M

heErr(S)NH;

2

(mt,8)eM, 1> nM

heErr(S)NH;

>

(mt,S)eMPeavy>br s

5]

t4+1
heErr(S)NH:
2
a~c
> Qt(mt)ﬁ ~cer'(My) - 2
(m*,8)EM/E" V> #l
heErr(S)
2
a-c
> almgcer' (M) 2

(m',S)eM 1> M

2a%ce’ - cert (M) - Z q:(mh)
mteM;
2a%ce’ - cert (M)

27

q(h)ae(hlm")qu(m'|7)2

t h 2 | o=l

q:(m")(a - cert(Mt))2 )

qt(h)qt(h|mt)qt(mt]h)w(mtjs) Pr(S|h) < 2a°%ce’ - cert(Mt)

5]

X

18]

X

5]

X

51
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The first inequality is true from the following reasons: 1. w; < 1, for each ¢ 2. for each
x € X, Pr(z|h) is either 0 or 2/|X| 3. if h ¢ H; then ¢:(h) = 0.
To sum up the two cases, Equation (x) is at most

2 ’ ’ |S] 2¢+ ¢’
<1 M C> H Z @A) @A) g |0t s) <|X| A (b—e)(1—¢")
(mt,S)eM, 1> nM
heH

a’ce - cert (M, o
T ]

Using Claim , (i-e., cer(m') = 3, o a:(R)q:(R|m')ge(mt|h)), Equation (x) is at most

EH1 > T (R e |

(mt,S)eM,' 1> nM

a’ce - cert (M, o
v ]

The rest of the proof uses simple algebraic manipulations.

(1+2) () (g —em)

(see Items (1)), (2) below)

AN |
7 N N
= —
+  +
QI ol
S~
e
+ +

Sl N
81"—‘\_/
\//\\
PN —
=+
—"_ —~~

>
ol |
N— O
ofm
=+
|| "%
m\
—
~_

A

—

+
[

(see Item below)

L bec<b=§< 2
2. We would like to bound % by % Recall €’ < ev/e/. We have bec + 2c2Ve <
hb<1l=¢ <cve <05 = ﬁ < 2. Thus, we would like to show the bound

dec + 2€"c < b — €, so it is enough that Sec + 2¢V€ < b, which is true by the
assumption in the claim.
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3. The expression (1 + %) (1 + é) (1 + %) is equal to

1+ 2424 2 (14
5¢ ¢ 5c? c

_ 14 1 n 2 n 2 n 1 n 1 2 2
N 52 ¢ 5c2 ¢ b2 2 b3
L1613 2
a 5¢  5c?2  5c3

16 4 1 2
= 14+ —4+ . —(13+°=
+5c+c 200< +c)

A

—

+
[

(c>4)

Let us move on to the second expression we would like to bound
1

1+ 2 2a%ce —
c (b—e)(1—¢€"
2\ 1
(see Ttem [I below) < <1 + ) -
c)c
2
c

(see Ttem 2 below) <

1. It suffices to show that % <l/ee 4a%2€ 2 +e<b

2. (1+2/e)1/c=1/c+2/c? and also 2/c? < 1/c for 2 < c.

6 Many Sourced Memories

We would like to show that the certainty remains low in the case that a new memory
m!*! is reached by sufficiently large g;-weight memories 1(m!*!) = {m! ,m}, ...} at time ¢
and each such memory m! is reached using exactly one representative labeled example ;.
Recall that representative examples were defined in Section [3.6

We will assume, without loss of generality, that m‘*! cannot be reached from m
more than one example (otherwise, make a few copies of m!*™!; we will make this argument
formal in Section . Under this assumption it makes sense to identify — as we will do later
— a memory m'*! with set of memory-(labeled-)example pairs {(m!,z;)} that lead to it.

¢ using

Definition 37. The set of many-sourced memories at time t + 1 is defined as

Mﬁ‘inpﬁ’erep = {m'™|3 memories m} € M with ZQt(mD >

7

and labeled examples x; ¢ N Rep(mt, €"P) that lead to m'*1}.
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We will prove that the certainty remains low for many-sourced memories for g that will
be chosen later. Here is an outline of the proof (the exact values of the constants are not
important):

1. Recall from the K-expander property (that its preservation we proved in Claim
that for any large enough H C H it holds that

LI

a(HJp(m™*)) < (o

(also recall that (m!*!) are the memories at time ¢ that lead to m!*1.)

2. We will prove that for any h € H,
gr+1(hm"™) <201+ € P)qr (Rl (m"))

The intuition is that one labeled example gives about one bit of information on A
and this changes the probability by about a factor of 2.

3. Putting together the first two steps we have that except for a small size set T' C H,

for any other h € H,
2(1+€P)e

]
Importantly, the bound does not not depend on t.

grr1(R|mtTh) <

4. Then we will show that certainty remains low.

In step 2 we want to upper bound g, y1(h|m!™!). Let us start with investigating this
term and writing it as a function of memories from time ¢.

t+1

Claim 38. For any hypothesis h and a memory m that can be reached by the pairs

{(mt, S;)} it holds that

t+1) _ > Pr(Si!h)Qt(h\mﬁ)%(mﬁ)
> Ge1(Si|mf) g (mf)

qi+1(hlm
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Proof.

Ger1(Bm'™h) = qa(h| Vi (m, S)))

1 (P A (Vi(ml, S)))
qi+1(Vi(mt, S;))

qe1( Vi (h A (mh,S5)))
ger1(Vi(mt, S;))

S a1 (R A (M, Sh))
Zi Qt+1(m§a Si)

> a1 (h|my, Si)ger1 (mf, S;)
> qe+1(Silmf) g (mf)

54 Pr(Sil) 22 g1 (Silm i (m)

> @e1(Silmf) g (mf)

> Pr(Silh)gi(hlmf) g (m})

D i Qi1 (Sl|m§)qt(mf)

(Conditional probability dfn.) =

(De Morgan’s law) =

(Disjoint events) =

(Conditional probability dfn.) =

(Claim [] & q41(Si|h, mt) = Pr(S;|h)) =

Now we are ready to prove step 2.

Claim 39. If m't! ¢ Mﬁ?ny%g’emp and €"P < 1/2 then for any h € H it holds that
G (Am™F) < 2(1 4 2¢"P) - o (hlp(m™t)).

Proof. We will use the fact that if m!*! ¢ Mﬁr‘inpﬁ <" then it can be reached exactly

by the memory-(labeled-)example pairs {(m!, z;)} where all memories m/!

for all 4, x; ¢ N Rep(m;).
From Claim (38| with S; = {x;} for all i we know that
> Pr(ai|h) g (h|mt)g: (m})
Z Qt+1($i\mt)%( f)
5, Ziar(hlmde(md)
> Qe (@ilmi) g (mf)
5, dra(hlmt)as (mt)
> S g ()
I R
_ repy | t Qt<m§)
= 2(1+2€"P) ;qt(hymz)th(mgﬂ))
(by Claim[5) = 2(1+2¢"?) - qi(hlp(m't1))

are different and

i1 (h|m')

(see below) <

(Definition 20) <
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the first inequality is true since if x; and h are consistent then Pr(z;|h) = \/%I’ else

Pr(z;|h) = 0. O
Let us move to step 3.

Claim 40. If the graph G} is an (¢!, 03", 4,70, k) — K-expander, then for every memory
mttl e Mﬁ({”wﬂ " there is a set T C H,|T| < o/[H|, such that for any h & T it holds
that

2(1 + €rP)¢

h tJrl <
Qt+1( |m )_ |’H|

Proof. Define T = {h| 242570 < g,y (Bm!*1)}, then

T
21+ 26T8p)€||H < @1 (Tmth,

From Claim [39] we know that for every h € H it holds that
qt+1(h‘mt+l> < 2<1 + 2€rep) . qt(hw(mt"_l))_

The last two inequalities imply that

T
21420 < 21+ 2er) - (Tl ).
Assume by contradiction that |T'| > o/|H|, then from the K-expander property we know
that ¢(T]y(m!th)) < 5%. Putting the last two inequalities together leads to a contradic-
tion. O

Let us move on and prove the 4 step in the outline. To this end, we first prove that
vertex contraction can only reduce certainty, where contracting a few memories myq,...,m;
in the knowledge graph into one means that all these [ vertices are replaced by one vertex
m and all the edges of the form (m;, h) are now of the form (m, h). Notice that the number
of edges remains the same. The reason we care about vertex contraction is that from the
point of view of the memory m!*! the vertices ¢ (m!*!) were contracted.

Claim 41. If memories my,...,my have been contracted to a vertexr m, then

gr(m)gi(h|m)* < Z g (mi) gy (h|m;)?

7
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Proof.
a(m)g(hlm)* = q(m)g(hlmi V...V my)?

2
(using Claim = <Z a(h Qt mz)))

’s inequali m ol
(by Jensen quality) < qq( )Z<Qt(h| 0 Qt(m)>

i

= ZQt(mi)Qt(h\mi)Q

Using Claim the last claim imply the following

Corollary 42. If memories my, ..., m; have been contracted to a vertexr m, then

gr(h)gi (hlm)gi(m|h) <> qi(h)qe(hlmq)g:(ms|h)

)
Claim 43. If the hypotheses graph is an («, B, €)— H-expander, the graph G} is an (!, 8, ¢, v0, k)—
K-expander, ¢ > 45, cert(M;) < Tl |Hit1] > (1 — 1/¢)|Hy|, 3|Hy| > |H|, and for each
m € My, h € Hy, it holds that g.(hlm) < a - cer'(My), then for any set of memories M at
time t + 1 and any weighted vector w (i.e., Vi,w; € [0,1]) it holds that

t+1(Mmany>B/’€TepﬂM) < 2(1 + 2€T€p)£ . Z

" 1 ) Qi1 (m)wy, | +100’ ca®cert (M)

cer

erep

meMmany>BNe" P

! ¢rep
t+1 c Mmany>/3’ €”

Proof. Using Claim 40| for every memory m there is a set T),1+1 C

H, | Tperr| < o/ |H|, such that for any h & T),:+1 it holds that
2(1 4 2€™P)¢
i (hfmt+1) < 222D
|H|
Using Claim [I7}

cerf:“l(M;ﬁnyw M) = Z Gi+1(h) ges1 (R ) gy (m T R)w, e
rep

m“flEM{fﬁ‘i”yw/'6 nM
heH
= Z Ge-+1 (M) g1 (MM ) qegr (M T wppeer +
mt“eM;ﬂ”W’al’emp
heT, t+1
) et (W (Bl )1 ()

!/ rep

H'1€M"“my>ﬁ NnM
hET mt+1

33



The sum over h ¢ T),:+1 is at most

2(1 + 2€P)¢
Z qe1(h) - (!H\) @1 (M R wpye
mt+l EMgﬁiny>ﬁ/’€T€pﬂ
hgT, i1
2(1 + 2€™°P)¢
< AL Y wen Y g (W (m )
mt+1€MZﬁny>ﬂ/’J6pﬂM heH

2(1 + 2e7°P)¢
- T X ™ e
mt+1eMﬁjny>ﬁ/’€mpmM
Let us focus on the sum over A € T},,:+1. From Claim [39] we know that

g1 (hIm" ™) < 2(1+ 2" P)ge (bl (m"™1)) (%)

We can also upper bound the term

G (m™HR) = g (Vi(ml, z;)|R)

= Z%H(mg@im)
= th(mflh) Pr(zi|h)

2
ZQt(mﬂh)m

2

= mf}t(w(mt“)\h) (%)

(see below)

IN

where the inequality is true since if /(, ycp then Pr(z|h) = 2/|X/|, else Pr(z|h) = 0. Thus,
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from Equation (x), (xx) (and using V;w; € [0,1])

> Ge1 () qes1 (hm™ ) ge1 (m T h)
mittemy>S Y
heT, t+1
A(1 + 2¢7p)
< A )3 @i (W) (Rl (m ) o ()| )
mitteMyy> Py
heT, 1+1
10
(see below) < 5G] Z gt () g (| (Mt 1)) e (b (m* )| )
mittensgn> < g
heT, t+1NHy
. . 10
(using Claim < m Z q¢(h)q:(h|m")gs (m'|h)
mt“eMﬁr‘i”Wﬁ”empmM
hETmt+1 NH;
mt e (mtt)
. . 10
(using Claim < 5] > gi(m")qe(h|m")?
mitL My o
heT, 141
mte¢(mt+1)
10
(assumption in the claim) < m Z q:(mY)(a - cert (M;))?
mtHlenyg= T
heT, 1+1
mtey(mttl)
10
(T | <'|H]) < @ Z g (m)(a - cer!(My))? - o/ |1
mi+teMpsm> S
mteyp(mttl)
1
(cer'(My) < Wc’) < 10d/ca’cer' (My) - ] Z a(m’)

! _rep
mtttepmany>8L ey
mt ElZJ(mt+1)

(see below) < 10aca’cert(M;)

to understand why the second inequality is true, notice that we have a sum of the form
4(1+2€"P) >y cr @i+1(h)ay, for some value aj, > 0, which is equal (by the definition of ¢;)
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to

A(1 + 2€mP) 5 _ ALt 2 5

ap = anp
‘Ht—i_l’ heHy 10T ‘Ht’(l n 1/C> heH; 10T
10
(for ¢ > 45, < 1/2) < T Z ap
ke heHy 1T
10
(Hep1 € Hy) < | Z an
" heHnT
= 10 Z qt(h)ap
heT
The last inequality is true since every m € M is in (m!*!) for at most |X| memories

mitt. O

7 Combining Many Sourced and Heavy Sourced Memories

In this section we sum up all the claims proven so far and show that for an hypotheses
graph that is d-mixing, if the memory is bounded, then the number of labeled examples
used till learning must be large. To do so, we will notice that cer®(My) = ﬁ, and then
prove that

cer™ (M, 1) < cert(My)(1 + |H|™Y),

for some small constant v > 0. This will imply that even after many steps (about Q(|H|"))
the certainty will be at most ¢/|H| at each step.

To bound the certainty at each step, we show how to decompose the edges of the
knowledge graph, so that each edge leads either to a heavy-sourced memory or to a many-
sourced memory (recall Definitions , or is part of a small error set. To achieve this
we duplicate some of the memories. You can find the proof of the next claim in [5].

Claim 44 (Decomposition lemma). Suppose that the hypotheses graph is an («,f,€) —
H-expander, the number of memory states is at most A, and fraction of edges removed

from the knowledge graph Gy, i.e., v =1 — %, is at most 0.5, then for any time t and
71,72 € (0,1) by
e removing at most
2 145 +denmh
fraction of the edges from Gyy1 (recall that ¢ > 1 was used to define Badyy)

o creating for each memory m in Gi11 copies (m, i) so each edge (m, h) now corresponds
to an edge ((m,i), h) for some single i
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. . . rep
we can make sure that memories in the new graph Gy , are only in Mzﬁny>w’e

Mg,

Recall the connection between ¢ and G} mentioned in Section — the probability
gt(m) is the fraction of edges connected to m in G}. Notice that in order for this claim to
be meaningful, the term 4c¢vy;v2A must be smaller than 1.

For all t > 1, we will construct M;; formally in the proof of Claim 45 Recall also that
H 1 and ¢ were defined in Section It might be helpful to think of d in the following

claim as roughly /|H], ¢ ~ ‘HdeX|7 and [H| ~ |X].

Claim 45. For any 7o € (0,1), ¢ > 108, and k = logc — 4, if the hypotheses graph is

. . . —k —7 19242 k+2
d-miazing, A is the number of memory states with A <~ c™", W <1, and 2F"= /70 +
2k+2 . ¢, /710% |XG}\2H\ < ﬁ then for any time step t < 1078 - ¢, the following hold

[Hy| > (1= 1/c)* "]

the graph G} is a (2’”2\/70 +2F2 .. % ‘Xd‘fm,’y{f, (1+ 10/ + C%)(t + )25, v0, k + 1)—

K-expander.

e for any weight vector w (i.e., Yi,w; € [0,1]) on the memories at time t and for any
subset of memories at time t, M C M,
6\ 11
(+2)
c

k+2 t—1
cerl,(M) < [2”:’ ( Z Qt(m)wm> + % . Z cert/(Mt/)

meM t'=1

[ ] Qt(Mt) Z ]. - %
e for each m' € My it holds that Y, g?(h|m) < c- cert(My)
e for each h € Hy,m € M, it holds that q;(h|m) < 2c? - cer! (M)

e we remove at most % fraction of the edges of the knowledge graph at time t

Before we prove the claim let us prove (in Claim that the last item in the claim’s
list implies that cer(M;) < 2|]€T+|4 < 7

Claim 46. If for any t <1078 - ¢,

2kt2 g L, 6\
C@Tt(Mt) S W + E . Z C@Tt (Mt’) (]. + C)
t'=1
then cert (M) < 2‘%4.
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Proof. First recall a well known inequality, for any z, 1 +z < e* = Vn > 0, (1
Thus, (1+8)! < €%/¢. Since t < 0.001- ¢ < (In(2.4/2.3)/6) - ¢, we have that (1
Thus,

+z)" <e
+)§

74
2.3

. 2k+3 85 N
cer*(My) < —— + — - cer’ (My).
t'=1
Let us focus on the following recursively defined series: a; = 2‘2‘3 and
2k+3 8 5 t
ai+1 = Z Q.
=1

Then a; > cert(My). Since this series is monotonically increasing, we have the following
upper bound

8.5t
ag+1 < a1+ —
(t<107%-¢) < ar+ iat
- - 100
< ot (o + poae)
= T 00 " T 100
2k+4
(geometric series) < ... <1.02a7 < T

O]

Proof. (of Claim From Proposition we know that the hypotheses graph is an

W)—sampler for any €sqn, > 0. From Proposition l it is also
sam
6100d2

_H- : — ct0%g2 __2d _1/.34
(a, B, €) — H-expander with § = T and € = aIHIﬁIXI for any a. We pick oo = 1/¢”%.

By the choice of o, 8 and for ¢ > 2 we have that

/
(fsam ’ Esam -

2d 2 1
10042 - 00 — 17"
olHl -G x| Ve e

Note that since k = log ¢ — 4, the certainty is bounded by ¢/|H| (see Claim [46)). Denote

€ =

4 < 1
cl7T = o15°

4
€ = 4v/alH|c - cert(M;) + 4e < dey/a + 4e < —5 T
c

We prove the claim by induction on ¢.
Induction Basis. At the beginning , before the algorithm got an example, Hy = H,
the certainty of each memory m is cer®(m) = ﬁ, My contains all the memories, and Gj,

isa (o, 3,20 B vk + 1) — K-expander for any o/, 3’7 € (0,1) and k.
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Induction Step. We use the known inequality 1 —x > =% for z € (0,1/2) = Vn >
0,(1—z)">e 2 2 €(0,1/2), and Claimto deduce that (recall ¢ > 2)

H > (1= 1/ ] > 20 ) > g =
where the third inequality holds since t — 1 < 0.5-¢ < CITHP’
Using Claim [28| and the inductive hypothesis, the graph G, is a

d2

1
(2’”2\/70 +c- ST V6, (1 + 1040 + 26"P) (t + 2)2%, 70, k + 1) — K-expander.
20

From the the inductive hypothesis we have that at most a fraction of % < 0.5 edges
were removed from Gj.
We use Claim [44] with

e Let 1 define the many-source set Mﬁ(inw%gep (see Definition . To later apply
Claim we choose 1 = 5.

e Let v define the heavy-source set Mth 11777 (see Definition . To later apply
Claim [36 we choose

8d?
|H|X]€3

sam

Y2 = D€gamC + 208

We choose €44y, such that ~9 will be minimized. To do so, we equate the two terms
that comprise o by choosing €2,,, = 4c5 2 %, which means that 5 < 10¢* ¢/ ﬁlﬁfl'

d2

k 4 4

Y172 < Y107 | -
|H||X]

From Claim 44| we know that by removing at most

2+4,B+ k40¢° ¢ @ A
2 k40
¢ 0 [ H[|X]

fraction of the edges, the graph only has heavy-sourced or many-sourced memories.
Fix M a set of memories in G} 41 and a weight vector w (i.e., for each memory at time
t + 1, w assigns a weight in [0, 1])

For later use, notice that
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Heavy-sourced memories. We can use Claim [36] to deduce that

eav 4 S 2
cerfjl(MtZl M) < <1 + c> Z cert(mt)")(‘w(mtﬁ) + [c -cert(Mt)]
i (mt,S)eM, ' 1772 M
tg 0y 1S 6 t
< Z cer'(m )mw(mt75) + L - cer (Mt)}
(m",S)eM, s> 2 NM
L heH
a t 1 t
(see below) < S bl (147 ) an (S | +
(mt,S)eM/'c 1"V 2 M
L heH
[6 . cert(Mt)]
c
7
< S (S s | + | Leeer'n)]

(m!,S)eM, s> "2NM
heH

To prove the third inequality we will show that for |S| > 2| X| it holds that

S| 1 ¢
— < (14 = .
|X’ < + p qt+1(S]m )

From the sampler property (see Definition we know that for each subset of labeled
examples S C X there is a set Err(S) C H with |Err(S)| < €.,,,|H| such that for each
h ¢ Err(S),

5]

Pr(S|h) > — — €sam
(sl > 15
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From Claim 22

G (Simt) = 37 Pr(S|h)g,(hlm")

h
> Pe(Shahim)
h¢Err(S)
151 _ :
> Z ‘X‘ €sam Qt(h|m )
h¢&Err(S)
5] ( €sam > ¢
= D) S aamt
2\ 2
.. ’S| €sam t
> = (1- h
(definition of o) > x| 1 - Z qi(h|m®)
h¢&Err(S)
. c S 1
(Claim B &cer' (M) < W) > |’X|| (1 — 5c> (1—c\é,m)
This means that .
18] @1 (Sm’)

’X‘ B (1 - %) (1 - c\/ egam)‘

So we just need to show that

1 1
<1+-
C

(1= 52) (1= e/ Eham) —

Note that cy/€.,,, < 1/4c since

, 8d2 8d2 1 ,f 8d _ 1
€sam = = = — <
X G~ [ aacs o/ 3 A7V THIXT ™ 16c8

Also note that

1 1 - 1—(1—1/(4c) — 1/(5¢) +1/(20c?))
(1=3) (1 - 2) I-L)a-1)
<(1 _ 510)1(1 o 4%) S 2) S 2(1/(40) + 1/(50))
1
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Many-sourced memories. We can use Claim [43| and get that

rep 2k?k2 1
Certﬂ(Mﬁ«inthe NM) < W . Z Gr+1(m)wpm + o CeTt(Mt)
meMm”"y”l <P am
ok+2 1
— T Z @ (M) qus1 (5| mb)wy, | + o cer' (M) ()
m= {( 7,73‘77')}E

rep

many>y1,€
MY NM

Combining heavy-sourced and many-sourced memories. For each m!, memory
at time t, we define the weight of m! due to heavy-sourced memories

heavy 2 : t
’LUmt : qt+1(5’]m )w(mtjs).
S\(mt,S)erj‘f”y”? nM

Similarly, we define the weight of m! due to many-sourced memories

wzimy = Z Qt+1(xi’mt)wm
eTep

ai|m={(mt ;) }e M"Y T M

heavy many

The total weight of m! is denoted by w,,+ = w mt +w, Y. Combining (x), (xx) we have
that

cert (M)

IN

k+2 8
Z g (m! (Z q? (h|m") hea”y |”H\ . w:f’“’) + - cer(My)
ﬂlt

ok+2

gqt(m max {Z q; (hlm?), T } S Wt + % - cer (M)

Define M, = {m!| 52, g?(hlm?) > 2°2/[#]} and M, = {m| 3, @2(hlm?) < 252/[3]} and
the last term is equal to

IN

2k+2

8
Z gt (m")w,,e -qu(mmt) + Z q (M) wppe - T + L : C€7“t(Mt)]
mteM, h mteM,

using the induction hypothesis on M,, the last expression is at most

k+2

2h+2 = 6\'"! 2 8
T Z gt (M)W _,_, Zcer (My) <1+C) + Z qt(mt)wmt-m +[C~cert(Mt)}

mteM, t'=1 mteM,
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which is at most

2k+2

t t—1
8 / 6
7 g g (m*)wy,e | + - E cer’ (My) (1 + c)

mteM; t'=1

and we get the bound we wanted to show using the following equalities

Z Q1 (m)wy, = Z Qt(mt)Qt+1(S|mt)w(mt,S) +

meM (mt,S)eM, ' "> "2 M

> e (m§) gy (il mf)wn,

rep
m={(mt,z;) M7 M

= > a(mh) > 1 (SIm" ) w5y +

S|(mt,8)eM, sV 2N M

> a(m') > Q41 (2im” Jwnm

many>~yy,e" P

xi\m:{(mﬁ,xi)}EMt+1 NM
t\  heav t\ .man
= E q(m )wmt Y+ E q(m )wmt Y
mtEMt mtEMt
t
= g qt(m*)w,,t

mbteM;

Removing edges. Denote by M’ all memories at time ¢ + 1 that are heavy-sourced
or many-sourced. So far we bounded the average certainty cer!*!(M’). Notice that this
average certainty is equal to

cer' ™ (M) = Z qe+1(m, h)qer1(h|m).
mGM/,hGH

Applying Markov’s inequality, we have that

IN

1
Pr[gis1(hlm) > ¢ - cert™ (M) -
h,m C

We will remove all edges with g;11(h|m) > ¢2- cer™1(M'). We will show that this removal
does not increase the certainty by much for most memories.

Denote by Err all pairs (m, h) such that g;11(h|m) > ¢2-cert™(M). Putting in different
words the last equation, we have that

ZQt+1(m) Z qt+1(hlm) < ci?

h|(m,h)EErr

43



Applying Markov’s inequality again, we have that for most memories we do not delete too

many edges:

Pr E qr+1(hlm) > ! < !

m c| ¢
h|(m,h)EErr

As was promised in Section we maintain a substantial set of memories M; 1 C M that
we focus on, and we are ready to define it

Mt+1 =<{meM

1
Z gi+1(hlm) < - and qu(h]m) <c-cer'(My) p,
h|(m,h)EETrT h

recall that M’ contains all the memories that are heavy-sourced or many-sourced. Thus,
using also Claim [I5], we have that
2 2(t+1)

qe1(Myy1) > qe(My) — - >1 —

Note that for all m € My,1, the removal of edges with ;41 (h|m) > ¢? - cer™(M’) can
only increase by at most a factor of —% <1+ 1L the probability gi1(hlm) (because we
have removed at most 1/c fraction of the edges from m € M;41). Thus, for each m € M4
g1 (hlm) < (14 ) Peert ™ (Mypq) < 2¢%cer™ (Mypq).

Let us now also remove the edges from Claim Thus (using the bound we showed
earlier on 7172), in time ¢ + 1 we removed a total fraction of

1 1 2 d2 1 1 2 1 1 4
4= Z 44 FA0P Y e A < -+ —— S+ < -
<c+02>+(c+ f+1040¢ |H||X| R T P P

edges.

The last removal increases the average certainty cerf,r (M) by at most (14 4/c). So,
in total, the removals cause the average certainty cer’"™!(M) to increase by a factor of at
most (1+4/c)-(14+1.1/c) <1+ &. To sum up,

6\ !
(+2)
c

t+1 2 8 N ot
cerly (M) < 7 Z g (m)wm, + Zcer (My)

meM t'=1

7.1 Choosing Parameters

Before we prove the main theorem, in Claim 47| we prove that d = Q(1/|X|). The proof is
a straightforward adaptation of a result in [2]. Let S C X and T' C H. Define
_ ISIIT]

dis(S,T) == [E(S,T)| = —5
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Claim 47. For every 0 < € < 1/16 there exists € = 10263/2 such that there are S -
X, T CH with |S| < e|X|,|T| < e|H| and

|dis(S, T)| > €'\/|X|/[H]|X],
which implies that if the hypotheses graph is d-mizing then d > %\/ X =1072/e- /] X].

Proof. Let T C H with |T| = €|H| be a randomly chosen and let x € X be a random
labeled example. Then,

Pr
v

5

V(T) = {ac €X: ‘\F(J:)ﬁﬂ - |)2(|‘ > 102\/6“{2'} CX.

The expected size of V(T') equals to

|| o [ M| X
g{;i["r(@ﬂﬂ S| > 107 e | >

| X o | |H] 1
r Tl —— 1 — —.
|IT'(x) N T 5| > 0 5| >3

Define

Hence,

x X X X

4 <eva < ixie v ]+ 2 (1w > ).
implying

(X[ 1

Pr||V(T) > 2] > 2

v >

Thus, one can choose a specific T" and S C V(T') with |S| = €|X| such that dis(z,T) >

102 e@ or dis(x,T) < —1072 e@ hold for all z € S. In both cases S and T have
\dis(S,T)| > 1072632, /|1 X] - /TH]| X]. O

For a mixing hypothesis class H , i.e., when d? ~ |X|, we show a lower bound of

Q(log? |H]) on the number of bits needed for learning H using less than |H|®(") labeled
examples.
Theorem 48 (main theorem). If the hypotheses graph is d-mizing, m := |HA|2X‘ and |H| are
at least some constants, then any learning algorithm that outputs the underlying hypothesis
with probability at least m~ M) must use at least 9% (log? m) memory states or m®) labeled
examples.
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Proof. To apply Claim [45] to H we will make sure that the following hold:

1. ‘;fﬁji;' < 1 by choosing ¢ = *¥/ ‘HALX (note that by definition of mixing d < /|H||X]|,
hence ¢ > 1)

2. 2k+2 Ao 282 .. % \X(?IQHI < 40% with k = log ¢ — 12: we will show that
0

(a) 272 /A0 < s © 270 A < L0 < o

E+2 . .. d2 . /A6 1 16-80%2 1 11
(b) 2 €5 1 [XTH] < 8006 g 210 T C207 < 508 < g0 @ <0

1
7 <

by choosing vg = 1/015.
3. ¢ > 10° « M > 101700
4. A < ygkeT = (l5h=T = (15 loge-187

From Claim 45| we can deduce that even after ¢t < 1078 - ¢ examples given, the certainty is
at most ¢/|H|. We pick t := \/c < 1078 ¢ (for large enough ¢). The total number of edges
removed is at most %, and 1 — q(My) < % Using Claim |19 there is an hypothesis h € ‘H
such that the probability to correctly return it is at most

2t 4t
3 3-
\/ |7-l| * c c

Let us bound this expression. We will bound the first term by 3/c by proving that ¢* < |H|.
Since d2 > 1076|X| (see Claim {7)), ¢* < (|H[10%)*/207 which is smaller than |#|. The sum
of the last two terms is 6t/c = 6/+/c.

O

The next theorem proves that even if we allow the bounded-algorithm to return an
approximation of the underlying hypothesis it still needs many examples.

Theorem 49. If the hypotheses graph is d-mizing, m := % and |H| are at least some
constants, then any learning algorithm that outputs the underlying hypothesis, or an ap-
prozimation of it, with probability at least m~®M) must use at least 99 (log? m) memory states
or m*W) labeled examples.

Proof. From Claim 21 in [5], we know that there is an hypothesis class H' C H with

|H'| > 1+|71{6‘ = > ';2'1‘32‘ (for the last inequlity see Claim D such that every two hypotheses
[X]

in H' has agreement less than 3/4.
We apply Theorem 48| to H’. Thus, H’ is unlearnable with bounded memory (since all
hypotheses in H' are far apart). Note that the learner is even unable to improper learn
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H' (which means that the learner can return hypothesis not in H') — because the learner
does not have any computational limitations, it can compute an hypothesis in H’ exactly
(since all hypotheses in H' are far apart). This implies that also H is unlearnable with

bounded memory.
O
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