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Abstract

We construct pseudorandom generators with improved seed length for several classes
of tests. First we consider the class of read-once polynomials over GF(2) in m variables.
For error ¢ we obtain seed length O(log(m/e))log(1/¢e), where O hides lower-order
terms. This is optimal up to the factor O(log(1/¢)). The previous best seed length
was polylogarithmic in m and 1/e.

Second we consider product tests f: {0,1}" — C<;. These tests are the product
of k functions f;: {0,1}" — C<;, where the inputs of the f; are disjoint subsets of
the m variables and C<; is the complex unit disk. Here we obtain seed length n -
poly log(m/e). This implies better generators for other classes of tests. If moreover
the f; have outputs independent of n and k (e.g., {—1,1}) then we obtain seed length
O(n + log(k/¢))log(1/e). This is again optimal up to the factor O(log1/e), while the
previous best seed length was > k.

A main component of our proofs is showing that these classes of tests are fooled by
almost d-wise independent distributions perturbed with noise.
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1 Introduction

The construction of unconditional pseudorandom generators (PRGs) that fool restricted
classes of tests is a fundamental research direction that has found disparate applications. In
this work we obtain new generators for several classes of tests. We start with the simplest.

Fooling read-once polynomials. Pseudorandom generators for polynomials have been
studied since at least the 1993 work by Luby, Velickovié¢, and Wigderson [LVW93], who

gave a generator for GF(2) polynomials of size s with error ¢ and seed length 90(/5/2),
See [Vio(7] for an alternative proof. Servedio and Tan [STI§| recently improved the seed
length to 20(VI°g%) . 1og(1/¢), and any significant improvement on the seed length would
require breakthrough progress on circuit lower bounds. For low-degree polynomials, better
generators are known [BV10, [Lov09, [Vio09]. In this work we consider read-once polynomials
on m variables, which are a sum of monomials on disjoint variables. For this class, a generator
with seed length polylogarithmic in m and 1/e is given in [GLSI2] and it applies more
generally to read-once ACC®. We obtain a seed length which is optimal up to a factor of
O(log1/¢), where O hides factors loglog(m/e). In particular, when ¢ is not too small, our
generator has seed length optimal up to poly loglogm.

Theorem 1. There exists an explicit generator G: {0,1}* — {0,1}™ that fools any read-once
GF(2) polynomial with error € and seed length O(log(m/e))log(1/e).

A specific motivation for studying read-once polynomials comes from derandomizing
space-bounded algorithms, a major line of research in pseudorandomness whose leading
goal is proving RL = L. Despite a lot of effort, for general space-bounded algorithms
there has been no improvement over the seed length > log? m since the classic 1992 paper
by Nisan [Nis92]. In fact, no improvement is known even under the restriction that the
algorithm uses constant-space. Read-once polynomials can be implemented by constant-
space algorithms, and were specifically pointed out by several researchers as a bottleneck for
progress on space-bounded algorithms, see for example this survey talk by Trevisan [Trel0].
Thus our work can be seen as progress towards derandomizing small-space algorithms. We
note that the concurrent work of Chattopadhyay, Hatami, Reingold and Tal [CHRT1S] gives
a generator for space-bounded algorithms which implies a generator for polynomials with
seed length O(log® m) log®(m/e).

Theorem (1] also holds for polynomials modulo M for any fixed M; and in fact we obtain
it as an easy corollary of a more general generator.

Fooling products. We consider tests on m bits that can be written as the product of
k bounded functions on disjoint inputs of n bits. Such tests generalize the well-studied
combinatorial rectangles [AKSS87, Nis92, INZ96, INW94, [EGL™98, [ASWZ906, Lu02, Viol4,
GMR 12, [(GY14] as well as other classes of tests, see [GKMI5]. They were introduced in the
latter paper by Gopalan, Kane, and Meka who call them Fourier shapes. However, in their
definition the partition of the m-bit input into the k£ n-bit inputs to the functions is fixed



and known to the generator. Following a recent push for breaking the mold of “fixed-order”
tests, we consider such tests under arbitrary order. We call them product tests and define
them formally next.

Definition 2 (Product tests). A function f:{0,1}™ — C<; is a product test with k func-
tions of input length n if there exist k disjoint subsets Iy, Is, ..., Iy € {1,2,...,m} of size
<n such that f(x) = [[,, fi(z1,) for some functions f; with range in C<y. Here C<y is the
complez unit disk {z € C: |z| < 1}, and zy, are the |I;| bits of x indexed by I,.

Handling arbitrary order is significantly more challenging, because the classical space-
bounded generators such as Nisan’s [Nis92] only work in fixed order [Tzu09, BPW11]. Our
previous work with Haramaty [HLVI17] gave the first generators, but in it the dependency
on k is poor: the seed length is always > k. In this work we improve the dependency on
k exponentially, though the results in [HLV17] are still unsurpassed when k is very small,
e.g. k= 0O(1). We actually obtain two incomparable generators.

Theorem 3. There exists an explicit generator G: {0,1}* — {0, 1}™ that fools any product
test with k functions of input length n with error e and seed length O(n+log k) log(1/¢) log(k/c) =
nlog®M(m/e).

By the reductions in [GKMI15], we also obtain generators that fool variants of prod-
uct tests where the outputs of the f; are not simply multiplied but combined in other
ways. These variants include generalized halfspaces [GOWZ10] and combinatorial shapes
[GMRZ13, Del5], extended to arbitrary order. For those we obtain seed length n?log®™ (m/e),
whereas the previous best was > nvk [HLV17]. As this application amounts to plugging the
above theorem in previous reductions, we don’t discuss it further in this paper and instead
refer the reader to Section 6 in [HLV1T7].

We then give another generator whose seed length is optimal up to a factor O(log 1/e),
just like Theorem [I] However, for this we need the functions f; in the definition of prod-
uct tests to take constant values. This condition is satisfied by Boolean and most natural
functions. For simplicity one can think of the f; having outputs {—1, 1}.

Definition 4 (Nice product tests). A product test as in Definition[d is nice if each function
fi outputs constant values.

Formally, one should talk about a nice family of product tests; but for simplicity we’ll
just say “nice product test.”

Theorem 5. There exists an explicit generator G: {0,1}* — {0,1}™ that fools any nice prod-
uct test with k functions of input length n with error ¢ and seed length O(n+log(k /<)) log(1/e).

This is the result from which the generator for polynomials in Theorem (1| follows easily.



Bounded independence plus noise. The framework in which we develop these genera-
tors was first laid out by Ajtai and Wigderson in their pioneering work [AWR89] of constructing
generators for AC? with polynomial seed length. The framework seems to have been for-
gotten for a while, possibly due to the spectacular successes by Nisan who gave better and
arguably simpler generators [Nis91, [Nis92]. It has been recently revived in a series of pa-
pers starting with the impressive work by Gopalan, Meka, Reingold, Trevisan, and Vadhan
[GMR12], who use it to obtain a generator for read-once CNF on m bits with error € and
seed length O(log(m /€)). This significantly improves on the previously available seed length
of O(logm)log(1/e) when ¢ is small.

The Ajtai-Wigderson framework goes by showing that the test is fooled by a distribution
with limited independence [NNO3|, if we perturb it with noise. (Previous papers use the
equivalent language of restrictions, we instead follow [HLV17].) Then the high-level idea
is to recurse on the noise. This has to be coupled with a separate, sometimes technical
argument showing that each recursion simplifies the test, which we address later. Thus
our goal is to understand if bounded independence plus noise fools product tests. For our
application, it would be convenient to view the distribution as D + T A U, the bit-wise XOR
of D and T'A U, where A is bit-wise AND and T" A U is a noise vector: if a bit chosen
by T is 1 then we set it to uniform. For the application it is important that T is selected
pseudorandomly, though the result is interesting even if 7" is uniform in {0, 1}™. We now
state the result in [HLV1T] after defining almost bounded independence.

Definition 6 ((9, d)-closeness). The random variables X, ..., X,, are (§,b)-close to Y1,...,Y,,
if for every iy, ... 1, € {1,2,...,m} the b-tuples (X;,,...,X;,) and (Ys,,...,Y;,) have sta-
tistical distance < 4.

Note that when § = 0, the variables X; are exactly dn-wise independent.

Theorem 7 ([HLVI1T]). Let f: {0,1}™ — C<; be a product test with k functions of input
length n. Let D and T be two independent distributions over {0,1}™ that are (0,dn)-close
to uniform. Then

[E[f(D+T AU)] - E[f(U)]] < k27 /b,

where U s the uniform distribution.

Note that the dependence on the number & of functions is poor: when k = Q(d?n), the
error bound does not give anything non-trivial. A main technical contribution of this work
is obtaining exponentially better dependency on k using different techniques from [HLV17].
Our theorem gives non-trivial error bound even when d = O(1) and k is exponential in n.

Theorem 8. Let f: {0,1}™ — C<; be a product test with k functions of input length n.
Let D and T be two independent distributions over {0,1}™ that are (9, dn)-close to uniform.
Then

| E /(D +TAU) - E[(U)]] <27 + B3,

D,T,U

where U s the uniform distribution, for the following choices of B:



i. B = (k2")°;
ii. if f is nice, then B = (d2")°@,

Setting § = 0, Theorem [§ has a better bound than Theorem [7| when k£ = Q(dn). An
interesting feature of Theorem [§|is that for nice products the parameter o can be independent
of k. We complement this feature with a negative result showing that for general products
a dependence on k is necessary. Thus, the distinction between products and nice products
is not an artifact of our proof but is inherent.

Claim 9. For every sufficiently large k, there exists a distribution D over {0,1}* that is
(k=W kW) _close to uniform, and a product test f: {0,1}* — C<y with k functions of
input length 1 such that

|E[f(D+T AU -E[f(U)]| > 1/10,
where T and U are the uniform distribution over {0, 1}*.

This claim also shows that for n = 1 and & = (1) one needs § < k%) and even for
distributions which are (8, k*1)-close to uniform, instead of just (4, O(1))-close.

For the class of combinatorial rectangles, which corresponds to product tests with each f;
outputting values in {0, 1}, the classic result [EGLT92| (extended in [CRS00], for an expo-
sition see Lecture 1 in [ViolT]) shows that dn-wise independence alone fools rectangles with
error 2~ and this error bound is tight. So Theorem [§ does not give better bounds for
rectangles, even with the presence of noise. We develop additional machinery and obtain an
improvement on Theorem [§, While the improvement is modest, the machinery we develop
may be useful for further improvements. Since this improvement is not used in our construc-
tion of PRGs, we only state and prove it for exact bounded independence. For technical
reasons we restrict the range of the f; slightly.

Theorem 10. Let f be a product test with k functions of input length n. Suppose the range
of each function f; of f is the set {0,1}, or the set of all M-th roots of unity for some fized
M. Let D and T be two independent distributions over {0,1}™ that are dn-wise independent.
Then

[E[f(D+T AU)| = E[f(U)]] <n~ .

Finally, it is natural to ask if similar techniques fool non-read-once polynomials. In
this regard, we are able to show that small-bias distributions [NN93| plus noise fool Fy-
polynomials of degree 2.

Claim 11. Let p: {0,1}™ — {0,1} be any Fy-polynomial of degree 2. Let D and T be two
distributions over {0,1}™, where D is d-biased, and T sets each bit to 1 independently with
probability 2/3. Then

|E[p(D+T AU)] —E[p(U)]] < 6.



1.1 Techniques

We first explain how to prove bounded independence plus noise fools product tests, i.e.,
Theorem [§ After that, we will explain the additional ideas that go into constructing our
PRGs.

Following the literature, at a high level we do a case analysis based on the total-variance
of the product test f we want to fool. This is defined as the sum of the variances Var[f;] of
the functions f; in the definition of product test. The variance of a function g is E[|g(z)|"] —
IE[g(z)]]* where z is uniform.

Low total-variance. Our starting point is a compelling inequality in [GKM15] (cf. [GMR12,
GY14]) showing that bounded independence alone without noise fools low total-variance
product tests. However, their result is only proved for exact bounded independence, i.e.,
every d bits are exactly uniform, whereas it is critical for our seed lengths to handle almost
bounded independence, i.e., every d bits are close to uniform.

One technical contribution in this paper is extending the inequality in [GKMI15] to work
for almost bounded independence. The proof of the inequality in [GKMI15] is somewhat
technical, and our extension introduces several complications. For example, the expectations
of the f; under the almost-bounded independent distribution D and the uniform distribution
U are not guaranteed to be equal, and this requires additional arguments. However our proof
follows the argument in [GKMI5], which we also present in a slightly different way that is
possibly of interest to some readers. Finally we mention that Claim [0 shows that our error
term is close to tight in certain regimes, cf. Section [7]

High total-variance. Here we take a different approach from the ones in the literature:
The papers [GLS12, [GKM15] essentially reduce the high total-variance case to the low total-
variance case. However their techniques either blow up the seed length polynomially [GLS12]
or rely on space-bounded generators that only work in fixed order [GKM15].

We instead observe that bounded independence plus noise fools even high total-variance
product tests. We now give some details of our approach. A standard fact is that the
expectation of a product test f is bounded above by

TTES) < JT(1 - Var[fi])/2 < e SeValir2,

So if the total-variance ) . Var[f;] is large then the expectation of the product test under the
uniform distribution is small. Thus, it suffices to show that the expectation is also small under
bounded independence plus noise. To show this, we argue that typically, the total-variance
remains high even considering the f; as functions of the noise only. Specifically, we first show
that on average over a uniform z and ¢, the variance of the functions f/(y) := fi(x +t A y)
is about as large as that of the f;. This uses Fourier analysis. Then we use concentration
inequalities for almost bounded independent distributions to derandomize this fact: we show
that it also holds for typical x and ¢ sampled from D and T.
This suffices to prove Theorem [§[i Proving Theorem requires extra ideas.
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We first note that the high total-variance case actually does not appear in the read-once
CNF generator in [GMR™12]. This is because one can always truncate the CNF to have
at most 2% log(1/e) number of clauses of width w, which suffices to determine the expected
value of the CNF up to an additive error of £, and such a CNF has low total-variance (for this
one argues that noise helps reduce the variance a little.) To handle an arbitrary read-once
CNF, [GMRT12| partition the clauses according to their width, and handle each partition
separately.

However, one cannot truncate polynomials without noise. To see why, consider, for a
simple example, the linear polynomial 2y + x2 + ... + x,, (corresponding to a product test
that computes the parity function). Here no strict subset of the monomials determines the
expectation of the polynomial. Indeed, one can construct distributions which look random
to m — 1 monomials, but not to m.

Truncation using noise. Although we cannot truncate polynomials without noise, we
show that something almost as good can still be done, and this idea is critical to obtaining
our seed lengths. We show that the statistical closeness parameter in D and 7" can be selected
as if the polynomial was truncated: it is independent from the number k of functions. This is
reflected in Theorem [§[ii] where 0 is independent from k. The proof goes by showing that if
the number k of functions is much larger than 22" then noise alone will be enough to fool the
test, regardless of anything else. This proof critically uses noise: without noise a dependence
on k is necessary, as shown in the parity example in our discussion. Also, for the proof
to work the functions must have expectation at most 1 — ©(27"). As mentioned earlier, we
further prove that this last requirement is necessary (Claim @: we construct functions whose
expectation is about 1—1/k but their product is not fooled by almost bounded independence
plus noise, if the statistical closeness parameter is larger than 1/k¢ for a suitable constant c.

Extra ideas for improved bound. To obtain the improved error bound in Theorem [10]
we show that whenever the total-variance of a product test lies below dn’!, we can use noise
bring it down to below dn~"!. This produces a gap of [dn~"! dn®!] between the high and
low total-variance cases, which gives the better bound using the previous arguments. Reduc-
ing the total-variance requires a few additional ideas. First, we use Theorem [7] to handle the
functions f; in the product test which have high variances. Then we use the hypercontrac-
tivity theorem to reduce the variances of the rest of the f; individually. [GMR™12] also uses
noise to reduce variance, but their f; are just AND and so they do not need hypercontrac-
tivity. To combine both ideas, we prove a new “XOR Lemma” for bounded independence, a
variant of an XOR lemma for small-bias, which was proved in [GMRT12].

Constructing our PRGs. We now explain how to use Theorem [8|to construct our PRGs.
The high-level idea of our PRG construction is to apply Theorem [§| recursively following the
Ajtai-Wigderson framework: Given D +T AU, we can think of T as selecting each position
in {1,...,m} with probability 1/2. For intuition, it would be helpful to assume each position
is selected independently.



We will focus on how to construct a PRG using a seed of length O(log m) for read-once
polynomials with constant error, as this simplifies the parameters and captures all the ideas.
Without loss of generality, we can assume the degree of a polynomial to be n = O(logm),
because the contribution of higher-degree terms can be shown to be negligigle under a small-
bias distribution (See the proof of Theorem [1])

Let p: {0,1} — {0,1} be a degree-n read-once polynomial with & monomials. It would
be convenient to think of p outputting values {—1, 1}. Further, we can write p as a product
[15, pi, where each p; is a monomial on at most n bits (with outputs in {—1,1}.)

Now suppose we only assign the values in D to the positions not chosen by 7', that is,
setting the input bits x; = D; for ¢ € T'. This induces another polynomial pp r defined on
the positions in 7. Clearly, pp r also has degree at most n, and so we can reapply Theorem
to pp,r-

Repeating the above argument ¢ times induces a polynomial defined on the positions
T, := A._;T;. One can think of T, as a single distribution that selects each position with
probability 27*. Viewing T; this way, it is easy to see that we can terminate the recursion
after t := O(logm) steps, as the set T; should become empty with high probability.

By standard constructions [NN93], it takes s := O(n) bits to sample D and T" in Theo-
rem @ each time. Therefore, we get a PRG of seed length t - s = O(n) logm.

To obtain a better seed length, we will instead apply Theorem |8 in stages. Our goal
in each stage is to reduce the degree of the polynomial by half. In other words, we want
the restricted polynomial defined on the positions in Al_;7; to have degree n/2. It is not
difficult to see that in order to reduce the degree of the m monomials of p to n/2 with high
probability, it suffices to apply our above argument recursively for ¢ := O(logm)/n times.
So in each stage, we use a seed of length

t-s=0(n)- (logm)

n

O(logm).

After repeating the same argument for O(logn) = O(1) stages, with high probability the
restricted polynomial would have degree 0 and we are done. Therefore, the total seed length
of our PRG is O(logm).

Here we remark that it is crucial in our argument that D and T are almost-bounded
independent, as opposed to being small-biased. Otherwise, we cannot have seed length
s = O(n) when n = o(logm). For example, when n = O(1), with small-bias we would need
s = O(logm) bits, whereas we just use O(loglogm) bits.

We remark that [GMRT12] uses the number of clauses in the CNF as their progress
measure. They show that this number drops polynomially at each iteration, allowing them
to recurse for only O(loglogm) steps. However this only holds for truncated CNF's, and is
false for example for the linear polynomial x; + x5 + ... 4+ x,,. This is why we are not able
to get a PRG with seed length O(log m) for polynomially small error.

Organization. We prove bounded independence plus noise fools product (Theorem [§)) in
Section [2| except the proof of the low total-variance case, which we defer to Section [d] Then
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’ Conditions ‘ Uses ‘ Follows from ‘ Error ‘

(1) > i< Varlfi] < ad D Lemma |12| -0 (k;Qn)O(d)5
(2) > i<k Varlfi] > ad D +T AU | Derandomized Claim 2-9(d) 4 |OWd)§
(3) k> 2?14, nice products TANU Claim 12 2~—(d) 4 90(dn)

Table 1: Error bounds for fooling a product tests of k functions of input length n under
different conditions. Here D and T are (9, dn)-close to uniform, and « is a small constant.

we give constructions of our PRGs in Section [3] In Section [5, we show how to obtain the
modest improvement of Theorem [§. After that, we prove our result on fooling degree-2
polynomials in Section [0} Finally, we prove Claim [J]in Section [7}

2 Bounded independence plus noise fools products

In this section we prove Theorem [8| As we mentioned in the introduction, the proof consists
of 3 parts: (1) Low total-variance, (2) high total-variance, and (3) truncation using noise
for nice products. We summarize the conditions and the error bounds we obtain for these
cases in Table[I] Let us now quickly explain how to put them together to prove Theorem [§|
Clearly, combining (1) and (2) immediately gives us a bound of 27 4 (k27)°(@ for product
tests, proving Theorem . For nice product tests, we can apply (3) if k > 2*"*1d otherwise
we can plug in k < 22"*1d in the previous bound, proving Theorem [8]ii]

We now discuss each of the 3 cases in order. Since the proof of the low total-variance case
is quite involved, we only state the lemma in this section and defer its proof to Section [}

Lemma 12. Let X, X5, ..., X}, be k independent random variables over C<y with min,cgupp(x;)
PriX; = 2] > 27" for eachi € {1,...,k}. Let Y1,Ys,..., Yy be k random variables over C<
that are (g,16d)-close to Xy, ..., Xy. Then

. /2
< 20(d) (Zi:l \d/ar[X1]> + <k2n)o(d)€

We now prove a claim that handles the high total-variance case. This claim shows that
for uniform = and ¢, the variance of the function ¢(y) := f(x +t Ay) is close to the variance
of f in expectation. Its proof follows from a simple calculation in Fourier analysis. Later,
we will derandomize this claim in the proof of Theorem [§]

Claim 13. Let T be the distribution over {0,1}" where the T} s are independent and E[T;] =
n for each j. Let f: {0,1}" — C be any function. Then

E, [\{]a;r[f(U + T AUY)]| > nVar[f].



Proof of Claim[13. By the definition of variance and linearity of expectation, we have

&ET[VU@r[f(U+TAU’)]]:l;;T[II;[|f(U+TAU ‘E (U +T AU ]
= E [E[fW+TAU))] - E || EF@ +T AU ]

The first term is equal to
Zfozfa Xoc af )] :Z|fa|2-

The second term is equal to

UuT LU

E[E [Zfaxa(U + T AU E [ 3 faxw W +T AT

E [Zfafa XalU +T AU EIxer(U +T AU

a,a’

=E
> fofo Bl V) B | Ela(T AU E [xa(T AU
Z

| fal? Xa(T AU+ U"))]

T U/ U//

ZZIf (L=,

Therefore,

[\l @+ Ta0]] = S0P (1= (=) 2 0 0ol = Varl ),

UT
a#0

where the inequality is because 1 — (1 —n)!®l > 1 — (1 —n) > 7 for any « # 0. O
With Lemma [I2] and Claim [I3] we now prove Theorem [§|

Proof of Theorem [§4. Let o denote (3, Var| fi)Y2. We will consider two cases: 02 < ad

and 02 > ad, where o > 0 is a sufficiently small constant.
If 02 < ad, we use Lemma [12] Specifically, since Pr[f;(U) = z] > 27" for every z €
Supp( fi), it follows from Lemma [12| that

k k

‘E [Hfi(p)} _E [H ” < 270 | (pon)OW)s.

i=1 =1

and the desired bound holds for every fixing of 7" and U.



If 02 > ad, then the expectation of f under the uniform distribution is small. More
precisely, we have

1

TTEG )] = [T - Va2 < i < 2720, (1)

i<k i<k

Thus, it suffices to show that its expectation under D+ T AU is at most 2~H4) 4 (£27)0(@g,
We now use Claim [13] to show that

‘DTU[Hf1D+T/\U”<2 2d) 4 (k2n)0Ws, 2)

For each ¢,z € {0,1}", and each i € {1,2,...,k}, let 07, ; denote Vary:[fi(x 4+t A U’)]. We
claim that >, ‘7152,99,1' is large for most = and ¢ sampled from D and T respectively. From
Claim [13] we know that this quantity is large in expectation for uniform x and t. By a tail
bound for almost bounded independent distributions, we show that the same is true for most
x € D and t € T. By a similar calculation to we show that for these z and ¢t we have
that |E[f(z 4+t A U)]| is small.

To proceed, let 7" be the uniform distribution over {0,1}™. Applying Claim (13| with
n = 1/2, we have Ep y[07, ;,] > Var[fi]/2. So by linearity of expectation,

]EU [Z a%,7U’Z} > 0?/2 > ad/2.
i<k

Since T' and D are both (4, dn)-close to uniform, the random variables 0% 1, ), ..., 07, are
(20, dn)-close to 07, 1, - .., 0% 17y Let p = ET’,U[Zigk 0% 4] > ad/2. By Lemma ,

[Z o i < u/?} < 27D 4 pOg,
i<k

Hence, except with probability 2=%@ 4 k9§ over t € T and = € D, we have

2‘71&2@,1‘ = Z\/'Ualr[fl-(a: +t AU > ad/4.

i<k i<k

For every such ¢ and x, we have

[TEL @+t A0 < TT | Blfite + 1A D)

i<k i<k
=[[a-0ot, 0"
< 6_%Zi§kaf,z,i < 9—d) (3)

In addition, we always have |f| < 1. Hence, summing the R.H.S. of (2) and (3), we have

<IE

HfZD+T/\U)] ‘HEle+T/\U)]‘

o8y |
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To prove Theorem [§[ii, we use the following additional observation that noise alone fools
nice products when k is suitably larger than 22". The high-level idea is that in such a case
there will be at least k27" > 2" functions f; whose inputs are completely set to uniform by
the noise. Since the expectation of each f; is bounded by 1 — O(27"), the expectation of
their product becomes small when k is suitably larger than 22", On the other hand, E[f(U)]
can only get smaller under the uniform distribution, and so the expectations under uniform
and noise are both small.

Claim 14 (Noise fools nice products with large k). Let f: {0,1}™ — C<; be a nice product
test with k > 2*"*1d of input length n. Let T be a distribution over {0,1}™ that is (8,dn)-
close to uniform. Then

E[/(T AD)] — B[/ (U)]] < 279@ 4 20005

Proof. We will bound above both expectations in absolute value. Let k' := 2?"t!d < k.
Write f =[], fi, where f;: {0,1}"i — C<,. Since f is nice, there is a constant o € (0, 1]
such that [E[f;(U)]] <1—a2 " for every i € {1,...,k}. Under the uniform distribution, we
have

k

ELf ()] = [TIESW)]] < (1 —a27)F < e < 270@, (4)

i=1

It suffices to show that the expectation under T'A U is at most 2~ 4 200n) 5 Note that

E[f(T AU [H}E H@ao)] sg[ﬁ!@m@wm]

We now show that the R.H.S. is at most 2-%@ 4 20(dn) 5 We first show that the expected
number of f; whose inputs are all selected by T" when T is uniform is large, and then apply

a tail bound for almost bounded independent distributions to show that it holds for most
t € T. Let T" be the uniform distribution over {0, 1}™. Then

k./
E [Z]I(T}i — 1/l ] ZPr — 11l > pron = gntig,
i=1
Since T is (6, dn)-close to uniform, the 77, are (6, d)-close to uniform. By Lemma [48]
Py [Zn — 11y < 2”d] < 9=%dn) 4 90(dn) 5 (5)

Note that if Ty, = 115 then [Ey[fi(T A U)]| = |[E[f]] < 1 —a2™. Thus, conditioned on
Zflzl 1(Ty, = 111y > 27d, we have

k
TIELAT A D)]| < (1027 < 2720, ©)

11



Since we always have |f| < 1, the error bound follows from summing the R.H.S. of ,

and (@ O

Theorem [§[ii] now follows easily from Claim [14] and Theorem [8[1

Proof of Theorem [§.4. Since f is nice, there is a constant o € (0,1] such that |E[f;]|] <
1 — a2 If k > 22"*1d, then the theorem follows from Claim [14 Otherwise, k& < 22*1d
and the theorem follows from Theorem &1 O

3 Pseudorandom generators

In this section we construct our generators. As explained in the introduction, all construc-
tions follow from applying the Theorem [8] recursively. The following lemma captures the
trade-off between the number of recursions and the simplification on a product test. As a
first read, we suggest the readers to refer to the O notations in the statements and proofs,
i.e., ignore polylogarithmic factors in n, log k, log(1/¢) and logm, and think of k as m and
€ as some arbitrary small constant.

Lemma 15. If there is an explicit generator G': {0,1}* — {0,1}™ that fools product tests
with k functions of input length r with error ¢’ and seed length ¢', then there is an explicit
generator G: {0,1}¢ — {0,1}™ that fools product tests with k functions of input length n

with error €' + te, where t = O(% + log(ﬁnl)) = O(% + 1), and seed length

i. (=10 +1t-0((logk + n)log(1/e) + loglogm) = ' +t - O((log k + n)log(1/¢));
ii. if the product tests are nice, then £ = €' +t-O((n+loglog(1/¢))log(1/¢) +loglogm) =
t-O(nlog(1l/e)).

We defer its proof to the end. Our generator for arbitrary product tests (Theorem
easily follows from the lemma. Our generator for nice product tests (Theorem [5)) requires
applying the lemma in stages, where in each stage we apply the lemma with a different value

of n. XORing its output with a small-bias distribution gives our generator for polynomials
(Theorem [1)).

Proof of Theorem [3. We apply Lemmal[15[i with r = 0 with error e /t, where t = O(log(k/e)+
logn) = O(log(k/e)). Note that a product test of input length 0 is a constant function, which
can always be fooled with zero error. So we have a generator that fools product tests with
k functions of input length n, with error € and seed length

t- 0 (nlog(t/e) 4 log(1/6) + loglogm) = O(log(k/e))(n + log k) log(1/¢). O

We will apply Lemma [15/in O(logn) stages. In each stage our goal is to halve the input
length of the product test.

12



Proof of Theorem[J. Let f be a nice product test with k functions of input length n. Note
that by applying Lemma[L5 with r = n/2 and error £/(tlogn), where ¢ = O(log(k/e)/n+1),
we can halve its input length by incurring an error of ¢/O(logn) and using a seed of length

t-O(nlog(tlogn/e) + log(1/0) + loglogm) =t - O(nlog(l/e) + log(1/4))
= O(log(k/¢) 4 n)log(1/e).

Now we repeat the argument for s = O(logn) steps until the input length is zero, which
is a constant function and can be fooled with zero error. So we have a generator that
fools nice product tests with £ functions of input length n, with error £ and seed length
s - O(log(k/e) 4+ n)log(1/c) = O(log(k/e) + n)log(1/e). O

Theorem [1] follows from XORing the output of the above generator with a small-bias
distribution.

Proof of Theorem[1. Let ¢ be a sufficiently large constant. Let D be a (£/m)-biased distri-
bution over {0, 1}™ [NN93|. Let G be the output distribution of the generator in Theorem
that fools product tests with m functions and input length clog(m/e) with £/2. The gener-
ator outputs D + G. By [NN93| and Theorem [f] it takes a seed of length

O(log(m/e)) + O(log(m/e) + clog(m/e)) log(1/e) = O(log(m/e))log(1/e).

Let p: {0,1}" — {—1,1} be any read-once GF(2) polynomial. Consider the polynomial
p’ obtained from p by removing all the monomials with degree greater than clog(m/¢) in p.
We claim that the expectation of p and p’ under D differs by at most . Note that under
any (£/m)-biased distribution X, the probability that any clog(m/e) bits are 1 is at most
e/4m, and so by a union bound we have Pr[p(X) # p/(X)] < ¢/4. In particular, this holds
for D and U. It follows that

E[p(D +G)] - E[p(U)]| < [EP(D+G)] - Ep (V)] +¢/2<e,
where the last inequality holds for any fixed D because of Theorem O

We now prove Lemma |15 First we state a claim that will be used in the proof to reduce
the input length of the product test.

Claim 16. Let TW ... . T® be t independent and identical distributions over {0,1}" that
are §-close to uniform. Then Prlwt(AL_,TW) > r] < ()27 +6)".

Proof. Since TW, ..., T® are independent and each T is d-close to uniform,
Prlwt(A,T?) > 7] < Y Pr [/\gzl Ares(T = 1)}
S:|S|=r+1
t o

= Y JIPr[resT? = 1)
S:|S|=r+1 i=1

< 9—(r+1) t_ n —(r+1) t

< > +o)=(,,,)e +6) 0
S:|S|=r+1

13



Proof of Lemma[T8. For S C {1,2,...,m}, define the function PADg(x): {0,1}/5! — {0,1}™
to output m bits of which the positions in S are the first |S| bits of 20/% and the rest are 0.
Let C be a sufficiently large constant. The generator G will output H®), where we define

the distribution H® recursively for ¢t = O(% + log(25)) steps: At the i-th step, H @
samples two independent distributions D@, T@ over {0,1}™ that are (§, Cnlog(1/¢))-close

to uniform, where ¢ is taken to be
1. § = 2 C(logk+n) log(l/a)
. if the product tests are nice, then § = 2-C(ntloglog(1/e))log(1/e)
Then output . ' ' |
HY := DY 4 TC) A PAD o) (H*Y).

We define H*V to be G'(Up).

By [NN93, Lemma 4.2], sampling D® and T takes a seed of length O(nlog(1/¢) +
log(1/6) + loglogm). The total seed length of G is therefore ¢ = ¢' +t - O(nlog(1/e) +
log(1/6) + loglogm).

We now analyze the error of G. For i € {1,2,...,t}, consider the variant H[(Ji) of HM
which is the same as H) but at the i-th step replace PAD,q) (H ) with PADp) (Up).
Let HY = U,,.

For every i € {1,...,t}, for every fixed DU, ... D1 and TM ... TGV the function
f restricted to /\j<iT(j) remains a product test with k functions of input length n, and
remains nice if f is nice. Call the restricted function g. Then, by Theorem 8| we have

E[f(HS )] — E[f(HD)]| = |E[9(U)] —E[g(DD +TD AU,)| < e

Hence, summing over ¢ we have
[ELf (Un)] = ELf ()| < D [BL (Hy ™) = ELF(H )| < te.
i=1

We now prove that |]E[f(H((}))] —E[f(HD)]| < & +2e. We will show that except with
probability e, the function f restricted to /\jStT(j ) is a product test of input length r and so
we can fool the restricted function using G’ given by our assumption.

Write f = [[,<, fi, where each f; is defined on {0, 1}’ with |I;| < n. We claim that

Pr wt(/\’;:lTI(:)) > r for some j € {1,..., k}] <e.

It suffices to analyze Pr{wt(Al_ IT( )) > r] for each j and take a union bound over j < k.

Since |[;| < n, T @ is 2-Cn_close to uniform, by Claim (16| and a union bound over j < k,
the probability that some fi has input length > r is at most

r+1
n —(r —Cn ne —r (9] 10%"(’9/5) lo (Tn)
k<r+1)<2(+1)+20)t§k.(r+1) (2 )( H+g“>§€.
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Hence, for every DU, ... D® with probability 1 — ¢ over the choice of 7!, ... T® the
function f restricted to AL_, 7™ becomes a product with k functions of input length 7,
and remains nice if f is nice. Conditioned on this, we have by the definition of G’ that
|]E[f(H(Ut))] —E[f(HW)]| < . Otherwise, as |f| is bounded by 1, the absolute difference is
always at most 2. Hence, |]E[f(H(Ut))] — E[f(HM)]| < & + 2¢, and so the total error is at
most &' + (t + 2)e. O

4 On almost k-wise independent variables with small
total-variance

In this section we will prove Lemma Our proof follows closely to the one in [GKM15],
which proves the lemma for ¢ = 0, that is, when the X;’s are d-wise independent. We first
give an overview of their proof.

For independent random variables 71, ..., Zx, we will use o(Z) to denote the standard
deviation of ., Z;, that is, o(Z) := (32r_, Var[Z;])!/2.

As a first step, let us assume each E[X;] is nonzero and normalize the variables X; by
writing

X; — E[X)]
1:[)(1» = [[EX)] + (X: - E[X)])) = HE[Xi] 11 (1 + W) '

% 7

Let Z; denote (X; — E[X;])/E[X;]. If |Z;] is small, then intuitively a low-order Taylor’s
expansion of [[,(1 + Z;) should approximate the original function well. To write down its
Taylor’s expansion, a convenient way is to rewrite [[,(1 + Z;) as e>i1°6(1+%:) Tt suffices to
bound above its error term in expectation. This is equivalent to bounding the d-th moment
of > .log(1 + Z;). A standard calculation gives a bound in terms of the norm and variance
of the functions log(1 + Z;). Since |Z;| is small, log(1 + Z;) behaves similarly as Z;. So we
can relate the error term in terms of |Z;| and o(Z)? := Y, Var[Z;]. In particular if |Z;| < B
for all i then we would get an error bound of the form 29 (\/o(Z)2/d 4+ B)°¥. For now
let’s think of E[X;] being bounded away from 0 so that Var[Z;] = ©(Var[X,]).

Now we handle the case where |Z;| is large. Note that this implies either (1) |X; — E[X;]|
is large, or (2) E[X;] is small. We will handle the two conditions separately by a reduction
to the case where the |Z;|’s are small.

The recurring idea throughout is that we can always tolerate O(d) bad variables that
violates the conditions, provided with high probability there can be at most O(d) bad vari-
ables. This is because by affording an extra O(d) amount of independence in the beginning,
we can condition on the values of these variables and work with the remaining ones.

As a simple illustration of this idea, throughout the proof we can assume each Var[X}]
is bounded by Y, Var[X;]/d =: 0(X)?/d, as there can be at most d bad variables X; that
violate this inequality, and so we can start with 2d-wise independence, then conditioned on
values of the bad variables X;, the rest of the X; would satisfy the bound.
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We first assume the |E[X;]|’s are large and handle (1), we will round the X; to E[X]]
whenever | X; — E[X;]| > B. Note that by Chebyshev’s inequality an X; gets rounded with
probability Var[X;]/B?. Tt follows that the probability that there are more than d such X;’s
is bounded by (o(X)/Bd)?. This suggests taking B to be (o(X)/d)® for some constant
« € (0,1) to balance the error terms.

It remains to handle condition (2), for Z; to be bounded by B = (¢(X)?/d)*V), as ex-
plained above it suffices to show that all but O(d) of the X;’s satisfy |E[X;]| > (o(X)?/d)°W.
If |E[X,]| > (0(X)/d)?*V) for Q(d) of the X;’s, then by a similar argument as above one can
show that with high probability at least half of them is bounded by (o(X)?/d)*®"). Hence,
E[[], Xi] is at most (o(X)?/d)*?¥ when the X,’s are d-wise independent. This finishes the
proof.

Note that in the case of ¢ > 0, each X is only e-close to the corresponding Y; and they
are not exactly identical. As a result, throughout the proof we will often have to introduce
hybrid terms to move from functions of X; to functions of Y;, and vice versa, and we will
show that each of these steps introduces an error of at most k°@e¢.

Also, there is some loss in € whenever we condition on the values of any subset of the
Y;’s, see Claim [24] for a formal claim. This introduces the extra condition that each X; must
put a certain mass on each outcome.

4.1 Preliminaries

In this section, we prove several claims that will be used in the proof of Lemma [12]

Lemma 17. For any z € C with |z| < 1/2, [log(1 + 2)| < 2|z|, where we take the principle
branch of the logarithm.

Proof. From the Taylor series expansion of the complex-valued log function we have

- (_1>n—1 n S n G n
> % <l < 2D (1/2)" =202 O
n=1 ’ n=1 n=0

Lemma 18. Let Z € C be a random variable with |Z| < 1/2, E[Z] =0 and W = log(1+ Z)
the principle branch of the logarithm function (phase between (—m,m)). We have Var[W] <
4 Var[Z].

Proof. By the definition of Variance, Lemma [17] and that E[Z] = 0,
Var[W] = E[[W[*] — [E[W]["

llog(1+ z)| =

<E[W/’]
<4E[|Z[
= 4 Var[Z]. O
Lemma 19 (Taylor’s approximation). For w € C and d > 0,
e? — gwj/j! < O(l)w -max{1,e*®}
= - d! ’ '
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Lemma 20. For any random variable W € C, [V < E[|eV]].

Proof. By Jensen’s inequality, we have
|e5V)] = ROV < ™)) = Ele™]]. O
Claim 21. |e** — e*| < |e*] - O(|z1 — 22|) if |21 — 22| < 1,
Proof. By Lemma [19 with d = 1,
1722 — 1| < O(1) - |21 — 2| - max{1, e®* =)} = O(|2, — 2)),

because (21 — z2) < |21 — 29| < 1. Therefore,

e e = (e - )
= |e*[|]e” ™ — 1]
< €| - O(|z1 — z). O

Claim 22. Let XY € Q be two discrete random variables such that sd(X,Y) < e. Let
f:Q — C be any function. We have |E[f(X)] — E[f(Y)]]| < 2max.|f(2)] -sd(X,Y).

Proof. Let p and ¢ be the probability function of X and Y. Using the fact that sd(X,Y) =
%Zz|p(z) — q(z)], we have

E[f(X)] - E[f(V)]] = | CCEDS a(=)/(2)|

z

<Z!f )Ip(z) = q(2)]

< max|f(z) Z\p
= 2max|f(z )\~sd(X,Y). O
Claim 23 (Maclaurin’s inequality (cf. [Ste04])). Let z1, ...,z be k non-negative numbers.

For any i € {0,...,k}, we have

Si(z1, 0y 2k Z sz_ (e/7)" ZZ])Z

S:|S|=i jeSs j=1

4.2 Proof of Lemma [12

We now prove Lemma For independent random variables 71, ..., Zx, we will use o(Z) to
denote the standard dev1at10n of 3 .o, Zi, that is, 0(Z) := (25, Var[Z,])/2. We will also
denote o(Z)?/d by v for notational simplicity.
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4.2.1 Assuming the variances are not too small

As hinted in the overview above, throughout the proof we will without loss of generality
assume Var[X;] < o(X)?/d for every i € {1,...,k}. This assumption will be used in the
proof of Lemma [30| to give a uniform bound on how close the rounded X;’s and X;’s are in
expectation.

We first prove a claim that shows the Y;’s remains close to the X; even if we condition
on the values of a few of the Y;’s. This claim will be used multiple times throughout the
proof. Note that this claim is immediate for exact independence (¢ = 0) but less for almost
independence. We shall use the assumption that the X; take any value with probability at
least 277,

Claim 24. Let Xy, Xs, ..., X}, be k independent random variables over C<; with min,egupp(x;) Pr[X; =
z] > 27" LetY1,Ys, ..., Yy be k random variables over C<y that are (¢, d)-close to X1, Xo, ..., Xj.

Let S C{1,...,k} be a subset of size t. Then conditioned on any values of the Y; fori € S,

the Y; fori & S are (3-2%"e, d —t)-close to the X; fori & S.

Proof. Let T' C [k] — S be a subset of size at most d —t. We have for any value z, for ¢ € S,

Z Pr[/\Yj:zj | /\Yg:Zgi| —Pr[/\Xj:zj}
zj:g €T JeET les JeET
Z Pr [/\jeSuTYj = ZJ} Pr [/\jeSuT Xj = Zj]
zj:g €T Py Px

where px 1= Pr[Aics Xy = 2] and py := Pr[AsesYe = 2. Hence, we can rewrite above as

5 (- ooyl A sl (] A vims]-me A xi-s)

zj:j€T jJeSuUT jesur jesur
———’§ Pr[/\Y—Z]]—F—
Py bx
g €T JeESUT

<1/py —1/px| +¢/px
< (1/pxpy + 1/px)e.

The first and last inequalities are because the X;’s are (e, d)-close to the Y;’s. As the X;’s are
independent, by our assumption we have px = [[,.4 Pr[X, = 2/ > 27", and so py > 27" —

e > 27 /2. (Otherwise the conclusion is trivial.) Therefore, (1/pxpy —I— 1/px)e < 3-2%n¢,
and the proof follows. O

Claim 25. Let Xy, Xy, ..., X} be k independent random variables over C<i with min,egypp(x;) Pr[X; =
z] > 27" for each i € {1,...,k}. Let Y1,Ya,..., Yy be k random variables over C<y. If
Lemma[19 holds when the Y;’s are (Cd, e)-close to the X;’s assuming Var[X;] < o(X)?/d for

every i € [k], then Lemma[19 holds when the Y;’s are ((C +1)d, £)-close the X;’s without the
assumption.
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Proof. Note that there can be at most d different such indices. Let J be the set of these
indices. We have

[ =111 x -1y Ty

jeJ iZJ jeJ iZgJ
= (HXj - HYJ> HXj + HY}'(HXJ‘ - HYJ>
jed jeJ igJ jed igd igJ

We first bound the expectation of the first term. Since the X;’s are independent,

Xz;y[(jng—gyj)g)(j} = E[EXJ} —E[jl;[]Yj] . E[%HJXJ}
(1] -+

<e.

For the second term, note that conditioning on the values of the Y; for which j € J, by
Claim , the remaining variables are (ZO(d")e, Cd)-close to the corresponding X;’s. So we
can apply the above Lemma [12| with our assumption and the claim follows. O

4.2.2 Assuming the variables are close to their expectations and the expecta-
tions are large

Lemma 26. Let X1, Xy, ..., X) be k independent discrete random variables over C<q. Let
Y1, Ys, ..., Yy be k discrete random variables over C<y that are (e,d)-close to Xq,..., X.
Assume for each X; andY;, there exist Z; and Z! such that

X, =E[Xi](1+ %) and Y;=E[X;](1+7Z),

where |Z;] < B <1/2 and |Z!| < B <1/2. Then

d
< 20(d) <%§H&i) + (Bk)o(d)e.

Remark 27. Note that we define Y; above in terms of E[X;] but not E[Y;]. The Z;’s are
independent, but the Z;’s may not be. Also, later we will take B to be v'/3.

Proof. Define W, I/TQ such that
W, =log(1+ Z;) and W, =W, — E[W]].
Likewise, define W/, W/ such that

WZ.’ = log(l + ZZ/) and Wil = Wil - ]E[W/]

)
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Let W =, W, and W’ = 3. W/. Note that X; = E[X;]eV+EWi and Y; = E[Y;]eWi+EW,
We have
k k

[]x = (H]E[Xi]eE[Wi]>eW and ﬁy - <ﬁE[Xi]€1E[W{])@W’.

=1 i=1 i=1

Hence the difference is

k k k k k
[1x-1[v- (HE[XA) (Hemvm eV M eW’)
=1 =1 221 =1 . . =1 A . A A
= (HE[XJ) ((H EWil _ H eE[WiI]>eW + H EWil . (eW - ewl>> :
i=1 i=1 i=1

i=1

The lemma follows from the two claims below:

(T BT ) (T, €29 =TT, e0%0) e | < O(ke).

. . d
Claim 29. ’(Hle]E[Xi]eE[Wﬂ> <E[eW] - E[eW’])( < 20() (W) + (Bk)O@e.

Claim 28. For every outcome ofW,

O
Proof of Claim[28 We have
k k k ) k k k )
(HE[XJ) (Hemvm -T1 eE[Wn)eW _ ’ [TER] - ‘ T W — T el ‘ew‘
i=1 i=1 i=1 i=1 i=1 i=1
Since [, E[Wi] — >, E[W/]| < 32, |E[W;] — E[W/]| < ke, by Claim 7
k k
) [T — T | = [l — oxieivs
i=1 i=1
< [eZEW] L O(ke)
k
= [T "] - O(ke),
i=1
Therefore,
k k k ) k k
‘HE[XJ : ‘ HeE[W” — HeE[Wl{] : ‘ew‘ < HE[XZ] : ‘HeE[Wi} - O(ke) ‘ew‘
i=1 i=1 i=1 i=1 i=1
k ~
= (HE[Xi]eE[Wi]>eW - O(ke)
i=1
k
= [ Xi| - O(ke)
i=1
< O(ke). O
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Proof of Claim[29. We first rewrite eW — eV’ as a sum of 3 terms:

W

e J—

V=

ZWJ/J) (2;( - W) /J> <ZW’/J' )

It suffices to bound above the expectation of each term multiplied by v := [[r_, E[X/]e

EW/]

We bound the first and last terms using Taylor’s approximation (Lemma, and the second
term using (e, d)-closeness of the variables. We will show the following:

For , by Lemma |19 we have

d—1
W/
’y . 6 —
7=0

-1 . d
E || (JV’ _ ZW/J/j!) < 20 (W) (kB0 7)
r d:—ol . d
|- (o - S| <200 (W) ®)
L . Jj=0 | .
4 E [Z(Wﬂ' . W”)/ﬂ} < ke 9)

W’

aF |74 -
S W) < - O(1) - - max{1, R0V,

We now bound above |y - max{1, e®"W"}| by 1. We have

Iv| =

Moreover,

|y -

ﬁE[X]e
: ﬁmue

< HIE E[|e>:Vi|] (Jensen’s inequality, see Lemma
L
—E ‘HE[X'] > Wi
L =1
ok
—F ‘HYZ
L i=1
<1

<1

ROV ‘HE IE[W] W
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Hence, it suffices to bound above E[|WW’|%]. Note that the W/’s are (e, d)-close to the WW;’s.
So we bound above |WZ| and Var[W,- and then apply Lemma . First, since |Z;| < B, we
have |W;| < 2B because of Lemma |17, and so |W;| < |W;| + |[E[W;]| < 4B. Next, we have
Var[W;] < 4 Var[Z;] because of Lemma and so o(W) < 20(Z). Therefore, by Lemma ,

k

e || (e (@ - S ) | <

o
()EHZ!/H

~ d
o (W)’

d
d
< 90() (W) + (kB)Oe.

We prove Inequality similarly. Note that

[ B B

< ol S EW -5 B
< il EWI-EWi]]
< ek{i

<0(1),

because € < 1/k, otherwise the conclusion is trivial. Hence,

‘(HE ) (o = S 3)| < | (T (e~ S 73) - o0

Therefore, it follows by Inequality (1) by considering ¢ = 0 that

e || (ITepien) (o - ) | <2 (M)

d

Finally we prove Inequality @ By linearity of expectation,

,_\

E[l_l(W W) /j} S W/t

:0

U

<
Il

o

.

Note that W7 = > ;)7 can be written as a sum of &/ terms where each term is a product
of at most j < d different W;’s. Moreover, we have |W;| < 2B < 1 for each i because of
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Lemma . So we have |E[IV7] — E[W’]H < kie. Hence,

QU
=
QU
=

E| Y - w)/

< S [E) - B

=0 =0
d—1
< ke
=0
< ke
Recall that |y| < 1, this concludes (9). O

4.2.3 Assuming the expectations are large
We now prove the main lemma assuming the expectation of the X; are far from zero.

Lemma 30. Let X, X5, ..., X}, be k independent random variables over C<y, with min,egupp(x;)
Pr[X; = z] > 27" Let Y1,Ys,...,Yy be k random variables over C<y that are (g,9d)-close
to X1,...,Xy. Assume |E[X;]| > (o(X)?/d)Y/S for eachi. We have

k d
< 20 <_<’(§ )2) + (k2)0@e.

e [I1x] -2 (11

=1

Proof of Lemma[30, We will assume o(X)?/d is less than a sufficiently small constant and
e < (k27)~% for a sufficiently large C; otherwise the R.H.S. of the inequality is greater than
2 and there is nothing to prove.

For each i € {1,2,...,k}, we define a new function rd;: C<; — C<; that will be used to
round the variables X; and Y;. We define rd; as

rd;(z) :=

{z if |2 — E[X;]| < (0(X)?/d)/?
E[X;] otherwise.

Let X; = rd;(X;) and Y; = rd;(Y;). We will write both [], X; and [[,Y; as

k k
HXi = H(XZ — XZ + Xz) = Z H(Xz — Xz) HXH

i= SC{1,2,...,k} i€S igsS
and i i
[[vi=1Ivi-vi+v)= > JIvi-¥)]]%
i=1 i=1 SC{1,2,....k} i€S igS

Let m = 3d. Define

Pu(z1,20, - m) = 3 [z = rdi(z0) [ rdi(=0).

|S|<m i€S ZS
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We will show that P, is a good approximation of the product in expectation over both X;’s
and Y;’s and then show that the expectations of P,, under X;’s and Y;’s are close.
We will use the following inequalities repeatedly.

Claim 31. Pr[X; # X;] < Var[X,Jv=2/3 < o'/3. In particular, 3, Pr[X; # Xi] < (do)?/3.
Proof. The first inequality follows from Chebyshev’s inequality and second follows from the
assumption Var[X;] < wv. The last sentence is implied by the first inequality. ]
Claim 32. ‘E [Hl Y, — Pn(Y4,. .. ,Yk)} ‘ < 20(d)yyd 4 | O(d)¢,

Proof. Consider the product [[..¢(Yi — Y;). Let N’ be the number of i € {0,1,2,... k}
such that Y; # Y;. If N” < m then any set S of size at least m must contain an i such that
Y; =Y. In this case the product is 0 and thus

[[vi-P.vi,...v) =Y [[i-v) ][ vi=0.
i |S|>m i€S S
So,

Iﬂﬂﬁ—&%wwm}

m—1 (N’ —1 (N’ N :
If N’ > m then there can be at most Y ", (K) <> (m) (?) < 2m(m) subsets in the
sum in P,, for which the product is nonzero, and each such product can be at most 2™
because |S| < m. Thus,

m—1
12 m)- [P T < 1 223 ()
0

~
Il

Therefore,

EWszyQHE

PV, V)] B [0V = m) | [TV

We will show the following
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Claim 33. Pr[N' = m| < E | (V)] < v+ ke

Assuming the claim it follows that

E[1(V > m)- (HY Pa(Yi,. . Y0))|

<E[L(N'>m)] +2*"E KN,)}

m
< (1 + 25)((20)¢ + kO@D¢) (m = 6d)
< 20y 4 O, O
We now prove Claim [33]
Proof of Claim[35 The first inequality is clear.
N’ -
E Km)} < Y PrlAiesYi # Y]
|S|=m
< Z (H Pr[X; # Xi| + €> (each Y; is e-close to X;)
|S|=m i€S
< [Pl # X+ kT
|S|=m i€S
k ~ m
- PriX; # X;
< (6 2z PrIX: 7 Z]> + k™Me (Maclaurin’s inequality)
m
d- X 2/3 3d
< (%) + k™Me (Claim
Ty OO ]

Now, we show that P, (Y1,...,Y%) is close to P, (X, ..., Xx) in expectation.
Claim 34. |[E[P,,(X1,..., Xp)] — E[Pn(Y1,...,Y3)]| < 2°@Dvd + O(k)3e .
Proof. The difference between P,(X1,..., X)) and P, (Y1,...,Y)) equals

Pu(X1, 0, X0) = Pu(Vis ) = S0 ([T = X0 TT % - [T - W IT ).

|S|<m €S iZS ics iZS

We can rewrite the R.H.S. as

5 (105 - 0w -39) T+ T3 (TT - 1T ).

|S|<m €S €S i€S €S i¢S IS
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It suffices to show that

E| > (TI0a— %) - [T =) T X || < k0= (10)
|S|<m €S €S igS ]

E| S [Iovi- Yg)(HXZ- . H?;) < 20@yd 4 (k2M0@s (11)
|S|<m i€S iZS igs |

We first prove Inequality (10]). Because the X;’s are independent, the L.H.S. of the inequality
equals

|S|<m €S ies iZS
m—1
SZ E[H(XZ_X’L>i|_E|:H<Y;_z>i| E[HXz]
(=1 |S|=¢ ieS = igs
m—1
< E[T[x - %] - [ T[] - ¥
(=1 |S|=¢ = icS
m—1
<>y 2.2k
(=1 |S|=¢
m—1
< Z k2.2t
=1
< 2(2k)™e
= |OWg

To see the third inequality, note that |z — rd;(z)| < 2, and so |[[;cq(z — rdi(z:))] < 2/°l. So
we can apply Claim [22| to bound above the absolute difference by 2 - 21%l¢.

Now we prove Inequality (1I). As |S| < m = 3d and Y;’s are (g,9d)-close to X;’s,
conditioned on the values of X; for which i € S, by Claim , the remaining Y;’s for which
i ¢ S are still (290", 6d)-close to the corresponding X,’s. (Recall that we can assume
e = (k2")=% for a sufficiently large C.) We will apply Lemma [26|to them.

Define Z;, Z! such that X; = E[X;](1+ Z;) and Y; = E[X;](1 4 Z!). To apply Lemma ,
we need the following two claims to bound above |Z;|,|Z!| and o(Z)?. We defer their proofs
to the end.

Claim 35. Let B = 4v'/S. Then |Z;| < B and |Z!| < B.
Claim 36. ¢(Z)? < 40(X)21}_1/3.
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Therefore, by Lemma [26| with &’ = 20™™e and B = 4(0(X)?/d)"/6 < 1/2 (Recall that
we can assume o(X)?/d less than a sufficiently small constant),

Bl TIoi-v(T15-T1%) || < X B ||[Toi- ¥

|S|<m i€S i2S iZS 1S|<m icS

.]\47

where

M < 90(d)

6d
O-<Z)\/E+dB> —I—(Bk)o(d)é“/
d

- Vd

< 0 (CXNOONVAE 401/6>6d + (k2m)0De

< g0 (XX VD B) " (Bk2")°De

Vd
— 90(d) (U1/3 4 01/6)6d 4 (k2n>0(d)€
= 20yt 4 (k2m)O@e,

We now bound above E[|[[,.4(Yi — ¥;)[]. Note that |[,.¢(z; — rdi(2))| < 2. Hence by
Claim [22]
[Tevi-v)

€S

Let N be the number of i € {0,1, ..., k} such that X, # X;. Note that

E <E + 218lg,

[T - Xz‘)‘

1€S

= |- <5 (=)
< 2mE[2V]
—om ﬁ (14 Prx; # X))

=1

< QmGZ’ Pr[X;#X]
< gmeldo(x)?

<290,

where the last inequality is because o(X)?/d < 1 and so o(X)?? < d'/3. Therefore,

> E||[Iv:-Y)

|S|<m i€s

<206 1+ %" 2l < 29D 4 (2k)me < 2000,

|S|<m
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where the last inequality is because ¢ < k~¢? for a sufficiently large C. So altogether the
bound is 29 . M as desired. [

]

(0(X)%/d)'/3. Also by

We now prove Claim . 35| and (36 . By Claim l ]]E i — E[X] )
X (o(X)?/d)H/C /2.

assumption, |E[X;]| > (¢(X)?/d)'/S. So, we have |E[X;]| > |E]
Proof of Claim [33. As |E[X;]] > v'/%/2, we have

EV\
WV,

| Xi — E[XG]]
| Z| = ——ir—"
R
_ 1%~ ELX;]| + [ELX] ~ E[X)]
N [E[X]|
< 4o/,
and the same argument holds for | Z!| because |Y; — E[X;]| < v'/3 O

Proof of Claim [36, Since z* = E[Z] is the minimizer of E[|Z — z|?], we have

Var[ i = IEH)NQ E[X”z}
< E||X; — BX))
< E[|X; — E[Xi]|"] (Xi = 1d;(X;))
= Va r[Xi].

Therefore, Var[Z;] = Var[X;]/|E[X,]|* < 4 Var[X;Jo~/? and thus 3, Var[Z;] < 40(X)%~1/3.
[

4.2.4 The general case

Proof of Lemma[13. We will again assume o (X )?/d is less than a sufficiently small constant
and £ < (k2")~9? for a sufficiently large constant C. We first assume Var[X;] < o(X)?/d for
all 7 and prove the lemma when the Y;’s are (g, 15d)-close to the X;’s. Later we will handle
the general case.

Let m be the number of i such that |E[X;]| < v/

If m < 6d, let J be the set of indices for which [E[X;]| < v'/6. We can write

[T T0 = (I - T T+ T (T - T ).

jeJ jeJ 2 jeJ J¢J JgJ
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It suffices to show that

E_<HX].—HYJ-)HXj_ <c (12)

L j&J Jj€J j&J J
E([]Y (H X; — HYJ) < 20W@yd 4 (k2m) O, (13)
LieJ J¢J JgJ .

We first show Inequality (12)). Since the X;’s are independent, the L.H.S. of is

@mxj]_xamm})ﬂ[ng} B[T[x] - = [1]7]

jeJ jeJ jeJ jeJ

<

<e.

To prove Inequality , note that conditioned on the values of the Y;’s for which i € J,
by Claim , the rest of the Y;’s are still (29@¢, 9d)-close to the corresponding X;’s with
IE[X;]| > v'/5. (Recall that we can assume & = (k2")~¢? for a sufficiently large C.) So the
bound follows from Lemma 30

If m > 6d, then note that

k

E[HX,}

=1

k
= [T < o/ <ot
i=1

So it suffices to show that
k

= (1]

=1

< 20Wyd 4 O,

Consider the event E that at least 3d of the Y; for i € J have absolute value less than 2v'/6.
Then we know that .
11>
i=1

We will show that F happens except with probability at most v?? + k3%c. Let N €
{0,1,2,...,m} be the number of i € J such that |Y;| > 2v/¢. Note that

Pr[N>3d < > Pr|\ (V=2
SCJ:|S|=3d icS

< Z HPr [|Xl| > 21}1/6} + k3de.

SC.J:|S|=3d i€S

< 93d . 4d/2,

By Chebyshev’s inequality,
Pr[|X;| > 20'%] < Pr[|X; — B[X;]| > 0"/%] < Var[X;Jo™'/3.
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Hence, by Maclaurin’s inequality,

m 3d
, 1/6 e i Pr|Xi| = 20/
> P Ixi] > 20 < 2

SC.J:|S|=3d i€S

(
< (6 e Var[Xi]vl/S)
(

3d
< ea(X)2v~1/3 5
- 3d
< p?d
So,
Pr[N > 3d] < v* 4 k*e
Therefore,

‘E [HYIH < 234y /2 4 g% 4 p3de

< 20Wyd/2 4 O, O

5 Improved bound for bounded independence plus noise
fools products

In this section we prove Theorem [I0] which improves the error bound in Theorem [§] from
272 to =D Tts proof requires developing a few additional technical tools. We first
outline the high-level idea on how to obtain the improvement.

For simplicity, we will assume d = O(1) and show how to obtain an error bound of n =1,
Recall in the proof of Theorem [§| (see also Table|l]) that we used a win-win argument on the
total-variance: we applied two different arguments depending on whether the total-variance
of a product test f is above or below a certain threshold. Suppose now the total-variance of
f is guaranteed to lie outside the interval [n=%! n%!]. Then applying the same arguments as
before would already give us an error of n=%(). So it suffices to handle the additional case,
where the total-variance is in the range of [n=°!, n%!]. Our goal is to use noise to reduce the
total-variance down to n=%!, which can then be handled by the low total-variance argument.
To achieve this, as a first step we will handle the functions f; with variances above and below
n~9%6 separately, and show that O(n)-wise independence plus noise fools the product of the
fi in each case.

For the former, note that since the total-variance is < n®!, there can be at most n’7
functions with variances above n~%6. In this case we can simply apply the result in [HLVIT]
(Theorem [7). To prove the latter case, we use noise to reduce the variance of each function.
Specifically, we use the hypercontractivity theorem to show that applying the noise oper-
ator to a function reduces its variance from o2 to (02)/3). This is proved in Section
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below. Hence, on average over the noise, the variance o? of each f; is reduced to at most
(n=%6)1/352 and so the total-variance of the f; is at most (n=0%)1/3 . n01 = n=01 and we
can argue as before. To combine the two cases, we prove a new XOR Lemma for bounded
independent distributions, inspired by a similar lemma for small-bias distributions which is
proved in [GMR'12|, and the theorem follows.

5.1 Noise reduces variance of bounded complex-valued functions

In this section, we show that on average, noise reduces the variance of bounded complex-
valued functions. We will use the hypercontractivity theorem for complex-valued functions
(cf. [Hat14l Theorem 6.1.8]).

Let f: {0,1}" — C be any function. For every p € [0,1], define the noise operator T, to
be T, f(x) := Ex[f(x+ N)], where N sets each bit to uniform independently with probability
1 — p and 0 otherwise.

Theorem 37 (Hypercontractivity Theorem). Let g € [2,00). Then for any p € [0,+1/1/(q — 1)],
1
E[|T,f(2)|]"" < [E[f(=)}]"”.
We will use the following well-known corollary.
Corollary 38. Let f: {0,1}" — C. Then
2, 2
E[|T,f(2)]*] < E[|f ()] ]

Proof.

SR BT, @) ]
[1f ()| BT, f ()] 2,

The first inequality follows from Holder’s inequality because ﬁ + ﬁ = 1, and the
second inequality follows from Theorem 37| with ¢ = 1 + 1/p?. n

Let T be a distribution over {0, 1}™ that sets each bit independently to 1 with probability
1 — p and 0 otherwise.

Claim 39. E;y[[Ep (U + T AU’ = E[|T 5 f(2)[].
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Proof.

E[EU+T AU [Z foor Blasar (U Elxa(T A U] B[ (T AU

= Zlfa B e (T AU +U7)]
—er Pp* = B[|T 5 f (2)P],

where the last inequality follows from Parseval’s identity because the Fourier expansion of
Tpf(x) is 224 fap*Xa(@). O

We are now ready to prove that noise reduces the variance of a function. The main idea
is to translate the function to a point close to its mean so that its variance is close to its
second moment, and then apply Corollary [38] to it.

Lemma 40. Let f: {0,1}" — C<y be any function. Let 6 := min{|f(z) — f(2')| : f(z) #
f(z"}. Then

E[Vﬁl"[l(f}l[f(ﬂj%—T/\U)]]] <4 (QVar[f])lip

T 52
Proof. We can assume Var[f] < §?/2; otherwise the conclusion is trivial. Let S be the
support of f. For every y € S, let p, == Pr[f(z) = y|. Let p= E[f] and o2 = Var[f]. Since
E[|f(x) — p2|?], there is a point z € S such that |z — u|> < ¢%. We have
o' =D mly=nl = Y poly—p > min |y - u!2< > py)'
yeS yESyF£2z yEo yeESyF#z

Define g(x) := % We have for every ¢,
Var[E[f(z +t AU)]] = 4Var[Elg(z +t AU))] < 4E[[Elg(z + ¢ AU)]|].
By Corollary [38]

E[|T,9"] < E[lg|"*] % = ( > w

YESyF#2z

Yy—z
2

1402\ 1777 2
I+
(X )"

yESyF#z

because |y — ¢/| < 2 for every y,y’ € C<1. So by Claim B9}, we have
2

E (Bl + T AU =BTl < (32 )™

YyES:yF#z

It follows from above that
_2

E|Var[E[f(e+TAV)]] | <4 E [[Elg(a+TA0)"] <4( Y py)liﬂg( Var/] ) a

T 1 _
yeSy#£z mlny653y7ﬁz|y :u’
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Now we bound below minyeg.,«,|y — ,u]z. For every y # z,
0 <y =2’ <ly—pu* +lu—2” <y —nf* + o>

Because 02 < §%/2, we have

Ij@[\/?r[lg[f(erT/\U)]]] g4(var[f])lipg4<w>lip. 0

52 _ 0—2 52

Remark 41. The dependence on § is necessary. Consider a function f with support {0,e}.
Then f = eg, where g has support {0,1}. We have Var[f] = ¢* Var[g]. Applying noise to f
18 the same as applying noise to g, but g has no dependence on €.

5.2 XOR Lemma for bounded independence

We now prove a version of XOR lemma for bounded independence that is similar to the one
in [GMR12], which proves the lemma for small-bias distributions.

Lemma 42. Let fi, ..., fr: {0,1}™ — [0,1] be k functions on disjoint inputs. Let H: [0,1]F —
[0,1] be a multilinear function in its input. If each f; is fooled by any d;-wise indepen-
dent distribution with error €, then the function h: {0,1}" — [0,1] defined by h(z) :=
H(fi(z), fo(x), ..., fu(z)) is fooled by any (3, d;)-wise independent distribution with er-
ror 16%¢.

We will use the following dual equivalence between bounded independence and sandwich-
ing polynomials that was introduced by Bazzi [Baz07].

Fact 43 ([Baz(7]). A function f: {0,1}™ — [0,1] is fooled by every d-wise independent
distribution if and only if there exist two multivariate polynomials p, and p, of degree d such
that

1. For every x € {0,1}™, we have py(x) < f(x ) < pu(z), and
2. Epu(U) = f(U)] < € and E[f(U) — p(U)] <

Proof of Lemma[{3 By Fact l for each i € {1,...,k}, there exist two degree-d; polyno-
mials f* and ff for f; which satisfy the Condltlons in Fact . Hence, we have

fi(x) > fix) 20 and 1— fi(x) > 1~ fi(z) >0
For every a € {0,1}*, define
0= T1 @ T1 0= @) and )= T £t T (- 40).
ity =1 jia;=0 ity =1 Jia; =0

Clearly, My(x) > M(z), and My(x) has degree » ., d;. We claim that for every a €

{0, 1}*,
E[M"(z) — M,(z)] < 2.
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Fix a string o € {0, 1}*. Define the hybrids My = M*(z), My, ..., My = M,(x), where

M;(z) = M (z) - M (2),

7 2

where
II r@ 11 (-r@),
J<i,a=1 Jj<i:a;=0

and
II 7@ I -f@).
J>io=1 Jj>i:05=0

Note that

EMP @)= [] Elff@)] [[ EQ-fi)] <@+t

J>ta=1 Jj>i:a;=0

and Mi(l)(x) < 1. So, if a; = 1, then

E[Mi1(2) = Mi(@)] = B[ (£(2) = £:(@)) - MEy(@) - MP (@)] < - (14"

Likewise, if a; = 0, we have

E[M; 1 (2) - Mi(@)] = B[ (1 = f{(2)) = (1= fil@)) - MO () - MP (@)] < e~ (14e)"

Hence,
E[MY(z) — Mo(2)] < Y E[Miy(z) = Mi(x)] <e Y (1+e) < 2%
1<i<k 0<i<k—1
Now we define M (x) :=1-3", 20 Mg (z). Note that M(x) also has degree Y-, d;. Since
Y Ma(@) = [[(fil@) + (1 = file)) =
ae{0,1}* i<k
we have
(@)=1— > Mi@)<1- > M) ().
B:pF#a B:p#a
Hence,
E[M,(x) — Mi(z)] = Y (M(x) — Ma(x)) < Y 2% < 2Foke = dbe.
B:p#a B:B#a

As H is multilinear, we can write H as

H(yr, oo ye) = Z HyzH (1 =),

aef{0,1}+ woy=1 o=
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where H(a) € [0,1] for every a. So
ha)= Y H) [ fite) [ O =file) = Y H(a)Mal(2).
ae{0,1}* so=1 =0 ae{0,1}*

Now if we define

W'(z) = Y H(a)Mi(z) and h'(z):= > H(a)Mi(z).

ac{0,1}* ac{0,1}*
Clearly h* and h both have degree Y., d;. We also have h*(x) > h(x) > h*(z), and
E[h(z) — h(x)] < Y H(a)E[MY(z) - Mi(x)] < > (2" +4")e < 16%.
ae{0,1}* ae{0,1}+

Therefore, since h* and h’ are two polynomials that satisfy the conditions in Fact the
lemma follows. O

5.3 Proof of Theorem [10

Armed with Lemma [0] and Lemma 2 we are now ready to prove Theorem [I0] We first
need the following useful fact to handle the case when S is the M-th roots of unity.

Fact 44. Let X and Y be two random wvariables on {0,1}™. Suppose for every product
test g: {0,1}™ — S, where S is the set of all M-th roots of unity, we have |E[g(X)] —
Elg(Y)]| < e. Then for every product test g: {0,1}™ — S and every z € S, we have
}Pr[g(X) =z —Pr[g(Y) = z” <e.

Proof. Note that for every integer j, the function ¢’ is also a product test with the same
range. So for every j, k € {0,...,m},

[E[(w™g(X))] = E[(w™"g(Y))']] < [w™] - [E[g(X)'] - E[g(Y)']| < e.

Using the identity

M-1 e
M 0 otherwise,
we have for every k € {0,...,m — 1},
LM
[Prlg(D+T AU) = '] = Prig(V) =] < 5= Z‘E[(w "9(D+T AU)Y] —E[(w " g(U))]
i=0
<e
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Proof of Theorem[10, Write f = [[+_, fi, where f;: {0,1}% — C<;. Let o denote (3., Var[f;])"/2.
We will consider two cases: o2 > dn®! and o2 < dn®'. N

If 02 > dn®!, then the expectation of f under the uniform distribution is small. Specifi-
cally, we have

TTE@))] = [T0 - Varlf)? < e < 272 < oo, (14
i<k U i<k
Thus, it suffices to show that its expectation under D + T A U is at most n~*%. We now

use Claim [13] to show that

[ﬁfi(D YTA U)] ‘ < ),

=1

For each t,x € {0,1}™, and each i € {1,2,...,k}, let 7, ; denote Vary/[fi(x +t A U’).
Let 77 be the uniform distribution over {0,1}™. By Claim with n = 1/2, we have
Er yl07: ;] > Var[f;]/2. So by linearity of expectation,

2 1S 52/9> dndl /9.
TI/[?U[;(IT’UJ_J/Z_dn /2

Since T and D are both dn-wise independent, the random variables 07, ,,...,07 p, are
(0, dn)-close to 03, 11, .., 0% . Let p=Ep [ i) 03 ;] > dn®!'/2. By Lemma ,

d
<_Wbd+d> _ )

P[ 2 < 2}<2d
Tf) ZUT,D,’L—/’L/ = 10/2

i<k

—Q(d)

Hence, except with probability n over t € T'and x € D, we have

Zaix,i = Z\/Uqr[fi(g: FEAU)] > dn® /4.

i<k i<k

By a similar calculation to , for every such t and =,
TIE( G+ a0 < T |l + A 0)
i<k i<k
= H(l - 0-75271‘,1')1/2

i<k

< 67% igkUtQ,z,i < Q—Q(dno'l) < n—Q(d)

In addition, we always have |f| < 1. Hence,

B [gﬁ(““ QIR [TEAD -+ v)l[] < w0,
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Suppose 0 < dn®!. Let 0 > 05 > --- > o} be the variances of fi, fa, ..., fx respectively.
Let k' = dn®7. We have 02, < dn®!' /K = n~°5; for otherwise 0®> > 3% | 02 > ko2, > dn®",
a contradiction. Let 7" be the uniform distribution over {0,1}™. Let 67 denote

/ !/
;{?5 [I]Ei,[f(UJrT AU
We now show that 62 < O(c2)*3. For every i € {1,...,k}, define g;: {0,1}™ — C<; to be
gi(x) = (f;(z) —E[f;])/2 so that E[g;] = 0 and Var|g;] = Var[f;]/4. We apply Lemma [40] with
p = 1/2. Notice that since M is fixed, we have |g(x) — g(z’)| = Q(1) whenever g(z) # g(z').
Hence,

~2 ) / /
o; = ¥§5[§[92(U+T /\U)]}

=E [Vlz]xr [Elg:(U +T" A U’)H]

U/

= 0(o})"".
It follows that

Z 57 = O(Z(af)4/3) < O((az,)l/?’) ZO’? <O %) - dn" = dn =40,

i>k >k >k

Now, if we let F := [],.,, fi, then by Lemma

‘D%U[FQ(D YT AU) - IE[FQ(U)]‘ < ), (15)

On the other hand, if we define F} to be Hf;l fi, then it follows from Theorem [7| that
) E [Fy(D+TAU)| - E[Fl(U)]) < KoUK — 9= 0dn®?) (16)
D, T,U U

We now combine and using Lemma To begin, define g,(z) := Ery[Fi(x +
T AU)] and go(z) :=Eqp[Fa(x +T AU)).

If S =10, 1], then the theorem follows immediately by applying Lemma |42 to ¢; and g».
However, if S is the set of M-th roots of unity, then we cannot apply Lemma [42| directly
because it only applies to functions with range [0,1]. Nevertheless we can use Fact to
reduce from S to [0, 1].

We now reduce S to [0, 1] and apply Lemma . For every z € S, we define the point
function 1,: S — {0,1} by 1,(z) = 1 if and only if © = z. Then for every random variable
Z on S,

E(Z) =) 2Pr[Z =2 =) zE[1.(Z)].

z€eS zES
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Hence,

Elg1(X)g2(X)] = Z 2E[1.(9:1(X)g2(X))]

z€S
“3E Y (o)) L ((X)]
z€S u,vESuv=2

Y Y B0 (e)]

z€S  wweSwv=z

Hence, by Fact for every u,v € S, the functions 1, o g; and 1, o g5 are fooled by d-wise
independence with error n=*% . So by Lemma , (1,0 f)(1, o g) are fooled by 2d-wise
independence with error n=%@_ Hence,

[E[f(D+T AU)] —E[f(U)]]
= |El(9192)(D)] — E[(g192) (V)|
<Y Bl o g (Lo g)(D)] ~ E[(Luo )10 ) (1)]]

z€eS u,WESuv=z2
< M2 i n—Q(d) _ ,,,L—Q(d)

because M is fixed, proving the theorem. O

Comparison on the amount of independence and noise with other works. We
end this section with a comparison of the amount of independence and noise rate used in
our work with others which also use the Ajtai-Wigderson framework.

[GMR*12] implicitly show that O(log(m/¢))-wise independence plus noise with constant-
rate fools read-once CNFs with error . For read-once polynomials, monomials of degree
Q(log(m/e)) do not change the expectation by much, and so we can replace n in Theo-
rem [§ with log(m/e), showing that O(log(m/e)log(1/¢e))-wise independence plus constant-
rate noise fools read-once polynomials with error e. We can improve the amount of indepen-
dence to O(log(m/¢)) like [GMRF12], by combining its proof with Claim However, we
omit the proof here as we do not know how to exploit this improvement to obtain a better
seed length for our PRG. For a simple concrete example, consider a degree-2 polynomial. As-
suming in the ideal scenario that each recursion uses a seed of length O(log(1/¢)) = O(logm).
Since our progress measure is its degree, as discussed before, we need to recurse O(logm)
steps to halve the degree. So in total the seed length is O(log?m). We note that same
problem already appears when the polynomial has degree O(loglogm), which is too large to
apply the PRG for low-degree polynomials [Vio09] if one wants seed length O(logm).

We point out that the noise rate in [GMRT12] and this work is subtly different from
the ones used in the results for unordered branching programs [RSV13, [SVW14, (CHRT18|,
CHHLIS].

The latter results rely on bounding the Fourier spectrum of branching programs, which
implicitly show that O(log m)-wise independence plus noise with rates 1—1/Q(log n)* and 1—
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1/Q(w?) fool width-w general and regular branching programs with error n=*") respectively.

Noise with such rates alone are known to be sufficient to fool these models with constant
error [Steld, BRRY10]. In fact, Cohen, Ganor and Raz [CGR14] showed that a weaker
notion of noise with a similar rate suffices.

On the other hand, without bounded independence, by considering the Tribes function,
we can see that fooling CNF's, read-once polynomials and product tests all requires 1 —
1/Q(log n)-rate noise. While these work use slightly greater amount of independence than
the latter, a smaller noise rate allows fewer recursions in the construction of PRGs, and
therefore gives PRGs with shorter seeds for these models.

6 Small-bias plus noise fools degree-2 polynomials

In this section we show that small-bias distributions plus noise fool non-read-once Fs-
polynomials of degree 2. We first state a structural theorem about degree-2 polynomials
over [F5 which will be used in our proof.

Theorem 45 (Theorem 6.30 in [LN97]). For every Fo-polynomial p: {0,1} — {0,1} of
degree 2, there exists an invertible matriv A € Fy”*™, an integer k < |m/2|, and a subset
L C [m)] such that p(Az) == 3% | o 129, + Y ier Ti-

Proof of Claim[T1. Let p be a degree-2 polynomial. It suffices to fool q(z) := (—1)P@®).
By Theorem there exists an invertible matrix such that ¢(Az) = r(z) - xr(z), where
r(z) i= (=1)2Z=12i-172 and yp(z) = (—1)2er®, By writing () in its Fourier expansion,
q(z) has the Fourier expansion

a(x) = (3 fsxs(@))xu (o),
SC[k]
where || = 27%/2. Note that L is a subset of [m]. Viewing the sets S and L as vectors in
{0,1}™, we have
Elg(D+TAU)] =ElgU)]| < Y 272Exsir(A (D)) - [Elxs+ (AT A D))
045C K]
<272 Z [Elxs+(A~HT AU
0£5C[k]

=272 Z |Elxas+0) (T AU
04SC K]

— 27k/26 Z (1/3)|A(S+L)‘7

P#SC(k]

where the second inequality follows because small-bias distributions are closed under linear
transformations. We now bound above the summation. We claim that

> (/34 < 3 (1/3) = (4/3)"

SCIk] SCIk]
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The equality is clear. To see the inequality, notice that since S C [k], when viewed as a
vector in {0, 1}™ its last m — k positions must be 0. So we will instead think of S as a vector
in {0,1}*, and rewrite A(S+ L) as A’S+ AL, where A’ is the first k columns of the full rank
matrix A. In particular, A’ is a full rank m x k& matrix. As we are only concerned with the
Hamming weight of A’S + AL, we can permute its coordinates and rewrite A" as [Iz|A”]"
for some k x (m — k) matrix A”. (Readers who are familiar with linear codes should think
of the standard form of a generator matrix.) Moreover, for a lower bound on the Hamming
weight, we can restrict our attention to the first k& bits of A’S + AL. Hence, we can think of
first k bits of A’S + AL as S shifted by the first k bits of the fixed vector AL. Since we are
summing over all S in {0, 1}*, the shift does not affect the sum, and the inequality follows.
Therefore, we have

[Elq(D+ T AU)] = Elq(U)]]| = 27425 - (4/3)" < (8/9)*/?5,

and proving the claim. O]

7 Proof of Claim

In this section, we more generally exhibit a distribution D that is (d?/10k, d)-close to uniform.
One can obtain Claim @ by setting d = k'/3. To simplify notation we will switch from {0, 1}
to {—1,1}, and replace k with 2k.

We define D to be the uniform distribution over strings in {—1, 1}?* with equal number
of —1’s and 1’s.

Claim 46. D is (10d?/k, d)-close to uniform for every integer d.

Proof. We can assume d? < k/10, for otherwise the conclusion is trivial. Let I C [k] be a
subset of size d. For every x € {—1,1}%, we have

(%)

where wt(x) is the number of —1’s in . We bound below the R.H.S. by

Pr[D; =z] =

Co) k=1 (k—d+1)
() 262k —1)---(2k —d +1)

k
d
o (k—d+1
= 2k
d—1\"
=270 (1 - ——
(=)

> 274 (1—M)

k
> 27 (1= d*/k),
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and bound it above by

(eoafs)  (k(k = 1) (k — d/2+1))?
(%) 2k(2k—1)---(2k—d +1)

k d
< |-
<(aar1)
d—1 \*
__o—d
=2 (1+2k—d+1)
<1+Z(2k d+1>)

. d(d - 1)
<279(142. —~— 2
= ( * 2k—d+1)

<270 (14 2d%/k).

The third inequality is because the geometric sum has ratio < 1/2 as d* < k/10, and so
is bounded by twice the first term. Hence, we have |Pr[D; = x] —27¢ < 27¢.2d?/k
for every x € {—1,1}¢. The claim then follows from summing the inequality over every
ze {1,114 O

We now define our product test f. For each j € {1,...,2k}, define f;: {—1,1}** — C,
to be f;(x) = w™, where w := e~V Tet f = ngzk fj- We now show that for every large
enough k£ we have

B[f(D+T AU) = E[f()]] > 1/10.

We now bound above and below the expectation of f under both distributions. We will use
the fact that 1 — 6%/2 < cosf < 1 —26%/5 for 6 € [—1,1]. First, we have

B =[], E, = [Jw+w)2= (cos1/vVER) " < (1 - 1/5k)*

Next for every j € {1,2,...,2k}, we have
3 .., 1
TI,EU[f](x—i_T/\U)] = Zw —|—Z(JJ .
Define 8: {—1,1} — C< to be 8(x) := 3w” + fw™". Since D has the same number of —1’s

and 1’s,
E| I 8:(D)| = 80" s(-1)*

J<2k

(10/16 4+ 3/16 - (w? + w™2))*
= (5/8 +3/8 - cos(2/V2k))*

> (5/8 +3/8- (1 —1/k))k

(1 —3/8k),
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Therefore |E[f(D+TAU]-E[f(U)]| > (1-3/8k)*—(1—1/5k)* > 1/10, for every sufficiently
large k, concluding the proof.

The f; in this proof have variance ©(1/k). So this counterexample gives a product test
with total-variance O(1), and is relevant also to Lemma Specifically it shows that for
n =1 and say d = O(1), the error term (k2")°@¢ in Lemma cannot be replaced with k%
for a certain constant c¢. Moreover, it cannot be replaced even if any k) of the Y; are close
to the X; (as opposed to just O(1)).

Acknowledgments. We thank Daniel Kane for answering some questions about [GKMT15].
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A Moment bounds for sum of almost d-wise indepen-
dent variables

In this section we prove some moment bounds and tail bounds for sum of almost d-wise
independent complex variables.

Lemma 47. Let Z1, Zs, ..., Z € C be independent random variables with E[Z;] =0, |Z;] <
B. Let d be an even positive integer. Let Wi, W, ..., Wy € C be random variables that are
(e,d)-close to Zy, ..., Zy. Then,

k d 1/2 d
‘ZWi ] < 2d(<ZVar[Zi] .d) +dB> + (2kB)e.
i=1 i
Proof of Lemma[{7. Note that for any random variable W € C we have
d/2
E|W)] =& |[(IRW)P +[301)1?) ]

E

< [ (2max(Rov), [301) )]

< 22K |[ROW)|* + |SOW) [

and Var[WW] = Var[R(W)]+ Var[3(W)]. We will first prove the lemma when W is real-valued.
Since Wy, ..., Wy are (g,d)-close to Zy,..., Zx, and d is even, we have

o] 2| ()]
<) E f[lzij

U1 5ee00d
because there are k¢ products in the sum, each product is bounded by B¢ and Claim . We
now estimate the quantity >, E [H;l:l Zij} . We have

d
Y E|][]%
j=1

U15ee0id

E =K

+ k4B,

d

=2 > > E

m=1 |S|:m 11,..,0gES:
{i}5=5

d

H Zi;

Jj=1
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The expectation is zero whenever Z;, appears only once for some i; € S. So each Z;, must
appear at least twice. So the expectation is 0 whenever m > d/2. As each Z; is bounded by
B, each product is bounded by B [ s ElZ7] = B*2™ H;es Var[Z,]. For each S C [k]

of size m, there are at most m® such terms. Let ¢ denote (3¢, Var[Z;])'/2. Then,

2 E

d

Hij

Jj=1

/2

<ZBd 2mypd Z HVar

|S|=m j€S

d/2
< Z Bid—2mypd=mem ;2m (Maclaurin’s inequality, see Claim

m=1
d/2
< ed/2 Z Bd—Zm(d/2)d—m0_2m
m=1
d/2 9

< ed/Q(d/Z dBdZ < d/z)B2)m

< e¥2(d/2)B? <d<1 + W)) (ii:lo a™ < d(a® + a®), Ya > 0)

< de/? <(d/2)dBd + (d/2)d/20d)
< 292(dB + oVd)?.

Putting everything together, we have

’ k
i=1

i d] <292 (2d/2(a¢2z +dB)! + (kB)da)

< 24oVd+ dB)? + (2kB)‘%. O

Lemma 48. Let X1, Xs,..., X, € [0,1] be independent random variables. Let d be an
even positive integer. Let Y1,Ys, ... Yy € [0,1] be random variables that are (g,d)-close to
Xi,oo, Xy Let Y =37, Y and p=E[Y_; Xi]. Then,

d d
vpd+d 2k
Pr|Y — p > o] <20 (V4T ) 4 (22 o
o o
In particular, if p > 25d and § = 1/2, we have Pr[|Y — pu| > p/2] < 27U 4 fde,

Proof. Let X! = X; —E[X;], Y/ =Y, —E[X;] and Y' = . Y/. Note that X/ € [-1,1] and
E[X]] = 0. Since X; € [0, 1], we have

E[X,] > E[X?] > Var[X,] = Var[X; — E[X;]] = Var[X]].
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By Lemma |47] and Markov’s inequality,

Pr([Y — p| > 6p] = Pr[[Y'|" > (6p)"]
< ot (Yl D)+ o (%)

O O
— d d
< 2¢ vpdrd + 2k €,
O O

where in the last inequality we used p > >, Var[X]]. O
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