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Information Value of Two-Prover Games

Mark Braverman* Young Kun Ko T

Abstract

We introduce a generalization of the standard framework for studying the difficulty of two-
prover games. Specifically, we study the model where Alice and Bob are allowed to communicate
(with information constraints) — in contrast to the usual two-prover game where they are not
allowed to communicate after receiving their respective input. We study the trade-off between
the information cost of the protocol and the achieved value of the game after the protocol. In
particular, we show the connection of this trade-off and the amortized behavior of the game
(i.e. repeated value of the game). We show that if one can win the game with at least (1 — €)-
probability by communicating at most € bits of information, then one can win n copies with
probability at least 2(®). This gives an intuitive explanation why Raz’s counter-example to
strong parallel repetition [Raz08] (the odd cycle game) is a counter-example to strong parallel
repetition — one can win the odd-cycle game on a cycle of length m by communicating O(m~2)-
bits where m is the number of vertices.

Conversely, for projection games, we show that if one can win n copies with probability larger
than (1 — €)™, then one can win one copy with at least (1 — O(e))-probability by communicating
O(e) bits of information. By showing the equivalence between information value and amortized
value, we give an alternative direction for further works in studying amortized behavior of the
two-prover games.

The main technical tool is the “Chi-Squared Lemma” which bounds the information cost
of the protocol in terms of Chi-Squared distance, instead of usual divergence. This avoids the
square loss from using Pinsker’s Inequality.
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1 Introduction

A two-prover one-round game G on a bipartite graph with (U, V, E) with distribution D on F is
defined as a following process. Referee picks (u,v) € E according to D, then sends u to Alice and
v to Bob. Then Alice gives an assignment to u and Bob to v from alphabet 3. Referee checks if
they are “valid” assignment for the edge (u,v). In this setting, we are interested in what the best
response strategy is for Alice and Bob. In particular, we want to find f : U — ¥ which denotes
Alice’s strategy and g : V' — X which denotes Bob’s strategy that maximize the fraction of satisfied
edges. In particular, we want to compute the strategy that achieves the value of the game which is
defined as

Val(g) = H}i;x (ui))rND [ﬂ'(u,v) (f(u)7g(v)) = 1] )

that is the probability of satisfying a randomly chosen edge according to the best response strategy
where 7, ,) is the verification function by the referee for the edge (u,v).

In the above setup, it is crucial that Alice’s assignment only depends on the input « and Bob’s
assignment only depends on the input v. In other words, Alice and Bob are assumed to be in
separate rooms, leaking zero bits of information about their respective input. Having introduced
the amount of information communicated between Alice and Bob into the picture, we could then
reformulate the value of the game as:

Given a game G, Alice and Bob communicate zero bits of information. Then what is
the best chance of winning the game?

Then it is natural to extend to following question: “If Alice and Bob are allowed to communicate
limited information, what is the value of the game?” In particular, we could explicitly ask the
following question.

If Alice and Bob are allowed to communicate € bits of information, then what is the
value of the game? (in terms of €)

First, note that this is a well-defined quantity in a sense that there is a following explicitly
bounded curve. Observe that if |U| = |V| = n, and they are allowed to communicate O(log n)-bits,
the value of the game becomes 1 (if all the edges indeed have at least one satisfying assignment,
which can be assumed without loss of generality) due to the following naive strategy. Alice simply
sends the hash of her input to Bob, which requires at most logn-bits to do so and vice-versa.
Since Alice and Bob both know (u,v), they can simply pick a satisfying assignment (using shared
randomness) for (u,v) then answer accordingly. We can further tighten the upper bound (for the
amount of information) if we know the structure of the graph. In particular, if the graph were
d-regular, given O(log d)-bits, the value of the game again becomes 1, since the entropy (of Alice’s
input given Bob’s input and vice-versa) is at most logd. (We will show this explicitly)

We would like to further investigate the trade-off between the information vs. the value of the
game. In particular, we initiate the study of information value of the game, that is how much
information is necessary to win the game with say probability > 1 — § in terms of §, which we
define more explicitly in Section 2.

Note that this notion can classify “how intrinsically hard” a given two-prover one-round game
is. In particular, one could view a game as being “hard” if the value of the game is “resistant” to
added information, easy otherwise, providing a better spectrum for analyzing the intrinsic hardness
of the game — which is indeed related to the amortized value of the game.



1.1 Owur Contribution

We connect the information value of the game with the amortized value of the game —i.e. the value
of the repeated game. We note that previous parallel repetition literature can be “translated” as
Alice and Bob sharing a common hint provided by the referee. Then we can “remove” the referee
from the picture and instead let Alice and Bob sample a common hint. This translation is what
we call the “Chi-squared lemma,” which is the main technical contribution of this paper.

Lemma 1.1 (Chi-squared lemma). Suppose Alice has access to P and Bob has access to Q which
are probability distributions over the universe U. Suppose further that there exists a common dis-
tribution R such that D(R||P) < € and D(R||Q) < . Then there exists a protocol II that outputs
a sample from the distribution P with information cost ve with D(R||P) < O(¢) for some constant
v > 0.

where “information cost” refers to the amount of information revealed to each other as in [BR11].
We also remark that the idea of referring to Chi-Squared distance to bound information cost
was also used in proving sharp round complexity of pointer chasing problem [Yeh16], avoiding
square-loss in the parameter due to the application of Pinsker’s inequality.
Via this lemma, we can “translate” previous parallel repetition literature (in particular [BG15])
as a blackbox to obtain following main theorem.

Theorem 1.2 (informal). If val(G") > (1 — &)* = 279 and G is a projection game, that is for
any valid pair of assignments, Bob’s assignment is a projection of Alice’s assignment, then one can
win G with probability 1 — O(g) by communicating O(e)-bits of information.

To show the converse, we need to show that a low-information protocol can be translated to
a zero-communication protocol with insignificant loss in success probability. We use results from
correlated sampling (in particular we use a lemma from [BG15]) which yields the converse to the
main theorem.

Theorem 1.3 (informal). If one can win G with probability 1 — € by communicating e-bits of
information, then val(G") > 270,

We also remark that Theorem 1.3 does not assume that G is a projection game.

1.2 Proof Overview

Proof of Theorem 1.3 It suffices to show that a low-information cost protocol can be translated
to a zero-communication protocol with success parameter depending on the information cost. In
particular, we want to show that an O(I) information cost protocol can be simulated by two non-
communicating parties with 27) success probability. For our purpose I = ne, since information
cost tensorizes with many copies. Note that if Alice and Bob managed to sample a correct transcript
together, the transcript is correct with (1 — 5)0(”) probability since each coordinates are chosen
independently. We show that the zero-communication sampling lemma from [BG15] indeed gives
the range of parameters that we need.

Proof of Theorem 1.2 In [BG15], one could view the “common hint” (which actually comes
from the multiple copies of the game) as given by the referee to Alice and Bob via sampling some
random coordinates with their answers then sending them to Alice and Bob. However, this does
not fit in our framework since the referee samples the hint, not Alice and Bob. Using the Chi-
squared lemma, we allow Alice and Bob to jointly sample such a hint with O(g) information cost.



[BG15] shows that one can win a single copy with probability 1 — O(e) after running the joint
sampling protocol (under some distribution D’ which is O(e)-away in terms of divergence from the
real distribution). We further show that having a strategy for such D’ suffices to win the original
game with probability 1 — O(e) as well.

Chi-squared lemma Suppose Alice has access to P; and Bob has access to P, with a guarantee
that there exists some common distribution R such that D(R||P;), D(R||P2) < €. In such a setting,
if Alice samples from P; and tries to transmit the sample to Bob, the naive information cost would
be D(P;||P,). This could be unbounded however due to the case where P; contains an element in
the support that is not in the support of P. i.e. D(P;||P;) = co. To rule out such scenario, we
give Bob an ability to reject. Instead of receiving the full description or index of the sample, Bob
receives a stream of hash values and rejects the stream when he “cannot understand” or in other
words expects the divergence from the sample to be high. Via this rejection, Bob will not be “too
surprised” about Alice’s sample. But the main problem with the above simple rejection protocol is
that it allows Alice to learn too much about P» from Bob’s response. For instance, if Bob rejects a
sample, then Alice learns that this sample occurs “infrequently” in P». In order to “confuse” Alice
and prevent her from learning too much about P», Bob rejects a valid stream with some constant
probability. This suffices to confuse Alice and learn only O(e)-information about P.

2 Preliminaries

2.1 Information Theory

In this section, we provide background on information theory that will be used to prove main
results. We remark that throughout the paper, log is of base 2 and In is of base e. For further
references, we refer the reader to [CT91].

Definition 2.1 (Entropy). The entropy of a random variable A, denoted by H(A) is defined as
Z Pr[A = a]log _t
Pr[A = d]
a€Supp(A)

Intuitively, this quantifies how much uncertainty we have about variable A. With the definition
of entropy, we can further define the relation between various variables. For conditional entropy
we have H(A|B) := H(AB) — H(B). Then we are ready to define the relation between different
random variables.

Definition 2.2 (Mutual Information). The mutual information between two random variable A
and B, denoted by I(A; B) is defined as

I(A;B) := H(A) — H(A|B) = H(B) — H(B|A).
The conditional mutual information between A and B given C, denoted by I(A; B|C), is defined as
I(A; B|C) := H(A|C) — H(A|BC) = H(B|C) — H(BJAC).

This gives a measure of how much information does B reveal about A and vice-versa. (when one
knows C') Mutual Information is further related to the following distance measure, which will be
used throughout the proof.



Definition 2.3 (Kullback-Leiber Divergence). Given two probability distributions p1 and pe on the
same sample space  such that (Vw € Q)(pu2(w) = 0= uy1(w) = 0), the Kullback-Leibler Divergence
or KL-Divergence in short between uy and po is defined as (also known as relative entropy)

D(pallpe) = Zs:zm(w) log Z;EZ%

In particular, the following equality holds between KL-divergence and mutual information.

Fact 2.4. For random variables A, B and C we have
I(A; B|C) = Ep . [D(Apc||Ac)] -

where Apc is the distribution of random variable A conditioned on B = b,C = ¢ and similarly for

Ae.

With the definitions in place, we provide useful properties that will be used in the proof. For
mutual information, following facts hold.

Fact 2.5 (Chain-rule). If I(B; D|C) =0, then I(A; B|C) < I(A; B|C, D).

Fact 2.6 (Super-Additivity of Mutual Information). Let Ci,Cy, D, B be random variables such
that for every fizing of D, Cy and Cs are independent. Then

I(Cy; B|D) + 1(C2; B|D) < I(C1Cs; B|D).
For KL-divergence, we use following properties.

Fact 2.7. Let P and Q be distributions over a universe U. Suppose V C U is such that P(V) = 1.
Then Q(V) > 2-PlQ),

Note that Fact 2.7 immediately implies non-negativity of KL-divergence between any two distribu-
tions. For KL-divergence under conditioning, the following property holds.

Fact 2.8 (Additivity of KL-Divergence). Consider two distributions P(xz,y) and Q(z,y). Then
D(P(z,9)/|Q(x,y)) = D(P(2)||Q(x)) + Eonp D(P(y|2)||Q(ylz))

2.2 Previous Work

In this section, we elaborate previous results on parallel repetition and how the state-of-the-art
proof technique for parallel repetition is related to the amount of information necessary for Alice
and Bob to win the game with probability greater than (1 — ¢).

Recall that r-times parallel repetition of a two-prover game G denoted as G" is defined as: the
referee first samples r-tuple of edges i.e. ¥ = (21,...x,) € U" and §¥ = (y1,...,y,) € V" with
(z4,y;) € E for all i € [r]; Alice and Bob give assignments to all r-coordinates say f : U™ —
37 for Alice and g : V" — 3" for Bob; then the referee checks all r-coordinates i.e. return
/\ie[r] T, (fi(Z), 95 (§))-

The first parallel repetition theorem (with exponential decay in value) was proved by Raz
[Raz98|:

Theorem 2.9 ([Raz98]). Let G be a game with val(G) =1 —¢ and let s be the size of the alphabet
(IZ]) of the game. Then val(G") < (1 — g32/2)$(n/1og(s)),



This was improved (and simplified) by Holenstein [Hol07]:

Theorem 2.10 ([Hol07]). Let G be a game with val(G) = 1 — ¢ and let log(s) be the answer size
of the game. Then val(G") < (1 — &3 /2)%(n/log(s))

For projection games, log(s) no longer appears in the exponent. In particular, [Rao08] showed
improved bound for projection games.

Theorem 2.11 ([Rao08]). Let G be a projection game with val(G) = 1 —¢e. Then val(G") <
(1 —e2/2)%m),

There is an initiation of work from [BHHT08], [Stel0] where they study (though not explicitly
stated) a quantity val; (G) for unique game G which is an analytic relaxation of val(G) that ten-
sorizes exactly, that is val; (G; ® G2) = val(Gy) - val(Gs) and captures the amortized value of
the game. The analysis of val, then resulted in analytic proof of parallel repetition for projection
games. [DS14], [TWZ14]. In particular, [DS14] extended [Rao08] to low-value regime using val .

Theorem 2.12 ([DS14]). Let G be a projection game with val(G) = 3. Then val(G") < (48)"/*.

There has been more work on parallel repetition for various special settings: [BRRT09] [RR12]
[TWZ14] In particular, there also has been a series of works around parallel repetition of games with
entanglement [CSUUO08, KV11, DSV14, JPY14, CS14]. A recent breakthrough in [Yuel6] settled a
longstanding open problem on whether the value of “any” games with entanglement actually decays
to zero as the number of repetition goes to infinity (at a polynomial rate). It would be interesting
to see how our framework relates to games with entanglement.

Throughout this paper, we will use the machinery in the latest parallel repetition proof by
[BG15] where they handled the low-value regime. It should be noted that the same proof works in
the high-value regime as well, giving an alternate proof for [Hol07], [Rao08] and [DS14].

Theorem 2.13 ([BG15]). Let G be a game with val(G) = §. Then val(G") < §Unloa(1/6)/log(s)),
Further if G is a projection game with val(G) = 1 — ¢, then val(G") < (1 — £2)2("),

The main proof technique used to prove parallel repetition in [BG15] follows the following
general roadmap. First one assumes that the value of the repeated game is higher than the desired
bound, and focuses on the event where Alice and Bob win the whole copy. Conditioned on winning,
one sets up R, the common hint between Alice and Bob, as a subset of question and answer pairs
from other coordinates which can be individually sampled by Alice and Bob (approximately), which
is the main technical innovation of [BG15]. Conditioned on successfully sampling R, Alice and Bob’s
strategy becomes a “too good to be true” strategy for some coordinate, contradicting the original
assumption on the value of the game. For the purpose of having a “hint” between Alice and Bob, we
mainly focus on sampling R, avoiding technical issues of constructing R correctly via using [BG15]
as a blackbox. One could view the framework in [BG15] as following explicit model in Protocol
1. Protocol 1 is indeed not a protocol between Alice and Bob, since the referee samples the hint.
Converting this to a protocol between Alice and Bob is our main technical contribution.

For the sake of completeness, we describe how the common hint R is constructed below.

Precise construction of R in [BG15] They explicitly construct a “combinatorial” hint Rs g m. 1
in a following manner which we restate for completeness. Let n be the number of repetitions, that
is the number of coordinates for the game. Then let S, G, H be random subsets of [n] distributed as
follows: Let s;, and s, be random numbers from {3n/4+41,...,n}. Let o : [n| = [n] be a uniformly
random permutation. Set H = o([sp]), G = o({n — sy + 1,...,n}). Let I be a uniformly random



1. Referee picks a random edge (z,y) € E as a challenge. Referee then samples r from R, then
transmits r to Alice and Bob

2. Alice, depending on r and x provides an assignment a. Bob analogously answers b depending
on r and .

3. Referee accepts if a and b forms a satisfying assignment for (z,y).

Protocol 1: Non-Protocol Hint

element of G N H. Let | be a random number from [T], where T < n/2 is a parameter. Let S
be a uniformly random subset of G N H\{I} of size [. Then define Rg ¢ m,; to denote the random
variable Xcn 1y Y (13 AsBs where s, g, h, i denote instantiations of the random variables S, G, H, I
respectively with Ag denoted Alice’s assignment on S-coordinates and respectively for Bg. Then
Alice can be thought of getting X, and Rs ¢ g1, while Bob gets Y[,,) and Rg ¢ .1 where the input
(z,y) is set to (X1, Y7).

2.3 Definitions

Recall that the Information Cost of a protocol is defined as I(IL; X |Y') + I(IL; Y| X) where II is
the transcript of the protocol, X and Y are inputs for Alice and Bob respectively. Information
Complexity of computing f is then defined as infimum over II that computes f. Inspired by
the definitions from information complexity literature, we define information value of the game as
following.

Definition 2.14. The information value of the game G = (X, Y, E) with distribution D over E
18
IV5(G) == iIl_llf AL X|Y)+ I(IL Y| X)]

where the infimum is taken over the set of transcripts 11 between Alice and Bob which wins G with
probability at least (1 —e) with e < 1/2. X and Y represents Alice and Bob’s input respectively.

We remark that if D is not specified, we assume the distribution to be the uniform distribution
over the challenges/edges.

As a straightforward exercise, note that I(II; X|Y) < H(X|Y) < H(X) < logn where n is
the number of vertices in the graph, similarly for I(II;Y|X). Thus for any game G and ¢ > 0,
IV5(G) < O(logn). Thereby, this quantity is strictly bounded. Better bound holds for d-regular
graphs since H(X|Y') < logd for regular graphs, similarly for H(Y'|X). Any better bounds however,
requires lower bound on H(X|IL,Y).

3 Main Result

First we state the main technical lemma (Chi-Squared lemma) used in proving the main theorem.

Lemma 3.1 (Chi-Squared lemma). Suppose Alice has access to a distribution P and Bob has access
to a distribution QQ over U. Suppose further that there exists a common distribution R such that
D(R||P) < € and D(R||Q) < €. Ife < 1/50, then there exists a protocol Il that outputs a sample
from P with information cost ve with D(R||P) < O(g) for some constant v > 0.




Due to space constraints, we append the full proof in Section A. To see why this lemma is in-
teresting, note that the naive information cost is D(P||Q) which could be infinite in some cases.
Technically speaking, the triangle inequality does not hold for divergence. Applying Pinsker’s In-
equality to have triangle inequality (in total variation distance) leads to a square loss, resulting
in information cost O(y/¢), instead of O(g). We suspect that there are more applications to this
technical lemma. The lemma leads to the following theorem.

Theorem 3.2. Lete < 1/2. Ifval(G") > (1—¢)" = 2=U™) and G is a projection game, then there
exists constants aq, g > 0 such that TV (G) < age.

The main intuition of the proof of Theorem 3.2 is to use the common hint used for dependency
breaking step of the parallel repetition, which are answers and questions in the other coordinates,
as hints between Alice and Bob. However, the hints are not exactly adequate for our application,
since they are sampled by the referee. We use Lemma 3.1 to convert it to a low information cost
protocol.

We also show that the converse of Theorem 3.2.

Theorem 3.3. IfIVS(G) < ¢ and £ < 1/2, then val(G") > 27" = (1 — &)™) with n > 1/¢.

The main intuition to Theorem 3.3 is converting a low information cost protocol (for our application
O(ne)) to a zero-communication protocol as seen in [KLL'12]. However, the main theorem from
[KLL"12] does not suffice for our application. Instead, we use a lemma from [BG15].

As a corollary, we get a complete description of projection games that obey strong parallel
repetition in terms of information value of the game.

Corollary 3.4. IfIVE(G) > ¢, then val(G") < (1 — €)°"™ and vice versa where G is a projection
game.

Applying previous parallel repetition result, we indeed get a non-trivial lower bound on the infor-
mation value of any projection game via [DS14] and [Rao08].

Corollary 3.5. For any projection game G with val(G) <1 —¢, IVO(EQ)(Q) > Q(e?).

3.1 Proof of Theorem 3.2

In this section, we prove Theorem 3.2 via Chi-squared Lemma (Lemma 3.1). Recall that Ry g
defined in Section 2.2 is a set of challenges and answers on a random set of coordinates. Set T' = n/4
as the parameter for R, ;. Then we get the following key lemma from [BG15].

Lemma 3.6 (Lemma 5.6 of [BG15]). Suppose 2720 > Pr[W] > (1 —¢)"™. Then there exists a fizing
of s,g,h,i such that:

IN

1. EgpyopD (PRs,g,h,i\XF:c,n:y,WHP Rs,g,h,i\Xi:aW) O(e)-

2. By yopD (P R gonil Xi=aYi=y, W || P Rs,g,h,Zv\Yi:y,W> < O(e).
3. D (ul|Px,y,) < O(e).

4- Ew,yNMETNRS,g,h,iIX¢=:r,Yi=y,W

D (PAZ-,BZ-\Xi:x,n:y,Rs,g,h,i:r,W||P Al Xi=2,Ro g 1= W @ PBi|n:y,Rs,g,h,¢:r> < O(e).



where p denotes the distribution Py, y,w and Px stands for the probability distribution of random
variable X .

We omit the proof

Remark 3.7. The last property does not suffice for our application, since we do mot get r ~
R gnilXi = x,Y; = y,W but a distribution that is O(e)-away from it in divergence at the end
of the protocol given by the Chi-squared lemma which we denote as Rggp|X; = x,Y; = y, W.
However, we remark that the same proof in [BG15] indeed gives the property that we want. That is

E

x’yNPXi!Yi|WETNRs,g,h,“Xi:xin:yaW
D (PAi»Bi|Xi:4v7Yi:y7Rs,g,h,z:7‘,W||PA¢|XiixaRs,g,h,¢:T,W ® PBiD/i:nys,g,h,i:T) < 0(6)‘ (1)

In particular, note that the distribution of s, g, h,i and the permutation remain the same since Alice
and Bob can agree (via public randomness prior to running the protocol) on them prior to sampling
the actual question and answer sets (by Alice) This suffices for the proof in [BG15], specifically
Lemma 5.2 and Lemma 5.5.

We also need the following lemma to translate a strategy on X;, Y;|W to a strategy on actual
distribution Xj;,Y;. Due to space constraints, we attach the proof in Section B.

Lemma 3.8. Suppose G with p as the distribution over the edges achieves val(G) = 1 —e. Then
consider fi such that D(u||n) < €. Then G with fi as distribution over the edges has value > 1—0(g).

Now we have all the necessary lemmas to prove Theorem 3.2.
Proof of Theorem 3.2. First we construct a low information protocol that wins G with probability
1 —O(e) under p.

We write PRs,g,h,iIXz:x,Yi:y,W in the above as R, , and PRS,g,h,iIXFx,Wv PRs,g,h,i\YFy,W respec-
tively as P, ()y. Consider S C E that satisfies all

o D(RyylIP) < g

o D(Rqyyl|Qy) < ﬁ-

where 7 is the constant from the Chi-Squared Lemma. Then note that x(S) > 1—0(ve) = 1-0(e)
by Markov’s inequality. Focus pairs in §. Now applying the protocol given by the Chi-Squared
Lemma to pairs in S, we obtain a protocol that samples r ~ Rs,g,h,i X, = z,Y; = y,W with
information cost at most

El'vyNSXi,Y”W [D (Ryyl|Pr) + D (R y|1Qy)] < O(e)

where Sx, y;jw is the distribution over the edges further conditioned on S.
Since S contributes 1 — O(e)-fraction, (1) implies

E

TY~SX, ;W PRs,q,h,iin:r»YFy\W

D (PAi,Bi|Xi:$7Yi:y,Rs,g,h,i:7’,W||PAi|Xi:ﬂC,Rs,g,h,i:T,W ® PBz‘|Yi:y7Rs,g,h,z’:7“) < O(E) (2)
At the end of the protocol, Alice and Bob obtain same r ~ Rs%h,i X, =zY =y W. We

now construct an explicit answering strategy for Alice and Bob dependent on r when they get
edges distributed according to Sy, y,w. Ideally Alice and Bob would like to answer according




to Py, BilXi=a,Yi=y, B gy pa=r.W" This would indeed succeed with probability 1. In other words, if
we define G, , = {(a,b)|V(z,y,a,b) = 1}, PAi,Bi\Xi::c,Yizy,Rs,g,h,FnW(gf‘fvy) = 1for all (z,y) € S.
However, this is not a valid strategy. There is correlation between A; and B;, while for any valid
strategy they should be independent given respective input.

Instead, they answer according to PAiIXi:w,Rs,g,h,FT,W ® PBiIYFy,R Now, we analyze

5,9,h,i=T"

PAi‘Xi:17Rs,g,h,i:7"7W ® PBim=y,I§S,g,h,i=r(gﬂﬁ79) i.e. the value of such strategy. Applying Fact 2.7,

PpiXi=e, ey ni=rw @ Poijvi=y. ey pi=rGaw)

s.gni=r WP | xX;=2, R :r,W®PBi\Yi:y,Rs’g’h’i:'r>

> 97 P(Pacpiximryimu

By the convexity of 277 along with (2), we get the desired bound

. - —0() — 1 _
Eoy~sx,viw [P A\ X =, R g i=r W @ L Bim=y7Rs,g,h,i:r(gﬂcvy)} 2277 =1-0()

Since S contributes 1 — O(e)-fraction on g, this strategy wins with 1 — O(e) probability when
the edges are distributed according to u = Px, y;w as well. Finally, applying Lemma 3.8 to this
strategy with D (Px,y,w||Px.y;) < O(¢), we get the desired claim. O

3.2 Proof of Theorem 3.3

In this section, we give a formal proof of Theorem 3.3. This involves converting a protocol (be-
tween Alice and Bob) with O(ne)-information cost to a zero-communication protocol with success
probability 2-9(€) We start by stating the following lemma.

Lemma 3.9. Suppose Alice has access to distribution P and Bob has access to distribution Q) over
the universe U. They wish to jointly sample from R where D(R||P) < ¢ and D(R||Q) < 0. If
6 > 1, then there exists a zero-communication protocol such that

1. There exists an event E such that Pr[E] > 27%°) and Pr[r, = my|E] = 1, where 7, and
refers to the final output of Alice and Bob respectively. Furthermore, EE only depends on the
public randomness.

2. Given E, consider the set of outputs of w, denoted as S. Then S C Supp(R)

Claim 3.10. Let W be a subset of universe U. Let A and B be a distribution and Aw be a
distribution of A conditioned on picking an element from W. Then if A(W) > Q(D(A||B)), then

D(A||B) 1—A(W)
D(Aw||B) < log(1/A(W L _

(Aw||B) < log(1/A(W)) + AT +0 Y1)
where A(W) corresponds to the probability of picking an element from W under A.

Proof of Lemma 3.9 and Claim 3.10 are appended in Section B. Now, we are ready to prove the
main lemma of this section which implies Theorem 3.3.

Lemma 3.11. If IV®(G) < &, then there exists a zero-communication protocol that achieves
val(G™) > 279 where n > 1/e.



Proof. Note that under this model, Alice’s strategy and Bob’s strategy are dependent on the
transcript 7., as well, instead of just their input in zero-communication model. We denote 11,
as the distribution over the transcript that Alice and Bob will have when they are given input
x and y respectively. Now Alice and Bob will try to imitate each other by simulating the other
party in zero-communication setting. Let II,,1I, denote the simulated transcript with input x and
y respectively. More precisely, I, := E,,,I1;, and 11, := E,.,, 1, ,. Further, we introduce the
notation Hﬂ/y := I, »|W, the distribution of II, , conditioned on referee accepting what Alice and
Bob returns as their answer at the end of the protocol.
Note that from our assumption on the information cost of the protocol, we get the following

Prnxiyi [7‘(‘]

E E log ———
( Hziyi [Og Prﬂxi [7_‘_]

Ti\Yi )~ [D(Hxiyi | ’Hétz)] = E(:ci,yi)wu

] <e. (3)

The same inequality holds for Bob’s side (D(Il,y,||11y,)) as well. First we define “good” edges.
We say 7 is a good transcript if the referee accepts what Alice and Bob return after following the
transcript 7. ' Then edge (w;,y;) is good if it satisfies both

o Ay, (W)= Prrm,,,, [ is a good transcript] > 1/2 (i.e. most sampled transcripts are good);
o D(I1,,y,|[11;,) < 1/2.

We argue that most of the edges are good. Due to our assumption on the value of the game that
is,
Val(g) = E(ﬂci,yi)Nu [Aévzyz(W)] >1—e,
at most 2e-fraction of (x;,y;)’s does not satisfy the first condition. Also due to our divergence
condition that is,
E(

T, Yi )~ [D(H%%HH%)] <e

at most 2e-fraction of the edges violate the second condition. Thus all but at most 4e-fraction of
the edges are good. Then we can write

Eﬂ?iyiNﬁ [D<HrzyzHHIz>] < O(E) (4)

where [i corresponds to p conditioned on picking an edge that is good. Also note that without loss of
generality, in such regime, one can assume that 1 — A, (W) > Q(D(Il,,||11;,)) for all the edges.
For edges that do not satisfy such condition, i.e. 1 — Ay, (W) < O(D(Ily,y,||1,)), the referee
can randomly reject with probability O(D(I1y,,,|/I1,)) to satisfy 1 — Ay, (W) > Q(D(I1z,y,||Ha;))-
Indeed it will add up the rejection probability, but by at most D(Il,,,||II,,) which indeed is good
enough for application in our regime, since it is in expectation at most O(e). If (x;,y;) is indeed a
good edge, applying Claim 3.10,

D(deiyi | |Hﬂcz) 1 - Al‘iyi(W)
DAY, 112) < log(1 /ey (W) + Pt 0 (220
1- ASCiyi(W)>

< 10g(1/Ag,y;(W)) + 2D (I, |11, +o<
(1/Az5,(W)) (M [Ty ) Aoy (V)

L7 does not necessarily depend just on the input. It can depend on private randomness as well. But this is not
crucial to the proof as we argue on sampling the transcript conditioned on the edges.
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where the second inequality holds since Ag,,, (W) > 1/2, D(Il;,,,||[I1;;) < 1, and our assumption
that 1 — Az, (W) > Q(D(I1,,4,|I1;,)) for all edges. Then

AP M) < Blog(1/ A, (W)] + 2ED (Mo 11, + 55 [0 (122 )

< O(e)+0(e) + O(e) < O(e)

where the second inequality holds by Jensen’s inequality on log and since ¢ is small enough.
Now consider taking n-copies of the game. In particular, we focus on (Z,7) ~ a®", that is all
edges are “good” edges. Then observe that

E(m )~ a®mn ® HxlyZH ® sz) = B(z,5)~a®n Z D a:lylHHh < O(ne)
i€[n] i€[n] i€[n]

For a randomly picked (Z,7) ~ ", the divergence in consideration is indeed low with high
probability by Markov. That is

Pr Z D(IT HH ) >ane| <O(1/a) (5)
(@) | i€[n]
Similarly, we get i
(xlfi) Z DALY, |[M,,) > ane| < O(1/a) (6)
0 Lien) ]

Now, we consider the particular set of vectors (Z, ) that satisfy
o Vi€ [n], (x;,y;) is a “good” edge.
. D(HVLHH ) = Zie[n]D(HKyiHHxi) < Kne and D(HVKHH 7) = Yoicl] DIy, ||My,) < Kne

which we denote as “good” vectors.

If (Z,9) ~ U®", since (x;,y;) is good with probability at least (1 — 2¢), all the coordinates are
good with at least (1 — 2¢)™ probability. If all the coordinates are good, by (5) and (6) and picking
appropriately large K, Q(1)-fraction of such edges satisfy the second condition as well. In total,
2-en)_fraction of edges satisfies both conditions, since we assume n > 1 /€.

Now we apply Lemma 3.9 to “good” vectors to complete the proof. In particular, Lemma 3.9
gives a zero-communication sampling protocol for transcript where Alice and Bob gets a matching
transcript from Supp(HWﬂ) with probability at least 279" Thus for 2~ fraction of the

edges, we get a zero-communication strategy that wins with probability at least 279" thus
val(g") > 2706, O

4 Acknowledgment

We thank Ankit Garg for many helpful discussions and comments on earlier version of this paper.

11



References

[BG15]

[BHHT08]

[BM15]

[BR11]

[Bral2]

[BRRT09]

[CS14]

[CSUUOS]

[CT91]

[DS14]

[DSV14]

[Hol07]

[JPY14]

[KLL*12]

[KV11]

Mark Braverman and Ankit Garg. Small value parallel repetition for general games. In
Proceedings of the Forty-Seventh Annual ACM on Symposium on Theory of Computing,
STOC ’15, pages 335-340, New York, NY, USA, 2015. ACM.

Boaz Barak, Ishay Haviv, Moritz Hardt, Anup Rao, Oded Regev, and David Steurer.
Rounding parallel repetitions of unique games. In Proceedings of the 49th Annual IEEE
Symposium on Foundations of Computer Science. IEEE Computer Society, 2008.

Mark Braverman and Jieming Mao. Simulating noisy channel interaction. In Proceedings
of the 2015 Conference on Innovations in Theoretical Computer Science, pages 21-30.
ACM, 2015.

Mark Braverman and Anup Rao. Information equals amortized communication. In
Foundations of Computer Science (FOCS), 2011 IEEE 52nd Annual Symposium on,
pages 748-757. IEEE, 2011.

Mark Braverman. Interactive information complexity. In STOC, pages 505-524, 2012.

Boaz Barak, Anup Rao, Ran Raz, Ricky Rosen, and Ronen Shaltiel. Strong parallel
repetition theorem for free projection games. RANDOM, 2009.

André Chailloux and Giannicola Scarpa. Parallel repetition of entangled games with
exponential decay via the superposed information cost. 41st International Colloguium
on Automata, Languages and Programming, 2014.

Richard Cleve, William Slofstra, Falk Unger, and Sarvagya Upadhyay. Perfect parallel
repetition theorem for quantum xor proof systems. Journal of Computational Complex-
ity, 17(2):282-299, May 2008.

Thomas M. Cover and Joy A. Thomas. Elements of Information Theory. Wiley series
in telecommunications. J. Wiley and Sons, New York, 1991.

Irit Dinur and David Steurer. Analytical approach to parallel repetition. 46th Annual
Symposium on the Theory of Computing, 2014.

Irit Dinur, David Steurer, and Thomas Vidick. A parallel repetition theorem for entan-
gled projection games. IEEE Conference on Computational Complexity, 2014.

Thomas Holenstein. Parallel repetition: Simplifications and the no-signaling case. In
Proceedings of the 39th Annual ACM Symposium on Theory of Computing, 2007.

Rahul Jain, Attila Pereszlényi, and Penghui Yao. A parallel repetition theorem for
entangled two-player one-round games under product distributions. IEFEE Conference
on Computational Complezity, 2014.

Tordanis Kerenidis, Sophie Laplante, Virginie Lerays, Jérémie Roland, and David Xiao.
Lower bounds on information complexity via zero-communication protocols and appli-
cations. CoRR, abs/1204.1505, 2012.

Julia Kempe and Thomas Vidick. Parallel repetition of entangled games. 43rd annual
ACM symposium on Theory of computing, 2011.

12



[Rao08]

[Raz98]

[Raz08]

[RR12]

[Stel0)]

[TWZ14]

[Yeh16]

[Yuel6]

Anup Rao. Parallel repetition in projection games and a concentration bound. In
Proceedings of the 40th Annual ACM Symposium on Theory of Computing, 2008.

Ran Raz. A parallel repetition theorem. SIAM Journal on Computing, 27(3):763-803,
June 1998. Prelim version in STOC ’95.

Ran Raz. A counterexample to strong parallel repetition. In Proceedings of the 49th An-
nual IEEE Symposium on Foundations of Computer Science. IEEE Computer Society,
2008.

Ran Raz and Ricky Rosen. A strong parallel repetition theorem for projection games
on ex- panders. IEEE Conference on Computational Complexity, pages 247-257, 2012.

David Steurer. Improved rounding for parallel repeated unique games. In Proceedings of
the 13th International Conference on Approrimation, and 14 the International Confer-
ence on Randomization, and Combinatorial Optimization: Algorithms and Techniques,
APPROX/RANDOM’10, pages 724-737, Berlin, Heidelberg, 2010. Springer-Verlag.

Madhur Tulsiani, John Wright, and Yuan Zhou. Optimal strong parallel repetition for
projection games on low threshold rank graphs. ICALP, 2014.

Amir Yehudayoff. Pointer chasing via triangular discrimination. TR16-151, 2016.

Henry Yuen. A parallel repetition theorem for all entangled games. 04 2016.

13



A Proof of Chi-Squared Lemma (Lemma 3.1)

In this section, we prove the main technical component towards proving Theorem 3.2. Define
P,Q C U x [0,1] as set of points with a < P(z) and a < Q(z) respectively. k- P as a set of points
with a < k- P(z) and similarly for Q.

First, we modify low information protocol for equality as in [Bral2] to low information protocol
for transmitting a dart d; = (u;, p;) from Alice to Bob by transmitting the index ¢. This protocol will
be used for Alice and Bob to jointly sample an element from u € U while revealing low information
if joint sampling fails.

1. Alice and Bob share a collection of hash functions p, : [6]U/|] — {0, 1} via public randomness
with the following property : if i # j, then Pr[p,(i) = p.(j)] = 1/2.

2. Alice transmits p,(i) to Bob.

3. If no dart in 2Q matches (p1(7),...,pr(7)), Bob halts the protocol and rejects d;. Otherwise
increment r and repeat.

Protocol 2: Sub-Protocol for transmitting a single dart (u;, p;)
Note that if d; € 2Q, indeed the protocol runs for O(log |U/|) rounds, exchanging O(log |U/|) bits.
If d; ¢ 2Q, we show that the expected number of rounds and therefore the information cost is O(1).
Proposition A.1. If d; ¢ 29, the information cost for Protocol 2 is O(1).

Proof. Let T denote the number of darts in 2Q. And let R denote the randomness over the hash
functions. Observe that the protocol runs as long as (p1(i),...pr(7)) matches one of these darts.
And for each dart, the probability of matching until r-th round is exactly 27". Therefore, we can
bound the information cost as

T-Egp

1
Z prlog —
- br

Now note that E[T] = O(1). Over uniform distribution on ¢ x [0, 1], if one picks 6|U/| darts, there
are 12 darts in 2Q in expectation which completes the proof. ]

ST-Z%:O(T)

Now we are ready to describe the full protocol with an information cost possibly lower than the
divergence.

A.1 Bounded Case

Lemma A.2. If there exists some “common distribution” R such that D(R||P) < ¢ and D(R||Q) <
e and P(u) < 8Q(u) for all w € U then D(P||Q) < O(e).

Proof. We prove by showing

(P(u) — Q(u))?
> o) < O(e)

ueld
since as in [BM15],

L5~ (P = Q) oy o L5~ (P - Qw)?

2In2 & max{P(u),Q(u)} T2~ Q(u)
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1. Alice and Bob share “darts” via public randomness d; = (u;,p;) € U x [0, 1] distributed
uniformly at random with i € [6|U/]].

2. Consider d; = (u;, p;) such that P(u;) > p;.

3. Alice lists d;’s and pick each d; with probability (1 — p;/P(u;))?, and tries to send the index
of each dart via Protocol 2.

4. Bob tosses a coin. If head, Bob enters a “normal” mode, where Bob rejects once there is no
consistent sample left. Otherwise, Bob enters a “difficult mode” where Bob rejects even when
there is only one sample left.

5. If multiple samples remain, Bob picks a random dart sent by Alice that survived, and sends
it to Alice.

Protocol 3: Low Information Sampling without paying full divergence

for any distribution P and Q.
Now, our assumption on D(R||P) implies that

1 (P(u) — R(u))”
€ > D(RHP) = 9In?2 Z max{R(U),P(u)}

For D(R||Q) term, we analogously get

(Q(u) - R(u)?
ZmaX{Q(U)ﬁ(U)} o).

Note that our assumption on P(u) < 8Q(u) gives

1 1
max{R(0),8Q(u)} = max{R(a), P(u)}’

Also note that
(a—b)?2<2(a—c)+2(b-c).

Directly combining gives

. 2(P(u) — R(w)* | 2(Q(u) — R(u))?
0©> 5; it ) * (R, Q)
R(u))? +2(Q(u) — R(u))? (P(u) — Q(u))?
= Z maX{R( ),8Q(u)} =3 max{R(u),8Q(u)}"

ueU uel

Now we divide into two cases, where R(u) < 8Q(u) and R(u) > 8Q(u), and show that for each of
these cases (P(u)—Q(u))?/Q(u) is either upper bounded by O (%ﬁ%) or O (%) .
If R(u) < 8Q(u), indeed we have the term as

thereby upper bounding (P(u) — Q(u))?/Q(u) upto some constant factor.
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If R(u) > 8Q(u), first note that for any u € U, by our assumption P(u) < 8Q(u),

(P(u) — Q)* _ max{P(u)’, Q(u)*}
Q(u) B Q(u)

Since we have further condition R(u) > 8Q(u), we get

< 8%Q(u) (7)

So the term is of the form 0 R > p 0
QW) , 7)., 9t ®)

Thus combining (7) and (8), we again get
(P(u) = Qw))* _ 8°(R(u) — Qu)* _ 8%(Q(u) — R(u))?
Q(u) - R(u) max{Q(u), R(u)}
Combining these two cases, we get

(P(w) - Q) (P(u) - Q) (P(u) - Q)
2w -2 o) 2

uel w:R(u)>8Q(u)

<mmmm%) ( w@@@y)
<0 > +0
(u: Rioss0( axiQw), R(u)} RO o MR (1), 8Q(u)}
< O0(e) +0(e) = O(e)

where the last inequality follows from upper bounds on the cases R(u) < 8Q(u) and R(u) >
8Q(u). O

A.2 General Case

We start by proving necessary claims for the full proof.

Claim A.3. If D(R||P) < ¢ and D(R||Q) < € then

(P(u) — Qu))? (P(u) — Q(u))? (P~ Q)P _
E%MAHWQM}qw%%M %; <0

Qw) P(u)

Proof. Note that our assumption on D(R||P) and D(R||Q) gives

P(u u))?
EE:HEaX({J)D( ),Ez(qi)} O) (9)
(R(w) = Q(u)*
Ezrmm{QOO Ry~ O (10)
We prove by separately showing
u) — Q(u))?



u:P(u)>Q(u)

First, consider the terms with P(u) < Q(u). For such terms, indeed

(R(u) — Q(u))? o (B) - Qu) §
max{Q(u), R(u)} ~ max{P(u), R(u)}’

Thus our assumption on D(R||P) and D(R||Q) (in particular (9) and (10)) implies

(P) - Q)
i Q). R}~ 7 "

Now we show that (13) implies (11). We break u’s to two cases: (i) R(u) < 2Q(u) and (ii) R(u) >
2Q(u). For (i), if R(u) < Q(u), the terms in consideration are equivalent. If Q(u) < R(u) < 2Q(u),

then
(P(u) — Qu)? _ 2P(u) — Q(u))?
QW) R 1)

For (ii), via our assumption P(u) < Q(u), we have

(P(u) = Qw)* _ Qw)* _
Q(u) ~ Q)

while via R(u) > 2Q(u), we get

Combining (15) and (16), for u’s with P(u) < Q(u) and R(u) > 2Q(u) we have

(P(u) = Qu)* _ 2(Q(u) — R(u))

Qw = Am "
Therefore with (14) and (17) for terms P(u) > Q(u),
(P(u) — Q(u))? (P(u) — Q(u))? (P(u) — Q(w))?
> - % :
eew 4w wrizow, 9 wrimzo,
R(u)<2Q(u) R(u)>2Q(u)
2(P(u) — Q(u)) 2(Q(u) — R(u))
< + Y = 0(e)
w:P(u)<Q(u), R(u) w:P(u)<Q(u), R(u)
R(u)<2Q(u) R(u)>2Q(u)
since we assumed P(u) < Q(u), we have
(P(w) — Q(u))? (P(w) = QW)* _
2 P.Qu) 2 Qw0 1

w:P(u)<Q(u) P(u)<Q(u)

An analogous analysis for the terms with P(u) > Q(u) by breaking into two cases where R(u) <
2P(u) and R(u) > 2P(u) shows that (18) implies (12), which proves our claim. O
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Claim A.4. If D(R||P) < ¢ and D(R||Q) < € then the probability of Alice transmitting a dart
ds = (ug,ag) under Protocol 2 with ag > 2Q(ug) is O(g).

Proof. First, we calculate the closed form for the probability of Alice transmitting dart d = (u, a)
with @ > 2Q(u). Suppose Alice transmits a dart conditioned on ug = u. If P(u) < 2Q(u), then the
probability of sending dart with a > 2Q(u) is indeed 0, since the distribution P is only supported
on darts with a < P(u). Now if P(u) > 2Q(u) then

o (P =)’ da (p(u) — 2Q(u))?
Pr [pS > QQ(U)‘US - U] - fop(u) (P(u) _ a)2 da - P(U)3

Define function over U as

Pu)—Q(u))® .
Flu) = PLGIE i P(u) > 2Q(u)
0 otherwise

Then we have that
Prps > 2Q(u)] = Z Prps > 2Q(u)|us = u] - Prug = u]
w:P(u)>2Q(u)

u) — u))?
_ Z (P( )P(j)g( ) - P(u) <Eyop[F(u)] = ||Fl1
w:P(u)>2Q(u)

where last inequality holds by P(u) > 2Q(u). Since F'(u) <1 for all u,

2/3
IFll < P35 = Bunr [F(u)??]

We then bound E,.p [F(u)2/3] = Zu:P(u)>2Q(u) W. Note that the divergence bound

indeed gives us

uel
(Q(u) — R(u))? (Q(u) — R(w))?
%; max{P(u), R(u)} ~ 2= max{Q(u), R(u)} ~ 0)

since P(u) > Q(u) by assumption. This gives us

(P(u) — Q(u))?
> < 0(e)
w:P(u)>2Q(u) maX{P(u)7 R(u)}

Now we relate (P(u) — Q(u))?/ max{P(u), R(u)} and (P(u) — Q(u))?/P(u)

e For terms R(u) < P(u), indeed both terms are equal. If P(u) < R(u) < 2P(u), then note
that they are just off by constant factor, that is
2(P(u) = Q(w)* _ (P(u) — Q(u))? (19)

Rw) Pl
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e For terms R(u) > 2P(u), note that the terms that we consider have P(u) > 2Q(u) > Q(u).

Plu) Pl = T (20)
Now since we have R(u) > 2P(u), we get
(P(u) - REw))? > 200

> (21)

< (22)

Combining (19) and (22) we get

u) — Q(u))? u) — R(u))?
E, p [F(U)Q/?’} - ¥ (P( )P(UC)?( ) < ¥ 2(P( 1)12 R(u)) _0()  (23)
w:P(u)>2Q(u)

Then we have ||F'||; < O(g), proving the desired claim. O
We introduce the following technical fact about KL-divergence.

Fact A.5. Suppose X is a random variable in [0,1]. Then if D(P||Q) < € and Eq[X] = ¢ with
e < 1/8, then Ep[X] < 4e.

Proof. We prove by contradiction. Assume without loss of generality that X € {0,1}. Let p =
Prp[X = 1] and ¢ = Prg[X = 1]. Note that we want to show that p < 4¢. If p < ¢, then we are
done. Suppose p > ¢. Then note that

1—
5>plog§+(1—p)log175

is increasing in p and decreasing in ¢g. If p > 4q, then

1-4 3
4qlog4 + (1 — 4q) log I qq =8¢+ (1 —4q)log <1— 1q>

6
ZSq—qu>q

where last inequality assumes that ¢ < 1/8. This is indeed a contradiction since ¢ = ¢. 0

Claim A.6. Let P denote the distribution induced by Bob’s rejection, that is the probability of us
over the accepted darts ds = (us,as). Then D(P||Q) < O(¢)

Proof. Tt suffices to show that

e D(R||P) < O(e),
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o Yu €U, P(u) < 8Q(u).
since then by Lemma A.2, D(R||P) < O(¢) and D(R||Q) < O(e) implies the desired bound.

First, we calculate the closed form for P. If P(u) < 2Q(u), Bob will not reject any dart sent by
Alice unless Bob is in “hard” mode. Therefore, calculating moment for all possible darts, we get

[ (-sig) =5

If P(u) > 2Q(u), note that Bob will reject darts dg = (ug,ps) with ps > 2Q(u). So only darts
with pg < 2Q(u) are valid. For such u’s we get.

2Q(u) a \2 . 2Q(u)  4Q(u)®\  P(u)  (P(u) —2Q(u))?
[ (- a) em2e (=555 + 530) = 5 - e

Normalizing to make P a valid distribution, we get the following:

~ {1;;;) if P(u) < 2Q(u)

P(u) = “ W)—20(u))? .
(W) % (Pé ) _ (& S)P(2uc)2§ ) ) otherwise

where K is the normalization factor introduced to make P a valid probability distribution, that is

P(u P(u P(u) — w))?3
ke Yy P s (()_(()2@()))

3 3P(u)?
w:P(u)<2Q(u) w:P(u)>2Q(u)

Note that if it is indeed the case P(u) < 2Q(u) for all u € U, then K = 1/3, therefore P = P. We
first show upper and lower bound for K. For upper bound,

P(u P(u P(u) —2Q(u))3
)y () 3 <()_(() Q()))

3 3P (u)?
w:P(u)<2Q(w) w:P(u)>2Q(w)
P(u) Pu) 1
< P
S D D D st
w:P(u)<2Q(u) w:P(u)>2Q(u)

For lower bound, we relate

T Pu) T <P(U)_(P(U)—2Q(U))3>

P 2

w:P(u)<2Q(u) 3 u:P(u)>2Q(u) 5 k (U)
1 (P(u) = 2Q(u))® _ 1

> - — > 5~

Z 3 2 5Py 23 00

w:P(u)>2Q(u)

where the last bound holds by (23). By choosing ¢ < 1/50, we have K > 1/4. If P(u) < 2Q(u),

P(u) < 2P(u) < 4Q(u). If P(u) > 2Q(u), P(u) < 8Q(u).

Now, it remains to show that D(R||P) < O(e).

DRIIP) =Y Rw)log ™™ = 3" R(u)log g(“) © Y R)leg W

=y P p<oom (@) wp>2eu) P(w)

= Z R(u)log 3K - Rlu) + Z R(u)log 3K - R(u)

P(u)—2Q(u))3
w:P(u)<2Q(u) uP(u)>2Q(u) P(u) (1 N %)
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R(u) .
< Z R(u)log W + 1%{ R(u)log3K + Z R(u)log (P(w)—2Q(w)?

welt wiP(u)>2Q(u) SOk
1
SD@IP)+ >, R(w)log —praams
u:P(u)>2Q(u) Pu)?
1
= D(R||P) + log
u,P(u)z;QQ(u) (1 _ M)R(u)
- Pu)?

u) — u 3
w:P(u)>2Q(u)

where the first inequality holds since K < 1/3, and the last inequality holds from the assumption
on D(R||P) and the fact that (1 —aB)"/* =1—0(8) for 0 < @ < 1 and 0 < § < 1, then the fact

that R(u)M < 1/2 and log - < 2z for z < 1/2.

P(u)?
It remains to bound }_,. p(u)>20w) R(U)W. Combining Fact A.5 with (23) and
D(R||P) < ¢, the desired bound follows. O

Now we are ready to bound the total information cost of Protocol 3.
Lemma A.7. Protocol 8 gives O(e) information cost.

Proof. We bound I(I1; X|Y') and I(IT; Y| X) separately.

What Bob learns Applying Fact 2.6, we get

I(ILX[Y) = I(S; X[Y) < > I(Si; X[Y)
S;€S

where S corresponds to the set of darts selected by Alice.
Then for each S; define random variable E where

0 if ps; < QQ(USi)
1 otherwise

E(d51) = {

Note that I(S;; E|Y) = 0 since S; and Y indeed determines the value of E. Now using Fact 2.5,
we can bound I(S;; X|Y).
1(S; X|Y) < I(Si; X|YE) = Pr[E = 0] - I(S;; X|Y, E = 0) + Pr[E = 1] - I(Sy; X|Y, E = 1)
(a) (b)

We bound (a) and (b) separately.

Case (b) : E =1 Via Proposition A.1, expected amount of information revealed is indeed O(1),
and by Claim A.4, Pr[F = 1] < O(e).
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Case (a) : £ =0 Bob will indeed accept all hash values corresponding to S;. The information
cost incurred by S; can be decomposed as one coming from U part and [0, 1] part in the following
manner,

I(S; X|Y, B =0) =E[D(S}7[|8])] = DS (w)l|S]" (w) + Eu [D(SF (alu)|S} (alu))]

where the second equality holds by Fact 2.8. Now distribution SiX Y would be indeed the distribution
of indices that Bob sends, conditioned on being E = 0. Therefore, the marginals over &/ would be
exactly P. Similarly for SZ-Y , marginals over U would be Q. Now consider the distribution of the
darts conditioned on w.

Plalu) = {13(3)13 (P(u) — a)? 2 if P(u)‘< 2Q(u)
K1Pw)? (P(u) —a)” otherwise

where K is the normalization factor introduced by setting F = 0, that is

20(w)
K :/ 5 (Plu) - a)’da
0

Plu)?
LT (P - 20w
=1 /m) Playp L) —a)da=1 P(u)?

Now we show that, for all u € U, there exists a prior for Bob (Q(a|u)) such that D(P(a|u)||Q(alu)) =
O (Xucu(P(w) — Q(u)?/P(u))

Define Z(a) as the random variable, defined as

Z(a) = {1 if a € [Q(u), P(u)]

0 otherwise

Note that Z(a) = 0 for all a iff P(u) < Q(u).
Case 1 : P(u) < Q(u). Note that the information cost of learning Z(a) is 0 since H(Z) = 0. If
Z(a) = 0, Bob sets prior as
3(Q(u) —a)
Qalu) == ——————
(alu) Q)

Then we can bound D(P(alu)||Q(alu)) in terms of § := Q(u)— P(u). First we assume that 2P(u) <
Q(u). Then note that 6 > P(u). We show that the information cost is bounded asymptotically by

((P(w) — Q(u))?
Pu)Q(u)

Then we can write the divergence as

P(u) w) — a)?
D(PlallQan) = [ M oy

Lo Q) L Q) PV 9 Q)
<5 | 9<1 P<u>> 08 B0 S By B By [, %S B e By Y

where last bound holds since ¢ > P(u) by our assumption. Note that for § € (0,Q(u)] and a > 0,

(i) =0 (35)
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Plugging (25) into (24), we get
52 P o 2
o @) =0 (giam) =0 (V)
Now assume P(u) < Q(u) < 2P(u), then we decompose the divergence as following.

P(u) u) —a)? w) — a)?Q(u
D(PlalwlQal)) = [ 2R S0 (=l
_ /P(“) 3(P(u) — a)? log (P(u) — a)’Q
Pwy—s  P(u)? (Qu) —a)?P

PLOZ03(Pu) —a)? (P(u) — a)’Q(u)?
“ Py % Q) — Py © 0

First we bound (26) similarly to the case where Q(u) > 2P (u).

/PM 3(P(u) — a)? log (P(u) —a
-5 P(u)? (Qu) —a

< 10 o (= 57) 503 0= (i) .

where the inequality holds from P(u) < Q(u) and (25). Next, we bound (27).

1 Plu)=0 (P(u) — a)?(P(u) + 6)3
P ), BP0 - e S

_ P(lu)g /OP(UM:),(P(U) — a)? [—QIOg <1 + P(u‘;_a> + 3log (1 + Pf@)] da

Note that Taylor expansion gives the following bounds:

—2log (1 + me_@) < _P(u2)5— ~+0 <(P(u()52— a)2>

oo (14 305) = 31070 ()

Now plugging in the bounds and just considering the first order terms,
1 Pu)=s 95(P(u) — a)?
— —66(P(u) — ————|d
), o -+ R
 38(P(w) —a)? 38(P(u) —a)3 "™

P(u)? P(u)t

In case of the second order terms,

T A 1 P (P(w) —a)?
o <P<u)3 /O 36 da) +0 (P(u)3 /0 P(a)? da>

-0 (#6ap) +© (st~ pta7)

Combining both bounds and using our assumption Q(u) < 2P(u),

220 (55) = (pam) =0 (o)
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Case 2 : Q(u) < P(u) < 2Q(u). Consider the random variable Z where Z(a) = 0 if a < Q(u),
Z(a) =1 otherwise. Note that the information cost of learning Z is bounded by H(Z).

Q(u) w) — w 3
Priz=1= [ (Pt - pda = )

Set p:= %' Then, the information cost of learning the the value of Z can be bounded by

H(Z) = H (p") = 0 (v logp) < O(*) = O <<P<u> - Q(U))2>

P(u)?

where the inequality holds via Q(u) < P(u). Now we separate prior conditioned on Z(a) = 1 and
Z(a) = 0. Now conditioned on Z(a) = 0, Bob sets prior as

3(Q(u) — a)
Qu)*

Then, note that P(alu, Z = 0) is indeed P]j[(g‘g())] with a € [0,Q(u)]. We can explicitly write the
divergence as

Q(alu) :=

1 Q(u)
D(Pafu. Z = 0)|[Q(al)) = prrprr—r [ 3(Pw) = o)? log fr—eda (29)

— plr[Z - /OQ(u> 3(P(u) — a)? [_2log (1 + P(u(;_a> + 3log (1 + Pfu)ﬂ da  (30)

First bounding (29)

+

/OQ(U) 3(P(u) — a)?log Pr[le()]da = (P(“)S = (P(u) — Q(u))g) log <1 —11?3)

<0 (p*P(u)’ (1-p°)) <O’ P(u)’)

since p < 1/2 by assumption. Then bounding (30)

/OQ(U) 3(P(u) — a)? [—2log (1 + me_@) + 3log (1 - PZL))] da

u) —a)3 3(P(w) — a)3\ |2
_ 35(P(u) — Q(u))? — 36P(uy? — 2P = Q)P = P)’)
P(u)

6
+0(6%°Q(u)) + O <53 + Pfu)?))
<36 +3 0!
- P(u)

+ O(6?P(u)) + O <53 + P?Z)3)

Then combining the bounds for (29) and (30), we get

Pr[Z = 0] - D(P(alu, Z = 0)||Q(alu)) < O (p°P(u)’)

P(u)?
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1 3 i 2p(y 3 &0 _ (P(u) — Q(u))?
+P(u)3 30 +3P(u) + O(6“P( ))+O<(5 + P(u)3>] —O< Plu)? >

where the inequality holds by P(u) > Q(u) and the dominating term.
If Z(a) =1, Bob sets prior as

1
for a € [Q(u),2Q(u)].
_ o ) 3Q(u)(P(w) —
D(P(alu, Z =1)||Q(alu)) = POP Pz = 1] /Q(u) 3(P(u) — a)®log Pu)? da

Now we bound the value of the integral :

P(u) " P(u) w) — a)?
/ 3(P(u) — )2 log 22I(L() — a)? da</ 3(P(u)—a)2log3(P()u)da

Q) Pu)? ~ Jow) P(u)?
_ P e, (P(u) — a)?
= log3/Q(u) 3(P(u) — a)?da + o0 —a)?log Wda <O((P(u) — Q(w)?)
<0

where the bound holds from Q(u) < P(u). Then indeed we get the desired bound:

Pr(Z = 1] D(Plalu, Z = DI|Q(al) = Frsz - O((P(w) ~ Q)

<o (P Q)

Case 3 : 2Q(u) < P(u). Similar to the case where Q(u) < P(u) < 2Q(u). But note that for

such u, P(alu) is chopped for a > 2Q(u). Recall that we have a normalization factor for the mass

of darts that lies between 0 and 2Q(u), Kj. Since Q(u) < 2Q(u) < P(u), we can bound K; as
u) — 2Q(w)’*

following
P P(u) — Q(u))?

We make analogous argument to Case 2, but with extra K; factor in P(alu). In particular, it
suffices to bound

=1-p’ (31)

1 Q(u) 1
P(u)3K1/0 3(P(u) — a)*log Eda (32)
which is the extra term introduced from Z = 0 case and
1 P(u) o, 1
e /Q 3P 0 1og o (33)

which is an analogous term from Z = 1 case. We bound the sum of (32) and (33).

(32) + (33) = 55 / " 3(P(u) - ) log ~—da — - log L
= PayK: Jo u) —a)“log K a = I og I
1 1 1 ; 1 , )
< = — < <
ST ploe = g e P)lee 5 <OWHEY) < O)
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So for all u € U with P(u) > Q(u) the information cost is bounded by w, while for

P(u) < Q(u), the information cost is bounded by % Now we bound the total cost, which
is

- w) — Q(u))? - uw) — Q(u))?
S Pu)- (PSP()u Q%(L))) LY P (P(u) — Q(u))
w:P(u)<Q(u)

Now recall that if P(u) > 2Q(u), we can bound P(u) as

Plu) = 24 <1 _ 20 4@<u>2> _ 20 _ P

K Pu) | 3P(u)? K K

while for P(u) < 2Q(u), P(u) = % Since K = ©(1), we bound the total information cost as

(P(w) - Q)
¢ (Z max [ P(u). Q<u>}> <)

where the inequality is from Claim A.3.

What Alice learns Alice learns about Bob’s distribution from Bob’s rejection. We show that
information gained is at most O(e). Let S be the indices of darts that were rejected by Bob. Then
again by Fact 2.6,
IILY|X,S) = I(S;Y]X,8) < > I(5;Y|X, )
S;es
Now we analyze 1 (5}, Y|X,S), that is the expected information from each rejected dart. Note that
if S; ¢ 20Q, it is automatically rejected by Alice, and if S; € 20, the protocol rejects S; when Bob
is in “hard” mode and S; is the only dart that is in 2Q. That is S; € 2Q is rejected with some
constant probability pg, while S; ¢ 2Q is rejected with probability 1.
We set Alice’s prior for rejected dart as

while Bob’s distribution for rejected dart

=z (P(u) —a)®  if a < 2Q(u)
— J NP
Q(u,a) { W (P(u) —a)®  otherwise

where N is the normalization factor introduced to ensure that () is indeed a valid distribution.
First we give a bound for N. N can be asymptotically written in closed form as

N R P 2d
- > PW( (1) ~ )? da
w:P(u)<2Q(u)

2Q(u
+ E /
u)>2Q(u

= Z P+ Y. p<u>_<P<U>—2@<u>>3+<P<u>—2@<u>>3

P(u)? Plu)2
u:P(u)<2Q(u) w:P(u)>2Q(u) (U) Po (u)

2 Per 3 2
(P(u) —a)”da+ /2Q(u) P ()2 (P(u) —a)”da
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3 1 —po (P(u) — 2Q(u))?

—1_
Po P(u)?

w:P(u)>2Q(u)

Recall that 3, p()>20() W < O(e). We show that pg = ©O(1), which then implies

1—-0(e) < N < 1. pg can be written as

1 & B
= 5 ZPr[k‘]Ek 1
k=1

where Pr[k] is the probability of Alice sending k darts and e factor comes from Claim A4 i.e. the
probability of sending dart not in 2Q. Now Pr[k] is

Pr[k]—<6’2{‘>.<1_3’1w>6”"’“ <3lu|>k

1 [ = 1
<3 (;Pr“ﬂ) | (;’“ ) <3-o@ oW

For lower bound, just consider the first term. Then

1\ lul-1 1\ 6l
> (1- > (1— — > e ?
PE s 2 sl T

Explicitly calculating the divergence between @ and P :
D(Q||P) = Z / (u,a)log g(u ,0) da + Z / Q(u,a)log gg ,0) da
u)<2Q(u) (u, a) w:P(u)>2Q(u 2

(a) (b)

For upper bound,

(a) is then

w:P(u)<2Q(u)
due to our lower bound in N. (b) is then

2Q(“ Q( Q( )

1 2Q(u) 1 P(u)
= Z log <N> /0 Q(u,a) da + log (Npo> /QQ(u) Q(u,a) da

w:P(u)>2Q(u)

while the first term is

2Q(w) 1 (P(u) — 2Q(u))?
/0 Q(u,a) da = N (P(u) — Plu)? >

and the second term is

Pw) 1 (P(u) —2Q(u))?
/ZQ ) Q(ua) da = Npo P(u)?

Plugging these in, we get the desired bound of O(e).
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B Omitted Proof from Section 3

Proof of Lemma 3.8. Consider the set of edges S that are satisfied under . Denote u conditioned
on being inside S as v. We show that D(v||f) < O(e), which indeed implies i(S) < 1 — O(e) by
Fact 2.7. But indeed Claim 3.10 implies D(v||i1) < O(g).

O

Proof of Lemma 3.9. The proof follows from Lemma 4.5 of [BG15]. To argue that the
second condition is indeed met, recall that the protocol in [BG15] is the following: Let A :=

e Using shared randomness, get uniformly random samples from II x [0, 1], which we denote by
{(mi 4i) i2o-
e Alice outputs the first m, that satisfies ¢, < %.

e Bob outputs the first m, that satisfies g, < Q(m’)

Protocol 4: Protocol for sampling a transcript (m, q)

{(m,q)|lg < P(m)/d}, B :={(m,q)|lg < Q(w)/d} and C := {(7,q)|qg < R(mw)}. We define event E as
first dart in A U B being inside A N BN C. Note that Lemma 4.5. of [BG15] exactly gives that
Pr[E] > 279 therefore the first condition must hold. Furthermore, S is indeed included in
Supp(R) since for such event it must be the case that R(w) > 0. Therefore, E satisfies the second
condition as well. O

Proof of Claim 3.10. For brevity denote W as the set of x with W(x) = 1, D(A||B) = dy and
A(W) = §;. First, we show that B(W) < O(D(A||B)) = O(8y). Note that D(A||B) can be written

DAIB) = Y A (xi ()1 gég 5% (34)
zeW ¢ew
Applying log-sum, we get
A(W)log gig//; + A(W) log gi£§ < dy

Assume for contradiction that B(W) > KA(W), where K is some parameter that we will setup
later for contradiction. And put B(W) = aA(W) for a > K. Since A(W) = 1 — §; by our
assumption, substituting the terms we get

1— 8 1 1
(1—51)10g1_a51 +5110ga—(1_51)10gw
—01

1
+ 01 log —
«

Suppose for now that o < ﬁ + 5. Then note that log(1/(1 — z)) = Q(z). Applying this fact to
the first term, we get

— 01 1
"ot + 01 log o> Q((a—1—loga)dr) > Q(adp).

where the last inequality holds due to our assumption that 51 > Jdp. Picking an appropriately large
constant o = O(1), we get a contradiction. Instead if v > 5 5 + 3, then

1
b > (1 — (51) log 1

1-— 1
(1 — 51)10g 1 a51 + 01 loga > (1 — 51)10g2(1 — (51) + 01 log 261 = H((;l) + 1> 4
- 1
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which indeed is a contradiction since dy < 1 and H(61) > 0. Thus B(W) < O(81) = Kod;.
Note that via our bound on B(W)

N2

To bound D(Aw||B), we first bound }___y, A(x)log Al

implies o
A(x) — A(W) 1
A(z)l > A(W)1 —- > {1 log —
>~ Alw)log 5 > AT log > 61 log 1
cgW
Applying this to (34), we have
Y Ax) m—d—ZA log A _ 50— 5 10g -
x 0 g B x) 0 1 1log Ko

zeW

Now we use the above fact to bound D(Ayw||B).

D(Aw||B) =" aw(z)log aw(z) _ S an () log aw (z) a(x)

- bo) A a() b(z)
o} o(z) o} a(2) o} @
D(Aw||4) + xEZWaW 7)log 3o < log(1/A(W)) + ;V 2077 %8 52
< log(1/A(W)) + D/(lx(éll/‘ILl)?) ! 1_4(1;14();[/) log Ky
< log(1/A(W)) + W 4o (W)

which is indeed the statement of the claim.
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