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On /4 : 5 ratio of functions with restricted Fourier support
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Abstract

Given a subset A C {0,1}", let u(A) be the maximal ratio between ¢4 and ¢2 norms of a
function whose Fourier support is a subset of A.! We make some simple observations about
the connections between u(A) and the additive properties of A on one hand, and between
1(A) and the uncertainty principle for A on the other hand. One application obtained by
combining these observations with results in additive number theory is a stability result for
the uncertainty principle on the discrete cube.

Our more technical contribution is determining p(A) rather precisely, when A is a Ham-
ming sphere S(n, k) for all 0 < k < n.

1 Introduction

Let A be a subset of the discrete cube {0, 1}". Consider the subspace V = V(A) of functions on
{0,1}"™ whose Fourier support is a subset of A. That is, for any function f € V, the expansion

~

of f in terms of the Walsh-Fourier characters f =) f(a)W, is supported on o € A. Let

_ Fin - E f*
u(A) = max = max ——,
fevif20 \ || f]l2 fev,f£0 E% f2

where the expectation on the RHS is w.r.t. the uniform measure on {0,1}".

The quantity p(A) is well-investigated, especially when A is a Hamming ball or a Hamming
sphere, since in this case it is closely related to the hypercontractive property of the noise
operator on the discrete cube. In particular, it is know that for a Hamming ball of radius &, we
have u(A) < 9% [1], and for a Hamming sphere of radius k, for a constant (or slowly growing)

k, we have u(A) = © (9’“/\/E> [9].

We make several simple observations, connecting between p(A) and the additive properties of
A on one hand, and between p(A) and the uncertainty principle for functions in V(A) on the
other hand. Connections of this kind have already been explored in [6, 10] (between u(A),
or closely related quantities, to the uncertainty principle), and by [5] (between u(A) and the
additive properties of A).

Additive structure of A: For x € A+ A, let M, = {(a,b) € Ax A:a+b =z} Let
m(A) = 1 + max,g|M;|. Thus m(A) is the maximal multiplicity of a non-zero element in

IStrictly speaking, we consider the fourth power of this ratio, since it is easier to work with.
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A+ A (plus one). Let E2(A, A) be the additive energy of A [13]. This is the number of 4-cycles
in A:

Ex(A,A) = H{(abed eAiatbtcetd=0}
We observe that

Proposition 1.1: For any subset A C {0,1}" holds

L u(A) < |A|
2. u(A) < m(A)

3. maxpca % < w(Ad) < 0O (10g3(|A\)) -MAXBC A %
Let us describe one application of this proposition. The following result has been proved in [4].
Let A be a Hamming ball of radius k, and let B and C be subsets of A. Then |B +C| > B¢,
We rederive this result as follows. Recall that p(A) < 9%. Hence we have

[BI?|CI? _ |BIIC] - 1BlCl o 1BlC]

VEAB BIEAC,C) | BB [BLO ~ p(d) = o

B+C| > (1)

For the first inequality (which follows by a simple application of the Cauchy-Schwarz inequality)
see e.g., [13]. The second inequality follows from the third claim of the proposition.

Remark 1.2: Another way to obtain p(A) is as the maximal eigenvalue of a certain symmetric
|A| x| A| matrix. Such matrices and their relevance to the additive structure of A were considered
n [12]. Specifically, denoting by A(M) the maximal eigenvalue of a matrix M, it is not hard to
see that

A) = max (T4,
,LL( ) y:A—R ||y|l2=1 (A )

where (in the notation of [12]) 7= T4*Y is the A x A matrix with rows and columns indexed
by the elements of A, such that T (a1,a2) = Z(b1,bz)eMa1+a2 y(a1) -y (az)- 1

Uncertainty principle: The uncertainty principle for the discrete cube (see e.g., [2]) states
that for a non-zero function f on {0,1}" holds:

on
|supp(f)| = m (2)

The following claim is an immediate consequence of the Cauchy-Schwarz inequality.



Lemma 1.3: For a non-zero function f on {0,1}", let let A = supp (f) Then

2n
1(A)

|supp(f)| >

This strengthens (2), by the first claim of Proposition 1.1.

A quantitative version of (2) was proved in [10]. For any 0 < 0 < 1, there exists an € > 0
depending on d, such that for any two subsets A, B of {0,1}" with [A[-[B| < 2(1=0)n holds: if
f is a non-zero function with f supported on A, then 5= >, 5 f2(b) < (1 —€) - || f3.

The following claim is a strengthening of this result.

Lemma 1.4: Let 0 < § < 1. Then for any two subsets A, B of {0,1}" with u(A)-|B| < 2(1=0)n
holds: if f is a mon-zero function with f supported on A, then

1 on
2 A0 < 27 A1

beB

Combining Lemma 1.3 with Proposition 1.1 gives the following corollary.

Corollary 1.5: For a non-zero function f on {0,1}", let A = supp (]?) Then

o 1 o
supp(f)l = —— and |[supp(f)] = € ( ) :
| ( )| m(A) ’ ( )| 10g3(|A’) maxpc 4 E2|(BB|,QB)

Up to negligible factors, both inequalities strengthen (2), since m(A4) < |A|+1, and Eo(B) < |BJ3.

Combining the second inequality in Corollary 1.5 with results from additive number theory
describing the structure of sets with large energy and small doubling ([3], [11]) leads to a stability
version of (2). It is known that (2) holds with equality if and only if f is a characteristic function
of an affine subspace of {0,1}"™. We show that even if equality is replaced with 'near equality’,
the support of f will be similar to a linear subspace, in the appropriate sense. Notation: let
(B) denote the linear span of a subset B C {0,1}".

Proposition 1.6: Let f be a non-zero function on {0,1}"™ with |supp(f)|- |supp (f) | <C-2™
Let A = supp (f) Let C" = C -log(|A|). There exists a subset A" C A such that:

°
’A/| > Cl—O(log3 C’) . |A|

and

(A < 4],



with asymptotic notation hiding absolute constants.

The third claim of Proposition 1.1 leads to the following natural question: which sets A C

{0,1}™ have the 'hereditary’ property EQ‘E:TQA) > E2|§§B), for all subsets B C A. It is easy to

see that this holds if A is a subspace. We show that, up to lower order terms, this is also true
for a Hamming sphere. We distinguish between two cases: the radius of the sphere is small
compared to n, or the radius of the sphere is allowed to grow arbitrarily in n. For the first case,
we have the following proposition:

Proposition 1.7: Let A = S(n,k) be a Hamming sphere of radius k, for k = o(y/n). Then
Ey(A, A
uA) < (1 + on(1)> . I(AWZ’)

For general k& we have the following result, which is the most technical part of this paper.

Theorem 1.8: Let A = S(n,k) be a Hamming sphere of radius k, for 0 < k < n/2. Let
r(x) = w, and let 1 be a function on [0, %] defined by

x —r(x)

P(x) = H(QT(:U)) + 4r(z) + 2(1 — 27’(1’)) -H (1—27"(3:)) — 2H(x).

) < o) B

In the light of these results it is natural to make the following conjecture.

Conjecture 1.9: Let A = S(n, k) be a Hamming sphere of radius k, for 1 <k <n/2. Then

ua) = L

Remark 1.10: Proposition 1.7 and Theorem 1.8 show that among all homogeneous polyno-

mials f of degree k the maximum of the ratio H;H;‘ is (essentially) attained for the sum of all

weight k¥ monomials (the k" Krawchouk polynomial). We refer to [8] (and references therein)
and to Sections 4.2 and 4.3 in [10] for other results in this direction. 1
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Theorem 1.8 can be applied to extend the result of [4] (whose alternative derivation was given
in (1)) to larger values of k. We start with observing that a simple modification of the proof of
the theorem shows its bound to hold for Hamming balls as well.

Corollary 1.11: Let A = B(n,k) be a Hamming ball of radius k, for 0 < k <mn/2. Then:

1.u(A) < 2m(3).

2. 27(3) < min {9F, 27},
with equality only at k = 0, where the LHS is 1 and at k = n/2, where the LHS is 2".

The second claim of the corollary shows it to extend the bound u(A) < 9% ([1]). Using its first
claim in (1) leads to the following result (which we state slightly more generally).

Corollary 1.12: Let B be a subset of a Hamming ball of radius k1, and let C be a subset of a
Hamming ball of radius ky. Then

|BIICI

25 (v()(2))

This paper is organized as follows. We prove Proposition 1.7 in Section 3, and Theorem 1.8
with Corollary 1.11 in Section 4. All the remaining claims are proved in Section 2.

B+C| >

2 Simple proofs

In this section we prove all the observations stated in the introduction, except for Proposition 1.7
and Theorem 1.8.

Our starting point is the following characterization of pu(A). Let S = SI4=1 denote the Euclidean
sphere of dimension |A| — 1. We will assume the vectors in S to be indexed by elements of A
(in other words, a vector y € S is a function from A to R, with unit ¢ norm). Then p(A) is the
maximal value of the following real valued function on S (recall that M, = {(a,b) € A x A :
a+b=uz}):

2

wA) = maxF(y), where F(y) = > | > wap] - (3)

€S
Y 2€A+A \ (a,b)EM,

To see this, note that each y € S represents a Fourier expansion of a function f =3 4 y.W,
of £ norm 1, and F(y) =E f* = | f||}.



Proof of Proposition 1.1

We start with the first claim of the proposition. Applying the Cauchy-Schwarz inequality, for
any y € SI4I=1 holds
2

Fly) = Y > vt < > M- YD vk <

z€A+A \ (a,b)eM, z€EA+A (a,b)EM,
wi) S O% o= me el = el = 4
<Ir€r}m| z|) YaYh xghafﬂ z| | M| |Al,

r€A+A (a,b)eM,
completing the proof.

The second claim is proved similarly. For any y € S holds
2

Fly) = Do | D2 wam| < 1+ D> M| D wlyp <
2€A+A \(ab)EM,y z€A+A\{0} (a,b) €M,

1 M| | - 22 = 1 M

+(xeﬂ?§§{0}’ x|> S v omax Mol

r€A+A (a,b)eMy
We continue to the third claim, starting with the lower bound. Note that for any subset B C A

holds F' <\}|B§|> = E2|(§|§B). Hence, by (3),

> EZ(BvB)

= mF(m) - RS TEE

We pass to the upper bound on p(A). Let y* € S such that F(y*) = pu(A). We may assume,
w.l.o.g, that the vector y* is nonnegative. Let f = ., yiW,. Then E f* = p(A).

1p

We introduce some notation: For ¢ > 1, let A; = {a €A 27T < yr < 2_(i_1)}. Let f; =
> aca, YaWa. Let hy =3, 4 Wo. Finally, let N = [5logy(|A])] + 2.

We have f = > "2, fi, where the summation on the RHS is, of course, finite. Let k = )% \ 41 fie
Then k = 3, 4 2aWa, with [z, < 27V"D < —L_ for all a € A. Hence Y, 422 < 1 and

< o

. o (A
therefore, by the 4-homogeneity of F, we get Ek* = F(2) < “1—6).

Lett=f—k = Zf\; | fi- By the convexity of the function z! and by Jensen’s inequality, we
have E f* = E(k + t)* < 8- (Ek* + Et4). Tt follows that E¢t* > L - E 4 — 44 > L ¢4 §o,
to prove the claim it suffices to upperbound E t*, which we proceed to do.

4 .
By Jensen’s inequality, Et* = E (Zi\il fi> < N3-Zf\;1 Eff For1<i< N, let y® =14, -y
Then E f} = F (y¥) < 274D . F(14,) = 274D . E h}. Hence,

N N
Ett < N3 2 -VER! = 16N%.) 27YER
=1 =1



Next, observe that the functions {f;})¥, are orthogonal, and hence

N ' N ‘ N
oAl = D 27¥ER; < Y Ef = E£f < 1
=1 =1 =1

It follows that
N N

D2NER = Y aMB(44) =

i=1 i=1 i

Es (A, Aj) <
| A;]2 -

WE

(2742"141"2) i
1

m 274 A; < m 27%|4;] <  max ——2
1§%)J(v \A \2 Z Al = 1§ia§)](\f \A \2 Z Al = 1GEN |A;|?

And hence, recalhng that N = O(log |A)),
N
i Eo(B, B)
4 3. dippd < 3 . 2\D
Et*? < 16N ;2 Enrf < O (log*(JA)) max — pry

concluding the proof of the upper bound and of the proposition.
|

Proof of Lemma 1.3

Let f be a non-zero function on {0, 1}", with A = supp (f) Let B = supp(f). Then, by the
Cauchy-Schwarz inequality,

E2f2 = E%f2.15 < Ef* Elg.
Hence, by the definition of u(A),
2 r2 n
E* f - 2

Bl = 2"-Elp > 2". > :
1B E f4 1(A)

Proof of Lemma 1.4

Let f be a non-zero function on {0, 1}", with A = supp (f) Let B C {0,1}" satisfy |A|-|B| =
2(1=0n Let 3 Ypen J2(0) =c-||f[I3 = ¢+ E f2 Then, by the Cauchy-Schwarz inequality,

2
RS = <21an2<b>) = By < EfLEL

beB
Hence, by the definition of u(A),

4 .
2 - EfIBl_ pA)B

>~ E2 f2 ’ on — mn




Proof of Proposition 1.6

Let f be a non-zero function on {0, 1}" with |supp(f)|-|supp (f) | < C-2". Let A = supp (f),

and let B C A be the subset of A for which the ratio E2|g3|53) is maximal. By the third claim

of Proposition 1.1, we have

C-2 1 2"
> > Q . .
g = ez <log3(A|)> B0

Rearranging, this gives E2‘S§‘;B) > 1.0 (log‘?||A|)> Since E»(B, B) < |BJ3, this implies |B| >
1 |A]
ol 9] (m) Hence

1 |A||B|? 1 AP
ExA4) 2 Ex(BB) 2 c'“ﬁwﬂmw) - 0f9<m£wm> <m

Q

We quote two results from additive number theory (without stating the best known values of
various constants):

o [3]: Let A C {0 1} with E»(A,A) > ¢ ] \ Then there is a subset A} C A with
41| > Q (cPW) - |A] and [A; + 41| < O (¢7OD) - |4y.

e [11]: Let A; C {0,1}"™ with |A; + A1| < ¢1 - |A1|. Then there is a subset A" C A; with
A2 e, 7y and |40 < |4,

The claim of the proposition follows by combining these two results with (4).

3 Proof of Proposition 1.7

Let A= S(n,k). Then A+ A= S5(n,0)US(n,2)U...US(n,2k). We partition the function F
n(3)as F = Zf:o F}, where

2

k= > > Yt

z€S(n,2t) \(a,b)EM,

Clearly Fy = 1. We claim that for any 1 <t < k and for any y € S holds

2\ [k\?
F < . 5
w < (7)) 6
To see this, let 1 < ¢ < k and let © € S(n,2t). Consider a representation x = u + v with
u,v € S(n,k). Note that each such representation corresponds to a partition of = into two



parts x1 and xo of weight ¢ each, and a choice of an additional vector w of weight k£ — ¢ disjoint
from x, such that, slightly informally, v = x1w and v = zow (that is u is a concatenation of x
and w and similarly for v).

Let us denote the set of the ( ) partitions of z into two halves z; and z2 by P(x). Each
partition a = (z1,22) € P(z) defines a subsum so = >, Yorwlzsw Of Sz 1= 3 1 pyenr, Ya¥o-
Clearly sy = > ,cp(s) Sa- By the Cauchy-Schwarz inequality, s2 < |P(z)| - 2 acP(z) s2 =
(Zt) © DaeP(z) s2. Summing up, we have

- Y2 ()Y T4

xeS(n,2t) zeS(n,2t) aeP(x)

8N

Hence, (5) will be implied by the following lemma.

Lemma 3.1: For any y € S holds

i 2
> oy o< (f)
zeS(n,2t) aeP(x)
Proof: (Of the lemma)

We apply the Cauchy-Schwarz inequality to bound each of the summands. For x € S(n,2t)
and a = (r1,x2) € P(x) we have

2
20) = (zymym) < (zy)<zy) ST
w w w

wi,w2

Z ng(y) < Z Z ya2:1'w1 ’ y:)2:2w27

z€S(n,2t) aeP(x) z€S(n,2t) (x1,z2)€P(x) wi,w2

where the inner sum goes over all (k — t)-bit strings wy, wo disjoint with x.

We will argue that for any two elements a and b of S(n, k), the product ygyg appears on the
RHS at most (];)2 times, and hence the RHS is bounded from above by (12)2 . Za,beS(n,k) ygyg =

B (Sucson ) = ()

In fact, given a and b, there are at most (’;) ways to choose a t-subset 1 C a of a, and at most

(’f) ways to choose a t-subset x5 C b of b. After choosing {x;}, their complements {w;} are
determined uniquely by {z;}, a and b. I

This completes the proof of (5). Summing up over ¢, we get

p(4) < zk:r;lggFt(y) < Zk:(it)@)Z

t=0



We proceed to compare this bound to %. We have

k k 2
By(AA) 1 1 1 n\ [ (2t\ (n—2t
A S ap 2 PP = M = = <2t> <<t><k_t>>
z€A+A (k’) t=0 z€S(n,2t) (k:) t=0

It is easy to see that for 7 = o(n) holds (1 — 0,(1)) - e/ . n" < 2 _ < p’. This implies

(n—r)! =

(following a simple calculation) that for k& = o(n) we can lowerbound Ez’lgﬁgA) b

a2 (k)2 On n2t 26\ p2h2 a2 O (26 (K2
1—op,(1 o . . = (1-0,(1 o .
(1—on(1)) e =g t§:0 en\t) ooy (1—on(1))e t§:0 L)L) (©)

Taking k& = o(y/n), this implies u(A) < (1 + o,(1)) - Eiiﬁf), completing the proof of the
proposition.

4 Proof of Theorem 1.8

Let A = S(n, k). It will be convenient to use a notation which makes explicit the dependence

of u(A) and E?Eﬁf) on the parameters n and k. We let R(n, k) = p(A) and r(n, k) = E2|E£§A).

Recall (see Section 3) that
won = () (()- (1)

L) () (29)". Thus r(n k) = S g si(n, k).

We start with the first (and main) claim of Theorem 1.8 and rewrite it in this notation.

We also let s¢(n, k) =

Rin,k) < 2. (7)
The main step in the proof of (7) is the following somewhat weaker claim.

Proposition 4.1: There exists an absolute constant C > 0 so that for all 1 < k < n/2 holds

R(n,k) < C-2°0/10800) (k).

We will also need the following technical lemma. From now on, all logarithms are to base 2.

Let £ (n7 k) _ Sn—\/n2;—8(n—k)2 )

Lemma 4.2: Let n be sufficiently large, and let o~ < k < § — =o—. Then

logn — logn *

max si(n, k) = max se(n, k).
0<t<k tety(n,k)xy/nlogn

10



We will prove Proposition 4.1 and Lemma 4.2 below. First we show how they imply (7). It
will be convenient to work with the following modification of the function . It Let ¢ be a

function on [0, %] defined by ¢(y) = H(2y) + 4y + 2(1 — 2y) - H <k/"2 y) 2H (£). Observe
that ¢ (202) — g (%),

Let f be a function on {0, 1}" with supp (f) C S(n, k), such that R(n, k) = 1E2 f2
m > 1, consider a function F,, on nm boolean variables defined for z1,...,2z,, € {0,1}" by
Fo (21, .y tm) = [112 f (z;). Observe that for any as, ..., ap, € {0,1}™ holds ﬁ; (1, ey i) =
I, f(ozi), and hence supp (ﬁ}\n) C S(nm, km). We also have E F}, = (E fP)™, for any p, and

For an integer

EF2 Ef4\™ . _ .
hence = | =% ] . Denoting N = nm and K = km, we have that

IE2F2 E? f2
1
E f4 EF:\™ 1 -
R('n, k) = ETfQ = <IE2E’%> S R(N,K)m S (C 2logN T(N K))

1
Taking m to infinity, we have R(n, k) < liminf,, (T(N , K )) ™. For a sufficiently large m we

have 1ngVN <K<« % - 1o]gVNv and hence, by Lemma 4.2,

1 1 1
liminf (r(N,K))™ = liminf ( maxs;(N,K))" = liminf max st(N,K))™
m—00 ( ( )> m—r00 ( t t( )) m—00 (tetl(N,K):I:«/NlogN t( ))

2
where t;(N, K) = SNy NQZS(NJK)Z. Recalling that s;(N,K) = W : (]Q\i) ((Qt) (]}[(_Qtt)) )
K

and using the bound (Z) < 20H(a/) ([7]), we get, for t € t;(N, K) + /Nlog N, that
1 ¢ k/n—t/N k t
< — 42— _ | — — = —
logQSt (N, K) H<N>+4 +2<1 2N>H<1_2t/ > 2H<n> ¢<N>,

where ¢t/N is in t1 (N, K)/N + IOQTN =t1(n,k)/n £ \/lmgTN. Fixing n and k and taking m to
infinity, we get that

1
m tl(n k‘) . k
l'}gilglof g log <<t€t1f1\/2]i\}7{10gNSt(N, K)> ) < gb ( n ) B 1/} <7’L> ’

completing the proof of (7).

The remainder of this section is organized as follows. We prove Proposition 4.1 in the next
subsection. Lemma 4.2 is proved as one of the steps in that proof. We prove the second
inequality of Theorem 1.8, namely that

omi() < 0(k3/2)-r(n,k) (8)

in Subsection 4.2. Corollary 1.11 is proved in Subsection 4.3.

11



4.1 Proof of Proposition 4.1

We start with observing that by choosing the constant C' in the claim of the proposition to be
sufficiently large, we may assume that the claim holds for all n < ng for any fixed ng of our
choice. Indeed, let ng be chosen, and set C' = 2™. Then, by the first claim of Proposition 1.1,
for any n < ng and 1 < k < n/2 holds

R(n,k) < (Z) < 2" < ¢ < ¢ (k)

From now on we fix ng to be sufficiently large for all asymptotically valid claims below to hold
for n > ng, and set C' = 2™0,

Next, we observe that the claim of the proposition holds when k is very small compared to n
or when k is very close to n/2. This is done in the next two lemmas.

Lemma 4.3: There exists a sufficiently large constant ng such that Proposition 4.1 holds for
alln > ng and k < 2

logn*

Proof: By (6) we have that

2k2 2n

R(n,k) < O<en)-r(n7k) < O<610g2”)-r(n,k) < 25$-r(n,k),

for all sufficiently large n.

Lemma 4.4: There exists a sufficiently large constant ng such that Proposition 4.1 holds for
alln >ng and k > 5 n

" logn-
Proof: Assume, w.l.o.g., that k is even. Then, using the inequality (k%) > Q (\2/—%), we get
2
B (D) ()" pth-n
/2
k) > sya(nk) = o > M > a(fr) 2

n

0 <2n—4$—210g2 n) > 2n—5logn :

where the last inequality holds for a sufficiently large n. Therefore, R(n, k) < 2™ < 2P Tosm - r(n, k).
|

Hence from now on we may assume that n is sufficiently large and that & <k< % — logn.
The proof of Proposition 4.1 will rely on the following two claims.

Proposition 4.5: Let F(x,y) = H—}I)Q. Then
Ty—(\/T—/y

12



1. The function F is increasing in both x and y in the domain 0 < z/9 < y < 9z and is
1-homogeneous.

2. For any 1 < k < n/2 the following inductive relation holds: There exist positive numbers

Ry and Ry such that Ry < R(n —1,k) and R1 < R(n — 1,k — 1) and such that
Ry if Ry > 9R,

R(n, k) < R if R1 > 9R
F (Ry, R1) otherwise

And

Proposition 4.6: There exists a sufficiently large constant ng such that for all n > ng and for
all 2 §k:§% " _ holds

logn ~ logn
1.
-1,k—-1
r(ng,) < rin—=1k < 9-r(n—1k-1)
2.

r(n, k) € (1:|:O <log3\/§n>> 'F<r(n—1,k—1),r(n—1,k))

We first show how to deduce Proposition 4.1 from these two claims and then prove the claims.

Assume Proposition 4.5 and Proposition 4.6 to hold. Let ng and C' = 2™ be as def;ned above.
We will argue by induction on n that for all 1 < k < n/2 holds R(n, k) < C - 2°%sn - r(n, k).
Clearly, by the choice of C, this holds for n < ng, which takes care of the base step. We pass
to the induction step. Let 1 < k < n/2 be given. We may and will assume that n > ng. By

Lemmas 4.3 and 4.4 the claim holds for k < % and for k > % — logn. So we may assume
o< hk< -2,
logn 2 logn

Let Ry and R; be the two numbers given by the second claim of Proposition 4.5. Consider first
the case Ry < %. Then, by Proposition 4.5 and by the induction hypothesis we have

n—1 n
Rn,k) < Ry < Rin—1,k—1) < C-2°®G-D .p(n—1,k—1) < C 2% - r(n, k).
n—1 n T
? log(n—1) < log(n)’ log
for x > e. Second, r(n — 1,k — 1) < r(n,k) since S(n, k) contains an ’isomorphic copy’ of
S(n — 1,k — 1), given by the k-tuples in S(n, k) containing (any) fixed element, say 1.

since the function

Let us explain the last inequality. First is increasing

The case Ry < % is treated similarly.

It remains to deal with the case % < Ry < 9Ry. In this case, we have R(n,k) < F (Ro, R1).

n—1
Let p = max {T(nlf(’l7k), T(n_]ilk_l) } Note that by the induction hypothesis p < C - 9 Tog(n—1) |
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By Proposition 4.6 the point (r(n —1,k),r(n—1,k— 1)) lies in the domain {(z,y): 0 < z/9 <

y < 9z} and hence so is the point p - (r(n —1,k),r(n— 1,k — 1)) By the monotonicity of F

in this domain and by its 1-homogeneity, we have

F(Ro,R1) < F(p'r(n—l,k),p-r(n—1,k—1)) = p'F(r(n—l,k),r(n—l,k—l)) <
C-QS%-F<r(n—1,k),r(n—1,k—1))

.. . . 5_n=1__ log®/2 n
By Proposition 4.6, the last expression is at most C - 27 leg(»=1) . (1 +c- T) -r(n, k), for

/
some absolute constant c¢. Since for large x we have (k)gg”x) ~ log%x’ for a sufficiently large n
holds

3/2 v
n—1 10 n n—1 _c_ log n n
25log(n—1) . (1 +c- g ) S 25log(n—l)+ln2 Vn < 25log(n) ,

NG

completing the proof of Proposition 4.1.

4.1.1 Proof of Proposition 4.5

8xy
ayay-(Va—i)”
is clearly 1-homogeneous. It’s easy to see that it is defined on the domain 0 < /9 < y < 9.
A simple computation shows that %—5 is proportional to 3v/x — ,/y and therefore is positive in
this domain. Hence F' increases in . A similar argument shows that F' increases in y as well.
This completes the proof of the first claim.

We start with the first claim of the proposition. The function F(z,y) = F(z,y) =

We pass to the second claim of the proposition.

Let f be a function on {0,1}" with supp (f) C S(n, k), such that gj}é = R(n,k). Given a

function h on {0,1}", we can view it as a pair of functions on the two (n — 1)-dimensional
cubes {x € {0,1}",x, = 0} and {z € {0,1}", 2, = 1}. We write this as h <> (hg, h1).

Let f ~ %,ﬁ), and let go, g1 be functions on the (n — 1)-dimensional cube such that

9 =25 ﬁ(ﬂ)W/B- It is easy to see that f <> (go + g1, 90 — g1). Note that supp (go) C S(n—1,k)

and supp (1) € S(n—1,k —1). We can now define the parameters Ry and R;. Let Ry = ;gjg'
Then Ry < R(n — 1, k). Similarly, let Ry = ]gzgj%_ Then R < R(n — 1,k —1).
A simple calculation and an application of the Cauchy-Schwarz inequality gives
Rn k) = IETf“ _ 21[«:93 +6Eg3g7 + Egf - Egi+6\EgiEgl +Eg}
E* £ E g5 + 2E g3 Egf + E* g7 E* g5 +2E g5 Egf +E” gf

Let m (go, g1) be the supremum of the RHS over a 1-parameter family of expressions, where we
replace g1 with 0 - g1, for a real parameter 6. Clearly R(n,k) < m(go,g1). We will show that

Ry if Ry > 9R,
m(go,g1) = Ry if R1 > 9R,
F (Ro,R1) otherwise,

14



and this will complete the proof of the proposition.

Consider the following function of a nonnegative parameter z = 62:

Gla) Egi 2?2 +6EgiEgi -2+ Eg] Ar?> 4+ Bz +C
x = I TovTe
E?g? 224+ 2Rg2Eg? - = + R g} az? +br +c

By definition m (go, g1) = sup,>oG(x). It is easy to see that the derivative G’ equals, up to a
positive factor, to

Q(z) = (AbfaB) ~x2+2(AcfaC> T+ (Bcbe),

where Ab — aB = 2\/E¢{ E g3E%¢? - (VR1 — 3V/Ro), Ac — aC = E?g3E%g} - (R1 — Ry), and
Be—bC =2/EgiE*¢2Eg? - (3v/R1 — VRy).

There are three cases to consider. If Ry > 9R1, then the leading coefficient of () is non-positive,
and the only nonnegative root it can have is at 0 (if Ry = 9R;). This means G is decreasing
on (0,00), and m (go, g1) = G(0) = Rp. Similarly, if Ry > 9Rp, then G increases on (0, 00), and
m (go,g1) = G(0) = R;.

The interesting case is when 1/9R; < Ry < 9R;, and then it is easy to see that the unique
maximum of G is attained at the unique positive root of the quadratic inequality Q = 0, that

is at
2
aC — Ac) — \/Ac—aC —(Ab—aB) | Bc—bC
L (eemad) - y(aemac) (a0 eB)(me )
Ab—aB
A rather tedious simplification gives
E g Vuw — 2
r = 0 -T (Ro,R1), where T(u,w) = Oviuw = 2u

2 /B gl 3V —v/w

Substituting this value of x, using the fact that Q(z) = 0, and simplifying, we get that

Az? + B 2Ar + B
G(l‘) _ z*+ Bx+C _ T+ _ 8RyR1 _ F(Ro,Rl),

ax? 4+ bx + ¢ 2ax +b 4\/m_(\/}7_\/}71)2

completing the proof of the proposition.

4.1.2 Proof of Proposition 4.6

From now on we assume (in this subsection) that the assumptions of the proposition hold, that
is that n is sufficiently large and that @ <kE<§— oo

logn -

Recall that r(n,k) = (Tl)z : Zf:o (5¢) ((Qtt) : (771;:2;))2 = Zf:o si(n, k), where s;(n, k) = 1

) ((2;) ) (7;;2;))2. We start with the following claim.

15



Lemma 4.7: Let t1(n, k) = Sy n2§8(n_2k)2. Then

2. Let 3 < A <ti(n,k). Then for 1 <t <ti(n,k)— A holds

St4l 1+é
St - t

3. Letlogn < A <k —ti(n,k). Then for tiy(n, k) + A <t <k —1 holds

St4+1
St

A
< 1-——
o t

We record two immediate corollaries of this lemma. Choosing A = y/nlogn, we obtain

max s¢(n,k) = max st(n, k),
0<t<k tety (n,k)tv/nlogn

which is the claim of Lemma 4.2. Another immediate corollary is that

Corollary 4.8: There is an interval of length L = L(n) = O (\/nlog n) such that

r(n,k) < (1+711>. Yoo s

t1—L<t<t1+L

Proof: (of Lemma 4.7)
We start with the first claim of the lemma. We have that

fuln k) = 8 T 8- Bnt 2 i8(n-2k?) ~ 6n

)

3n — /n? + 8(n — 2k)? 32k(n — k) o Ak(n—k) _ Kk
3

where the last inequality holds since k < n/2.

n24-8(n—2k)2—(3n—8k) n24-8(n—2k)2

On the other hand, k—t1(n, k) = S . If k> 3n/8, thisis at least ¥——F—— >
g > %. Otherwise, if k < 3n/8, this equals
n? 4+ 8(n — 2k)? — (3n — 8k)? _ 2k(n — 2k) . 2k-n/4 _ k
8- <\/n2 T 8(n—2k)2 + (3n — 8]<;)) /% + 8(n — 2k)2 + (3n — 8k) 6n = 12

We proceed to the second and the third claims. Consider the ratio s;41/s¢. After some simpli-
fying, this ratio is

Gho) (BG2D) s@ren) (P17
(;t) <(2tt) (7;;2;&))2 O (t+ 13 (n=2t)(n—2t—1)
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(2<k_t)<n_k_t)>2-(l—i—e(n,t)), where 14 e(n.f) = (2t +1)t2  n—2t

t(n — 2t) 2t+1)3 n—2t—1
It is easy to see that, in our assumptions for & and n, we have —% < e(n,t) < ﬁ We
introduce some notation. Let r(t) = %W, and let ¢(t) = 4t> — 3nt + 2k(n — k). Then
P = r2(t) - (1+e(n,t)), and r(t) =1 + t(z(_t)%).

The roots of the quadratic ¢(t) are t2(n, k) = snt n2§8(n_2k)2. (From now on till the end of

this subsection we write ¢1,ts for t1(n, k) and t2(n, k).) We know that ¢; < k and it is easy to
see that to > n/2 > k. Hence, for t <t¢; — A we have:

_ q(t) B A(t—t1) (t —to) AN - (ts — 1)
W= e S Y e 2 Y e
A - /n?+8(n — 2k)2 An A

tn—20) > M 2 T

Therefore, 3%1 =72(t)- (L+e(n,t)) > 1+ % —3>1+4 %. This completes the proof of the
second claim of the lemma.

For t1 + A <t <k —1, we have
_ _ (e — AN - (2 —
A(t— 1) ( — o) LAt A (5ot 1_2tA

) = = tn—2t) = t(n — 2t)

Therefore 3%1 <1- %-l—ﬁ <1l- %, recalling that A > log(n), and n—2t > n—2k > 210gn'
|

Corollary 4.9:

r(n,k—1) log®/?n n—k k—t; \?
r(n, k) €<1i0( Vn ))( k 'n—k—t1>

r(n—1,k—1) log®/?n n k—t1\2
r(n, k) €<1i0< N4D )>‘n—2t1.< k‘l)

Proof: We prove only the first claim of the corollary. The proof of the remaining claim is
similar.

Note that [t1(n, k) —t1(n,k—1)| < 1. Let L = O (v/nlogn) be the length of the interval around

t1 = ti1(n, k) such that both r(n,k) and r(n,k — 1) are attained, up to an (1 — 1/n)-factor by
summing the corresponding summands in this interval (by Corollary 4.8). It suffices to show

17



that for any ¢ in the interval ¢; £ L holds s¢(n,k — 1)/si(n, k) € 1+ O <logj§">. Indeed we

have

se(n,k—1) n—k k—t \?
st(n, k) N k' n—k—t

k—t n—k—-t\> [n—-k k-t 26
k‘*tl n—k—t k n*k*tl
L L n—k k—t; \°
_ . — . . C
(120(F)) (=0(2)) (7 o) ©
3/2 B B 2
140 log®’“n (n k‘ k—1t
NG ko n—k—t
|

We are now ready to prove Proposition 4.6. The first claim of the proposition is that 1/9 <

2
% < 9. In fact, it is easy to see that for all 0 < ¢ < k—1 holds % = <"T_k . nﬁ;’;) <
1, so the upper bound trivially holds, even with 9 replaced by 1. We pass to the lower bound.
By the first claim of Corollary 4.9 it suffices to show that for some absolute constant ¢ > 0

holds 1/3 + ¢/ log(n) < 27k . k= tl . We write ¢ for ¢/log(n
k

n—k

After rearranging, we need to show that ¢t; < % This would follow from a stronger
inequality ¢ < (1 — 325) M Recall that 1 is a root of the quadratic 4t> — 3nt + 2k(n — k).

Substituting 3nt; —4t3 for 2k(n—k) it is easy see that this inequality would follow from 3"74"/1 >

11k 3n—4t
1+ 36. Recall that t; < 537, and that & > Hence 50— > 1+ m > 1+ 910g( L

completing the proof (for ¢ small enough). i

log( )

k2 (n—k—t1)*
(n—k)2(k—t1)2

_ o2k log®2n )\ Ly —
Let z = nt? T By Corollary 4.9 we have that y € (1 :I:O( Tn )) r(n — 1,k) and

(1 +0 <log\} n)) -r(n, k).

Next we claim that z = F(z,y). Since F is 1-homogeneous, it suffices to verify the identity

(n—20) k> F<1 k2(n—k—t1)2>

We pass to the second claim of the proposition. Let z = r(n—1,k—1). Let y =

n(k—t)? "(n—k)2(k—t)?

Simplifying, it is the same as showing:

n— 2t 8(n—k—t1)*(k—t1)?
n 6k(n—k)(n—k—t1)(k—t) —k2(n—k —t1)* — (n— k)2 (k — t,)*

This can be verified by applying several times the identity 4t — 3nt, + 2k(n — k) = 0. We omit
the details.
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Now we can conclude the proof. Let p = max {T(Lylk), 1}. Then p<1+0 (%) By the
proof of the first claim of the proposition, the point (x,y) lies in the domain 0 < z/9 < y < 9z
and hence also the point (p-z, p-y). Both coordinates of this point are larger or equal to those
of (T(n —1L,k—1),r(n—1, k)), which, by the first claim of the proposition, also lies in this

domain. By the 1-homogeneity and monotonicity of F in this domain we have

og®?n
F(r(n—l,kz—l),r(n—l,kz)) < F(px,py) = pF(x,y) = pz € (1:|:O <1 g\/ﬁ )) -r(n, k).

4.2 Proof of (8)

We start with some simple observations. First, as above, by making the constant hidden in
the asymptotic notation to be large enough, we may assume that the claim holds for n < ng,
for any fixed ng of our choice. Next, it suffices to show the claim for k > kg, for any fixed
ko that we choose. This is because for k < ko the set S(n,k) may be viewed as a subset of
S(n+ (ko — k), ko) (see a similar argument in the proof of Proposition 4.1). From now on we
assume n > ng and k > kg, for sufficiently large ng and kq.

We will work with the function ¢ introduced in the proof of Theorem 1.8. Recall that ¢ is a

function on [0, £] defined by ¢(y) = H(2y) + 4y +2(1 — 2y) - H (’“l/f;yy) —2H (¥, and that

b (%) = (20R),

Let t; stand for t1(n, k), and let t* = [t;]. We proceed as follows: First, we observe that ¢ is
* n. t *

defined on & and that 2 ¢( ”) <0 (k3/2) -r(n, k). Then we show that ¢ (&) and ¢ (L) differ

t no(
by at most O ( ), which implies on(5) = oné(5) <0 (2 d)( ”)>, and completes the proof.

1
n
By Lemma 4.7, t; < %, and hence t* < t; + 1 < k. Therefore ¢ is defined on % Next,

recall that, by Stirling’s formula, for all 0 < a < b holds () = © (\/7zk5;) - 2°%@/), and in

particular, for 0 < a < b/2 holds (2) =0 (ﬁ) . 2bH(a/b) - Qubstituting this estimate for the

binomial coefficients in the formula for s;«(n, k) gives

r(nk) = se(n.k) = @<t* (kk_ = m> (%) > o (k1) ().

Next, we argue that ’¢ (%) -9 (%) ‘ <0 (%) Since t1 < t* < t1 + 1, it suffices to show that

3

the absolute value of the derivative of ¢ is bounded by a constant on (%, %) Let a := % Then
1, 1-2y a—y 1—2a l—a—-y
= = 1 2—-2H — -1 9
3¢ W) 0g< 2y >+ <1—2y> 1 =2y Og( a—y ®)
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Let % <y < % Then, by Lemma 4.7 and by our assumptions on k£ and n, we have that
0<a< % and c1a < y < (1 — ¢2) a, for some absolute constants 0 < c¢1,co < 1. It is easy to
see that for a bounded away from zero all the terms on the RHS of (9) are bounded. Hence it
only remains to consider the case a — 0. To deal with this case, we can rewrite (9) as follows

(omitting the second and the third term on the RHS, since their contribution is bounded by 2):

1, 1—-2y 1—2a l—a—vy

3¢ W) Og< 2y ) 1 =2y Og< a—y )
1-2 1l—a-— — l—a-—
2y a—y 1—-2y a—y
1—-2y a—y a—y l—a—-y

1 —_— 1 — 2 -1 .

Og(l—a—y>+og< 2y >+ 1 =2y Og( a—y >

It is easy to see that all the summands in the last expression are bounded by a constant,
completing the proof of (8).

4.3 Proof of Corollary 1.11

We start with the first claim. Let A C {0, 1}" be a Hamming ball of radius k. First, we observe
that Proposition 4.1 implies the following bound on p(A).

w(A) < C-(k+1)320 180 p(n k). (10)

To see this, let f be a function on {0,1}" with supp (f) C A. Write f = Zf:o fi, with
supp (f) C S(n,i), for i = 0,...,k. By Proposition 4.1, we have E f} < C - 251/ log(n) -r(n, i) -

E? f2. In the proof of Proposition 4.6, we have observed that s;(n,k — 1) < s;(n, k), for all
0 <t <k —1, which implies r(n,k — 1) < r(n, k), and hence r(n,i) < r(n,k), for all 0 < i < k.
Consequently, we have E f < C - 25n/108(n) . (k) - E2 f2. Observing that the functions {f;}
are orthogonal, and using Jensen’s inequality, we have:

k k
Eft < (k+1% ) Eff < C-(k+1)52"700 p(n k). Y E*f} <
=0 =0

k 2
C - (k+ 1)3257/18() (k) - (ZE f,?) = C-(k+1)32°"/10800) (k) - B2 f2,
=0

completing the proof of (10).

The inequality u(A) < 9"¥(%) can now be derived from (10) by a ’tensorization argument’, as
in derivation of the first claim of Theorem 1.8 from Proposition 4.1. We omit the details.

We pass to the second claim. It suffices to show that ¢ (z) < min{2log,(3) z,1} for all
0 <z <1/2, and moreover 1(z) = 2log,(3) - « only at + = 0, and ¢(z) = 1 only at v = 1/2.
The key observation is that 1 is strongly concave.
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Lemma 4.10: For all 0 < x < 0.5 holds ¢"(z) < 0.

Proof:
We have that

1—2r rT—r
! = 2.1 4" (1-H
Y (x) r og2< o )—I— r < (1—27’>>+
(1 —2z)r l—z—r 11—z
2. (1- ) g, (—— 27T 91
< 1—2r R — 82\ Ty )

and, after some rearrangement, that

1, _ " 1—2r xT—r 1-2z l—z—r
21/}(:1;) -7 log, 2r T2 {1-H 1—-2r 1—2r log, T

(r')? (1—=2r) = (1 —22)r")° 1

In2-r(1—2r) In2-(1-2r)(z—r)(1—z—r) * In2-z(1—ux)

We claim that the term which multiplies 7" is zero. To see that, we make some observations
about the function r, which will be useful later on as well. First, it is easy to see that it increases
from 0 to 0.25 on [0,0.5]. Next, we have r’ = %:éff, and finally the identity % (37’ — 4r2) =z(l-
x), which follows e.g., from the fact that ¢1(n, k) is a root of the quadratic 4t> —3nt+2k(n—k) =

0.

Next, after some simplifying, we have

o (o2 (o (720) ) (57 = (P50 ).

Using the identity 3 - (3r — 4r%) = z(1—x), it is easy to see that 2(z —r)(1—z—r) = r(1—2r)
and hence the RHS vanishes. This simplifies the expression for 1" to:

2
) = 2 (r)? N (1=2r)—(=-22)")" 1
m2 \r(1-=2r) (QA-=-2r)z—7r)1—2z—-7r) z(1-—=x)
Since 1! = 235, we bave (¢ = g = Mt Similaly, (1 20)7 = S =
W. Making these substitutions, replacing (x — r)(1 — x — r) with %r(l — 2r) and

z(1 — z) with % (37" — 4r2), and simplifying, we get

(r')? (1-2n)-(@-22)")" 1 8
r(l—2r) (1-2r)(z—r)1l—-2z—-7) z(1—-2x) (3 —8r)(3—4r)

completing the proof of the lemma.
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We can now complete the proof of the second claim of the corollary. It is easy to see that
' (1/2) = 0. Since ¥ is negative, this means that ¢’ is positive on (0,1/2) and hence the
unique maximum of ¢ is at 1/2, where it equals 1.

On the other hand, using the fact that r/(0) = 2/3, it is easy to see that lim,_,o ¢’ (z) = 2logy(3).
Since ¢” is negative, this means that ¢’ < 21og,(3) on (0,1/2) and hence that (x) < 2log,(3)-x
for all 0 <z <1/2.
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