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Abstract

Atserias, Kolaitis, and Vardi [AKV04] showed that the proof system of Ordered Binary Decision
Diagrams with conjunction and weakening, OBDD(A, weakening), simulates CP* (Cutting Planes with
unary coefficients). We show that OBDD(A, weakening) can give exponentially shorter proofs than dag-
like cutting planes. This is proved by showing that the Clique-Coloring tautologies have polynomial size
proofs in the OBDD(A, weakening) system.

The reordering rule allows changing the variable order for OBDDs. We show that
OBDD(A, weakening, reordering) is strictly stronger than OBDD(A, weakening). This is proved using the
Clique-Coloring tautologies, and by transforming tautologies using coded permutations and orification.
We also give CNF formulas which have polynomial size OBDD(A) proofs but require superpolynomial
(actually, quasipolynomial size) resolution proofs, and thus we partially resolved open question proposed
by Groote and Zantema [GZ03].

Applying dag-like and tree-like lifting techniques to the mentioned results we completely investi-
gate the mutual strength for every pair of systems among CP*, OBDD(A), OBDD(A, weakening) and
OBDD(A, weakening, reordering). For dag-like proof systems, some of our separations are quasipolyno-
mial and some are exponential; for tree-like systems, all of our separations are exponential.

1 Introduction

An Ordered Binary Decision Diagram (OBDD) is a type of branching program such that variables are queried
in the same order on every path from the source to a sink. OBDDs were defined by Bryant [Bry85] and has
been shown to be useful in a variety of domains, such as hardware verification, model checking, and other
CAD applications [McM93, BCM™92]. Perhaps their most important property is that it is possible to carry
out operations on OBDDs efficiently, including Boolean operations, projects, and testing satisfiability.

OBDDs have been used for several approaches to SAT-solving [US94]. The first such algorithms [US94]
worked by computing an OBDD for bigger and bigger subformulas of the input formula until obtaining an
OBDD for the entire input formula, and then testing the resulting OBDD for satisfiability. A more attractive
algorithm, called symbolic quantifier elimination, was proposed by Pan and Vardi [PV05]. Symbolic quantifier
elimination loads clauses of the input formula into the current OBDD one by one and applies projection
by a variables which do not appear in the remaining clauses. In contrast with DPLL algorithms, symbolic
quantifier elimination can solve Tseitin formulas [IKRS17] and the pigeonhole principle [CZ09] in polynomial
time.

Atserias-Kolaitis-Vardi [AKV04] defined a proof system based on OBDDs for proving unsatisfiability of
CNFs, which is now called OBDD(A, weakening). An OBDD(A, weakening) proof is a sequence of m7-OBDDs
with the ordering 7 of the variables held fixed. The initial lines are 7-OBDD’s expressing the input clauses;
the final line is the constant false. Each step of the proof applies one of the two rules:
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join or A: A conjunction of any two previously derived m-OBDDs is inferred;
weakening: A 7-OBDD is inferred that is semantically implied by some earlier derived m-OBDD.

The paper [AKVO04] shows that Cutting Planes with unary coefficients (CP*) is simulated by
OBDD(A, weakening). This was proved by showing that any linear inequality there is a short 7-OBDD repre-
sentation (under any ordering 7) and that addition of two inequalities may be simulated by join and weaken-
ing. Hence OBDD(A, weakening) is strictly stronger than resolution; however, Segerlind [Seg08] have shown
that tree-like OBDD(A, weakening) does not simulate (dag-like) resolution. Additionally, [AKV04] showed
that any unsatisfiable system of linear equation modulo two has a short refutation in OBDD(A, weakening),
while it is open, whether linear systems have short CP refutations. It is still open whether CP is strictly
stronger than CP*, and corresponding, it is open whether OBDD(A, weakening) simulates CP.

Krajicek [Kra08] proved the first exponential lower bound for OBDD(A, weakening). His lower bound
consisted of two parts.

1. If a function f is computed by a m-OBDD D, the communication complexity of f under a parti-
tion IIp,II; of the variables where the variables in Iy precede (in the sense of 7) the variables from
IT; is at most [log |D|] + 1. Since every proof system that operates with proof lines with small com-
munication complexity admits monotone feasible interpolation [Kra97], there is an ordering 7 of the
variables so that any m-OBDD(A, weakening) proof of the Clique-Coloring principle has exponential
size. (This was already proven by Atserias et al. [AKV04]).

2. Second, there is a transformation that transforms any “good” formula that is hard for
OBDD(A, weakening) in some order into a formula that is hard for OBDD(A, weakening) in all orders.
(We use similar transformation proposed by Segerlind [Seg08] to prove Lemma 3.1 and Theorem 3.4).

In Theorem 3.2, we give short (polynomial size) OBDD(A, weakening) proofs of the Clique-Coloring
principle. Since any CP proof of the Clique-Coloring principle has exponential size [Pud97], it follows that
CP does not simulate OBDD(A, weakening) and moreover, that OBDD(A, weakening) is strictly stronger than
CP*. The existence of the small proofs of the Clique-Coloring principle implies that OBDD(A, weakening)
does not have the feasible interpolation property. This is very curious, because the monotone feasible
interpolation property nonetheless helps to prove lower bounds for this system.

Our short proofs of the Clique-Coloring principles are based on Grigoriev et. al [GHP02], who gave
short proofs of Clique-Coloring in LS*, a proof system that uses inequalities of degree 4. Unfortunately,
even inequalities of degree 2 do not have short OBDD representation, in contrast to inequalities of de-
gree 1. Nevertheless, the proof of [GHP02] may be simulated in OBDD(A, weakening) in some order over
the variables.

An interesting subsystem of OBDD(A, weakening) is the system OBDD(A) that uses only the join rule;
this system is connected with early OBDD algorithms for SAT-solving [US94]. Tveretina et al. [TSZ10]
proved that PHP?*! is hard for OBDD(A). Grut and Zantema [GZ03] showed that there is an unsatisfiable
formula (not in CNF) such that its translation in to OBDDs has short OBDD(A) proofs, any resolution
proof of its Tseitin transformation has exponential size. Because of the different translations, the question
of an actual separation between OBDD(A) and resolution was left open. In Corollary 4.1 and Lemma 4.2,
we improve their result by giving CNF formulas which have polynomial size OBDD(A) proofs but require
superpolynomial (actually, quasipolynomial size) resolution proofs.

Jarvisalo [J&rll] claimed an exponential separation between tree-like resolution proof and (dag-like)
OBDD(A) proofs. Unfortunately, as is discussed in Section 5, the proof for the last claim was erroneous.
We correct the proof and establish an even stronger result: the proof of Theorem 5.4 shows that there is
a formula v, such that in some order 7 any tree-like 7-OBDD(A, weakening) proof of v, has exponential
size, but there is a short OBDD(A) proof of ¢, in another order. Note that tree-like 7-OBDD(A, weakening)
simulates tree-like resolution for any order .

So far, we have only discussed OBDD proof systems for which proofs consists of 7-OBDDs in the same
fixed order w. This constraint is somewhat artificial since there is an algorithm polynomial to transforms



an OBDD in one order into an OBDD in another order which runs in time polynomially bounded by the
combined sizes of the input and output OBDDs. Accordingly, Itsykson et al. [IKRS17] introduced the proof
system OBDD(A, reordering). This system includes a reordering rule which allows changing an OBDD to a
different variable ordering. It also includes the join (A) rule, but with the condition that the two conjoined
OBDDs use the same variable ordering. They showed that OBDD(A, reordering) does not have short proofs
of PHP" 1 or of Tseitin formulas based on expanders. Additionally, they showed that OBDD(A, reordering)
is strictly stronger than OBDD(A). In Theorem 3.4, we resolve an open question of [IKRS17] by showing
that OBDD(A, weakening, reordering) is strictly stronger than OBDD(A, weakening).

Theorem 4.5 constructs formulas that have small size tree-like OBDD(A, reordering) proofs but require
superpolynomially larger size (dag-like) OBDD(A, weakening) proofs. The proof uses a result of [GGKS17]
and formulas that have short OBDD(A) refutations but require superpolynomial size resolution proofs. This
method also allows constructing formulas that are hard for CP but easy for OBDD(A), see Theorem 4.4.
In Theorem 5.4 further, we give CNF formulas which have polynomial size tree-like OBDD(A, reordering)
proofs but require exponential size for tree-like OBDD(A, weakening) proofs.
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Figure 1: C7 — C5 denotes Cy p-simulates Cy, and C; --+ C5 denotes C does not p-simulate C5. The
results are for the dag-like versions of the systems. New results are labelled with the relevant theorem. All the
separations on the picture are exponential, except the two separations labeled by “q.p” for “quasipolynomial”.

A summary of the (non-)simulation results for dag-like systems is shown in Figure 1. There are still a few
questions left open about the systems shown there. First, it is a long-standing open problem whether CP*
simulates CP. Second, it is open whether OBDD(A, weakening) simulates CP. Third, we do not whether
resolution is simulated by OBDD(A, reordering). In fact, we do not know whether resolution is simulated
by OBDD(A). A couple earlier papers have claimed that resolution is not simulated by OBDD(A), see



Theorem 5 of [TSZ10] and Corollary 4 of [Jirl1], but we have been unable to verify their proofs.!
All the other missing arrows in Figure 1 follow from the arrows shown. For instance, OBDD(A) does not
simulate CP*, since OBDD(A, reordering) does not simulate CP*.

Further research. Segerlind showed [Seg08] that dag-like resolution does not simulate tree-
like OBDD(A, weakening), hence dag-like OBDD(A, weakening) is strictly stronger than tree-
like OBDD(A, weakening). It is interesting to compare OBDD(A), OBDD(A,reordering) and
OBDD(A, weakening, reordering) with their tree-like versions.

It is interesting open question, whether resolution quasipolynomially simulates OBDD(A). Any
improving of our separation will automatically improve separations between CP vs. OBDD(A) and
OBDD(A, weakening) vs. OBDD(A, reordering).

The major open question is to prove superpolynomial lower bound on the size of
OBDD(A, weakening, reordering) refutations.

2 Preliminaries

2.1 Ordered Binary Decision Diagrams

An ordered binary decision diagram (OBDD) is a data structure that is used to represent a Boolean func-
tion [Bry85]. Let I' = {z1,...,2,} be a set of propositional variables. A binary decision diagram (BDD) is
a directed acyclic graph with one source. Each vertex of the graph is labeled by a variable from I or by a
constant 0 or 1. If a vertex is labeled by a constant, then it is a sink (has out-degree 0). If a vertex is labeled
by a variable, then it has exactly two outgoing edges: one edge is labeled by 0 and the other edge is labeled
by 1. Every binary decision diagram defines a Boolean function {0,1}" — {0,1}. The value of the function
for given values of z1,...,x, is computed as follows: we start a path at the source and at every step follow
the edge that corresponds to the value of the variable labelling the current vertex. Every such path reaches
a sink, which is labelled either 0 or 1: this constant is the value of the function.

Let 7 be a permutation of the set [n] = {1,...,n}. A m-ordered binary decision diagram (7-OBDD) is a
binary decision diagram such that on every path from the source to a sink every variable has at most one
occurrence and the variable ;) can not appear before x ;) if ¢ > j. An ordered binary decision diagram
(OBDD) is a m-ordered binary decision diagram for some permutation 7. By convention, every OBDD is
associated with a single fixed permutation 7. This 7 puts a total order on all the variables, even if the
OBDD does not query all variables.

OBDD’s have a number of nice properties. The size of an OBDD is the number of vertices in it, and
for a fixed ordering 7 of variables, every Boolean function has a unique minimal 7-OBDD. Furthermore,
the minimal 7-OBDD of a function f may be constructed in polynomial time from any m-OBDD for the
same f. There are also polynomial-time algorithms which act on m-OBDD’s and efficiently perform the
operations of conjunction, negation, disjunction, and projection [MS94]. (Projection is the operation that
maps a 7-OBDD D computing the Boolean function f(z,y1,...,yn) to a m-OBDD D’ computing the Boolean
function 3z f(x,y1,...,yn).) In addition, there is an algorithm running in time polynomial in the combined
sizes of the input and the output which takes as input a 7-OBDD D and a permutation p, and returns the
minimal p-OBDD that represents the same function as D [MS94].

IThe difficult point in the proofs is in Lemma 8 of [TSZ10] and in Lemma 4 of [Jirl1]. In the former, it is shown that
two distinct nodes in an OBDD B(F, <) correspond to two distinct nodes in another OBDD B(F U G, <); however, it does
not follow from this that n distinct nodes in B(F, <) correspond to n distinct nodes in B(F U G, <). A similar technique is
implicitly used in the latter paper.



2.2 Proof Systems
2.2.1 Resolution

For an unsatisfiable CNF formula ¢, a resolution refutation or a proof of its unsatisfiability in the resolution
proof system is a sequence of clauses with the following properties: the last clause is an empty clause,
denoted [J; and every clause is either a clause of the initial formula ¢, or can be obtained from previous ones
by the resolution rule. The resolution rule allows to infer a clause (BV C) from clauses (zV B) and (—zV C).
The size of a resolution refutation is the number of clauses in it. It is well known that the resolution proof
system is sound and complete. Soundness means that if a formula has a resolution refutation then it is
unsatisfiable. Completeness means that every unsatisfiable CNF formula has a resolution refutation. The
size of such a proof is a number of clauses in it. If every clause is used as a premise of the inference rule at
most once, then the proof is tree-like.

2.2.2 Cutting Planes

Before we give a definition of this proof system let us define the translation of clauses into linear inequalities
n n

by the following rule: if C' = \/ 2, then L(C) is the following inequality 3. (—1)""%z; > 1— 3. (1 — b;)
im1 i=1 i=1

where 2° denotes —z and z!' denotes x. For an unsatisfiable CNF formula ¢ over the variables z1,...,z,, a

Cutting Planes refutation or a proof of its unsatisfiability in the Cutting Planes proof system is a sequence

of inequalities I, ..., I; of the type Z a;x; > ¢ (where a;, ¢ € Z) such that I; is an inequality 0 > 1 and

every inequality I; is either L(C) Where C is some clause of the initial formula ¢ or can be obtained from
previous inequalities by the following rules:

n
linear combination: [; is an inequality ) (a - a; + 8- bj)z; > ac + Bd where for some o, > 0 and
i=1

n n
1<kl <j, I is an inequality > a;x; > ¢ and Ip is an inequality > bx; > d;

i=1 i=1

n n

division: I; is an inequality Y a;z; > [¢/d], where for some k < j, Ij is an inequality Y da;z; > c.
i=1 =1

The size of such a refutation is a number of inequalities.

Additionally, we say that an unsatisfiable CNF formula ¢ has CP* refutation of size S iff there is a CP
refutation of ¢ such that the sum of absolute values of coefficients in the inequalities in this proof is at most
S.

We say that an unsatisfiable CNF formula ¢ has a semantic CP refutation (semantic CP* refutation)
of size S if there is a CP refutation of ¢ of size S such that instead of these rules we allow to derive any
semantic implication of at most two previously derived inequalities. Note that semantic CP (semantic CP™)
is not a Cook—Reckhow proof system since it is NP-hard to check the correctness of the semantic rule.

Also, If every inequality is used as a premise of the inference rule at most once, then we call this proof a
tree-like proof.

2.2.3 OBDD-based Proof Systems

Let ¢ be an unsatisfiable CNF formula. An OBDD proof of ¢ is a sequence Dy, D3, ..., D; of OBDD’s and
permutations mq, ..., such that D; is an m-OBDD that represents the constant false function, and such
that each D; is either an m;-OBDD which represents a clause of ¢ or can be obtained from previous OBDD’s
by one of the following inference rules:

join or A: D; represents the Boolean function Dy A Dy for 1 < £,k < i, where D;, Dy, Dy have the same
order m; = w = Ty;



weakening: there exists a j < 4 such that D; and D; have the same order m; = m;, and D; semantically
implies D;. The latter means that every assignment that satisfies D; also satisfies D;;

reordering: D; is an m;-OBDD that is equivalent to a m;-OBDD D; with j < 4.

Note that although we use terminology “OBDD proof”, it is actually a refutation of ¢. By the discussion in
the previous section, there is a polynomial time algorithm which recognizes whether a given D1, ..., D; and

t
71, ...,m¢ is a valid OBDD proof of a given (. The size of this proof is equal to > |D;].
i=1

We use several different OBDD proof systems with different sets of allowed rules. For example, the
OBDD(A, weakening) proof system uses conjunction and weakening rules; hence, all OBDDs in such a proof
have the same order w. We use the notation m-OBDD(A) proof and m-OBDD(A, weakening) proof to explicit
indicate the ordering. If every D; is used as a premise of the inference rule at most once, then the proof
tree-like.

3 OBDD(A, weakening, reordering) is  Strictly Stronger Than
OBDD(A, weakening)

This section constructs formulas which are easy for OBDD(A, weakening, reordering) (have short
OBDD(A, weakening, reordering) proofs) and hard for OBDD(A,weakening) (do not have short
OBDD(A, weakening) proofs). For this, we construct a transformation 7 = T () such that

e If a formula ¢ is hard for m-OBDD(A, weakening) for some order m, then T (p) is hard for
OBDD(A, weakening); i.e., T () is hard for any order.

o If a formula ¢ is easy for w-OBDD(A,weakening) for some order m, then T () is easy
OBDD(A, weakening, reordering).

Then we construct a formula ¢ such that there are two orders m; and 7y such that ¢ is hard for
m1-OBDD(A, weakening) but easy for mo-OBDD(A, weakening). As a corollary, we get that 7 (¢) separates
OBDD(A, weakening, reordering) and OBDD(A, weakening).

The formula ¢ expresses Clique-Coloring principle (Clique-Coloringn’m) that encodes that any (m—1)-
colorable graph on n vertices does not contain a clique of the size m for m =~ /n. Atserias, Ko-
laitis, and Vardi [AKVO04] proved (see also Krajicek [Kra08]) that Clique-Coloring, ,, is hard for
m-OBDD(A, weakening) for some order m. However, in Section 6 we show that there is an order 7 such
that Clique-Coloring, ,, has an m-OBDD(A, weakening) proof of size polynomially bounded by n and m.

3.1 Construction of T

The transformation 7 is based on a construction of Segerlind [Seg08]. We develop the definition of 7T
in stages. As a first approximation, we define how to transform a formula ¢(z1,...,z,) into a formula
permg (¢)(21,...,20,21,...,2,) where £ = [log(n!)]. Fix an injective map rep : S,, — {0,1}* that maps
the set of permutations of [n] into binary strings of length £. The formula permg (¢) is defined by:

L
permsn(w)(zlw"7Z€axla"'7xn) = /\ [(/\ Zi = rep(U)i> - go(xa(l)w'wxa(n))

ogeS, i=1

A /\ —'(2’1Ztl/\ZQZtQ/\~'~/\zg=tg).
t€{0,1}¢\rep(Sy)

Note that it is easy to convert permg (¢) into a formula in CNF. We just add to each clause of

O(To(1),- - To(n)) the literals zi_rep(d)l,z}_rep(ah, . zgl_rep(a)é, where 2 denotes —z;, 2} denotes z;, and



also add the clauses —(z; = ¢4 A zo = ta A -+ A zg = ty). Tt is easy to see that the formula permsn(ap)
is unsatisfiable since if a substitution to variables zi, zs,..., 2z, does not correspond to a representation
of some permutation, then this substitution falsifies the constraint —(z; = ¢4 A 2zo = ta A--- A zp = ty)
and if a substitution to the variables zi,zs,...,2s corresponds to a permutation o, then the formula
¢
(/\ z; = rep(cr)i) = @(To(1), - -+ To(n)) is falsified by this substitution, since ¢ is unsatisfiable.
i=1
Applying the partial substitution z; := rep(c); for all i to permg (¢)(21,...,20,21,...,2y,) yields the
formula @(24(1), ..., Zs(n)). This implies that if ¢ requires 7-OBDD(A, weakening) proof of size S for some
order m, then permg () requires a OBDD(A, weakening) proof of size S in any order. Indeed, let 7 be
an order on the variables zi,22,...,2¢, 1,%2,...,2, and let o be the order on the variables z1,...,z,
induced by 7. The substitution zy2o...2, := rep(mo~!) transforms a 7-OBDD(A, weakening) proof of
permg (¢) to a m-OBDD(A, weakening) proof of ¢ with no increase in size. Hence the size of the minimal
OBDD(A, weakening) proof of permg (¢) is at least S.
The problem with the transformation permg is that permg (¢) can be exponentially big. So the next
idea for a transformation is to consider a small “good” set of permutations II C S, instead of all of S,.
Letting ¢ = [log |TI|] and letting rep now be some injective map rep : I — {0, 1}*, we define analogously

‘
permp (@) (21, ..., 20,150, Ty) = /\ [(/\ % rep(a)i) ng(zo(l),...,xg(n))

oell =1

A /\ —'(ZlZtl/\ZQZtQ/\"'/\Zthe).
t€{0,1}*\rep(IT)

The problem with this is that it is possible that 7o' does not belong to II.
To solve this problem we “or-ify” wvariables: each variable z; is replaced by the disjunction of

m fresh variables y;1,...Yim; l.e., instead of ¢(x1,x2,...,2,) we consider @Y™ (y11,...,Ynm) =
m m

® ( V yij,--s V Yny |- Now let II C S,,,,, and consider permp(p¥™). As in previous case we want
j=1 =1

to substitute variables to a proof of permp (V™) in some order and get a proof of ¢ in order 7. However, in
this case we substitute not only for the variables z1, ..., 2z, but also for each k € [n] we substitute zero for
all variables yy, ; except one. This increases the number of different permutations of the variables z, ...,
T, that we can obtain. The only problem with this transformation is that for some formulas ¢, the size of
©V™ may be exponentially bigger than the size of ¢. However, if each clause of ¢ there is only one negated
literal or only O(1) negated literals, then the size of ¢¥™ will be polynomially bounded.

Our “good” set of permutations is a set of pairwise independent permutations. Let ¢t = [log(n)| and
N =2t and F be the field GF(N). Define II,, to be the set of all mappings given by z + ax +b with a,b € F
and a # 0. Elements of II,, may be represented by binary strings of length ¢ = 2¢ such that the first ¢ bits

are not all zero. Note that II,, C Sy so we have to add new variables, x, 41, ..., xny. Then define

2t t
perm () (21, ..., 20,1, ., EN) = /\ [(/\ 2z = rep(a)i> = O(To(1)y s Ta(n)) | A \/ %
i=1

oell, i=1

Now we can define the transformation 7. Let ¢ be a formula on n variables and m be the least integer
B 2
such that % + =2 < 1,50 m = O(n3). Then T (p) = perm(p¥™). The first property of 7 given at the

mn—1

beginning of Section 2.2 was established by Segerlind [Seg08]:

Lemma 3.1 ([Seg08]). Let ¢ be an unsatisfiable formula in CNF on the variables x1,...,x,. Suppose there
is an OBDD(A, weakening) proof (respectively, an OBDD(A) proof) of the formula T (@) of size S. Then for
every order m on x1,...,x, there is a m-OBDD(A, weakening) proof (respectively, a m-OBDD(A) proof) of
@ of size at most S.



The idea of the proof of lemma is as follows. Suppose 7 € II,, is an order on z1,...,2¢,T1,..., TN, and
let m be an order on x1,...,%,. Then there are ji,...,j, such the order 7 restricted to y1 ;,,...,Ynj, is
the same as the order 7 on 1, ..., x,. Replacing the variables z; with the constants (rep(7);, renaming the
variables y; j, to x;, and replacing all other variables y; ; with 0 thus transforms the OBDD(A, weakening)
or OBDD(A) proof of T(¢) into a proof of ¢. For details, consult Segerlind [Seg08].

The second property of T states that if ¢ is easy for OBDD(A, weakening) in some order, then 7 (p) is
easy for OBDD(A, weakening, reordering). Its proof consists of two parts: First, Lemma 3.2 shows that if ¢
is easy for OBDD(A, weakening), then perm () is easy for OBDD(A, weakening, reordermg) then Section 3.2
shows that if ¢ is easy for OBDD(A, weakening), then ¢V is easy for OBDD(A, weakening).

Lemma 3.2. Let ¢,(x1,22,...,2,) be a family of unsatisfiable formulas such that there is an order
T such that ¢, has a T-OBDD(A, weakening) proof Py of size t(n) then the formula perm(p,) has an
OBDD (A, weakening, reordering) proof Py of size t(n)poly(n). If Py is tree-like, then so is Py. In addition,
if Py does not use the weakening rule, then neither does Ps.

Proof. Let T be an order on 1,22, ...,2, such that ¢(x1,zs,...,2,) has a short T-OBDD(A, weakening)
proof of size t(n). We describe a short OBDD(A, weakening, reordering) proof of perm(p,). Let p, be

an order on zy,2%g,...,2¢T1,L2,...,T, such that x1,2s,...,2, are ordered by 7o~! and the variables
z1,22,...,2¢ appear before the variables x1,x2,...,2,. In other words, u, orders variables as follows:
R15225 -3 20 Lro=1(1)y Lro=1(2)1 -+ -y Lro—1(n)"

Consider a T-OBDD(A, weakening) proof of ¢, of size t(n). It is easy to see that this proof may be

¢
transformed into a p,~-OBDD(A) proof of a diagram that represents — ( N zi= rep(a)i> from the formula

i=1
¢
(/\ 2z = rep(a)i) — @(To(1)s -+ Tom)). Indeed, the variables 21,2, ..., 2. in the order y, appear in the
i=1
beginning, hence every diagram D from the original proof will be transformed into a diagram that represents

¢
DvV- < Nz = rep(o')i> and the latter diagram has the size at most |D| 4+ O(¢), where |D| is the size of D.

‘ ‘

This derives all the diagrams which represent /\ z; = rep(o); for o € II,, and a diagram encodes \/ z;.
=1

Formally these diagrams use different orders ., but in fact the diagrams depend essentially only on the

variables zi1,29,...,2¢, and all u, order them in the same way. Thus, the reordering rule can be used
to change the orders in all of these diagrams to some “standard” one, without changing the diagrams.
Applying the conjunction rule to these diagrams yields the constant false diagram since z1 29 ... 2y is a binary
representation of rep(o) for some o € I, or 21 = 29 = -+ = z; = 0. All intermediate diagrams have the size
at most 2¢ - poly(n). Hence, we get a proof of size t(n)poly(n).

The construction preserves the tree-like property, and whether the weakening rule is used, so Lemma 3.2
is proved. O

3.2 Complexity of Composition

We now prove that if ¢ has a small OBDD(A, weakening) proof, then ¢V has a small OBDD(A, weakening)

proof. In fact, we prove more a general statement. Let ¢ be a CNF formula with n variables, and g :

{0,1}* — {0,1} be a Boolean function. Then ¢ o g denotes a CNF formula on kn variables that represents

o(g(#1), g(Z2), ..., 9(&,)), where Z; denotes a vector of k new variables. o g is constructed by applying the

substitution to every clause C' of ¢ and converting the resulting function C' o g to CNF in some fixed way.
m

We need the following technical definition. Consider a CNF formula ¢ = A C;. We say ¢ is S-

=1
constructible with respect to (w.r.t.) the order  if there is a binary tree with vertices labeled by m-OBDD’s
such that: (1) the root is labeled by an m-OBDD-representation of ¢, (2) the tree contains m leaves labeled
by m-OBDD-representations of the clauses C;, each clause appears in exactly one leaf, (3) each vertex is
labelled by an 7-OBDD that represents the conjunction of labels of its children, and (4) the size of each
label is at most S.



Remark 3.1. If ¢ is S-constructible CNF w.r.t. the order 7, then there is a tree-like 7-OBDD(A)-derivation
of size (2m — 1)S of an w-OBDD that represents ¢ from the clauses of .

Proposition 3.1. Let F = G V G2, where Gy and G4 are Boolean functions that depend on disjoint sets
of variables. If the variables of G1 precede variables of Gy in the order 7, then the smallest size of m-OBDD
representation of F' is at most the sum of sizes of the smallest m-OBDD representations of G1 and Gs.

Proof. This is obvious. The m-OBDD for F' can be obtained by the identifying the source of the 7=-OBDD

for G5 with the sink of 7-OBDD for GG labeled by 0. O]

Lemma 3.3. Let Fy, Fy, ..., Fy be CNF formulas with disjoint sets of variables, where F; = N C; for all
i€l

j € [k]. Let m,...,m be orders such that each Fj is S-constructible w.r.t. m;. Define the order m to order

the variables of each F; according to m; and so that all variables of F; precede all variables of Fyy1. Let F

k
be the CNF representation of the function Fy V Fy V ---V Fy, namely, F = A \V Ci,. Then F is
i1€11,..,ik €l j=1
kS-constructible w.r.t. .

Proof. We prove this lemma by induction on k. The basis case is trivial: if k =1, then F' = F}, hence F' is
S-constructible. For the induction hypothesis, let G = Fy V F5 V - - -V Fi_1. By the induction hypothesis G
is (k—1)S-constructible w.r.t. 7. For each clause D of G and each i € I, the clause D V C; is a clause of F.
The formula F}, is S-constructible w.r.t. m by a tree T}, with |I;| leaves which are labeled by C; for i € I,. We
wish to replace each leaf of T}, labelled with a C; with a tree for GV C;. Since G is (k—1)S-constructible and
since the variables of C; are disjoint from those of G, Proposition 3.1 implies that G V C; is kS-constructible
w.r.t. m, since we can incorporate the clause C; into all clauses the tree giving the (k — 1)S-constructibility
of G. In addition, replace all the diagrams D labelling vertices in the tree T by D V G; by Proposition 3.1
the size of the updated diagrams is at most kS. This gives a tree witnessing the kS-constructibility of
FiyV---V F}, as desired. O

Theorem 3.1. Let w be an order on z1,...,zm. Let f and g be Boolean functions of z1,...,zy such that
f =g and that both f and g have S-constructible CNF' representations w.r.t. w. If p(x1,...,xy,) is a CNF
formula that has an OBDD(A, weakening) proof of size L, then ¢ o g has an OBDD(A, weakening) proof of
size poly(l¢p o gl, S, L).

The statement is also true for OBDD(A), tree-like OBDD(A), and tree-like OBDD(A, weakening).

Proof. Let ¢ have an OBDD(A, weakening) proof of size L using the order ¢ on x1,...,2,. Define the
order 7 on the variables z; ; as follows. The variables are grouped into blocks, the i-th block is z; 1, ..., i m.
The blocks are ordered according to ¢ so all variables of block i precede those of block j iff z; precedes x;
according to . Within the i-th block, the variables z; 1, ..., 2, are ordered according to the order m. We
construct the desired OBDD(A, weakening) proof using the order 7.

Lemma 3.3 implies that, for any clause C, the CNF C o g is S|C|-constructible in order 7. Note that we
need that both g and —g are S-constructible to apply Lemma 3.3, since variables can appear both positively
and negatively in C.

Consider the following 7-OBDD(A, weakening) proof of ¢ o g: First we create 7-OBDD’s that represent
the functions C o g for each clause C' of the formula . Then we repeat the OBDD(A, weakening) proof for
©, but we do it for ¢ o g. Each a diagram D from the proof of ¢ is replaced by a diagram for D o g. It is not
hard to see that the definition of 7 allows us to replace a splitting over a variable x; in the diagram D by a

subdiagram splitting over the value of the function g(Z;), where Z; is the vector of the variables z; 1,. .., 2im.
This increases the proof size by at most a factor of S. The resulting proof is a correct OBDD(A, weakening)
proof and its size is at most L -|S|+ |pog|-S. O

The clause \/ y; and the CNF A —y; are both m-constructible, thus we obtain:
i=1 i=1
Corollary 3.1. If there is a short OBDD(A, weakening) proof (tree-like OBDD(A) proof) of a formula ¢,
then there is a short OBDD(A, weakening) proof (tree-like OBDD(A) proof) of the formula ¢V™.



3.3 Separation

We have shown that if a formula ¢ is hard for OBDD(A,weakening) in one order, but is easy
for OBDD(A, weakening) in another, then 7T (y) is hard for OBDD(A, weakening) but it is easy for
OBDD(A, weakening, reordering). We will prove this holds for ¢ the Clique-Coloring principle.

Definition 3.1. The Clique-Coloring principle is a formula encoding the statement that it is impossible
that a graph both is (m—1)-colorable and has a m-clique. The Clique-Coloring principle uses the variables
{pijYiztiem)y {Titticmlicmm—1], and {Qr,i}trem) icqn)- Informally p; ; = 1 if there is an edge between vertices
i and j, ri; =1 if vertex i has color I, and q; = 1 if vertex i is the kth vertex in the clique.

More formally, the Clique-Coloring principle is the conjunction of the following statements written as
clauses. For technical reasons we also express the clauses as inequalities with integer coefficients:

n n
1.V qri (O qri > 1) for any k € [m]. This states that the clique has a vertex with number k.
AN -

1= =1

2. Qi NV Qe NV Dij (G + Qe < pij+ 1) for alli# j € [n] and k # k' € [m]. This states that there
is an edge between the i-th and j-th vertices of the clique.

3. i VG (qrei+qr; < 1) for any k € [m] and i # j € [n]. This states that at most one element
in the clique with number k.

4o GV G i (Qri+ar; <1) foralli € [n] and k # k' € [m]. This states that the n vertices in clique
are distinct.

m—1 m—1
5 N rig (Y rig>1) foralli € [n]. This states that the i-th vertex has a color.
=1 =1

6. —pi; VorigVorig (pig 41+ < 2) foralli # j and l. This states that if vertices i and j have
the same color 1, there there is no edge between them.

Clique-Coloring, ,, denotes the Clique-Coloring principle for n and m. This formula has size polynomially
bounded by m and n.

Note that, usually Clique-Coloring principle is defined without constraints 3 and 4.
We prove the next Theorem in Section 6.

Theorem 3.2. There is an OBDD(A, weakening) proof of the Clique-Coloring, ,, principle of size poly-
nomial in n and m.

An exponential lower bound on the size of proofs of the formula Clique-Coloring,, ,, has been given by
Atserias-Kolaitis-Vardi and by Krajicek.

Theorem 3.3 ([AKV04, Kra08]). There is an order w such that any OBDD(A, weakening) proof of
Clique-Coloring, . has size at least on'’?

These two theorems let us separate the OBDD(A, weakening, reordering) and OBDD(A, weakening) proof
systems.

Theorem 3.4. There are a family of CNF formulas @, and a constant ¢ > 0 such that:
e ¢, has size poly(n);
e there is an OBDD(A, weakening, reordering) proof of ¢, of size poly(n);
e any OBDD(A, weakening) proof of @, has size Q(2™").
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Proof. Let us consider v, = Clique-Coloring, . By Theorem 3.3 there is an order =

such that any m-OBDD(A,weakening) proof of the formula 1, has size at least 2"°.  Since all
clauses of Clique-Coloring, . that contain a negation have constant width, the CNF encoding of
Clique—Coloringx% has size poly(n,m). By Lemma 3.1 any OBDD(A, weakening) proof of the formula

T (¢) has size 2. In the definition of T (1, ), we choose m that is polynomially bounded in the number of
variables in Clique-Coloring, . Hence by Theorem 3.2 and Theorem 3.1 there is an OBDD(A, weakening)
proof of 1,/™ of size polynomial in n. As a result, by Lemma 3.2 there is an OBDD(A, weakening, reordering)

proof of T(1,) = perm (),Y™) of size poly(n,m). Thus, we can use the formula T (1),,) as @y,. O

4 Quasipolynomial Separations for Dag-like Case

4.1 Resolution Does Not Polynomially Simulate OBDD(A)

In this section we prove that resolution does not polynomially simulate OBDD(A). Then we will apply to this
result a lifting technique recently developed by Garg et al. [GGKS17] and get as a corollary that Cutting
Planes does not polynomially simulate OBDD(A), and that OBDD(A, weakening) does not polynomially
simulate OBDD(A, reordering).

A Tseitin formula TS¢ . is based on an undirected graph G(V, E) and a labelling function ¢ : V- — {0, 1}.
In this formula for every edge e € E there is the corresponding propositional variable p.. For every vertex

v € V we write down a formula in CNF encoding > P(uw) = ¢(v) (mod 2). The conjunction
ueV:(u,v)EE,u#v
of the formulas described above is called a Tseitin formula. If > ¢(v) = 1 (mod 2) for some connected
vel
component U C V, then the Tseitin formula is unsatisfiable. Indeed, if we sum up (modulo 2) all equalities

corresponding to the vertices from U we get 0 = 1 (mod 2) since each variable has exactly 2 occurrences.

If > ¢(v) =0 (mod 2) for every connected component U, then the Tseitin formula is satisfiable ([Urq87,
vel
Lemma 4.1]).

Tseitin formulas based on constant degree expanders are known to be hard for resolution [Urq87]; Itsykson
et al. [IKRS17] showed that they are also hard for OBDD(A, reordering). Now we consider Tseitin formulas
based on the complete graph on [logn| vertices Kiog .

By the definition of a Tseitin formula, TSk, . is a system of |logn| linear equations and every equation
depends on [logn| — 1 variables. Hence, TSk,,, . is a ([logn] —1)-CNF formula with O(log® n) variables
and O(nlogn) clauses.

Lemma 4.1. Let F be a canonical CNF representation of an unsatisfiable linear system A over Fo that
contains m equations and n variables. Then for every order of variables, F' has a tree-like OBDD(A) proof
of size at most 8m/|F|? + mn2™ + 2m.

Proof. First of all, for every linear equation of A we deduce an OBDD representing this equation. Assume
that a linear equation contains r variables, then its canonical CNF representation contains 2" ! clauses,
hence |F| > 2"~1. We deduce an OBDD representation of the equation by joining all the clauses that
represent this equation. The conjunction of several clauses that represent the equation is a Boolean function
from r variables, hence it has an OBDD representation of size at most 2”1 + 1 (this is the size of an OBDD
that corresponds to the complete decision tree). Hence, the size of the derivation is at most 8|F|?. And the
size of the derivation of all OBDDs for all equations is at most 8m|F|>.

Finally, we join all OBDDs representing linear equations one by one and we get the constant false OBDD.
The size of the described derivation may be estimated using the following claim.

Claim 4.1. For any order over the variables there is an OBDD of size at most n2™ + 2 that represents the
system of m linear equations with n variables.

Proof of Claim 4.1. Let us fix some order on the variables. The described OBDD will have n levels. Nodes
on the i-th level are labeled with i-th variable in the chosen order.
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Assume that we already tested the values of the first ¢ — 1 variables. For every equation we compute the
sum modulo 2 of the values of these i — 1 variables that occur in the equation. So we will have a vector of m
parities. The i-th level of the OBDD contains 2" nodes corresponding to the all possible values of the vector
of parities that we get after the reading of the first ¢ — 1 edges. Each node on the i-th level has two outgoing
edges to nodes on the (i + 1)-th level corresponding to the way how values of variables change the partial
sum. The node on the first level corresponding to all zero values of parities is the source of the OBDD (all
nodes that are not reachable from the source should be removed). Outgoing edges for every node on the last
level lead to a sink labelled 1 or 0 depending whether or not all the equations are satisfied. O

O

Corollary 4.1. If TSk,,, . is unsatisfiable Tseitin formula, then there is a tree-like OBDD(A) proof of
TSKpe, ,c Of size at most poly(n).

Lemma 4.2. Every resolution proof of TSk, . has size at least 29(log” n)

The proof of Lemma 4.2 is based on the width based lower bound by Ben-Sasson and Wigderson [BSWO01].
The width of a clause is the number of literals in it. For a CNF formula ¢, the width w(yp) of ¢ is the maximum
width of its clauses. The width of a resolution refutation is a width of the largest used clause. w(F ¢) denotes
the minimum width of any resolution proof of .

Theorem 4.1 ([BSWO01]). Size of the shortest resolution refutation of any CNF formula ¢ with n variables
is at least 2 (w(Fe)—w(©))?/n)

Theorem 4.2 ([BSWO01]). The minimal width of a resolution proof of a Tseitin formula based on a graph
G(V,E) is at least e(GQ), where e(G) is the size of the minimal number of edges between U and V \ U over
all set of vertices U of size between |V|/3 and 2|V|/3.

Corollary 4.2. If TSk, . is an unsatisfiable Tseitin formula, then w(F TSk, c) = Q(log®n).
Proof. Tt is straightforward that e(Kjog,) = Q(log>n). So by Theorem 4.2, w(k TS Kigg i) = Q(log®n). O

Proof of Lemma 4.2. It is easy to see that w(TSk,,, . ) = O(logn) and TS, 7 contains O(log” n) variables.
Thus by Theorem 4.1 and by Corollary 4.2 the size of the shortest resolution proof of TSk, ., s is at least
2!2(10g2 n) ) 0

Corollary 4.1 and Lemma 4.2 give a superpolynomial separation between resolution and tree-like
A-OBDD. The next sections describe how to lift this to separate cutting planes and tree-like A-OBDD.

4.2 Lifting from Resolution Width

In this subsection we briefly describe the results by Garg et al. [GGKS17] that allows maps formulas with
large resolution width to formulas that are hard for several stronger proof systems.

Let G be a family of functions {0,1}"™ — {0,1} and ¢ be an unsatisfiable formula over n variables. The
G-refutation of ¢ is a directed acyclic graph of fan-out at most 2 with each node v labeled by a function
gy € G such that the following constraints are satisfied.

Source: There is a distinguished source node r with fan-in 0, and g, is constant 0 function.

Non-sinks: For each non-sink node v with children uy and us, we have g;*(0) C g, '(0) U g;}(0). And if
v has only one child u, then g, 1(0) C g;*(0).

Sinks: Each sink node v is labeled with a clause C' of ¢ such that g;1(0) € C~1(0) (i.e. every assignment
that satisfies C' also satisfies g,).

12



The size of a G-refutation is the size of the graph.

The notion of G-refutation extends several proof systems including resolution (if functions from G are
represented by clauses), Cutting Planes (if functions from G are represented by linear inequalities) and
OBDD(A, weakening) (if functions from G are represented by OBDDs). G-refutations are commonly called
“semantic refutations”.

Let IT = (X,Y) be a partition of [n] into two disjoint parts. We say that G is II-rectangular if for every
g € G, the set ¢g~1(0) is a rectangle, i.e. g71(0) = A x B, where A C {0,1}* and B C {0,1}¥. We say
that G has II-communication complexity at most c iff for every g € G the communication complexity of g
with respect to the partition II is at most c¢. Notice that if G is II-rectangular, then it has II-communication
complexity at most 2.

Lemma 4.3 ([Sok17]). Let ¢ be an unsatisfiable CNF formula with n variables and 11 = (X,Y) be a partition
of [n] into two disjoint parts. Assume that m has a G-refutation of size S and G has I-communication

complezity at most c. Then there is a I-rectangular set G' such that ¢ has a G'-refutation of size at most
23¢S.

Notice that the set of all clauses is II-rectangular for every partition II. The set of 7-OBDDs of size S
has II-communication complexity log S + 1 for partitions II = (X,Y’) where the variables of X precede the
variables of Y in the order 7.

In order to capture Cutting Planes we say that G is II-triangular if for every g € G there are functions
a:{0,1}*¥ - Rand b: {0,1}¥ — R such that ¢g71(0) = {z € {0,1}*,y € {0,1}V | a(x) < b(y)}. Note
that the set of all linear inequalities with integer coefficients over Boolean variables is II-triangular for every
partition II.

Let Ind, : {0,1}lt°e™ x {0,1}™ —  {0,1} be a Boolean function such that
Ind,, (215 - - -5 Zlogm]> Y15 - - - » Ym) = Yb, Where b is the integer with binary representation 21 ... z|10g |-

Theorem 4.3 ([GGKS17]). Let ¢ be an unsatisfiable CNF formula ¢ with n variables. Let m = n®, where &
is some global constant. Let I1 = (X,Y) be the following partition of variables of polInd,,: all z-variables go
to X, all y-variables go to Y. If G is Il-rectangular or G is ll-triangular, then every G-refutation of ¢ oInd,,
has size at least n?(W(=¥)),

Corollary 4.3. Under the conditions of Theorem 4.3, if G has II-communication complexity at most c, then
every G-refutation of o oInd,, has size at least 2-3¢p?(W(E¢)),

Proof. By Lemma 4.3, if there is a G-refutation of ¢ o Ind,, of size S, there exists an G’-refutation of
@ o Ind,, of size at most 23¢8 such that G’ is II-rectangular. By Theorem 4.3, 23S > TLQ(“’(H”))7 hence
S > 2= 3cpQw(F ), O

Corollary 4.4. Under the conditions of Theorem 4.3 every Cutting Planes proof of ¢ o Ind,, has size at
least nH(w (@)

Proof. By Theorem 4.3, since the set of linear inequalities is II-triangular for every partition II. O
4.3 Cutting Planes Does Not Polynomially Simulates OBDD(A)

Lemma 4.4. Both functions Ind,, and —Ind,, have poly(m)-constructible CNF representations.

Proof. Let us consider the following formula for Ind,,,

m
/\(bin(zl, ey ZUOng) = Z) — Yi,
i=1
where bin(z1, ..., 2[1ogm]) = @ is the conjunction of literals stating that z1,..., z|10gm) is the binary repre-

¢
sentation of i. For £ € [m], let ¢, be the formula A (bin(z1,...,2(10gm|) = i) — yi, and let ¢, = Ind,,.
i=1
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We claim that for all £ € [m] the formula ¢, has an OBDD representation of size poly(m) in the order
2155 Zlogm]> Y1s - - -»Ym- Indeed, such OBDD has the following structure: it starts with the complete de-
cision tree over all variables z;; consider a leaf of this decision tree that corresponds to a number 7. If ¢ < £,
then we add to this leaf a node of OBDD labeled with y; and the outgoing edge labeled with 0 going to the
0-sink and the outgoing edge labeled with 1 going to the 1-sink. If i > ¢, then we identify this leaf with
1-sink. Hence, there is a poly(m)-constractible CNF representation of Ind,,.

The same argument works also for —lInd,, since —Indm,(21,...,2(10gm| Y1,Y2s-- Um) =
Ind,, (215 - - -5 2[1og m]> Y1, Y2, -+ Ym)- O
Lemma 4.5. The formula TSk, . o Indy, has at most mOUosn) clguses of size O(lognlogm) and

O(mlog®n) variables.

Proof. Note that each clause of TSk, . consists of [logn] — 1 literals and by Lemma 4.4 there is CNF
representations of Ind,, and —Ind,, with m clauses. Hence, for each clause C' of TS Kiog, ,c; the formula

C oInd,, has ml°e"1=1 clauses each of length ([logn] — 1)(|logm| +1). O

Theorem 4.4. Let TSk, . be unsatisfiable Tseitin formula based on a complete graph Kiogr on |logn]
vertices.
Let m = (logn)?®, where § is the constant from Theorem 4.3. Then

1. TSk, . ©Indy, has a tree-like OBDD(A) proof of size (log n)O0oen) gnd

2. every Cutting Planes proof of TSk,,, o Ind,, has size at least (log n)9(1°g2 n),

Proof. 1. By Lemma 4.4 both Ind,, and —Ind,, are poly(m)-constructible. By Corollary 4.1 there is
a tree-like OBDD(A) refutation of TSk, . of size poly(n). By Lemma 4.5 the size of the formula
TSKyog,, ,c © Indpy, Is at most m©1°8™)  Hence by Theorem 3.1 there is a tree-like OBDD(A) refutation
of TSk,,,, ,c © Indy, of size poly(poly(n), mOogn) poly(n)) = (logn)Ploen),

2. By Corollary 4.2, w(F TSk, ,..c) = Q(log?n). Hence, by Corollary 4.4, every Cutting Planes proof of
TS Kog n,c © Ind,y, has size at least (log? n)2(lg® n) — (1og )2(los® ),
O

4.4 OBDD(A, weakening) Does Not Polynomially Simulate OBDD(A, reordering)

Theorem 4.5. There is a family of formulas @, such that:

O(log nloglogn

o the size of v, is (logn) ) and the number of variables in ¢, is poly(logn);

e there is a tree-like OBDD(A, reordering) proof of @, of size (logn)CUognloglogn).

e cvery OBDD(A, weakening) proof of ¢, has size at least (log n)ﬂ(log2 n),

Lemma 4.6. Let TSk, . be an unsatisfiable Tseitin formula. Let m = (log n)?%, where § is the constant
from Theorem 4.3.
There is a family of orders {m,}nen over the variables of the formulas TSk, . © Ind,, such that every

7,-OBDD(A, weakening) proof of TSk, ,.c © Indy, has size at least (log n)@0og® )

Proof. Let m, be an order on variables of TS Kiogn,c © Indyp, where all z-variables precedes all y-variables.
Consider some m-OBDD(A, weakening) proof of TSk, ,, coInd,; let S denote its total size. Hence, the number
of proof lines and sizes of all OBDDs are at most S. Consider a partition IT = (X,Y) of the variables of
TSKyop n.c © Indy, such that X contains all z-variables and Y contains all y-variables. The communication
complexity of computing an OBDD of size S w.r.t. the partition II is at most log.S + 1. Therefore, the
m-OBDD(A, weakening) proof can be viewed as a G-refutation, where G has II-communication complexity
at most log S + 1. Hence, by Corollary 4.3, § > 273108 5-3(]gg? p)20os"n)  Thys, § > (log? n)2les™n) —
(log n)20os® ) O
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Proof of Theorem 4.5. Let TSk, .. be an unsatisfiable Tseitin formula. Let m = (logn)?, where § is the
constant from Theorem 4.3.

Let us consider ¢, = T(TSky, . © Ind,,), where T is the transformation defined in Section 3.1. By
Corollary 4.1 there is a tree-like OBDD(A) proof of TS, , . of size poly(n). By Lemma 4.5, TSk, , .oInd,,
has logn®1°8™) clauses of size O(lognloglogn) and poly(logn) variables By Lemma 4.4, Ind,, is poly(m)-
constructible; hence, by Theorem 3.1 there is a tree-like OBDD(A) proof of TSk, , coIndy, of size log nOUogn),

Recall that ¢, = T(TSk,, . © Indy,) = perm((TSk,,, ,,c © Ind,,)*), where k = poly(logn).

The formula (TSk,,, . © Indy,)* has size (logn)@Ucenloelosn); by Theorem 3.1 there is a tree-like
OBDD(A) proof of (TSk,,, . © Ind,,)* of size (logn)OUcsnloglosn),

Thus, by Lemma 3.2, there is a tree-like OBDD(A, reordering) proof of 7 (TSk,,, .. © Ind,,) of size
(lOg n)O(log nloglogn) )

Note that, by Lemma 4.6 and Lemma 3.1, every OBDD(A, weakening) proof of T(TSg,,,,, . © Ind,,) has
size at least (log® n)Q(]Og2 ") = (log n)Q(log2 ), O

5 Exponential Separations for Tree-like Case

In this section we exhibit a formula which is hard for tree-like OBDD(A, weakening) and easy for tree-like
OBDD(A, reordering) in another order. An example of such a formula can be obtained from a construction
of Goos and Pitassi [GP14]. We use a pebbling contradiction as the base of our example.

Definition 5.1. Let G be a directed acyclic graph with one sink t. The CNF formula Pebg (pebbling
contradiction for a graph G), uses a variable x,, for each vertex v of G and has the following clauses:

® Tt "

d
o for each vertex v, the clause x, V \/ —x,, where p1,...,pq are all the immediate predecessors of v

=1

(d =0 if v is a source).
It is not hard to see that Pebg has short tree-like OBDD(A) proofs.

Theorem 5.1. For any directed acyclic graph G(V, E) with n vertices and mazimum in-degree d there is a
tree-like OBDD(A) proof of Pebg of size poly(n).

Proof. For a vertex v € V, we let p,, 1,...,Dy,, be the immediate predecessors of v. For any set S C V such
that if v € S, then py1,...,py,, are also in S (we call such a set closed under predecessors), the formula

Ly Ly
A (mv vV ﬁxpm.) is equivalent to A x,. Thus A (:Cv vV ﬁxpw.) has an OBDD representation of size
ves i=1 ! veS ves i=1
poly(n,d).
Let vq,...,v, be a topological ordering of vertices of the graph G. Consider an order m and a sequence
i Lo,
Dq,...,Dpqq of m-OBDD’s such that D; represents the formula A (%i vV vavi,k) forall1 <i<mnand
j=1 k=1
D, 41 is the constant false diagram. We claim that, together with 7-OBDD’s representing the initial clauses,
D1,..., D,y is an OBDD(A) refutation of Pebg of total size O(n?). Indeed, since for all i € [n] the set

K3
{v1,v2,...,v;} is closed under predecessors, then D; = A x,, has size 2i + 2. It is easy to see that D;;; is
j=1
Vit1
equal to D; A (mviﬂ Y% ‘\/1 ﬁmval,i). O
1=

Corollary 5.1 (Lemma 2, [Jarll]). For any directed acyclic graph G(V, E) with n vertices and mazimum
in-degree d there is a tree-like OBDD(A) proof of Pebé2 of size poly(n,29).

15



Proof. Since Pebg is a formula in (d + 1)-CNF, size of the formula Peb/? is at most O(|Pebg|2?). The
Corollary follows from Theorem 5.1 and Theorem 3.1. O

Corollary 5.1 was presented earlier as [Jirll, Lemma 2], however, there was a flaw in previous proof.
The proof of [Jarll, Lemma 2] was based on the following statement ([Jarll, Lemma 1]): Let G be a
dag on n nodes, and j be a node in G with parents iy,...,i; where k& = O(logn). Consider the clauses
(J?iho V 331‘171), ey (xik,o vV 1‘7;,“1) and (_‘-Ti],al VeV Ly ,an vV Zj.0 V 33]‘71) for all (al, vy Clk) S {0, 1}k. For
any variable order m, there is a polynomial-size 7-OBDD(A) derivation of x;o V x;1 from these clauses.
However, [Jarll, Lemma 1] is incorrect, for example for k = 1 it claims that it is possible to derive (a V b)
from A = {(-zVaVb),(-yVaVvd),(xVy} in OBDD(A). Assume that (a V b) is the conjunction of
clauses from B C A. Notice that (x V y) € B, since otherwise it would be possible to satisfy (a V b) by
substitution = := 0,y := 0. It is easy to see that B can not be empty, hence B is non empty subset of
{(mzVaVvd),(—yVaVvbd)}. In this case it should be possible to satisfy a V b by substitution z := 0,y := 0.
Thus, [Jarll, Lemma 1] is incorrect.

Jarvisalo [Jarll] used Corollary 5.1 in order to give a family of formulas that are easy for OBDD(A)
but hard for tree-like Resolution. The lower bound was proved by Buresh-Oppenheim and Pitassi [BOPO07],
namely Buresh-Oppenheim and Pitassi who proved that there is a family of graphs {G., } nen With n vertices
and maximum in-degree 2 such that any tree-like resolution proof of ¢,, = Pebéf1 has size at least 2%/ 1og(n)

Let o(z1,...,Zn, Y1, -, Yn) = A\ Ci(@1,...,Zn,Y1,...,yn). The relation Search, C {0,1}" x {0,1}" x
i=1

[m] is defined by
(z,y,1) € Searchy, iff Cj(x1,...,Tn,y1,...,Yn) = 0.

Consider the following communication game: Alice knows values of variables z1,xs,...,2, and Bob
knows variables y1, 4o, ...,yn. The goal of the communication game is to compute some i € [m] such that
(@1, 3 &0, Y1y - -+, Yn, ) € Search,.

Go66s and Pitassi [GP14] proved the following theorem:

Theorem 5.2 ([GP14]). There are a family of directed acyclic graphs {Gp }nen with constant degree such that
G, has n vertices, and a CNF formula g on variables x1,xs,y1,y2 such that deterministic communication
complezity of Searchpen. oy is at least Q(/n) if Alice knows variables {x1,1,%1,2,...,%n,1,%n2} and Bob
knows variables {y1.1,%1.2, - Yn,1,Yn,2}-

In fact Theorem 5.2 is true even for randomized communication complexity, but the deterministic version
is enough for our applications.

Lemma 5.1. Let a function f be computed by a m-OBDD D, the communication complezity of f under a
partition I, Iy of the variables where the variables in Iy precede (in the sense of w) the variables from Iy
is at most [log|D|] + 1.

Proof. Alice starts the computation of f according D using her variables. Finally Alice reaches vertex v of
D reading all her variables. Alice sends to Bob number of the vertex v, it has at most [log |D|] bits. Bob
continues computing f starting from v using his variables and sends the result of the computation (it is 1
bit) to Alice. O

Theorem 5.3. Let p(x1,...,Zn,Y1,...,Yn) be an unsatisfiable CNF formula. Suppose the the communica-
tion complexity of the relation Search, is equal to t if Alice knows the values of variables x; and Bob knows
the variables y;. Let w be an ordering of the variables of ¢ such that variables x; precede variables y;. Then
the size of any tree-like 7-OBDD(A, weakening) refutation of ¢ is at least 20(vV),

Proof. Consider a tree-like m-OBDD(A, weakening) proof Dy, ..., D, of the formula ¢ of size S. Based on
this proof we construct a communication protocol for Search,, of complexity at most O(log2 S). The protocol
consists of £ = O(log S) steps. At each step we consider some tree T; that is known by both players. The
inner vertices of the tree are labelled with 7-OBDD’s and the leaves are labelled with clauses of ¢ or with
trivially satisfied clauses. In the first step, the tree T3 is the tree of our tree-like proof. T; C T; 1. At each
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step, the two players know that the clause at the root of T; is falsified by the input assignment, and that
there exists some clause at a leaf of T; that is falsified. In the end, the tree T, consists of a single vertex;
hence it provides clause of ¢. that is falsified by the input assignment.

Now we describe how we obtain the tree T;1; from the tree T;. Let v be a vertex of tree T; such that
a subtree T" with root v satisfies the following condition: £|T;| < |T’| < 2|T;| (such a vertex v players can
find without communication). Let D be the OBDD labelling v; if the input assignment evaluates diagram
D to zero, then T;;1 equals 7. (The players can evaluate the 7-OBDD D on the input assignment with at
most [log |D| + 1] < 2log S bits of communication by Lemma 5.1). Otherwise, T;; :=T; \ T".

It is easy to see that if the value of D equals zero then there is a leaf with falsified clause in the tree
T’. Otherwise there is a leaf with falsified clause in the tree T; \ T”. Also, at each step the players use at
most 2log(S) bits of communication and there are at most O(log(S)) steps (since |T;| < Z|Ti41]). Hence,

the players use at most O(log2 S) bits of communication. Therefore S = 20V, O
As a result we obtain the following separation.

Theorem 5.4. There are a family of formulas ¢, in CNF and a constant ¢ > 0 such that:
o size of p, and number of variables in @, are polynomially bounded by n;

e there is a tree-like OBDD(A, reordering) proof of ¢, of size polynomial in n;

e any tree-like OBDD(A, weakening) proof of ¢, has size at least 9Q(n'/4).

Proof. Let g be a CNF formula on the variables x1, z2,y1, y2 and let {G,, }nen be a family of graphs so that

Theorem 5.2 holds. Consider the formula 1,, = Pebg, o ¢g. By Theorem 5.2 and Theorem 5.3 there exist an

order 7 such that the size of every tree-like 7-OBDD (A, weakening) refutation of v, has size at least 20!,

By Lemma 3.1 any tree-like OBDD(A, weakening) proof of the formula ¢,, := T (1,) has size 20(n'/"),
By Theorems 5.1 and 3.1, 1, has a tree-like OBDD(A) proof of size poly(n). Then, by Lemma 3.2, there
is a OBDD(A, reordering) proof of T (v,,) of size poly(n). O

6 Clique-Coloring is Easy for OBDD(A, weakening)
In this section we prove Theorem 3.2. Let 7 be the following order on the variables of Clique-Coloring,, ,,:

P11y s Pnmnyqily-- 5 dm1T1,15 -5 T1ms 41,2 -+ 5 4m,2, 7215 - -5 T2my -« - qlmy - - - s dmns Tnl - - - s Tnym- (1)

This order places at the beginning the variables encoding a graph, after them variables encoding the
number of the first vertex in clique, after them variables encoding the color of the first vertex and so on. All
OBDD’s used in this section are m7-OBDD’s.

Lemma 6.1. For any integer constants c, ¢q, ¢, and sets I C [n], K C [m], and L C [m — 1] the inequality
Z(Z Qhi — Cq) (Z Tl — cr) >c (2)
iel keK leL

has an m-OBDD representation of size polynomial in c,, cq, m, and n.

Proof. The order m was picked to make it convenient to evaluate the left hand side of (2) with a m=-OBDD.
The OBDD is constructed in levels, one level per variable. Each level has vertices corresponding to the values

of partial sums used to compute the left hand side of (2). Specifically, let Q; , = > (g —cq), let
K€K k' <k
Rig= > (rig —c/),andlet S;= > Qimi1Rim. Note Siimax(r) equals the left hand side of (2).
VeL,l'<l Vel <i

The vertices of the OBDD at the level corresponding to a variable g ; encode the values of S; and Q; k.
The vertices at the level corresponding to a variable r;; encode the values of S;, Qi m+1, and R;;. The
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number of possible values at each level is polynomially bounded by c;, ¢, m,n. To finalize the m-OBDD for
evaluating (2), the vertices in the final level that correspond to a value > ¢ are sinks labeled with 1, and the
remaining vertices in the final level are sinks with label 0. O

Proof of Theorem 3.2. The idea of the proof is to first derive an m-OBDD which represents the inequality

> qriTig > m, stating that every vertex of clique is colored, and second to derive an m-OBDD which

kil

represents the inequality > g7y < m — 1 stating roughly that there is at most one vertex per color.
kil

Combining this these with conjunction derives a contradiction.

1. We first describe the derivation of the OBDD representing Y gy i7:; > m. For i € [n], the derivation
kil

m—1
starts with an OBDD representing the inequality Y r;; > 1; note that Clique-Coloring, ,, has such
=1

a clause. For each k € m, using the weakening rule (in fact multiplying the inequality by g ;) gives an
OBDD that represents the inequality

m—1
Z Qk,iTi0 = Qk,i- (3)
=1

m—1

Since this is equivalent to gx,; > (r;; —1) > 0, Lemma 6.1 implies that the OBDD representing (3)
=1

has polynomial size. Summing the inequalities (3) for all i € [n] gives

n m-—1 n
Z Z Qk,iTil 2 Zka (4)
i=1 [=1 i=1

To derive an OBDD representation of the inequality (4) for a fixed value of k, we add the inequalities (3)

for i € [n] one by one. The addition of two inequalities may be expressed by a conjunction followed
u m—1

by a weakening rule. The intermediate inequalities can be expressed as > gx,; Y. (ri; —1) > 0; hence
i=1 I=1

by Lemma 6.1, they have OBDD representations of size poly(n,m). This allows the derivation of

polynomial size OBDD'’s representing (4) for each k.

n

The inequality Y gi,; > 1 is expressed by a clause of Clique-Coloring, ,,; combining this with the
i=1

inequality (4) using the conjunction and weakening rules gives an OBDD representing

m—1

Z Z Qk,iTi0 = 1. (5)

=1 [=1

The size of an OBDD representation of (5) is polynomially bounded, again by Lemma 6.1.

Finally, to get the desired inequality . g i7i; > m we sum the inequalities (5) for all k£ € [m]. As in
kil

the previous cases, we do this iteratively, combining the inequalities (5) one by one with the conjunction

and weakening rules. The intermediate OBDD’s are Y. > gk 74 > u and are polynomially bounded

k<u 1,l
by Lemma 6.1.
2. The second part derives an OBDD representation of the inequality > gxri; < m — 1. If we derive
kil
m n
Z Z QriTig <1 (6)
k=1 i=1
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for each I € [m — 1] and sum them as we do earlier we get the desired inequality. All intermediate
inequalities have small OBDD representations by Lemma 6.1.

For each [, the inequality (6) will be derived from the inequalities (7) and (10) as described below. For
k € [m], we derive (an OBDD representing) the inequality (7)

Z%,m,z <1l (7)
i=1

stating that there is at most one vertex with number % in clique which has color I. The inequality (7)
follows by weakening from the inequality

qu,i <1 (8)
i=1

u
To derive (8), we derive inequalities > qx; < 1 for all u € [n]. For u = n this inequality is the same
i=1
as (8). For u = 1 this inequality is the constant true statement. For w4 1 it is a weakening of the
u

conjunction of Y gy ; <1 and

i=1
u

/\(Qk,i + Gkt < 1). 9)

i=1
Each inequality qx ; + qr,u+1 < 1 is a clause of Clique-Coloring, ,, but we need to check that their u-

t
fold conjunctions (9) have polynomial size OBDD derivations. For this, we iteratively derive A (qx,: +
i=1

Gkut1 < 1) for all t € [u]. For each t, this inequality has a small OBDD representation since it is
t

equivalent to (\/ Qk,i) — —Gku+1; the latter clearly has a polynomial size OBDD representation.
i=1

Thus there are short refutations of constraints (9) and as a result, of inequalities (8) and (7).

To derive (6), we also need
Z Qk,iTi,1 + Z qrririg <1 (10)
i=1 i=1

for all k # k' € [m]. Before deriving inequality (10) we show how to derive (6) from (7) and (10). This
derivation is similar to derivation of (8) but it is slightly more complicated to show that all intermediate
inequalities have polynomial size OBDD representations.

To derive (6), we derive successively the inequalities

u n
Z Z Qk,iTin < 1. (11)

k=11=1

for all w € [n]. Each inequality (11) has a polynomial size OBDD representation by Lemma 6.1.
For w = 1, (11) is the same as (7). Let us show how to derive inequality (11) for v + 1 from the
inequality (11) for u. For this, it suffices to derive the inequality

/\ (Z Qk,iTi1 + Z(Ju+1,iri,l < 1) (12)
k=1 \i=1 i=1

and then use the conjunction and weakening rules. Each inequality from the conjunction is an instance
of inequality (10). We must show the conjunction (12) has a small derivation. To derive (12), we
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t n n
iteratively derive A ( QiTid + D Qua1itil < 1> for all ¢ € [u]. This conjunction is equal to
k=1 \i=1 i=1
t n nz ’
V V @iArig—— Qu+1,i A 7i. Hence it has a small OBDD representation by the choice of 7.
k=1i=1 i=1

We conclude the proof of Theorem 3.2 by proving the inequality (10) for k& and k’. For this we will
first derive the inequalities

t t
Z Qr,irig =0V Z Qi 373 = OV
i—1 i=1

\/ (Qk,m,l = kT = 1A /\ (Gk,j7j0 = @ ,j750 = 0)) (13)
i€lt] jer\{}

n
for all t € [n]. The inequality (13) for ¢t = n and the conjunction A —gx; V —gxs; implies
i=1

-
n n

> ariris =0V > quririn = 0. (14)
=1 =1

n
Each clause in the conjunction /\ =gk, V —qk; is a clause of Clique-Coloring, ,. The conjunc-
i=1
tion derived iteratively using the conjunction and weakening rules; all intermediate constraints have
polynomial sized m-OBDD representations since 7 orders the variables g ; first by ¢ and second by k.

The constraint (14) and the two inequalities (7) for k, I and for &/, [ imply (10).

The constraint (13) is derived from the inequalities
QriTil + Qe 50 < 1 (15)

for i # j € [n].
The inequality (13) is equivalent to the conjunction of inequalities (15) for all ¢ # j € [t], and it
is clear that these have polynomial size 7-OBDD representations. We show there is a small OBDD
derivation of this conjunction, that is, of (13), by deriving it for successive values of ¢. For t = 0, (13)
the constant true statement. We claim there is a short derivation of (13) for t = u + 1 from (13) for
t = u. Indeed, (15) together with (13) for ¢ = u implies A" (qk,i7i1 + Qo ut1Tut1, < 1). It is easy to
see that this latter inequality has a small OBDD representation since it is equivalent to the constraint
u
(\/ Qk,iTi] = 1) — Qi ut1Tut+1,0 = 0.
i=1
Now the only thing left to derive is the inequality (15). Clique-Coloring,, ,, contains the clauses
“Qk,i V Gk V piyj and —p; VoV ory . From these, we can derive (15) using the conjunction rule
and the weakening rules.

O
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