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Abstract

Non-signaling strategies are collections of distributions with certain non-local correlations.
They have been studied in Physics as a strict generalization of quantum strategies to under-
stand the power and limitations of Nature’s apparent non-locality. Recently, they have received
attention in Theoretical Computer Science due to connections to Complexity and Cryptography.

We initiate the study of Property Testing against non-signaling strategies, focusing first on
the classical problem of linearity testing (Blum, Luby, and Rubinfeld; JCSS 1993). We prove
that any non-signaling strategy that passes the linearity test with high probability must be close
to a quasi-distribution over linear functions.

Quasi-distributions generalize the notion of probability distributions over global objects (such
as functions) by allowing negative probabilities, while at the same time requiring that “local
views” follow standard distributions (with non-negative probabilities). Quasi-distributions arise
naturally in the study of Quantum Mechanics as a tool to describe various non-local phenomena.

Our analysis of the linearity test relies on Fourier analytic techniques applied to quasi-
distributions. Along the way, we also establish general equivalences between non-signaling
strategies and quasi-distributions, which we believe will provide a useful perspective on the
study of Property Testing against non-signaling strategies beyond linearity testing.
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1 Introduction

Property Testing studies sublinear-time algorithms for approximate decision problems. A tester is
an algorithm that receives oracle access to an input, samples a small number of locations, queries
the input at these locations, and then decides whether to accept or reject. If the input has a certain
property, the tester must accept with high probability; if instead the input is far from all inputs
having this property, then the tester must reject with high probability.

Seminal works in Property Testing include those of Blum, Luby, and Rubinfeld [BLR93], who
studied the problem of deciding whether the input is the evaluation table of a linear function or is
far from any such table, and of Rubinfeld and Sudan [RS96], who studied the analogous problem
for low-degree functions. Property Testing for general decision problems was introduced in the
foundational work of Goldreich, Goldwasser, and Ron [GGR98].

We initiate the study of Property Testing when the input is a non-signaling strategy [KT8b5;
Ras85; PR94; PRIS8|, which means that the input belongs to a certain class of probabilistic oracles
that answer a tester’s queries by sampling from a distribution that may depend on all queries.
This setting stands in stark contrast to the standard one, where each query’s answer is fized before
queries are sampled. We provide a first analysis of linearity testing against non-signaling strategies,
establishing general statements and techniques about non-signaling strategies along the way.

Non-signaling strategies have been studied in Physics for over 30 years as a strict generalization
of quantum strategies, in order to understand the power and limitations of Nature’s apparent non-
locality.! Informally, Quantum Mechanics is a very accurate description of Nature but it may
also be an incomplete one: it has not been successfully combined with General Relativity to get a
quantum theory of gravity. Nevertheless, there is wide agreement that Nature forbids instantaneous
communication despite its apparent non-locality, so this non-signaling property must be part of
any ultimate theory of Nature. Non-signaling strategies exactly capture this minimal requirement,
thus (purportedly) capturing any physically-realizable strategy.

Non-signaling strategies also have strong connections to Complexity Theory and Cryptography.
Property Testing against non-signaling strategies is likely to strengthen these connections (see
Section 4 for details), and thus we believe that it should be explicitly studied.

1.1 Linearity testing

A boolean function f: {0,1}" — {0,1} is linear if f(z) + f(y) = f(x +y) for all z,y € {0,1}",
where bits are added modulo two and vectors are added component-wise. The problem of linearity
testing is to decide whether a given arbitrary boolean function f: {0,1}™ — {0, 1} is linear or is far
from all linear functions. Blum, Luby, and Rubinfeld [BLR93| suggest a very simple 3-query tester:
sample uniform and independent x,y € {0,1}", and check that f(z) + f(y) = f(z + y). Perhaps
surprisingly, analyzing this tester is far from simple, and a tight characterization of its acceptance
probability is still an open problem. Nevertheless, upper and lower bounds on the acceptance
probability are known, which is sufficient for applications. Bellare, Coppersmith, Hastad, Kiwi,
and Sudan [BCHKS96] have shown that the acceptance probability is at most 1 — A(f), where
A(f) is the fractional Hamming distance of f to the closest linear function. Many other works have
studied this problem and closely related ones [SW04; BCLR08; BKSSZ10; DDGKS17]. Finally, Ito
and Vidick [IV12; Vid14] analyzed linearity testing against quantum strategies. Fixed functions
and quantum strategies are both special cases of non-signaling strategies, the subject of this work.

L«Non-locality” refers to correlations in Nature that appear non-local when interpreted using classical physics.



1.2 Non-signaling strategies

A non-signaling strategy is a collection of distributions, one per set of queries, that jointly satisfy
certain restrictions. There are two distinct definitions, corresponding to whether the strategy is
meant to represent a function or players in a game. Throughout most of this paper, we consider
non-signaling functions, because the functional view fits better the setting of Property Testing;
nevertheless, we also consider non-signaling players, and show that our results about non-signaling
functions imply corresponding results about non-signaling players (see Appendices D to F).

A k-non-signaling function F extends the notion of a function f: {0,1}" — {0,1} as follows:
it is a collection {Fs}scqo,1}n,5|<k Where each Fg is a distribution over functions fs: S — {0,1}
and, for every two subsets S and T each of size at most &, the restrictions of Fg and Fp to SNT
are equal as distributions. We sometimes write “F(S5) = b”, for a subset S C {0,1}" and string
be {0,1}7, to denote the event that the function sampled from Fg equals b.

Observe that, given any k € {1,...,2"}, every function f: {0,1}" — {0,1} naturally induces
a k-non-signaling function F = {fS}Sg{O,l}",\S\gka namely the one where each Fg equals the
constant distribution that outputs the restriction of f to S with probability 1. More generally,
every distribution over functions induces a corresponding k-non-signaling function in a similar way.

However, the set of non-signaling functions is richer, because consistency between local dis-
tributions need not imply a global distribution, as the following example shows. For n = 2 and

k = 2, consider the non-signaling function {Fs}gco,132,5)<2 defined as follows: Fyog 11} is uniform

00 —0 00 —1

over the two functions { 11 1120

} and, for every {z,y} # {00,11}, Fy, 4y is uniform over

{ z:g , Z:i } No distribution over functions can explain the above strategy, as any f in the

support of such a distribution would have to satisfy f(00) # f(11) and f(z) = f(y) for every
{x,y} € {0,1}%\ {00, 11}, which is impossible.

1.3 The problem and challenges

We study linearity testing against non-signaling functions, which is the following problem.

Question 1.1 (informal). Let F = {Fs}gcqo1}n,|s|<k be a k-non-signaling function. Suppose that
with probability at least 1 — € (for sufficiently small ¢ > 0) it holds that f(x) + f(y) = f(z + y),
where x and y are sampled uniformly and independently from {0,1}" and f: {z,y,x +y} — {0,1}
is sampled from the distribution Fryy o yn- Can we deduce any global properties about F?

In order to build intuition about this question, we temporarily put aside the case when ¢ > 0,
and focus on the case ¢ = 0, which already turns out to be quite subtle. In other words, let us
assume for now that for every x,y € {0,1}" and every f in the support of Fy, , .1, it holds that
f@)+ f(y) = f(x +y). What global properties, if any, can we deduce about F?

Ideally, we would like to characterize the set of all non-signaling functions that pass the linearity
test with probability 1 and say that this set is related to linear functions. If F is restricted to answer
according to a single fixed function f: {0,1}" — {0,1} (as in the standard setting) then f passing
the linearity test with probability 1 is equivalent to f being linear by definition. On the other
extreme, if F is allowed to answer queries arbitrarily without any non-signaling property then no
interesting conclusion is possible. The case of F being a non-signaling function sits somewhere in
between these two extremes: F is neither a fixed function nor completely arbitrary. We present
two examples to highlight the challenges that arise when seeking an answer.



Example 1. Consider the following 3-non-signaling function F = {Fs}gcio,1}n,s|<3- For every
subset {z,y, z+y} C {0,1}"\{0"}, the random variable f < Fy, , .1, is such that (f(x), f(y), f(x+
y)) is uniform over {(0,0,0),(1,1,0),(1,0,1),(0,1,1)}; for every subset {x,y,z} C {0,1}"\ {0"}
with 2 # = + y, the random variable f < Fy, , .y is such that (f(z), f(y), f(2)) is uniform over
{0,1}3. For every set S C {0,1}" containing 0", F samples f < Fs\{or}, and outputs the function
g where g(z) = f(x) for x € S\ {0"} and g(0") = 0. Note that F is 3-non-signaling because for
every S C {0,1}"\ {0"} with |S| = 3 the restriction of Fg to any two coordinates {z,y} C S
induces a uniformly boolean random function over f: {z,y} — {0,1}. In particular, for distinct
r,y € {0,1}" \ {0"} it holds that Fign ;.1 outputs 0 on 0", and random bits on = and y.

Clearly, F passes the linearity test with probability 1. Observe that we can alternatively
describe its answers according to the following procedure: upon receiving a subset S C {0,1}", F
samples a uniformly random linear function f: {0,1}" — {0,1} (independent of S) and returns
the restriction of f to S. We can thus explain F via the uniform distribution over linear functions.

Generalizing from the above example, any non-signaling function that is induced by sampling
a linear function from any distribution (not just the uniform one) and answering accordingly will
pass the linearity test with probability 1. Note that a distribution over linear functions is given
by non-negative real numbers (pa)ae{o,1}» such that Zae{o,l}n Po = 1, where p, is the probability
of sampling the function (a,-). If F answers according to (pa)acfo,1}», then Pr[F(z) = b] =
> a(a,z)=p Pa for every x € {0,1}" and b € {0,1}; a similar formula holds for more inputs.

The above discussion suggests a natural conjecture: every non-signaling function that passes
the linearity test with probability 1 can be explained by some distribution over linear functions.
In fact, this conjecture is true if the non-signaling strategy is restricted to be a quantum strategy
[IV12; Vid14]. But the set of non-signaling strategies is strictly larger. Below we show that, perhaps
surprisingly, these additional strategies make this conjecture false.

Example 2. Consider the following 3-non-signaling function F = {Fg} 5C{0,1}7,|5|<3- For every
subset {z,y,r +y} C {0,1}" \ {0"}, Fizy o1y} is the following distribution

1/7 if ((11,(12,&3) = (07070) .

2/7 if (a1, a2,a3) € {(1,1,0),(1,0,1),(0,1,1)}

Pr [f(l‘ayvx—f_y) = (CLl,CLQ,ag)] =
feFlayety)

for every subset {x,y, 2z} C {0,1}"\ {0"} with 2 # = +y, Fi,, .} is the following distribution

0 if (a1,a2,a3) = (0,0,0)
1/7 if (a1,a2,a3) # (0,0,0)

If an input set S contains 0", Fg assigns 0" to 0 and answers the rest according to Fg\(ony. Note
that F is 3-non-signaling because for distinct and non-zero = and y, the distribution of Fy, 3 is

Pr [f(a:,y,z) - (al,a27a3)] = {

feFrayz)

1/7 if (a1,a2) = (0,0)
2/7 if (al,a2) 7é (0,0)

In particular, for distinct and non-zero = and y, the distribution of Fy, , on} is

fFlay

Pr [f(,y) = (a1,00)] = {

1/7 if (a1,a2) = (0,0)

Pr [f(z,y,0") = (ar,a5,0)] = {2/7 if (a1, a2) € {(1,0),(0,1), (1, 1)}

F=Flay,on}



Observe that F passes the linearity test with probability 1. However, unlike before, a distri-
bution over linear functions that explains F does not exist. Namely, there is no probability vector
(Pa)ae{o,13» With non-negative entries and -, 1o 13n Pa = 1 such that Pr[F(z) = b = 3_,. 4 »y=p Pa
for all x € {0,1}" and b € {0,1}. In fact, when trying to solve this linear system of equations with
(pa)ae{oyl}n as the variables, we obtain a solution vector in which some of the entries are negative.

The above example is problematic because it seems to suggest that a clean characterization of
the set of all non-signaling functions passing the linearity test does not exist. Indeed, it shows that
this set is strictly richer than the set of all distributions over linear functions.

1.4 Negative probabilities and quasi-distributions

In order to resolve the difficulty encountered in Example 2, we embrace negative probabilities (and
probabilities greater than 1), and consider the notion of a quasi-distribution over boolean functions.

Definition 1.2 (informal). A quasi-distribution is a vector of real numbers Q = {qf}f: {0,137 —{0,1}
such that Zf: (0101} 4 = 1. Similarly, a quasi-distribution over linear functions s a quasi-
distribution Q@ = {qy}y. {0,1}n—{0,1} such that qp = 0 for all f that are not linear functions; in this
case, we also allow ourselves to represent the quasi-distribution by a vector (ga)ac{o,1}», where each
da 18 associated with the linear function {(c,-).

A function f in a quasi-distribution Q = {q}¢ is thus “sampled” with “probability” ¢s, which
means that for every subset S C {0,1}" and string b € {0,1}° the event “Q(S) = b” has quasi-
probability given by Pr[Q(S) = b] := Zf st 1(S)=8 -

This may seem nonsensical, because quasi-probabilities are not restricted to be in [0,1]. But
this shall soon make sense. In the words of Paul Dirac [Dird2, p.8]: “Negative energies and prob-
abilities should not be considered as nonsense. They are well-defined concepts mathematically, like
a negative sum of money, since the equations which express the important properties of energies
and probabilities can still be used when they are negative. Thus negative energies and probabilities
should be considered simply as things which do not appear in experimental results.”

This viewpoint, which plays a central role in our work, is borrowed from Physics, where it is
used to describe many physical phenomena [Dir42; Fey87], including non-signaling ones [AS13].

While the non-signaling function F in Example 2 cannot be explained by any distribution over
linear functions, it can be explained by a quasi-distribution over linear functions. Concretely,
letting g, represent the probability of “sampling” the function («, -), we solve the following system
of linear equations in the variables (ga)ac{o,1}:

> Ga=1 and Vze{0,1}" Vbe{0,1} >  go=Pr[F(x)=10].
aec{0,1}" a:{a,x)=b

The solution to this system is ¢z = 1 — %22;1 < 0 and g, = % . Qin for all o # 0. We stress that
the solution has a negative entry. One can then verify that the quasi-distribution obtained above
not only matches F on events involving one input (which is by construction) but also on events
involving two inputs: Pr[F(z1) = b1, F(x2) = ba] = Zam@ﬂ:bl,(a’m):b qo for all z1,z9 € {0,1}"
and by, by € {0,1}. Similarly, the same holds for events involving three inputs.

Crucially, the quasi-probabilities of events that involve a small enough set of inputs “magically”

add up to non-negative probabilities because, in particular, they describe distributions of F. In




other words, like in Dirac’s observation above, the negative probabilities “do not appear in exper-
imental results”; in our case the experiment is querying F, and a quasi-distribution is merely a
convenient mathematical abstraction to describe it.

The foregoing considerations directly lead to the following observation.

Observation 1.3. If @ = (qf)f: {0,1}7—{0,1} 5 a quasi-distribution that induces a probability dis-
tribution on every event of at most k inputs, then Q induces a k-non-signaling function.

Furthermore, if Q is supported on linear functions only, then the corresponding k-non-signaling
function passes the linearity test with probability 1.

The first part of the observation suggests using k as a measure of a quasi-distribution’s locality:
we say that a quasi-distribution Q = (qy) is k-local if for every k inputs z1,..., 2, € {0,1}" and
k outputs by,...,br € {0,1} it holds that Zf:f(m):b1,-..7f(:vk):bk q¢r > 0. Thus Q behaves like a
collection of (standard) distributions on all events that involve at most k inputs and, moreover,
these distributions jointly satisfy the k-non-signaling property.

The second part of the observation shows the existence of a class of non-signaling functions
that pass the linearity test with probability 1 that is much richer than the class of distribution
over linear functions. Are there any other types of non-signaling functions that pass the linearity
test with probability 1, or are these all of them? Moreover, how does this answer change when we
merely require that a non-signaling function pass the linearity test with probability at least 1 —e?
We now discuss our results, which will provide answers to these questions.

2 Owur results

Quasi-distributions arose rather naturally when reasoning about non-signaling functions. First, we
show that this is not a coincidence by proving that the two notions are equivalent.

Theorem 1 (informal). Local quasi-distributions and non-signaling functions are equivalent:
1. every k-local quasi-distribution induces a corresponding k-non-signaling function; conversely,

2. every k-non-signaling function has a k-local quasi-distribution that describes it. (In fact, this
quasi-distribution is not unique: the set of all such quasi-distributions is an affine subspace.)

See Section 8 (specifically, Theorem 8 and Theorem 9) for precise statements of the two items.

The first item is just Observation 1.3. The second item is proved via Fourier analytic techniques
applied to a quasi-probability vector. Informally, the Fourier coefficients of quasi-probability vectors
are indexed by subsets of {0,1}", and can be grouped into levels according to their size. We prove
that the only coefficients that matter for the k-non-signaling function are those in the levels for
sizes at most k, while all others change the weights in the quasi-probability vector but do not affect
the induced k-non-signaling function.

The foregoing equivalence can be viewed as the “functional analogue” of an equivalence proved
in [AS13] for the (incomparable) case of non-signaling players. The Fourier analytic techniques
that we use are novel and, moreover, can be adapted to the case of non-signaling players in order
to strengthen [AS13)’s result to find all quasi-distributions (rather than just one) that describe a
given set of non-signaling players (see Appendix F.2). We believe that the mathematical structure
uncovered by our Fourier analytic techniques is of independent interest.



Having established the equivalence of local quasi-distributions and non-signaling functions, we
return to the problem of linearity testing against non-signaling functions. Our first theorem in this
direction is a characterization of the set of non-signaling functions that pass the linearity test with
probability 1: this set consists of local quasi-distributions over linear functions (essentially).

Theorem 2 (informal). Let F = {Fg}gg{oyl}ny‘s‘gk be a k-non-signaling function such that

Pr [f@)+fly)=Fflz+yl=1.

z,y«{0,1}"
J—Floy,aty}

There is a unique (k — 1)-local quasi-distribution L over linear functions describing F on all input
sets of size < k—1 (Lg and Fg are equal as distributions for every set S C {0,1}™ with |S| < k—1).

See Theorem 11 in Section 10 for the precise statement. (A minor technicality of the theorem
is that £ is only (k — 1)-local and only matches F on at most k — 1 inputs; the discussion after
Theorem 11 explains why this is the best we can hope for.) To prove the theorem we define a quasi-
distribution £ over linear functions by solving a certain system of linear equations that ensures that
L and F match on single inputs, i.e., that Pr[L(x) = b] = Pr[F(z) = b] for all z € {0,1}" and
b € {0,1}. We then need to establish that £ and F match on all sets of at most k£ — 1 inputs.
We do so in two steps: we first use linearity to show that £ and F match on all parity events
(i.e., Pr[Y,er L(m) =b] = Pr[Y,cp Fla;) =0b] for all zy,...,2, € {0,1}" and b € {0,1} with
s < k —1); then we use Fourier analysis to extend this claim to all allowed input sets.

We finally return to our original question (Question 1.1). Suppose that a non-signaling function
F passes the linearity test with probability 1 — e for sufficiently small € > 0 (possibly with £ > 0
so Theorem 2 does not apply). What can we learn about F? Recall that if 7 answers according to
a fixed function f: {0,1}" — {0,1} (as in standard linearity testing), then we may conclude that
f is e-close to some linear function [BLR93; BCHKS96]. The foregoing discussion for the case of
€ = 0 leads to a natural conjecture: non-signaling functions that pass the linearity test with high
probability are local quasi-distributions over functions that are close to linear. Our next theorem
implies that this conjecture is true, but in a non-interesting way. That is, it holds even without the
hypothesis: every k-non-signaling function can be expressed as a quasi-distribution over functions
with support of size at most k (namely, over functions that are non-zero for at most k inputs).

Theorem 3 (informal). Every k-non-signaling function F can be expressed as a k-local quasi-
distribution Q over functions with support of size at most k.

The above theorem is quite counterintuitive. On one hand, if F is described by a distribution
over functions that are close to linear, then F passes the linearity test with high probability. But
this simple fact does not extend to the case where F is a quasi-distribution over functions that are
close to linear. For example, the all-ones function never passes the linearity test, yet Theorem 3
implies that it can be expressed as a quasi-distribution over functions with support of size at most
k, i.e., functions that are %-close to the all-zeros function (a linear function)!

We prove Theorem 3 via a greedy approach: given the non-signaling function F, we iteratively
consider small-support functions from heaviest to lightest and, in each iteration, assign to these

functions certain quasi-probabilities computed from F. See Theorem 10 (in Section 9) for details.

Since our last conjecture turned out to be false, we again look for inspiration in the standard
setting in order to formulate another conjecture. Taking a different view, linearity testing tells



us that if a function f: {0,1}"™ — {0,1} passes the linearity test with high probability then we
know that there exists a linear function L such that for every x € {0,1}" it holds that L(x) =
f(z+y) — f(y) with high probability over a random y € {0,1}". Put another way, the answers to
any given query (or, more generally, a set of queries) given by the self-correction of f and by L are
close in statistical distance.

The foregoing observation suggests a conjecture: if a non-signaling function passes the linearity
test with high probability, then its self-correction is close to a quasi-distribution over linear functions.
The self-correction F of a non-signaling function F is naturally defined: on input « € {0 1 F
samples a random y € {0, 1}" and outputs F(x+y)—F (y) a similar procedure applies if F receives

multiple inputs. Note that if F is k-non-signaling then F is k-non-signaling with & := |k/2].

The notion of distance is also naturally defined: the distance between two non-signaling func-
tions is the maximum statistical distance between the distributions induced on every subset S; the
equivalence of non-signaling functions and quasi-distributions (Theorem 1) extends this definition to
apply between two quasi-distributions, or between a non-signaling function and a quasi-distribution.

The following theorem shows that the conjecture above is in fact true.

Theorem 4 (informal). Let F = {Fs}sco,1}n,|s|<k be a k-non-signaling function such that

Pr [f(z)+ fly)=fz+y)]>1—¢ for somee>0 .
z,y«{0,1}"
J=Flayoty}

There is a (k — 1)-local quasi-distribution L over linear functions that is O;.(¢)-close to F on all

input sets of size < k—1. That 18, the maximum statistical distance between Lg and ]:“g, across all
sets S C {0, 1}" with |S| < k —1, is Oy (e).

See Theorem 12 (in Section 11) for details. Our proof differs significantly from prior proofs of
linearity testing in the standard setting. Informally, we start the proof by noting that F satisfies
Prfe}_{z Pr[f(a:) +f(y) = flx+y)] > 1—¢ for every z,y € {0,1}" and é := 4e. (By
assumptlon .7-" merely satisfies such a statement for random z,y € {0,1}".) The next step is
similar to a step in the proof of Theorem 2: we define a quasi-distribution £ over linear functions
by solving a system of linear equations that ensures that £ and F match on single inputs, i.e.,
that Pr[L(z) = b] = Pr[F(z) = b] for all z € {0,1}" and b € {0,1}. We are left to argue that
£ and F almost match on all sets of at most k — 1 inputs, i.e., that the distributions L£g and Fg
are statistically close for |S| < k. As before, we do so in two steps. we first use linearity to show
that £ and F almost match on all parity events (i.e., Pr[} icr Flz) = b ~ ﬁ[ZieT L(x;) = b
for all z1,...,zs € {0,1} for s < k— 1), and then we use a quantitative Fourier analytic claim
(Lemma 5.1) to extend this claim to the remaining query sets.

Finally, we use the foregoing results about non-signaling functions to prove analogous statements
about non-signaling players.

Recall that a k-non-signaling player P extends the notion of k non-communicating players
(possibly sharing randomness) as follows: it is a collection (P(g,,....z)) (z1,....00)cf0,1}6n Where each
Plar,....zy,) 18 & distribution over functions f: [k] — {0, 1} (the players’ k answers to the k inputs) and,
for every two input vectors (x1,...,zx) and (y1,...,y) that agree on a subset I C [k] of entries,
the restrictions of P, . .,) and P, ..y to entries in I are equal as distributions. Non-signaling
players are a richer class than non-communicating players (and quantum-entangled ones) [PR94].



Now the linearity test, given a k-non-signaling player P = (P(xlw.’zk))(xl’m’mk)e{o’l}k-n, samples
random vectors z,y € {0,1}" and distinct players i1, i2,i3 € [k], sends the three queries z,y,z +y
to the players P;,, Pi,, Pis, and checks that P;, (z) + Pi, (y) = Piy(x + y).

Theorem 5 (informal). Let P = (P4, . 2))( {01}k be a k-non-signaling player.

xly"ka)

1. Suppose that

Pr [Pi (1,‘) + Pi, (y) = Pi3 (:C + y)] =1.
zy+{0,1}"
il,ig,igH[k}

P

There exists a (k — 2)-local quasi-distribution L over linear functions that describes P.

2. Suppose that

Pr [Py (z) +Pip(y) = Pis(z +y)| > 1—¢ .
z,y+{0,1}™
i1,12,i34[K]

There ezists a (k — 1)-local quasi-distribution £ over linear functions that is O;.(g)-close to P,
where P is the (appropriately defined) self-correction of P.

See Theorems 13 and 14 for details. The proof of these theorems show how to reduce to the case
of non-signaling functions, which we have already established (in Theorems 2 and 4 respectively).

We conclude this section via a brief comparison to the case of quantum strategies. Ito and Vidick
[IV12; Vid14] show that any quantum strategy that passes the linearity test with high probability
is close to a distribution over linear functions. Our results instead show that, in our setting, we
can only hope for a conclusion involving a quasi-distribution over linear functions. This qualitative
difference is due to the fact that non-signaling strategies are a richer class than quantum strategies.

3 Techniques

We highlight some of the techniques that we use by providing proof sketches of some of our results.
We first discuss the ideas behind the equivalence between non-signaling functions and local quasi-
distributions (Section 3.1) and then how we analyze the linearity test (Section 3.2). After that, we
explain how we derive corresponding results about non-signaling players (Section 3.3).

3.1 Non-signaling functions and local quasi-distributions are equivalent

Our Theorem 1 states that non-signaling functions and local quasi-distributions are equivalent. One
direction of this equivalence, namely that every k-local quasi-distribution induces a corresponding
k-non-signaling function, is a simple observation. Below we focus on the other, more interesting
direction, which is: given a k-non-signaling function F = {Fg} 5C{0,1}7,|S|<k> how do we construct
a quasi-distribution Q@ = {qy};. {0,1}7—{0,1) that matches F on all sets of at most k queries?

We construct Q by specifying its Fourier coefficients. We view Q = (qy)¢. {0,1}»—{0,1} 2 a
function ¢: {0, 1}{0’1}" — R by setting ¢(f) := ¢r € R, and then write Q via its Fourier expansion:

xr(f) = (—1)2wer /@)

) = 7l ) where
q(-) Z q(T)xr () {Z]\(T) = {q,xT) = 22% Zf: D—{0,1} q(f)xr(f)

TC{0,1}n

10



We set the 22" Fourier coefficients as follows:

i ifT =0
q(T) = g7 (Pr[per Flz) =0] = %) f1<[T| <k
0 if || >k

We have to argue that the above choice of Q does describe F. First, we show that F and Q match
on all parity events of size at most k, i.e., for all S C {0,1}" with |S| <k

Pr[Zf(x)zl = Z qjv:f’\; ZQ(x)zl]

z€S [ ees f(@)=1 zes

Recall (see Section 1.4) that 13vr[] denotes the quasi-probability for an event about a quasi-distribution.
Second, we prove that Pr[F(S) € E] = Pr[Q(S) € E| for every subset S C {0,1}" and event

E C {0, 1}S . We build on the previous step by observing that any event can be expressed as a

linear combination of parity events: there exist real numbers {cp}r depending on E such that

Pr(Q(S) € E] =Y cr Pr [Z Q(z) = 0] . (1)

TCS zeT

In fact, the real numbers {cr}r are closely related to the Fourier coefficients of the indicator
function of F, and this relation is a consequence of the fact that the functions {x7(-)}r depend
only on the parities of their inputs. See Lemma 5.1 for details.

The above is merely one quasi-distribution that explains . We can find other such quasi-
distributions by noting that changing ¢(7") for |T'| > k yields quasi-distributions that still match
F. Essentially, if |T'| > k then x7(-) does not affect the induced distributions on sets of at most k
inputs. We then argue that these are the only solutions possible. See Section 8 for details.

3.2 Testing linearity against non-signaling functions

We discuss the ideas behind our analysis of linearity test against non-signaling functions (that is,
behind Theorem 2 and Theorem 4). We first explain why known proofs in the standard setting do
not easily extend to our setting, and then we describe the approach that we took.

3.2.1 Difficulties of prior approaches

We begin with a helpful exercise for which difficulties do not arise: consider the task of analyzing
the linearity test against a distribution D over boolean functions. Namely, if Pr[f(z) + f(y) =
flx+y)] >1—cfor f + D and z,y < {0,1}" then what can we conclude about D? This case
is not hard to analyze: we separately apply known results on linearity testing to each function
in the support of D, and conclude that most of D is concentrated on nearly-linear functions.
Indeed, by Markov’s inequality, with probability 1 — /¢ over a choice of f < D it holds that
Pryy[f(z) + fly) = f(z +y)] > 1 — /e and thus that f is y/e-close to a linear function. This
conclusion explains why D passes the linearity test with high probability.

However, when considering the linearity test against a non-signaling function, the situation
changes significantly, as we now explain.

11



The Fourier analytic approach. One of the classical proofs of linearity testing in the standard
setting follows a Fourier analytic approach [BCHKS96]. Unfortunately, we do not see how to
use this approach directly on a non-signaling function F, because computing Fourier coefficients
requires access to an entire function while F only provides local views. We could instead rely on
the equivalence between non-signaling functions and local quasi-distributions, and apply Fourier
analysis to the functions in a quasi-distribution Q@ = (gy) . {0,1}n—{0,1} that describes 7. Namely,
we could rewrite the probability Pr[F(z) + F(y) = F(z +y)] as > qr Pr[f(z) + f(y) = f(z +y)],
and then reason about the Fourier coefficients of every f. We do not see how to make this work
either, because the coefficients {qs} can be positive or negative (and even unbounded), which in
particular forbids Markov-type arguments. It is also not clear what kind of conclusion we could
expect about the Fourier coefficients about all functions.

The combinatorial approach. Another classical proof of linearity testing in the standard setting
follows a combinatorial approach (e.g., [BLR93; BCLROS8|): given the function f: {0,1}" — {0, 1},
define its correction g: {0,1}" — {0, 1} to be g(z) := maj,co 13~ f (= +y) — f(y), and show that it
is close to f; then show that g is linear as, for every x € {0, 1}", a vast majority of y’s yield g(x).
This approach also seems to fail in our setting: the foregoing correcting procedure relies on taking
majority over all y € {0,1}", but a non-signaling function only accepts up to k inputs at a time.

It is not surprising that prior approaches do not seem to apply to our setting: they were
developed to show that a function f passing the linearity test with high probability is nearly-linear.
But we already know that every non-signaling function can be described by a quasi-distribution
over nearly-linear functions, so we are not interested in conclusions about nearly-linear functions.
Instead, we aim to show that (the self-correction of) a non-signaling function passing the linearity
test with high probability is close to a quasi-distribution over linear functions. We next discuss
our approach to establish such a conclusion.

3.2.2 Owur approach

Let us once more first focus on the case where a k-non-signaling function F passes the linearity test
with probability 1, namely, Pr[F(x) + F(y) = F(x +y)] = 1 for every x,y € {0,1}". Our first step
is to show that there exists a quasi-distribution £ over linear functions that matches F on single
inputs, namely, Pr[L(z) = b] = Pr[F(z) = b] for every x € {0,1}" and b € {0,1}. Viewing L as a
vector (£a)aefo,1}» Where each a is associated with the linear function (a, ), we know that £ must
be a solution to the following system of linear equations:

Voe{0,1}", > lo=Pr[F(z)=0] .
a:{a,z)=0

Note that it suffices to consider constraints only involving Pr[F(z) = 0] because Pr[F(z) =1] = 1—
Pr[F(x) = 0]. Also, £ is a quasi-distribution because } _, £o = Pr[F(0") = 0] = Pry 40 1}~ [F(0") +
F(x) = F(z)] = 1 (as F always passes the linearity test). This system has a unique solution, which
thus defines the quasi-distribution £. We remark that it is no coincidence that quasi-distributions
supported on LIN are uniquely defined by their probabilities on sets of size 1: in Appendix A we
prove that a quasi-distribution is supported on LIN if and only if all of its Fourier coefficients are
determined by the coefficients only for sets of size 1.

Next, we need to argue that £ and F match on larger sets of inputs. We first argue that they
match on all parity events, similarly to the idea behind the equivalence between non-signaling func-
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tions and quasi-distributions discussed above (in Section 3.1). Specifically, we use the assumption
on linearity to show that for every subset S C {0,1}" with |S| < k it holds that

ZL(:B) :0] =Pr Z]—'(w) :O]

zeSs eSS

Pr

After that, using Eq. (1), we conclude that £ and F match on all sets S of less than k inputs: we
express each event F C {0, 1}S as a linear combination of parity events for both F and L,

Pr[F(S) € E] = ZCT-PI' Zf(w):()] ;

TCS LzeT

and similarly

Pr[L(S) € E] = ZCT-P\;‘ Z.C(x)zO]

TCS LzeT

The above shows that matching on parity events implies matching on all sets of less than k inputs.

Let us now relax the assumption that F passes the linearity test with probability 1 to merely
that it passes the test with high probability, say at least 1 —e for £ > 0. We first consider F, which
is the k-non-signaling self-correction of F (with k := k/2), and observe that there exists & = 4¢
such that F satisfies, for every z,y € {0,1}",

Pr [f@)+fly)=Ffla+y]=1-¢.

fe]:—{w,y,awy}

Note that, by assumption, F merely satisfies such a statement for random z,y € {0, 1}".

The next step is similar to the “c = 0” case discussed above: we define a quasi-distribution £
over linear functions by solving the system of linear equations that ensures that £ and F match on
all single inputs, i.e., that Pr[£(z) = b] = Pr[F(z) = b] for all z € {0,1}" and b € {0,1}.

We then argue that £ and F almost match on sets of less than k inputs, i.e., that the distribu-
tions Lg and Fg are statistically close for every S C{0,1}" with |S| < k. We do so, again, in two
steps. First, we use the almost linearity of F to show that £ and F almost match on all parity
events. Specifically, we show that for every subset 7' C {0,1}" with |T'| < k and b € {0,1},

r [Zﬁ(;p) =b| - Pr [Zﬁ(:c) :b]

zeT zeT

<(|IT| - 1)z

Then, we use Eq. (1) to extend this claim to all events on these query sets: for every subset
S C {0,1}" with |S| < k and event E C {0,1}

Pr[E(S) € E] — PrlL(S) € E]‘ <> fer|- (T 1) -2
TCS

Crucially, unlike the case of € = 0, here we need quantitative bounds on the coefficients {cr}r in
order to derive an upper bound. We prove such bounds in Lemma 5.1.

Finally, while £ is close to F (see Definition 7.5 for how to extend the notion of statistical
distance to our setting), it is possible that £ does not induce a distribution on all subsets S C {0,1}"
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with |S| < k, because it could be that ﬁ[ﬁ(S) € F] is negative for some S and E C {0,1}°.
However, since Pr[]:" (S) € E] is a probability (i.e., a number between 0 and 1), for all subsets
S C {0,1}" with || < k it holds that Pr[£(S) € E] € [-¢/,1+¢'] for & := (|S| — 1) - VIE|-é. We
then show that £ can be corrected to obtain a (];3 — 1)-local quasi-distribution £’ that is close to £
(see Corollary 7.9). By triangle inequality this implies that £’ is also close to F.

See Section 11 for details.

3.3 Extending the analysis to non-signaling players

We make a “black-box” use of our results on testing linearity against non-signaling functions to de-
rive corresponding results on testing linearity against non-signaling players (defined in Appendix D).
Recall that, given a k-non-signaling player P = (P(mhn_’ajk))(3317._.73%)6{071}]971, the linearity test is now
as follows: sample z,y € {0,1}" and (distinct) 41, 42,43 € [k] uniformly at random, send the three
queries z, y, x+y to the players P;, , Pi,, Pi, respectively, and check that P;, (z)+Pi, (y) = Pis(z+y).

We prove that if P always passes the linearity test, then there exists a quasi-distribution £ over
linear functions that matches P.

We first argue that P must be (almost) symmetric, that is, P’s answers depend only on the set
of asked queries but not also on which players answer these queries. In more detail, we show that,
for every subset I C [k] of |I| = k — 1 players, it holds that Pr[P(Z) = b] = Pr[P(x(Z)) = = (b)] for
every permutation 7: [ — I, inputs Z = (2;)ie; € ({0,1}™)!, and answers b = (b;)ics € {0,1}.

We then define a (k— 1)-non-signaling function F that matches k£ — 1 players of P in the natural
way (we define Pr[F(z1) = b1,..., F(zg—1) = bp—1] := Pr[Pi(x1) = b1,..., Pr—1(zk—1) = bg]). By
the aforementioned symmetry of P, it does not matter which k — 1 players we use to define F.

We then argue that F always passes the linearity test. Our earlier results imply that there
exists a quasi-distribution £ over linear functions that matches F on all subsets of at most k — 2
queries. By definition of F this implies that £ also matches the players Pi,...,Pr_o, and, using
the symmetry of P, we conclude that £ also matches every subset of k — 2 players.

We now relax the assumption that P passes the linearity test with probability 1 to merely that
it passes the test with probability 1 — ¢ for a small enough ¢ > 0.

Similarly to the case of non-signaling functions, we define a self-correction P of P in the natural
way: it is a k-non-signaling player (for k := k/2) that, given a query (21,...,2;) € {0,1}F*m,
samples wi, ..., w; € {0,1}" and a permutation 7: [k] — [k] uniformly at random, and answers
each z; with 'Pﬂ(Qi) (x; + w;) + Pﬂ(2i+1)(wi).

We show that P is (fully) symmetric and that, for every z,y € {0, 1}" and distinct 41, iz, i3 € [k],
Pr[P;, (z) + Pi,(y) = Piy(x +y)] > 1 — & for € := 4e. This is analogous to the average-case-to-
worst-case statement that we showed for non-signaling functions. We define a l;:—non—signaling
function F that matches P similarly to the above (by letting Pr[F(z1) = by, ... ,f(mk) = by :=
Pr[Py(z1) = by, ... ,ﬁk(xk) = b;]), and show that it satisfies the analogous worst-case property,
that is, Pr[F(z) + F(y) = F(z +y)] > 1 — & for every z,y € {0,1}". Our earlier results imply that
there exists a quasi-distribution £ over linear functions that is close to F , and thus also close to P.

See Appendix E for details.
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4 Discussion and open problems

The study of non-signaling strategies in Physics is motivated by the goal of understanding the
power and limitations of Nature’s apparent non-locality [KT85; Ras85; PR94; PR98; Bar07]. Prior
work has explored many topics, including the inter-convertibility between quantum strategies and
non-signaling strategies [CGMPO05; BP05; BLMPPRO05; JM05; BM06]; communication complexity
with non-signaling strategies [van13; BBLMTUO6|; non-local computation [LPSWO07]; using non-
signaling strategies to achieve key distribution, oblivious transfer, and bit commitments [BHKO5;
WW05; BCUWWO06; SPG06; SGP06]; and many others [MAGO06; Hol09; CR17].

More recently, researchers have established connections with Complexity Theory and Cryptog-
raphy. Property Testing against non-signaling strategies, the subject of our work, is likely to lead
to a deeper understanding of these.

4.1 Powers and limitations of non-local strategies

Understanding the computational complexity of computing or approximating the value of certain
classes of games is a fundamental problem in Complexity Theory. Games are typically phrased in
terms of one or more non-communicating players that interact with a probabilistic polynomial-time
Referee (with polynomial randomness), who decides at the end of the game if the players win or
not. The complexity of these games is well-understood.

e Results on Interactive Proofs (IPs) [LFKN92; Sha92] imply that approximating the value of
single-player games is PSPACE-complete, when given enough rounds.

e Results on Multi-prover Interactive Proofs (MIPs) [BFL91] imply that approximating the value
of multi-player games is NEXP-complete, even with only two players.

e Results on Probabilistically Checkable Proofs (PCPs) [BFLS91; FGLSS96; AS98; ALMSS9S]
imply that, if the player’s strategy is non-adaptive (the player merely answers queries from the
Referee) then approximating the game’s value is NEXP-complete, even if the Referee asks only a
constant number of queries and receives answers over a constant-size alphabet.

However, if the players can use any non-signaling strategy to win the game, much less is known.
If there are only two players, then approximating the game’s value is PSPACE-complete [IKMO09;
Ito10]. If the game has k players then its value can be computed in time poly(2*, |E|k), where r is
the Referee’s randomness complexity and ¥ is each player’s answer’s alphabet [DLNNRO04], which
means that this computation lies in EXP. This is very unlike the case of non-communicating players.
However, hardness results for this problem in the case of three or more players have been elusive.
Recently, Kalai, Raz, and Rothblum [KRR13; KRR14] established EXP-hardness for the case of

polynomially-many provers, via a reduction from deterministic-time languages.

Theorem 6 ([KRR13; KRR14|). Let L be a language decidable in time T: N — N. There exists
a constant ¢ > 0 such that, for any function \: N — N with X > 1log®T, L has a (Alog®T)-prover
MIP with soundness error 2= against non-signaling players. The verifier runs in time nA\%log®T
and the provers in time poly(T, \); each query and answer consists of Alog®T bits.

The above theorem is proved by constructing a PCP verifier that is secure against non-signaling
functions (Definition 6.1), which can then be compiled into an MIP verifier that is secure against
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non-signaling players (Definition D.1). The proof is a technical tour-de-force showing that a modifi-
cation of the “classical” PCP verifier in [BFL91; BFLS91] is secure against non-signaling functions.

The huge gap between the EXP-completeness for polynomially-many provers and the PSPACE-
completeness for two provers motivates a natural question:

Is there a non-signaling analogue of the PCP Theorem? l.e., does EXP have O(1)-query
PCPs over a O(1)-size alphabet that are secure against non-signaling functions? (Equiva-
lently, O(1)-prover MIPs over a O(1)-size alphabet that are secure against non-signaling players?)

We believe that initiating a study of Property Testing against non-signaling strategies will drive
progress on this question. In particular, linearity testing is one of the ingredients of the (classical)
PCP Theorem, and linearity testing against non-signaling strategies may be a good place to start.

We also believe that Property Testing against non-signaling strategies may play a significant
simplifying role, which could itself drive progress on this and other questions. Indeed, the analysis
of classical PCP constructions (including [BFL91; BFLS91|) is carried out in two conceptually
simple steps: first argue soundness assuming that the PCP is a low-degree function, and then rely
on low-degree testing and self-correction to ensure that the PCP is close to a low-degree function
[RS96; RS97; AS03|. The study of this latter step as a standalone problem in the area of Property
Testing has enabled much progress on PCP research. In contrast, while the analysis in [KRR13;
KRR14] does analyze low-degree tests by proving certain average-case-to-worst-case statements, it
does not prove any local-to-global phenomena for the property of “low-degreeness”.

We prove a first local-to-global phenomenon for Property Testing against non-signaling strate-
gies. However, whether Property Testing is feasible beyond the case of linearity testing (our focus)
and whether it plays a beneficial and simplifying role in PCP research are fascinating open problems.

4.2 Hardness of approximation

Feige et al. [FGLSS96] showed a fundamental connection between MIPs/PCPs and the hardness of
approximating values of constraint satisfaction problems. Kalai, Raz, and Regev [KRR16] recently
established a similar connection, this time between non-signaling MIPs/PCPs and the hardness
of approximating values of linear programs. While the first connection considers approximation
algorithms that are bounded in time, the second connection considers approximation algorithms
that are bounded in space. We recall [KRR16)’s result and its relation to our results.

Theorem 7 ([KRR16|). Let L be a language with a 1-round k-prover MIP with soundness error €
against non-signaling players in which: (i) the verifier has time complexity T, space complexity S,
and randomness complexity r; (ii) the prover’s answers are symbols in X.

Then there exists a family of polyhedra { H, }nen and a poly(2F", \Z\k , T)-time poly(k,r, S)-space
reduction # such that: (i) For every instance x € {0,1}*, Z(x) is a linear program with polyhedron
Hyy and with poly (287 |2|%) variables and constraints. (i) If x € L, then the value of the linear
program Z%(x) is 1. (iii) If x ¢ L, then the value of the linear program Z(x) at most e.

The above result, when combined with the non-signaling MIPs for deterministic-time languages
of [KRR13; KRR14] (see Section 4.1), implies that a 21°g0<1>(”)—space approximation algorithm for
linear programming is unlikely, even when given unbounded computation based on the polyhedron.
(Since that would imply, in particular, that every problem in P can be solved in 21°g0<1)(”)—space.)

The above conclusion, however, appears sub-optimal because both 25" and |E|k are super-
polynomial in the construction of [KRR13; KRR14|. Ideally, we would like a construction where
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r = O(logn) and k = O(1), which again (as discussed in Section 4.1) leads to the question of
whether there is a non-signaling analogue of the PCP Theorem. We conjecture that the study of
Property Testing against non-signaling strategies is again very relevant.

4.3 One-round delegation of computation

Delegation of computation is a fundamental goal in Cryptography that involves designing protocols
that enable a weak verifier to outsource expensive computations to a powerful but untrusted prover.
A key efficiency measure is round complexity (the number of back-and-forth messages between
the verifier and prover). Aiello et al. [ABORO00] suggested a cryptographic method to transform any
1-round MIP into a 1-round delegation protocol, but did not provide a proof of security. Later on,
Dwork et al. [DLNNRO4] showed that this method is not secure in the general case, by exhibiting
a 1-round MIP for which the transformation yields a delegation protocol that can be fooled.
Nevertheless, Kalai, Raz, and Rothblum [KRR13] proved that if the 1-round MIP used in
the method is sound against non-signaling players then the resulting delegation protocol cannot
be fooled (namely, is secure). More precisely, the 1-round MIP must be sound not only against
all players that are non-signaling but also against all players that are almost non-signaling (see
Definition C.1), where “almost” denotes a certain parameter that depends on the security reduction.
By invoking this method on the MIP of [KRR13; KRR14| (which is secure against almost non-
signaling players), one obtains a delegation protocol for all polynomial-time functions in which the
prover runs in polynomial time and the verifier in polylogarithmic time.
Yet, the seemingly sub-optimal parameters of the MIP of [KRR13; KRR14| suggest that there
is room to improve efficiency by invoking the method on more efficient MIPs. For example:

Is there an almost non-signaling analogue of the PCP Theorem?
Namely, does EXP have O(1)-query PCPs (equivalently, O(1)-prover MIPs) over a O(1)-
size alphabet that are secure against almost non-signaling strategies?

The study of Property Testing against almost non-signaling strategies is likely a first step, and our
work establishes first results for exact non-signaling strategies.

Remark 4.1 (extension to almost non-signaling). While almost non-signaling strategies are not
our focus, in this paper we do show that almost non-signaling strategies are not outside the reach of
tools that we use. Concretely, in Appendix C we show that every almost non-signaling function is
“reasonably close” to a corresponding (exact) non-signaling function. The proof of this statement
uses Fourier analysis, and the intuition behind it is similar to how almost-feasible solutions to
Sherali-Adams relaxations are “smoothened”into feasible ones [RS09]. The generic lemma enables
us, for example, to extend Theorem 4 to the case of almost non-signaling strategies. Whether a
whitebox analysis of linearity testing against almost non-signaling strategies can improve upon such
a blackbox extension remains an interesting open problem.
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5 Preliminaries

For a finite domain D, we denote by Up the set of all boolean functions f: D — {0,1}; when D is
clear from context, we may omit the subscript in Up. When D = {0,1}", a function f € Ufo,1yn 18
linear if f(x) + f(y) = f(x +y) for all x,y € {0,1}"; LIN is the set of all such linear functions.

5.1 Fourier analysis of boolean functions

We use standard notation for Fourier analysis of boolean functions (see [O’D14] for more details).
For a domain D of size N, we consider functions f: {0,1}” — R. The inner product of two functions
g1,92: {0,1}P — Riis (g1, go) := 2%\, >_zefo13p 91(2)g2(w). For asubset T C D, xr: {0, 1}P - Ris
the parity function xp(z) = (—1)%€7 %, Tt is not hard to verify that the set of functions {x7}rcp
is an orthonormal basis of the space of all functions from {0, 1}” to R. In particular, every function
f:{0,1}P — R can be written as

F6 =5 Fr() |

TCD

where ]?(T) = {f,xT) = 2%\, er{071}p f(x)xr(z). In particular, by Parseval’s identity for any two
functions f,g: {0,1}” — R we have

1 RO
v D fwel@) = FDET)

2€{0,1}7 TCD

which implies Plancherel’s identity
1 ~
o D fw?r=) f(1)?.
z€{0,1}P TCD

For a set £ C {0, 1}*, its indicator function 1g: {0,1}* — {0,1} is defined as

1 ifzekF
1 =
0 otherwise

Note that by Plancherel’s identity we have ZTgS] f]\E(T)2 =E[1g] = |2£J In particular, this implies

1Tl = Ypcpy Ta] < \/Srcy BT - /[Srcy L < /12252 = \/]E].
[s] [s] [s]

5.2 Expressing boolean events as sums of parities

We state two lemmas that express the probability of certain events as probabilities about the
parities of related events.

Lemma 5.1. Let Xy,..., X be boolean random variables. Then, for every event E C {0,1}° it

holds that
PI'[(XI,XS>€E]: ZCTPr[ZXZ:()] ,
TCls] ieT

where cy =2 - 15(0) — 115\(6)’ and cp = 2-15(T) for all T # 0. In particular, cp’s depend only on
E and Y pepg ler| < 3|1pll < 3V/I[E].

18



Corollary 5.2. Let X1,...,Xs be boolean random variables. Then, for every b= (b1,...,bs) €
{0,1}* it holds that

PrX; = b1, Xo = b = ~1+ 5 Z Pr[ZX Zb]

TC[s] ieT ieT

Proof of Lemma 5.1. Define p: {0,1}* — R as p(@) = Pr[X1 = a1,..., Xs = a4, and write p =
ZTQ[S] p(T) - xr. We have

a EzET a;=0 a ZzeT a;=1
1 —
=5 2 Z p(a) —1
ayier @i=0

Let E C {0,1}® be an event, and let 1g5: {0,1}* — {0,1} be its indicator function. Then, by
Parseval’s identity we have

Pr(Xi..,X) € Bl = Y p(@)-1p@ =2 3 p(T) - Iu(T) .

ae{0,1}s TC[s]

By plugging in the formula p(T) = 55 (2Pr[>;cpr X; = 0] — 1), and using Pr[}", .y X; = 0] = 1 we
get

Pr((Xi...,X,) € E]= ) <2Pr [ZX _o] —1> = > er-Pr [ZX _o] :
TCls] i€l TC|s] €T
where ¢y = 2-1(0)— 21 I/E( T), and cp = 2-15(T) for all T # 0. Since 1p(-) = >_1Cs) 15(T)xr(-),
it follows that 1z(0) = 2-7Cs) 15(T), as required.
Thus, by the argument in Sectlon 5.1 we have 3 e ler| <33 ¢y 115(T)| < 3/[E]. O

Proof of Corollary 5.2. Let E = {b} be the singleton event. It is easy to verify that 1p(T) =
(—1)ZLeT -27%. Therefore, by Lemma 5.1 we have

Pr(X; =by,..., X, =bJ]= Y cr-Pr
TC[s]

ZX,:O] ,

€T

where ¢ = 2 - 15(0) — 15(0) = T —15(0), and e¢p = (—1)Xerb . 2751 for all T # (. By
substituting Pr [>,cp X; = 0] with 1 — Pr [},. X; = 1] for all T C [s] SuCh that >, b = 1 we
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get

Pr(Xy =by,...,Xo=b] =) cT~Pr[ZXi:0]

TC[s) €T

ol LU DR L o) &
]

ZXi:Zbi]

T3 ep bi=1 TC([s i€T icT
1
ST 3 B
TC|s] icT ieT
as required. O

5.3 A linear system

Below we prove that a certain linear system of equations, which we will use later, has a unique
solution. This linear system is the inverse of the Hadamard—Walsh matrix.

Lemma 5.3. For every positive integer n and real numbers {05}56{071}71, the system of 2™ linear
equations over R in 2" variables {za}acfo,1yn given by

Vg e {0,1}" Z 2o = CB
ac{0,1}"
s.t. (a,8)=0

has a unique solution.

Proof. Let A be the 2™ x 2™ boolean matrix corresponding to the system of linear equations, that
is, such that Az = c. Note that the (5, @)-th entry of A is equal to 1 — («, 5), and in particular,
the row in A corresponding to S = 0" is the all-ones row. Define H to be the matrix obtained from
A by performing the following elementary row operations: for every g # 0", multiply row 5 by 2
and then subtract the all-ones row (corresponding to § = 0™).

Note that the (3, a)-th entry of H is equal to (—1){*#). (The matrix H is sometimes called the
Hadamard-Walsh matrix.) Indeed, this holds trivially for the row f = 0™ as Hg o = (—=1)(@0") =1,
and for 3 # 0™ we have Hg o = 2(1 — (@, 8)) — 1 =1 — 2(a, B) = (—1){*F). Since H was obtained
from A by performing elementary row operations, A is invertible if and only if H is invertible.
Observe that H is indeed invertible because the rows of H are mutually orthogonal since for every
two distinct 5 and v in {0,1}" it holds that

(row B3, row ) = Z(_l)«x,ﬁ)(_l)(am — Z(_1)<a,5>+<aw> — Z(_l)mﬁﬂ) =0,

o « «

where the last equality holds because 8 + v # 0™. O
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6 Non-signaling functions

We define non-signaling functions, introduce useful notation for them, and prove a simple lemma
about them. The notions described here are used throughout the paper.

Definition 6.1 (non-signaling functions). A k-non-signaling (boolean) function over a finite
domain D is a collection F = {Fs}scp,s|<k where (i) each Fg is a distribution over functions
f: 8 —{0,1}, and (ii) for every two subsets S and T each of size at most k, the restrictions of Fs
and Fr to SNT are equal as distributions. (If S = () then Fg always outputs the empty string.)

Given a set S C D of size |S| < k and a string b € {0,1}5, we define

Pr[F(S)=b]:= Pr [f(S)=b] .
f<7Fs
The non-signaling property in this notation is the following: for every two subsets S, T C D of sizes
|S|,|T| < k and every string b € {0,1}5"T, Pr[ F(S)|snr = b] = Pr[F(T)|snr = b].

Sometimes it is more convenient to consider a wvector of inputs (rather than a set), and so
we define notation for this case. Given a vector (z1,...,zs) with entries in D and a vector
(b1,...,bs) with entries in {0, 1} (with s € {1,...,k}), we define Pr[F((z1,...,x5)) = (b1,...,bs)]
and Pr[F(x1) = by, ..., F(xs) = bs] to be the probability

Pr [f(xl):bly-uaf(xs):bs] :

fef{zl ..... zs}
Note that {x1,...,z} is an unordered set and its size may be less than s, because the entries of
the vector (x1,...,zs) may not be distinct. We abuse notation and still use symbols such as S and

b to denote vectors as above. We stress that we use an ordering on S merely to match each element
of S to the corresponding element in b; the event remains unchanged if one permutes the entries of
S and b according to the same permutation.

Remark 6.2 (Sherali-Adams hierarchy). We note that k-non-signaling functions are solutions
to the linear program arising from the k-relaxation in the Sherali-Adams hierarchy [SA90|. The
variables are of the form Xz (for all S C D of size at most k and b € {0,1}) and express

Pr[ F(S) = b]. Consistency across subsets S and T is expressed using the natural linear constraints.?
We conclude with a useful lemma.

Lemma 6.3. Let F be a k-non-signaling function over a domain D, let S1,S2 be subsets of D
with |S1 U S2| < k, and let g1: {0,1}%* — {0,1}" and gz: {0,1}%2 — {0,1}" be functions. If
Prr[g1(F(S1)) = g2(F(S2))] > 1 — ¢, then for every b € {0,1}" it holds that

Prigi(F(51)) = b] - Pr{ga(F(S2)) = bl <e .

In particular, if € = 0 then Prz[gi(F(S1)) = b] = Prz[g2(F(S2)) = b] for every b € {0,1}".

2In fact it suffices to only have variables of the form X 5,15 as all other probabilities can be computed from these.
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Proof. By direct computation:

A
"y
s
B
&
I
S
>
Q
=
2
N
<
“fh
g
_l’_
A
=
=2
B
«
s
S
>
<
=
B
S
|
S

< Prlgi(F(51)) # 2(F(S2)) = € -

Note that we are implicitly using the fact that |S1 U Sa| < k whenever we have S; and Sy in the
same probability event because we are querying F on all inputs in S; U Sy at once. O
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7 Quasi-distributions

A quasi-distribution extends the notion of a probability distribution by allowing probabilities to be
negative, and is the main tool that we use to analyze non-signaling functions.

Definition 7.1 (quasi-distributions). Let D be a finite domain, and denote by Up the set of all
boolean functions of the form f: D — {0,1}. A quasi-distribution Q over a subset G C Up is a
set of real numbers {qy}fevy, such that y ey qr =1 and gp =0 for every f € G.
Definition 7.2 (quasi-probability). Given a quasi-distribution Q = {qr}rev,,, a subset S C D,
and a string b € {0,1}°, we define the quasi-probability of the event “Q(S) = b” to be the
following (possibly negative) real number
PriQ(s)=bl:= > g
feUp s.t. f(S)=b

As in the case of non-signaling functions, it is sometimes more convenient to consider a vector of

inputs rather than a set. Given a vector (xy,...,xs) with entries in D and a vector (b1, ..., bs) with

entries in {0,1}, we define Pr[Q((z1,...,zs)) = (b1,...,bs)] and Pr[Q(z1) = b1,..., Q(xs) = bs]
to be the (possibly negative) real number ZerD s.t. Vi f(zi)=b; 4f- We abuse notation and still use

symbols such as .S and b to denote vectors as above.

Since a quasi-distribution Q is defined by its weights ¢ = (q¢) fev,,, we can view Q as a function
from {0,1}? to R, where we identify a function f: D — {0,1} with the corresponding vector in
{0,1}P and ¢(f) with g;. In particular, we can write q(-) = Y rcp@(T)xr(-), where x7(f) =
(—=1)Zeer I and G(T) = (¢, x1) = 3157 3 1+ psgo1y A)xT(f)-

The following lemma is an analogue of Lemma 5.1 for quasi-distributions.

Lemma 7.3. Let Q = (qf)f be a quasi-distribution, S = (x1,...,xs) a vector with entries in
{0,1}"™. Then, for every event E € {0,1}° it holds that

Z CIf:ZCT'ﬁ“[ZQ(%):O]:ZCT' Z qr |
TCls] Cls]

f:f(S)eEE €T TC|s I ier f(xi)=0

where ¢y =2 - 15(0) — 1g(0), and cp = 2-1p(T) for all T # 0.

The proof of the lemma is immediate from the proof of Lemma 5.1, since the proof only uses
the fact that probabilities add up to 1, which also holds for quasi-probabilities.
Definition 7.4 (locality). Let D be a finite domain of size N. For 1 <{ < N a quasi-distribution
Q over Up is -local if for every subset S C D of size |S| < ¢ and string b € {0,1}%,

Pr[Q(S) =b] €[0,1] .

For completeness, we also say that all quasi-distributions are 0-local.

If Q is ¢-local, then for every subset S C D of size |S| < ¢, we may view Q(S) as a probability
distribution over {0,1}°. If Q is f-local then it is s-local for every s € {0,1,...,¢}.
For Q to be ¢-local, it suffices for all relevant Pr[Q(S) = b] to be non-negative (as opposed to

be in [0,1]). This is because »_;qs = 1, so that ZB’e{o 1} Pr[Q(S) = b] = 1 and, if all terms in

this sum are non-negative, then we can deduce that Pr[Q(S) = j < 1 for every b.
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Definition 7.5 (statistical distance). Given a finite domain D and an integer £ € {1,...,|D|}, the
Ay-distance between two quasi-distributions Q and Q' is

A(Q, Q)= max A(Qs, Q%) ,

SCD,|S|<t

where A(Qs, Q) = maxpc (g1ys ‘PNr[Q(S) € E]—Pr[Q/(S) € E}’.
We say that Q and Q' are e-close in the Aj-distance if Ay(Q, Q') < ¢; else, they are e-far.

Remark 7.6 (distance for non-signaling functions). The definition of A,-distance naturally extends
to defining distances between k-non-signaling functions, as well as between quasi-distributions and
k-non-signaling functions, provided that ¢ < k.

The notion above generalizes the standard notion of statistical (total variation) distance: if Q
and Q' are distributions then their A| D‘—distance equals their statistical distance. Also note that
if @ and Q' are f-local quasi-distributions then their A,-distance equals the maximum statistical
distance, across all subsets S C D with |S| < ¢, between the two distributions Qg and Q/S — in
particular this means that any experiment that queries exactly one set of size at most ¢ cannot
distinguish between the two quasi-distributions with probability greater than A,(Q, Q').

We stress that Ay(Q, Q') = 0 does not necessarily mean that Q@ = Q'! In fact, it is possible to
have A,(Q, Q') = 0 while 3, |¢r — ¢} is arbitrarily large. We also remark that the A,-distance
is not necessarily upper bounded by 1, and is in general unbounded.

Definition 7.7 (approximate locality). Given a finite domain D, an integer £ € {1,...,|D|}, and
a real number € > 0, a quasi-distribution Q over Up is (¢,e)-local if, for every subset S C D of
size |S| < £ and every event E C {0,1}7,

Pr[O(S) € E] € [—&,1+¢] .

Approximate locality generalizes the notion of (exact) locality as in Definition 7.4. Indeed, note
that in Definition 7.4 the condition is point-wise, i.e. Pr[ (S) = b] € [0,1] for each b € {0,1}5.
However, this is in fact equivalent to the event-wise deﬁnltlon Pr[Q( ) € E] € [0,1] for all E C
{0,1}%, and hence every /-local quasi-distribution Q is (¢, 0)-local.

Below we discuss the following questions. Given an approximately local quasi-distribution Q,
can we find a local quasi-distribution Q' close to it? Moreover, can we ensure that Q' “looks like”
Q7 We show that if Q is (¢,¢)-local and is supported over a set G of functions that is nice in some
precise way, then there is an ¢-local Q" over G that is close to Q. The proof idea is similar to that
of “smoothening” almost-feasible solutions to Sherali-Adams relaxations into feasible ones [RS09].

Lemma 7.8. Let D be a finite domain, ¢ € {1,...,|D|} be an integer, and § > 0 and ¢ > 0 be
reals. Let G C Up be a set of functions f: D — {0,1} such that for all subsets S C D of size
|S| < ¢ and for all strings b € {0,1}5 it holds that Pricglf(S) = b] € {0} U [8,1], where f is
sampled uniformly at random from G. If Q is a ({,€)-local quasi-distribution over G, then there
exists an L-local quasi-distribution Q' over G such that Ay(Q, Q") < (1+¢e —9) - ﬁ.

We highlight two notable special cases for the domain D = {0,1}". If G = Uy 1) (the set of
all functions), then Pry_g[f(S) = b] = 27¢. Also, if G = LIN (the set of all linear functions),
then for every subset S C {0,1}" of size at most ¢ and every string b € {0,1}5 it holds that
Proglf(S) = b] =0 or Prr q[f(S) = b] = 2~ dimGpan($)) > 2-IS1 > 9-¢ These two cases yield
the following corollary.
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Corollary 7.9. If Q is a ({,€)-local quasi-distribution over Uy 1yn (Tesp., LIN), then there is an

(-local quasi-distribution Q' over Ugg1yn (resp., LIN) such that Ay(Q, Q") < 1J{i_2§j 2te < 2fe.

Proof. The hypothesis of Lemma 7.8 holds with § = 27¢. So there exists an ¢-local quasi-distribution

Q' over Ugg 1yn (resp., LIN) such that Ay(Q, Q') <e- 1';?55 = 1ji§224 £ = 1‘*1'_5;2,?;4 - 2le. Clearly

the fraction is smaller than 1, and so the entire expression is at most 2. O

We now prove the lemma.

Proof of Lemma 7.8. Let Ug be the uniform distribution over all functions in G. For & := =5
define the quasi-distribution Q' := (1—¢’)Q+¢'Ug. Namely, if the vector of quasi-probabilities of Q
is (¢f) fec, then the the vector of quasi-probabilities of Q" is (¢}) req where ¢} := (1—¢')-qy+¢'/|G].

First, we show that Q' is an ¢-local quasi-distribution. That is, for all subsets S C D of size
at most ¢ and for every b € {0,1}" it holds that Pr[Q/(S) = b] > 0. Fix such an S and b. If
Prica[f(S) = b| = 0, then there is no f € G such that f(S) = b, and hence Pr[Q/(S) = b] = 0.

—

Otherwise, Pryec[f(S) = b] > 0, and hence,

PriO(S) =8 = >

FEG:F(S)=b

= > (=ea |+ Prlf(S) =1

- feG
fEG:f(S)=b

> Z (1—€gr | +€-6
feG:F(S)=b
>—e(1-€)+€&-6

0 €
__6<5+5>+s+55_0'

Second, we show that Q and Q" are close in the sense that Ay(Q, Q") < 2’ - (1 +¢& — ) (see
Definition 7.5). Fix a subset S C D of size at most ¢, and let £ C {0,1}*. Then

Prios) e B -Bles) e Bl| = | ¥ dar) - puiris) e Bl

feG:f(S)eE

¢'Pr[Q(S) € E] — ¢ Prifs) e E]'
<e(l+e-9),

as required. O
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8 Equivalence of non-signaling functions and local quasi-distributions

We establish an equivalence between non-signaling functions and local quasi-distributions. First,
we show that every local quasi-distribution induces a non-signaling function. Second, we show that
the converse is also true, namely, that every non-signaling function can be described by a local
quasi-distribution. In fact, the set of quasi-distributions describing it is a real affine subspace.

Theorem 8 (from local quasi-distributions to non-signaling functions). Let D be a finite domain.
For every (-local quasi-distribution Q over functions f: D — {0,1} there exists an £-non-signaling
function F over D such that for every subset S C D of size |S| < ¢ and string b € {0,1},
Pr[F(5) = b] = Pr[Q(8) =]
Proof. For every subset S C D of size |S| < ¢, define Fg to be the distribution over functions f: S —
{0,1} where Pr[Fg outputs f] := Pr[Q(S) = f(S)]. Note that Fg is indeed a distribution because
Q is (-local, so the relevant probabilities are in [0,1] and sum to 1. The definition immediately
implies that Pr[F(S) = b] = ﬁ[Q(S’) = b] for every string b € {0,1}5. We are left to argue that
F ={Fs}tscp,s|<¢ is f-non-signaling.

Consider any two distinct subsets S, T C D of size at most £, and any string b € {0,1}577. Let
Us denote the set of functions from S — {0,1}. We have that

Pr [f(SNT)= =Y Pi[Fsoutputs f]= > Pr[Q(S) = f(9)]
Fets feUg s.t. feUg s.t.
f(SNT)=b £(8NT)=b
= > > w= Y 4=Po(snT) =}
f€Ug s.t. g€U s.t. g€U s.t.
F(SNT)=b 9(S)=F£(5) g(SNT)=b
Similarly, we have that Pry 7. [f(SNT) = —] = f’;[Q(S NnNT) = 5], and we conclude that

- —

Pric 7o [f(SNT) =b] = Pry 7, [f(SNT) = b]. Since S,T were arbitrary, F is -non-signaling. [

We now show that every k-non-signaling function F arises from a k-local quasi-distribution O.

Moreover, the set of such quasi-distributions is an affine subspace of co-dimension ( 22) in R?",

where N = |D| and ( i\;) = Z?:o (]y ). This converse is the interesting direction of the equivalence.
Theorem 9 (from non-signaling functions to local quasi-distributions). For every k-non-signaling
function F = {Fs}scp,s<k over a finite domain D of size N there exists a k-local quasi-distribution
Q over functions f: D — {0,1} that describes F (for every subset S C D of size |S| < k and string
b€ {0,1}5 it holds that Pr[Q(S) = b] = Pr[F(S) = b]).

Moreover, the set of such quasi-distributions (viewed as vectors in RQN) is the affine subspace
of co-dimension (i\;) given by Qo + span{xr : T C D,|T| > k}, where Qq is any solution and

xr: {0,1}P = R is defined as x7(f) := (=1)2wer /(@)

Proof. We break the proof into three parts. First, we find one quasi-distribution that matches F.
Then, we find an affine space of such quasi-distributions. Finally, we prove that this affine space
contains all possible solutions.
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Finding one solution. We construct a k-local quasi-distribution Q that behaves like F on all
sets of size at most k. Consider q(-) := > 7. /p1<x @(T)x7(-), where g(T') is defined as follows.

S if T =0
qT) =4 55 (P per Fz) =0 —3) f1<|T|<k
0 if |T| >k

Note that Q is a quasi-distribution because Zf qr = 2N{q, xp) = 2Vq(0) = 1. Now, for any subset
S =(x1,...,xs) with |S| <k,

Z qf_qu zesfx)+ Z qr

f:ZzeS f(z)=0 szes flx)=1

=2M(gxs)+ |1— > @
f:zwes f(z):()

= 2" 1 (Pr[ZI ] ;>+ - > g

ves ¥ ses H(@)=0

zzprlz:f(x):o]— Y g,

z€S [ pes [(2)=0

which implies that

13}[29(93):0] = Y g=Pr

Y F(x) = 0]
€S

ves Fi¥pes f(2)=0
Therefore,
Pr [ZQ(w) = 1] =1-Pr [ZQ(w) :0] =1-Pr [Zf(x) :0] =Pr [Z}"(x) - 1]
zeS zeS zeS €S

Thus, by Corollary 5.2 for any choice of bits by,...,bs € {0,1} we have

PrF (1) = br, o Flag) = b = —1 4 oy 3 Pr| 3 Fle) = Y
TCls)  Lier ieT

- 11 Zﬁ ZQ(%):Z@

TCls] LieT €T |

= Pr[Q(z1) = by, ..., Qxs) = bs] .

This shows that Q behaves like F on all sets of size at most k.

Finding more solutions. We argue that Fourier coefficients for subsets T of size greater than
k do not affect the induced non-signaling function. Indeed, fix a subset 7' C D of size greater than
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k, and let Q" = (q})s be the quasi-distribution obtained from Q = (gy)s by defining its weights
as q} := qy + cxr(f). Observe that for every ordered subset S = (z1,...,x,) with s < k and bits
bi,...,bs it holds that

—

b= Y ar= > (g +exe(f) =Pr[Q(S) =1 .
f:£(S)=b f:f(S)=b

Pr[Q(5)

To see that the middle equality holds, observe that there exists y € T'\ S, and thus

Z xr(f) = Z (_1)erTf(m) = Z (—I)ZIET\{J/} fla) _ Z (_1)ZzeT\{y}f(I) —0 .

F:£(S)=b f(S)=b f:£(S)=b F:£(S)=b
f(y)=0 fy)=1

Therefore, Q" matches Q (and thus also F) on all sets of size at most k. Since this holds for every
T with |T| > k, we see that every ¢’ in g+span{xr : T C D,|T| > k} also matches F on all subsets
of size at most k.

We found all solutions. Observe that if Q is a quasi-distribution, then for every subset T' C D
with 1 < |T'| < k it holds that

_ 1 .
A7) =55 D ap(—1)Xaer I)
f

1
=ov | 2w >

f:zzeT f('r)ZO fizng f(x):]-

:;V<ifr ZQ(:U):O] 13}[29(:5):1D
YGSE

zeT

If @ and F match on all input sets of size at most k, then they match on all parity events of size
at most k, and so @(T) = 55— <Pr[Zx€T F(z)=0]— %) Since §(0) = 55 >y 45 = 5w, we see
that exactly ( i\;) Fourier coefficients are determined. Thus, the set of all solutions is contained in
q+span{xr : T C D,|T| > k}.

On the other hand, we have already shown that the affine space ¢+ span{xr : T C D,|T| > k}

contains only quasi-distributions that match F on all sets of size at most k. Thus, the affine space
of all quasi-distributions that match F is precisely g + span{xr : T C D, |T| > k}. O
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9 Quasi-distributions over functions with small support

We show that every k-non-signaling function can be expressed as a quasi-distribution over functions
with small support, namely, functions that evaluate to 1 for at most & inputs. For linearity testing,
this implies that restricting a quasi-distribution to functions that are e-close to linear is an empty
condition because all k-non-signaling functions can be expressed by such quasi-distributions for
2n, regardless of whether they pass the linearity test with high or low probability.

For a finite domain D, we denote by Up the set of all boolean functions f: D — {0,1} and, for
k < |D|, denote by U<}, the subset of Up of all functions that evaluate to 1 for at most k values in
D. We show that every k-non-signaling function F is described by a quasi-distribution over U<y.

e =

Theorem 10. Let D be a finite domain. For every k-non-signaling function F over D there ezists
a k-local quasi-distribution Q over D supported on U<y, such that for every subset S C D of size

S| < k and string b € {0,1}5 it holds that Pr[Q(S) = b] = Pr[F(S) = b].
The proof of Theorem 10 relies on the following claim.

Claim 9.1. Let F be a k-non-signaling function over a domain D, and let Q be a quasi-distribution
over functions f: D — {0,1}. If for every subset S € D with 1 < |S| < k it holds that Pr[Q(S) =
1151] = Pr[F(S) = 1|S‘] then for every subset S C D with |S| < k and string b € {0,1}° it holds
that Pr[Q(S) = b] = Pr[F(S) = b].

We first prove Theorem 10 using the claim, and then prove the claim.

Proof of Theorem 10. By Claim 9.1 it suffices to prove that the following linear system of equations,
in the variables {qf}tcv.,, has a solution:

doa =1
feUxk
Y g = PrF(S)=1"] VSCDwith1<|[S|<k
feUzy s.t.
f(5)=1151

We do so by iteratively assigning values to the variables {qs} ey, , by considering all functions
with support size k, then with support size k — 1, and so on. At a high level, we shall use the fact
that this system of linear equations corresponds to an upper triangular matrix (once variables are
ordered according to support sizes), and thus can be solved via back substitution.

First, consider any f € U<y, such that [supp(f)| = k, and let S := supp(f). Since f is the only
function in U<j whose support equals .S, we must assign

qy = Pr[F(supp(f)) = 1] .

Next, we use induction on s = k—1,...,1 in decreasing order. Consider any f € U<, such that
|supp(f)| = s, and set

qr = Pr[F(supp(f)) = 1°] - > ap
fIEUSk s.t.
supp(f’)2supp(f)
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The above is well-defined since we first define gy for all functions with larger support. Moreover,
any choice of gg» for functions f” whose support does not contain supp(f) does not affect the

quasi-probability ﬁ[Q(supp(f)) = 1°], and so we may think of this assignment as ¢ satisfying the

constraint Pr[Q(supp(f)) = 1°] = Pr[F(supp(f)) = 1°].
Finally, if f is the all-zero function we define

g =1-> ap ,

['#f

so that ) fevu-, 45 = 1. It is clear from the construction that the assignments to the variables

{ar}revo, above satisfy the necessary linear constraints, as desired. O

Proof of Claim 9.1. Fix any subset S C D with |S| < k and string b € {0,1}5. We prove that
Pr[Q(S) = b] = Pr[F(S) = b], via induction on |Z| where Z := {i € S : b; = 0}.

If | Z| = 0, then Pr[Q(S) = b] = Pr[F(S) = b] holds by the assumption of the claim.

Now suppose that |Z]| > 0, and let i* € S be any coordinate such that b= = 0. Let b € {0,1}°
be the vector obtained from gby flipping the 7*-th coordinate to 1, and let g_i* € {0, 1}3\“*} be
the vector obtained from b by removing the ¢*-th coordinate. We deduce that

Pr(Q(S) = b] =Pr[Q(S\ {i*}) = b_i] — Pr[Q(S) = biv] .

The inductive hypothesis tells us that Pr[F(S\{i*}) = b_;-] = Pr[Q(S\{i*}) = b_s] and Pr[F(S) =
b_i-] = Pr[Q(S) = b_y-], from which we obtain that Pr[F(S) = b] = Pr[Q(S) = b], as claimed. [
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10 Exact local characterization of linear functions

We prove our results about non-signaling functions that always pass the linearity test. The theorem
below states that the test passes with probability 1 if and only if the non-signaling function on sets
of size at most k — 1 can be described by a (k — 1)-local quasi-distribution over linear functions.

Theorem 11 (exact local characterization). Let F be a k-non-signaling function with k > 4. The
following statements are equivalent.

1. The linearity test always accepts: Pry, 7| F(x) + F(y) = F(z +y)| = 1.
2. For all x,y € {0,1}" it holds that Prr[F(z) + F(y) = F(z +y)] = 1.

3. There exists a unique (k — 1)-local quasi-distribution £ over LIN such that for every set S C
{0,137 of size |S| < k — 1 and vector b € {0,1}5 it holds that Pr[F(S) = b] = Pr[£(S) = b].

We comment on several aspects of the theorem.

e The case of large k. If kK > n+ 1, then £ in Item 3 is in fact a (standard) distribution over
linear functions.

Ezplanation. Let ¢, be the weight assigned to the linear function («,-) by £. Since £ matches
F on sets of size n, we see that each ¢, is non-negative:

by = Z by =Pr[F(e1) =au,...,Flen) =an] >0 .

ool e)=a; 1<i<n

e Agreement on k — 1 layers. The fact that |S| < k in Item 3 is necessary, because we can
construct a k-non-signaling function F where Pr[F(S) = b] # Pr[£(S) = b] when |S| = k.

Explanation. Let S be the set of S such that |S| < k or S is linearly dependent, and Sy be the set
of S such that |S| = k and S is linearly independent. The non-signaling function F that answers
according to a uniformly random linear function on all sets in S; and answers with uniformly
random bits that sum to 0 on all sets in Sy is k-non-signaling. Furthermore, the corresponding
unique £ is the uniform distribution over linear functions, and so Pr[F(S) = b] # Pr[£(S) = b]
when S € Ss.

e The case of k = 3. In the theorem it is necessary to have k > 4. This is because for k = 3 it is
not true that Item 3 always implies Item 2: it is possible for Item 3 to hold while the linearity
test passes with probability 0.

Ezxplanation. Let £ be a uniform distribution over linear functions, and let F be a 3-non-signaling
function that agrees with £ on all query sets of size 2. For every subset {z,y, z} C {0,1}"\ {0"}
of size 3, the distribution of F is uniform over {(1,0,0),(0,1,0),(0,0,1),(1,1,1)}. If the input
set S contains 0", Fg assigns 0" to 0 and answers the rest according to Fg\(on}. One can verify
that F is indeed a 3-non-signaling function. Clearly, F satisfies Item 3, but passes the linearity
test with probability 0, and hence does not satisfy Item 2.

Proof that 1 <= 2. The acceptance probability of the test can be re-written as

1
w{_gﬂ}n’f[}'(m) +Fy) = Flx+y)] = 520 x7y6{2071}n Pr[F(z) + F(y) = F(z +y)] ,
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and note that each of the probabilities in the sum lies in [0, 1]. Therefore, the acceptance probability
is 1 if and only if for all z,y € {0,1}" it holds that Prz[F(z) + F(y) = F(z +y)] = 1. O

Proof that 2 = 3. We first argue that if F behaves linearly on sets of the form {z,y,x + y},
then it behaves linearly on all sets of size less than k. Let s € {2,...,k — 1}, z1,...,25 € {0,1}",
and b € {0,1}, and define S; := {Zé‘ﬂ Zj, Tit1,...,Ts} for every i € {1,...,s}. Note that
|SiUSit1] = s—i+2 < s+ 1 < k. Letting add(-) be the addition function, the fact that the
linearity test always passes implies that

i+1
Pr [add(]—“(Si)) - add(f(sm))} _ ]Z;x] + F(zisn) ij 1.

This implies that Pr[F (Y ;_; x;) = b] = Pr[Y_;_, F(x;) = b], via the following argument:

S (1)

— |Pr[add(F(S1)) = b] — Pr[add(F(Ss)) = b]|

= Z Prladd(F(S;)) = b] — Pr[add(F(Si+1)) = b]

= Z [Prladd(F(5:)) = 0] — Prladd(F(Sit1)) = b]| =0,

where the last equality is by Lemma 6.3, since |S; U S;j+1| < k for every i. Note that s must be
strictly less than k because |S; U Sa| = s+ 1.

We now construct £, and argue that it has the desired properties. Define (£ )qe{0,13» to be the
solution to the system of equations in Lemma 5.3 where cg := Pr[F () = 0] for each 5 € {0,1}",
and let £ be the quasi-distribution over LIN that assigns weight ¢, to the linear function («,-).
That is, (fa)ae{o,1}» satisfy the linear equations

> lo=Pr[F(z) =0

a:{a,x)=0

for all z € {0,1}". Note that £ is indeed a quasi-distribution, because ) ¢, = Pr[F(0") = 0] =
Pry 0,132 [F(0") + F(x) = F(x)] = 1 (as F always passes the linearity test). We remark that
every quasi-distribution supported on LIN is uniquely determined by its induced distributions on
sets of size 1: in Appendix A we prove that a quasi-distribution is supported on LIN if and only if
its distributions on sets of size 1 determine all of its Fourier coefficients.

Moreover, by definition of (£4)ac(o,13», for every x € {0,1}" it holds that

Pr(F(z)=0]= Y lo=Pr[l(z)=0],

a{a,z)=0

which implies that for every z € {0,1}" and bit b € {0,1} it holds that Pr[F(z) = b] = Pr[£(z) = b)].
In other words, F and £ match on sets of size 1. This allows us to derive the same conclusion for
all sets of size less than k, as follows.
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For every s € {1,...,k — 1}, z1,...,25 € {0,1}", and by, ...,bs € {0, 1},

Pr[F(z1) = b1,..., F(zs) = bs) = —1 + L_ S OPr| Y Fla) = Zbi] (by Corollary 5.2)

92s—1
TCls]  LieT €T
1 i o
=-1+ 21 Z Pr |F (Z xl> = Z bi] (by linearity)
TCls] L \ieT i€T
| T
=—1+257_12PI' E(sz>:2bz]
TCls] L \ieT i€T

— 14+ 2%1 SPr |y L) = Zbi] (since supp(£) C LIN)

TC[s]  LieT €T

= Pr[L(x1) =b1,...,L(xs) = bs] . (by Lemma 7.3)

Finally, since £ agrees with F on all subsets of size less than k, the quasi-probabilities must be
in [0, 1], which means that £ is (k — 1)-local. O

Proof that 3 = 2. Suppose that there exists a (k—1)-local quasi-distribution £ over LIN such that
for every s € {1,...,k — 1}, z1,...,25 € {0,1}", and by,...,bs € {0,1} it holds that Pr[F(z1) =
bi,...,F(zs) =bs] = f’vr[ﬁ(xl) =b1,...,L(xs) = bs]. For every a € {0,1}" denote by ¢, the weight
assigned by L to the linear function («,-). For every x,y € {0,1}" it holds that

Pr[F(x) + F(y) = Flz+y)] = Y Pr[F(x) = b1, F(y) = by, F(x +y) = b1 + b

b1,b2

= PrL(z) = by, L(y) = ba, L(z +y) = by + by
b1,b2

:Z Z eazz Z ga:Zga:L
bi,by  a{o,x)=by b1,b2 c:{a,x)=by a

(a,y)=b2 (oy)=bz
(a,z+y)=b1+b2

as desired. Note that the equality on the second line uses the assumption that & > 4. This is
because we need £ to match F on sets of size 3, and we only know that £ matches F on all sets of
size at most k — 1. O
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11 Robust local characterization of linear functions

We prove our results about non-signaling functions that pass the linearity test with high probability.
Given a k-non-signaling function F, define its self-correction F as follows. On an input z € {0,1}"
we sample from .7:"{35} by drawing a uniform w € {0,1}", sampling a function f from Flrtww)> and
outputting f(z + w) + f(w). We generalize this correction to larger input sets in the natural way.

Definition 11.1. Given a k-non-signaling function F, define the self-correction of F as fol-

lows. Given a set S = {x1,...,xs} C {0,1}", we sample from ]:"{1,1 .... 2} by drawing uniform
and independent w1, ..., ws € {0,1}", sampling a function f from Fip tw,,.. ootwswr,.ws}s aNd

outputting the function f that maps each x; to f(zi + wi) + f(wi). That is, for every subset
S ={x1,...,x5} C{0,1}" of size at most k and b € {0,1}°,

f(l‘l +w1) +]:(w1) = b1

Pr[F(S) = b] := Pr

wl,...7w5<—{0,1}"
f

F(xs +ws) + F(ws) = by

F is a k-non-signaling function for k < |k/2]. This follows immediately from the fact that the
w;’s are random and independent, and the fact that F is k-non-signaling.

The following theorem says that, if a k-non-signaling function F passes the linearity test with
high probability, then F is close to a quasi-distribution over linear functions.

Theorem 12 (robust local characterization). Let F be a k-non-signaling function with k > 7, and
let F be its (k-non-signaling) self-correction. Each of the following statements implies the next one.

1. The linearity test accepts with probability 1 —e: Pry, 7[F(z) + F(y) = F(z +y)] > 1 —e.

2. For all z,y € {0,1}" it holds that Pr]:_[]:"(x) + F(y) = F(z+vy)] > 1 — & with é := 4e; moreover,

it also holds that Prz[F(0") = 0] = 1.

3. There exists a quasi-distribution L over LIN such that for every £ € {1,... ,l% — 1} it holds that
L is (£,24%(0 — 1)é)-local and, for every subset S C {0,1}" of size at most £ and every event

E C {0,135, [Pr[F(S) € E] - Pr[£(S) € E]| < (IS] = 1)+ [Tzl - < (IS] - 1) - VIET -

4. For every ¢ e {1,...,k — 1}, there exists an (-local quasi-distribution L' over LIN such that
Ag(F, L) < (28 +1)-282(0 - 1)e.

We highlight some of the differences of Theorem 12 (¢ > 0) from Theorem 11 (¢ = 0).

e In Item 2, we now need to use the self-correction F to ensure that Pr]:-[]:'(:r +y) = F(z)+ F(y)]
is large for every x,y € {0,1}", as opposed to random z,y € {0,1}". This is necessary because
otherwise it is possible for Prrz[F(z) + F(y) = F(z + y)] to be small for certain choices of z
and y, and in this case a quasi-distribution supported only on linear functions has no hope of
approximating F on sets containing {x,y,z + y}.

e In Item 3, we choose £ to match F exactly on all sets of size 1, as before. However, since the
linearity condition only holds approximately, this means that we only get approximate matching
on larger input sets, and this approximation deteriorates as the sets get larger.
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e Since £ only matches F approximately, it is only an approximately ¢-local distribution. Thus,
we require the additional step of Item 4, where we correct £ to an exactly ¢-local distribution.

We now proceed to the proof of Theorem 12.

Proof that 1 = 2. Fix z,y € {0,1}". The definition of F implies that

Pr[F(z)+F(y) = F(z+y)] = i [F(x+wg)+F (we)+F (y+wy)+F (wy) = F(@+y+wasy)+F (Wety)] -
F x, Wy, Wty

F
Define

St ={T + wa, Y + Wy, T + Y + Waty, Wy Wy, Wegy}

Sy ={x + wy + Wy, Y + Wy, T + Y + Wyty, Wz, Waty}

Sz ={T + wg + Wy, Y + Wy + Wepy, T+ Y + Waiy, Wa}
Sy ={x + wa + wy, Y + Wy + Wapy, T+ Y + Wopy + wa} .

Observe that |S; U S;11| <7 < k. Letting add(-) be the addition function, the linearity test passing
with probability at least 1 — ¢ implies that

Pr  [add(F(S1)) = add(F(S2))] = Pr [F(z 4+ wy + wy) = F(z +wy) + F(wy)] >1—¢

We , Wy, Wy Wy, Wy

Pr  [add(F(S2)) = add(F(S3))] = Pr [Fly+wy+ weiy) = F(y +wy) + Fweyy)| > 1—¢

Wz, Wy , Wy Wy, Wy

Pr  [add(F(S3)) = add(F(S4))] = Pr [F@x+y+ wepty+wsz) =F(x+y+ Wypy) + F(wz)] >1—¢

Wg, Wy ,Wg+y Wg, Wr+y

Pr  [add(F(S4)) =0l = Pr [F(z 4wz +wy) + F(y+wy + Wety) = F(@ + Yy + Wgpy +wz)] > 1 —¢ .

Wg , Wy, Wy Wg , Wy

Wz +y
_F
Therefore, by Lemma 6.3,
3
|Prladd(F(S1)) = 0] — Pr[add(F( Z rladd(F(S;)) = 0] — Pr[add(F(S;+1)) =0]| < 3¢ .
Since Pr[add(F(S4)) = 0] > 1 —e¢, it follows that Prz[F(z) + F(y) = F(z +y)] = Prladd(F(S ))
0] > 1—4e = 1—¢, as claimed. Finally, Pr[F(0") = 0] = Pryc(o.1y0[F(w+0")+F(w) =0} =1. O
Proof that 2 = 3. This proof generalizes the proof that 2 = 3 in Theorem 11. We begln by
argulng that F behaves almost linearly on sets of size at most k—1. Let s € {2,. — 1},
Z1,...,2s € {0,1}", and b € {0, 1}, and define S; := {ijl Tj, Tit1,...,Ts} forevery i € {1, .o, Sh

Note that |S;USit1| =s—i+2<s+1<k. Letting add(-) be the addition function, the fact that
the linearity test passes with probability at least 1 — € implies that

Pr [add(]:"(Si)) - add(ﬁ(SHl))] — Pr ij + F(zis) ij >1-2.
7=1
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This implies that

Pr[F (35 x;) = b] — Pr[>05 Fla) = b]‘ < (s—1)é, via the following argument:

(%)

A~ A~

Prladd(F(S1)) = b] — Pr[add(F(S;)) = b]]

Pr [iﬁ(%) = b] —Pr
i=1

s—1
> " Prladd(F(S;)) = b] — Prladd(F(Si11)) = 0]
=1

s—1

< Z ‘Pr[add(ﬁ(&-)) = b] — Prladd(F(Si11)) = b]‘
i=1

<(s—1) .

where the last inequality is by Lemma 6.3, since |S; U Sj+1] < k for every i. Note that s must be
strictly less than k because |S1 U Sa| = s+ 1.
We construct £ as before. Define (£4)qeqo,13» to be the solution to the system of equations in

A~

Lemma 5.3 where cg := Pr[F(f) = 0] for each 5 € {0,1}", and let £ be the quasi-distribution over
LIN that assigns weight ¢, to the linear function (c,-). Note that £ is indeed a quasi-distribution,
because Y, o = Pr[F(0") = 0] = 1.

Moreover, by definition of (£4)aeo,13n, for every xz € {0,1}" and b € {0,1} it holds that
Pr[F(z) = b] = ﬁ[ﬁ(m) = b]. In other words, F and £ match ezactly on sets of size one. We
now prove that F and £ match approximately for sets of larger size (but still less than l%) with a
guarantee that degrades with the set size.

Fix s€ {l,....,k—1}, S = {x1,..., 25} C{0,1}", and E C {0,1}°. We use Lemma 5.1 to get
real numbers {cr}rc(g that depend only on E such that

Pr[£(S) € E] — Pr[£(S) € E]’

= Z cr - Pr !Z]}(xz) = 0] - Z cr - Pr !Zﬁ(fl«"z) = 0]
TC[s] €T TC[s] €T
TC|s] LieT i LieT

= er <Pr > F(z)=0| -Pr|L (Zx) :0]>
TCls] LieT J L i€T

= ZCT <Pr Z]:"(xz):o —Pr ﬁ<2x2>:0]>
TC|s] LieT _ L \ieT

<D ler|(IT|=1)é<e-(s—1)- Y fer|
TC[s] TC[s]

<2 (s— DTl <2 (s - )V .

Since F defines probabilities in [0,1], £ is (¢,&)-local with &' = (¢ —1)2/2¢ for any £ < k. [
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Proof that 3 = 4. Fix £ € {1,...,k—1}, and let £ be the (¢, 2%/2(£ —1)é)-local quasi-distribution
L over LIN such that for every subset S C {0,1}" of size at most £ and event E C {0,1}* it holds

that
Pr[F(S) € E] — Pr[L(S) € E]‘ < VIE[(S] — 1)2 < 242(¢ — 1)é .

Thus, Ag(F, £) < 2¢/2(¢ —1)é. By Corollary 7.9, there is an (-local quasi-distribution £’ such that
Ag(L, L") < 262820 — 1)é. Therefore,

~

Ag(F L) < AUF, L)+ AL, L) <20 —1)e+ 20220 —1)e = (2 +1) - 220 —1)e . O
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A Fourier spectrum of quasi-distributions over linear functions

We characterize the Fourier spectrum of quasi-distributions over linear functions. This characteri-
zation forms the intuition underlying our analysis of the linearity test (in Section 10 and Section 11),
and implies that the only Fourier coefficients that matter are those corresponding to sets 7' C {0, 1}"
of size 1, since the values of all other coefficients are then determined.

Proposition A.1. A quasi-distribution Q over functions f: {0,1}" — {0,1} is supported on LIN
if and only if ({0"}) = 22% and q(T) = q({3_,crx}) for every subset T C {0,1}". (We take the
convention that if T is empty then )z :=0".)

Proof. We use a dimension argument. Letting IV := 2", we define two subspaces of R2Y:

e (; is the space of all quasi-distributions supported on LIN. Note that dim(C;) = N — 1, because
C1 is defined by the linear constraints (i) ZfEU{o,l}n qr =1, and (ii) g5 = 0 for every f ¢ LIN.

e Cy is the space of all quasi-distributions Q such that g(0) = 55 and g(T) = {3 ,cra}) for
every subset T C {0,1}"™. Observe that dim(C2) = N — 1 because Cz is defined by free coefficients
q({z}) for all x € {0,1}"\ {0"}. The remaining coefficients are then completely determined:
q({0"}) = q(0) = 35, and @(T) = G{>_,cr z}) for every subset T C {0,1}" with |T| > 2.

Since since the two spaces have the same dimension, to show that they are equal, it suffices to show
that one space is contained in the other. We show that C; C Cs.

Suppose that Q € C; (Q is a quasi-distribution over LIN). Then g(0) = 5 Zer{D,l}” a(f) = 35+
and for every subset 7" C {0,1}" it holds that

AT) =5 > a(N)Eeer @ = o 37 ()1 Teer 1@
fEU{Oyl}n fELIN
1 2~
e T ey ({3}
fELIN x€T
which implies that Q € Co. We conclude that C; C Cs. L]
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B Necessity of quasi-distributions

In Section 1.3 we showed by way of example that quasi-distributions are necessary to describe non-
signaling functions that pass the linearity test with probability 1. We elaborate on this necessity
via two families of examples that cannot be described by distributions (over linear functions) alone.

Example 3 (generalization of Example 2 in Section 1.3). For n > k > 3 and let € > 0 be such that
n—k
e < W@ 2D 1ot £ = (La)ae{o,1}» be the quasi-distribution over linear functions defined as

(2n-1)
;jfl if aw £ 0"
—€ if a =0"

by = ,
and let F be the non-signaling function induced by £. Note that F is k-non-signaling: for every
subset S C {0,1}" containing at most k linearly independent vectors and every b € {0, 1},

b) nk 1) gt — e if b =0l
Pr[f(S):b = Z Ea:{ (2 1) m_1 g lfb 0 }ZO 7

n—k  lte :
A 2 o] otherwise

where the last inequality (non-negativity) following from the assumption that ¢ is sufficiently small.
Since L is a quasi-distribution over linear functions, F passes the linearity test with probability
1. But (£a)aefo}» is the unique solution to the system of equations { > ai(anzy=0 ta = Pr[F(z) =
0] }I (0,1} and so we conclude that F cannot be described by any distribution over linear functions.

The sum of all negative probabilities in the foregoing example is —e ~ —27%. Could it be that if
a quasi-distribution £ over linear functions describes a non-signaling function passing the linearity
test with probability 1, then the sum of all its negative probabilities is small in absolute value?
Below we answer this question negatively by showing an example where the absolute value of the
sum is 1/2 even for large k.

Example 4. Let n be an integer, and set k := n — 2log(n). Sample a uniformly random subset
R C {0,1}" of size |[R| = 2", let £ = (la)ae{o,1}n be the quasi-distribution over linear functions

defined as
0 - —1/2" ifaeR
“3/2r ifag¢R

and let F be the non-signaling function induced by L. As before, since (£n)ae{o,13» is the unique

solution to the system of equations {Za:<a7x>:0 ly = Pr[F(z) = O]}:pe{o 1y L is the only quasi-

distribution over LIN that can describe F. Note that || < 3/2" for all o, and |3 ., o la| = 1/2.

We are left to argue that F is k-non-signaling with positive probability over the choice of R (i.e.,
we use the probabilistic method); in fact this will be true with high probability. It suffices to show
that for every subspace V' C {0, 1}" of dimension dim(V') > n—k > 2log(n) it holds that } ;y lo >
0. Indeed, for every subspace V' C {0,1}" of dim(V) = 2log(n), a Chernoff bound implies that
Pra[>acy la < 0] < exp(—Q(|V])) = exp(—2(n?)). There are at most 22"°&(") subspaces of
dimension 2log(n). Therefore, by taking a union bound over all of them, we deduce that with high
probability » .y fa > 0 holds for every subspace V' C {0,1}" of dimension dim(V) > n —k >
2log(n). We conclude that, for every subset § C {0,1}" with |S| < k and every b € {0, 1}% it holds
that Pr[F(S) = b] = Za:(a,S):gfa > 0 because the sum is over a subspace of dimension at least

n—|S| >n—k > 2log(n).
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C Almost non-signaling functions

The definition below relaxes the definition of non-signaling functions (Definition 6.1), because it
only requires that the marginals on intersections are close in statistical distance rather than equal.

Definition C.1. A (k,J)-non-signaling (boolean) function over a finite domain D is a col-
lection F = {Fs}scp,s|<k where (i) each Fs is a distribution over functions f: S — {0,1}, and
(ii) for every two subsets S and T each of size at most k, the restrictions of Fs and Fr to SNT
are d-close in statistical distance. (If S =0 then Fs always outputs the empty string.)

Note that every (exactly) k-non-signaling function is (k, 0)-non-signaling.

Almost non-signaling functions arise, e.g., in cryptographic applications (see Section 4.3).

The following lemma shows that every (k,d)-non-signaling function is close to a (k,0)-non-
signaling function, provided that § is sufficiently small. This lemma directly implies, e.g., a straight-
forward extension of linearity testing against (exact) non-signaling strategies (namely, Theorem 12)
to the almost non-signaling case.

Lemma C.2. For every (k,)-non-signaling function F, there exists a (k,0)-non-signaling function
F' such that Ap(F,F') < 22k+15 4 ok+ls,

Proof. We first define a quasi-distribution Q via its Fourier coefficients:

b 5]

> |PrlQws) =8 - Pr [f(5) =1
be{0,1}S s
< ¥ 2312 ﬁ}[ZQ(x): ] [Zf me]
be{0,1}S TCS z€T z€T fgfs z€T
=Y oY [T =k P | S =0
be{0,1}5 TCS g7 L zeT z€T | feFs L zeT zeT |
Z Z Pr Zg me — Pr Zf(x):be
TCS g<_]:T L zeT zeT | Je7s L zeT zeT |
S Z Z :% s_2s.6z2s+15§2k+15‘
TCSbefo,1

This shows that Ay(Q, F) < 281§, which also implies that Q is (k, 2571§)-local. By Corollary 7.9,
there exists a k-non-signaling function ' such that Ax(Q, F’) < 2k (2k+1§) = 22k+15, O
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D Non-signaling players

In this paper we take the functional view of non-signaling strategies (Definition 6.1), which gener-
alizes the notion of a function f: D — {0,1} to a non-signaling function F = {Fs}scp,sj<k that
answers up to k£ queries in D. This view is natural in the setting of Property Testing.

In this section we discuss the other view of non-signaling strategies, which generalizes the notion
of non-communicating players to non-signaling players.

Definition D.1 (non-signaling players). A k-non-signaling (boolean) player over finite do-
mains (D1, ..., D) is a collection P = (P(y, ....2))z1€Dy ... neDy, Where (i) each Py, . 4.y is a dis-
tribution over functions f: [k] — {0,1}, and (ii) for every two vectors (x1,...,x) and (y1,...,Yx)
that agree on a subset I C [k]| of entries, the restrictions of Play,.zr) and Py, ...y to answers in
I are equal as distributions.

Remark D.2 (comparison with non-communicating players). The case of k& non-communicating
players corresponds to strengthening the second item in the definition to the following one: there
exist functions p1,...,pr and a positive integer ¢ such that P, ) is equal to the distribution
(p1(z1,p),- -, pr(zE, p)) for a random p € {0, 1}L.

Remark D.3 (players vs. functions). Non-signaling functions (Definition 6.1) and non-signaling
players (Definition D.1) are incomparable. Informally, the former imposes restrictions to multiple
queries to the same ‘slot’ while the latter imposes restrictions to single queries across multiple
‘slots’; in fact, the two notions can be viewed as extremal settings of one definition that considers
both restriction types. That said, the two notions of non-signaling can be related in useful ways.?

yeorTh

Given a vector of queries ¥ = (x1,...,2,) € Dy X --- X Dy and a vector of answers b =
(b,...,br) € {0,1}*  we define
PrP(Z)=bl:= Pr  [f(1)=by,---, f(k) =b] ,
f<_7)(zl ..... zy)

which is the probability that the i-th player answers query x; with b; for every ¢ € [k].

For a subset of players I C [k], we write Pr[P;(z;) = b; Vi € I] to refer to the probability that
the i-th player answers query z; with b; for every i € I. (Note that by the non-signaling property,
we do not have to specify the queries to the players outside I.)

We prove the following results for non-signaling players.
e Linearity testing against non-signaling players (Appendix E).
We describe how to make a black-box use of our results about linearity testing against non-
signaling functions to prove corresponding results non-signaling players.
e Non-signaling players, quasi-distributions, and Fourier analysis (Appendix F)

We describe how to use Fourier analysis to prove a strong equivalence between non-signaling play-
ers and quasi-distributions over tuples of functions. This strengthens the equivalence proved in
[AS13] by finding all quasi-distributions (rather than just one) that describe a given non-signaling
player. We also characterize the Fourier spectrum of notable classes of these quasi-distributions,
and establish connections to the quasi-distributions arising from non-signaling functions.

3E.g., if a language has a PCP with soundness error e against k-non-signaling functions then it also has an MIP
with soundness error ¢ against k-non-signaling players [KRR14, Sec. 12], and vice versa. These two types of proof
systems are known as non-signaling PCPs [KRR14, Sec. 4.5] and non-signaling MIPs (see, e.g., [KRR14, Sec. 4.3]).
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E Linearity testing against non-signaling players

In this section we study linearity testing against non-signaling players. Specifically, we characterize
the set of non-signaling players that pass the linearity test with probability 1 (Appendix E.1) and
also those that pass the linearity test with high probability (Appendix E.2).

Recall that, given a k-non-signaling player P = (P(xl,...,xk))xie{[),l}"v the linearity test works as
follows: (i) sample x,y € {0,1}" and distinct i1, i2, i3 € [k] uniformly at random; (ii) send x,y, z+y
to players P;,, Pi,, Pi, to obtain answers by, b, bs respectively; (iii) accept if b;, + b, = bi,.

Below we introduce two notions and a lemma that will be used in both analyses. The first
notion considers players whose answers to queries depend only on the set of queries but not the
identities of the players answering them. The second notion considers players that always give the
same answer to the same query regardless of the identity of the player that answers it. The lemma
relates these notions to non-signaling functions; this connection will enable us to leverage, in a
black-box way, our results on linearity testing against non-signaling functions.

Definition E.1. A k-non-signaling player P = (P4, . 2,))z:e{0,1)» i8 {-symmetric if, for every
subset I C [k] with |I| = ¢, permutation 7: I — I, inputs & = (2;)icr with x; € {0,1}", and answers
b = (bi)ies with b; € {0,1}, it holds that Pr[P(Z) = b| = Pr[P(n(Z)) = n(b)]. If £ = k, then we
simply say that P is symmetric.

Definition E.2. A k-non-signaling player P = (P, . 7mk))$z€{0 1y is consistent if, for every
i,j € [k] and x € {0,1}", it holds that Pr[P;(z) = Pj(x)] =

Proposition E.3. If a k-non-signaling player P = (P(z,, .. 21))zicfo,1yn 18 consistent, then, for
every x € {0,1}", it holds that Pr[Pi(x) = Pa(z) = ... Pr(x)] = 1.

Proof. We prove that Pr[Pi(z) = Pa(x) = --- = Pi(x)] for all i € {2,...,k} by induction on i. For
i =2, Pr[Pi(x) = Pa2(z)] = 1 holds by Definition E.2. For i > 2, we have
Pr[Pi(z) = Pa(x) = - -- = Pi()]
=Pr[Pi_1(z) = Pi(z)] - Pr[Pi(z) = Pa(z) = - = Pic1 () [ Pim1(2) = Pi()] .

The left term above equals 1 by Definition E.2, while the second term above equals 1 by the
induction hypothesis. Thus the product of the two also equals 1, completing the proof. ]

Lemma E.4. For every k-non-signaling symmetric players P = (P(y,, .. 24))esc{o,1}n there exists
a k-non-signaling function F = (Fs)sc{o1}n,|s|<k that matches P on distinct queries (Pr[P(Z) =
b] = Pr[F(Z) = b] for all inputs T with no repeated entries and answers b). Moreover, if P is
consistent then F matches P on all queries (Pr[P(Z) = b| = Pr[F(Z) = b] for all inputs T and
answers b).

Proof. Given k-non-signaling symmetric players P, define a k-non-signaling function F as follows:
for every S = (z1,...,21) € ({0,1}")* and every b € {0,1}°

-

Pr[F(S) = b] := Pr[P(w1) = by,..., P(xx) = by .

Note that by symmetry of P the foregoing definition indeed defines a k-non-signaling function.
By definition of F (and by symmetry of P) it follows that, for all inputs Z € ({0, 1}")* with no
repeated entries and all answers b € {0,1}*, Pr[P(Z) = b] = Pr[F(Z) = b).
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Moreover, if P is consistent then, by Proposition E.3, we know that if x; = z; for distinct
i,j € [k] then F(Z) is supported only vectors b with b; = b; (i.e., for b; # b; the probability that

F(&) = b is equal to zero). Therefore, given a vector = (z1,...,21) € ({0,1}")F, we can let @'
be the restriction of  that contains all distinct z; and let ¥’ be the corresponding restriction of b;
then Pr[P(Z) = b] = Pr[P(Z’) = '] = Pr[F(Z') = V'], as required. O

E.1 Exact characterization

We characterize the set of k-non-signaling players that pass the linearity test with probability 1.

Theorem 13 (exact characterization for non-signaling players). Let P = (73(3517_“7”))“6{071}71 be a
k-non-signaling player, with k > 5. The following statements are equivalent.

1. The linearity test always accepts: Pry . 0137 [Piy () + Piy(y) = Piz(z +y)] = 1.

i1,i2,i34[k]
P

2. There exists a quasi-distribution L over linear functions that matches P on every k — 2 players.
That is, L is such that Pr[P(Z) = b] = Pr[L(Z) = b] for every subset I C [k] with |I| < k — 2,
inputs T = (x;)icr, and answers b = (b;)icr.

We first prove two lemmas (Lemma E.5 and Lemma E.6 below) and then prove the theorem.

Lemma E.5. Let P = (P(xl,...,xk))acie{o,l}" be a k-non-signaling player, with k > 4. If P passes
the linearity test with probability 1, then the following holds.

1. For every i € [k], Pr[P;(0") =0] = 1.
2. P is consistent.
3. P is (k — 1)-symmetric.

Proof. Fix distinct 41,492,43,74 € [k] (this is possible because k > 4). Let E; be the event that
2 oreq123.40 ) Pi(0") = 0. Note that Pr[E;] = 1 for every j € [4] because P passes the linearity
test with probability 1. Therefore, Pr[E; A Eo A E3 A E4] = 1. This implies that

Pr[P;, (0") = 0] > Pr[P;,(0") = 0Vj € [4]] = Pr[Ey A Ea AE3 AE] =1,

thus proving Item 1.
For Item 2, let ¢,i" € [k] and j € [k] \ {i,4'} be arbitrary. Then,

Pr[P;(z) = Py (x)] > Pr[P;i(z) + Py (x) = P;(0") A P;(0") =0] .

By Item 1, we conclude that Pr[P;(z) = Py(z)] > 1, as required.

For Item 3, let I C [k] with |I| = k — 1 be arbitrary and let 7: I — I be a permutation.
Note that it suffices to prove the statement for 7 that is a transposition (i.e., 7 only swaps some
i1,12 € I) because any permutation can be obtained by composing transpositions. Let j € [k]\ I be
arbitrary, and fix inputs & = (z;);e; and answers b= (bi)icr. Let E be the event that P;(z;) = b;
for all i € I\ {i1}. By Item 3, we have

=

Pr[P(Z) = b] = Pr[P;,(zi,) = biy A E]
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= Pr[Pi, (2i,) = bi; A P(x'bl) = Pi, (i) A\ E]
= Pr[Pj(z;,) = biyy NE] .
Let E' be the event that P;(z;) = b; for all i € I\ {i1,i2}. Repeating the above argument (first
move z;, from P;, to P;,, and then move z;, from P; to P;,) we get that
Pr[Pj(xi,) = biy A E] = Pr[Pj(z4,) = biy A Piy(xi,) = biy A E'
Pr[P;(zi,) = biy A Piy(2i,) = biy A E]
Pr[Piy(wi,) = biy APy (z4iy) = biy A E]
Pr[P(r(z)) = =(b)] ,

which completes the proof of the lemma. O

Lemma E.6. Let P = (P($17._.,$k))xie{071}n be a k-non-signaling symmetric player with k > 4.
Suppose that P passes the linearity test with probability 1. Then there ezists a (k — 1)-local quasi-
distribution L over linear functions that matches P on every k — 1 players (i.e., Pr[P( ) = b]

Pr[ﬁ( 7) = b] for every subset I C [k] with |I| < k—1, inputs T = (z;)ics, and answers b= (b;)icr).

Proof. By Item 2 of Lemma E.5, P is consistent and thus, by Lemma E.4, there exists a k-
non-signaling function F = {.7:5}3({0 13n|8]<k that matches P on all queries (Prp[P(Z) = b] =
Prz[F() = b] for all inputs & and answers b with at most k entries).

In particular, for all z,y € {0,1}" (even with z = y) it holds that

PriF(e) + F(y) = Fla +y)] = 1;1"[731 (z) +P2(y) = Ps(z +y)] -

This tells us that, since P always passes the linearity test (for non-signaling players), F also always
passes the linearity test (for non-signaling functions) and thus, by Theorem 11, there exists a
(k — 1)-local quasi-distribution £ over linear functions that matches F on all sets of at most k — 1
queries.

Therefore, for all Z = (z1,...,25_1) € ({0,1}")* L and b = (by,...,by_1) € {0,1}*~! we have

Pr[Pi(x:) = bi Vi € [k — 1]] = Px(F(x:) = by Vi € [k = 1]] = Pr[C(z;) = b; Vi € [k —1]] .

Therefore, £ matches the first £k — 1 players. In order to show that £ matches any k — 1 players,
note that the symmetry of P implies that for every subset I = {i1,...,ix_1} of the players, inputs
¥ = (zi,...,x_,), and answers b = (by,...,bg_1), it holds that

PI‘['PZ'I (1’1) = bl, . ,'Pik_l(xkfl) = bk,ﬂ = Pr[Pl(xl) = bl, . ,'Pkfl(l’kfl) = bkfl] ,

which is equal to ﬁ[ﬁ(fm) = b; Vi € [k — 1]], as required. O

Proof of Theorem 13. One can easily verify that if P matches a quasi-distribution £ over linear
functions on all kK —2 > 3 players then Pr[P;, (z) + Pi,(y) = Piy(z +y)] = 1 for every z,y € {0,1}"
and distinct i1, i2,43 € [k] (i.e., P passes the linearity test with probability 1).

For the converse direction, suppose that P passes the linearity test with probability 1. By
Lemma E.5, P is (k — 1)-symmetric (i.e., for every subset I C [k] with |I| = k — 1 the players
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(Pi)ier are symmetric). By Lemma E.6, there exists a (k — 2)-local quasi-distribution £; over
linear functions that matches (P;);c; on every k — 2 players.

We are left to show that the L£;’s are all equal. Indeed, fix I = (i1,...,ix_1) and I’ =
(ih,...,i,_1), and let j € I NI'. For any query € {0,1}" to the player P; and any answer
b e {0,1} it holds that

Pr(Ly(2) = b] = Pr[Pj(a) = b = Pr{Lp(x) = 1] .

By Proposition A.1, any two quasi-distributions over linear functions that agree on every single-
query events are equal, and hence £; = L/ for any two subsets I, I’ C [k]. Therefore, there is one
quasi-distribution £ that matches every subset of k — 2 players, as required. ]

E.2 Robust characterization

We characterize the set of k-non-signaling players that pass the linearity test with high probability.
The result involves the notion of self-correction, analogously to the case of non-signaling functions
(see Section 11). Given a k-non-signaling player P = (P, . 24))ze{0,1}7, the self-correction of
P is the k-non-signaling player P = (ﬁ(ml,...,rk))mie{o,l}" (for ko= |k/2]) that, given a query
(w1,...,23) € {0, 1}F*7 ) samples wy, ..., w; € {0,1}" and a permutation 7: [k] — [k] uniformly
at random, and answers each x; with P (i + w;) + Pr2:(w;). Formally, the self-correction is
defined as follows.

Definition E.7. The self-correction of a k-non-signaling player P = (P(y, ... 21))z:e{0,1} 18 the
k-non-signaling player P = (75(:017,,,7%))%6{071}71 (with k = |k/2|) defined as follows: for inputs
7= (21,...,73) € ({0, 1}”)’7C and answers b= (by, . .. ,b;) € {0, 1}];,

Pry (@1 + w1) + Prg)(w1) = by

Pr[P(Z) = b] := o
w1,...,w; €{0,1}™
.z [kj;[k] Py (@ wp) + Propy (wp) = by

Note that the self-correction P is symmetric.

Theorem 14 (robust characterization for non-signaling players). Let P = (Pa,,.. 2,))a;ef0,13n e
the k-non-signaling player for k > 9. Suppose that for some € > 0 it holds that

Pr [Pi (x)+7)i2(y) :Pi:a(x"'y)] >1-ce.
z,y+{0,1}"
il,iz,i'g,(—[k]

P

There exists a (/% — 1)-local quasi-distribution L over linear functions that is é-close P on every
k —1 players, for & := 200) .. That is, |Pr[P(Z) € E] — ﬁ[ﬁ(i") € E|| < & for all subsets I C [k]
with |1 < k —1, inputs = (2;)icr, and events E C {0,1}.

Proof. We first argue that, for every z,y € {0,1}", Prp[Pi(z) + Pa(y) = Ps(z + )] > 1 — 4e.

(This average-case-to-worst-case step, which uses the self-correction property of linear functions, is
analogous to Item 2 of Theorem 12.) We define several events:
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E; is the event that Pr(1)(z + wz) + Pray(wy) = Prry (T + we + wy);

FEy is the event that Pro)(wz) + Pra)(T + Y + Waty) = Pr(s) (T + Y + Wa + Wapy);

FEj is the event that Pr(o)(Waty) + Pray(y + wy) = Pro)(y + wy + Waiy);

Ey is the event that Pr7)(z + wz + wy) + Pre) (T + Y + Wz + Waty) = Pr(o) (Y + Wy + Waty).
Since wy, Wy, Weyy are uniform in {0,1}", Pr[E;] > 1 —¢ for ¢ = 1,2, 3,4. By definition of P,

1;1“[751(3«") +Pa(y) = Ps(a +y)]

= Pr ['Pﬂ.(l)(l’ + ww) + ’Pﬂ(g) (wx) + 'Pﬂ-(g) (y + wy) + Pﬂ(4) (wy) = 'Pﬂ.(g)) (l’ +uy+ wx+y) + 'Pﬂ-(ﬁ) (w$+y)]

Wy , Wy , Wy
m: [k]—[k]
P

> Pr [El N Eoy N Eg A E4]
Wy, Wy, Wx+y
w: [k]—[k]
P

>1—4e |

as claimed.
Next, by applymg Lemma E.4 to the k-non- signaling symmetric player P, we get a k-non-
signaling function F = {]:s}sc {0,1}7,/5]<k that matches P on inputs with no repeated entries.

That is, for every S = (z1,...,25) C {0,1}" and b= (b1,...,bs) € {0,1}* with s < k it holds that
PrF(S) = b = Pr[P(z) = b .
F P

In particular, for every distinct z,y € {0,1}™ \ {0} it holds that

l;r[ﬁ(w) +F(y) =F(x+y)] = ljsr[ﬁl(w) +Pa(y) = Ps(z+y)] >1—4e

and for every x € {0,1}" it holds that

Pr[F(z)+F(x) = F(0")] = Pr[F(0") = 0] = Pr[Py(z)+Pi(x) = P2(0")] = Pr[P,(0") = 0] > 1-4e |,
F F P P

where the bound Pr.4 [’PQ(O") = 0] > 1 — 4¢ is argued similarly to that in Lemma E.5’s proof.
Next, we would hke to apply the result of Theorem 12, where we proved the implications 2 =
3 = 4. However, we need F to satisfy Pr[F(0") = 0] = 1, but here we can only guarantee that
Pr[F(0") = 0] > 1 — 4e.
In order to fix this, we define another non-signaling function F* that on the query 0" responds
with 0 with probability 1, and otherwise behaves like F. Formally, for every S = {z1,...,25} with
s <k,

Pr[ﬁ(S) b] if 0 ¢ S
Pr[F*(S) =b] := [f(S \{zi}) = (bi)ics)\;] if x5 =0" and bj =0
0 ifz; =0"and b; =1 .

Observe that F* satisfies the the following properties.
1. Prp[F*(0™) =0] = 1.
2. For every z,y € {0,1}", Prre-[F*(z) + F*(y) = F (z + y)] > 1 — 4e.
3. AL(F,F*) < de.
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The first two items are immediate from F*’s definition. The third item holds because, on all sets
S that do not contain 0™, F* equals F , and, on all sets S that contain 0™, the statistical distance
between Fg and Fs is at most the probability that F(0") = 1, which is at most 4e.

By applying the implications 2 = 3 = 4 of Theorem 12, we conclude that for every ¢ € [l;: —1]
there exists an f-local quasi-distribution £ over linear functions such that A(F*, £) < (2¢ 4+ 1) -
20/2(0 — 1) - 4, and hence Ay(F, L) < Ay(F*, L) + 4e.

Therefore, by the symmetry of P we conclude that for any vector of distinct queries 7 =
(iy,...,x;,) to s < k —1 players and for all events E C {0,1}* it holds that

|Pr[P(&) € E] — Pr|L(Z) € E]| < (2° +1)-2%/%(s — 1) - 4e + 4e |

which is upper bounded by 20()¢ for & >2and £ <k —1. O
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F Quasi-distributions over tuples of functions

In Section 8 we used Fourier analysis to prove an equivalence between non-signaling functions and
quasi-distributions over functions. In this section we use Fourier analysis to prove an analogous
equivalence between non-signaling players and quasi-distributions over tuples of functions, and
other results about these. The mathematical structure that we uncover seems of independent
interest.

Definition F.1. Let D be a finite domain, and denote by U¥, the set of all k-tuples f: (f1y- s fx)
where each entry is a function f;: D — {0,1}. A quasi-distribution 0 over a subset G C Ug 18

a set of real numbers (qf) such that quf: 1 and gz =0 for all fé¢a.

fea
Remark F.2. Non-communicating players are equivalent to distributions over tuples of functions.
We shall prove that non-signaling players correspond to, instead, quasi-distributions. The tuples
of functions f = (f1,..., fr) can be interpreted as deterministic players that independently answer

each query, the i-th player answering via the i-th “local” function f;.
Definition F.3. Let = (qf)erg be a quasi-distribution over UY. Given a subset I C [k], a

vector of sets S = (Si)ier with S; € D, and a vector of bits b= (bi)ier with b; € {0, 1}Si, we define
the quasi-probability of the event “Q(S) = b” to be the following (possibly negative) real number:

PO 0= Y e
feUk s.t.viel f;(S;)=b;

—

We also introduce several notational shorthands. Given S = (5;);er and b= (bi)ier, we define
the quasi-probability - -
Pr[Q;(S;) = b; Vi € I] :=Pr[Q(S) =] .

If each S; is a singleton {x;}, we also write Is;[é(f) = b] and Is;[Ql(:nl) = b; Vi € I] for ﬁ[é(g) = b].
Recall a quasi-distribution that induces a non-signaling function must be local (Definition 7.4),
namely, the quasi-probabilities on all “observable” events (the query sets S C D with |S| < k)
must be probabilities (values in [0,1]). In the case of non-signaling players, the observable events
are query vectors S = (S1,...,Sk) with |S;| < 1 for every i. This gives us the corresponding
(unparametrized) notion of locality for quasi-distributions over tuples of functions.

Definition F.4. A quasi-distribution 0 over U]f”) is local if for every x1,...,x € D and by, ... b €
{0,1} it holds that

The rest of this section is structured as follows.

In Appendix F.1, we introduce the Fourier basis and coefficients that we use.

In Appendix F.2, we prove that non-signaling players are equivalent to local quasi-distributions
over tuples of functions.

In Appendix F.3, we characterize the Fourier spectrum of notable classes of quasi-distributions
(symmetric, consistent, and linear).

In Appendix F.4, we establish relations between various notions of quasi-distributions over func-
tions and tuples of functions. These are the intuition behind the results in Appendix E.
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F.1 Fourier basis

Let D be a finite domain, and let N := |D|. Recall (from Section 7) that a quasi-distribution over
functions f: D — {0,1} is a vector in R2" that assigns a real number ¢y to each function f € Up
such that ) feup 4f = 1. Analogously, a quasi-distribution over tuples of functions (f1y---, fr) is

. 9Nk . g k —
a vector in R that assigns a real number a5 to each f € Up such that ZfGU}B 45 = 1.
Given a tuple S = (S1,...,Sk) of sets S; C D, define the Fourier basis vector

k k
f - H H(_l)ZziGSi filws) _ (_1)Z§:1 2ases; filwi)
=1 =1
Note that xg = x5, ® x5, ® - - ® x5, where the {xs, }i are Fourier basis vectors for the space of
functions from {0, 1}N to R. In other words, the Fourier basis for quasi-distributions over U f) is
given by the k-wise tensor product of the Fourier basis elements for quasi-distributions over Up.
It is straightforward to verify that the set of vectors {xg: S1,..., S € {0,1}} is orthonormal

with respect to the inner product (A, B) := 2%,@ Zerk A(f) - B(f), and hence they form a basis

of R2"", Therefore, every quasi-distribution 0= (q f) feuk can be expressed in the Fourier basis as

where 6(5_") = (Xg Q) = Ef[qf- xg(f)] = 555 2 Feuk 45 xg(f)-

F.2 Equivalence

We prove that non-signaling players and local quasi-distribution over tuples of functions are equiv-
alent. The fact that every local quasi-distribution over U ]5 induces a k-non-signaling player
P = (73(9517“_%))mleplw,@kepk is not hard to see. The reverse direction, namely, that every set
of k-non-signaling players can be explained by a quasi-distribution over U f:“, was proved in [AS13].
Below we use Fourier analysis to prove a strengthening of this implication, by characterizing all
quasi-distributions that explain a given k-non-signaling player.

Theorem 15. For every k-non-signaling player P = (P(117.,'7xk))ziep over a domain D of size N
there exists a local quasi-distribution 0 over Ug that describes P (for every tuple & = (x1,...,Tk)
with z; € D and every string b € {0,1}* it holds that Pr[O(Z) = b] = [73(_') =b)).

Moreover, the set of such quasi-distributions (mewed as vectors in R2" ) is the affine subs_pace
of co-dimension (N + 1) given by Oy + span{x(s,,.. 2 |Si| > 2 for some i € [k]|}, where Qy is
any solution and X (s, ....s,) 1S as defined above.

Proof. Similarly to the proof of Theorem 9 we divide the proof into three parts.
Flndlng one solution. Given a k- non—signaling player P, let 0 be the quasi-distribution defined
as O(f) = dog (S1,0,51):5:C{0,1} 0 q(S)Xg(f), where g(5) is defined as follows:

- (2 PrY ey Yes, Pilai) = 0] - 1) if 0 < [S;] <1 for all i € [k]

Z]\(Sl,...,Sk) = . )
0 if 37 € [k] such that |S;| > 2
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In particular, ¢(0,...,0) = 2%,@ Note that Q is indeed a quasi-distribution because Zerk 7 =
D
2Nk (q, X(,...0)) = 2NEG(D, ..., 0) = 1. We claim that for any S = (S1,...,S) it holds that

P |32 32 0 =0| =pr| 3 3 P =0

k] z;€S; k] z;€S;

Indeed,

r|Y Y Pilw) = _ 2GSy, Sk) + 1
1€[k] T, €S; 9
Y peos 47 Xg(F) +1
_ ~~feUp if
- 2
k (@

- 2
(b&)Zﬁdzﬁeﬁﬂ@m<+l)

2

= 2.

feuk
ZiG[k] ZI,L'GS,L' fi(zi)=0

Z Z Qi(z;) =0

1€ [k] z; €S;

_ Ljeus 9F

Therefore, by applying Lemma 5.1 it follows that P matches o.

Finding more solutions. Next, we claim that the Fourier coefficients of x(g, .. s,) such that
|Si| > 2 for some i € [k] do not affect the induced non-signaling players.

Indeed, consider any quasi-distribution 9, and let S = (S1,...,Sk) be such that |S;| > 2
for some i € [k]. Let @' = (q;?) 7 be the quasi-distribution obtained from 9= (q 7)7 by setting

q;? =qpt cxg(f). By definition, for every tuple of queries Z = (x1, ..., x) to the players and their

responses b= (b1,...,bg), it holds that

Prd(@) =0 = > (ap+exs(D) =Prd@ =t +c > xs() -
F:f(@)=b

We claim that Zﬁf(f):ij Xg(f) = 0, which implies that Pr[O(Z) = b] = Pr[0/(Z) = b]. Indeed, let
y € Si \ {zi} (such y exists since |S;| > 2). Then

S o= Y (rpEeXaes Sl

F:f@=b Fif@=b
_ Z (_1)Zf:1 2zes\ ey fi(2) _ Z (_1)Zf:1 2siesiay fiz) _ g
F:f(@)=b Fif@=b
fi(y)=0 fi(y)=1
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Therefore, Q' matches O on all tuples of queries. Since this holds for every S = (S1,...,Sk) such
that |S;| > 2 for some i € [k], it follows that every @' € O + span{xg : 3 € [k] s.t. |S;| > 2} also
matches P on all queries. The co-dimension of this affine subspace is (N + 1)*, since the number
of sets T C D with |T| < 1is N + 1, and so the number of $’s such that |S;] < 1 for all i € [k] is
(N + 1)k,

We found all solutions. Observe that if O is a quasi-distribution, then for every vector of sets

—

S =(51,...,Sk) with max;{|S;|} <1 it holds that

N 1 5
q(Sl,...,Sk):sz 2Pr ZZQZ(l‘Z):O —1
’LGUC} $i€Si
If G and P match, then §(S, ..., Sk) = 52z (2?? [Zz‘e[k] > cs, Pilzi) = o} - 1) for all such S.
Thus, the set of all solutions is contained in Q + span{xg : Ji € [k] |Si| > 2}. O

F.3 Notable classes of quasi-distributions

We characterize the Fourier spectrum of quasi-distributions over Ug that satisfy certain natural re-
strictions on the support. Concretely, we consider consistent quasi-distributions (Appendix F.3.1),
symmetric quasi-distributions (Appendix F.3.2), and linear quasi-distributions (Appendix F.3.3).

F.3.1 Consistent quasi-distributions

A quasi-distribution 0 is consistent if it is supported on tuples of functions where all functions in
the tuple are the same. That is, the same input given to different slots returns the same answer.

Definition F.5. A quasi-distribution 0= (qf)er X is consistent if it is supported only on tuples
D

of functions f: (f1,---, fr) such that fi =--- = f.

We provide a characterization of the Fourier spectrum of consistent quasi-distributions. In
the statement below, given a tuple S = (S1,...,Sk), we use @leSi to denote the (generalized)
symmetric difference of sets (all 2 € D such that x appears in an odd number of S;’s).

Proposition F.6. A quasi-distribution O = (qf)erk is consistent if and only if q¢(S1,...,Sk) =
D

q(@F_1S:,0,...,0) for every tuple S = (S1, ..., Sk).

Proof. We use a dimension argument similar to the one used in the proof of Proposition A.1.

e Let C; be the subspace of R2"" that contains all consistent quasi-distributions. Note that
dim(C;) = 2Pl —1 = 2N — 1, because C; is defined by the linear constraints (i) Zerk g7 =1,
D

and (ii) qp =0 for all f that are not of the form (f,..., f).

e Let Cy be the subspace of R2"" that contains all quasi-distributions 0= (q f) Feuk such that
D

(i) q(@,...,0) = 2%, and (ii) g(S1, ..., Sk) = @(®F_,S:,0,...,0) for every tuple S=(S1,...,5).
Observe that dim(Co) = 2V — 1 as well.
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Since the two spaces have the same dimension, in order to show that they are equal it suffices to
show that one space is contained in the other. We show that C; C Cs.
Suppose that Q is consistent (if qp 7 0 then f = (f,...,[f) for some f: D — {0,1}). Note first

that since O is a quasi-distribution, we have q0,...,0) = %;{,Z’F

= —+7, and thus the first condition

1
— 9Nk»
(Item i) is satisfied. For the second condition, observe that for f = (f,..., f) it holds that

—

k
xg(F) = [[(-1)Fmes 700 = (cnyZeeeiasi T = o 6o g (F)

=1
and hence
N 1 = 1 2k
(S, -, 5%) = 5N 47 X5(f) = on% > 47 X@k_ 50,0 ) = (@219, 0,...,0)
F=(freenf) F=(fornf)
as required. 0

F.3.2 Symmetric quasi-distributions

A quasi-distribution 0 is symmetric if the weights assigned to a tuple of functions and all of its
permutations are the same. Below, given a permutation 7: [k] — [k] and a tuple @ = (a1, ..., ax),
we denote by 7(@) the permuted tuple (a1, - -, Gr))-

Definition F.7. A quasi-distribution O = (qf)er
tation w: [k] — [k] and tuple of functions f: (f1yeeos fr)-

i 18 symmetric if 47 = du( for every permu-

A consistent quasi-distribution (Definition F.5) is, in particular, symmetric.
We provide a characterization of the Fourier spectrum of symmetric quasi-distributions.

—,

Proposition F.8. A quasi-distribution Q = (qf)erk is symmetric if and only if §(S) = q(=(5))
D
for every tuple S = (S1,...,Sk) and permutation w: [k] — [k].
Note that the above proposition implies that Definition F.7 is equivalent to a natural alternative

definition of symmetry, namely that all quasi-probabilities P}[Q(g ) = _'] depend only on the pairs
(S1,b1),...,(Sk, bx) but not their ordering in S and b.

Proof. Suppose that 0 is symmetric. Then, for every tuple S and every permutation ,

— = —

4(S) = Efap- x5(N) = Efa -5 - xg(H) = Edar- x5 (5] = a(x(5)) -

In the opposite direction, suppose that O is such that @\(5 ) = Z]\(ﬂ(g )) for every tuple S and every
permutation 7. Then, for every f € U 1]% and every permutation ,
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F.3.3 Linear quasi-distributions

A quasi-distribution O is linear if it is supported on tuples of linear functions.

Definition F.9. A quasi-distribution g over U{0 1n is linear if it is supported on tuples f =

(f1,---, fx) such that each f;: {0,1}" — {0,1} is a linear function.

We provide a characterization of the Fourier spectrum of linear quasi-distributions. This char-
acterization extends Proposition A.1 from the case of single functions to tuples of functions.

Proposition F.10. A quasi-distribution O over Ufo 1 is linear if and only if q(Si,...,Sk) =
T ses, T} D ses, ) for every tuple S =(S1,...,8). (If S; is empty then Y owes, Ti=0")
Proof. We adapt the dimension argument used in the proof of Proposition A.1.

e Let C; be the space of all linear quasi-distributions (as a subspace of ]R2Nk) Note that dim(C;) =
N* — 1, because C; is defined by the linear constraints (i) Zer =1, and (ii) q7 =0 for

every f that is not a tuple of linear functions.

e Let Cy be the space of all quasi-distributions O such that q(@,...,0) = QNk and q(S1

q{> ses, 2} - {Dses, ) for every tuple S =(S1,...,5k). Observe that dim(Cy)

since it is defined by the equality constraints above and the constraint q(0,...,0) = 2%

sk) -

Since since the two spaces have the same dimension, to show that they are equal, it suffices to
show that one space is contained in the other. Note C; C Cs is clear since every linear Q satisfies
q(S1, .-+, Sk) = q({Dses, o} - -+ {D ses, ©}) by definition of the Fourier coefficients and linearity,
which concludes the proof. O

F.4 Two lemmas on symmetric quasi-distributions

We prove that: (i) consistent quasi-distributions over U]’% correspond to quasi-distributions over Up
(Lemma F.11); (ii) symmetric quasi-distributions over U}, can be simulated by consistent quasi-
distributions over UK via queries with non-repeated entries (Lemma F.12).

Lemma F.11. There is a natural equivalence between quasi-distributions over functions and con-
sistent quasi-distributions over tuples of functions. Specifically:

1. For every quasi-distribution Q over Up and for every k, there exists a consistent quasi- distribution
Q over UY such that for every ¥ = (x1,...,z;) with z; € D and b= (b,...,by) with b; € {0,1}

-

it holds that Pr[Q(%) = b] = Pr[O(Z) = ] Moreover, if Q is k-local then Q is local.

—

2. For every consistent quasi-distribution Q over Ulkg there exists a quasi-distribution Q over Up
such that for every set £ = (z1,...,2,) € D and b = (by,...,by) € {0,1}* it holds that
Pr[Q( %) = b] = Pr[Q(Z) = b]. Moreover, if Q is local then Q is k-local.

Pmof Let Q = (py)fev,, be a quasi-distribution over Up and let k be a positive integer. Define
0= (q f) Feuk to be the consistent quasi-distribution over U¥ D Where q(; . p) = py for every f € Up

and all other weights are zero. Note that O has the desired property by construction. Furthermore,
it is clear that if Q is k-local then Q is local.
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Conversely, let Q = (¢ f) Feuk be a consistent quasi-distribution over UF. By definition, g is
D

supported only on tuples of functions of the form (f,...,f). Let Q = (pf)rev,, be the quasi-
distribution over Up where py := qy, . ) for every f € Up. Note that Q has the desired property

by construction. Moreover, it is clear that if Q is local then Q is k-local. O

Lemma F.12. For every symmetric quasi-distribution 9 over U lk) there exists a consistent quasi-
distribution @' over UK such that for every & = (x1,...,2) € D¥ and b = (by,...,b) € {0,1}*
such that x; # x; for all i # j it holds that Pr[O(Z) = b = Pr[Q/(Z) = b].

Proof. Let J = <qf)fe

distribution P = (pf) tev,, over Up (i.e., over functions) that matches 0 in a specific way. Formally,
we specify P via its Fourier coefficients:

Uk be a symmetric quasi-distribution over U ]’5. We first define a quasi-

() = QLN (22];:2311]%(%):0 47— 1) S={x1,...,2s} C D with s <k
0 if [S] >k

Note that since O is symmetric, the summation is independent of the ordering assigned to the
elements of S. It follows that for any set of s queries S = {x1,...,zs} C {0,1}", it holds that

_ s N —~ 5 -
Pr [Z Pla:) = o] R = D SR [Z Qi) = 0]
i=1 =1

fi22iea f(@i)=0 Fi¥i filzi)=0

Note that on the lefthand side we sample one function from a quasi-distribution over Up, while
on the righthand side we sample a tuple of functions from a quasi-distribution over U ]’5. By
Lemma 7.3 this implies that for every S = {z1,...,zs} with ordering & = (z1,...,25) € D® and

b= (by,...,bs) € {0,1}* it holds that 13;[73(5) = b| = Pr[Q(Z) = b]. By Proposition F.6 there is a
consistent quasi-distribution @' matching P, and so Q" has the desired properties. ]
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