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Small Set Expansion in The Johnson Graph

Subhash Khot * Dor Minzer Dana Moshkovitz ¥ Muli Safra §

Abstract

This paper studies expansion properties of the (generalized) Johnson Graph. For natural numbers
t < { < k, the nodes of the graph are sets of size ¢ in a universe of size k. Two sets are connected if
their intersection is of size ¢. The Johnson graph arises often in combinatorics and theoretical computer
science: it represents a “slice” of the noisy hypercube, and it is the graph that underlies direct product
tests as well as a candidate hard unique game.

We prove that any small set of vertices in the graph either has near perfect edge expansion or is
not pseudorandom. Here “not pseudorandom” means that the set becomes denser when conditioning
on containing a small set of elements. In other words, we show that slices of the noisy hypercube —
while not small set expanders like the noisy hypercube — only have non-expanding small sets of a certain
simple structure.

This paper is related to a recent line of work establishing the 2-to-2 Theorem in PCP. The result
was motivated, in part, by [[7]] which hypothesized and made partial progress on similar result for the
Grassmann graph. In turn, our result for the Johnson graphs served as a crucial step towards the full
result for the Grassmann graphs completed subsequently in [20].

1 Introduction

Expanding graphs are ubiquitous in mathematics, theoretical computer science, information theory and
other areas of study (See, e.g., [17]). They are well-connected graphs that are robust to deletion of edges,
and random walks on them mix rapidly. In an expander, for every set S of at most half of the nodes, many
of S’s neighbors are outside S. Formally, we define edge expansion as follows:

Definition 1.1 (Edge expansion). Let G = (U, E) be a d-regular graph, and let S C U be a set of vertices.
The expansion of S is defined as
E(S,S)
(I)( ) = ’ ‘ )
d|S|

where E(S,S) is the set of edges from S outside it.

In recent years there has been considerable interest in small set expanders, which are graphs where only
sets containing a small fraction of the nodes are required to expand. The interest in small set expansion was
motivated by its connection to the Unique Games Conjecture [23l 26] and small set expanders were used in
SDP integrality gaps [23]], lower bounds on metric embeddings [23] and algorithms [1]].
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An important example of a small set expander (that is not an expander) is the noisy Boolean hypercube.
Its nodes are the vectors in {0, 1}k , or alternatively sets in a universe of size k. Two sets are connected,
roughly, if their intersection is of size ¢, typically close to the size of the setﬂ In the noisy hypercube small
sets have near perfect expansion, and this property is key to many of the aforementioned results [23]. The
reader is referred to [25]] for information about the hypercube, noise and the rich theory underlying them.

1.1 Our Contribution

In this work we focus on slices of the hypercube, also known as Johnson graphs. For parameters ¢t < £ < k
we define the Johnson graph J(k, ¢, t) to be the graph whose nodes are sets of size £ in a universe of size k.
There is an edge between two sets if their intersection is of size t. Typically ¢ is much smaller than k& and
t is close to £. Johnson graphs are the subject of considerable interest recently (See, e.g., [10, 12} [13]]). In
combinatorics they are key to the study of sharp thresholds of graph properties [[14]]. In theoretical computer
science they underlie direct product tests [[15,15,119,19], and a recent candidate hard unique game [22].

Johnson graphs are not small set expanders as we demonstrate next. Consider the family S, of all sets
containing a certain element x in the size-k universe (“zoom in”). This is a very small family (The fraction of
Sy is roughly ¢/k, which is small for large k& and much smaller ¢), yet many of the edges with one endpoint
in S, have their other endpoint in S, as well (roughly t/¢ fraction, which is large for ¢ close to ¢). In this
paper we show that essentially only families like .S, are small and non-expanding in Johnson graphs. Other
families have near-perfect expansion, that is, almost all of their neighbors are outside them. We think of a
set being “like” an S, if it becomes substantially denser when conditioning on containment of one, or a few,
elements x. We define a “pseudo-random” set as one that is unlike any .S,:

Definition 1.2 (Pseudo-randomness on the Generalized Johnson Graph). Let J(k, {,t) be a Johnson Graph,
and let v € Nyje > 0 where r < (. We say that a set of vertices S is (r,e) pseudo-random if for every
R C [k] of size at most r,

Pr [Ae S]—-Pr[Ae S]| <e.
ADR A

Our main theorem is that small sets of nodes in the Johnson graph that are pseudorandom have near
perfect expansion.

Theorem 1.3 (Main Theorem). For every 0 < a < 1and 0 < n < 1 there existr € N, €,6 > 0, such that
for large enough k > ( the following holds. If S is a set of vertices of J(k, {, al) of density at most § such
that ®(S) < 1 —n, then S is not (r, €) pseudo-random.

Theorem|2.16|in the body of the paper gives a concrete dependence of the parameters on v and 7. Theo-
rem [2.17] gives an improved dependence of ¢ at the expense of a worse dependence of the other parameters.

Theorem [I.3]is established via spectral analysis on the adjacency matrix of the Johnson graph. We show
a relation between pseudo-randomness of a set and its correlation with eigenspaces whose eigenvalue is
non-negligible (formally stated in Theorem [2.15). Namely, if a function is pseudo-random, then its weight
on the low-level eigenspaces is small.

We remark that the conclusion of Theorem|[I.3]is in fact slightly stronger. Namely, we may conclude that
there is non-negligible fraction of zoom-ins that increases the density by at least €. This stronger conclusion

'One typically considers the uniform distribution over the nodes, so mostly nodes are sets of size roughly £ = k/2. One
considers the following probability distribution over neighbors y € {0, 1}"* of a vector z € {0, 1}*: for each 1 < i < k re-sample
x; with probability § to get y;, and set y; = x; with probability 1 — §. Hence, edges mostly correspond to intersection of size
roughly ¢t = (1 — 0)~.



follows from the current one: we find a zoom-in set that increases the density by more than ¢ iteratively. As
long as the fraction of vertices we have covered with our zoom-in sets is 0(d), we may randomized the set
S on the zoom-in sets so far. After this randomization, the density of each zoom-in set we have found so
far is § + o(d) and the expansion of S is bounded away from 1, and in particular we may find an additional
zoom-in set.

1.2 Related Work

This paper is related to a recent line of work establishing the 2-to-2 Theorem in PCP [20), 16, [7, 21]]. The
heart of this line of work is a theorem similar to Theorem|[I.3|for the Grassman graph rather than the Johnson
graph, which was subsequently established in [21]]. The nodes of the Grassman graphs are /-dimensional
linear subspaces rather than size-¢ sets. Edges correspond to largely intersecting linear subspaces. The
structure of the small non-expanding sets in the Grassman graph is more complicated than that of the John-
son graph, and our Theorem [I.3] was a crucial step towards the analogous theorem about the Grassman
graph [21]. Our result was motivated, in part, by [[7] which hypothesized and made partial progress on the
expansion of Grassmann graphs. The current work builds on their technique and further develops it.

To prove Theorem|[I.3] one has to analyze expectations of the form
E[f(z1,.sxe)fyry oo sye) f(21, ooy 20) fwn, .o wyp)], D

for a certain function of interest f emerging from the spectral decomposition on the Johnson Graph, where
the expectation is taken uniformly over x, y, z, w € [k]" that satisfy a predetermined set of equalities of the
forma = b for a,b € {z;,y;, z;,w; |i = 1,...,7}. We call such expectations four-wise correlations, since
it is an expectation of the product of four values of f on correlated inputs.

For the analog in the Grassmann Graph, one has to study the four-wise correlations

Elf(z1, .. ) f(yr, - s ue) f(215 0oy 20) fwr, ..o wy)], 2)

where now the expectation is uniform over x;, y;, z;, w; € IF’;, that satisfy a predetermined set of linear
equations in x;, ¥;, Wi, z;. In particular, this set of equations could contain equalities as before, say x1 = y».

In [[7]], the authors could analyze the expectations of the form (2) for » = 1,2. For r = 2, they use
brute force analysis to enumerate over all possible linear equation systems that determine the constraints
among the variables, and upper bound each such configuration separately. The analysis uses a combination
of fourier analysis on f and the Cauchy-Schwarz inequality, along with the (additional) notion of zoom-outs.
As r increases, the number of configurations grows quickly and a case by case analysis becomes infeasible.
It was very unclear if a more systematic approach is possible that is able to deal with larger r.

In this paper, we present a systematic approach for the Johnson Graph (wherein fourier analysis on f
and the notion of zoom-outs is not needed).

It turns out that (as far as this analysis is concerned), the Johnson analysis is a special but crucial case of
the Grassmann analysis. Indeed, in the Grassmann analysis, if the only linear dependencies are equalities,
then the analysis, as far as its high level structure/strategy is concerned, reduces to the Johnson analysis.
This turned out to be an insightful step in completing the Grassmann analysis in [21]].

We also show how to analyze higher than four-wise correlations in the Johnson Graph. This leads to
improved quantitative results in Theorem [I.3] and in the main technical result used to achieve it, Theorem
and its improved form Theorem [2.17



2 Preliminaries

In this section we present the necessary background on the Johnson Graph. We shall use properties of it that
are analogous to properties from [7]] about the Grassmann Graph. We often omit proofs if they are nearly
identical.

Definition 2.1. Let t < ¢ < k be integers. The Generalized Johnson Graph J(k,{,t) is defined as follows:
the vertex set is (Uz}), the set of all subsets of [k] of size L. Two vertices A, B C [k] are connected by an edge
ifand only if|AN B| = t.

Abusing notation, we denote the normalized adjacency operator of the generalized Johnson Graph by
J(k,¢,t). We think of it as operating on real valued functions F: (UZ}) —R.
2.1 Fourier Analysis on the generalized Johnson Graph

Any graph, and in particular J(k, ¢, t) induces a spectral decomposition of real-valued functions on it. In
this section we introduce some properties of this decomposition. It has a similar structure to the spectral
decomposition on the Grassmann Graph [7]].

We endow the space of real-valued functions on J(k, ¢, t) with the inner product

(F,G)= E [F[AG[A]
e(y)

for any F, G: ([lz]) — R.

2.2 Level Functions

Definition 2.2. Lett < ¢ < k be integers. For any i = 0,...,{ we define the space spanned by the first i
levels J; as follows. F' € Jg; if and only if there exists f: ([k}) — R such that

FlAl= > ().
ICA|I|=i

One can easily verify that each Jg; is a linear subspace, and that J¢, contains all real-valued functions
on J(k, ¢, t). Furthermore, we have that J<; C J<;11.

Definition 2.3. We define the space of level i functions by J—; = J<; N Ji‘ifl. In words, it is the space of
all functions from J¢; perpendicular to J;_1.

It follows by the definition that the space of real-valued functions on J(k, ¢,¢) can be written as J—g @
J:l D...D J:g.

Definition 2.4. Lett < { < k be integers. Fori = 0, ..., t define

;)
)‘z(k7£’t) = -
()
For i > t, define
i(k, €, t) = 0.

4



Definition 2.5. Ler j < i < k be integers and f: ([’?]) — R. For J C [k],

7

J| = j we denote

Lemma 2.6. Suppose k > (8¢, 0 > 2, and let F' € J<;. Then F € J_; iff for every R C [k], |R| < i we
have that pr(f) = 0.

Proof. The proof is similar to the proof of [7, Lemma 2.19]. O

Theorem 2.7. Lett < ¢ < k be integers. Foranyi =0, ....¢, and F' € J_; given by

FlAl= > fU)

ICA, |I|=i

we have "
2
1Tk, &) F = Xk, £, 8) Flloo < == flloo-

In words, F is a near eigenvector of J(k,?,t) of eigenvalue \;(k,?,t).
Proof. Let F be such function and fix a vertex A in J(k, ¢,t). Then

min(t,i)

J(k,0,)FI[Al= E [FIB]= E S il = E > >

B:|BNA|=t B:|BNA|=t 1CB, |1]=i B:|BNA|=t r—max(0f+i—0) ICB.| AN |=r

We consider different values of ¢ separately, starting with ¢ < ¢. In this case, we separate the summand for
r =1 to get

i—1
J(k,0,)FIAl= E Y fD|+ E > o . ®

BiBNAl=t | 130 BABNAI=t | ax(0,t+i—£) ICB. AT |=r

The first sum in (3] equals

¢ [t )
Ea [() B [f(m] ~ (1) &, 01 = Dria.

The second sum in () is

B:IBIEAIZt 123 <i) (f_:’> IQB,|IEX:QI|:T Pl = ZZE <:) (f_i) 1:|1rIE1\:r AL

r=max(0,t+i—¢) r=max(0,t+i—¢)

We show that the last expectation is negligible. Fix r < 7 — 1, then

E [f(Dl=_ E [ E | I]]
L|INA|=r RCA, |R|=r | :INA=R, |I|=i

|-



For a fixed R, denote by D; the uniform distribution over I where /N A = R, and by D uniform distribution
over I where I O R. Note that these distributions are % close. Hence

E (D] - D] < S

L:INA=R, |I|=i

and since ugr(f) =0 (Lemma we conclude that the second sum in (3)) is upper bounded by

> ()

r=max(0,t+i—¢)

il 24f
)| < 82221 flloo < =11 floo-

k

I:|INA|=r

Next, we prove for ¢ > ¢. In this case we have

t

J(k,,t)F[A]= E > Yoo .

B BnA|=t r=max(0,t+i—¢) ICB,|ANI|=r
The argument is identical to the analysis of the error term in the previous case, and is hence omitted. O

Remark 2.8. With a more careful analysis, one can prove that J—; is actually an eigenspace of J(k,{,t)
with eigenvalue nearly \;.

2.3 Decomposition

Recall that we have seen that the space of all real-valued functions on ([’;]) can be decomposed as J—o B
J=1®....®J—,. For any function F': ([Iz]) — R, we denote this decompositionby F' = F_g+F_1+...+F_,
where F_; € J_;. We also define f—;: ([I;]) — R to be a function that satisfies
A= Y D).
ICA, |I|=i
It is easy to verify that F—y = wu(F). For large i, the functions F_; are harder to compute and we

approximate them instead.

Definition 2.9. Let F': ([];]) — R be a function, and let i € {0,1, ..., (}. We define the weight of F' on level

1 to be ;
WoilF) (P, Fly).

2.4 Approximate Decomposition

As is the case in the Grassmann Graph, computing the exact decomposition is not easy, so we work with an
approximate decomposition instead. Given a function F': ([lg}) — R, define fro = p(F). Inductively once

f~; have been defined for all j < i, we define fx;: ([’;]) — Rby

def
FaiD) = (F) = fagny ()
JCI
forall I € ([If]).
Define def
EalAlY S g
ICA, |I|=i



Basic Facts

The following theorem is an analog of a theorem from the Grassmann Graph. The proof is an adaptation of
the proof therein and is hence omitted.

Theorem 2.10. [Analog of [[7| Theorem 2.25]] Let k, £ be integers such that k > 220053, and let F': ([/z]) —
R be a function. Then forall i =0, ..., ¢,

210()(3
k

The following fact will also be used. Its an analog of a fact from the Grassmann Graph, and the proofs
are similar.

1F=i = Fuill3 < 1] oo

Fact 2.11. [Analog of [[7 Lemma A.2]] Let ¢ < k be integers, and let F': (UZ]) — R be a function. Then for
alli=1,...0,0< j <iand J C [k] of size j,

2101‘2

12J, |I|=i

<

1o

Fact 2.12. [Analog of [[7) Claim A.1]] Let £ < k be integers, and let F': (Uz]) — R be a function. Then for
alli =0, ... 0, || frilloo < 27 ||F||so-

Note that f~; depends of course on the underlying function F'. Often times the function F' will be clear
from the context, however sometimes we will be dealing with more than one function simultaneously. In
this case we shall denote the function fx; by f~i F.

2.5 Restrictions

Given a function F': (UZ]) — R and X C [k] of size at most £ — 1, we define the restricted function
E\NX
Flx: (1)) = Rby
F|x[A] = FIX UA|.

The following lemma expresses level ¢ 4+ 1 components of a function F' as a function of the level 7
components of F' and its restrictions.

Lemma 2.13. Let F': ([’Z]) — R be function, 0 < i < ¢ — 1 and x € [k]. Then for any I C [k]\ {z} of size
1,

frivr,p(TUAL2}) = frip) g () = frip (1)

Proof. The proof is by induction on 7. For i = 0 the claim is obvious, since we have I = () and both sides
are easily seen to be equal to 11,y (F') — p(F).
Let 7 > 0, assume the claim for every j < 7 and prove for ¢. Fix I, then by definition

frirt r (T U{a}) = progey(F) = Y funr () = D fagan,p(J U {a}). “4)

JCI JCI

Consider the second sum. Since we sum only over J strictly contained in /, we may apply the induction
hypothesis to get that

fapnrnr(JULa}) = fa e, (1) = fia,0 ().

7



Plug it into (@) to get

frirtr (T U{a}) = progey(F) = > faunr(J) = > (fx1,F1 0y (T) = fa, 2 (J))

JcI Jcl
pr(Play) = fa, Fly (J) = frip (D)
JCI

= fzi,Fl{x} (I) - fzi,F(I)v

in the last equality we used the definition of f; | (o) O

Corollary 2.14. Let F': (Uz}) — R be function, 0 < i < £ —1and X C [k],
I Clk)\ X of sizej =i —

.. Then for any

~ip(TUX) = ()M fgim, (D).

YCX

Proof. By induction on | X|. For | X| = 0 this is obvious. Assuming the statement for X s of size at most j,
let us prove for the statement for | X| = j 4+ 1. Write X = {z} U X’ for | X'| = j. Then by Lemma2.13

frip(TUX) = frior ), {UX') = fricr(TUX'). o)

Applying the induction hypothesis on each term, we get that

fzi—l,F\{z} (IU X,) = Z (_1)|Y|fzj,F|{z}UX/\Y (I) = Z (_1)|Y|fzj7F|X\y (I)

YCX/ YCX, Y%z
and
frip(TUX) = 3 (DM g, (D= >0 (DY fym (D).
YCX/ YCX, Y3z
Plugging the two into (5) completes the proof. O

2.6 Main Results

In this section, we state our main results. Below, we are given a (7, €) pseudo-random set, whose density is
d. We suggest to think of r as a constant, and on ¢ as ¢ for a large, constant c.

Theorem 2.15. Suppose k > 92006% 5—4. If S is (r, ) pseudo-random, then for every i = 0, ...r,

1
W_i[S] < exp(i)d/* + exp(£?) Y

We prove this theorem in Section 3]

Theorem 2.16. Let o € (0,1), and S be a subset of vertices in J(k,{,al) of density 6. Suppose k >
220%35_4, and lete >0, r € N,
If S is (r, &) pseudo-random, then

, poly 243,1 )
() =1 — o't —exp(r)e'/4 — ;1/16/).



The proof is given in Section 4] We remark that this theorem easily implies Theorem from the
introduction.
Finally, we prove the following quantitative improvement of Theorem [2.15]in Section [5]

Theorem 2.17. There exists ¢ > 0, such that the following holds. Let r,m € N, ¢ > § > 0. Suppose
ke > 22000m?(mA1)6 5—4 If S is (r, ) pseudo-random of density 9§, then for every i = 0, ...r,

ig 1-5L exp(£%)
W:l[S] < (C : m) de " 2m + m

In words, the above theorem asserts that for constant r, a (r, ) pseudo-random set S can have at most
oet=oM) of its weight on the first r levels. This statement should be compared to the r-level inequalities on
the Boolean hypercube, stating that if f: {—1,1}" — {0, 1} has density J, then its fourier weight on level
7 is at most 62 log" (1/6).

3 Proof of Theorem 2.13

Notation. In this secton we sometimes use the notation x = y =+ ¢ to say that |x — y| < e.

Let S be a (7, ¢) pseudo-random set of density 6. Let F': J(k,¢,t) be the indicator function of S, and
leti € {0,...,r}. For i = 0 the claim is obvious, so consider ¢ > 0. Write the function F' according to its
decomposition F' = F_q + F—_1 + ...+ F_;, and denote = W_;[F]. Assume 7 > §2 since otherwise we
are done.

Then we have E4 [F_;[A]?] = n, and by orthogonality E4 [(F — F—;)[A]*] =6 —n.

3.1 Information about the second moments

950¢3

NG

Claim 3.1. E4 [F2,[A]] =n+3

Proof. By the triangle inequality

25043
1F=ille = [[Frill2] < 1 F=i — Faill2 < Tr
and therefore r [
) ) 25085 2502d
Folls =1 Foll5 23— =104+ 3——.
H z||2 H z||2 \/E n \/%
O
. 21 _ WiF] 950¢% 950¢
Claim 3.2. E; [f~i(I)?] = R +42 = % +4Z

3
Proof. Expand out [E 4 [Fil [A]] . On the one hand it is equal n £ 3% by the previous claim. On the other



hand, it is equal

2

E ST faild) E| Y JulDP|+E > ~i(D) fri(T')

A
ICA, |I|=i ICA, |I|=i TAI'CA, [I|=|I'|=i

<€) =Y +E Z Y. Dt

II'CA
u| |I'|=i, [INI'|=d

< ) il Z < > ( > (f:;> Lr, \IIF::\I’\:Z' [faiD filL)]-

[INI'|=d

We shall show that the second sum is small. Fix d € {0, ...,7 — 1} and consider the last expectation. Then
it is equal

I, |I|=: r,|I'\=i
|[INI'|=d

Fix I in the outside expectation and consider the inner expectation is

2
1
B | B[] = B une) £ Ll mlc]
DCI |1, |I'|=i DCI k
INI'=D
where we used the fact that the uniform distribution of I’ over I’ that contain D, and over I’ such that
I'NI = D,isi?/k close. Applying Facts and we get that the overall expectation in absolute value

. 12i2 . .
is at most ZT Therefore for each d the corresponding expectation is at most

212z 21312
E,[HLZHOO ]< ;

1, |1|=i k

we used Fact[2.12
Plugging it into the first equation in the proof, we see that

i—1 . ;2 2
O\ [(L—d\ [(€—i\213" 2T

< <

2 ()<

d=0

(P20 - (B (7]

and therefore
E [f~i(D)?] = —E [F2,[A]] ii21762 _ iy
T (at O+ O VE

25063

Corollary 3.3. Ler A C [k],

< a. Then

i 3
24i—ag 250€

[f%ifa,F|A(B)2] < Ji—a +4 \/E .

|Bl=i—a

10



Proof. By Claim[3.2]

W:i—a[F|A] 25063
E i B)?] < +4 .
Bl=i—a [f i a,F\A( ) ] (g,a) \/E

1—a

Note that since F'is (r, €) pseudo-random, W=""4[F| 4] < p(F|4) < u(F) + € < 2. Additionally,

() ()= () e
1 —a 1 —a 2

Combining these two yields the result. O
Corollary 3.4. Let A C [k], |A| = a. Then
92i+1i—a 95203
E [frxir(AUB)? < = + 45—
sl Pmr (AU BT < vk
|Bl=i—a

Proof. By Corollary [2.14]

~i,r(AUB)? = Z (_1)|Y‘fzi—a,F|A\y (B)
YCA

< 2|A‘ Z f%i—a,F‘A\y (B)27
YCA

the last inequality is by Cauchy-Schwarz. Therefore by linearity of expectation and Corollary

E 1 AUB 2 < 2|A| E Xi—a B 2
p B e AuB <2 3 B [ fricariny (B)?]
|B|=i—a =" |Bl=i—a

3.2 A lower bound on the fourth moment

Claim 3.5. Pry [|F_[A]| > ] > 1.

Proof. By Markov’s inequality

25—277<6_Q
B 2

o —
_ . 2 _n < no_
Py [|F[A] FoAP>1 <TTr i,

Since the probability F[A] = 1 is 8, we conclude probability that |F[A] — F_;[A]|* < 1 — 55 and
F[A] = 1lis at least . For any such A we have

1—F[AP<1— L
| i [A]l 55"

11



implying

Claim 3.6. Pry [F;[A] > g5 >
Proof. Let By = { A | F_;[A] > {5}, and By = { A | |Foi[A] — Fri[A]l < &}

3
By Theorem [2.10|we have || F_; — Fx;[|3 < %, and hence by Markov’s inequality

@
IS

)

Pr [B2] = Pr[|Pofd] - Fuild)] > o] <

910063 85\2 64 910063
_ — <
i< (3)

< - Z
k n) = k&Z2 O

]

where we used 1 > 62 and the condition on k.
Noting that whenever F, E5 occur we have Fx;[A] > 8"—5, we conclude that

7 n
Py [Fm’[A] > @} > Pr[B1] - Pr[Ea) > 7,

we used Claim [3.5]in the last inequality. O

The above claim immediately implies the following.

5

Claim 3.7. B4 [F2,[A]] > 5.

3.3 An upper bound on the fourth moment
The following lemma is the main technical lemma of this section.
Lemma 3.8. Suppose k > 21006% p > 9, If F is (i,€) pseudo-random, then
9273
E [FLIA]] < exp(i)en + PSS

Proof. By opening the brackets we have

IE[Féi[AH =E o fmill) faiT) filT3) filT) |

In,I2,I3,14CA

Denote
D(A,d) = {(11,12,13,14) ‘Il, Iy C A, |Il UlaUl3uU I4| = d},

and note that | D(A, d)| depends only on ¢, d — denote it by 3; 4. Then

A | (I1,12,13,I4)€D(A,d

47
B [FL[A] = ) BiaE E Umilh) i) friT) (L) |
d=1i

An intersection pattern oy of a tuple (11, I, I3, 1) (whose direct sum is d dimensional) is a vector
indicating the size of the intersection of any pair, triple and quadruple of sets from the tuple. Note that when
sampling the quadruple ([1, ..., I4), the probability of getting each quadruple depends only on its intersection

12



pattern. Therefore there is a distribution (&) over intersection patterns such that the previous expression
equals

d=i &4 (I1,12,13,14)~v(Ga)
I,...,I4,CA

Note that now the distribution over (Iy, ..., I4) is uniform over all quadruples whose direct sum is of
dimension d and is intersection pattern is &'y, and thus

ZZV )Bia  E (1) fri(2) fi (I3) fri (1)),

d=i o, (I1,12,13,14)~(og)

The following lemma is the key in the previous lemma.

Lemma 3.9. Suppose k > g100¢%

pattern. Then

. Let i,d be integers such that i < d < 41 and let 54 be any intersection

22i+2id€77 225£3
E Jri(ln) fai(12) fai(I3) fri(La)]| < + 30
(In,I2,13,14)~(5q) | ] ¢d E1/4

We defer the proof of Lemma[3.9]to the next section and show how to complete the proof of Lemma
based on it. Using Lemma[3.9) we see that

22z‘+2id5n 22553
227 Bzd( a3 .

O\ (d\* e\ (d-e\NY L o
id < < | — —_— < - v

and so by the previous inequality

Note that

22i+2id

3
d 4i En 2%5¢
ZZ’y Yedd—d (4e?) ( /i +30k1/4

226[3 44 4
< | exp(i)en + 30 Yl > (ifd)

d=i

227@3
< exp(i)en + T

13



3.4 Wrapping things up
Proof of Theorem Combining Claim [3.7)and Lemma [3.8] we see that

n . _ 9270
lazl < IE [FZi[A]] < exp(i)en + PSS
Rearranging we see that
G 52
< Ngel/d Z
n < exp(i)de /" + 16k1/16 NG
» 763
< exp(i) - 6/t + 16k;1/16’
the last inequality is by 1 > 2. O

3.5 Proof of Lemma

Proof. Let x1, ..., x4 be chosen uniformly from [k], and let Py, ..., Py be sets depending on 1, ..., x4 corre-
sponding to the intersection pattern 4. Note that

2
E  [fai(P1) fri(P2) fai(Ps3) fai(Py)] — E [fxi(I1) fri(12) fri(13) fri(14)] <%Hfm|!§oa

T1,..Tg (I1,12,13,14)~~(0q)
since the distributions of the I’s and the P’s are d—,: close to each other. Therefore, it suffices to show an
upper bound of the expectation involving the P’s.

Proposition 3.10. If there is x; that appears in only one of the P’s, then
9144® 72
k

E [fm-(Pl)fzi(P2)fm(P3)fm(P4)]‘<

Z1,-5Td

Proof. Assume without loss of generality 5 = 1 and that P; contains x1. Then

E  [f~i(P1)fai(Po) f~i(Ps) f~i(Py)] = E [fm‘(Pz)fm(P?))fm‘(PzL)Em [fzi(P1)|«T27-~;«Td]]

T1,..,%d T2,..,%d
(7

Fix z2,...,x4 and denote J = {z2,...,x4} N Pi. Since z; € P;, we have that |J| < |P| -1 =1 — 1.
Additionally

d2
By i) 2, 0e]] | B (D] + 5 il

2
The latter expectation is upper bounded by % from Fact[2.11] Combining this with Fact|2.12|we conclude
that

ol11i? 2
v, [fei(P1) |2, ] < 2
Using this, the triangle inequality and Fact[2.12]on (7)) completes the proof. =

14



Thus we may assume that every x; appears at least in two sets. Next, denote by Hy = PLNPoN P3NPy
the set of x;’s appearing in all sets, hy = |Hy|, H3 the set of ;’s appearing in three of the sets, h3 = |H3|,
Hy the set of x;’s appearing in precisely two sets, ho = |Ho|.

Claim 3.11.

oI U PO PP f PO (P <

JE 2] B 2] B 2] B [72(P]

Proof. Let x € Ho, and suppose P}, , Pj, contain it but not P;,, P;,. Then the left hand side is at most

H4>H37H2\{x}

B B E 1Pl )] ‘ .
Applying Cauchy-Schwarz inequality on the inner expectation, the above expression is upper-bounded by

B [!fm‘(Pjsﬂ | fi(Pjy)] \/E [£2,(P;)] \/E [fiAsz)]] | :

Continuing in this manner - namely picking each time a new variable from Ho, isolating the two terms that
depends on it and applying Cauchy-Schwarz on that expectation, yields the desired bound. O

We next upper bound

B, [\/H [£2(Py)] \/ E [/2(P)] \/g [72,(Py)] \/}{E 72

Using Cauchy-Schwarz inequality,

(®)

@g\/ 5, |2 [fm(Pl)]}{EQ[fii(Pﬂ]}\/ 5, [k [ g 2P

H4,H3 Ho 47H3

<  max \/ E [fiZ(Pl)} max \/ E [fiz(P4)]

HsNPa,Hy Hg\PQ,HQ H3NPs,Hy H3\P3,H2

\/ E [fii(PM\/H E [f2(P)] )

Hy,Hs,Ho 4,H3,Ho

The product of the third and the fourth term is equal to

. 3
9 n-1 250¢
E|fo(P3)| < —+4——.
P, [fwz( 3)] /i \/E

Where the last inequality is by Claim |3.2]and the estimate (f) > (ﬁf)i.

)

Next, we estimate the maximums. For j = 1,2, 3,4 define H3 ; = H3 N P;. Apply Corollary on the
first maximum with A = (Hy, H3 1 N P) and B = (Hy NP1, H3 1 \ ), we get it is upper bounded by

A B 22z+1Z|B\6 2524/3 <2i+1i/\1/2\/g 222563
\/ E 24y /1Bl \/E S /2 + E1/4°

15




where \1 = ’HQ N P1| + ‘H371 \ Pg’
Similarly, the second maximum is upper bounded by

9i+1;22/2 925¢°
i"2/2\/e 4o

(2* ki
where Ay = ’HQ N P4| + |H374 \ ng
Combining everything, we see that
92i+2 L (2i401+22) 92563
< S (10)
0321+ +X2) k1/4

By counting occurrences of points in the P, we get that i = hy + |Ha N P2| + |H3 2| and by counting
occurrences of points in P3, i = hg + |Ha N P3| + |H3 3|. Also, note that Hs 1 \ P» = Hs \ Hs3 2 since any
x € H3 \ Hsp is in 3 of the sets but not in P, and hence it is in P;. Thus, |H31 \ P2| = |H3 \ H3 2| =
hs — |Hs 2| and similarly |H3 4 \ P3| = |H3 \ H33| = h3 — |H3 3|. Plugging everything into (LI]), we see
that the exponent of ¢ (and also ¢) is equal to

hy + |Ha N Pyl + |Hs 2| + ha + |[Ha N P3| + |H3 3| + |[Ha N Py| + |H2 N Py| + hg — |H3 3| + hs — |H3 2|

which is 2(hy + hs + hg) = 2d. Thus,

22i+2id5,’7 22543
H<éd +29k1/4. (11)

4 Pseudorandomness implies Expansion

Proof of Theorem[2.16] Let S be a set as in the Theorem, and let F’ be its indicator functions in J(k, ¢, af).
Note that

(1 —=9(S)) = (F, J(k,l,al)F). (12)
Claim 4.1.
¢ 910143
F,J(k,t,al)F Xi(k, €, )W
(F,J( « Zz; o =F] + ?

Proof. Writing F' = F_g + ... + F_; we have

J4
(F,J(k, 0, al)F) = (F,> " J(k,L,al)F_;) = (F, Y Ni(k, £, 0f) F;)
=0 ]

+(F)Y J(k, 0 al) Py — Ni(k, £, o) ).

=0
The first term equals
L l L
O Fi)> Mk, L al)Foy) = ik, £, o)W [F)
=0 =0 =0



by orthogonality. The second term can be upper bounded using Cauchy-Schwarz and the triangle inequality
by

0
(F,> Ik, &, al) Py — Ni(k, €, o) Fy)

=0

l
< ||F|2 (Z I (K, £, o) F=j — )\i(k,f,aﬁ)inHg) :

i=0
Using Theorem 2.10]and || F||2 < 1, the last expression is at most

¢ 91003

> 2

1=0

210043 o4l

+ =l il

l
+ || T (K, £, al) Fry — Ni (K, £, ) Fril2 < 22
=0

the last inequality is by Theorem[2.7] Therefore using Fact and simplification last expression is at most

210043 210143
<
k k

(t+1)3

The following upper bound follows easily by the definition of \;.
Fact4.2. \;(k, ¢, af) < o

Therefore we conclude that

r al 3
o o 2101¢
(F, I (k,,a)F) < 3 o'W F) 4+ Y o' WTF] + —
=0 i=r+1

Leti < r. Observe that since S is (7, €) pseudo-random it follows that S is (4, €) pseudo-random. Therefore,
applying Theorem [2.15| we see that fori = 0,1, ..., 7,
73

W=F] < exp(i)de'/* + 161{:1/16'

For the second sum, note that by Parseval the sum of all weights of F' is at most §. Hence, combining these
two facts we conclude

27ﬁ3
1/4 +1

(F, J(k, 0,0l F Zaexp o/t 4o Z W=il F] + 20775

=0 i=r+1

1/4 1 27

< exp(r)det* + 6o + 201{:1/16'
Plugging this into (12)) and simplifying yields
2763

B(S)>1— o —exp(r)el/t — 201{:1/166.
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5 Proof of Theorem

Let S be a (7, ¢) pseudo-random set, and F' be its indicator function. The proof of Theorem follows the
same outline as the proof of Theorem [2.15] except that we use higher moment.
LetO0<e <.

Claim 5.1.
2m ,,72m+1
E[FA] 2 Somragom
Proof. Immediate from Claim 3.6 O
The intersection pattern of P, ..., P»y, is a vector ¢ indicating the sizes of all all intersections of any

collection of the sets.

Lemma 5.2. Let o4 be an intersection pattern for 2m sets, and let P, ..., Poy, be sets that match this
intersection pattern, that have formal elements x1, . .., xq. Then
2m :d_2m—1 3
Lom 17€ n exp(£°)
~i(Py) || < 24mit2m : 1
x17]~Eﬁld 1_[1 f~z( ]) X ¢d L1/ (4m(2m+1)) (13)
j:
The rest of this section is devoted for the proof of this lemma.
Let 04 be an intersection pattern. If among x1, ..., x4 there is a variable that appears only in one of the
P’s then lemma holds trivially:
Proposition 5.3. If there is x; that appears in only one of the P’s, then
2m 9(114+m)id?
AP <z
Bl I
j=1
Proof. The same proof as in Proposition [3.10 O
We thus assume from now on that each x; appears in at least 2 of the P’s. For s = 2,3...,2m,

let H, be the set of x;’s that appear in exactly s of the P’s. For convenience, let us also denote H>; =
H,UHg 1 U...UHyy, andH<5 =HyUH3U...UH,.

For each one of the P-sets, define e; (P) = | f~i(P)| and for s > 2 define

es(P) < E [f2:(P)).

Hg,

Foreacha = 2,3,...,2m, define an operator p, on random variables defined by

@) = g [22/0°9).

Forj=1,2,...,2m — 1, define 7T} ;(P) = e;(P). Inductively for a > j, define

T5a(P) Y pa(Tjar(P)).

18



Denote for each s,

2m
def
QS[H28+1] = E H’f%z(Pj”
He, |-
< j=1
Note that for s = 2m, this is the term we wish to bound.
Proposition 5.4. For every 2 < s < 2m,
om 1/s
QS[H2S+1] < H Tl,S(Pj)
j=1

We shall use the following fact in the proof, which is a direct corollary of Holder’s inequality.

Fact5.5. Let hi,... hy: (¥) — R Then
1A hnlly < [l - - ([Pl

Proof of Proposition[5.4] The proof is by induction on s. The base case s = 1 is trivial. Let s > 1, assume
we have proven for s, and prove for s + 1. Note that

Qst1[Hzs42] = S [Qs[H>s+1]]-

s+1

Applying the induction hypothesis, we get that

2m
Qua[Hzsral < B[] (T1a(B)]
Hs+1 ]:1
Write Hg 1 = {a:jl, cey Ty } Iteratively, for each y € H,;1 we consider the s + 1 P’s it appears in, and
then apply Fact[5.5|on them. Thus, for instance suppose we have that y is in Py, ..., Psyq, then we would
get
s+1 1/(s+1) 2m
Qualtteual < | & AT (B [m)e0]) T 1|,
Hs1\{y} j=1 Y Jj=s5+2
Repeating this process for every y € H,, 1, one gets
2m 1/(s+1)  2m
Qs+1[H>s+2] < H < E |:T1’S(Pj)(8+1)/5:|> = H Tl,s+1(Pj)1/(s+1)-
. Hs11NP; i
Jj=1 7=1
O
Thus, we have that
1/2m
2m
LHS(13) < | [ T12m(P)) . (14)
j=1
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Proposition 5.6. For any P-set Pand1 < j <2m —1

2m
Tjom(P) < Tjs1,0m(P) - maxe;(P)70+0.

27

Proof. The proof is by induction on j. The induction basis j = 2m — 1 follows similar lines of the induction
step and is hence omitted. Assume the claim for 5 < 2m — 1 and prove for j — 1.

Ti—12m(P) = pam o ...0 p; (ej—1(P))

=pP2m O ... 0 Pj41 <]I'—[E |:€j1(P)j/(j—1):|)

J

Clearly,

B [ej—l(P)j/(jfl)] < E [ej-1(P)] Igaxej—l(P)l/(jfl) =¢;(P) Tgaxej—l(P)l/(jflx

H; H; 2j 27

Also, note that each operator p, is monotone on non-negative random variables, and for a random variable
Z and a constant ¢ > 0 we have that p,(cZ) = pa(c)pa(Z). Thus, combining the above two we get that

Tj—12m(P) < [p2m 0 - 0 pjal(ej(P)) - [pam © ... © pjsa] (max ej-1(P)/VU7Y)
B
= j,2m(P)%axej_l(]?)?m/j(j—l)'

2

Repeated application of the above proposition yields that for any P-set,

2m—1 om
2m
T1om(P) < Tomam(P) [] max eq(P)7@ = [[ max eq(P)*™ 9,
a1 zent a1 Hzan

1 I fora < 2m — 1 and g(2m) = 5. We used the fact that Thp, om (P) = eam(P).

where g(a) 2D
Plugging this into yields
2m 2m
LHS <TITI max ear (P

j=la=1 2!

Using Corollary we see that that for a < 2m,

[Ptz exp(£3)

max eq,(P) < 22i+1i +
Hsai1 a(P) |POH<| VEk
For a = 2m, by Claim[3.2]
max e,(P) < i‘PmH<a|77 exp(£%)
Heafn 7 glPNH< VEk
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Therefore,

2m [/ .|p. 92m)  om 2m—1 | p; g9(a)
LHS(L3) < H i mH<2m|77 + exp(£?) . H 22z'+1Z|PJmLI<a’8 + exp(£)
| PiNH <o VE . ¢|PinH<a| Vk

j=1 7j=1 a=1
2m ’p ﬁH<2m| 9(2m) 9 9m ’ H<a‘ g(a) 3
H 7 TIIT (2nis e ool
\P NHom | e 1PiNHq| E1/(dm(2m+1))
j=1 j=la=
2m 2m |PjNH¢q
Tt 09 a)'|PjﬂH<a| E1/(4m(2m+1))
2m—1
where to compute the power of € we used the fact that > g(a) =1 — ﬁ (telescopic sum). Consider the
a=1

last product. It is equal to

om 2m a ()gleHr‘
Zg(a [ PN =
I T e Ny | (—
j=la= 11"1 a=1lr= 1£9)2|P0HT|
(a)-r|Hy|
_HH (a) T|H,

a=1r= 1
2m 2m g (a)r|H, |

- H H ¢9(a)-r|H,|

r=1a=r

2m
om T 32 g(a)

Z a=T
2m :
r=1 €T|H'r| Z g(a)
In the second equality, we used the fact that each element in H, is counted r times by the P;’s. In the third

2m
equality we interchanged the order of multiplication. Note that > g(a) = %, hence the last product is equal

a=r
to
S 1,
moH ) 2T d
H Bz
ot S ¢

(=1
Plugging this into[I5] yields

‘d, _2m—1 3
dmi+2m L 1€ exp(£°)
LHS(13) < 2 )

concluding the proof.

The following corollary is proven using a similar argument to the one in Lemma[3.8] Since the proof is
almost identical, we omit it.
Corollary 5.7. Suppose k > 21006% 4 > 9, If F is (i, ) pseudo-random, then

exp(£*)

2m 4mi,. _2m—1
E [FRP[A]] < (10m) ™ e ™ + ey
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Proof of Theorem[2.17) Combining Claim[5.1]and Corollary[5.7] we get that

2m+1 3
Ui 4mi, _2m—1 exp(£°)
pomiagIm S (10m)™ ™ e + 11/ @m(2m+1)) "
Rearranging (and using 7 > §2) we get that
3
2 6m+2 4mi §2m _2m—1 exp(£)
S B A0m) R A ey
taking 2m-root yields
2s 1—5L exp(£?)
n < 16(10m) Yo T em + W

finishing the proof.

6 Open Problems

Derandomizing the hypercube. Many results in the PCP literature [[16], construction of integrality gaps
and non-embeddability results [23] rely on the small-set expansion property of the (noisy) hypercube. This
property states that for every noise rate p > 0, there exists £ > 0 such that a set of density J in the noisy-
hypercube has expansion at least 1 — O(d¢). The quantitative aspect of these results is often determined by
the number of vertices in the noisy-hypercube, which is large. Improving these results can be achieved by
constructing a hypercube like graphs (e.g. that have a “small-set expansion” type property) with significantly
smaller number of vertices. This was done by Barak et al. [2] via the “Short Code”, that in many ways
behaves similarly to the noisy hypercube and thus may replace the noisy hypercube in the applications
above. Can our results be used to get improved results? This task is not trivial since the Johnson Graph
does not have a small-set expansion property. We do have however a characterization of sets for which
the small-set expansion property fails that is sometimes sufficient. For instance, the outer PCP of [20] [7]
deviates from classical PCP constructions by incorporating this characterization into the analysis.

Understanding slices of the hypercube. The Johnson Graph represents a slice of the Boolean hypercube,
which is a well-studied object from a combinatorial point of view [[11} 10, 12, [13]. It is related to the study
of sharp threshold of Boolean functions and graph properties [[14]. Can our result lead to new results about
slices of the Boolean hypercube the way that small set expansion of the hypercube and hypercontractivity
in general led to results about the hypercube? Subsequent to our work, Lifshitz and the second author have
made progress in this direction [24].

Direct product testing. For the Grassmann Graph, the characterization of small-sets that have near-perfect
expansion implies a “direct product testing” result, i.e., an encoding and a (2-to-2) test on words, such that
any word that passes the test with noticeable probability has global structure (inside some subgraph of
Grassmann Graph) [3]]. Our results are related, in the same sense, to the problem of direct product testing
on the hypercube [[18, 8, 4]. Can one obtain new results about direct product testing via our theorem? It is
interesting to note that the notion of “zoom-ins” appears in many of these works, and often as an intermediate
step (if there are more than 2 queries).
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