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Abstract

Let C' be a depth-3 XIIX arithmetic circuit of size s, computing a
polynomial f € F[zy,...,x,] (where F = Q or C) with fan-in of product
gates bounded by d. We give a deterministic time 2¢ poly(n, s) polynomial
identity testing algorithm to check whether f = 0 or not.

In the case of finite fields, for Char(F) > d we obtain a deterministic
algorithm of running time 274 poly(n, s), whereas for Char(F) < d, we
obtain a deterministic algorithm of running time 207+2)-d1ogd poly(n, 5)
where v < 5.

1 Introduction

Polynomial Identity Testing (PIT ) is the following well-studied algorith-
mic problem: Given an arithmetic circuit C' computing a polynomial in
Flx1,...,zy], determine whether C' computes an identically zero polynomial
or not. The problem can be presented either in the white-boxr model or in the
black-boxr model. In the white-box model, the arithmetic circuit is given ex-
plicitly as the input. In the black-box model, the arithmetic circuit is given
black-box access. I.e., the circuit can be evaluated at any point in F™ (or in F",
for a suitable extension field F). In the last three decades, PIT has played a
pivotal role in many important results in complexity theory and algorithms: Pri-
mality Testing [AKS04], the PCP Theorem |[ALMT98]|, IP = PSPACE [Sha90],
graph matching algorithms [Lov79, MVV87]. The problem PIT has a ran-
domized polynomial-time algorithm (more precisely, a co-RP algorithm) via the
Schwartz-Zippel-Lipton-DeMillo Lemma [Sch80,|Zip79, DL7§|, but an efficient
deterministic algorithm is known only in some special cases. An important
result of Impagliazzo and Kabanets |[KI04] (also, see [HS80, Agr05|) shows a
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connection between the existence of a subexponential time PIT algorithm and
arithmetic circuit lower bounds.

We refer the reader to the survey of Shpilka and Yehudayoff [SY10] for
the exposition of important results in arithmetic circuit complexity, and the
polynomial identity testing problem.

Agrawal and Vinay |AV08| have shown that polynomial size degree-d n-
variate arithmetic circuits can be depth-reduced to XIIXII circuits of nOWVd)
size. Thus, a nontrivial deterministic PIT algorithm for depth-4 (i.e., XIIXII)
circuits would imply a nontrivial deterministic PIT algorithm for general arith-
metic circuits. Indeed, for characteristic zero fields, derandomization of PIT
even for depth-3 XIIX circuits would have a similar implication |[GKKS13]|.

Motivated by the results of [KI104,/Agr05, AV08|, a large body of research
has focussed on PIT for restricted classes of depth-3 and depth-4 circuits. In
particular, a well-studied subclass of depth-3 arithmetic circuits are XIIX(k)
circuits (where the fan-in of the top + gate is bounded by k). Dvir and Sh-
pilka have shown a white-box quasi-polynomial time deterministic PIT algo-
rithm for XII¥(k) circuits [DS07]. Kayal and Saxena have given a deterministic
poly(d¥, n, s) white-box algorithm for the same problem [KS07]. Following the
result of [KS07](also see [AM10] for a different analysis), Karnin and Shpilka
have given the first black-boz quasi-polynomial time algorithm for XII¥(k) cir-
cuits [KS11]. Later, Kayal and Saraf [KS09] have shown a polynomial-time de-
terministic black-box PIT algorithm for the same class of circuits over Q or R.
Finally, Saxena and Sheshadhri have settled the problem for XIIY (k) completely
by giving a deterministic polynomial-time black-boz algorithm [SS12] over any
field. We also note that Oliveira et al. have recently given a sub-exponential
PIT -algorithm for depth-3 and depth-4 multilinear formulas [dOSIV16].

Summary of our results.

For general depth-3 XIIX circuits with x-gate fan-in bounded by d, to the best
of our knowledge, no deterministic algorithm with running time better than
min{d", (n;rd)}poly(n, d) is known. Our main results are the following.

Theorem 1. Let C be a XII% circuit of size s, computing a polynomial f €
Flxi,...,zn] ( where F = Q or C) and the fan-in of the product gates of C
is bounded by d. We give a white-box deterministic polynomial time identity
testing algorithm to check whether f =0 or not in time 29 poly(n, s).

Over the fields of positive characteristic, we show the following result.

Theorem 2. Let C be a XIIX circuit of size s, computing a polynomial f €
Flxi,...,zn] and the fan-in of the product gates of C is bounded by d. For
Char(F) > d, we give a white-box deterministic polynomial time identity testing
algorithm to check whether f =0 or not in time 27% poly(n,s). The constant y
s at most 5.

As an immediate corollary we get the following.



Corollary 1. Let C be a depth-3 XI1% circuit of size s, computing a polynomial
f €F[zy,...,x,] and the fan-in of the product gates of C is bounded by clogn)
for some constant ¢ ( where F = Q or C or a finite field such that Char(F) >
clogn) . We give a deterministic poly(n,s) time identity testing algorithm to
check whether f =0 or not.

Over the fields of smaller characteristic, we have the following result.

Theorem 3. Let C be a XIIX circuit of size s, computing a polynomial f €
Flxi,...,zn] and the fan-in of the product gates of C is bounded by d. For
Char(F) < d, we give a white-box deterministic polynomial time identity testing
algorithm to check whether f = 0 or not in time 202 dlogd poly(n s). The
constant v is at most 5.

2 Organization

The paper is organized as follows. Section [3| covers the background materials.
In Section we prove Theorem that shows a deterministic 2¢-poly(n) PIT for
depth-3 circuits over Q and C. The PIT algorithms for depth-3 circuits over
finite fields are presented in Section [5] where we prove Theorems [2] and

3 Preliminaries

For a monomial m and a polynomial f, let [m]f denote the coefficient of the
monomial m in f. We denote the field of rational numbers as QQ, and the field
of complex numbers as C. Depth-3 LIITIYY circuits computing polynomials in
Flx1,za,...,x,] are of the following form:

s d
C(x1,...,xp) = Z HLi,j(xl, ey X)),

i=1 j=1

where each L; ; is an affine linear form over F.

We refer to them as YXIIY circuits for unspecified s and d.

We recall a well-known fact which states that for the purpose of solving PIT |
it suffices to consider homogeneous circuits. We use the notation SEIIY to
denote homogeneous depth-3 circuits of top sum gate fan-in s, product gates
fan-in bounded by d.

Fact 1. Let C(x1,...,x,) be a SEMY circuit. Then C = 0 if and only if

24C(x1/%,. .., 2n/2) =0 where z is a new variable.
. . . [
We say a monomial m is of type e = (e1,e2,...,¢e,) if m =27l xi? ... athq for
. . . . . e
e1 < ey <...<eq and each i; is distinct. For the monomial m = xfll a:fj ... xl;

we use m! to denote the product eq!-es! - - - ¢! as a convenient abuse of notation.



Connection to noncommutative computation

In this paper, we will also deal with the free noncommutative ring F(Y'), where
Y is a set of noncommuting variables. In this ring, monomials are words in Y*
and polynomials in F(Y") are F-linear combinations of words. We define non-
commutative arithmetic circuits essentially as their commutative counterparts.
The only difference is that at each product gate in a noncommutative circuit
there is a prescribed left to right ordering of its inputs.

Given a noncommutative monomial m = y;, v, ...y;, of degree d and a
permutation ¢ € Sy, we use m? to denote the position-permuted monomial
YieyYica) - - Yio(ay-

For our PIT algorithms over finite fields given in Section o] we will be
applying the Raz-Shpilka PIT algorithm [RS05| for noncommutative algebraic
branching programs. For this purpose, we prescribe a way of transforming a
given commutative circuit C' computing a polynomial in Flz1,ze,...,2,] to a
noncommutative version C™°. The circuit C™¢ is defined by fixing an ordering
of the inputs to each product gate in C' and replacing x; by the noncommutative
variable y;,1 < ¢ < n. Thus, C™° will compute a polynomial f7° in the ring
F(Y), where Y = {y1,v2,...,yn} are n noncommuting variables.

Remark 1. We stress that the above transformation of a commutative circuit
C' to a noncommutative circuit C™¢ does not preserve polynomial identities.
However, given a commutative X113 circuit C, we will suztably “symmetrize”

it to obtain C ensuring that the noncommutative version cne s tdentically zero

iff C =0.

We recall the definition of Hadamard Product of two polynomials. The
concept of Hadamard product is particularly useful in noncommutative compu-
tations [AJ09,|AS18]|.

Definition 1. Given two degree d polynomials f,g € Flx1,x9,...,2y], the
Hadamard Product f o g is defined as

fog=7 (mlf-[mlg) m.
m
For the PIT purpose in the commutative setting, we adapt the notion of
Hadamard Product suitably and define a scaled version of Hadamard Product
of two polynomials.

Definition 2. Given two degree d polynomials f,g € Flx1,x9,...,2y], the
scaled version of the Hadamard Product f o® g is defined as

fo'g=" (ml-[m]f-[mlg) m,

m

where m = xelxe2 . xf: for some r < d and m! = eq! - es!---e,.!, as already

defined.
For solving PIT over Q, it suffices to compute f o® f(1,1,...,1). This
is because all monomials in f o® f have nonnegative coefficients. Thus, f o®



f(1,1,...,1) #0if and only if f # 0. In the case F = C, it suffices to compute
fo*f(1,1,...,1) where f denotes the polynomial obtained by conjugating every
coefficient of f.

We also recall a result of Ryser [Rys63] that gives a SRy circuit for
the Permanent polynomial of n X n symbolic matrix.

Lemma 1 (Ryser [Rys63|). For a matriz X with variables x;5 : 1 <i,j <n
as entries,

n
Perm(X) = (—1)" 32 ()BT | 3w
SCn] i=1 \jes
Remark 2. We note here that Ryser’s formula holds over all fields F. Fur-
thermore, if X is a matriz of free noncommuting variables y;; : 1 <i,5 <n as

entries, then too Ryser’s formula holds. More precisely, we have

Perm(X) = (-1)" S_ DS][ Y wis |-

SC[n] i=1 \ jes

where the order of linear forms in each product gate is increasing order of index
i.

The following simple lemma about the coefficient of a monomial in a product
of homogeneous linear forms is important for the paper.

Lemma 2. For a degree-d monomial m = x;,;, - - - x;, (where the variables
can have repeated occurrences) and a homogeneous 11X circuit C = H;lzl Lj,
the coefficient of monomial m in C is given by:

d
e = 37 TL( ) o).

o€Sy j=1

Proof. We assume without loss of generality that the monomial m =
Tiy Tiy -+ - Ti, is such that repeated variables are adjacent, where the first e;
variables are x;,, and the next es variables are x;, and so on until the last e,
variables are w;, , and the xj, ,1 < k < q are distinct variables.

We notice that the monomial m can be generated C' by first fixing an order
o : [d] + [d] for multiplying the d linear forms as Ly(1)Ly(2) - Lo(q), and then
multiplying the coefficients of variable z;,,1 < k < d picked successively from
linear forms Ly, 1 < k < d. However, these d! orderings repeatedly count
terms.

We claim that each distinct product of coefficients term is counted exactly
m! times. Let Ej C [d] denote the interval By, = {j | ex—1 +1 < j < ex},1 <
k < g, where we set eg = 0.

Now, to see the claim we only need to note that two permutations o, 7 € Sy
give rise to the same product of coefficients term iff o(Ey) = 7(F),1 < k < q.
Thus, the number of permutations 7 that generate the same term as o is m!.

Therefore the actual coefficient [m]C, which is the sum of distinct product
of coefficients is given by 1 3 s, H;l:l ([zi;]Ls(j)), which completes the proof.

O



Perfect Hash Functions

We recall the notion of perfect hash functions from [NSS95,AG10]. An (n,k)-
family of perfect hash functions is a collection of functions F from [n] to [k] such
that for every subset S C [n] of size k, there exists at least one function f € F
such that f is one-one on S. Explicit deterministic construction of (n, k)-family
of perfect hash function is well-known [NSS95,/AG10]. For the best known
construction, the size of the family is e*k°U°8%) Jogn, and the running time of
the construction is O(e*kOU08) logn).

4 PIT for XIIY circuits over Q and C

We first outline the main ideas of the PIT algorithm over Q. For two
polynomials f and g of degree d, consider their Hadamard product f o g =
Y mlmlf - [m]g - m. Clearly, since f o f has nonnegative coefficients, f = 0 if
and only if fo f(1,...,1) = 0. Thus, given a circuit computing a polynomial f,
if we can compute a circuit for f o f then we can check if f = 0. Actually, we
will use a slightly different product which we call the scaled Hadamard product
defined as

fosg:Zm!.[m]f-[m]g-m.

Notice that computing a circuit for fo® f also suffices to solve the PIT problem.
Clearly, f =0 if and only if fo® f(1...,1) =0.

As already observed, we can assume w.l.o.g. that the given circuit is ho-
mogeneous. Given a LIIIY circuit computing a homogeneous polynomial f,
our aim is to compute a circuit for fo® f efficiently. Since the scaled Hadamard
product distributes over addition, it suffices to compute the scaled Hadamard
product of two 1Y circuits C1 and C5. We will obtain a RIS circuit
of size 2% poly(s,n,d) for Cy o® Cy. Surprisingly, we can use Ryser’s 2¢ poly(d)
sized depth-3 formula for the permanent of a d X d matrix to obtain a depth-3
circuit for Cy o° Cs.

For the F = C case a modification of the above method works. Given
a circuit C computing f € C[z1,9,...,2,], we first construct a circuit C
computing f € Clay,22,...,2,], obtained by conjugating coefficients of the
linear forms in C. The coefficients C o® C' are squares of the absolute values of
the coefficients of f. Hence, evaluating C o* C at (1,1,...,1) yields the desired
PIT .

Now we are ready to prove Theorem
Proof of Theorem []. We present the proof only for F = Q. For C, we
only need a minor modification as explained in Remark [3] Given the cir-
cuit C' we compute C o® C' and evaluate at (1,1,...,1) point. Notice that
over rationals, C' o® C' has non-negative coefficients. This also implies that
C = 0 if and only if C o* C(1,1,...,1) = 0. So it is sufficient to show that
Co®*C(1,...,1) can be computed deterministically in time 2¢ poly(s,n). Since
the scaled Hadamard Product distributes over addition, we only need to show
that the scaled Hadamard Product of two IIY circuits can be computed effi-
ciently.



Lemma 3. Given two homogeneous 4y circuits C; = H‘Z-izl L; and Cy =
ngl L'; we have:

01002 ZHLOL/

€Sy i=1
Proof. We prove the formula monomial by monomial. Let m = x;,x;, ... x;, be
a monomial in Cy (Note that i1,1i9,...,7q need not be distinct).
Now let m be a monomial that appears in both C; and Cs. From Lemma
the coefficients are

d
m]Ch = a1 = % S [ [k

o€Sy j=1
and
1 d
— e — 7!
[(m]Ca =0y = — > ]l
TESy j=1
respectively.

From the definition 2] we have
[m](Cy 0 C2) =m! - a; - ag.

Now let us consider the matrix 7" where Tj; = L; o®* L'; : 1 < ¢,j < d and
Perm(T) = 3° g, Hl 1 Li 0® L5y The coefficient of m in Perm(T) is

[m] Perm(T") Z HL o L

g€Sy

Similar to Lemma [2], we notice the followmg.

[m) Perm(T) = 3 | — ZH% () @ Lo(x(i))

€Sy '7T€Sd] 1

- m' Z Z H x”] 7r(J) xla] U(W(j)))

ceSymESy 7=1

d
D3 H 23, )Lr) - T1 (3] L oei)
CESy TESy j=1 Jj=1
d
= H i, L n(j))'i, > T oriy)
resSy \j=1 m o€S, j=1
1 d
m| > H wi L) o D ()L o)
m€Sqy \J=1 o€Sy j=1

Clearly, for any fixed 7 € Sy, we have that 3 ¢ H;l:l (24,1 o (r(jy) = mlas.
Hence, [m]Perm(T") = m! - a1 - ag and the lemma follows.
O



Lemma 4. Given two Y circuits Cy and Cy we can compute a 27l
for Cy1 0 Cy in time 2% poly(n, d).

Proof. From Lemma |3 we observe that Perm(T") gives a circuit for C; o® Cs.
A 2RIy circuit for Perm(T) can be computed in 2% poly(n,d) time using
Lemma [

O

Now we show how to take the scaled Hadamard Product of two XIIX circuits.

Lemma 5. Given two STIIY circuits C = Y5 | P; and C= S P; We can
compute a SRSy, cireuit for C o* C in time 2% poly(s, 3,d,n).

Proof. We first note that by distributivity,

0o G=3" Y P B,

i=1 j=1

Using Lemma 4| for each pair P; o® /PVJ we get a RIS circuit P;j. Now
the formula 377, >°°_ P is a »2*s811l9Y; formula which can be computed in

24 poly(s, 3,d,n) time.
O

Now given a SEITIY circuit C we can compute C o® C using Lemma and
finally evaluating C o®* C'(1,1,...,1) completes the PIT algorithm. Clearly all
the computation can be done in 2% poly(s,n) time. This completes the proof of
Theorem [1I

Remark 3. To adapt the algorithm over C, we need to just compute C o° C
where C is the polynomial obtained from C by conjugating each coefficient.
Note that a circuit computing C can be obtained from C by just conjugating the
scalars that appear in the linear forms of C. This follows from the fact that the
conjugation operation distributes over addition and multiplication. Now we have
[m](C o* C) = |[m]C|?, so the coefficients are all positive and thus evaluating
Co®*C(1,1,...,1) is sufficient for the PIT algorithm.

5 PIT for XIIY circuits over finite fields

In this section we present the PIT algorithms for XIIX circuits over finite fields
in two subsections: the Char(IF) > d case and the Char(IF) < d case respectively,
where d is the formal degree of the given XII3 circuit.

5.1 Over large characteristic

We first outline the algorithm for fields F such that Char(F) > d, where d is
the formal degree of the given XIIY circuit. Since Char(F) = p > d, it turns
out that the notion of scaled Hadamard product is still useful for us, as m! # 0
(mod p) in F. However, we cannot simply evaluate the circuit at some specific



point to perform the PIT since the final sum could be zero (for instance, a
multiple of p).

At this point, we will apply ideas from noncommutative computation.

Suppose the PIT instance is a homogeneous degree-d polynomial f €
Flxy,x2,. .., 2z,] given by circuit C. As explained in Section |3, we can consider
the corresponding noncommutative circuit C™ which computes a noncommu-
tative homogeneous degree-d polynomial f' € F(yi,yo,...,yn)-

Every monomial m of f can appear as different noncommutative monomials
m’ in f/. We use the notation m’ — m to denote that m’ € Y* will be
transformed to m by substituting x; for y;,1 < i < n. Then, we observe that

[mlf = Y [ (1)
m/—m

Clearly, the noncommutative circuit C™° is not directly useful for PIT, be-
cause C™° may compute a nonzero polynomial even when C' = 0. However, we
observe that the following symmetrization trick will preserve identity. We first
explain how permutations o € Sy act on the set of degree-d monomials Y (and
hence, by linearity, act on homogeneous degree-d polynomials).

For each monomial m' = y;, s, - - - yi,, the permutation o € S; maps m’ to
the monomial m/ which is defined as m’® = YigyYio@) " Yiewa - Consequently,
by linearity, f' = >, cya[m/]f - m’ is mapped by ¢ to the polynomial f'7 =
Zm’eYd [m/] f/ . m/a.

The following proposition tells us a simple way of transforming PIT for
commutative circuits to PIT for noncommutative circuits.

Proposition 1. Suppose Char(F) > d. For a homogeneous degree d polynomial

f € Flzy,za,...,2,] given by circuit C, and the corresponding noncommuta-
tive circuit C™ computing ' € F(y1,y2,...,yn) consider the “symmetrized”
polynomaial
f* — Z f/O'.
0ESy

Then the commutative polynomial f is identically zero iff the noncommuta-
tive polynomial f* € F(y1,y2,...,yn) is identically zero.

Proof. Let f =5 [m]f-mand f' =5 _,[m/]f -m'. Notice that

mlf =" W]/

m/'—m

Now, we write

f* _ Z[m//]f* 'm//.

m'

The group Sy acts on Y (degree d monomials in Y) by permuting the coor-
dinates. Suppose m = 1‘2 e xf; is a type e = (e1,...,eq) degree-d monomial
over X and m” — m. Then, by the Orbit-Stabilizer lemma the orbit O,,~ of
m' has size 4. It follows that [m”]f* = 3", ,co , m!-[m/]f' = m!-[m]f. Thus,

[m”]f* = 0 if and only if [m]f = 0, which proves the proposition. O



Thus, in order to check if the polynomial f computed by a commutative
circuit C' is identically zero, we can instead check if the noncommutative
polynomial f* = 0. Clearly, if we have a small algebraic branching program
(ABP) for f*, we can use the deterministic identity testing algorithm of Raz
and Shpilka [RS05] to do PIT for f* and hence for f. We manage to do
precisely this in the next result. Now we are ready to prove Theorem

Proof of Theorem @ We can write f =7, H?Zl L;;, for homogeneous linear
forms L;;. Now, the corresponding noncommutative polynomial f’ is defined
by the natural order of the j indices.

We claim that the noncommutative polynomial f* defined in Proposition
has a noncommutative X243 formula. Once we prove the claim we are
done, because we can apply the Raz-Shpilka deterministic PIT algorithm to
this formula and obtain the desired PIT, as a consequence of Proposition

Now, consider one of the IIX subcircuits of C, say, P; = Lj1 L2 - -+ L;g. Then
Pl = LjjLis--- Ly, where L;; is obtained from L;; by replacing variables zy
with the noncommutative variable yy, for each k. Now, we claim the following.

Claim 1.
* ’ / ’
Pf =" Ly Liooy Liggay:

gESy

Proof. Let us proof the claim monomial by monomial. Fix a monomial m” in P;*
such that m” — m. Suppose m” = yx, yg, . . . yr,. Note that, m = zy, v, ... Tk,
Recall from Proposition [} [m”]|PF = m!- [m]P;. Now, the coefficient of m” in

d .
Yoesy j=1 L;U(j) 18

d d
"1 Y T Loy | = D TLIwmILing-

0€Sy j=1 ocS, j=1

Let us notice that, [ykj]L;J(j) = [z;]Lio(;)- Hence,

d d
"> T Eioy | = D0 Tz ) Liog)-

c€Sy j=1 g€eSy j=1

Now, the claim directly follows from Lemma |2 as 3 .o H;-lzl[xkj]Lw(j) =
m! - [m]P;.

Now define the d x d matrix T; such that each row of T; is just the linear
forms L., L%, ..., L., appearing in P;. The (noncommutative) permanent of
T; is given by

d
paen(T) = 3° [ Ly
g€Sy j=1
which is just P;.

We now apply Ryser’s formula given by Lemma |[l| (noting the fact that

it holds for the noncommutative permanent too), to express Perm(T;) as a

10



depth-3 homogeneous noncommutative 221y formula. It follows that
f*=>7_, Perm(T;) has a 22y noncommutative formula.

Now we apply the identity testing algorithm of Raz and Shpilka for noncom-
mutative ABPs to this 2211145 noncommutative formula to get the desired
result [RS05]. The bound on 7 comes from Theorem 4 of their paper [RS05|.
This completes the proof of Theorem

Notice that, the statement of Claim [I| does not hold for an arbitrary poly-
nomial over finite fields F where Char(F) = p < d. To be more precise, for
a given homogeneous degree d polynomial f over F,, if f has a monomial m
of form xf'x(> .. xf: where e; > p for some i € [g] then m! = 0 (mod p) and
for each m” such that m” — m, [m”]f* = 0. Hence, this strategy of applying
the noncommutative identity testing algorithm of Raz and Shpilka [RS05] to
conclude the identity of f fails in small characteristics.

Remark 4. If the given SIS circuit computes a multilinear polynomial then
m! =1 for every monomial and Theorem |3 works for fields of small character-
stic also.

5.2 Over small characteristic

In this section we extend the PIT results over finite fields F of small charac-
teristic such that Char(IF) < d where d is the formal degree of the given circuit.

Over finite fields F of small characteristic such that Char(F) = p < d where d
is the formal degree of the given XIIY circuit, the previous strategy of applying
the noncommutative identity testing algorithm of Raz and Shpilka [RS05] to
conclude the identity of f fails in general.

Inspired by Remark [4 we reduce the problem of identity testing of general
YIIY circuit over [, (which is given as an input) to many instances of PIT of
multilinear XIIX circuits and invoke the algorithm of Theorem [2 to solve the
problem over the fields of small characteristic. To do this, we partition the
monomials by their types. Let f be a polynomial and e be fixed type, we define
fe as the restriction of f on the monomials of that type. Clearly that reduces
the PIT problem of general depth-3 circuits to identity testing of each fe. To
do PIT on fe, we first construct a SII3A circuit that computes fe with some
spurious terms. Then we encode the circuit to a XII¥ circuit computing a
multilinear polynomial and use Hadamard product and perfect hash families to
get multilinear circuits each covering some parts of fe. By the exhaustiveness
property of perfect hash families, we ensure that if f. has nonzero monomial
one of the multilinear circuits detects it.

Before going into the details let us first introduce the notion of type of a
monomsial.

Definition 3. Let m = xflle; e xf: be a monomial of total degree d over the
variables x1,...,T, where ep < eg < ... < eq and each i; is distinct. Then the
type of m is the q-tuple e = (e1, €2, ..., ¢eq).

The notion of types is helpful in the following sense. Let X  be the set of all
monomials of degree d over {z1,...,2,}. Define X;. as the set of monomials

11



of type e in X;. For a homogeneous degree d polynomial f, fe is defined as
fe = > mex, Imlf - m. Moreover, if we define T as the set of all types for
degree d monomials then

+
Xo=J Xde
ecT

i.e. Xg is the disjoint union of each X4,. Therefore, f = > .1 fe. We make
the following important observation.

Observation 1. f =0 if and only if fe =0 for eache €T.

To effectively use typed part of a polynomial for a specific type, the following
notion of Hadamard Product is very useful. Given two linear forms L; =
Yo aiw; and Ly =Y " | biw;, define

n
LlOpLQZ E ai-bi 1‘12
i=1

We can naturally extend the notion to define L oP ... oP L.
Given a type e = (e1,e2,...,¢e,) and a product of linear forms LiLy--- Ly
where L; may be same as L; for distinct 4, j, we define

. — p 4 p
Lje; = Le_yj+1 0" Lej_yy+207 .. 0 Lej;_y e

where e[;_;) = Zg;ll e;. For any o € S; we define,

L?@j - LU(6[171]+1) of La(e[jfl]""Q) of ... of LU(E[jfl]‘f‘ej)'

For a fixed type e = (ey,ea,...,eq), from the proof of Lemma [2| we recall
the definition of Ej C [d] which denotes the interval Ey = {j | exp—1 +1 <
j <er},1 <k <gq, where we set ¢g = 0. We say that o, € Sy are identical
permutations with respect to the type e if o(E)) = n(Ey) for 1 <k < g.

Clearly the above relation is an equivalence relation on Sy which partitions
the set of permutations. We construct the set A, of distinct permutations by
choosing one permutation from each equivalence class.

€1 .€2

. (&
Lemma 6. For any monomial m = x; x> ... x;"

lq

of degree d and of type e =

(e1,€2,...,eq) and a homogeneous H4Y circuit P = H;l:l L; we have:

d q
mlP =" [[l=)leg = Y. H[l‘ff JLG e

o€Ae j=1 o€EAe j=1

Proof. The proof directly follows from Lemma O

Now we apply a diagonal trick to carefully merge the linear forms in a I3
circuit and obtain a IIXA circuit. For each product gate P; = Hd L;j, we

j=1
define the polynomial
q
Pe= Y 1155,
o€Ae j=1

12



Notice that, all the monomials of P;. are of form xeler o

.. where each
i; may not be distinct, but for those monomials m Where each i; is distinct,
[m]P; e = [m]P from Lemma [6]
Now we give the proof of Theorem

Proof of Theorem @ Given the XIIX circuit C' = Y7 | P, we construct
the following XIIYA circuit Ce = Y7 ; Pie. Now we introduce a set of new
variables {Zi,ej }z‘e[n],je[q] to make C¢ multilinear. We replace mfj with Zie; ab
the bottom of the circuit Ce and get a multilinear XIIY circuit, call it C%. Now
for a monomial m, = z;, Zigieigs if 41,19, ...,14 are distinct then m,

2. and Lemma IEI tells

iq

q

eiq Fig,eiy - -
. . . . €e; €e;
is uniquely decoded into the monomial m, = xilzl xi;
us that

[mZ]C; = [mz]Ce = [m,]C.

Hence, we are only left with the following problem. Given a X119 circuit
C¢ computing a multilinear homogeneous polynomial over {z;; }ic[n) jc[g> We
want to get another SIIIY circuit Ce keeping only the monomials of the form
Ziy,e1 Zig,en - - - Zige, With distinet 45, We do not extract all these monomials at
once, instead we use a (n, ¢)-perfect hash family F and extract those multilinear
monomials that are hashed by a function ¢ € F. We achieve this by creating a
H9Y circuit that contains monomials hashed by ¢ and take Hadamard Product
with CL.

For a fixed type e = (e1,e2,...,€4), define E as the set of distinct e;’s. For
each type e and each function ¢ € F we construct the following II¥ circuit:

=112 Z

Jj=1 \éeFEic¢1

Note that all monomials of Fr. have dlstlnct first indices, and using
Lemma [3] we construct

Cé,e = ¢ 0° Ppe.
Now C” Celsa YIY circuit computing a multilinear polynomial and from

Remark [4] we know that we can apply Theorem [2 to do PIT . The correctness
of the algorithm follows from the following claim.

Claim 2. C =0 if and only if C’&e =0 for each e € T and for each ( € F.

Proof. From observation [I| we know that C' = 0 if and only if fo = 0 for each
e € T. Now each C" contains encodings of monomials of f. that are hashed
by ¢, and by the property of the perfect hash family the collection {C N ra
covers every monomial of fe. Thus if C has a non-zero monomial m of type e,
its encoding m. is also present in some C( , with [m.]C[ , = [m]C. O

Our algorithm computes circuits C{ , for each e € T' and ¢ € F and runs
the algorithm of Raz and Shpilka [RSO5| on C{ . If the size of C is s then the

size of C , is 241ogds the algorithm of Raz and Shpllka [RS05] on each of these
takes 27‘1 logdpoly(n d, s) time. We need to do PIT for each C , and there are

T|-|F| < 2%dl°8d many circuits. Thus the running time of the algorithm is
2(r+2)dlogd 151y (ny, s, d). This completes the proof of Theorem

13
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