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An upper bound on ¢, norms of noisy
functions

Alex Samorodnitsky

Abstract

Let T., 0 < € < 1/2, be the noise operator acting on functions on the boolean cube {0,1}". Let f be a
nonnegative function on {0,1}" and let ¢ > 1. We upper bound the £, norm of T¢ f by the average ¢, norm of
conditional expectations of f, given sets of roughly (1 — 25)’"(‘1) - n variables, where 7 is an explicitly defined
function of q.

We describe some applications for error-correcting codes and for matroids. In particular, we derive an upper
bound on the weight distribution of BEC-capacity achieving binary linear codes and their duals. This improves
the known bounds on the linear-weight components of the weight distribution of constant rate binary Reed-Muller
codes for all (constant) rates.

I. INTRODUCTION

This paper considers the well-known problem of quantifying the decrease in the ¢, norm of a function on the
boolean cube when this function is acted on by the noise operator.

Given a noise parameter 0 < e < 1/2, the noise operator T, acts on functions on the boolean cube as follows:
for f: {0,1}" = R, T.f at a point  is the expected value of f at y, where y is a random binary vector whose
it" coordinate is 2; with probability 1 — e and 1 —z; with probability e, independently for different coordinates.
Namely, (T.f) (z) = 32 c(0,13n elv==l(1 — e)n=lv==l f(y)), where | - | denotes the Hamming distance. We will
write f. for T, f, for brevity.

Note that f. is a convex combination of shifted copies of f. Hence, the noise operator decreases norms. An
effective way to quantify this decrease for ¢, norms is given by the hypercontractive inequality [3], [7], [2]
(see also [10]):

[fells < Wflh+@-na-202- M

Entropy provides another example of a convex homogeneous functional on (nonnegative) functions on the
boolean cube. For a nonnegative function f let the entropy of f be given by Ent(f) =E flog, f—E flog, E f
(where the expectation is taken w.r.t. the uniform measure on {0,1}™). The entropy of f is closely related
to Shannon’s entropy of the corresponding distribution f/Xf on {0,1}" (see e.g., the discussion in the
introduction of [13]), and similarly the entropy of f. is related to Shannon’s entropy of the output of a binary
symmetric channel with error probability € on input distributed according to f/Xf. The decrease in entropy
(or, correspondingly the increase in Shannon’s entropy) after noise is quantified in the ”Mrs. Gerber’s Lemma”

[15]: Ent(fo) <nEf-¢ (Ef]é(}c), e), where ¢ is an explicitly given function on [0,1] x [0,1/2].

There is a well-known connection between the £, norms of a nonnegative function f and its entropy (see e.g.,
[6]): Assume, as we may by homogeneity, that E f = 1. Then Ent(f) = limg—1 o2y log, || f||¢. The quantity
Enty(f) = 727 logy || f]|§ is known as the ¢*" Renyi entropy of f ([12]).

The starting point for this paper is an alternative way to quantify the decrease in entropy after noise given in
[13]. To state this result, let us introduce some notation. For 0 < A < 1, let T' ~ X denote a random subset
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2
T of [n] in which each element is chosen independently with probability A. Let E(f|T) be the conditional
expectation of f with respect to 7', that is a function on {0,1}" defined by E(f|T)(z) = Ey.y p=z . f(¥).
Then ([13]):
Ent(f.) < E  Ent(E(f|T)). 2
ni(f) < E, Eni(E(/|T)) @
In light of the connection between entropy and ¢, norms, it is natural to ask whether (2) can be extended to an
inequality between ¢, norms (equivalently, Renyi entropies). The main result of this paper is a positive answer
to this question.

Theorem 1.1 Let f be a nonnegative function on {0,1}". Then, for any ¢ > 1 holds

log[lfelly <= _E log|[E(f[T)lly, 3)
with A = A\(q, €) = (1 — 2¢)", where the exponent r = r(q) is given by the following expression:
A Cld) RS PP
T(q) = 2In2 1 qgl 4= (4)
22 g—1 q=2

Note that (3) is in fact an extension of (2), since assuming E f = 1, dividing both sides by ¢ — 1 and taking
the limit as ¢ — 1, recovers (2). The only thing to observe is that lim,_,; 7(g) = 2.

Remark 1.2 Since conditional expectation of a function f is a convex combination of shifted copies of f,
its norm is smaller than that of f, and hence (3) measures the decrease in £,-norm under noise, similarly to
(1). In fact, the proof of (3) follows the approach of [7] to the proof of (1). In this approach, we view both
sides of the corresponding inequality as functions of e (for a fixed g) and compare the derivatives. Since noise
operators form a semigroup it suffices to compare the derivatives at zero, and this is done via an appropriate
logarithmic Sobolev inequality (see (7)). I

A. Applications

Let C' C {0,1}™ be a binary linear code. Let rc(-) denote the rank function of the binary matroid defined by

C. That is, 7¢(T) is the rank of the column submatrix of a generating matrix of C' which contains columns

indexed by 7". Applying (3) to the scaled characteristic function of C, that is f = % -1¢, gives the following

claim, connecting between the linear structure of C' and its behavior under noise.
Proposition 1.3 For any 0 < A <1 holds

1 —\/r@

—

n— E T) >
" TNATC( = 1283(00q—1

- logy ]Eff(q)» for €(q) = 5

Let us discuss the bound given by (5). First, it seems useful to extend it to the limiting values of ¢ as well.
Let F(\.q) = ;L7 -log, EfY . for 1 < ¢ < co. Set F(\,1) = limy1 F(\,q) = Ent (fi) and
F(A 00) = limgyo0 FI(A,q) = logy || f1azim2 ||oo. Then we get An — Ep oy rc(T) > maxi<g<oo F(A, q).
For any ), the three values of F(},q) which seem to be easier to understand are F(\ 1), F(A 00) and
F(\,2) = log, E f2 ... While simple examples show that F'(),1) can be both smaller and greater than

F(),2), intriguingly we always have F'(),2) = F(A, 00), and moreover this quantity is easily expressible in
terms of the weight distribution of the code C or of the dual code C*.

Lemma 1.4z Let (ag, ..., a,, ) be the weight distribution of C'. That is a, = ‘ {reC,|z|=k}|,fork=0,..n.
Similarly, let (bo, ..., b, ) be the weight distribution of C. Then, writing # for A2'"2, we have

F(\2) = F(\o0) = log,> b6 = log, (m-Zak<1—e>k<1+e>n-k>.
i=0 k=0

We proceed to discuss some applications of (5).



1) Codes achieving capacity for the binary erasure channel: This is a family of codes for which we caé
effectively upper bound the LHS of (5), for A close to the rate of the code. Recall that the rate of a linear
code R(C) is defined as L log,(|C]) = d'LTEC) A code C C {0,1}" (more precisely a family of codes indexed
by n) achieves capacity in the block-error rate sense for the BEC (binary erasure channel) if there exist two
functions d1,d2 which go to zero with n such that for A\ = R(C') + §; the probability of decoding error given
by pe = Prroy {rc(T) < R(C) - n} is upperbounded by d5. This immediately implies (writing R for R(C))
that

An — TIE/\’I"Q(T) < An—(1-=62)-Rn = din+62Rn = o(n).

Hence we have the following corollary of (5).

Corollary 1.5 Let C be a BEC capacity achieving code of rate R. Then there exists A = R + o(1) such
that for all 1 < ¢ < oo holds F(A, q) < o(n).

The inequality Ent ( I 1_7\5) = F'(\, 1) < o(n) has been interpreted ([11], using (2)) as indicating that C' is
*well-dispersed” in {0, 1}2” in the sense that the output of the binary symmetric channel with error probability
€= 1_7\5 ~ # whose input is a random codeword from C' is very close in the Kullback-Leibler distance
to the uniform distribution. We observe that Corollary 1.5 can be interpreted as provicllin\%Eincreasingly stronger

measures of proximity of the channel output to uniform, as noise increases beyond ~—~*.

The inequality F'(A,2) < o(n) together with Lemma 1.4 provide the following bound on the components of
the weight distribution of a code which achieves BEC capacity, or a code whose dual achieves BEC capacity.

Proposition 1.6: Let C' a linear code of rate R. Let (ay, ..., a,, ) be the weight distribution of C. For 0 < k < n,
let k* = min{k,n — k}. Let § = R?In2,

o If O+ achieves BEC capacity, then for all 0 < k < n holds

1 (2In2)-k*
go(n) . [ - _ .
1-R

o If C achieves BEC capacity, then for all 0 < k& < n holds

IC] * 1-0
a < 2o<n>-{ aoF g 0S kS Hren

IN

ag

(s2)IC]
2n

In particular, since the dual of a Reed-Muller code is a Reed-Muller code, and since Reed-Muller codes achieve
BEC capacity [9], both bounds in Proposition 1.6 hold for Reed-Muller codes. The bounds in the literature [1],
[8], [14] seem to focus mostly on Reed-Muller codes of rates close to 0 or 1, or on weights which increase
sublinearly in n, but do extend to all weights and to all rates. Comparing with these bounds, it seems that
Proposition 1.6 improves the bounds on {ay}, for k& growing linearly in n, for constant-rate Reed-Muller codes
of all rates 0 < R < 1. (See Section III-1 for a quick comparison between the bounds.)

otherwise

Another implication of Proposition 1.6 which seems to be worth drawing attention to is that a linear code C'

of rate R that achieves BEC capacity has aj < 2°") . |02|£g), for k € % - n. In other words, in this
range of weights, the weight distribution of C' is upper-bounded, up to a relatively small error, by the weight

distribution of a typical random code of the same rate.

2) Bounds on weight distribution of linear codes: The following (more general) claim is an immediate
corollary of the inequality A\n — Erxrc(T) > F(A,2) and of Lemma 1.4.

Corollary 1.7: Let C be a binary linear code and let (by, ..., b, ) be the distance distribution of the dual code
C+. Then for any 0 < A <1 and for any 0 < ¢ < n holds

bi S )\7(2 In 2)-i . 2)\77,7ET~)\ Tc(T)' (6)

This claim gives upper bounds on the components of the weight distribution of C'*, provided we can upper
bound An — Epy ra(T).
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3) Ranks of random subsets in a binary matroid: We give a different way to write the inequality An —
Erarc(T) > F(A,2), stating it as a lemma since it requires a (simple) argument.

Lemma 1.8:: Let ro(+) be the rank function of the binary matroid on {1,...,n} defined by a generating
. . 1
matrix of a linear code C' of length n. Let 0 < p <1 and let t = pzinz. Then

gy B (29177¢®) < E (7]~ re (D).

Let the dimension of C' be k. Recall that the Tutte polynomial [5] of the matroid defined by C' is T (z,y) =

,,,,,

Lemma 1.8 is

- 1 14p o (d 11
1 k‘l_ n kT - < k+1 1_ n—k—1 7T - .
0g> {p( p) C(p’l—p)] < T (1=t i)\

As an immediate implication of Lemma 1.8 we get the following tail bound.

Corollary 1.9: For any A > 0 holds
Prsp {IS|—1c(8) = E (IT|—rc(D) +A} < 272,

Remark 1.10z Consider a different approach to obtain tail bounds for the function |S| — r¢(S). Let f(S) =
|S| — rc(S). Then |f(z) — f(y)| < |z — y||, for any z,y € {0,1}" (here ||z — y|| stands for the Hamming
distance between z and y) and hence, by the ’bounded differences’ inequality [4], for any ¢ > 0 holds
Prsp {£(S) > Brny f(T) + t} < e720/m,

Let o : p — Eg.p f(S). By the Margulis-Russo formula [10], p/ = %Eswp Yoies (f(S) = f(S\ {i})).
Hence, since f is monotone increasing, ¢/ > 0 and p is increasing. Moreover, since f is supermodular (by
submodularity of rank), it is easy to see that u is convex. In particular, since 1(0) = 0, we have u(t) > % w(p)

. L 2(u() = p(p) +2)>

for t > p. Taking everything into account, we have Prg., {f(S) > Epw; f(T)+ A} < e~ ="
_2(C=pup)+pa)®

e pen

<

Note that this does not seem to recover the bound of Corollary 1.9 when p(t) is small, as in the case of BEC
capacity achieving codes. I

To conclude, we consider the special case of graphic matroids. For a graph G = (V, E) with n edges, let M
be the matroid on {1, ..., n} whose independent sets are forests in G. This is a binary matroid, and Lemma 1.8
specializes as follows.

Corollary 1.11:: Let G = (V, E) be a graph. For a subset of edges S C E, let ¢(S) denote the number of
the connected components in the subgraph (V, S). Then

logy, E (2549)) < B|+ E o(T).

oz E < HE|+ B o(T)

This paper is organized as follows. We prove Theorem 1.1 in Section II. All the remaining proofs are in
Section III.

II. PROOF OF THEOREM 1.1

We start with a log-Sobolev-type inequality. Recall that the Dirichlet form £(f, g) for functions f and g on
the boolean cube is defined by £(f,9) =E.>_, _, (f(x) - f(y)) (g(x) - g(y)) Here y ~ z means that
and y differ in precisely one coordinate.



Theorem 2.1: Let f be a nonnegative function on {0, 1}™. Then for any ¢ > 1 holds

E(frN 1) = wr@Ef - (- wliflly — > W|EFD, . @

|T|=n—1
where r(q) is given in (4).

Moreover for 1 < ¢ < 2 equality is attained if and only if f is a constant function, and for ¢ > 2 if and only
if f satisfies the following condition: If  and y differ in precisely one coordinate and if f(x) # f(y), then f
vanishes at either x or y.!

Corollary 2.2 Let § > 0 be arbitrarily small. For any nonnegative non-constant function f on {0,1}" and
for any ¢ > 1 holds

EFT 1) > 4@ - DES - [n-lllflly — D WlEFADI,

|T|=n—1

Theorem 2.1 is proved below. For now we assume that it holds and proceed with the proof of Theorem 1.1.
We assume, as we may, that the logarithms on both sides of (3) are the natural logarithms. Observe that the
claim of the theorem is immediate for constant functions, since both sides of (3) are In(E f). So we may and
will assume that f is not constant (note that this implies f. is non-constant for all 0 < e < 1/2).

Fix ¢ > 1. Let 6 > 0. We will prove (3) for A(g,¢) = (1 — 2¢)"(@~9, Taking ¢ to zero will then imply (3) for
A= (1—2¢)"@ as well.

The proof proceeds by induction on n. The claim clearly holds for n = 0. Let n > 0. We assume that the claim
holds for all dimensions smaller than 7, and show that it holds for n as well. For fixed g and ¢ both sides of (3)
are functions of f and e. Let F(f, €) denote the LHS and G(f, €) the RHS. Clearly F(f,0) = G(f,0) = In||f]|q-
We will argue that if F(f,e) = G(f,¢) for some 0 < € < 1/2 then necessarily F'(f,e) < G'(f,¢) (here and
below the derivatives are taken w.r.t. €). It is easy to see that this implies F(f,e) < G(f,¢), forall 0 <e < 1/2,
which is precisely what we need to show.

Due to the fact that the noise operators form a semigroup under composition: T, o T, = Ty, 2, it will
suffice to compare the derivatives at zero (see (8) and the argument preceding it). This comparison is done in
the following lemma.

Lemma 2.3z Let f be a nonnegative non-constant function on {0, 1}™. Then
F'(£,0) < G'(f,0).

E(f1715)

SEFe - e claim that

Proof: As shown in [7], we have F'(f,0) = —

G'(£,0)==2(r(a) =8)- [ nln[Ifllg— > WlESADI, ]

|T|=n—1

which will conclude the proof of the lemma by Corollary 2.2. In fact, note that A\(g,0) = 1 and that \'(¢,0) =
—2(r(q) — ¢). Hence we have:

, _d _d
G(£.0)= 3 E WIECD, =

Tepeo | X Il AT =2 30 WEAD, | =

|T|=n—1

!Conditions of equality in (7) are stated for completeness. They are not used in the proof of Theorem 1.1.



=2(r(@) = &)~ [n-mllflly — > WIESDI, |,

|T|=n—1
completing the proof.

We can now conclude the proof of Theorem 1.1. Assume that F(f,e) = G(f,¢), for some 0 < e < 1/2.
Consider the functions F (fe, p) and G (f., p), for 0 < p < 1/2. We have

F(fep) = mll(f),lls = Wlfera—neplls = F(fre+(1-2€)p),

and
g (fe, = E Inl||E(f]|R < E E Inl||E(f|T =
(fep) ReMa.p) [|E(fel )Hq ReM(0.p) TCRI-A(q6) || E(f] )Hq

E)ln\lE(flT)llq = E )hlllE(f\T)llq = G(fie+(1—2¢)p).

E
T~X(gq,p) Mg, TrA(g,e+(1—2€)-p

The inequality follows from the induction hypothesis for R C [n] and from the assumption F(f,€) = G(f,¢)
for R = [n].
Hence, using by Lemma 2.3 in the first inequality and the fact that G (f.,0) = In||fe||q = F (f,€) = G (f,€)
in the second inequality, we have

1

F'(f.e) = ﬁf’(ﬂ,o) <

172€'g/(f5;0) S g/(fa€>7 (8)

concluding the proof.

A. Proof of Theorem 2.1

We start with the base case n = 1. This case is dealt with in the following claim.

Proposition 2.4 Let g be a nonnegative function on a 2-point space with [E g = 1. Then

E(g " g) > 4r(q)EgIn|gll,, )
where r(q) is given in (4).
Moreover for 1 < g < 2 equality is attained if and only if g is a constant function, and for ¢ > 2 if and only

if g is a constant function, or a mutiple of a characteristic function of a point.

Proposition 2.4 is proved below. Here we assume its validity and proceed with the proof of Theorem 2.1. First,
we restate the 2-point inequality (9) in an equivalent form, with two modifications: replacing ||g||, with E g?
and extending the inequality by homogeneity to general nonnegative functions.

Let g be a nonnegative function on a 2-point space. Then

4r(q)

5(9q_179) > Tquln Eg’

(Eg)*

We can now extend this inequality to general n by the following standard argument. Let f be a nonnegative
function on {0,1}". Then, denoting by e; the i*" unit vector, we have

E(f770) = 2E(f @) — [ @+ e) (f(2) — flo+ ).



For x and 4, let f, ; denote the restriction of f to the 2-point space (x, x+e;). Then the RHS is ZZ 1 Qn AT D x,_o (fi;l, fm>
By the 2-point inequality, this is at least

= Efa, (E fei)!
E q 1 x.T — E q _1
= 271 T;O n Efw’i)q Z 2n 1 T;O f:c i Efq
Efz n— :
Let 6, , = S BT Then ) . 2,—00z,; = 1. Note also that Zy;yFoEfj,i =2"~1 . E f9. By convexity

of (—In) the RHS above is at least

- r d im0 (B fr)"
4() Efq Z (Z '9£ZIIEEJ;?¢1’L > _ 4() Efq Z(_ln)zzsllo(ﬁlx{;;)

q q

i=1 z:z;=0 i=1
E f
- In = dr(@Ef*- [ n-Inf|fll; — In [|E(f[T)llq |
; (E (f””] \ {Z})q> Tg—l

proving (7).

It remains to consider the cases of equality. Tracking back the conditions for equality in the proof above, it
is easy to see that equality holds for f if and only if it holds for all one-dimensional restrictions f; ;. For
1 < ¢ < 2 this means that all these restrictions are constant functions, implying f is constant. For ¢ > 2 this
means these restrictions are either constant, or multiples of a characteristic function of a point. Alternatively,
if z and y differ in precisely one coordinate and if f(x) # f(y), then f vanishes at either z or y. Il

B. Proof of Proposition 2.4

There are two cases to consider, 1 < ¢ < 2 and ¢ > 2. These cases are dealt with in the following subsections,
starting with the somewhat easier case ¢ > 2.
1) The case q > 2: We will show that for a nonnegative function g on a 2-point space with E g = 1 holds
2 1

€(0"9) 2 gz -7 E9'mEg". (10)

Observe that equality holds in two cases: if g is a constant-1 function, a multiple of a characteristic function
of a point. We will show that these are the only two cases for which equality holds.

Assume, w.l.o.g., that g(0) < g(1). Let 0 < z < 1, and let g(0) = x and ¢g(1) = 2 — z. Then (10) becomes:

(2=2)r ' =29 ) (2—2)—2) > ln22.qi1'xq+(§_x)qln(xq+(;_x)q>

Setting y = z(2—x)? '+ (2—x), z = x9+(2—x)9, and rearranging, this is the same as 1—% > = —L-.log, Z.
Note that since z = 0 is one of the cases for which equality holds, we may assume that x > 0. Now, let ¢t = —“/’
Thentzl,y:2q-

and z = 29 - (iﬂ)lq Rearranging and simpifying, (10) becomes

(t+1)‘1’
1
(t+1)2\ 51 ti=t ¢
1 > ——— for t>1,q¢>2.
ng((tq—f—]_ jil tq-f—l, or Z 1, q=

Clearly s > 1. By convexity of the function a — a9, we have s < 2. By concavity

— (D)
Let s = (a1

of logarithm log,(s) > s — 1. (We remark that the only case in which equality holds in this inequality is if




P a-141)8
s = 2, that is ¢ = 1, and this implies g is constant.) Hence, it suffices to prove ((ijj)lq) ot > w
Simplifying and rearranging, this is the same as (¢t 4+ 1) - (£ + 1) > (k! + 1)q71.

Let h be a function on the two-point space with values ¢t and 1. Then the inequality above is the same as

|2l - Hh||g(q_2) > ||h||((]q:11)2. This can be shown as follows, using Holder’s inequality in the third step,
h|=! = BRI — <h1/<q71>7 hq(q—2>/<q71>> <

qg—1

_ — — 1 —1 — _
|/ @=D| oy - R @D g = |[Ra||2/ ).||h|‘g(q 2)/(g-1)

This completes the proof of (10). Tracing back the conditions for equality in (10), it is easy to see that it holds
only in the two cases mentioned above. i

2) The case 1 < g < 2: We will show that

2 23-9(29-1 _1
g(gq—17g) > m-r(q)-qulnqu, r(q):¥, an

q(q—1)
and that equality holds iff g is a constant-1 function.

Let us first deal with the case g(0) = 0. In this case, the inequality reduces to ¢ > 2377 (2471 — 1) =4—-2371,
and it is easy to verify that this is a strict inequality for 1 < ¢ < 2.

Proceeding as in the proof of the first case, using the same notation, and writing r for r(q), the inequality
(11) is equivalent to 1 — ¥ > r - log, %. Substituting ¢ = 2= (note that we may assume z = g(0) > 0) and
rearranging, this is the same as

(t+1)7 t+tat
r~log2(tq+1 > P +r-(¢g—1)—1.

Since 1 < &FL° < 2971, concavity of the logarithm implies log, ((t+1)q) > 9l ((t“)q — 1). (Equality

ta+1 tit1 ) = 2a-1-1 \ ¢i+1
. q . . . .
holds only if (iji)l = 291 that is t = 1, which means that g is constant.) So, it would suffice to show that r -

—1 t+1)? t4ta1 s r(g—1) (t+1)7 t4+49-1 | r(g—1)29"1—297141
ST <(tq+)1 - 1) > S +r-(g—1)—1, which is the same as Qq(,l_)l (tq+)1 > S+ ( )Qq,l_l .

Multiplying both sides by (2771 —1) (¢4 + 1) gives
rlg—DE+1)7 > (297 1) ¢+t + (r(g— 1277 =207 + 1) (74 1).
Writing the above as F'(t) > G(t) + H(¢), it is easy to see that F'(1) = G(1) + H(1) and that F'(1) =

G'(1) + H'(1). So it suffices to show F"(¢t) > G”(t) + H"(t), which amounts to (after some simplification
and rearranging):

rq(qg—1)(t4+1)772 429714973 ((2 -9+ (q —rq(q— 1)) : t) > (22— T 4 qt? 2,
or

rq(g—1) (T)qg (t+1)+201. ((2 —q)+ (q —rq(g — 1)) -t) > (2—¢q) +qt.

t+1
t

rqlg= 1y +2-q) (27 = 1)y > (rq(q —1)—(2¢— 2)) 2971 + (29 - 2).

Substituting y = and rearranging, this is the same as proving for 1 < y < 2 that

Denote the LHS by h(y). Then &’ is proportional to (297! — 1) — rq(q — 1)y?~3. Substituting r = r(q) =
3—q(gq—1_ 3—q

2‘18771)1), we see that b’ is proportional to 1 — (%) . Hence h' < 0 for all y < 2, and it suffices to

verify the last inequality for y = 2. Substituting y = 2 we get an identity in gq.

This completes the proof of (11). Tracing back the conditions for equality, it is easy to see that it holds only

if g is a constant function. il



III. REMAINING PROOFS

Proof of Proposition 1.3: We will need some facts from Fourier analysis on the boolean cube [10]. First,

~

recall that for a function f on {0, 1}" and for a subset T" C [n] holds E (f|T') = " pcp f(R)wr, where {wg}
are the Walsh-Fourier characters. Recall also that if f = % - 1¢, where C'is a linear code, then f = 15..

We also recall a fact from linear algebra. For T' C [n], let Cf be the subspace {R C T, R € C*}. It is well
known (and easy to see) that dim CF = |T| — r¢(T'), where ro(+) is the dimension of the subset of columns
indexed by T in a generating matrix of C. Hence, for = € {0, 1}":

Chl=2l=re™ i ge(cp)
E (f|T = = . 1o !
(fIT) (x) REZCL wn () { 0 otherwise

And hence, || E (f|T) (|2 = E (E (f|T)?) = 2= D(TI=re¢(T))_ Using this in (3) gives, for any ¢ > 1 that

0, B 12 < (0= 1),E (T~ re(D) = (4= 1 (3= E re(@)).
T~ T~
where A = (1 — 2¢)"(9), Rearranging, we get the claim of the proposition. I
Proof or Lemma 1.4: Recall that for a function f on {0,1}" and for 0 < ¢ < 1/2 holds f.(R) = f(R) -

(1 —2¢)%l. Let (bo, ..., b,) be the distance distribution of C'-. Then, since €(2) = l_glnz, we have

oF A = N P(R) (12028 = N paCRD = S e
=0 =0

Re{0,1}"

On the other hand, it is easy to see that for f = % -1¢ and for any 0 < e < 1/2 holds ||felloo =

I >"reqo,13n f(R)(l —26)Flwg|0 = > Re{0,1}n f(R)(l —2¢)Il = £.(0) (since f is nonnegative). Hence,

recalling €(o0) = %

2P = if e = f(0) = > F(R)-(1-20)F = f:m(?lw)'i = ibiai.
=0

Re{0,1}» i=0

Next, recall that for the function g(x) = (1 — 0)I*I(1 + 6)"~1#l on {0,1}" holds G(R) = 6!%I. Hence, by
Parseval’s identity,

- i iy -~ _ 1 _ 1 = k n—k
;bﬁ = Y J(RIR) = o Y. fla)glx) = m'zak(l —0)" (1+0)" "

Re{0,1}7 ze{0,1}" k=0

Proof or Proposition 1.6: Assume that C* achieves BEC capacity. Note that the rate of C+ is 1 — R
and that the dual of C* is C. By Corollary 1.5 and Lemma 1.4, there exists A\ = 1 — R + o(1) such that
S apAm2)k = 20(n) Hence, for all 0 < k < n/2 holds

1 (2In2)-k 1 (2In2)-k*
< 9on) [ = < 9o(m) [ _— )
o = 2 (A) =2 1-R

Next, we claim that for any 0 < o < 1 holds ZZ:O apa™ k< ZZ:O ara®. To see this, recall that the Fourier
transform on {0, 1}"™ is its own inverse, up to normalization, and hence (see the proof of Lemma 1.4) we have
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for any o € R that oll(R) = (1 — a)IBl(1 + a)"~ 1Bl Let f = Z; - 1. Then, for 0 < o < 1, 2 we have,
by Parseval’s identity,

- n— |C| |z] B |C| R -
;}aka k Z f ( ) = 27 Z (_1)|R|f(R)(1—Oé)|Rl(l+a) IR| <

ze{0,1}» Re{0,1}"

Y fma-afacart = CLS paat = Y et
k=0

Re{0,1}" z€e{0,1}n
For the inequality in the third step, note that f: 151 is nonnegative.

< 9o(n) .

In particular, setting o = A2'™2, we have for all n/2 < k < n that ¢, < 2°(") . (%)(2111 2)-(n=k)

(2In2)-k
(ﬁ) . This completes the proof of the first claim of the proposition.

Assume now that C' achieves BEC capacity. Let (b, ..., b,) be the weight distribution of C. By Corollary 1.5
and Lemma 1.4, for §# = R?™™2 holds S o bift = 2°(")_ Clearly this also holds if we replace § with any
0 < o < 6. Using Parseval’s identity as in the proof of Lemma 1.4, we have that Y, _, ax(1—a)F(14+a)" % <
20(") . |C, for any 0 < o < 6.

o(n c
Hence, for all 0 < k < n/2 holds a;, < 2°(") . maXo@@{(l‘ (L) FiFayry- Let H(z) = zlogy (3) + (1 -
z) log,y ( ) be the binary entropy function. It is easy to see that
ek (L-0Fa+o)* if 0<k<iZl.n
Ofgl(??e{ 1—a)"(1+a)" "} { o(L=H (k/n))m it <k S n/2

Recalling that, by Stirling’s formula, for any 0 < k£ < n holds 2H(k/n)n < O (v/n)- (2), this proves the second
claim of the proposition for 0 < k < n/2.
To deal with the complementary case n/2 < k < n, observe that > ,_, ar(l — a)*(1 +a)" % = (1 +a)”

ZZ:O ak (ﬁ)k (1+a) Zk 0 Ak (1+a)n = ZZ:O a(l — a)"_k(l + Oz)k. |

Proof or Lemma 1.8: Let € = 1_2‘/5. Using (3) with ¢ = 2 we have, for f = % - 1¢, that

EfZ = Y P20 = 3 Pyt = EEE(SS) = E 25706,

5e{0,1}n 5e{0,1}n P

Hence the claim of the lemma follows from the inequality An—Er~x ro (T) > F(\,2) with A = (1—-2¢)"?) =
(1—2¢e)mz = pzmz.

Proof or Corollary 1.11: For S C E, the matroid rank of S is given by r(S) = ZC(S (ICi] = 1) = [V]=e(S),
where {C;} are the connected components of (V,.S). Hence, |S| — r(S) = |S| + ¢(S) — |V]. Substituting this
into the claim of Lemma 1.8 gives the claim of this corollary. il

1) Comparing the bounds on the weight distribution of Reed-Muller codes: As far as we know, the best
known bounds in the literature are due to [14] (Theorem 1.3). They state, in the notation of Proposition 1.6,
that for the Reed-Muller code of rate R and for k linear in n we have

a'k: S QCRk*(210g2<kL*)+3>’ (12)

where C' is an absolute constant, C' > 30. We proceed to compare (12) with the bounds in Proposition 1.6. We
ignore the 2°(")-factor in these bounds, since it is negligible for 0 < R < 1 and k linear in n.

2Note that for ov = 0 the claim > h—o apa™k < > h—o ara® is trivial, since ag = 1 > an.
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Replacing the term log, (kl) in (12) by 1 (which is a smaller quantity, since k* < n/2), it is easy to see

that (12) is larger than the first bound of Proposition 1.6 unless R > 1 — 4, for a very small § (specifically,

§ < 27100y Assume that R = 1 — ¢, where ¢ is very small. Consider the second bound of Proposition 1.6.

If £* > # - n, then this bound is at most (,zi), and it is easy to see that it is smaller than (12). For

0<k*< % -n, the term log, (7 ) in (12) behaves like log, (1), and hence (12) behaves like (%)Clk*,

for C'; > 60, and this is larger than the first bound in Proposition 1.6, which is (%)anz)'k*. ]
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