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Abstract

A homogeneous depth three circuit C computes a polynomial
f:Tl—l-Tz—l-...—l-Ts ,

where each T; is a product of d linear forms in n variables over some underlying field [F. Given
black-box access to f, can we efficiently reconstruct (i.e. proper learn) a homogeneous depth
three circuit computing f? Learning various subclasses of circuits is natural and interesting
from both theoretical and practical standpoints and in particular, properly learning homoge-
neous depth three circuits efficiently is stated as an open problem in a work by Klivans and
Shpilka (COLT 2003) and is well-studied. Unfortunately, there is substantial amount of evi-
dence to show that this is a hard problem in the worst case.

We give a (randomized) poly(#,d, s)-time algorithm to reconstruct non-degenerate homoge-
neous depth three circuits for n = ((d?) (with some additional mild requirements on s and the
characteristic of IF). We call a circuit C as non-degenerate if the dimension of the partial deriva-
tive space of f equals the sum of the dimensions of the partial derivative spaces of the terms
Ty, T, ..., Ts. In this sense, the terms are “independent” of each other in a non-degenerate cir-
cuit. A random homogeneous depth three circuit (where the coefficients of the linear forms are
chosen according to the uniform distribution or any other reasonable distribution) is almost
surely non-degenerate. In comparison, previous learning algorithms for this circuit class were
either improper (with an exponential dependence on d), or they only worked for s < n (with a
doubly exponential dependence of the running time on s).

The main contribution of this work is to formulate the following paradigm for efficiently
handling addition gates and to successfully implement it for the class of homogeneous depth
three circuits. The problem of finding the children of an addition gate with large fan-in s is
first reduced to the problem of decomposing a suitable vector space U into a (direct) sum of
simpler subspaces Uy, Uy, . .., Us. One then constructs a suitable space of operators S consisting
of linear maps acting on U such that analyzing the simultaneous global structure of S enables us
to efficiently decompose U. In our case, we exploit the structure of the set of low rank matrices
in § and of the invariant subspaces of U induced by S. We feel that this paradigm is novel
and powerful: it should lead to efficient reconstruction of many other subclasses of circuits for
which the efficient reconstruction problem had hitherto looked unapproachable because of the
presence of large fan-in addition gates.
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1 Introduction

Reconstruction of arithmetic circuits is the algebraic analogue of exact learning [ Ang85] for Boolean
circuits. It is the following fundamental learning theoretic problem: Given black-box access (i.e.
membership query access) to a multivariate polynomial f that is computable by an arithmetic cir-
cuit of size s, construct a small circuit (ideally, a poly(s)-size circuit) computing f. By definition,
reconstruction is closely related to approximating the minimum circuit' size and it is expected
to be an inherently hard problem. Research has, therefore, focused on investigating the compu-
tational tractability of reconstruction for restricted (albeit, quite interesting) models of circuits.
Depth three circuits is one such model.

Depth three circuit reconstruction. Bounded depth circuits have alternating layers of plus gates
(X layer) and product gates (I1 layer). Reconstruction of depth two circuits is either the problem of
sparse polynomial interpolation or the problem of polynomial factorization into linear factors, de-
pending on whether there is a plus gate or a product gate at the top layer. Reconstruction of depth
three I X11 circuits is the problem of polynomial factorization into sparse factors. The sparse poly-
nomial interpolation problem can be solved in deterministic polynomial time [BT88,GKS94,KS01],
and the polynomial factorization problem in randomized polynomial time [KT90]. Thus, studying
the reconstruction problem for depth three XI1X circuits is the natural next step towards pushing
the frontier of efficient reconstruction. However, it turns out that reconstruction of XI1X circuits
is directly linked with reconstruction of general circuits: A polynomial-time reconstruction algo-
rithm for XI1X circuits implies a sub-exponential time reconstruction algorithm for general cir-
cuits. This follows immediately from the depth reduction result of [CKKS16]. In this article, depth
three circuit(s) would always mean XI1X circuit(s).

Restricted depth three circuits. A depth three circuit C computes a n-variate polynomial
fxX)=T1+...+Ts,

where each term T; is a product of d affine forms. The parameter s is the top fan-in of the circuit.
We will refer to C as a (n,d,s) depth three circuit. Circuit C is a powering circuit if every term is
the d-th power of a linear form?2, C is a set-multilinear circuit if there is a partition of the variables
X = X1 W... W x4 such that every term is a product of d linear forms with the j-th form depending
on only x;-variables®, and C is a multilinear circuit if every term computes a multilinear polyno-
mial. If every term is a product of d linear forms then C is a homogeneous depth three circuit — we
are primarily interested in this model in this work.

Previous work on reconstruction of restricted depth three circuits. [BBB " 00] gave a randomized
poly(n,d,s) time learning algorithm for depth three powering circuits and set-multilinear depth
three circuits. It was observed in [KS03] that the algorithm gives poly(n,27,s) time learning for
general depth three circuits. The learning algorithms in [BBB™00, KS03] are not proper as the

1In this article, circuit means arithmetic circuit unless specified otherwise.

2 A linear form is an affine form with constant term zero.

3 One could alternatively define both depth three powering circuits and set-multilinear depth three circuits using
affine forms instead of linear forms. It turns out however that using affine forms instead of linear forms does not signifi-
cantly change the expressive power nor does it change the computational difficulty of the corresponding reconstruction
problem and so for ease of exposition we restrict ourselves to using linear forms in defining these two subclasses.



output hypothesis is a read-once oblivious branching program (ROABP) and not a depth three
circuit. Over finite fields FF, [Shp07] gave a randomized quasi-polynomial in (n,d, |F|) time al-
gorithm to reconstruct depth three circuits with top fan-in two; the running time is poly(n, |FF|)
for multilinear depth three circuits with top fan-in two. This learning algorithm* was derandom-

ized and generalized in [KS09], who gave a poly(n) - |IF|(°8 9 time algorithm to reconstruct

(n,d,s) depth three circuits®; the complexity reduces to (1 + |F| )20(52) for multilinear depth three
circuits. Over the field of real numbers®, [Sin16] gave a randomized poly(#n,d) time algorithm*
to reconstruct depth three circuits with top fan-in two. There are a few reconstruction algorithms
for depth three powering circuits that are proper, but these algorithms work efficiently only if s
is somewhat small. For instance, the equivalence test for the d-th power symmetric polynomial,
in [Kay11], implies a randomized poly(#n,d,s) time reconstruction for depth three powering cir-
cuits with s < n, provided the s linear forms occurring in the circuit are linearly independent.
In [Kay12], a randomized poly(n,s'°8°) time reconstruction algorithm was given for random’
depth three powering circuits. For s < ("}') and d > 5, [CKP18] gave a randomized poly(n, d)
time algorithm to reconstruct random depth three powering circuits.

Our contribution. To our knowledge, there is no known efficient reconstruction algorithm for the
much stronger homogeneous depth three circuit model. Indeed, this was posed as an open prob-
lem in [KS03]. The existing techniques either give an exponential dependence on d [BBB ~00,KS03]
or they work efficiently for substantially small values of s [Shp07,K509,5in16]. Our main contribu-
tion is a poly(n,d, s) time reconstruction algorithm for homogeneous depth three circuits, assum-
ing a non-degeneracy condition that holds for almost all circuits from this class. In particular, a ran-
dom homogeneous depth three circuit is non-degenerate with very high probability (in fact, with
probability one in the measure theoretic sense). Qualitatively speaking, a circuit is non-degenerate
if the terms of the circuit are “independent” of each other. Removing the non-degeneracy condi-
tion from our result would imply sub-exponential time reconstruction for general circuits (this
point is discussed further in Section 1.2). We also give poly(#n,d,s) time reconstruction algo-
rithms for depth three powering circuits and set-multilinear depth three circuits under similar
non-degeneracy conditions, thereby improving the previous results [Kay12, GKI’18] on random
depth three powering circuits. Our reconstruction algorithms are proper. We note that there are
many other reconstruction algorithms for different circuit classes but almost all® of them either
consider only circuits in which addition gates have constant fan-in (typically fan-in 2) or their
running time degrades very badly in the presence of addition gates with large fan-in. Concep-
tually, our contribution is to formulate a paradigm to efficiently handle addition gates with large
fan-in (when the children are non-degenerate) and implement it in the case of homogeneous depth
three circuits. We elaborate on this further in Section 2 after giving an overview of our technique.

“which is proper, provided the input circuit satisfies a rank condition

5 When the input does not satisfy a certain rank condition, the algorithm in [KS09] outputs a “generalized” (a notion
that augments the depth three circuit model in a certain way) depth three circuit.

5The algorithm of [Sin16] also works over the fields of rational and complex numbers

"The coefficients of the linear forms occurring in the circuit are chosen uniformly at random from a sufficiently
large finite set.

8 Except perhaps some of the ones pertaining to set-multilinear depth three and depth three powering circuits.



1.1 The results

Notations. Let C be a (n,d,s) depth three circuit computing a polynomial f = T; + ...+ T; in
variables x = {x1,...,x,}. We fix a few notations before stating our results:

x* = xylexp?.xy, wherew = (nq,...,a,) € ZY,,
le| == artar+...+ay,

Let k > 1 be an integer parameter.

o f
k¢ .
do f 1= ox*’

U := F-span {aﬁf ] :k},

U; := F-span {a’; T; : |« :k},

where F is the underlying field having characteristic 0 or greater than ds?. We will assume that
univariate polynomial factorization over IF can be done in randomized polynomial time which is
indeed the case for finite fields and Q [Ber70, LLL82]. For a better clarity, we will think of F = Q
in this article.

Non-degeneracy condition. We choose k = H)Oggi;—‘ .LetT; = li - £ip ... Uiy be a product of d linear
forms. A (n,d,s) homogeneous depth three circuit C = Ty + ... + T is non-degenerate if it satisfies

the following condition: For every i € [s], there are 2k + 1 linear forms /;,,, ..., £, ., such that

dim | ) U mod (Cir,... . ly,.,) | =(s—1)- <Z>,
j€lsI\{i}

where (l;,,..., i, ) is the F-linear space spanned by /j, ,..., i, . It is easy to check that the
condition implies U = Uy & ... ® U, and dim(U;) = (Z) for every i € [s]. Hence, dim(U) = s - (Z)

Theorem 1 (Homogeneous depth three circuit reconstruction). Let n,d,s € N, n > (3d)? and
s < (é“—d)%. There is a randomized poly(n,d,s) = poly(n,s) time algorithm which takes as input black-
box access to a polynomial f that is computable by a non-degenerate (n,d,s) homogeneous depth three
circuit and outputs a non-degenerate (n,d, s) homogeneous depth three circuit computing f.

The algorithm works even if the input is evaluations of f and the k-th order partial derivatives
of f at poly(n,s) number of points chosen uniformly at random from a sulfficiently large subset
of F". We show in Appendix A that a homogeneous depth three circuit is non-degenerate with
high probability if the coefficients of the linear forms occurring in the circuit are chosen uniformly
and independently at random from an arbitrary set of size (nds)*. In fact, degenerate circuits
correspond to a proper algebraic variety and so a random homogeneous depth three circuit is
non-degenerate with probability one in the measure theoretic sense.

Reconstruction of subclasses. It is worth mentioning what we get for the two interesting sub-
classes of homogeneous depth three circuits — set-multilinear depth three circuits and depth three
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powering circuits. We state the result for set-multilinear depth three circuits, a very similar state-
ment also holds for depth three powering circuits. Suppose the set of variables x admits a partition
into d sets: x = x; Wxy W - - - W x4. For simplicity, assume |x;| = |x2| = ... = |x4]|. A set-multilinear
depth three circuit is a homogeneous depth three circuit in which every term T; is of the form

Ti = lin(x1) - lio(x2) - ... - Lig(xa), )

where each /;; is a linear form over the indicated variable set x;. The polynomial computed by
any such term (and therefore also by the circuit) has the property that every monomial in the
support contains exactly one variable from each set x;. Such a polynomial f is referred to as a
set-multilinear polynomial and also as a fensor, and the minimal number s of terms of the above
form required to sum up to f is called the rank of the tensor. Because of its relevance to a wide
variety of problems, including the complexity of matrix multiplication, tensor rank and tensor
decomposition have been intensely studied. We state our result for this subclass by postponing
the statement of the precise non-degeneracy condition to Section 5.

Theorem 2 (Set-multilinear depth three circuit reconstruction). Let n,d,s € IN, and s < (%)3.

There is a randomized poly(n,d,s) = poly(n,s) time algorithm which takes as input black-box access
to a polynomial f that is computable by a non-degenerate (n,d,s) set-multilinear depth three circuit and
outputs a non-degenerate (n,d, s) set-multilinear depth three circuit computing f.

We obtain a very similar result for depth three powering circuits where the maximum top fan-in
d
that can be handled is s < ("7371).

1.2 Evidence for the hardness of reconstruction

It is natural to wonder if the non-degeneracy condition can be removed from the above results. In
particular, can we get rid of the non-degeneracy condition and the degree restriction (n > (3d)?)
from Theorem 1?7 We collect some evidence which indicates that this is likely a hard problem.

1. NP-hardness of reconstructing subclasses. Finding the smallest depth three powering circuit
computing a given polynomial is NP-hard [Shil6]; it amounts to computing the symmetric-
rank. The same is also true for finding the smallest set-multilinear depth three circuit com-
puting a set-multilinear polynomial [[Has90]; it is the problem of computing the tensor-rank.
One might now expect (perhaps somewhat naively) that the reconstruction problem for a
more expressive circuit class C should be at least as difficult as the corresponding problem
for a less expressive subclass, and this is then some sort of heuristic evidence that the optimal
circuit reconstruction version of the problem for homogeneous depth three circuits is likely
a hard one in the worst-case. We now give some evidence that even when we are allowed
to output an approximately minimal circuit from the class C of homogeneous depth three
circuits, the problem is likely very challenging.

2. Reconstruction of general circuits. Suppose we are able to prove Theorem 1 without any kind
of non-degeneracy and degree restrictions, and output a poly(s) size homogeneous depth
three circuit. Then, a simple homogenization trick gives a poly(n,d,s) time reconstruction
algorithm for general depth three circuits: If f is computable by a (1,d,s) depth three cir-
cuit then z? - f(z7'xy,...,z2 7 x,) is computable by a (n + 1,d,s) homogeneous depth three



circuit. This, in turn, implies a nO(Vd) time reconstruction algorithm for poly(n) size general
circuits computing n-variate polynomials of degree d = n°(1), owing to the depth reduction
to depth three results [GKKS16, Tav13, Koil2, AV08]. In other words, we would get a sub-
exponential time reconstruction algorithm for general circuits if Theorem 1 holds without
non-degeneracy and degree restrictions.

3. Reconstruction implies lower bound. Reconstruction is harder than proving lower bounds.
In [FK09], it was shown that a randomized polynomial-time reconstruction algorithm for
an arithmetic circuit class C implies the existence of a function in BPEXP that does not have
polynomial size circuits from C . Also, a deterministic polynomial-time reconstruction al-
gorithm for C can be used to construct a function in EXP that does not have polynomial size
circuits from C [Vol16]. Thus, dispensing with non-degeneracy and degree restrictions en-
tirely from Theorem 1 would give a super-polynomial lower bound for general depth three
circuits (via the homogenization trick mentioned above). Proving such a lower bound is a
long standing open problem in algebraic complexity [SWO01, Wig07], the current best being
only a nearly cubic lower bound [KST16,BLS16, Yaul6].

Nevertheless, it may be possible to relax the non-degeneracy condition by a more careful applica-
tion of existing techniques and the technique introduced here. It may also be possible to weaken
the degree restriction substantially'".

1.3 Do natural lower bound proofs imply reconstruction?

As reconstruction implies lower bound, research on reconstruction has focused on models for
which non-trivial lower bounds are known. Do lower bound proofs, particularly natural lower
bound proofs, lead to learning? This question has been asked and investigated before for Boolean
circuits by multiple prior work. A natural lower bound proof for a circuit class C has (as a part of
it) a “separator” algorithm that distinguishes functions computable by small C-circuits from other
functions efficiently. This is the constructivity feature of natural proofs [RR97, FSV17, GKSS17].
It is an intriguing possibility that such a separator has enough structure to imply an efficient
learning algorithm for C. Indeed, an interesting result [CIKK16] on Boolean circuits showed
that the natural lower proof for AC°[p] circuits can be used to give a quasi-polynomial time PAC
learning algorithm (with membership queries and under the uniform distribution) for the same
class. Prior to this work, similar results were known for AC? circuits [LMN93], and ACY circuits
with poly-logarithmic number of majority gates [JKS02]. We note that the learning algorithms
in [CIKK16, LMNO93, JKS02] are not proper.

It would be really nice to have such ‘natural lower bound to learning algorithm” translations for
arithmetic circuit classes. However, there are a few aspects of arithmetic circuits that make this
task very demanding. First, we are forced to do exact learning (instead of PAC learning) as two
distinct polynomial functions differ at a large fraction of points. Second, there are the issues of ho-
mogenization and depth reduction: A (%)Q(d) lower bound is known for homogeneous depth

9The result in [FK09] is stated for randomized zero-error learning algorithms and hard functions in ZPEXPRP but
the same argument applies to two-sided error randomized learning and hard functions in the bigger class BPEXP.
0There is a 22(") lower bound known for homogeneous depth three circuits for d up to 2°(") [KST16]. Based on the
“lower bound to learning’ theme discussed later, it is conceivable that there is an efficient reconstruction algorithm for
non-degenerate homogeneous depth three circuits for d up to 200,
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three circuits for d < n [NW97], and a 22" lower bound is known for the same model for
any d > n [KST16]. These lower bound proofs are natural. But, as mentioned before, efficient
reconstruction of homogeneous depth three circuits (particularly, for d = nOWn) implies effi-
cient reconstruction of general depth three circuits via homogenization which further implies sub-
exponential time reconstruction for general circuits via depth reduction. Thus, an unconditional
translation from natural lower bound to reconstruction for arbitrary arithmetic circuit classes is
probably quite difficult. However, it is conceivable that a natural lower bound framework for an
arithmetic circuit class can be used to efficiently reconstruct almost all circuits from the class; the
notion of ‘almost all circuits” is formally captured by a non-degeneracy condition that holds with
probability one in the measure theoretic sense. Our work here fits in the theme of "natural lower
bound to learning” (under non-degeneracy condition) and shows that this is indeed true for the
class of homogeneous depth circuits ''. Could this also hold for other circuit classes, like homo-
geneous depth four circuits or constant depth multilinear circuits, for which exponential natural
lower bounds are known? We leave these as open problems.

2 Overview of our techniques

How can a lower bound proof (an impossibility result) lead to an efficient learning algorithm? We
begin by first sketching a weak implication/connection of this nature. We address rank methods,
which have long been recognized as encompassing and abstracting almost all known arithmetic
circuit lower bounds to-date. Roughly speaking, we first observe that if a rank method yields a
lower bound for circuit class C then we can do reconstruction given the output polynomial of a
circuit C € C together with an additional information pertaining to the space spanned by some of the in-
ternal nodes of C. This weak connection leads almost immediately to efficient learning of the two
subclasses — set-multilinear depth three circuits and depth three powering circuits. However, it
falls short of directly yielding an efficient reconstruction algorithm for homogeneous depth three
circuits. For this general model, we build on the intuition gained from the weak connection and
reduce the problem of finding children of the top addition gate with large fan-in to decomposing
a certain vector space U into a (direct) sum of simpler subspaces. We then show how to do this
decomposition efficiently using a carefully chosen operator space acting on U.

Lower bounds via rank methods. For most arithmetic circuit classes C for which a lower bound
is known, the proof is along the following lines. One first shows that a circuit C from C computes
a polynomial in the following way:

fx)=T1+T+...+T;, (2)

where Ty, 1>, ..., Ts are simple polynomials (typically simpler in the sense that T; admits a non-
trivial factorization wherein the factors are computed by lower depth subclasses of C). Lower

10On a related note, the authors of this work and Nair [KNS18] have given an efficient reconstruction algorithm for
low-width (in particular, constant-width) homogeneous algebraic branching programs (ABP), under a non-degeneracy
condition that holds with high probability. A modest linear width lower bound is known for homogeneous ABP
[Kum17]. If we could drop the non-degeneracy condition from [KNS18] then that would imply (via homogenization)
efficient reconstruction for constant-width general ABP, which is exactly the class of arithmetic formulas [BC92]. The
results in [FK09] would then give a super-polynomial lower bound for arithmetic formulas, thereby solving a long-
standing open problem. This then underscores the difficulty of removing non-degeneracy entirely from the result
in [KNS18].



bounds for C are then tantamount to showing that the number of simple summands s required
to express some explicit polynomial /(x) € [F[x] is large. Rank-based methods achieve it in the
following way: one devises a linear map y : F[x] — "> such that for every simple polynomial T,

rank(u(T)) is relatively small as compared to rank(y(h)). Since rank is sub-additive, this yields
rank(p(h))

the lower bound s > rank(#(T)) "

From lower bounds to reconstruction - recovering a basis of simple polynomials. For recon-
struction of C, it suffices to solve the following problem: given a polynomial f which admits an
expression of the form (2), can we efficiently recover the simple summands (i.e. the individual
T;)? We observe that if instead of just one polynomial f € F-span(Tj, T>,...,Ts), we have an
entire basis of F-span(Tj, Ty, . . ., T;) and if the T;’s are also u-independent in the sense that

p:=rank(u(T1 + To+ ...+ T5)) = rank(p(T1)) + rank(p(T2)) + ... + rank(p(T5)),  (3)

then this can be done efficiently. This is the weak connection (or the elementary approach) we were
alluding to before. Let M = F-span(pu(T1), u(T2),. .., u(Ts)) C IF"™*° be the vector space of matri-
ces spanned by the 1(T;). Given a basis of F-span(Tj, Ty, . . ., T5), we can construct M by applying
u to these basis polynomials and taking their [F-span. Now viewing M as the ambient space, the
set of matrices in M of rank at most (p — 1) forms an algebraic variety which has a particular nice
structure when the non-degeneracy condition (3) is satisfied: it is simply the union of s hyper-
planes'?. Moreover, these hyperplanes can be computed efficiently (in poly(r - ¢)-time) and the
equations of these hyperplanes enable us to efficiently recover Ty, Ty, . . ., Ts.

The structure of i and reduction to a vector space decomposition problem. The elementary
approach sketched above for reconstruction from lower bounds requires the knowledge of a basis
of F-span(Ti, Ty, . .., Ts) which we do not have a priori. But, we observe that in our case this issue
can be alleviated to some extent by the linear map yu that gives us access to a basis of the [F-span
of another set of simple polynomials'® {T, T3,... T, } for s’ = poly(s). The map y used to prove
lower bounds for homogeneous depth three circuits has some additional structure that we now
describe. It turns out that almost all the known lower bound proofs are via the construction of a
finite set of linear operators

D = {1, ¢2,...,¢9:}, whereeach;: F[x] — F[x]

is a linear map. The matrix y(f) referred to above has ¢ columns, the i-th column simply being
the coefficient vector of ¢;(f) so that the rank of y(f) is precisely the dimension of the vector
space spanned by {¢1(f), ¥2(f),..., ¥.(f)}. For homogeneous depth three circuits, Nisan and
Wigderson [NW97] employed the differential operators of a suitable order k > 1

D= {8’; cw€Z%) and |«f :k}.
When we apply this set of linear operators to the identity (2) we obtain

UCU +Uy+...+U;, whereU :=F-span(Do f) and U;:= F-span(Do T;).

12 This is captured more precisely in its algebraic version given in Claim 5.1.
Bthat are related to Ty, Ty, ..., Ts



Now it turns out that generically (i.e. when Tj, T, ..., Ts are independently chosen products of
random linear forms), this containment is in fact an equality and the vector space on the right is
in fact a direct sum of the U, i.e.

U=U&...6U; orequivalently: dim(U) = dim(U;) +dim(Up) + ... +dim(Us). (4)

Furthermore, in this generic/non-degenerate situation, each U; has a basis consisting of products
of some subset of the linear forms in T;; we denote such a product by T]( . Given the output poly-
nomial f, a basis of the space U = F-span(D o f) = F-span(T], T, ..., T,), where s’ = poly(s),
can be efficiently computed so that in the non-degenerate case captured by condition (4), it suffices
to efficiently compute the above decomposition of U. We now sketch how to do this decomposition.

Decomposing U for the two subclasses of homogeneous depth three circuits. Let us focus on set-
multilinear depth three circuits, essentially the same approach works for depth three powering cir-
cuits as well. We observe that in implementing the strategy of decomposing U for set-multilinear
depth three circuits in Section 5 (but with a slightly different choice of the space of linear operators
D), each U; = F-span(D o T;) that we get is in fact a one-dimensional vector space consisting of
scalar multiples of a simple polynomial T/ (simple in the sense of being a product of linear forms).
Moreover, in the generic case, these simple polynomials T7, ..., T are y-independent (as in Equa-
tion (3)). This reduces the problem of decomposing U = F-span(Tj, T3, ..., T,) to the problem of
finding a basis of simple polynomials of the space U which can then be tackled using the elemen-
tary approach mentioned before. This process of decomposing U can also be viewed as recovering
low rank matrices in an operator space S acting on U.

Decomposing U in the general case. For homogeneous depth three circuits, each U; will generi-
cally have a basis of simple polynomials so that U itself has a basis of simple polynomials { T}, T5, . .
Unfortunately however, T{, Tj, . . ., TS’, do not satisfy the y-independence condition given by Equa-
tion (3) and hence we cannot directly apply the elementary approach outlined before to decom-
pose U. This is the main difficulty that we show how to handle in Section 4. The new idea behind
the decomposition of U is to choose a space S of linear operators acting on U such that the non-
degeneracy condition implies that U; is an invariant subspace of U induced by S for every i € [s].
Then, certain ‘nice properties” of S ensure that Uy, ..., Us are in fact the only irreducible invariant
subspaces of U induced by S, and bases of these subspaces can be found efficiently from a basis
of U by computing S-closures of appropriately chosen vectors in U. Our choice of § is the shifted
differential operator space (which is defined in Section 4.2), and the main technical work involves
showing that this S has the required ‘nice properties’ (as stated in Claim 4.2 and 4.3) that aid in
the decomposition of U into irreducible invariant subspaces.

Summary. There are many subclasses of circuits which admit lower bounds via rank methods.
But the presence of addition gates of large fan-in in such circuits had hitherto made efficient re-
construction look unapproachable. The main conceptual novelty/contribution of this work is to
formulate the following paradigm for efficiently handling addition gates and to successfully im-
plement it for the class of homogeneous depth three circuits. The problem of finding the children
of an addition gate with large fan-in s is first reduced to the problem of finding a decomposition
of a suitable vector space U into a (direct) sum of simpler subspaces Uy, Uy, ..., Us. One then con-
structs a suitable space of operators S consisting of linear maps acting on U such that analyzing
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the simultaneous global structure'* of S enables us to efficiently decompose U. We feel that this
paradigm is novel and powerful: by enabling us to handle large addition gates, it should lead to
efficient reconstruction of many other such subclasses of circuits. In implementing this paradigm,
our conceptual contribution is the construction of the particular S that works for the class of ho-
mogeneous depth three circuits.

3 Basic defintions and facts

We record a few basic definitions and facts which will be used in the arguments later. A n-variate
polynomial of degree-d will be called a (1, d) polynomial.

Fact 1 (Computing partial derivatives). Given black-box access to a (n,d) polynomial f and a monomial
t

x*, a black-box access to 0 f can be computed in deterministic poly(n,d*) time.

This follows from the fact that black-box access to a first-order derivative of f can be computed in
deterministic polynomial time from black-box access to f.

Fact 2 (Space of linear dependencies). Given black-box access to (n,d) polynomials g1, ..., gy, a basis
of the space G+ := {(c1,...,¢;) € F' = Yy cigi = 0} can be computed in randomized poly(n,d,r)
time. As a corollary, we have that black-box access to the elements of a basis of F-span{g1, ..., g,} can be
computed in randomized poly(n,d, r) time from black-box access to g1, . .., §r-

The above can be proved by applying the Schwartz-Zippel lemma [Sch80, Zip79] and reducing the
problem to solving a system of linear equations over .

Definition 3.1 (Invariant subspace). Let U be a vector space and S a space of linear operators on
U. A subspace V C U is called an invariant subspace of U induced by S if SV C V. An invariant
subspace V' # 0 is irreducible if V cannot be expressed as V. = V; @ V,, where V; and V, are
invariant subspaces properly contained in V.

Definition 3.2 (Closure of a vector). Let U be a vector space and S a space of linear operators on
U. The closure of a vector v € U with respect to S is the smallest invariant subspace of U induced
by S that contains v.

The following fact states that the closure of a vector can be computed efficiently. Suppose U is a
vector space of dimension m over [F. Once we fix a basis of U, it can be identified with F"* and a
linear operator on U with a matrix in F"*™. Thus, a basis of a space S of linear operators on U
can be given as a list of matrices {My, ..., M;} in F"™*™.

Fact 3 (Computing closure of a vector). Given av € F™ and a list of matrices {M;, ..., M} in F"™*™,
the closure of v with respect to F-span{ My, ..., M} can be computed in deterministic poly(m) time.

We refer the reader to Algorithm 4 in [KNST17] for a proof of the above fact.

14 In this case, it is the structure of the set of low rank matrices in S and of invariant subspaces of U induced by S.
There is a high-level similarity between our approach for reconstruction of homogeneous depth three circuits and the
approach in [KNST17] for reconstruction of full rank algebraic branching programs. In [KNST17], the ambient space IF"
is decomposed into irreducible invariant subspaces of the Lie algebra (which is a certain space of linear operators on IF")
of the iterated matrix multiplication polynomial, whereas in this work, the partial derivative space U is decomposed
into irreducible invariant subspaces of a shifted differential operator space (which is a space of linear operators on U).



4 Homogeneous depth three circuits: Proof of Theorem 1

We follow the outline given in Section 2 for reconstruction of homogeneous depth three circuits
and fill in the details here.

The algorithm. We state the algorithm and argue the correctness and complexity of its steps. As

in the statement of Theorem 1, assume that n > (3d)? and s < (3%)%, and let m := s - (i) We
record a few relations among the parameters 7,4, s and k in the following easy to verify remark.

Remark 1. Ifn > (3d)?, s < (%)% and k = [ logs -‘ then the following relations hold: k < % +1, s <

log 2
(n2lyktl (Rl > () gk < d s and nF <n- s

Clearly, m < d - s2. In this section, we will assume that a basis of a vector space is an ordered set.

Algorithm 1 Reconstruction of non-degenerate homogeneous depth three circuits

Input: Black-box access to a f that is computed by a non-degenerate (1,d,s) homogeneous
depth three circuit Ty + ... + Ts.
Output: A non-degenerate (1,d, s) homogeneous depth three circuit computing f.

1. Compute black-box access to a basis of U, the k-th order partial derivative space of f.

2. Decompose U = U; @ ... ® U, ie., compute black-box access to elements of bases of
Uy, ..., Us, the k-th order partial derivative spaces of T, .. ., Ts, using Algorithm 2.

3. Obtain the terms Tj, ..., Ts from the bases of Uy, ..., Us.

4.1 Step 1: Computing a basis of U
Observation 4.1. From black-box access to f, we can compute black-box access to the elements of a basis
I'=1(g1,82,---,8m) of U in randomized poly(n, s) time.

Proof. The number of k-th order derivatives in n variables is (”*’;*1) < n-s% by Remark 1.

Using Fact 1, we get black-box access to all the k-th order derivatives of f in poly(n,d*,s) =
poly(n,s) time (by Remark 1 again). A basis of the derivatives can then be computed in random-
ized poly(n, s) time using Fact 2. O

4.2 Step 2: Decomposing U = U; @ ... D Us

Notations. Let us fix a few notations and terminologies.
o Norm(k) := {a € ZL : |&| = k}.
e For a polynomial T € F[x], coeffg(T) is the coefficient of the monomial x# in T.
e Recall T; = {jy - £ip ... £;; is a product of d linear forms. Let

B T s (1),
[d]

Tig = Hgij’ fOI‘BE(d_k>.

jeB
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e The set A := {Ti : i€ [s]and B € ( d[i]k)} is the canonical basis of U. Think of A as an

ordered set in which the elements {T;z : B € ( d[i]k)}, which is a basis of U;, precede the
elements {T; 15:B € (d[i]k)}, which is a basis of U; 1, for every i € [s — 1].

o LetI' = (g1,92,--.,9m) be abasis of U and S a space of linear operators on U. Then, U can
be naturally identified with [F", a subspace U; C U can be identified with a subspace U; r C
F" and an operator { € S can be identified with a matrix Mr(y) € F"*™. Conversely,
a subspace W C F" can be identified with a subspace I' - W C U, which consists of all
polynomials (g1 2 ...gm) - W for w € W. Observe that I' - U, r = U,.

e For B,B' € (d[i]k)' the distance between them is defined as dist(B, B') := (d — k) — |[BN B/|.

The shifted differential operator space. The following operator space SDj (; plays a vital role in
our algorithm and its analysis. Let

SDy := F-span {x/g ok s aBe Norm(k)}, and
SDyuy = {peSD : p(U) CU}.

Observe that dim(SDy) = (”ﬂf*l)z = poly(n,s), by Remark 1, and SDy ; is a vector space over FF.
The shifted differential operators in SDj act linearly on polynomials and hence SDj ; is a space
of linear operators on U. We will refer to SDy iy as S for brevity.

Observation 4.2. We can compute a basis (1, . .., ;) of S in randomized poly(n, s) time from black-box
access to the elements of a basis T = (¢1,82, .., 8m) of U. °

Proof. An operator Y, g ¢ Norm(k) Ca,8° xB . 95, where cap € IF,is in § if and only if the following
holds for every i € [m].

) Ca xP .ok ¢i = Y dij-gj, forsomed;€F.
o, € Norm(k) j€lm]

From black-box access to g;, we get black-box access to xB . 8]& g, for all «, B € Norm(k), in
poly(n,s) time using Fact 1 and Remark 1. Then, we compute a basis of the space G;- of linear
dependencies of the polynomials {xf - 9% ¢; : &, € Norm(k)} U{g; : j € [m]} in randomized
poly(#n,s) time using Fact 2. By treating c, g and d;; as formal variables, the coordinates of a vector
in G can be naturally indexed by these variables. Restrict the vectors in the basis of G- to coor-
dinates indexed by the ¢, g variables and call the space spanned by these restricted vectors C;. It
is easy to observe that a basis of C; N ... N Cy, gives a basis of S directly. ]

Henceforth, the correctness of the decomposition step proceeds by proving three important claims
—Claim 4.1, 4.2 and 4.3. We state these claims below and prove them in Section 6.

Three claims and two corollaries.

Claim 4.1. For every i € [s], U; is an invariant subspace of U induced by S.

15The exact expression for ¢, as a function of n and s, is not relevant for our analysis.
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The claim is proved using the non-degeneracy condition. The next two claims would help us
infer that U; is in fact an irreducible invariant subspace of U induced by S and a basis of it can
be computed in polynomial time using Algorithm 2. The proofs of these two claims also use the
non-degeneracy condition, in particular the fact that dim(U) = s - (‘,f)

Claim 4.2. There is an operator € S such that
Y(Tip) = pip - Tip, where p;p € F,
oreveryi € |s|and B € ( ;). Furthermore, the field elements {pjg : 1 € |s|and B € ( ;) } are distinct.
y i dBe (/" h he field el oip ;i dB e (J9)} aredisti

The claim implies that there isa ¢ € S such that M, (1) is a diagonal matrix with distinct diagonal
entries. As M, () and Mr(y) are similar matrices, we have the following corollary.

Corollary 4.1. Thereis a € S such that M () has distinct eigenvalues, where I' is a basis of U.

Claim 4.3. Foreveryi € [s] and B, B’ € (d[ﬁ}k) with dist(B, B') = 1, there isa ¢ € S such that

¥(Tig) = piggr - Tipr,  where pipp € TF\ {0}
The above three claims imply the following corollary, which we prove in Section 6.

Corollary 4.2. For every i € [s] and v € U;, the closure of v with respect to S is U;. So, Uy, ..., Us
are irreducible invariant subspaces of U induced by S. Further, these are the only irreducible invariant
subspaces of U induced by S.

Algorithm 2 Finding bases of Uy, ..., Us

Input: Black-box access to the elements of a basis I' = (¢1,82,--.,gm) of U.
Output: Black-box access to the elements of bases of Uj, . .., Us.

1. Compute a basis (¢1,...,9:) of S from I' using Observation 4.2. Derive the m x m matrices
Mr (1), Mr(¢).

2. Pickarandom Mr = ry - Mr (1) +...+1:- Mr(y;), wherery, ..., ry are chosen independently
and uniformly at random from [m°].

3. Compute the characteristic polynomial i(y) of M. Output ‘Fail’ if / is not square-free. Oth-
erwise, factorize h = hy - hy ... hj into irreducible factors over IF.

4. Find bases of the null spaces Ny, ..., N; of hi(Mr),..., hj(Mr) respectively.

5. For every j € [I], pick a vector v from the basis of N; and compute the closure of v with respect
to F-span{Mr(¢1), ..., Mr(¢;)} (using Fact 3).

6. Let {Wj,..., W, } be the list of the closure spaces after removing repetitions. If p # s, return
‘Fail’. Else, return black-box access to the bases of {I" - Wy,..., I - W;}.

Analysis of Algorithm 2.

Steps 1 and 2 of the algorithm are self-explanatory. In step 3, the characteristic polynomial h(y)
can be computed in deterministic poly(m) time using interpolation.
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Observation 4.3. Polynomial h(y) is square-free with probability at least 1 — 2.

Proof. As h is a monic polynomial, the resultant res, (, %) is non-zero if and only if / is square-
free. For a moment, think of 74, ..., 7, as formal variables in step 2. Then,  is a monic polynomial
whose coefficients are polynomials in 1, ..., r; of degree at most m, implying that the degree of
resy(h, %) as a polynomial in ry, ..., 7 is at most 2m?. By Corollary 4.1, resy(h, %) is a non-zero
polynomial in 74, ..., 7¢, and hence an application of the Schwartz-Zippel lemma implies that / is
square-free with probability at least 1 — 2 over the random choices of 74, . .., r; in step 2. O

We have assumed that univariate degree-m polynomials over F can be factored into irreducible
factors in poly(m) time. So, step 3 can be executed in poly(n,s) time. Computing a basis of the
null space of a matrix reduces to solving a system of linear equations and hence, step 4 also takes
poly(n,s) time.

Claim 4.4. At step 5, the following holds : For every j € [l], N; C U; r for some i € [s]. Also, for every
i € [s], thereisaj € [l] such that N; C U; .

Assuming the claim, it follows from Corollary 4.2 that the set of spaces {W,..., W} is in fact
{Uyr,...,Usr} in step 6. The correctness of the algorithm follows by noting that I' - U, r = U.

Proof. Recall that A is the canonical basis of U. Let D € GL,,(F) be the basis-change matrix from
T'to A, ie. Mr(yp) = D71 Ma(¢) - D for every operator ¢ € S.

Mf = ET’Z"MF(IPZ') = D_l' <E ri'MA(IPi)> -D = D_I'MA'D,
ic(t] ie(t]

where My = Y 7i- Ma(¢;), implying that the characteristic polynomial of M, is h(y). By
Claim 4.1, M, is a block-diagonal matrix,

Rq
R»
Mp = , ,
Rs

where each R; is a () x ({) matrix. Let p;(y) be the characteristic polynomial of R;. Then,

h = p1-p2---ps, and the polynomial k; (for j as in step 5) divides p; for some i € [s].

Suppose v € N;. Then, h;(Mr) - v = 0 implying p;(Mr) - v = 0 and hence p;(M,) - Dv = 0, where

pi(R1)
pi(Ma) = pitte)
pi(Rs)
Split the column vector Dv € F" into s continuous chunks of size (Z) each, and call the vector

defined by the g-th chunk v, € F® for g € [s]. Thus, we have p;(R,) - v; = 0 for every q € [s].
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Observe that p; and p, are coprime for i # g, as h is square-free at step 5. Hence, for i # g, there
exist two polynomials e;(y), e2(y) € F[y] such that

er(y) piy) tea(y) ply) = 1,

= e1(Ry) - pi(Ry) = Iy (them x midentity matrix), as p;(R;) =0,
= e1(Rg) - pi(Rg) -vg = vy,
= Vq - 0.

Therefore, Dv € U; 5 implying v € U,;r. The second part of the claim follows easily from the
above proof. O

4.3 Step 3: Obtaining the terms T3, ..., T; from bases of Uj, ..., Us

From step 2 of Algorithm 1, we have black-box access to the elements of a basis (g1, . - - gi(i)) of U;
for every i € [s]. Now, for every & € Norm(k), we solve for ¢, j1, ..., Co il € F such that

Z Ca il 'gi1+"’+cai(‘,§) 'gl.(i) :aléf.
i€|s]
This can be done efficiently using Fact 2. Observe that such a solution satisfies
Ca il 81 +“‘+Cai(i) -gi(i) = a’; T;,

foreveryi € [s],asU = U; @ ...® Us. A black-box for T; can be obtained from the following
classical, easy-to-verify identity that holds for any degree-(d — k) homogeneous polynomial T;:

(d—2k)! k .
Ti= (d —k)! Z Xy, ..., 0 X2 T

a=(ay,....ty) € Norm(k)

Finally, we obtain T; by an application of the black-box polynomial factorization algorithm [KT90].

5 Set-multilinear depth three circuits: Proof of Theorem 2

We follow the outline and the notation given in Section 2 and in this section, we fill in some
more details for the subclasses of homogeneous depth three circuits corresponding to tensors and
depth three powering circuits. Following the discussion in Section 2, we formulate precisely the
problem of recovering a simple basis of a given space of polynomials. For a moment, let us not
worry about the exact representation of polynomials (which will be black-box in the subsequent
applications). Let us also ignore the size of the matrix associated with the linear map p which need
not be poly(n,d, s). We will see how to handle these issues in the two subsequent applications.

Problem 1. Finding a simple basis. Let y : [F[x] — F"*¢ be a linear map. Given (a basis of) the

vector space of polynomials
V =F-span(Ty, T, ..., Ts),

where each T; is a simple polynomial in the sense that rank(y(T;)) is small can we recover Ty, Ty, . .., Ts
(up to scalar multiples)?
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We show how this can be done efficiently under the following non-degeneracy condition.

Definition 5.1. Let y : F[x] — [F"*“ be a linear map. We say that a set of polynomials {Ty, T, ..., Ts }
are p-independent if

p:=rank(u(Ty +To+ ...+ T5)) = rank(p(T1)) + rank(p(T2)) + ... + rank(p(T5)).  (5)

Clearly, if {T1, Ty, ..., Ts } are p-independent then they are also F-linearly independent.

Algorithm 3 Reconstruction of individual terms from their [F-span.

Input: A basis f = (fi, fa,. .., fs) of the vector space V = F-span(Ty, Ty, . .., Ts).
Output: The vector (Ty, Ty, ..., Ts) (up to permutation and scalar multiples).

1. Compute M; := pu(f;). Form the matrix M(z) :=z; - My +2zp- Mo+ ... +z5 - M;.

2. Let p be the rank of M(z) for a random choice of z. Compute ¢(z) := ged(Minors(M(z)), p)
and factor it using the algorithm in [KT90].

3. If g(z) does not factor into a power of products of s linear forms, abort. Else let

g(z) =)
=1

be the factorization of g(z). Let A = (ajj); jc|s) € F**°, where a;; is the coefficient of z; in /.
Output f- A7L.

The correctness of the algorithm follows almost immediately from the following claim.

Claim 5.1. Let M; = u(T;) have rank r; € Z>1. Let M(u) := uy - My +up - My + ... + us - M and
p =11+ 12+ ...+, If the non-degeneracy condition (5) is satisfied then

ged(Minors(M), p) = uf! - ub? - ... - ul.

In step 2, we are computing the ged of all p x p minors of M(z). This can be done efficiently
by choosing two random matrices R; € F*" and R, € F°*f and computing the determinant of
R; - M(z) - Ry. Indeed, gcd(Minors(M(z)),p) = det(Ry - M(z) - Rp) with high probability.

5.1 Application: tensor decomposition

We now specify the choice of parameters mentioned in Section 2 as applicable to this setting. Let
k< % be an integer and denote the union of the first k sets of variables by y, i.e.

y:=xX1dxp ... WX

We denote the space of operators that we choose as Dy and it is the following set of differential
operators of order k supported only over the variable sety, i.e.

k
Dy := 9 : ACy, and |[ANx;| =1 forall i € [k] ;.
HyeAay
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In this case, each [F-span(Dy o T;) has dimension one so that [F-span(Dy o f) has dimension at most
s. To see this, for a term T; of the form (1), let us define

Pi = H 61] and Qi = H EZ] so that Ti = Pl(y) . QZ‘(X \ y) (6)

jc[k] jeld\[K]
Each [F-span(Dy o T;) is then simply F-span(Q;) so that we have:

Observation 5.1. For f = Ty + T + ... + T, where T; is of the form (6), it holds that IF—span(Dy of)C
F-span(Q1, Qa, ..., Qs).

If k < % is the smallest integer such that (2)F > s then this containment is in fact an equality

generically. Specifically, we have:

Proposition 5.1. Let k be chosen as above. For i € [s] and j € [k|, if the forms {;; are chosen independently
at random then with high probability it holds that Q1, Qz, ..., Qs are F-linearly independent and

F-span(Dy o f) = F-span(Q1, Q2,...,Qs).

We can compute a basis (f1, f2, ..., fs) of F-span(Dy o f) using Fact 1, and then call Algorithm 3
on this basis. The polynomials Q1, Q», ..., Qs, which are u-independent in the generic case, play
the role of Ty, T», . . ., Ts in the algorithm. The linear map y is as follows: let Y = X W W X
and define Dy just like Dy. Suppose ¥y, ..., §. be the ¢ = (4)* operators in Dy.. Then, u(f)is a
matrix with ¢ columns, the j-th column being the coefficient vector of ¢;(f). Observe that p = s.
Instead of working with u(f) in Algorithm 3 which is a large matrix, we work with the p x ¢ matrix
i(f) == (¥;(f)(ai))ie|p) je|q for randomly chosen points ay,...,a, € F". This also addresses the
fact that f is given as a black-box. The algorithm returns Q1, ..., Qs (up to scaling) which we factor
into products of linear forms. The linear forms in P; can be similarly obtained by interchanging the
roles of Dy and Dy and calling Algorithm 3 again. This process gives us Ty, ..., T up to scaling;
the scaling factors can then be retrieved by solving a system of linear equations.

5.2 Application: Depth three powering circuits

In a depth three powering circuit each term T; = /;(x)¢, i.e.,

f=0)"+ LX)+ ..+ L((x), (7)
where each ¢;(x) is a linear form. These circuits correspond to symmetric tensors and the approach

for reconstructing general tensors carry over in a similar fashion. In particular, let k < (d/3) and
e = (d — k). Let D be the space of differential operators of order k as defined in Section 2.

Observation 5.2. If f is of the form (7) then IF-span(D o f) C F-span(¢, 45, ..., £5).

If k < % is the smallest integer such that (”+ﬁ_1) > s then this containment is in fact an equality
generically. Specifically,

Proposition 5.2. Let k be chosen as above. For i € [s], if the forms {; are chosen independently at random
then with high probability it holds that (5,05, . . ., 5 are F-linearly independent and

F-span(D o f) = F-span({{, (5, ..., (2).
The remaining argument is very similar to that of tensor decomposition after we replace the set of

operators Dy and Dy by D.
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6 Proofs of three claims and a corollary from Section 4

6.1 Proof of Claim 4.1

Fixai€ [s],aB € ( d[i]k) and an operator ¢ € S arbitrarily. It is sufficient to show that ¢(Tiz) € U;.

Let ) =} 4 g c Norm(k) Cap " xB - 9k, where cap € F. Asp(U) C U, we have

I,IJ(TZ'B) = Z Ca,B - X/3 : 8’; Tig = Z Yic - ch, for some Yic e F. (8)
a,B € Norm(k) j€ls], Ce(d[i]k)
The non-degeneracy condition states that there are 2k + 1 linear forms ¢;;, ..., i, such that

dim( Y. U mod <£irl,...,£mﬂ>) :(5—1).<Z>.

jels\{i}
Observe that the expression 8’; Tip in Equation (8) is zero modulo (¥}, ..., ¢;

lr2k+1>‘
Z r),]c . T]C =0 mod <£ir1/ e /gi72k+1>'
jelsh\{i}, ce(f%)

Thus, we get

The non-degeneracy condition implies that {Tjc mod ({ir,, ..., lir,,,) = j € [s] \ {i},C € ( d[i]k)}
is a basis of the space Y jc(s\ iy Uj mod (liyy, ..., ¢ Hence, yjc = 0 forall j € [s] \ {i} and

1r2k+1>'
Ce( d[i]k)' Therefore,

P(Tg) = Y. 7vic-Tic € U
ce(/%)

6.2 Proof of Claim 4.2

Let ¥ = Y0 g e Norm(k) CaB xP - 0% be an operator in S. Let us treat ¢, g as formal variables that
take values from FF. For every i € [s] and B € (" ] )

P(Tip) = ) CapXP 08 Tip
«,B € Norm(k)

= Yo X Y cuprohTis

B € Norm(k) « € Norm(k)

= Z x'B' Z Co,B° Z a TzA iB\A

B € Norm(k) a € Norm(k)

— Y Xy ( Y cap Ol TiA) “Tip\a

B € Norm(k) AE(B) « € Norm(k)

- Z E qia(cp) - Tip\a, 9)

B e Norm(k) Ag( )

where gia(cg) = Y ¢ Norm(k) Ca,8 ° ok Tia is a linear form in the ¢g := {c,p : # € Norm(k)}
variables.
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Observation 6.1. The linear forms {qi aleg) i€ [s]and A € ( [Z])} in the cg variables are F-linearly
independent.

Proof. Recallm = s - (§). The coefficient matrix of the linear forms {qi alcg) ri€[s]and A € ([Z])}

isam x ("T1) matrix M with rows indexed by the set {(i,A) : i € [s], A € ([Z])} and columns

indexed by {« : « € Norm(k)}. The ((i, A), )-th entry of M is X T;4; note that the entries of M
are field elements. We argue that M has rank m.

Let T be a row vector whose columns are indexed by {(i,A) :i € [s], A € ([Z])}, the (i, A)-th entry
is Tifa a- Let & be a row vector whose columns are indexed by {« : « € Norm(k)}, the a-th entry

is 0% f. The a-th entry of the product T - M is

Z ﬂ[d]\A.a’;TiA: Za’;n:a’;f, andso T-M =.
icls], Ac(19) i€ls]

If rank(M) < m then thereisa D € GL,,(IF) such that the last row of D - M has all zero entries. As
tD~ 1. DM = §, every entry of J is in the IF-span of the first m — 1 entries of the row vector TD~!.
But, this contradicts dim(U) = m, since U is the space spanned by the entries of J. O

The observation implies, we can choose values for the Cp variables such that

qia(cp) = eia - coeffg(Tia), foralli € [s]and A € <[Z]>,
where ¢;4 are field elements. The values of ¢;4 will be specified later, so it is best to think of
{eia:i€]s],Ac ([Z])} as distinct variables for the moment. From Equation (9),

lp(Ti ) = Z xP . Z eiA-coeffﬁ(TiA)-TiB\A
B € Norm(k) Ae(l;)

= Y e ), xP-coeffg(Tia) Tipia
Ae(g) B € Norm(k)

= Y ein-Tia-Tpa
A€(})

= ( Y eiA) - Tip.
A€(})

The linear forms {) , e (B GiA ! i€s|,Be( d[i]k)} are distinct. So, by the Schwartz-Zippel lemma, a

random assignment of the e;4 variables to field elements makes

Y eia=pi €F,
A€(})

such that {p;p :i € [s],B € ( d[f]k)} are distinct field elements. Therefore, ¥(Tiz) = p;p - Tjp and this

completes the proof of the claim.
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6.3 Proof of Claim 4.3

Fixai € [s] and B,B" € ( d@k) with dist(B,B’) = 1 arbitrarily. There exist distinct r,#' € [d]
such that Tjg = ¥¢;, - h and T;p = ;- h, where h is a product of (d — k — 1) linear forms and
ged(Lip, h) = ged(li, h) = 1. Let ¥ = ¥4 g c Norm(k) Cap xB - 9K be an operator in S. As before,
treat c, g as variables that take values from [F. By Equation (9),

¥(Tic) = Z xP - Z qja(cp) - Tic\a, foreveryje [s]and C € (d[f]k>
B € Norm(k) Ae(%)

Setting the g4 linear forms. The linear forms {gja(cg) : j € [s]and A € ([Z])} are linearly
independent, by Observation 6.1. Hence, we can choose values for the cg variables such that the
following conditions are satisfied:

1. gja(cg) =0, forevery j € [s] \ {i}.
2. qialcp) = 0,ifr & A.
T,

3. gia(cg) = eja - coeffg(T},), if r € A, where T}, := = 44 - Uiy and ¢;y are field elements. Note
that T/, need not be square-free. The values of e;4 will be chosen appropriately later, so it is
best to think of {ej4 :i € [s], A € (1 t 1} as distinct variables for the moment.

Hence,

¥(Tjc)
llJ(Tic) = 0, 1fr§ZC

Suppose r € C. Then
Y(Tic) = Y X Z qia(cp) - Tic\a

B € Norm(k) Ae( )
= Z Xﬁ . Z €iA Coeffﬁ(Ti/A) . TiC\A

B € Norm(k) Ac(§) :reA

= Z CiA - Z xP -coeff,g(Ti'A) - Tic\a

0, forallje[s]\{i}and C € (d[i]k>' and

A€() i reA B € Norm(k)
= Y. ea-Tia Ticua
Ae(§) 1 reA
T‘
= Y, e f‘ iy - Tic\a
A€() i reA "
T‘
= Z €iA fc . gir’- (10)
Ae(§) :reA "

The notation “A € ({) : € A” means the sum runs over all A € (§) with r € A. We analyze the
last equation for two different cases:
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Case 1: Suppose ' ¢ C. By Equation (10),

¥(Tic) = Y. ea| T,
Ae(‘,g) (€A

where C' = (C\ {r}) W {7’} and T;c is square-free. For C = B, we have C' = B’ and

(Tip) = Y. e T
Ae(®):rea

This means, we need to assign values to the variables {ej4 : A € ([Z]), r € A} in such a way that
the following condition is satisfied.

Condition 1. ZAG(@ . rea €ia = pipp € F\ {0}

Case 2: Suppose t' € C. By Equation (10),

T;
P(Tic) = Y, eia TC o
Ae( ir

(,g) 1 reA

As % - £;s is not square-free, we desire to assign values to the variables {e;4 : A € ([Z]),r € A}in
such a way that the following condition is satisfied.

Condition 2. For every C € (d[i]k) satisfying r,r’ € C, Yae(©) i rea ia = 0.

Observe that if the above two conditions are satisfied then 1 is indeed an operator in S satisfying
the statement of Claim 4.3. The following lemma completes the proof of the claim.

Lemma 6.1. There exists an assignment of the variables {ei A A€ ([‘;]), re A} to field elements such
that both Condition 1 and 2 are satisfied.

Proof. Let us focus on Condition 2 first. Consider the (dzz) X (,‘fj) incidence matrix M whose

rows are indexed by C € ( d[i]k) such that r,7’ € C, and columns indexed by A € ([Z]) such that
r € A. The (C,A)-th entry of M is 1if A C C, otherwise the entry is 0. Assume the following

ordering among the columns of M: The (‘,fj) columns that are indexed by A € ([’;]) withr' ¢ A
precede the (Z:;) columns that are indexed by A € (['Z]) with 7’ € A.

Let M; be the sub-matrix of M defined by the first (Zj) columns of M, and M, the sub-matrix
defined by the last (‘Z:g) columns of M.

Observation 6.2. The (%) x (4=2) matrix My has full rank, i.e., it has rank (1-3).
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Proof. Matrix M; is identical to an incidence matrix | whose rows are indexed by S € ( 4-2] ) and

d—k-2
columns are indexed by T € ([i:f]), the (S, T)-th entry of ] contains 1if T C S, otherwise the entry
is 0. It was shown in [Got66] that [ has full rank, which is (i:f) ask < % by Remark 1. O

Observation 6.3. Every column of Mj is in the IF-span of the columns of M.

Proof. Pick a column from M,. Suppose that the column is indexed by {r,r'} & Ay, where A, €
([d];{_rér,}). Consider all those columns in M; that are indexed by {r} & A;, where A; € ([d};?l’r,})
and A, C Aj. There are d — k such columns in M;. It is easy to verify that the sum of these d — k
columns in M is d — 2k times the column picked from M. O

By Observation 6.3, there is a (Zj) X (ij) matrix D whose rows and columns are indexed by

Ace ([Z}) with r € A (in the same order as the columns of M) such that D is of the form

Lia: E d—2 d—2
B I vy I S : ;
D [ 0 I(;jjg) ] , Wwhere Eisa (k B 1) X (k— 2> matrix, and
M-D = [M1}0]. (11
Note that D! is of the form _

D—1 I(Z:%) 3 —E

=0 | (12)
(-2

Let e be the column vector whose rows are indexed by A & ([Z]) with r € A (in the same order as
the columns of M). The A-th entry of e is the variable ¢;4. The solution space of the e;4 variables
defined by the following linear system exactly captures those assignments of the ¢; 4 variables that
satisfy Condition 2,

M-e = 0
=M-D-D1.e = 0
=[M i0]-D'e = 0

As M; has full rank (by Observation 6.2), the solution space is defined by the vanishing of the first

(Z:f) rows of D! - e. Hence, by the form of D! in Equation (12), the solution space is defined by

|: I(ij) 3 —E i| -e=0. (13)
Clearly, this solution space has dimension (¢~2), and the variables {e;4 : A € ([i}) andr,r € A}
are the free variables. Every solution in this solution space satisfies Condition 2.

Now, let us turn to Condition 1. We wish to show the existence of a solution in the above solution
space that satisfies Condition 1. This is argued next.

Consider adding all those rows of M that are indexed by C € ( d[i]k) with 7,7 € C such that
C\ {7} C B. There are d — k — 1 such rows. Call the resulting sum w, a row vector whose
columns are indexed by A € ([z}) with r € A (in the same order as the columns of M). It is easy to

verify that w has the following structure:
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e Ifre A, ¢ Aand A C B then the A-th entry of wis d — 2k.
o Ifr,” € Aand A\ {r'} C B then the A-th entry of wisd — 2k + 1.

e The remaining entries of w are zero.

Let Q:={A:A¢€ ([Z}) andr,” € Aand A\ {r'} C B}. Any solution in the space defined by
Equation (13) also satisfies

w-e = 0
:>(d—2k) Z eia + (d—2k+1)'Z€iA =0
Ae(®)irea AeQ
d—2k+1
= ), ea = _< d— 2k )'Ze”"
Ac(®y . reA A€Q

The e;4 variables in the RHS of the above equation belong to the set of free variables of the system
defined by Equation (13). Surely, these variables can be chosen in such a way that }_,coe;a # 0,
thereby implying ) , e(®):rea GiA # 0. In other words, there is a solution in the space defined by

Equation (13) that satisfies Condition 1.

This finishes the proof of the lemma thereby completing the proof of Claim 4.3. ]

6.4 Proof of Corollary 4.2

The statement of the corollary does not depend on the choice of basis of U. We will work with the
canonical basis A of U. Let u; € IF" be the unit vector with 1 at the j-th coordinate and 0 elsewhere.

It follows from the ordering of the elements in A that {u]- cjelli—1)- (41, - (‘;)]} is a basis
of Ujo C F" forevery i € [s]. Let {¢n,..., ¢} be abasis of S.

Observation 6.4. Let v =Y ic(, 0 - u; € F", where p; € F. For every j € [m], if p; # O then u; belongs
to the closure of v with respect to F-span{Ma (1), ..., Ma(¢1)}.

Proof. Let us abuse notation slightly and denote F-span{Mx(¢1), ..., Ma(¢¢) by S. By Claim 4.2
and Corollary 4.1, there is a diagonal matrix M, = diag(as,...,am) € S, where ay,...,a, € F
are distinct. Thus, the closure of v with respect to S contains v; := } ¢ aj. -pj-ujforalll € IN.
Suppose p; # 0. It is easy to verify that we can find ¢y, ..., ¢, € F" such that } ¢, ¢ - vi = u; by
solving a system of linear equations which involves a Vandermonde coefficient matrix. O

The above observation implies that the closure of every v € U; with respect to S is U; if and only
if for every j € [(i —1) - (}) +1, i- ()] the closure of the unit vector u; € U;, with respect to
F-span{Ma (1), ..., Ma(¢¢)} is U; o. The following observation completes the argument.

Observation 6.5. For every i € [m]and j € [(i—1) - (i) +1,i- (i)], the closure of the unit vector
u; € U;  with respect to F-span{Mx (1), ..., Ma(¢1)} is U; a.
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Proof. Fixi € [mlandj € [(i—1)- (i) +1,i- (i)] arbitrarily. Let us abuse notation again and
denote [F-span{M (1), ..., Ma(¢:) by S. The unit vector u; corresponds to a term T;p for some

B € ( d[i]k). Let w; # u; be another unit vector in U; 4, and Tjc be the term corresponding to u; for

some C € (). Suppose dist(b, = A. aim 4.3, there are A matrices My,..., Mp € & suc
C e (). Suppose dist(B,C) = A. By Claim 4.3, th Amatrices M, ..., My € S such

that My - My ... My -u; = p-u;, where p € F\ {0}. As u; # u; is chosen arbitrarily, the closure of
u; with respect to § is indeed U; A O

From the above two observations, it follows readily that Uj, . . ., U are the only irreducible invari-
ant subspaces of U induced by S.
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A Non-degeneracy of random circuits

In a random (n,d, s) homogeneous depth three circuit C = T; + ... 4 T, the coefficients of the
linear forms in the terms Tj, ..., T; are chosen independently and uniformly at random from a
sufficiently large finite set S C F. We will call C a random (n,d,s) homogeneous depth three
circuit over S. As there are a total of nds number of coefficients, every (n,d, s) homogeneous depth
three circuit can be identified with a point in IF"*. A random homogeneous depth three circuit
over S is a random point in 5. We show that a random homogeneous depth three circuit is non-
degenerate with high probability. In fact, it follows from the proof of the next claim that degenerate
(n,d,s) homogeneous depth three circuits correspond to points in IF"* that lie in a proper algebraic
variety. So, a random homogeneous depth three circuit is non-degenerate with probability one in
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the measure theoretic sense. This also means that we can define random homogeneous circuits
with regard to other reasonable distributions and the implication of ‘non-degenerate with high
probability” will still hold.

Claim A.1. Let S C F be a finite set. A random (n,d,s) homogeneous depth three circuit over S is
24%s3

non-degenerate with probability at least 1 — o

Proof. LetC = Ty + - - - + T, be a random (n, d, s) homogeneous depth three circuit over S, where
Ti = 41 ... 4y is a product of d linear forms. Fix a i € [s] arbitrarily. The linear forms ¢y, ..., ¢y
are linearly independent with probability at least 1 — ﬁ (by the Schwartz-Zippel lemma). As the

coefficients of the linear forms in {T; : j € [s] \ {i}} are chosen independent of the coefficients of
li1, ..., Yz (which we can now assume to be linearly independent), the probability of the event

dim ( Z U] mod <£i1/---/€i 2k+1>) = (S - 1) . (Z), (14)

jels\{i}
equals the probability of the event

i d
dim Z U; mod (x1,..., X0p41) | =(s—=1)- <k>
jelsI\{i}

Let Z]'r be the linear form derived from /;, by setting the variables x,...,xc,1 to zero, T] =
Zjl 7 e Z]-d and T]-B =1les Z]-r for B € ( d[i]k)' The probability of the above event equals the prob-
ability that the polynomials in P := {Tjz : j € [s] \ {i}, B € ( d[i]k)} are [F-linearly independent.
Keeping in mind the relations among n,d,s and k from Remark 1, the number of polynomials
inPis(s—1)- (Z) < ds®. The probability that these polynomials are linearly independent is at

least 1 — (“i;fz (by an application of the Schwartz-Zippel lemma), if we can show that there exists

a setting of the coefficients of the linear forms in Tjp such that the polynomials in P (after the set-
ting) are linearly independent. The existence of such a setting of the coefficients follows from the
Nisan-Wigderson design polynomial family.

The Nisan-Wigderson design polynomial NW is a multilinear, homogeneous n-variate polynomial
of degree d such that any pair of monomials in NW has at most k variables in common. We refer the
reader to [KSS514, KLS517] for an explicit version of the Nisan-Wigderson design polynomial that
has (%)kle monomials. In our case, we are left with n — (2k + 1) variables after setting x1, . . ., o1
to zero. By Remark 1, we have (%"*1)"+1 > 5. So, we can set the coefficients of the linear forms
in T; in such a way that the terms {T; : j € [s] \ {i}} map to distinct monomials of NW. Under this
setting, the polynomials in P map to distinct monomials (as k < % by Remark 1) and hence they

are linearly independent.

Thus, for an arbitrarily fixed i € [s], the condition in Equation (14) is satisfied with probability at
(ds)?+d
H

non-degenerate with probability at least 1 —

least 1 —

. By applying union bound over all i € [s], it follows that a random circuit C is
24%3
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