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ANTI-CONCENTRATION IN MOST DIRECTIONS
AMIR YEHUDAYOFF

ABSTRACT. We prove anti-concentration for the inner product of
two independent random vectors in the discrete cube. Our results
imply Chakrabarti and Regev’s lower bound on the randomized
communication complexity of the gap-hamming problem. They are
also meaningful in the context of randomness extraction. The proof
provides a framework for establishing anti-concentration in discrete
domains. The argument has two different components. A local
component that uses harmonic analysis, and a global (“information
theoretic”) component.

1. INTRODUCTION

Anti-concentration of a random processes means that the distribution
of outcomes is not concentrated in a small region. No single outcome
is obtained too often. It plays an important role in mathematics and
computer science (see e.g. [11] [16, [I] and references within).

The standard example is a sum of i.i.d. random variables. If X in
X = {£1}" is fixed, and B is uniformly distributed in X, then the
random integer (B, X') = ). B, X, is anti-concentrated. The probability
that (B, X) takes any specific value is at most O(1/y/n). This was
studied and generalized by Littlewood and Offord [I1], Erdés [7], and
many others. Higher dimensional analogs of this phenomenon were
studied by Frankl and Furedi [8], Haldsz [9] and others.

It is interesting to understand the generality of this phenomenon (see
also [15] and references within). Anti-concentration certainly fails when
the entropy of B is not full. We can, for example, condition B on the
pretty likely event that (B, X) = 0.

Can we somehow recover anti-concentration? A natural suggestion is
to allow X to be random as well. This indeed recovers anti-concentration,
as the following theorem shows.

Theorem (Chakrabarti and Regev [4]). There is a constant ¢ > 0 so
that the following holds. Let A,B C X be of sizes at least 2=, [f
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(A, B) is uniformly distributed in A x B then
P[|(A,B)| <cvn|<1—c

Chakrabarti and Regev’s proof uses the deep connection between the
discrete cube and gaussian space. They proved a geometric correlation
inequality in gaussian space, and translated it to the cube. Vidick [I§]
later simplified part of their argument, but stayed in the geometric set-
ting. Sherstov [I3] found a third proof that uses Talagrand’s inequality
from convex geometry [14] and ideas of Babai, Frankl and Simon from
communication complexity [2].

We generalize the theorem above.

Theorem 1. For every § > 0, there are ¢,C' > 0 so that the following
holds. Let A,B C X be so that |B| = 2°" and |A| > 20—, If (A, B)
is uniformly distributed in A x B then for all I C Z,

P[(A, B) € I] < C(HE)*,

Theorem (1] directly implies Chakrabarti and Regev’s theorem. The
measure of any set of size much smaller than /n is bounded away
from 1. This holds even when B is quite small, say |B| = 2*/'°. The
theorem also implies a point-wise bound: P[(A, B) = 2] = O(n~'/*) for
all z € Z (below we provide a stronger point-wise bound).

When studying anti-concentration, what we are ultimately interested
in is proving point-wise estimates. Namely, we would like to control the
concentration probability or the £ normﬂ

[¥[loc = max v (w)

(see [16] and references within). Although it is the strongest measure of
anti-concentration, it is not analytic. Other norms are, therefore, often
more convenient to work with.

The ¢, norm is defined as ||v||, = (>, (v(w))") Y7 The corresponding
Rényi entropy of v is H,.(v) = = log||v||, for r > 1. The norm and
the entropy are inversely related; the smaller the norm, the larger
the entropy, and vice versa. The norm yields the following type of
anti-concentration.

Claim 2. For every r > 1 and event I, we have v(I) < [I|0=V/"||y]],.

Our main result is a general upper bound on the norms of the
distribution of interest. Let X be uniformly distributed in X. Let B
be a family of vectors in X of size 2°". Let ux be the distribution of
(B, X) with X fixed and B uniformly distributed in 5.

We consider only finite probability spaces in this text.
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Theorem 3. For every 8 > 0, there are ¢, C' > 0 so that for each r > 2,
P llpxllr > Clortom)?] < 27,

The theorem is sharp in the sense that even when B = X, the norm
[[12x || is roughly (—z=r757)"/%. There is a gap of order r*/? between the
upper and lower bounds.

The /., norm can be approximated by the £, norm for large values of .
Taking r ~ logn we get the following estimate on the concentration
probability that is sharp up to a factor of order (logn)'/2.

Corollary 4. For every 8 > 0, there are ¢,C' > 0 so that
P [lixlloo > C(RE2)2] < C27m,

The corollary allows to strengthen Theorem [I] for singletons and
small sets. Let v denote by distribution of (A, B) from Theorem [1] The
theorem implies that ||v« is at most order (£)*/*. Corollary |4 implies
a stronger estimate: ||V« is at most order (*°22)1/2. The true value
should be order (1)!/2. This remains open.

To prove the results above, we build a framework for proving anti-
concentration results in discrete domains. Think of the random variable
(B,X) as built in n steps. It starts as 0, and B;X, is added to
(B<a, X<4) to generate (B<g, X<4). To analyze the behavior of this
system, we first show that locally (in the microscopic scale) entropy
often increasing (Section . This part of the argument uses harmonic
analysis (even though our ultimate goal is not the f5 norm). The second
part of the argument is macroscopic (Section . We identify a global
event that guarantees that the small local increments in entropy yield
substantial entropy in the whole system. The last step is proving that
the macroscopic event almost always holds. This is achieved by an
encoding argument. Situations where the macroscopic entropy is not
high can be described by a small number of bits.

There are several differences between our argument and the ones
in [4, 18, [13]. The main difference is that the arguments from [4} 18| [13]
are based, in one way or another, on the geometry of euclidean space.
The arguments in [4] [I8] prove a correlation inequality in gaussian space
and translate it to the discrete world. It seems that such an argument
can not yield effective bounds on the concentration probability in the
discrete setting. A common ingredient to [4, [13] is showing that every
set of large enough measure contains many almost orthogonal vectors
(this is called “identifying the hard core” in [13]). In [I§] this part of
the argument is replaced by a statement about a relevant matrix. Our
argument does not contain any such step.



4 AMIR YEHUDAYOFF

Related topics.

Communication complexity. Chakrabarti and Regev’s main motivation
was understanding the randomized communication complexity of the
gap-hamming problem. The gap-hamming problem was introduced by
Indyk and Woodruff in the context of streaming [10]. Proving lower
bounds on its communication complexity was a central open problem for
almost ten years, until Chakrabarti and Regev solved it [4]. Vidick [18§]
and Sherstov [I3] later simplified the proof.

Theorem (1] also implies the lower bound for the randomized commu-
nication complexity of the gap-hamming problem (see e.g. [13]). As
opposed to [4, 18, [13], the proof presented here lies entirely in the
discrete domain. The underlying ideas may therefore be of independent
interest.

Pseudorandomness. Randomness is a computational resource [I7]. There
are many sources of randomness, and some of them are weak or imper-
fect. Randomness extractors allow to use weak sources of randomness
as if they were perfect.

The study of randomness extractors is about constructing explicit
maps that transform weak sources of randomness to almost uniform
outputs. The main goal is generating a uniform output in the most
general scenario possible. This often requires ingenious constructions.

The scenario described above fits nicely in the context of two-source
extractors. A two-source extractor maps two independent random
variables A and B with significant min-entropy to a single almost
uniform output.

Chor and Goldreich [6] used Lindsey’s lemma to show that inner
product modulo two is a two-source extractor. The bit (A, B) mod 2 is
close to a uniform random bit as long as |A] - |B| > 2". Bourgain [3],
Raz [12] and Chattopadhyay and Zuckerman [5] constructed two-source
extractors with much better parameters.

This work can be interpreted as studying a related but somewhat
different question. The high-level suggestion is to investigate what other
pseudorandom properties known extractors satisfy.

We already know that inner product is an excellent two-source ex-
tractor. Now we also know that over the integers inner product is
anti-concentrated. This is not as good as being uniform, but inner
product is not uniform over the integers (it is binomial).

Remark. The way \/iﬁ emerges in the proof is quite surprising. As

an example, consider the sequence recursively defined by ag = 1 and
agr1 = aq(l — 0.5a2). The observation is that a, = O(\/iﬁ) This
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recursion comes from harmonic analysis (Lemma @ The second power
of agq in the recursion comes from the second power in the approrimation

cos(§) = 1 — &2

2. MICROSCOPICALLY

Here we analyze the local increases in entropy. The argument is
spectral and uses harmonic analysis. We work over the abelian group
Zy = Z/NZ with N = 2n+ 1. The choice of N ensures that there is a
one-to-one correspondence between the integer (B, X) and the group
element (B, X) mod N.

2.1. Harmonic analysis. The group Zy acts on the vector space of
functions from Zy to C. This vector space is endowed with the standard
inner product (f, g) = Y.z f(2)g(z) where € is the complex conjugate
of £ € C. For z € Z,, let S, be the operator that shifts the function
f:Zy — Cby z. Thatis, S.f(x) = f(x — z) for all z. The shifts
are unitary and they commute. Let {e. : z € Zy} be the set of the N
normalized eigenvectors:

27ri£
e,(r) = e\/f\]fv‘

The eigenvalue of e, with _respect to the shift S} is A\, = 672ﬂi%. The
Fourier transform of f is f : Zy — C defined by

~

f(z) = (f,ez).

Remark. Harmonic analysis naturally allows to work with the €5 norm.
Our goal is to analyze general £, norms. We, therefore, need to translate
the problem from (. to {s.

2.2. Entropy locally increases. The first observation is that entropy
does not decrease (the second law of thermodynamics). Assume we have
two distribution gy and gy on Zy. Think about them as distributions
of two particles Z; and Z_;. We use them to generate a new distribution

p= St + (1 —7)S_1p-1
where v € [0, 1]. Stated differently, we consider the particle

7 Z1+1  with probability ~,
~1Z., —1 with probability 1 — .

The entropy of the new particle is not smaller than the average entropy
of the old particles.
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Observation 5. For every r > 1, for every two distributions j, and
p_1 on Zy and for every v € [0, 1],

v + (1 =) S_apally < yllpally + (T =) g1l

The main lemma is a quantitative estimate on the increase in en-
tropy when one new bit of randomness is inserted into the system (the
randomness determines which shift is applied).

Lemma 6. For every r > 2, for every two distributions py and pu_q, on
Zy and for every v € [0, 1],

(1) %(H%qllh + (1 =)Sqpa|ly + |vS-ipn + (L =) Sip—]ly)
(2) < Allmlly + =)l
(3) . 7(1—7)( [l |13 + ‘Hufl\

120 M| 3;2 \lLlHE;Q

‘37‘
r

)+ (Wllally + (= llp-all).

The term in is the entropy in the system after the new bit of
entropy is introduced. The term in is the entropy in the system
before the new entropy arrives. The term in (3)) is the increase in entropy.
The +§,—% ... term in (3] is somehow necessary; if the distributions are
already uniform then there is no hope for increase in entropy.
Proof of Lemmalf Start by fixing 2 € {£1}, and considering

o= ySppr + (1 =) S_zpi1.
Move from ¢, to ¢ by considering
fr=m" & fa=p

Convexity implies

Iy =S (i (= = @) + (1= Ypa(z + 2)[7/2)?
<> (Wl (z = @) 4+ (1= )| (z + @) 7)

= [[vSufi + (1 —7)S_af1ll3.

Since shifts are unitary,

el < 22 1A0Z + (=21 f-all3 + 291 = ) R(Safr, S—af-1)),
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where /() is the real part of the complex number . Focus on

(Suf1, S af- <Zf1 Sez,Zf Sxez>
= Zf1(2)f_1(2)>\ A
=3 R2)fa(2)A

Now, average over the two options for x,

<Al + (=2 Falls +2v(1 = Zfl ) a(2)

z2€Z
<PIAIR+ @ =213+ 291 =) Y 1fi(2) foi(2) cos(422)).
z€Z

Let & : Zy — R be defined by x, = /| cos(2%)|. Denote by u.v the

point-wise product of the two functions v and v. The Cauchy-Schwarz
and the AM-GM inequalities imply

< PIAB + (1 =21 fll5 + 200 = D il
< PIANE+ O =l + (= VU Frl + 1 Faxl3).

The following estimate is the last ingredient in the proof.

Claim 7. For every non-zero g : Zy — C,
N 4
19513 < (1 — e + 2%)lg13.

Proof. For every z,

~ 2

3P < (gl lle-ll)? = 125
Interpreting the elements of Zy as the integers {0,1,..., N — 1}, let Z
be the set of z € Zy so that the distance of 4—]’;2 from {0, m, 27, 37,47}

llgll5
4llgllF"

0 is at most £&. The number of elements not in Z is hence at most

is at least There are at most 26 + 1 integers whose distance from

Lo Nll3
D+ 8- 2ggf-
If 5“”&”% > g 6|§ then - N2 > % and the claim holds. Otherwise,

N 2 N 2 ~
1 < 15 (5+ 5 ) + G < 142+ 3 )P

z2€Z z2€Z
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Using the approximation |cos(¢)] < 1 — Q(&?) that is valid near 0,

||gff||2—Z|9 )| cos(42)]
<Z\g I+ D (G2 cos(52)]

287 z2€Z
<Y lg)P
&7 2€Z
4
< (1= me)lgll3:
0
By the claim,
VIS + 1 =) sl
4
<PIANE +7(1 = — g + )14l
r 2r 10(1—
=l llF (1= (U= )il + 52)-
A similar bound holds for f_;. Thus,
T _ _ Q=) i [l
< lpally + @ =)= ll7 120 (HM\W, s 1||r/2)
+ wr (Yl + (= )l -all7).
0

3. MACROSCOPICALLY

We now analyze the global entropy. We use a decision tree to represent
the system (Section . This representation allows to identify positions
where entropy is expected to grow (Section . We then show that all
but a tiny fraction of positions indeed increase entropy (Section .

3.1. Representing the system. Think of the elements of X" as vectors
(1,22, ...,x,). Consider a full binary tree of depth n. The root vy has
depth n and is labeled by the variable x,,. The two children of the root
have depth n — 1 and are labelled by x,,_;. In general, all vertices of
depth d are labelled by z4. The depth of the leaves is 0. Every z € X
defines a walk from the root vy to a leaf in the tree. We identify between
X and the leaves in the tree.

Let B be a collection of vectors in X of size |B| = 2°". Let P be the
uniform distribution on B. The elements of B correspond to leaves in
the tree. Every vertex v in the tree corresponds to the set B(v) C B of
all leaves in B that are under v. Let P, be the uniform distribution on
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B(v). Let 7, be the distribution on {£1} that is inducted by P, on the
bit from v to its children. If the depth of v is d = d(v) then 7, is the
marginal of P, on the d’th coordinate.

Fix a parameter vy € (0,1/2). Call a vertex v unbiased if

Yo(1) € [70, 1 — 0)-

Intuitively, unbiased vertices are positions where the entropy of the
system can potentially grow. The unbiased count #ub(v) of a vertex v
is the number of unbiased vertices on the path from v to the root.

The following claim shows that if B is large then there are many
unbiased vertices [

Claim 8. For every a > 0, the number of leaves v with #ub(v) < an
is at most 2n(et+H(e)+H(5/log(1/70)))

Proof. Encode a leaf v with #ub(v) < an using the following data:

(1) The depths at which the unbiased nodes appear. There are at
most 2"7(®) such options.

(2) The value of the path that reaches v at these depths. There are
at most 2% such options.

(3) The depths at which the path that reaches v goes through the
minority side of a vertex that is not unbiased. If there are dn
such depths then 3" > P(v) = 277", There are, therefore, at
most 271 (8/108(1/70)) guch options.

O

3.2. Where does the entropy grow? Here we identify positions in
the system where the entropy grows. We analyze the entropy of the
system for a fired x € X. In the next section, we see what happens if x
is random. We also fix » > 2 and focus on the ¢, norm.

For a vertex v, define a distribution pu(v) = u,(v) over the integers.
If v has depth d = d(v) > 0, define p(v) to be the distribution of the
inner product (B<g4, x<4) where B ~ P,. The distribution p(v) when v
is a leaf gives mass 1 to the integer 0.

Call a vertex v with two children v; and v_; mizing if it is unbiased
and

@I < (14 22) (W o)l + 7o~ o))
DD el )
@) 120 (|m<v1>|?f;2 ||M<v_1>|272)‘

2H(€) = —¢£log(€) — (1 — &) log(1 — €) is the binary entropy function.
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Intuitively, mixing vertices are places where the entropy strictly increases.
This definition makes sense with Lemma [6] in mind.

For a vertex v and a leaf u € B(v), denote by #mix(v — u) the
number of mixing vertices (including v) on the path from v to u. Let
ag > 0 be a parameter. Recall that vy is the root of the tree. Define
the set of “good” leaves as

G = {u € B: #mix(vg — u) > 2n}.

Define
q(v) = min{#mix(v — u) : u € B(v) N G};
when B(v) NG = 0, define ¢(v) = min) = co. A crucial observation is
that if G # 0 then g(vg) > %n.
The measure g(v) allows to control the entropy of the system at the

vertex v. If g(v) is large then the entropy of the system at v is high, as
long as P,(—G).

Lemma 9. Assume N > 10. For every 6 € (0,1), there is a constant
C = C(v,0) > 0 so that the following holds. For every r > 2, every
xr € X and every vertex v so that B(v) # (),

r v cryr/? v
M < (15 12 (e S s + (25 P (-0).

The lemma is most interesting at the root vy:

r r)r/2 n
(5) (o) 7 < 3( oo + (75)"P(=9)).

Proof. The proof is by induction. The induction base is when v is a
leaf in B. If v is not in G then P,(—G) = 1 (in this case ¢(v) = 00). If v

is in G then ¢(v) = 0 and (q(v)+(C£§’;7})(:/_21))(T_l)/g = 1. In both cases, the
lemma holds since ||u(v)|| < 1.
For the induction step, denote by v; and v_; the two children of v.

Simplify notation:

p=p), m=pv) & pog=plvoy),
and
QZQ(U)v dzd(”) & /7:711(1)
Since
(Bed,<q) + x4 Bg=1
By, =
\Bea w<a) {<B<d,93<d> —xq Bg=-1

we can write

="zt + (1 =) Sy pi-1.

There are two cases to consider.
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Non-mizing. If v is not mixing then ¢ = min{q, ¢_1}. Since P,(—G) =
vP,, (=G) + (1 — v)P,_,(—=G), Observation [5 and induction imply

ell < Allpally 4+ (0 =Nl

Cr r/2
<1+ %>d((q+(0r)(r/<r) ez T (155)'Po(=9)).

Mizing. If v is mixing then ¢ = 1 + min{q¢;, ¢_;}. The following claim
summarizes the main technical part.

Claim 10. The following bound holds for v;:
|37‘

6)  (L+ 3l — 55 et

Cr r/2
(7) < (1+ 3 (Gren oo + (125)Pu (29)).

A similar bound holds for v_;.

Proof. For simplicity of notation, let
n=gq-— 1+ (Or)r/(r—l) & O = %(CT’)T(T 2)/(r— 1)
Start by considering the case that

_ 7 C r/2
(155)" Py (=G) > 1T67§<ri)1)/2'

In this case,

r)7/2 _ _
0 + (2571 P (=9) < Py (79)(75) 7 (5 +1)
1

By induction,
|| Hr < (1 + &)dfl((Cr)rm + (L)dflp ( g))
Hillr = N2 n(r=D72 -6 v\ )
This completes the proof:
@ < @+ F)lmll;
r)r/2 _
<(1+ ﬁ) (35257 + (25) 7 P (-9))
< (14 32)"Po (=9)(25)* < ([@).
We can thus assume that

_ Cr r/2
(55)" 1Py (G) < 24800

Convexity implies

r—2 2(r=1) 2(r—1)
r —\ ,_9 r/2\——F5"
el = m(2) ()2 ) =2 > ([mllll) 2
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By induction and the above,

2(r 2)
a7 < (llpmlls) =T
10 \d—1( (Cr)"/? 1 \d—1 2(7":12)
< (4 32)" (ooom + (55) 7 Pu(=G)))
<5
Hence,
=yl P 1—y ,r—2 3r
™ i, = toc il
So,

@ < @+ {2)llmlly — &Ml

The map & — (1 + 4%)§ —
Since n > (Or)/r= 1),

(L )" (6557 + ()" P (6)))” < (346557%)°

. !
=L ~2% is increasing when &2 < 17?—_2

INA
Ne)
Q
3
—

IN
Q

Therefore, by induction
® < 1+ 32)" (55 + (15)" Pu(-9))
1QMQM+£><%m+eaHaka
< (1+ ) (55) " P (-9)
(14 491 (4885 — s (825)Y).
Focus on the expression inside the last brackets:

(Cr)r/? (1 (=83 (Cr)rr=2/ (1) nr_g( (Cr)r/2 )2>

n(r=1/2 360-9 n(r=172

_ (cn)? 1@ —7)82(Cr) /T 1
= pr-D/2 3240 )

Since v is unbiased, to complete the proof, it suffices to show that

1 1 o ’7052(CT)T/(T_1) l 1
,r](r 1)/2 3240 n — (77+1)(T—1)/2

or

(7‘_1)/2 2 r/(r—1)
1 6% (Cr) 1
(1"‘5) <1_’YOTE>S1
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Since 1 > 2r and since 0 < £ < 5 implies (1 +&)* <1+ 2k¢,

(r=1)/2 2 r/(r—1) 2 r/(r—1)
1 0%(Cr) 1 or 6% (Cr) 1
<1 ;> (1 %TE> < (1_,_?) <1_%TE>

o 62(Cr)r/(r—1) 1
§1+?_W 3240 ﬁgl'
0
The claim completes the proof of the lemma, since
lully < (T4 32) (llally + (2 =)= ll7)
_ 1=y ( (7228 7 >
120 \ a2y, © lle—all27,
_ 10 v 1=y ¥
= ’Y((l + v llally — 35 H,Tll”g;z)
10 T lle—a |2
0

3.3. Many mixing leaves. The previous section (Lemma@ highlights
the role of the good leaves G in the overall entropy of the system. To
show that the overall entropy is high, we need to show that G is typically
almost full.

Lemma 11. There is a constant ¢ = c(ag) > 0 so that

E[P <2y on(ag+H(ag)+H(8/1og(1/70))) ‘
E[P(~)

B
Proof.
EIP(=0)] =t Y. Pl#mix(v) < %n]

veEB

By Claim |8, the number of leaves v with #ub(v) < agn is at most
on(ao+H(ao)+H(B/log(1/%)))  We can thus focus on the rest of the leaves.
Let v be a leaf in B with K = #ub(v) > agn. Let uy,...,ux be the
unbiased vertices on the path from the root to v. Denote by E} the

indicator random variable for the event that uy is mixing (namely, (4))
holds for uy).

Claim 12. For each k > 1, we have E[Ey|E, ..., Ex1] > 3.

Proof. Fix u = uy of depth d. Denote its two children by u; and u_;.
Fix X4 so that pux(u;) and px(u_q) are fixed as well. Let X, be
uniform in {+1}. Lemma [6] implies that for at least one choice of X,
the vertex u is mixing. 0
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By the claim, the sequence of random variables Sy and Sy = F; +
Ey+ ...+ Ep — g is a submartingale. Azuma’s inequality implies that

K
P#mix(v) < %n] < P[Skx — So < —&] < e732.

3.4. Putting it together.

Proof of Theorem[3. Let X be uniformly distributed in X'. Let B be
a family of vectors in X of size |B|] = 2°". Let ag,v > 0 be so that
4(ag + H(ap)) = B and 4H(B/log(1/7)) = 8. By Lemma [L1] there is
a constant ¢ = /() > 0 so that

on(ag+H (ag)+H(B/log(1/v9)))

I)@[P(_‘g)] < 2—c’n + B S 2—3cn

for some ¢ = ¢(f) > 0. By Markov’s inequality
IP’[P(—G) > 272011] < 9.
X
Choose 6 = 6() > 0 so that ()" = 2°". By (5), there is a constant
C" = C"(B) > 0 so that
r Cc'r r/2 cn
x|y < 3(m T + 2 P(=G)).
It follows that
r Clryr/? —cn —cn
Pllluxll; > 3(Spbmnm +27) < 27
There is C' = C(f) > 0 so that
C'r)r/? —cn r /2
3o +277) < O ot

agn/4)(r=1)/2

Proof of Theorem [ By Theorem [3] there are ¢, C' > 0 so that
2 C —cn
Pllluxllz > 7] < €27

Since P[X € A] > 272,
B[llnal} > | < c2enam/2 = ool
A

By Claim [2]
<] < 2 C
P pa(D) > /1G] < Bllnally > &)

_ < C —cn/2‘
B{(4,B) € 1) = Blua(D)] < |11 + 02

Hence,
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APPENDIX A. NORMS AND ANTI-CONCENTRATION
Proof of Claim[3.

vl > 1113 @) 2 11X dw) = =)

wel wel
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