Electronic Colloquium on Computational Complexity, Report No. 70 (2019)

On Local Testability in the Non-Signaling Setting

Alessandro Chiesa Peter Manohar [gor Shinkar
alexch@berkeley.edu manohar@berkeley.edu ishinkar@sfu.ca
UC Berkeley UC Berkeley Simon Fraser University
May 13, 2019
Abstract

Non-signaling strategies are a generalization of quantum strategies that have been studied
in physics for decades, and have recently found applications in theoretical computer science.
These applications motivate the study of local-to-global phenomena for non-signaling functions.

We present general results about the local testability of linear codes in the non-signaling
setting. Our contributions include formulating natural definitions that capture the condition
that a non-signaling function “belongs” to a given code, and characterizing the sets of local
constraints that imply membership in the code. We prove these results by relating the Fourier
spectrum of non-signaling functions to Cayley hypergraphs induced by local constraints.

We apply the above results to show a separation between locally testable codes in the classical
and non-signaling setting by proving that bivariate low-degree testing fails spectacularly in the
non-signaling setting. Specifically, we show that there exist non-signaling functions that pass
bivariate low-degree tests with probability 1, and yet are maximally far from low-degree.
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1 Introduction

Locally testable codes (LTCs) are error correcting codes in which one can verify whether a given
string belongs to the code by reading only a few (randomly chosen) bits from the string. Goldre-
ich and Sudan [GS06] have described LTCs as the “combinatorial counterparts of the complexity
theoretic notion of PCPs”, motivating the standalone study of these objects.

In this work we study local testability for non-signaling strategies, which are a class of non-local
strategies that generalize quantum strategies, capturing the maximum amount of “non-local cor-
relation” that can occur under the assumption that spatially-isolated parties cannot communicate
instantaneously. Non-signaling strategies have been studied in physics for decades [Ras85; KT92;
PR94|, in order to better understand quantum entanglement. Recently they have gained attention
in computer science due to their applications to hardness of approximation [KRR16] and delegation
of computation [KRR13; KRR14|. PCPs sound against non-signaling strategies (nsPCPs) underlie
these applications, which motivates the study of local testability in the non-signaling setting.

Given an integer n, a field F, and a locality parameter £ < n, the object that we study is a
k-non-signaling function F: [n] — F, which extends the notion of a function f: [n] — F as follows.!

Definition 1.1. A k-non-signaling function F: [n] — F is a collection {Fs}scin)s|<r where
each Fg is a distribution over local functions g: S — F, and for any two subsets R C S C [n] with
|S| < k it holds that the distribution Fr and the marginal distribution Fs|r are equal.? (The set
of all such F are the solutions to the k-relazation in the Sherali-Adams hierarchy [SA90].)

The evaluation of F on a set S is a single sample g: S — F from the distribution Fg. Intu-
itively, a k-non-signaling function is like a quantum function: evaluation is probabilistic and only
happens once, just like quantum measurement; and F can only be evaluated on at most k points
simultaneously, which is similar to the uncertainty principle. As k approaches n, F behaves more
like a classical function and, when k£ = n, F is a distribution over functions f: [n] — F.

Local testability of non-signaling functions may sound like an oxymoron, because non-signaling
functions, at least superficially, are collections of local distributions with no global structure that
we can talk about. Yet prior work has shown that local-to-global phenomena are possible.

For example, [CMS18] shows that any non-signaling function passing the linearity test [BLR93]
with high probability is well-approximated by a quasi-distribution supported on linear functions.
This result was later used in [CMS19] to show that the exponential-length constant-query PCP of
[ALMSS98]| is sound against non-signaling strategies.

The results obtained in [CMS18; CMS19] naturally raise the question of whether local testability
in the non-signaling setting is possible for other codes, like those based on low-degree polynomials.
After all, both linearity testing and low-degree testing do work in the quantum setting [NV18].

Recall that, in the classical setting, local testability plays a central role in PCP constructions,
many of which can be described as having two main components.

e Property testing: check with few queries whether or not the given proof 7 belongs to a code C.

!There are two distinct definitions of a non-signaling strategy, depending on whether the strategy is meant to
represent isolated parties or a function. The former is used for MIPs [KRR13; KRR14], while the latter is used for
PCPs and property testing [KRR13; KRR14; CMS18; CMS19]. We use the latter definition, although equivalent
statements of all our results will hold when adopting the former definition (see the appendix in [CMS18]).

2A common relaxation of this condition requires that these two distributions are only statistically (or computa-
tionally) close. While we consider the standard definition, we note that this is without loss of generality as [CMS18|
shows that every statistically (or computationally) non-signaling strategy is close to an (exact) non-signaling strategy.



e Checking computation: given that m is a codeword in C (or at least is close to a codeword), check
with few queries whether or not m proves the desired statement.

This modular approach has enabled the study of local testability as a natural standalone goal,
which in turn has led to improved PCP constructions.

Inspired by this state of affairs, we initiate the study of locally testable codes in the non-signaling
setting. We believe that, similarly to the classical setting, understanding local testability against
non-signaling strategies will enable researchers to construct more efficient non-signaling PCPs.

1.1 The curious case of bivariate testing

We study two simple bivariate low-degree tests: the row/column test and the random lines test.
We prove that both of these tests fail to test proximity to low-degree non-signaling functions.

The row/column test. We first discuss the case of the row/column test. Given a function
f:F? = T, this test: (1) samples a random axis-parallel line L from the set of all rows and columns
in F2; (2) samples a random subset S C L of size d+2; (3) checks that f|g is a univariate polynomial
of degree d. It is well-known that if f passes the row/column test with high probability, then f
is close to (the evaluation of) a bivariate polynomial of degree at most d in each variable [PS94].
Below we ask whether the row/column test is also sound in the non-signaling setting.

Suppose that a k-non-signaling function F: F? — F passes the row/column test with high
probability. Can we deduce any global low-degree structure about F ¢

In more detail, the probabilistic experiment that we consider is this: first we sample a query set
S according to the distribution of the row/column test; then we sample a local g: S — F according
to the distribution Fg; and finally we check that g is a univariate polynomial of degree d.

The answer to the above question will, in general, depend on the locality parameter k of F.
At minimum, we need k > d + 2 for otherwise we cannot even run the row/column test (k is the
maximum number of simultaneous queries to F). At the other extreme, when k has the maximum
value (k = |F]?) then we are back to the classical case because F is now a distribution over functions
f:F? — F; hence if F passes the test with high probability then (one can verify that) with high
probability a function f sampled according F is close to low-degree. In fact, even when k > (d+1)2,
we are in a trivial case, as one can query JF on an interpolating set, a “square of (d 4 1)? points”.

We are thus interested in whether or not the test works for non-trivial values of k, namely when
d+2 <k < (d+1)2 In this regime, k is large enough to run the test, and yet is small enough so
that one cannot query an interpolating set. We show, surprisingly, that the row/column test fails
in the non-signaling setting for non-trivial values of k. In fact, we show that it fails even when the
test passes with probability 1, namely, it fails in the worst possible sense.

Theorem 1 (informal). For every k with 2d + 2 < k < 312(d + 2)2, there exists a k-non-signaling
function that passes the row/column test with probability 1, and yet is (1 — ﬁ)—far from all bivariate
k-non-signaling functions of individual degree d.

Theorem 1 is surprising. The row/column test is a natural test for which we would expect some
guarantee to hold (regardless of how weak), at the very least when the test passes with probability 1.
We note that although Theorem 1 does not cover all possible non-trivial values of k, it does capture
an interval that is within a constant factor of the trivial regime on either side.



The random lines test. It is tempting to argue that the failure of the row/column test uncovered
in Theorem 1 is due to the fact that the test only examines axis-parallel lines. This is not the case;
our analysis can be modified to also show a strong negative result for the random lines test (which
tests total degree d, rather than individual degree d).

Theorem 2 (informal). For every k with 2d +2 < k < (d + 2)?, there exists a k-non-signaling
function that passes the random lines test with probability 1, and yet is (1— ﬁ)—far from all bivariate
k-non-signaling functions of total degree d.

The random lines test is arguably the most canonical bivariate low-degree test, and so Theorem 2
appears to give strong evidence that bivariate low-degree testing is not possible in the non-signaling
setting, for non-trivial values of k. Formally ruling out all tests remains an intriguing open question.

Beyond bivariate test. The above theorems stand in sharp contrast to the fact that there
is no regime of k where the linearity test fails [CMS18|. Our results thus suggest that bivariate
low-degree testing is a qualitatively different task, as it has a regime of k where natural tests fail.

Our theorems on low-degree testing are in fact a direct application of more general results that
we prove about the structure of local characterizations for any linear code, in the non-signaling
setting. We view our general results on local characterizations as the main technical contribution
of this paper, and we now discuss them.

1.2 Local characterizations and Cayley hypergraphs

Local characterizations are fundamental to the study of locally testable codes [RS96]. They express
membership in a given linear code via a set of low-weight constraints, and they naturally induce
a canonical tester: sample a random low-weight constraint and check if the given word satisfies it.
In order to prove the negative results presented above, we do not need to consider distributions
on constraints, but instead we only need to study how constraints express code membership, via
exact local characterizations [RS96]. Below we describe our main technical contribution, which
informally consists of establishing necessary and sufficient conditions for when a constraint set is a
local characterization for a code, in the non-signaling setting. We begin by recalling known facts
about local characterizations in the classical setting, and then proceed to the non-signaling setting.

The classical setting. A constraint set T C F" for a linear code C C F” is a subset of its dual
code Ct. A constraint set T is a ¢-local characterization of C if every a € T has at most £ non-zero
entries, and the condition “(a, f) = 0 for every o € T” implies that f € C (and conversely).

For example, the set {e; + e, —ez4y 1 2,y € {0,1}"} where e, is the z-th standard basis vector
in {0, 1}{%1}" is a 3-local characterization of the Hadamard code, because f(z)+ f(y)— f(z+y) = 0
for every z,y € {0,1}" implies that f is a linear function, and conversely. The Reed—Muller code
containing all polynomials f: F" — F in m variables of total degree at most d has a (d + 2)-local
characterization 7', where T' contains a constraint a for each subset S of F" of size d 4+ 2 that is
contained in a line.

There is a simple condition that is both necessary and sufficient for a constraint set T to be a
local characterization for C: the span of T equals C*. In this work it is useful to recall another
equivalent condition, which may at first appear mysterious, that involves the connectivity of a
Cayley graph. Namely, let G(Ct,T) be the Cayley graph with vertices V := C* and edges E
generated by T, i.e., E:={(a,a+7):v7€T}U{(a,ba) : b€ F\ {0}}. Then the following holds:



Lemma 1.2 ([GVZ14]). A constraint set T is a local characterization of a linear code C if and
only if the vertex O™ has a path to every other vertex in the Cayley graph G(C*,T).

This elegant equivalence is an implication of a close relationship between locally testable codes
and Cayley graphs with certain properties [GVZ14].

An equivalence for non-signaling functions. We prove an analogous equivalence in the non-
signaling setting, which informally states that a suitable notion of local characterization for any
linear code is equivalent to a connectivity property of a Cayley hypergraph. In fact, the equivalence
that we prove is a strict generalization of Lemma 1.2, as explained below.

We begin by formulating a notion of local characterization that works for constraint sets ap-
plied to non-signaling functions rather than (classical) functions. There are two main qualitative
differences with the classical case. First, the definition depends on the locality parameter k be-
cause we need to specify the locality of the non-signaling functions that we consider. Second, the
requirement that a non-signaling function “belongs” to a code C is expressed via a property that
we call C-explainability, on which we comment after the definition.

Definition 1.3 (informal). A constraint set T C C* is a f-local characterization for (C, k) if
every a € T has at most £ non-zero entries, and the set of k-non-signaling functions that satisfy
every o € T with probability 1 equals the set of k-non-signaling functions that are “C-explainable”.

The term “C-explainable” refers to the condition that the given non-signaling function is, with
probability 1, consistent with the restriction of some codeword in C. This condition is motivated
by non-trivial properties of the Fourier spectrum of non-signaling functions that we discuss later on
(see Section 2.4). For now, it suffices to say that if a non-signaling function F is C-explainable then
F satisfies natural global properties that extend code membership to the non-signaling setting.

We remark that Definition 1.3 reduces to the classical notion of local characterization when
setting k := n. We now define the Cayley hypergraph that will be used in our equivalence below.

Definition 1.4. Given a set T C C*, the Cayley hypergraph I'y,(C*,T) has

e vertices V = {a € C* : wt(a) < k},

e edges E = {(a,a+7) : v € T,|supp(a) Usupp(y)| < k} U {(c,ba) : b € F\ {0}}, and
o hyperedges H = {(a, B, + f3) : [supp(cr) Usupp(B)| < k}.

Above, supp(«) denotes the set of indices ¢ € [n] where ; # 0, and wt(«) is the size of supp(«).
The Cayley hypergraph is like the “weight restriction” of a Cayley graph (only low-weight elements
of C1 are vertices), augmented with hyperedges that express certain linear relations among vertices.

The motivation behind the definition of Cayley hypergraphs is the following fact: if there is a
path from 0" to a in T',(C*, T), then any k-non-signaling function that satisfies every constraint
in T must satisfy a as well. Cayley hypergraphs thus capture a notion of constraint propagation.

We now state our main technical contribution, a non-signaling analogue of Lemma 1.2:

Theorem 3 (informal). A constraint set T is a ¢-local characterization for (C,k) if and only if
the vertex O™ has a path to every other vertex in the Cayley hypergraph Ty(CL,T).

When k = n we recover the classical statement (Lemma 1.2). This is because when k = n, if «
is reachable from 0" in T',(C+, T) then « is reachable without using any hyperedges. In particular,
when k = n we can view G(C*, T') as a degenerate case of I',(C, T, as if we remove the hyperedges
from the latter hypergraph we obtain the former graph and reachability from 0™ is unaffected.



However, when k < n, the equivalence is qualitatively different from its classical analogue.
While Lemma 1.2 captures a simple linear algebraic statement (the constraints span the dual
code), Theorem 3 is a non-trivial statement that does not involve linear spaces. This is because
reachability in the Cayley hypergraph depends on the parameter k in a way that breaks linearity.

To emphasize the difference between the classical and the non-signaling settings, consider a
subset {v1,...,7%} C T of size r, and let a = >_._; ;. In the classical setting G(C*, T') has a path
(g = 0" 01,...,00, = @) from 0" to « of length r, where «; is 1 + -+ - + 7;. In the non-signaling
setting the situation may be different, because even if wt(a) < k (which means that « is a vertex
in I'y(C*,T)), it may be the case that the foregoing path has wt(c;) > k for some 0 < i < 7, so
that «; is not a vertex in I'y(C*,T), and thus the path does not exist in T'y(C+, T).

1.3 On robust local characterizations

We have so far discussed exact local characterizations, which suffice for the negative results about
bivariate low-degree testing presented in Section 1.1. Can we say anything about robust local char-
acterizations? In the classical setting, these are related to spectral properties of the Cayley graph
G(C*,T) |GVZ14]. In this work we show that a suitable non-signaling analogue of robust local
characterizations is related to shortest paths in the Cayley hypergraph I'y(C+,T). An application
of this result is that much of the analysis of the linearity test in [CMS18] is tight up to constants.

Robust local characterizations. We consider the case where a non-signaling function F satisfies
every constraint o in 7' with high probability (as opposed to probability 1, as in the exact case). This
is different from the classical case where we assume that a function f satisfies a random constraint
a in T (sampled from a distribution over T') with high probability. In the non-signaling setting, the
assumption that F satisfies every constraint with high probability is typical, as for natural codes
(e.g., Hadamard and Reed—Muller codes), F satisfying a random constraint « with high probability
implies that its local correction satisfies every constraint o € T with high probability.

A relation to shortest paths. We relate the local testability of C in the non-signaling setting
to the (properly defined) length of shortest paths in the Cayley hypergraph I'y(C+, T). Informally,
we let nsrankp(a) denote the length of the shortest path from 0™ to « in the Cayley hypergraph
I'y(C*,T). We then show the following theorem, which is a robust analogue of Theorem 3.

Theorem 4 (informal). Let T C C* be set of constraints each of weight at most k.

1. Suppose that a k-non-signaling function F satisfies every o € T with probability at least 1 — €.
Then F satisfies every a reachable from 0™ in Ty (C+, T) with probability at least 1 —nsrankr(a)e.

2. Conwversely, there exists a k-non-signaling function F that satisfies every a reachable from 0™ in
Iy (CL,T) with probability exactly 1 — wt(a)e, and every other oo with probability ITII'

We additionally show that nsrankr(a) > wt(a)/wt(T") where wt(7T') = maxyer wt(y), which
shows that for any T' the first statement is tight up to a factor of wt(7'). In fact, we also show
that if C = {(b,...,b) : b € Fa} is the repetition code and 7' = {e; +¢; : 4,5 € [n]} is the natural
2-local test, then nsrankp(a) = wt(«)/2, showing that first statement is tight for some choice of C.
Finally, if C is the Hadamard code, then wt(a)/3 < nsranky(a) < wt(a), implying that the first
statement is tight up to a constant factor.



1.4 Roadmap

In Section 2 we provide an overview of the proofs of our results. Then, in Section 3 and Section 4 we
formally define non-signaling functions, quasi-distributions, and discuss the relationship between
them using Fourier analysis. In Section 5 and Section 6 we discuss what it means for a non-signaling
function to “belong” to a given linear code, and characterize local characterizations for non-signaling
linear codes using Cayley hypergraphs. In Section 7, we prove Theorem 1 as an application of
Theorem 3. We finish the paper in Section 8 by discussing robust local characterizations of non-
signaling functions and proving Theorem 4.



2 Techniques

We outline the techniques used to prove our results. We begin by explaining the Fourier structure
of non-signaling functions in Section 2.1. This structure is fundamental to the proofs of our results.
In Section 2.2 we outline our proof of the relationship between local characterizations and Cayley
hypergraphs. In Section 2.3 we use the techniques and main theorem from Section 2.2 to show
that the row/column test and the random lines test fail for non-signaling functions. Finally, in
Section 2.4 we justify our definition of “C-explainability”.

Notation. A k-non-signaling function F is defined by local distributions Fg for each S C [n] with
|S| < k. Because of this, when studying non-signaling functions we naturally encounter situations
where we only consider subsets of a domain containing at most k elements, or vectors in F" of
weight at most k. We introduce notation to make referring to these notions more convenient. For
a subset S C [n| we write S C [n]<y if [S| < k. For a vector a € F", we let supp(«a) = {i € [n] :
a; # 0} and wt(a) = [supp(a)|. For a set of vectors R C ", we let R<j, C R denote the subset
{a € R : wt(a) < k}. In particular, FZ, denotes the set {a € F" : wt(a) < k}. For a subset

S C [n], we use similar notation and let Rcg = {av € R : supp(«a) C S}.

2.1 The Fourier structure of non-signaling functions

We make frequent use of Fourier analysis to state and establish properties of non-signaling functions.
Below we recall basic facts about Fourier analysis, explain their application to quasi-distributions,
and state an equivalence between non-signaling functions and quasi-distributions. This equivalence
motivates a definition for the Fourier spectrum of a non-signaling function.

Refresher on Fourier analysis. Let F be the finite field of size ¢ with characteristic p, and F,
the prime subfield of F. The inner product of Fy, Fy: F* — C is (F}, F3) := q% > pern F1(f)Fa(f).

The character corresponding to a € F" is the function x,: F" — C defined as x,(f) := w (e f)
where: Tr: F — F, is the trace map; (o, f) is the inner product > | a; fi; w = e2™i/P ig g primitive
complex p-th root of unity; and w’ is defined by thinking of j € F, as an integer in {0, 1,...,p—1}.
The characters {xq}aerr form an orthonormal basis of the space of all functions F': F" — C, so
every function F': F"* — C can be written as

F()= Y F(a)xa(-) , where F(a) := (xa, F) .

aelf”

The values {F\(Oé)}agﬁ‘n are called the Fourier coefficients of F'.

Quasi-distributions. A quasi-distribution Q over functions f: [n] — F is a distribution where
the probability weights are complex numbers that “add up” to real probabilities. More formally, a
quasi-distribution is a function Q: F" — C where > ;.p. Q(f) = 1. (We abuse notation and identify
a function f: [n] — I with the vector in F" corresponding to its evaluation table.) We say that Q
is k-local if the marginals Q|g for each S C [n]<j are distributions, namely, if for each S C [n]<y
and g: S — F it holds that > rcpn. .-, Q(f) is a non-negative real number. We can decompose a

quasi-distribution Q according to the Fourier basis: we can write Q(f) = >_  cpn (@) Xa(f), where
{Xa}acrn are the characters and {Q(a)}qern are the Fourier coefficients of Q.

Equivalence lemma. The following lemma shows that k-local quasi-distributions and k-non-
signaling functions are equivalent, and exposes the Fourier structure of non-signaling functions.



Lemma 2.1. A quast-distribution Q 1is equivalent to a k-non-signaling function F if and only if
for every o € FZ, it holds that Q) = q% ZjeIFp w™ Pr[Tr({a, F)) = j], where the random variable
(a, F) has the probability distribution given by

{Pr[(a,f} =] = fe]-'Pr . [Ziesupp(a) o f(i) = b}}
supp(a beF

The foregoing lemma motivates defining the Fourier coefficients of a k-non-signaling function
F as follows: for every o € F™ with wt(a) < k we define

Fla) = qln > w PrTr((a, F)) = j] -
JEFp

For more details on the above, including the proof of our Equivalence Lemma, see Section 4.

2.2 Local characterizations and Cayley hypergraphs

We outline the proof of Theorem 3; we assume familiarity with the notions introduced in Section 1.2.
We begin by formally defining local characterizations and reachability in the Cayley hypergraph.

Local characterizations. We say that a k-non-signaling function F is C-explainable if for every
S C [n]<k, with probability 1 the function f: S — F sampled from Fg is in C|g. (See Section 2.4
for a discussion of this definition.) Recall from Definition 1.3 that a subset 7' C C* is an f-local
characterization of (C, k) if every a € T has wt(«) < £ and the set of k-non-signaling functions F
where Pr[(a, F) = 0] = 1 for every a € T equals the set of C-explainable k-non-signaling functions.
Reachability in Cayley hypergraph. In the Cayley hypergraph I'y(Ct,T) we write T Fj a
(using the symbol “F” from mathematical logic) if a is reachable from 0" in I'y,(C*, T'). Reachability
is defined recursively as follows:

1. (Base case) T F 0™.

2. (Edges) If (o, B) is an edge and T Fj « then T+ .

3. (Hyperedges) If (o, B, + () is an edge and T ki {«, 5}, then T ki o + .

Outline of the proof. The proof of Theorem 3 has two directions. In one direction, we show
that if 7'y «, then for any k-non-signaling function F where (v, F) = 0 holds with probability 1
for every v € T, it also holds that (a, F) = 0 with probability 1. Intuitively, this means that any
k-non-signaling function satisfying every constraint in 1" must satisfy « as well. This step justifies
Cayley hypergraphs as a way of capturing constraint propagation, and shows that our definition
makes sense. The proof of this direction is straightforward, and can be found in Section 6.1.

In the other direction, we explicitly construct a k-non-signaling function F that satisfies every
constraint « where T ;. a with probability 1, and satisfies every other constraint o with probability
ﬁ. Our construction of F makes crucial use of the notion of a local subspace that we introduce.

Definition 2.2. A k-local subspace V is a subset of FZ, that looks like a subspace when restricted

to local views of size at most k, i.e., Vcg is a linear subspace in F" for every S C [n]<.

We show that for any k-local subspace V there is a k-non-signaling function F where Pr[{«a, F) =
0] = 1 for every @ € V and Pr[(a, F) = 0] = ﬁ otherwise. We then show that the set vertices
reachable from 07, which is {a& € FZ, : T b} a}, is a k-local subspace. This latter step is
straightforward, and its proof is in Section 6.3. We now discuss the first step, which is non-trivial.



Non-signaling functions from local subspaces. Given a k-local subspace V, we argue that
there is a k-non-signaling function F where Pr[(a, F) = 0] = 1 for every a € V, and Pr[{a, F) =
0] = Wll for every a ¢ V. We construct F = {Fs}gcin):|s|<k Dy specifying its local distributions Fg.

A distribution over functions f: .S — F is a function that maps each f to a non-negative real
number such that the total sum is 1. With this viewpoint, we first define Fg as a function that
maps each f: S — F to a complex number. Then, we show that the total sum is 1 and that each
f is mapped to a non-negative real number, so that the function Fg is indeed a distribution.

We define the function Fg: F¥ — C by specifying its Fourier coefficients:

1 .
j—";(oz):: 25T faeV 7
0 ifagV

These “local” Fourier coefficients should not be confused with the Fourier coefficients of F that are
defined in Section 2.1. In fact, at this point the non-signaling function F is not yet defined.

This completely specifies Fg as a function F$ — C. We show that since V is a k-local subspace,
Fg is in fact a distribution. First, > cps Fs(f) = 1 because j—"Tq(OS) = 1/¢%! since V is a k-local
subspace, and thus must contain 0”. Hence, it suffices to show that Fg(f) € R>¢ for each f € Fs.
For each f € F¥ we have

Fs(f) = > Fsl@)xalf) = > Fsl@)xalf)

a€cFs a€Vcs

since we have defined Fg in this way using its Fourier coefficients. There are two cases: either
(a, f) = 0 for every o € Vcg, in which case the sum is [Vcg|/q!®l, or (a, f) # 0 for some o € Vcg.
In the latter case, we use the fact that Vcg is a linear subspace to show that the sum is 0. In either
case, we conclude that Fg(f) is a non-negative real number, and therefore that Fg is a distribution.

Next, we argue that the collection of local distributions {Fs}gcin)., is indeed non-signaling.
This follows from a lemma that we prove that shows that a collection of local distributions is
non-signaling if and only if the Fourier coefficients of the local distributions (after removing the
normalization factors) are the same. Thus the k-non-signaling function F is well-defined.

Finally, we show that F satisfies the desired properties. This follows from our definition of each
Fs, as the construction implies that the Fourier coefficients of F satisfy:

L .
]?(a) ) ifaeV
0 ifagV

This corresponds to having Pr[{(a, F) = 0] = 1 for every o € V, and the random variable (a, F)
having the uniform distribution when « ¢ V, which completes the proof.

On robust local characterizations. We discuss the proof of Theorem 4 only briefly, because
it builds on the above ideas for (exact) local characterizations.

The first part of Theorem 4 is straightforward and follows from the definition of nsranky(«),
which is the length of the shortest path from 0" to « in the Cayley hypergraph I'y,(C*,T). This
connection motivates nsrank as a non-signaling analogue of rank, as rankr(«) is the length of the
shortest path from 0" to a in the Cayley graph G(C*,T). (We discuss rank more in Section 2.3.)

The second part of Theorem 4 is more complicated, but informally follows a similar outline to
how we construct a non-signaling function F in the above proof. The step showing that Fg(f) >0



for every f € ¥ is now more challenging as the Fourier coefficients are no longer either ﬁ or 0,
but this can still be done under the conditions of the theorem statement.
The proof of Theorem 4 can be found in Section §.

2.3 Non-testability of bivariate polynomials

We discuss how to derive the negative results on bivariate low-degree testing discussed in Section 1.1.
First we focus on the case of the row/column test (for individual degree d), and then we explain
how to modify the proof to work for the random lines test (for total degree d).

We let C denote the linear code of bivariate functions f: F? — F of degree at most d in each
variable, and let T be the constraints of the row/column test (it consists of o € C* whose support
is contained in exactly one row or column). The main combinatorial quantity that we use in our
proof is the rank of an element o € C*, defined as

ranky (o) := min T
T'CT:acspan(T")

Note that rankp(c) is a non-negative integer, as span(T) = C*.
We now sketch the proof of Theorem 1 in three steps.

(1) Interval Cut Lemma. We show a generic lemma about the relationship between rank and
reachability in the Cayley hypergraph I'y(C+, T'). Informally, we show that in order to reach some
« of rank at least r from 0™, one must first reach some § of “intermediate” rank. Formally, we show
that if there is an interval [r/2,r) such that every 8 with rank in this interval is not reachable from
0", then every « of rank at least r is also not reachable from 0™. We prove this Interval Cut Lemma
via the fact that ranky is subadditive, that is, ranky(a + ) < ranky(a) + ranky(3). Subadditivity
implies that for every interval [r/2,7), in order to reach a vertex of rank > r from vertices of rank
< r/2 there must be an intermediate vertex [ with rank in [r/2,r) bridging the gap.

(2) Two combinatorial facts. We prove two combinatorial facts about the dual code of C.

e There exists a* € Ct where wt(a) = 2d +2 and supp(a) C {(a,a) : a € F} C F™" i.e., supp(a)
is contained in the diagonal of F"*".

Proof sketch. Any bivariate polynomial of individual degree d is a polynomial of degree < 2d on
the diagonal. Thus, there is an element o* € C* supported on the diagonal of weight 2d + 2 that
checks this constraint. This shows the existence of the desired o*.

e For every 8 € C with rankr(83) € {(d+2)/4,...,(d+2)/2} it holds that wt(8) > 5 (d + 2)2.

Proof sketch. Any [ of rank r is the sum of exactly r row/column constraints, where each
constraint is on a distinct row/column. Each new constraint adds at least d 4+ 2 weight to f3,
ignoring the weight that is removed by cancellation. The amount of cancellation is at most the
number of intersection points, which is not too large when r is in {(d+2)/4,...,(d+2)/2}, thus
implying that wt(8) > 55 (d + 2)°.

(3) Completing the proof. Theorem 1 follows from the Interval Cut Lemma, the two combina-
torial facts, and Theorem 3. Any 3 € C* with rank in [(d+2)/4, (d+2)/2) has weight > -5 (d+2)?,
and thus is not reachable when k < 3—72(d+2)2. Since o has weight 2d + 2 and is supported only on
the diagonal, it has rank > 2d 4 2, as each row/column constraint increases the number of points

on the diagonal by at most 1. The Interval Cut Lemma implies that o* is also not reachable. The
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non-signaling function constructed in the proof of Theorem 3 thus passes the row/column test with
probability 1 yet satisfies a* with probability only 1/ |F|. But, o* must be satisfied with probability
1 by any non-signaling function that is “locally low-degree”, which completes the proof.

The case of the random lines test. In order to prove Theorem 2, which is the analogous state-
ment for the random lines test, it suffices to show that analogues of the combinatorial statements
stated for bivariate polynomials of individual degree d hold for bivariate polynomials of total degree
d. Rather than choosing a* to be a constraint on the diagonal (which is now easily reachable when
T contains all lines), we show that there is a constraint o* of weight 2d + 2 that is supported on an
irreducible quadratic curve in F2. This constraint has rank > d+1 as any line intersects the curve in
at most 2 distinct points. The proof that every 8 € Ct with rankr(8) € {(d+2)/4,...,(d+2)/2}
has large weight is almost identical in this setting, and this completes the proof.

2.4 Fourier spectrum of non-signaling linear codes

We have so far adopted the definition that a k-non-signaling function F is “in” a linear code C C F"
if a function f: S — IF sampled from Fg is in C|g with probability 1 for every S C [n]<j. Indeed,
we use this “C-explainability” to define the notion of a local characterization (see Definition 1.3).

We now provide thorough justification for this choice. We view the definitions and results below
as a conceptual contribution that sheds light on basic properties of non-signaling functions.

In the classical setting, a function f: [n] — F “looks like” a codeword of C if, well, it equals
some codeword in C. The issue at hand is that, in the non-signaling setting, it is not immediately
clear what it means for a non-signaling function F to be “in” C because F is a collection of local
distributions. Below are two natural ways to capture this notion.

Definition 2.3 (informal). Let F: [n] — F be a k-non-signaling function.

o We say that F is C-supported if it is equivalent to a k-local quasi-distribution Q: F" — C that
is supported on C, namely, Q(f) =0 for all f ¢ C.°

o We say that F is C-explainable if, for all S C [n|<y, the distribution Fg is supported on Clg.
In other words, the output of F is always consistent with the restriction of some codeword in C.

The first definition is motivated by our Equivalence Lemma (Lemma 2.1), and imposes a
“global” property on the non-signaling function. The second definition, implied by the first one,
instead takes a “local” approach, imposing consistency with relevant restrictions of the code.

In the following lemma, we quantify the difference between the notions of “C-supported” and
“C-explainable” by characterizing the Fourier spectrum in each case. For convenience, we denote
by CZ%, the set {« € Ct : wt(a) < k}, which are the constraints with at most k non-zero entries.

Lemma 2.4 (informal). Let F: [n] = F be a k-non-signaling function.

o F is C-supported <> the Fourier coefficients {]?(a)}aeﬂ:gk are constant on each coset of C*.
o F is C-explainable <+ the Fourier coefficient ]/-:(a) equals q% for every a € Cik.
We additionally prove that the foregoing structure is robust to errors: F is close to being C-

supported if and only if its Fourier coefficients are almost constant on every coset of C; moreover
F is close to being C-explainable if and only if F(«) is close to qin for every a € CZ,.

3When C is the Hadamard code, this definition equals the notion of a linear non-signaling function from |[CMS18].
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One may interpret Lemma 2.4 as “bad news” because it shows that the notions of “C-supported”
and “C-explainable” are in fact distinct. Which one is the correct one to use? From the perspective
of local testability, we may regard “C-supported” as more desirable, because it requires a global
structure to hold. We prove that, fortunately, the two notions are equivalent up to a small change
in parameters, reinforcing our belief that we have identified the right notions.

Lemma 2.5 (informal). Let F: [n] — F be a k-non-signaling function.

o If F is C-supported, then F is C-explainable.
e [f F is C-explainable, then F (viewed as a k/2-non-signaling function) is C-supported.

In light of the above, it suffices to study non-signaling functions that are C-explainable. We
have used this notion in our results on local characterizations (see Definition 1.3), as it is more
natural in this setting: the set of C-explainable k-non-signaling functions are precisely those that
are consistent with the set of constraints CZ,.

Detailed definitions and proofs can be found in Section 5. Below we provide proof sketches for
Lemmas 2.4 and 2.5. The Fourier structure of non-signaling functions, discussed in Section 2.1,
underlies all of these proofs.

2.4.1 Fourier spectrum of a C-supported function

We outline the proof of the first item of Lemma 2.4. A k-non-signaling function F that is C-
supported is by definition equivalent to a quasi-distribution Q supported on C. We explain why
all such non-signaling functions have Fourier coeflicients that are constant on cosets of C1, that is,
F(a) = F() for every a, o/ € F%, with a —a’ € C*t. We compare the following two affine spaces:

Vi=¢Q:F"»Cst. » Q(f)=1land Q(f)=0Yf¢C, ,

feC

Vo = {Q: F" — C s.t. Q(0") = qln and Q(a) = O(a +7) Va € F", y € CL}
The affine space V; corresponds to quasi-distributions that are supported on C, while V5 corresponds
to quasi-distributions whose Fourier coefficients satisfy the desired characterization. It suffices to
prove that V; = Va. First we show that dim(V;) = dim(V2), and then that V; C V5.

The dimension of V; is |C|—1 because the |C]| free terms are subject to a single linear constraint.
The dimension of V3 is ¢"/ }CJ— ‘ —1 because the Fourier coefficients are constant on each coset of C*,
and on each coset they may have an arbitrary value; the one exception is the coset C, where the
Fourier coefficients must be q%. Recalling that ¢" = |C]| - ‘CL|, we deduce that dim(V;) = dim(V5).

Next we show that Vi C V5. For any Q € V; and o € F™ we have by definition

(o) =~ 3" 0(f) - w T

Since @ € V4, any function f in the support of Q must be in C. Therefore, for any v € ct
have (v, f) = 0, so that w7/} = T = 1. This implies that Q(a) = O(« + 7). Intuitively,
when we shift a by v the sum remains unchanged because each term in the sum is multiplied by

w () = 1. Thus V; C Vs. Since dim (V1) = dim(V2) and V; C Vi, we conclude that V; = V5.
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2.4.2 Fourier spectrum of a C-explainable function

We outline the proof of the second item of Lemma 2.4. The characterization of C-explainable
functions relies on the fact that the Fourier coefficient F () is related to the distribution of the
random variable («, F), i.e., the distribution (Pr[(«, F) = b])per. This intuition can be quantified
via (a generalization of) the DFT matrix M € C9*9, which is the matrix defined as M, := wTr(ab)
(entries are indexed by FF); M is invertible and iqM is unitary.

Recall that the Fourier coefficients of F are defined as follows:

N 1 ‘
VaeFz, Fla):= o Z w ! Pr[Tr((a, F)) = j] .
VS

Letting v := (Pr[(c, F) = b])per, expanding the definitions shows that Mv = (q”f(aa))aeﬁr. The
linear transformation M thus quantifies the relation between the distribution (Pr[{a, F) = b])per
and the Fourier coeflicients (q"]? (at))aeF-

Now, given a k-non-signaling function F, we first show that F is C-explainable if and only if
Pr[(a, F) = 0] = 1 for every a € CZ,. This follows from the fact that any local function g: S — F
that satisfies every a € Cés can be extended into a codeword f € C. Using the matrix M, we
can relate the condition that F satisfies every « € Ci‘k with probability 1 to its Fourier spectrum.

Specifically, we have that Pr[{a, F) = 0] = 1 if and only if (¢"F(a))eecr = M(1,0,... ,0)". Since

M(1,0,...,0)" = (1,...,1)T, we get that Pr[(a, F) = 0] = 1 if and only if F(aa) = & for every
a € F, completing the proof.

2.4.3 The relationship between C-supported and C-explainable

We outline the proof of Lemma 2.5. First note that Lemma 2.4 immediately implies that a C-
supported k-non-signaling function F is C-explainable, because if F is C-supported then F (o) =
F (om) = % for every a € Cék, implying that F is C-explainable.
Conversely, if F is C-explainable, then for any a, o' € FZ, Jo With a — o € Ct we get that for
any b e I,
Pr[{a, F) = b] = Pr[(c/, F) + (o — o/, F) = b] = Pr[{c/, F) = V] ,

since Pr[{a — o/, F) = 0] = 1 as @ — &’ € C* and F is C-explainable. This shows that the vectors
(Pr[{a, F) = b))per and (Pr[{c/, F) = b])per are equal, which implies that the Fourier coefficients
F(a) and F(/) are equal. By Lemma 2.4, this completes the proof. Note that we crucially need
wt(a), wt(a’) < k/2 so that wt(a — o) < k, as otherwise Pr[(«v — o/, F) = 0] is undefined.
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3 Preliminaries

Throughout this paper we let n € N be an arbitrary positive integer, and k € N a positive integer
that is at most n. We use F to denote the finite field of size ¢ with characteristic p, and I,
to denote the prime subfield of F. We often abuse notation and identify a function f: [n] — F
with its evaluation table in F". For a vector a € F" we let supp(a) := {i € [n] : a; # 0},
and we let wt(a) := [supp(«)|. For a set of vectors R C F", we let R<y C R denote the subset
{a € R : wt(a) < £}. In particular, FZ, contains all vectors av € F™ of weight at most k. For a
subset S C [n], we let Rcg = {a € R : supp(a) C S}; we also write S C [n]< if |S| < L.

3.1 Non-signaling functions

We define non-signaling functions and quasi-distributions, and introduce useful notation for them.
The definitions are almost identical to those in [CMS18|, but extended to any finite field.

Definition 3.1. A k-non-signaling function F: [n] — I is a collection F = {Fs}scn]., where
(i) each Fg is a distribution over functions f: S — F, and (ii) for every two subsets S and R each
of size at most k, the restrictions of Fg and Fr to SN R are equal as distributions. (If S = 0 then
Fs always outputs the empty string.)

Note that any function f: [n] — F induces a n-non-signaling function by setting Fg to be the
distribution that outputs f|g with probability 1. More generally, any distribution D over functions
f:[n] = F induces a corresponding n-non-signaling function by defining Fs to be the distribution
that samples f < D and outputs f|s.

Given a set S C [n]<) and function g € F¥, we define

Pr[F(S)=g]|:=Pr[g+ Fs] .

The non-signaling property in this notation is the following: for every two subsets S, R C [n]<g
and every string g € FS'T, Pr[F(S)|snr = g] = Pr[F(T)|snr = g], where the probability is over
the randomness of F.

We extend the above notation to every £ C F in the natural way by defining Pr [ F(S) € E] :=
Pri 7o [ f € E]. We highlight the case when E is an “inner product event”, as we will encounter
this case frequently.

Definition 3.2. Let F: [n] — F be a k-non-signaling function. For o € F2, and b € F, we define

Pr[{a, F) =b]:= Pr > aif()=b

—F,
s supp(e) i€supp(a)

Similarly, we define Pr[Tr({cr, F)) = j| := 3 pepme(n)=; Prl{a, F) =] for every j € Fp.

The probability above is well-defined since wt(a)) < k, and so we query F on at most k points.

Since F is non-signaling, Pr[{c, F) = b] = Pry_ 7[> ;cq @i f(i)] for any set S O supp(a). The
intuition behind the above definition is that the inner product («,g) for any g: [n] — F can be
computed only given gls,pp(a), Namely, given g restricted to a set of size at most k.
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3.2 Quasi-distributions

A quasi-distribution extends the notion of a probability distribution by allowing probabilities to be
complex, and is the main tool that we use to analyze non-signaling functions.

Definition 3.3.

e A quasi-distribution is a function Q: F™ — C where Zfan o(f)=1.

e For a set of functions R C F", we say that Q is supported on R if {f € F": Q(f) # 0} C R.
e For a positive integer £, we say that Q is ¢-local if the marginals Q|s for each S C [n]<; are

distributions (sz]FniﬂS:g Q(f) is a non-negative real number for each S C [n]<; and g: S — F).
If Q is ¢-local, then for every subset S C [n]<y, we may view Q|g as a probability distribution
over FS. If Q is f-local then it is s-local for every s € {0,1,...,/}.

Definition 3.4. Given a quasi-distribution Q, a subset S C [n], and g € F°, we define the quasi-
probability of the event “Q(S) = g” to be the following complex number

PriQ(S) =gl:= > Q).
fel™:fls=g
(The tilde above Pr denotes that quasi-probabilities are not necessarily non-negative real numbers.)

Given a subset E C FS, we similarly define Pr[Q(S) € E|] := > rernfiger )
As for non-signaling functions, we highlight the case when F is an inner product event.

Definition 3.5. Let Q: F"* — C be a quasi-distribution. For o € F"™ and b € F, we define

Pri(0, Q) =bl== > Qf) .

FEF:(a,f)=b
Similarly, we define Pr[Tr({a, Q) = j] := 2 beF-Tr(b)=j Prl{o, Q) = b] for every j € F,.
Definition 3.6 (statistical distance). Given a finite domain [n] and an integer ¢ € {1,...,|D|},

the Ay-distance between two quasi-distributions Q and Q' is

A(Q,9) = ﬁ%ﬁﬂQ'Sv ls) ,

where A(Qls, Q') := maxpcps ’f’vr[Q(S) € E] - Pr[Q/(S) € E]|.
We say that Q and Q' are e-close in the A -distance if Ay(Q, Q') < ¢; else, they are e-far.

Remark 3.7 (distance for non-signaling functions). The definition of A,-distance naturally extends
to defining distances between k-non-signaling functions, as well as between quasi-distributions and
k-non-signaling functions, provided that £ < k.

The notion above generalizes the standard notion of statistical (total variation) distance: if Q
and Q' are distributions then their A,-distance equals their statistical distance. Also note that
if @ and Q' are f-local quasi-distributions then their A/-distance equals the maximum statistical
distance, across all subsets S C [n] with |S| < ¢, between the two distributions Q|s and Q'|g —
in particular this means that any experiment that queries exactly one set of size at most ¢ cannot
distinguish between the two quasi-distributions with probability greater than A,(Q, Q').

We stress that Ay(Q, Q") = 0 does not necessarily mean that Q@ = Q'!' In fact, it is possible
to have Ay(Q, Q') = 0 while >, [Q(f) — Q'(f)| is arbitrarily large. We also remark that the
Ay-distance is not necessarily upper bounded by 1, and is in general unbounded.
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4 Fourier analysis of non-signaling functions

We prove statements about the Fourier structure of non-signaling functions, and prove the Equiv-
alence Lemma. In Section 4.1 we recall basic facts about Fourier analysis of functions over finite
fields. In Section 4.2 we relate Fourier coefficients to probabilities and quasi-probabilities. In
Section 4.3 we prove that non-signaling functions and quasi-distributions are equivalent notions.

4.1 Fourier analysis of functions over finite fields

We consider functions of the type F': " — C. For two such functions F; and F5, we define their
inner product as (Fi, Fy) = %erwn Fi(z)Fa(x). For every aw € F", we define the character
Tr({a,z))

Xa: F" = C as xo(z) :=w where: (1) Tr: F — F), is the trace map; (2) (o, z) is the inner
product Y ;' | oxi; (3) w = e?™/P is a primitive complex p-th root of unity; and (4) w’ is defined
by thinking of j € [}, as an integer in Z. The functions {xq }acr» form an orthonormal basis of the
space of all functions f: F* — C, so every function F': F” — C can be written as

F()= > F(a)xa(-) . where F(a) = (xa,F) .

acl”

The values {13 () }aern are the Fourier coefficients of F. We recall and prove a few useful identifies.

Parseval’s identity. For every two functions F,G: F" — C,

(F,G) = ql S F@G@) = Y. Fla)Gla) -

zeF™ acF™
Proof.
1 1 ~ ~
7 Z = Z Z F(a)xa(z) Z G(B)xs(z)
S q z€F" \a€cF™ peFn
Z Z B)(Xarx8) = Y F(a)Gl(a) ,
ckFn el aclfn
since {xq tacrn are orthonormal. O

Plancherel’s identity. As a corollary of the above,

*Zw = > |F(a)?

xefn acFn

The case of indicator functions. When analyzing non-signaling functions and quasi-distributions
we will apply the above identities in the case where F is an indicator function 1g for a set £ C F™.
In this case, by Plancherel’s identity we have that [E| /¢" = " cpn 115(a)|?. In particular, by the
Cauchy—Schwarz inequality, this implies that

Teli= Y Re@l< [ Ae@P- [> 1<VIEl/¢ ¢ = VIE].

acFn aclfn aclfn

If we let F(z) = 1g(x), then Parseval’s identity becomes the following lemma.
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Lemma 4.1. Let G: F* — C be a function and E C F". Then

il Z Z 1E Z G(z)w o) = Z G(a)@(a)

zelE aclfn refn a€efF”

4.2 Relating the Fourier spectrum to the probabilities of events

A quasi-distribution Q is a function Q: F" — C that maps a function f: [n] — F (identified with
the corresponding vector F") to Q(f). We can write Q(-) = > cpn () xal-);, where {Xq}tacrn
are the characters and {Q(c)}aepn are Q’s Fourier coefficients. For S C [n] and a € FS, we abuse
notation and use O(a) to refer to Q(3) where 8 € F™ has 8 = a; for all i € S and 0 otherwise.

The lemma below relates the inner product quasi-probabilities defined in Definition 3.5 to the
Fourier coefficients of Q.

Lemma 4.2. Let Q: F" — C be a quasi-distribution. For every a € F",

~ 1 _

Oa) = — > wPr[Tr((a, Q) = 4] .
1 JEFp

Proof of Lemma 4.2. By definition,

O(a) = {xas Q) = qanxa(f)Q(f) o DA ST
f i€Fy  fixa(D=wd
—SYe? Y A= o Y e T o) =) 0

iRy FTe((onf))= 1" jer,

The above lemma implies that the Fourier coefficients (@(aa))aeﬁr are determined by the quasi-
probabilities (Pr[{«, Q) = b])per, as the quasi-probabilities (Pr[{a, Q) = b])pcr determine the quasi-
probabilities (Pr[(aa, Q) = b])per for every a € F. In fact, there is a linear transformation M that
maps (Pr[{a, Q) = b])per to (¢"O(ac))qcr. Below, we state a well-known lemma about M.

Lemma 4.3. Let M € C9*9 be the matriz defined as Mgy = w~Tr(ab) (entries are indexed by F).
Then M is invertible and %M is unitary (namely, MT - M = qI). In particular, for every vector
(vp)ber with values in C, the map (vp)per — (D per w @) yy) ok is a bijection.

We additionally prove the following lemma, which relates the Fourier spectrum of the quasi-
distribution Q|g to the Fourier spectrum of Q.

Lemma 4.4. Let Q: F" — C be a quasi-distribution. Let S C [n], and let Q|g denote the restriction
of Q to S, namely, Q|s is the quasi-distribution from T to C where Q|s(g) := Zf:f\s:g Q(f). Then

for every a € TS it holds that q|5‘él\s(a) = q"@(a).4

Proof of Lemma 4.4.

|S|Q|S Z Q|S —Tr (a,g Z Q —Tr {a, f)) @( ) ]

geFs fern

“The vector a in @(a) is treated as a element in F” with a; =0 for all j ¢ S
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If 7: [n] — FF is a k-non-signaling function, then for any o € F”, and b € F we have defined
Pr[(a, F) = b] in Definition 3.2 to be Pric 7 oo [(ar, f) = b]. Note that the probability is well-
defined since wt(a) < k (so we query F on at most k points). Also note that Lemma 4.2 implies
that, for every a € FZ, we can define the Fourier coefficient F (o) of F as

Fla) = qln S W Pr{Tr((0, F)) = 5] -
J€eFy

With the above definitions, we can prove the following two corollaries of Lemma 4.1. The first
is for non-signaling functions, and the second is for quasi-distributions.
Corollary 4.5. For any k-non-signaling function F: [n] — T, set S C [n], and event E C FS,
PrF( ZlE )Y w I PrTr((a, F) = j] =" Y, Tu(a)F(a
a€Fs JEF, a€Fs

Proof. Apply Lemma 4.1 with G: F¥ — C defined as G(x) := Pr[Fs(i) = z; Vi € S)]. O

Corollary 4.6. For any quasi-distribution Q: F™ — C, set S C [n], and event E C F,
ﬁ[Q(S)GE]— Z a(f) ZlE ZwJPrTr (o, Q) =4l =¢" ZlE
f: f(S)eE a€Fs JEFp a€ls

Proof. Apply Lemma 4.1 to the function G': IFAS — C that is the quasi-distribution Q|gs. Then
observe that for every a € F¥, ¢/%1Q|s(a) = ¢"Q(a) by Lemma 4.4. O

The above two lemmas allow us to bound the distance between a k-non-signaling function F
and a quasi-distribution ©Q in terms of their Fourier spectra.

Lemma 4.7. Let F: [n] — F be a k-non-signaling function and Q: F* — C a quasi-distribution.
For any set S C [n]<g and event E C F¥,

PiF(S) € E] - Pr[Q(8) € Bl| < ¢" Y |Tn(a)| |Fle) - Qa)

In particular, Ay(Q,F) < ¢t/ maXaeFz, |~7?(04) - @(a)]

Corollary 4.8. Let F: [n] — F be a k-non-signaling function and Q: F" — C a quasi-distribution.
Then Ag(Q,F) = 0 if and only if F(a) = O() for every o € FZ,.

Proof of Lemma 4.7. The first equation follows immediately from Corollary 4.5 and Corollary 4.6.
For the second part of the lemma,

F) < max ma ‘1 H]—" ‘
AL(Q,F) sén}ikéncﬁéq Z B(a




Proof of Corollary 4.8. 1f ]?(a) = Q(a) for every a € FZ,, then by Lemma 4.7 it follows that
AR(Q,F) = 0. Conversely, if Ap(Q,F) = 0, then for every a € FZ, and j € F, it holds that

Pr[Tr({ar, Q) = j] = Pr[Tr({a, F)) = j], as these are both events. This implies that ¢"Q(a) =

>jer, w PHTr((, Q) = j] = ), w7 Pr[Tr((a, F)) = j] = ¢"F(a). O

Suppose that we are given a collection of local distributions (Fg) SC[n]<ys Damely, Fg is a
distribution over functions f: S — F. We can think of each local distribution Fg as a function
Fg: ¥ — C, and in this way define for each local distribution Fg the Fourier coefficients Fg()
for each a € F¢g. In the following lemma, we characterize when (Fs)gcn]., is k-non-signaling in

- <k
terms of the Fourier spectra of the local distributions.

Lemma 4.9. Let (Fs)scpn)., be a collection of local distributions. Then (Fs)scin]., 1 a k-non-

signaling function if and only if q|S‘]/:;~(a) = q‘R|.7/:;g(a) for every S Cn]<k, RC S, and o € F¢ 5.

Proof. Suppose (Fs)scn)., 18 @ k-non-signaling function. Fix S C [n]<x, R C S, and o € F¢p,.
Since the collection of local distributions is k-non-signaling we have that Fg|r = Fgr. Therefore by
Lemma 4.4 we have that q‘S‘]/-";(a) = q‘R|j-";:g(a).

Now, fix S C [n]<x and R C S. Applying Corollary 4.6 to the distributions Fg and Fg, we
see that if q|5|fg(a) = q|R|j:}(a) for every a € F¢p, then Fg|gp = Fg. Hence, (Fs)scpn., 18
k-non-signaling. O

4.3 Equivalence between non-signaling functions and quasi-distributions

We show that k-non-signaling functions and k-local quasi-distributions are equivalent. Every k-local
quasi-distribution Q induces a k-non-signaling function F (Proposition 4.10). Conversely, every
k-non-signaling function F can be described by a k-local quasi-distribution Q (Proposition 4.11).
In fact, the set of such quasi-distributions is an affine subspace of co-dimension Zf:o (’Z) (g—1)"in
C9". The first direction of the equivalence is elementary; the other direction is the interesting one.

The aforementioned result is a special case of a result of Abramsky and Brandenburger [AB11]
that establishes an equivalence between non-signaling empirical models (a general notion of non-
signaling experiments in the language of sheaf theory) and quasi-distributions over global sections.
Our result strengthens this equivalence by giving an explicit characterization of the affine subspace
of quasi-distributions describing a non-signaling function, by leveraging Fourier-analytic tools. This
also extends to any finite field F the equivalence lemma for Fy presented in [CMS18].°

Proposition 4.10. For every k-local quasi-distribution Q over functions f: [n] — F there exists a
k-non-signaling function F: [n] — F such that Ax(Q,F) = 0.

Proof. For every subset S C [n]<g, define Fg to be the distribution over functions f: S — F
where Pr[Fg outputs f] := iDVr[Q(S) = f(9)], namely, such that Fg¢ = Q|s. Note that Fg is a
distribution because Q is k-local, so the relevant probabilities are in [0,1] and sum to 1. The
definition immediately implies that Pr[F(S) = g] = Pr[Q(S) = g] for every string g € FS, and
so Ag(Q,F) = 0. We are left to argue that F = {Fs}gcin)., is k-non-signaling. Let S C [n]<,

k

®The characterization further extends to functions taking values in any finite alphabet ¥ (not necessarily a field)
by adding an abelian group structure to X (for example, by identifying ¥ with Z/ |X|Z), and then using analogous
tools from Fourier analysis over finite abelian groups.

19



and let R C S. By definition of F and Lemma 4.4 we have that for every o € FE, q|S|j{\g(a) =
¢°190|s(a) = ¢'F1Q|r () = ¢/FI Fr(a). By Lemma 4.9, it follows that F is k-non-signaling. O

Proposition 4.11. For every k-non-signaling function F: [n] — F, there exists a k-local quasi-
distribution Q over functions f: [n] — F such that Ag(F,Q) = 0. Moreover, the set of such Q’s
(viewed as vectors in C1") is the affine subspace of co-dimension Zf:o (1) - (g —1)" in CT" given
by Qo + span{x, : a € F" wt(a) > k}, where Qq is any solution.

Proof. Let Q be a quasi-distribution over functions f: [n] — F. By Corollary 4.8, it holds that
Ar(Q,F) =0 if and only if F(a) = Q(a) for all a € F, .

Let Qy be the quasi-distribution with Fourier coefficients O(a) := F(a) for all o of weight at
most k and Q(a) := 0 otherwise. Consider the affine subspace Qg + span{xa : @ € F", wt(a) > k}.
By Corollary 4.8, every quasi-distribution Q in the affine subspace satisfies Ax(Q, F) = 0. We note
that this affine subspace has dimension Zf:o (") (g— 1)~

Conversely, suppose that Q satisfies Ax(Q, F) = 0. Then by Corollary 4.8 it holds that @(a) =

~

F(a) for all a € FZ;, which implies that Q is in the aforementioned affine subspace. Hence, the
affine subspace contains all Q such that Ag(Q,F) = 0. O
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5 Non-signaling linear codes

We wish to define what it means for a non-signaling function F: [n] — F to be “in” a linear
code C C F". We introduce two natural definitions for the above goal. The first definition is
motivated by the equivalence between non-signaling functions and quasi-distributions established
in Section 4.3. The second definition is motivated by a notion of local consistency.

For each of the two definitions, we characterize the Fourier spectrum of non-signaling strategies
that satisfy the definition, in the exact and in the robust case. Also, we prove a strong relationship
between the two definitions, showing that they are equivalent (up to a small loss in parameters).
The compelling structure that we uncover supports our choice of definitions.

For this section, we remind the reader that a linear code C over F with block length n is a
linear subspace of F". We equivalently also view C as a linear subspace of the set of all functions
f:[n] = F. The dual code of C is the linear subspace C* := {a : (a, f) =0 Vf € C} C F".

5.1 Quasi-distributions supported on linear codes

The equivalence between non-signaling functions and quasi-distributions in Section 4.3 suggests a
natural way to capture when a non-signaling function is “in” a given linear code.

Definition 5.1. Given a k-non-signaling strategy F: [n] — F, code C C F" and parameter k' < k,
we say that F is (C, k')-supported if there exists a k'-local quasi-distribution Q: F™ — C supported
on C such that A (Q, F) = 0.

In light of the characterization of the Fourier spectra of quasi-distributions equivalent to a
given non-signaling function in Section 4.3, it is natural to ask if the Fourier spectrum of a quasi-
distribution supported on C has a special structure. In the following lemma, we characterize the
Fourier spectrum of quasi-distributions supported on a given linear code C. Informally, we show
that the condition “Fourier coefficients are constants on cosets of C” is necessary and sufficient.

Lemma 5.2. Let C C F" be a linear code. A quasi-distribution Q: F™ — C is supported on C if
and only if Q(a) = Q(’) for all a,a’ € F* such that a — o' € C*.

The foregoing statement immediately gives us a corollary about non-signaling functions.

Corollary 5.3. A k-non-signaling strategy F: [n] — F is (C, k')-supported if and only if for all
a,a’ € FLy such that a — o’ € C it holds that F(a) = F(d/).

Next, we wish to study the Fourier spectrum of a quasi-distribution Q that is merely close to
being supported on C. For this case, we give the following “robust” version of Lemma 5.2.

Lemma 5.4. Let C C F” be a linear code, and let Q be a quasi-distribution.

e Suppose that there exists a quasi-distribution Q' supported on C such that Ap(Q, Q") < §. Then
for all a0’ € F and o — o/ € CL it holds that |Q(a) — Q(a/)| < 2.

e Conwersely, suppose that for all o, o’ € FZ2), and a — o' € Ct it holds that ‘Q\(a) - @(O/) < 2—,‘3.
Then there exists a quasi-distribution Q' supported on C such that Ap(Q, Q') < ¢*/2 . 26.

We note that in Lemma 5.4, neither quasi-distribution is required to be local.
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5.1.1 Proof of Lemma 5.2

Define the affine spaces

Vi=¢Q:F"»Cst. » Q(f)=1land Q(f)=0Yf¢C, ,
feC

Vo = {Q: F" — C s.t. Q(0") = qln and O(a) = O(a+1) Va € F", y € CL} .

It suffices to prove that V3 = V5. First we show that dim(V;) = dim(V3). The dimension of V3
is |C| — 1 because the |C| free terms are subject to a single linear constraint. The dimension of
Vo is "/ }CJ—‘ — 1 because the Fourier coefficients are constant on each coset of C*, and on each
coset they can take on an arbitrary value; the one exception is the coset Ct, on which the Fourier
coefficients must be q%. Recalling that ¢" = |C| - |C*|, we deduce that dim(V;) = dim(V5).

Next we show that V4 C V5. Fix Q € V4. Since ) ; Q(f) = 1, we have o(0") = qinzf o(f) -

W0 = qin. Moreover, for any o € F* and v € C*,

Oa+7) Z O(f) - w Trllat)) Z O(f) - w Mlent)) . (,=T((n )

Since Q € V4, if Q(f) # 0 then f € C and hence w™ (/) = (O — 1. Therefore,

Qa+7) = fZQ w TN = Q(a) .

Thus V1 C Va. Since dim(V;) = dim(Va) and Vi C Vi, we conclude that Vi = Va.

5.1.2 Proof of Lemma 5.4

Suppose Q: F"* — C is a quasi-distribution such that there exists a quasi-distribution Q' supported
on C with Ax(Q, Q') < 4. Fix a € FZ,, so that S = supp(a) has |S| < k. Since Ax(Q, Q') <4, we

have that >/ ps Pr[Q(S) = g] — Pr[Q/(S) = g]‘ < 0. Therefore,

9(0) - Q@) < 7 3 [ [Pa{Ti(a, @) = ) - Pr(Te((a. @) =

JEFp

Pr[Q(S) = g] — Pr[Q/(S) = g]

< 3 [Prlaws) = o) - PrlQ'($) = gl| < 5

By Lemma 5.2, we know that for every a, o/ € F" such that a—a’ € C* it holds that ’Q’(a) — Q)| =
Hence, for every o, o’ € FZ < such that o — o € Ct it holds that

~

9(a) - 0| £ |Q(a) — ()| +|Q(a) - Q(e)| +|Q(e) - Q)

‘ ~
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0
< — 40+
q° q

q’l’b

§ 2

28 !
<o for all a,a’ € F2y

Now, suppose that Q is a quasi-distribution such that ’Q(a) — Q(o/ )

such that o — o’ € Ct. For each a € F", let 7, be an element of the coset a + C* of minimal
weight (ties are broken arbitrarily). Define Q' to be the quasi-distribution where Q'(a) := Q(7q)
if wt(7,) < k and 0 otherwise. By construction, for any a, o/ € F” such that o — o/ € C* it holds
that Q'(a) = Q/(c), so Q' is supported on C by Lemma 5.2. Let o € F2,. By construction, we

~

know that |O(a) — @’(a)‘ < ‘Q(a) - Q(%)‘ n ‘Q(%) - Q\’(a)‘ <2 40=2 sincea—, € CH
and wt(y,) < wt(a) < k. Therefore, by Lemma 4.7 we have that Ay(Q, Q') < ¢*/2 - 26.

5.2 Locally-explainable non-signaling functions

We introduce another natural definition that captures when a non-signaling function F is “in” a
given linear code C C F". This time we take the perspective of local consistency, namely, we shall
require that the output of F is always consistent with a codeword in C.

Definition 5.5. Given a k-non-signaling strategy F: [n] — F, code C C F™, and parameter k' < k,
we say that F is (C, k')-explainable if for every set S C [n|<j it holds that Pr[F(S) € Clg] = 1.

Note that F is (C, k')-explainable if and only if Pr[(a, F) = 0] = 1 for every a € CZ,,. The
non-trivial direction of the equivalence is implied by the following lemma. a

Lemma 5.6. Let C C F" be a linear code, S C [n]<k, and g: S — F. If (a,g) = 0 for every
o€ CJQ-S, then there is a codeword f € C such that fls =g.

Proof. Since C C F" is a linear code, there is a pivotal set P C [n] of size |P| = dim(C) such that
for all y: P — F there is a unique codeword f € C satisfying f|p = y. Such P need not be unique.

Let P* C [n] be a pivotal set such that |P* N S| is maximal, and let Py := P* N S. Define
f': P* = T by letting f'(i) = g(i) for all i € Pg, and letting f’(j) be arbitrary for all j € P*\ Ps.
Since P* is a pivotal set, there exists a unique f € C such that f|p« = f'.

It remains to show that f|s = g. Let i € S. If i € Pg, then f(i) = f'(i) = g(i), as required.
Suppose that i ¢ Pg. Since P* is maximal, there exists @ € C* such that o; = 1 and supp(a) C
Ps U {i} C S. Indeed, if no such « exists then for any codeword h € C, h(7) is not determined by
{h(j) : j € Ps}. Hence, the set PsU{i} can be extended into a pivotal set for C, which contradicts
the maximality of P*. Therefore, such an « exists. Since (a, f) = 0 and (o, g) = 0, we get that
0= (a, f) = {a,g) = f(i) + ZjePs o f(7) — 9(i) — ZjePS aj9(j) = f(@) + ZjePS a;9(j) — g(@) —
> jeps @i9(d3) = f(i) — g(i), and therefore f(i) = g(i). We conclude that f|s = g, as required. [

We provide a characterization of the Fourier spectrum of C-explainable non-signaling functions,
both in the exact and in the robust cases, as captured by the respective lemmas below. Both lemmas
make crucial use of Lemma 4.3.

Lemma 5.7. Let F: [n] = F be a k-non-signaling function. Then F is (C,k')-explainable if and
only if F(a) = q% for every a € Cék,.
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Proof. We know that F is (C,k’)-explainable if and only if for every a € Cik, it holds that
Pr[(a, F) = 0] = 1. By Lemma 4.3, we know that Pr[(a, F) = 0] = 1 if and only if F(aa) = q%
every a € IF, as M is invertible and maps the distribution Pr[{«, F) = 0] = 1 and Pr[(«, F) = 0]
for all other b to the vector 19. We conclude the proof by noting that if o € Cik, then aa € Cék/
for any a € F. - i

for

Lemma 5.8. Let F: [n] = F be a k-non-signaling function, and let o € F7Z, .
o [fPrl{a, F) = 0] >1—¢, then | F(aa) — i| < 2—5 for every a € F.

o If \.7?((104) = < £ r for every a € F, then Pr[(a Fy=0>1-c¢.

Proof. Suppose that Pr[{(a, F) = 0] > 1 — . This immediately implies that, for every a € T,
Pr[{aa, F) = 0] > 1 — e. Therefore,

q”ﬁ(aa)—l’ | 1+Zw (@) Pr[{ac, F) = b]
beF
< |-1+Pr[{ac, F) = 0]+ Y _ |w™ ™| |Pr[(ac, F) = 0]
b0

<e+ Y Prl{ac, F) =1
b#£0
=¢c¢+ (1 —Pr[(aa, F) =0]) < 2¢ .

This proves the first direction.

For the second direction, let v € C? be the vector where v, = Pr[(«, F) = b] and let w € C?
be the vector where w, = q”]? (aa) Note that Mv = w, where M is the matrix from Lemma 4.3.
Suppose that |F(aa) — ] < ;= for every a € F, so that |w, — 1| < ¢ for every a € F. Then, we
have that |lw — 17]|7, < qs so that ||w — 19|, < €,/g. Let u € C7 be the vector where ug = 1
and u, = 0 for all other b € F. Observe that Mu = 19. Since =M is unitary, we have that

V4
H%M(v —u)|le, = ||%(w —19)|lg, < ﬁ -£\/q = €. Therefore, |v, —uy| < ¢ for all b € F. In
particular, |vg — 1| < ¢, so that Pr[{a, F) =0] > 1 —e. O

5.3 The relationship between the two definitions

We have given two natural definitions of what it means for a non-signaling function to be in a
linear code. Which of the two definitions is more “correct”? Lemma 5.2 and Lemma 5.7 show
that Definition 5.1 implies Definition 5.5, in the sense that if F is (C,k’)-supported then F is
(C, k')-explainable. We prove that, conversely, Definition 5.5 implies Definition 5.1 up to a factor
of 2 in the locality ¥’. We conclude that the two definitions are essentially equivalent.

Lemma 5.9. Let C C F" be a linear code, and let F: [n] — F be a k-non-signaling function.
o If F is (C,k')-supported then F is (C,k')-explainable.
o If F is (C,K')-explainable then F is (C, k' /2)-supported.

Remark 5.10. For specific choices of C one can achieve stronger versions of the above lemma.
For example, when C is the Hadamard code (all linear functions), one can prove the lemma with
k' —1 in place of k'/2. Also, some gap in locality is necessary: taking again C to be the Hadamard
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code, there exists a non-signaling function F that is (C, k)-explainable and (C, k — 1)-supported
but not (C, k)-supported. (The foregoing statements are shown implicitly in [CMS18].)

Proof. Lemma 5.2 and Lemma 5.7 imply the first direction, as any (C, k¥')-supported k-non-signaling
function F satisfies F(a) = F(0") = qin for every a € C%,,, implying that F is (C, k’)-explainable.

We now prove the second direction. Fix a € CL,,, and let S := {i € [n] : o; # 0}. Note
that |S| < K’ since |S| = wt(«). We first show that Pr[(«, F) = 0] = 1. Indeed, since F is
(C, k')-explainable, we have that

Pr[{a, F) = 0] > Pr[{a,, F) = 0A 3f € Cs.t. F(5) = fl|s]
= Pr[{a, f) =0A3f € Cs.t. F(S) = fls]
=Pr[3f € Cst. F(S)=fls]=1,

and so Pr[(a, F) = 0] = 1.
Now, for any «a, o’ € F2p o with o — o' € Ct we get that for any b € T,

Pr[{a, F) = b] = Pr[{c/, F) + (a — &/, F) = b] = Pr[{c/, F) = b] ,
since Pr[{(a — o/, F) =0] = 1 as a — o/ € C* with wt(a — o) < k’. This shows that the vectors

(Pr[{c, F) = b])per and (Pr[(, F) = b])per are the same. Thus, F(a) = F(¢/), by the definition
of F’s Fourier coefficients. By Lemma 5.2, it follows that F is (C, k’/2)-supported. O
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6 Local characterizations and Cayley hypergraphs

We prove Theorem 3 in this section. For this section, we let ¥’ < k be an integer. We let C C F"
be a linear code, and T C F™ be a set of constraints. Given a k-non-signaling function F, we say
that F satisfies a constraint o € FZ, if Pr[(a, F) = 0] = 1.

Definition 6.1. We let Consistent(T, k) denote the set of k-non-signaling functions F where
Pr[{a, F) = 0] =1 for every a € T'. That is, Consistent(T\, k) is the set of k-non-signaling functions
that are consistent with T'.

We note that by Lemma 5.7, Consistent(Cék,, k) is the set of k-non-signaling functions that are
(C, k')-explainable.
With the above definition, the definition of local characterization can be rephrased as follows.

Definition 6.2. For { < k' < k, a set of constraints T C CJS-K is a £-local characterization of
(C, k', k) if Consistent(T, k) equals the set of k-non-signaling functions that are (C, k")-explainable,
i.e. that Consistent(T', k) = Consistent(Cék,, k).

In this language, [CMS18] shows that T' = {e; + ey — €1y = x,y € {0,1}"} is a 3-local
characterization of (C,k — 1, k), where C is the Hadamard code.
We briefly recall the definition of a Cayley hypergraph introduced in Section 1.2

Definition 6.3. Given a set T C C*, the Cayley hypergraph I'y(CL,T) is the hypergraph with
vertices V.= {a € C : wt(a) < k}, edges E = {(a,a+7) : a € V,5 € T, |supp(a) Usupp(y)| <
k}U{(a,ba) : b € F\{0}}, and hyperedges H = {(av, 8,0+ f3) : [supp(er) U supp(f)| < k}.

Definition 6.4 (Path in Cayley hypergraph). Let a € F". A path from 0" to o in T, (C*+,T) is a
sequence (o, ..., o) of vertices such that oy = 0", o, = «, and for each i > 1 one of the following
three cases holds: 1. (edges) there exists j < i such that (o, a;) is an edge, or 2. (hyperedges) there
exists ji,j2 < i such that (o ,, aj,, ;) is a hyperedge.

We write T, o (using the symbol - from mathematical logic) if there is a path from 0" to «
in I',(C+,T). The notation is motivated by the fact that a path in I'y(C*,T) can be equivalently
viewed as a logical deduction of o from T. We note that if T}, «, then it must be the case that
a € span(T), but the converse is not necessarily the case (in fact, Theorem 1 is simply an example
where this fails).

Theorem 3 is stated formally as the theorem below.

Theorem 5. For{ < k' <k, a set of constraints T C Cég is a L-local characterization of (C, k', k)
if and only if T Cik,.

The proof of Theorem 5 relies on the notion of a k-local subspace, which we define below.

Definition 6.5. A k-local subspace V is a subset of F, where Vcs C F" is a linear subspace for
every S C [n]<.

We prove Theorem 5 by showing the following three lemmas.

Lemma 6.6. If T b «, then Consistent(T, k) = Consistent(T U {a}, k).
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Lemma 6.7. For every k-local subspace V C 2, , there exists a k-non-signaling function F such

that Pr[{a, F) = 0] = 1 for every a € V, and Pr[{a, F) = 0] = ﬁ otherwise.

Lemma 6.8. {a« € F": Tk a} C F2y ts a k-local subspace.

Proof of Theorem 5. Suppose that Ty, Ci‘k,. Then by Lemma 6.6 we have that Consistent(T, k) =
Consistent(7" U Cék,, k). Since T' C CQ and ¢ < K/, we get that T C C%k,. Hence, Consistent(T', k) =
Consistent(T U CZ%,,, k) = Consistent(C<,,, k), as required.

Conversely, suppose that T is an f-local characterization of (C,k’,k). By Lemma 6.7 and
Lemma 6.8, there exists a k-non-signaling function F such that Pr[{a, F) = 0] = 1 for every
a € FZ; such that Tk «, and Pr[{a, F) = 0] = ﬁ otherwise. Since Tt « for every o € T,
it follows that F € Consistent(7, k), which implies that F € Consistent(CZ,,, k) as T is an £-local
characterization of (C, &/, k). This implies that T « for all a € Cik,, since for all such « it holds
that Pr[(a, F) = 0] = 1, and thus 7 b4 a. Tk CL,,, as required. - O

6.1 Proof of Lemma 6.6

It is clear that from the definition that Consistent(7, k) O Consistent(T U {a}, k) for all a € F™.
Below we prove the containment in the other direction. Suppose that T bk «, and let (a1 =
0", as,...,q, = a) be a path from 0" to a in I'y(C*,T). Let F € Consistent(T, k), that is, F is
a k-non-signaling function such that Vy € T, Pr[(vy, F) = 0] = 1. We prove by induction that for
i € [r] it holds that Pr[{«;, F) = 0] = 1.

For the base case of ¢ = 1 it must be the case that ay = 0. Therefore, Pr[(a;, F) = 0] = 1.
For the induction step let ¢ > 1, and consider the following three cases.

1. There exists j < i and b € F\ {0"} such that a; = barj. Then,
Pr{(cy, F) = 0] = Pr[b{ej, F) = 0] = Pr[{a;, F) =0] =1,
where the last equality uses the induction hypothesis.

2. There exist j < i and v € T such that a; = a; + v with |[supp(c;) Usupp(y)| < k. Since
F € Consistent(T, k) we have that Pr[(y, F) = 0] =1, as v € T.. Therefore,

Pr{{oi, F) = 0] = Pr[(a;, F) + (v, F) = 0] = Pr[{a;, F) = 0A (7, F) = 0] =1,
as required. Note that Pr[(a;, F) = 0A(7y, F) = 0] is well-defined since [supp(«;, ) U supp(y)| < k.

3. There exist ji, jo < i such that a; = a;, +a;, and [supp(a;,) Usupp(aj,)| < k. By the induction
hypothesis we know that Pr[(«;,,F) = 0] = 1 and Pr[{a;,, F) = 0] = 1. Thus,

Pr[(ai,]:> :0] :Pr[<aj17f>+<aj27f> :O] ZPI[<O‘j17F> :0/\<O‘j27f> :O] =1,

and therefore Pr{(a;, F) = 0] = 1. Again, we require |supp(a;,) Usupp(a;j,)| < k in order for
the last probability to be well-defined.

In particular, this implies that Pr[(a, F) = 0] = Pr[{a,,F) = 0] = 1, and hence F €
Consistent(T'U {a}, k). Therefore Consistent(7, k) C Consistent(7' U {a}, k), which completes the
proof of Lemma, 6.6.



6.2 Proof of Lemma 6.7

We define F specifying its local distributions Fg for each S C [n|<;. We define the function
Fs: F¥ — C by specifying its (local) Fourier coefficients as follows. We set the Fourier coefficient

Fs(a) to be ﬁ if « € V, and 0 otherwise.
We now show that each Fg is a distribution. For any f: .S — F we have

Fs(f) =Y Fslayxalf) = Y qlSXO‘(f):qlg 3 W)

a€FS a€Vcs a€Vcs

For each b € F, let V, C Vcg be the set of @ € Vcg where (a, f) = b. Let m: Vcg — F be the
map where m(a) = (o, f). Since Vcg is a subspace, 7 is a homomorphism. It follows that either
Vo = Vcs or |V = [Vl for every b € F. In the first case, )y wTrl@f)) = |Veg| > 0. In the
second case, N

S W) 2 3030 G0 2§ 0T <y S W™ — g

a€Vcs beF aceVy, beF beF

This implies that in either case, Fg(f) > 0, and so Fg is a distribution.
We now show that the collection of local distributions {Fg} SC[n]<, 18 indeed non-signaling.

This follows from Lemma 4.9. If o € V then we have that q|5‘j-";~(oz) =1= q‘R|]/-';g(a) for every
S, R € [n]<y, such that supp(a) € SN R, and otherwise we have q‘S‘j-"Tq(a) =0= q|R‘j-";z(a). Thus,
the collection of local distributions is a k-non-signaling function F.

It remains to show that F satisfies the desired property. Observe that for every «, q”]? (o) =
q|5“pp(o‘)‘fsupp(a)(oz) =1if o € V, and otherwise F(a) = 0. By Lemma 4.3 it follows that F has
the desired properties.

6.3 Proof of Lemma 6.8

Let V = {a € F" : T F; a}. We show that V is a k-local subspace. Let S C [n]<;. We need to
show that Vcg is a linear subspace of F". We first observe that 0" is always in the set, as T" F; 0"
always.

Let a € Vcg and let b € F\ {0}. Then we have that Tk a which implies that T, ba. Since
supp(ba) = supp(a) C S, it follows that ba € Vcg.

Let o, 8 € Vcg. Then, since [supp(«) Usupp(B)| < |S| < k we have that («,5,a+ ) is a
hyperedge in I'y. Thus, since T k. {a, 8} it follows that T' Fp a + . Since supp(a + ) C
supp(«) Usupp(B) C S, it follows that a + 8 € Vcg.

We have thus shown that Vcg is a linear subspace of F", which completes the proof.
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7 Non-testability of bivariate polynomials

In this section, we prove Theorem 1 and Theorem 2. The proof strategies for both theorems are
nearly identical, and rely on Theorem 3.

7.1 The case of the row/column test

We let C be the linear code of bivariate polynomials P: F? — [ of degree at most d in each variable,
and let T be the set of a’s in C* where the support of « is contained in exactly one row or column.
We define the rank of an element in C* to be

rankr(a) := min T
T'CT:a€espan(T")

Note that since span(T) = Ct, the rank of « is well-defined for all o« € C*.

Welet Ty = T<442 denote the subset of 7" that only contains elements whose support is contained
in exactly one row or column, and of weight d+2. With this notation, the non-signaling row /column
bivariate low-degree test (i) samples « <— Tj uniformly at random, and (ii) checks that (o, F) = 0.

The main theorem we prove is stated below, and is the formal statement of Theorem 1.

Theorem 6. For every k with 2d+ 2 < k < 3—72(d + 2)2, there exists a k-non-signaling function
such that Pr[(a, F) = 0] = 1 for every o € Ty, and yet Nogro(F, F') > (1 — ﬁ) for every (2d + 2)-
non-signaling function F' that is (C,2d + 2)-explainable.

We begin the proof of Theorem 6 by showing the following lemma. This lemma follows from
earlier statements, and outlines a sufficient condition to prove Theorem 6

Lemma 7.1. Suppose that there exists a* € CL with wt(a*) = 2d + 2 such that for every
k< 3—72(d+2)2 it holds that T V. «*. Then for every k with 2d +2 < k < 3—72(61 + 2)? there
exists a k-non-signaling function F such that Pr[(a, F) = 0] = 1 for every a € Ty, and yet
Aogio(F,F)>1— ﬁ for every (2d + 2)-non-signaling function F' that is (C, 2d + 2)-explainable.

Proof. Applying Lemma 6.7 and Lemma 6.8, for every k with 2d +2 < k < 312(d + 2)2, we
get that there exists a k-non-signaling function F such that Pr[(o, F) = 0] = 1 for every a €
Ty and Pr[{a*,F) = 0] = Ifll' Let F' be a (2d 4+ 2)-non-signaling function that is (C,2d + 2)-
explainable. Since for every S C F? with |S| < 2d + 2 we have that Pr[F/(S) € Cl|s] = 1 and
o* € C* has wt(a*) = 2d + 2, it follows that Pr[(a*, F') = 0] = 1. Therefore, Agg o(F,F') >
Pr[{a*, F) = 0] = Prl[(a*, F) = 0] = 1 — . O

Therefore, by Lemma, 7.1 it suffices to find such an o*. We let o € Ct be any constraint where
supp(«) has size 2d 4+ 2 and is contained on the diagonal of F"*" i.e. {(a,a):a € F} CF"*". We
note that o* is one of the constraints that checks that P(¢,t) is a univariate polynomial of degree
at most 2d in t.

We show that o* satisfies the desired properties in two main lemmas. We first show the following
generic lemma, which gives us a way to prove that Tty o*.

Lemma 7.2 (Interval cut Lemma). Fiz o € C*. Suppose that there exists 7 € R with 2 < r <
rankr(a) such that for every B € Ct with rankp(B) € [r/2,r) it holds that T t/y 3. Then T ty, o
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We then show that every o € Ct of rank in [(d + 2)/4, (d + 2)/2] must have large weight,
implying that they are not reachable from 0" in Fk(CJ-, T) when k is small.

Lemma 7.3. For every f € C* with rankp(B) € [(d + 2)/4,(d + 2)/2] it holds that wt(B) >
L(d+2)% In particular, if k < 55(d+ 2)? then T iy, B.

With the above two lemmas, we now finish the proof of Theorem 6.

Proof of Theorem 6. Let k < 3—72((1—1— 2)2. We first observe that ranky(a*) > 2d+2, as every element
of T contains at most one non-zero point on the diagonal. Since k < 312(d+ 2)2, Lemma 7.3 implies
that Tt/ 8 for every 8 with ranky(8) € [(d+ 2)/4, (d+2)/2]. Thus, by Lemma 7.2 it follows that
Tt/ o*. Hence, o satisfies the assumptions of Lemma 7.1, and so applying Lemma 7.1 completes
the proof of Theorem 6. O

Next we turn to the proofs of Lemma 7.2 and Lemma 7.3.

Proof of Lemma 7.2. First, observe that by definition of rank, rankp(a; + a2) < rankp(aq) +
ranky (). By the assumption of the lemma, there exists » € R with 2 < r < rankp(a) such
that for every 8 € C* with ranky(3) € [r/2,7) it holds that T I/, 3. We need to show that T I, a.

Suppose toward a contradiction that Tk «. Then there exists a path (ai,...,a; = «) in
[',(C*,T) from 0" to a. Let S; be the set of a;’s such that rankz(;) < /2, and let Sy be the set
of a;’s such that rankp(a;) > r. Note that S; U Sy = {a1,..., o}, as otherwise there would exist
some ¢ such that «; has rank in [r/2,r), which would contradict the assumption that 1" Fj «a; for
all i € [t].

Since rankp(«) > r it follows that o € S, and hence Sy # ). Let £ be the smallest index
such that ay € Ss. We have that oy # 0™ since oy € Sa, and there does not exist ¢ < £ and
b € F\ {0} such that ay = b, as then ranky(a;) = rankp(ay) > r, thus contradicting the
minimality of £. Suppose that there exists ¢ < ¢ and v € T such that ay = «o; + . By the
minimality of ¢, we must have that «; € S, and hence r < rankp(ay) < ranky(a;) + ranky(y) <
r/24+1<71/247r/2 =r, which is also a contradiction. Therefore, there must either exist ji,jo < £
such that oy = aj, + oj,. By the minimality of ¢, we must have that aj,,a;, € S1, and hence
r < ranky(ag) < rankp(cy,) + rankp(ey,) < /2 +1r/2 = r, which is, again, a contradiction. In all
cases we have reached a contradiction to the assumption that Tk a, which completes the proof
of Lemma 7.2. O

Remark 7.4. We note that in the foregoing proof we only required that rankr is subadditive, i.e.,
that ranky(a; + a2) < rankp(ay) + rankp(ae), rankr(a) = 1 for every a € T', and ranky(0") = 0.
Thus, the Interval Cut Lemma holds for any such subadditive function.

Proof of Lemma 7.5. Let B € Ct be such that ranky(8) = r € [%, %} We show that wt(3) >
312(d +2)2. Since B € span(T), we can write 3 = S5, B +>4_, B}, with s 4+t = r, where each
Bi € T is a constraint whose support is contained in exactly one row, and each 3}, € T is a constraint
whose support is contained in exactly one column. Note that there are no ¢ # j € [s] such that
supp(f;) and supp(f;) are contained in the same row, as otherwise we could use §;; = B; + 5
instead of the two terms, which contradicts the assumption that ranky(8) = r. Similarly, there are
no ¢ # j' € [t] such that supp(f) and supp(f3},) are contained in the same column.

Observe that for any i € [s],4’ € [t] it holds that |[supp(8;) Nsupp(B})| < 1. Therefore, wt(8) =
wt(3 5, Bi+ Doy Bh) > o5 wt(Bi) + St wt(B)) — 2st. The term —2st comes from the fact
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that if ‘supp(ﬂi) Nsupp(5,)| =
point, and we have counted this point twice: once in wt(f;) and once in wt(f3},). Therefore, using
that fact that s +¢ = r and that wt(3;), wt(53),) are at least d + 2 for every i € [s],i € [t] we get

B) > iwt(ﬂi) + Zwt(@{/) — 25t > (s +t)(d+2) — 25t > r(d+2) —r?/2 ,

where the last inequality uses the fact that st = — s) is maximized when s = ¢ = r/2. Finally,
d+2

s(r
the function f(r) = r(d +2) — r%/2 for r € [%, %2] is minimized when r = %=, and hence
(d

(d+2)? 7
32 32
as required. 0

w(8) > r(d+2) /2 > L2 T+,

7.2 The case of the random lines test

We now prove Theorem 2. The random lines test for total degree d works as follows. Given
a function f:F2 — T, the test: (1) samples a random line L from the set of all lines in F?;
(2) samples a random subset S C L of size d + 2; (3) checks that f|s is a univariate polynomial of
degree d. Similar to before, we let C be the set of bivariate polynomials of total degree d and let
T be the subset of C containing all a’s where supp(«) is contained on a line. We let Ty = T <d42-
The random lines test is equivalent to sampling a random « € Ty and checking that (a, f) = 0.

Formally, we prove the following theorem, which is the analogue of Theorem 1 for the random
lines test.

Theorem 7. For every k with 2d+ 2 < k < 1—36(61 + 2)2, there exists a k-non-signaling function
such that Pr[{a, F) = 0] = 1 for every o € T, and yet Aogio(F, F') > (1 — ﬁ) for every (2d + 2)-
non-signaling function F' that is (C,2d + 2)-explainable.

The proof of Theorem 1 for the row/column test implies that in order to show Theorem 7, it
suffices to show the following lemma.

Lemma 7.5. There exists a* € C*+ where wt(a*) = 2d + 2 and rankr

(a*) > (d+2)/2, and for
every o € CL with rankp(a) € [(d +2)/4, (d +2)/2) it holds that wt(a) > =

5(d+2)%

Proof. For any bivariate polynomial P(x,%) of degree d, the polynomial P(t,t?) has degree < 2d.
Therefore, there exists at least one a* € C+ that checks that P(t,¢?) has degree < 2d. In particular,
this a* has wt(a*) = 2d + 2 and has support contained on the curve 22 — y = 0. Since the curve
2 —y = 0 is irreducible in Flx,y], any line L intersects the curve on at most 2 distinct points.
It follows that rankp(a*) > (2d +2)/2 = d + 1, as any constraint 8 € T can only have at most 2
points on the curve 22 — y = 0.

Let 8 € C* be such that ranky(3) = r € [(d+2)/4, (d+2)/2]. Then there exist lines L1,..., L,
such that 3 =", B; where supp(8;) C L;. The L;’s must be distinct, as otherwise we could add
two constraints contained in the same line and we would then get ranky(8) < r. We have that
wt(8;) > d+ 2 for each i. Hence, wt(8) > r(d+2) —2(}), since each f; contributes at least d + 2 to
the weight, and there are at most (g) intersection points as each of the r lines is distinct. It follows

that wt(8) > r(d+2) —r? > 3(d+2)? asr € [(d+2)/4, (d+2)/2], which completes the proof. [
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8 On robust local characterizations

In this section we prove Theorem 4. In Section 8.1 we prove part 1 of the theorem, and in Section 8.2
we prove part 2. Finally, in Section 8.3 we show that Theorem 4 is tight for the repetition code
and is tight up to a constant factor for the Hadamard code.

8.1 Part 1 of Theorem 4

We prove part 1 of Theorem 4. In order to do this, we must first formally define nsranky. We define

nsranky(a) := m};n costp(a)

where the minimum is taken over all paths P from 0" to a in T'x(C*,T), and costp(a) is defined
according to the following definition:

Definition 8.1. Let P = (aq,...,a,) be a path from 0" to a in T)(CH,T) as in Definition 6.4.
For each i € [r], we define costp(a;) recursively as follows.

1. (Base case) costp(ay) = costp(0™) = 0.

2. (Edge type 1) if there exists j < i with (aj,04) € E such that oy = bay; for some b € F\ {0},
then costp(o;) = costp(a;).

3. (Edge type 2) if there exists j < i with (¢, ;) € E such that a; = oj + for some v € T', then
costp(cy) = costp(a;) + 1.

4. (Hyperedge) if there exists ji,jo < i with (aj,,aj,, ;) € H, then costp(oy;) = costp(ay,) +
costp(ay, ).

If more than one of the above cases hold for a particular «;, then costp(«;) is defined to be the
minimum over all possible cases.

Intuitively, the function costp(-) is counting the number of edges of the form (o, a + ) with
~v € T that are used in the path P, only one can use hyperedges and they cost more. The cost of
taking a hyperedge (o, 3,a + ) is equal to the cost to reach « plus the cost to reach f.

We note that nsrankr(«) implicitly depends on k. In fact, when k£ = n we have that nsrankz(a) =
rankp(«), which motivates nsrank as a non-signaling analogue of rank.

Using the definition above, we prove part 1 of Theorem 4. Suppose that F is a k-non-signaling
function such that Pr[(a, F) = 0] > 1 — ¢ for every aw € T. Let a € FZ, be such that T'F; o. We
show that Pr[(c, F) = 0] > 1 — nsrankp(a)e. -

Let P = (a1,...,q;) be a path from 0" to a in T'y(C*, T) such that costp(a) is minimal, i.e.,
such that nsrankr(«) = minp costp(«). Let costp(a;) be the non-negative integers assigned to each
a; € P. We prove that for all ¢ € [r] it holds that Pr[{a;, F) = 0] > 1 — costp(c;)e. The proof is
by induction on i.

For the base case of i = 1 indeed holds Pr[(ay,F) = 0] =1 =1 —costp(ai)e. For the induction
step let ¢ > 1, and consider the following three cases.

1. If a; is reached using an edge of the form (o, a; = bayj) for some b € F\ {0} and j < 4, then
costp(cy) = costp(a;). By the induction hypothesis Pr(a;, F) = 0] > 1 —costp(a;)e, and hence

Pr[{a;, F) = 0] = Pr[(baj, F) = 0] = Pr[({ej, F) = 0] > 1 — costp(cj)e =1 — costp(ay)e .
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2. If «; is reached using an edge of the form (o, a; = oj + ) for some v € T and j < i, then by
the induction hypothesis Pr[(a;, F) = 0] > 1 — costp(c;)e, and hence

Pr[{a;, F) = 0] = Pr[{aj+7, F) = 0] > Pr[(j, F) = OA(7y, F) = 0] > 1—costp(a;)e—e = 1—costp(a;)e ,
by union bound. Therefore, also in this case Pr[{a;, F) = 0] > 1 — costp(a;)e.

3. Otherwise, «; is reached using a hyperedge (o, oj,, 0 = o, + «j,), then
Pr[{a;, F) = 0] = Pr[{aj, +aj,, F) = 0] > Pr[{a;,, F) = 0N (e, F) = 0] > 1—costp(c, )e—costp(ay, )

by the induction hypothesis and union bound. Since costp(c;) = costp(a;,) + costp(aj,), it
follows that Pr[(a;, F) = 0] > 1 — costp(a;)e, as required.

By induction, we conclude that Pr[{a, F) = 0] > 1 —costp(a,)e = 1 —nsranky(a)e, which completes
the proof.

8.2 Part 2 of Theorem 4

We prove part 2 of Theorem 4 by showing the following lemma.

Lemma 8.2. Let cost: F" — Z>o be a function such that for every o € F", if o = Y 1" | ey,
then cost(ar) = >, ocost(e;). Let M:F" — F" be a linear transformation. Let W be a k-local
subspace, and let € > 0 be such that 1 — qﬁ—lcost(Ma)e > 0 for every o € W. Then there exists
a k-non-signaling function F such that Pr[{a, F) = 0] = 1 — cost(Ma)e for every o € W, and

Pr[{a, F) = 0] = Ifll otherwise.

Part 2 of Theorem 4 follows from Lemma 8.2 by setting cost(e;) = 1 for each i € [n], and letting
M be the identity matrix.

Note that the assumptions on cost in Lemma 8.2 imply that cost(0”) = 0, and for every o € F"
and b € F\ {0}, we have that cost(a) = cost(ba). In addition, if we let m;: F” — F be the projection
map « — «y, and let h;: F" — Z be the map which sends o +— 1 if a;; # 0 and «a — 0 otherwise,
then cost(a) = > | hi(a)cost(e;).

The following lemma will be used in the proof. We delay the proof of the lemma until after the
proof of Lemma 8.2.

Lemma 8.3. Let V C F" be a linear subspace. Then for every subspace Vo CV of co-dimension 1
it holds that q_% D aev\v, COSt(@) = 3 ey, cost(ar) > 0.

Proof of Lemma 8.2. As in the proof of Lemma 6.7, we define each Fg first as a function F¥ — C
by specifying its Fourier coefficients. In particular, we set Fg = ﬁ (11— qﬁ—lcost(M a))ifaeW,
and 0 otherwise.

We now finish the proof assuming that each Fg is in fact a distribution. By Lemma 4.9, it follows
that the collection of local distributions F = {Fs}gcn)., is k-non-signaling, and by Lemma 4.3 it
follows that F has the desired properties, completing the proof. -

It remains to show that each Fg is a distribution. Since cost(0") = 0, we have that Fg(0%) =
ﬁ, and hence 3 rcps Fs(f) = 1. So, it remains to show that Fs(f) > 0 for each f € F,
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Let V = Wcgs. Note that by definition of Fg we have that

-3 A@wn -3 (1-

acFs agV

q R ()
1cost(Ma)5> q|s|w ,

since j'_jq(a) = 0 when a ¢ V. For any o € V, if («, f) = 0 then ZbeF\{o} w T f) — g 1,
Otherwise, ZbeF\{O} w-Tr((besf)) — _q.

Let Vo C V be the subspace containing all a € V such that (o, f) = 0. Since cost(M«a) =
cost(M (ba)) for all b € F\ {0}, the above computation shows that

¢°IFs(f) = Z (1 o d 1cost(Ma)a> + ;11 Z (1 _

a€Vy q a€V\Vo

4 1 cost(Ma)a)

There are two cases. If Vg =V, then ¢¥| Fg(f) = D eV (1 — q%cost(Ma)s) > 0 by assumption.

If Vo €V, then V) is a subspace of co-dimension 1, as it is specified by one linear constraint. Let
v € V\ V. Then

q‘S‘]:S(f):Z lqzlcost(Moz)sqL__ll- Z 1-— qlcost(M(a+b7))s

aeVo 9 bervioy 1T
1
= 1€ Z —cost(Ma) + T Z cost(M (o + by))
- a€Vo =5 yeryo}

If M~ = 0", then we have that cost(Ma) = cost(M (a+by)) for every b € F, which implies that
the above sum is 0. Hence, Fg(f) > 0 in this case. If M~ # 0", then MV, C MV is a subspace
of co-dimension 1. The remainder of the proof follows from Lemma 8.3 applied to the subspaces

MYy C MV. O

We now prove Lemma 8.3

Proof of Lemma 8.5. Let Vy C V be a subspace of co-dimension 1. Since Vy # V), there exists an
element v € V' \ V. We have that

1 1
1 Z cost(« Z cost(a Z —cost(a) + 1 Z cost(a + by)

OzGV\Vo ac)y aE)y q b£0
n
Zostel Z h()—i-th (a4 by)
i=1 a€Vo q b£0

Let ¢ € [n]. Observe that if v; = 0, then —h;(a) + q% > bzo i+ by) = 0 for every a € V.
Let i € [n] such that ; # 0. Observe that if hj(a) = 0, then —hi(a) + 15 Yy hi(e + by) =
1, as hi(a + by) = 1 for every b € F\ {0} as 75 # 0, and h;(a) = 0. If hi(o) = 1, then

—h;(a ) + = L Zb ghila + by) = —q_%, as then there exists a unique b* € F\ {0} such that
hi(a 4 b*y) = and hi(a + by) =1 for all other b.
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Now, either h;(a) = 0 for every a € Vy, or hi(a) = 1 for some a € Vy. In the first case,
we have that >, (—hi( )+ ﬁZb;ﬁo (v +by) ) Vol > 0, as each term in the sum is
1. The second case is more complicated. If hj(or) = 1 for some a € Vp, then we have that
v (~hil@) + 5 Sy hler+57)) = l{ar € Vot hife) = 0}] — 71 [{or € Vo hi(e) = 1}].
this case, the linear homomorphism 7;: Vy — F has m;(a)) # 0 for some « € Vy, which 1mphes that
HaeVy:m(a) =0} = [{a€Vy:m(a) = b}|forevery b € F. Inpartlcular {a€Vy: hi(a) =0} =
q% [{a € Vo : hi(a) = 1}]. This implies that 3~ ., <—hi( )+ ﬁ > bzo hila + by)) = 0. Hence,

L Z cost(a Zcost zn:cost(ei)z —hi(a )+7Zh (a+by)| >0,

qg—1 , q—
aeV\Vo a€)y =1 a€Vy b£0

as Y ey, (—hi(a) + q%l > bzo hila+ b’y)) > 0 for each i € n. O

8.3 On the tightness of Theorem 4

We now show that Theorem 4 is tight when C is the repetition code and is tight up to a factor of
3 when C is the Hadamard code. We begin by stating the following proposition.

Proposition 8.4. Let T be a set of local constraints, and let k > 0. Then,
e nsrankp(a) > rankp(a).
e nsranky > wt(a) /¢, where { = max e wt(a).

The first statement follows immediately from the fact that any path of length 7 in the Cayley
hypergraph can be mapped to a path of length < r in the Cayley graph. The second statement
follows immediately from the first one and the fact that if rankp(a) = r then wt(a) < r/.

Let C be the Hadamard code and T' = {e, + ey — ex4y : z,y € F"}. In [CMS18] it is shown
implicitly that nsrankr(a) < wt(a) — 2. The above shows that nsrankp(a) > wt(a))/3. This implies
that for the Hadamard code, Theorem 4 is tight up to a factor of 3.

We now show the following lemma, which implies that Theorem 4 is tight for the repetition
code.

Lemma 8.5. If C = {0",1"} C {0,1}" is the repetition code and T = {e; +e; : 1,5 € [n]} is the
canonical test, then nsrankp(a) = wt(ar)/2.

Proof. Observe that Ct = {a € {0,1}": 3. | a; = 0}. Note that in particular, wt(a) is even for
every a € C*+. Let a € C*, and let 4y,...,i, be the set of indices in [n] such that a;; # 0. Then
a = (e, +eiy) + (€5 +eiy) + -+ (i, +ei) = a1+ -+ agp. Observe that if T by «a, then
wt(a) < k. Hence, the above gives a path in the Cayley hypergraph to « of length ¢/2, and so
nsrankr(a) < ¢/2. The earlier proposition implies that nsrankr(a) = ¢/2, completing the proof. [
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