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Abstract

We prove that the OR function on n bits can be point-wise approximated with error e
by a polynomial of degree O(k) and weight 20(18(1/2)/k) for any k > \/nlog(1/e). This
result is tight for £ = (1 — ©(1))n. Previous results were either not tight or had ¢ = Q(1).
In general we obtain a tight approximation result for any symmetric function. Building on
this we also obtain an approximation result for bounded-width CNF. For these two classes
no such result was known.

One motivation for such results comes from the study of indistinguishability. Two dis-
tributions P, @) over n-bit strings are (k, d)-indistinguishable if their projections on any k
bits have statistical distance at most . The above approximations give values of (k,d) that
suffice to fool OR, symmetric functions and bounded-width CNF, and the first result is tight
for all k£ while the second result is tight for £k = (1 — ©Q(1))n. Finally, we show that any
two (k, d)-indistinguishable distributions are O(n)*2é-close to two distributions that are
(k,0)-indistinguishable, improving the previous bound of O(n)"s.

1 Introduction

The idea of approximating boolean functions point-wise using real-valued polynomials of
“low complexity” has been a powerful tool in theoretical computer science. A natural notion
of complexity of the polynomial is its degree, extensively studied since the seminal work by
Nisan and Szegedy [NS94]. We can also consider the weight of the approximating polynomial,
that is the sum of absolute value of its coefficients. This is a more interesting quantity when
studied in conjunction with degree, because for example the parity function has weight 1
when we allow the degree to be n, but it requires exponential weight for degree 0.001n as
our results will show. The weight also depends on the basis we use: the parity function
and the OR function have constant weights over {—1,1}" for degree n but they require
exponential weights over {0,1}" (see Section [7)). But interestingly we have low-degree low-
weight approximations of AND over {0,1}", as discussed later.

Bounds on the weight of approximations have several applications, ranging from differen-
tial privacy [CTUW14], to attribute efficient learning [KS06l [STT12], and to indistinguish-
ability [BW17].

Bogdanov and Williamson [BW17] showed tight tradeoffs for approximating OR over
{—1,1}" within constant error. To set context, recall that the approximate degree of OR
is ©(y/n) [NS94]. They showed that OR can be approximated in degree O(k) and weight
20(n/k) for k > \/n, and this is tight. Prior to their results, Servedio et al. [STTT2] showed

1 ISSN 1433-8092



w = 25("/k); Chandrasekaran et al. [CTUWI14] showed w = 20(n10g*(1/2)/k) for error ¢ when
k > y/nlog(1/¢); Bun and Thaler [BT15] showed w = 22(/k).

Apparently little was known for arbitrary symmetric functions and non-symmetric func-
tions.

1.1 Our results: approximate degree-weight

We prove a tight result for approximating the OR function. This refines the result in [BW17]
by including the dependency on the error €, and the upper bound improves on the result in
[CTUWI14] by getting a better dependence on log(1/¢) and removing the other log terms.
Jumping ahead, this improvement is critical to obtain our result for t-CNF, because we will
need to set € exponentially small.

We state the upper and lower bounds as separate theorems. Note that in the lower
bound for £ < §n we have olen/k=1)log(1/e) > genlog(l/€)/2k g4 the upper bound is tight for
E=(1-Q))n.

Theorem 1.1. For everye, n, k satisfying v/nlog(1/e) < k < n, OR,, can be e-approximated
over {—1,1}" in degree O(k) and weight 20(n10g(1/e)/k),

Theorem 1.2. There exists a constant ¢ < 1 such that for every e, n, k < n, if a polynomial
p e-approzimates OR,, over {—1,1}" in degree k, then its weight is at least len/k=1)log(1/e)

These theorems are special cases of the following results for symmetric functions (a
function is symmetric if its value only depends on the Hamming weight of the input). For
0<t< %, let SYM,,; denote the class of symmetric functions such that ¢ is the smallest
number to make these functions constant on inputs of Hamming weight in (¢,n —t). To set
context, the e-approximate degree of any f € SYM,, ; is @( n(log(1/e) + t)) [Pat92l, dW0S].

Again we state the upper and lower boundes separately.

Theorem 1.3. For every e, n, t, k satisfying \/n(log(1/e) +t) < k < n, every function
f € SYM,,; can be e-approzimated over {—1,1}" in degree O(k) and weight 20 (n(log(1/e)+t)/k)

Theorem 1.4. There erists a constant ¢ < 1 such that for every e, n, t, and k with k < §n
and 0 <t < %, if a polynomial p e-approzimates f € SYMy,; over {—1,1}" in degree k, then
its weight is at least 29 (log(1/e)+)/k)

Independently and concurrently, Bogdanov et al. [BMTWI9] obtained a similar result
with a slightly weaker upper bound.
We then move to non-symmetric functions. A ¢-CNF is a CNF with clauses of size t.

Sherstov [Shel8] proved that the e-approximate degree of ¢-CNF is Oy (nt%l(log(l / 5))t4%1>
For t = 2 and constant ¢ this is O(n2/ 3). We prove the following degree-weight approximation
for t-CNF, which recovers [Shel8|] and shows that the larger the degree k the smaller the
weight w we can have, up to about w = 20 YY) For ¢ = 2 the latter is 20(v7),

1
Theorem 1.5. For every e, n, t, k satisfying ntw%l(log(l/s))tfl < k < n, there exists
constant ¢; depending on t such that any t-CNF can be e-approximated over {—1,1}" in
degree c; - k and weight gcen(log(1/e))"/* /"

1.2 Indistinguishability

One of our motivations for these approximation results comes from our interest in indistin-
guishability. Two distributions on n bits are called k-wise indistinguishable if the marginals



on any k bits are identical. It seems natural to ask which functions are fooled by k-wise indis-
tinguishability, or in other words cannot distinguish any two k-wise indistinguishable distri-
butions. Linear programming duality shows that k-wise indistinguishability fools a function
f if and only if the approximate degree of f is at most k [BIVWI6]. It could be a conve-
nient framework to prove approximate degree results, see for example the proof in [Viol7,
Lecture 6, 7] of the approximate degree of the so-called AND-OR tree [BT13| [Shel3].

We study a natural relaxation of indistinguishability [BIVW16], defined next.

Definition 1.6. Two distributions on n bits are (k,0)-indistinguishable if the marginals on
any k bits are §-close in statistical distance.

A function f:{0,1}" — R is e-fooled by (k, §)-indistinguishability if for any two (k,d)-
indistinguishable distributions P and Q we have |E[f(P)] — E[f(Q)]| < €.

Actually in the aforementioned paper, Bogdanov and Williamson [BW17] proved tradeoff
results in terms of (k,d)-indistinguishability. They showed that if f can be e-approximated
over {—1,1}" in degree k and weight w, then f is e-fooled by (k, d)-indistinguishability for
d = ¢/w. Using this they showed that k& > \/n, (k,d)-indistinguishable fools OR for any
§ = 279/k)  They also show that this is tight.

1.3 Our results: (k,0)-indistinguishability

Using the above-mentioned connection in [BW17] (see also Theorem [2.5), tradeoffs between
degree and weight imply tradeoffs between k and §. Therefore the following “fools” theorems
for OR, symmetric functions, and t-CNF/DNF follow from our degree-weight tradeoffs upper
bounds for approximating these functions.

Theorem 1.7. For everye, n, and k satz’sfyingQ( nlog(l/s)) <k<n, (k, 2_0(”1°g(1/5)/k))—
indistinguishability e-fools OR,,.

Theorem 1.8. For everye, n, t, k satisfying Q( n(log(1/e) + t)) <k<n, (k, 2~ O(n(log(1/e)+)/k)) _
indistinguishability e-fools any function f € SYM,, ;.

Theorem 1.9. For every e, n, t, k satisfying nt%l(log(l/a))t%l < k < n, there exists
constant ¢; depending on t such that (ct -k, 2_ct’”(log(1/5))l/t/kl/t) -indistinguishability e-fools
t-CNF /DNF on n variables.

We also prove the following “does not fool” theorems, matching the first two “fools”
results. Theorem [1.10] shows that Theorem is tight for all k& < n, while Theorem [1.11
shows that Theorem is tight for k£ = (1 — Q(1))n. Using Theorem they imply the
degree-weight tradeoff lower bounds in Theorem and This is how the latter are
proved in this paper.

Theorem 1.10. For everye, n, and k, (k, 2_9(”10g(1/5)/k)) -indistinguishability doesn’t e-fool
OR,,.

Theorem 1.11. There exists a constant ¢ < 1 such that for every €, n, t, and k with
k<cdnand0<t< 5, there erists function f € SYM,,; such that (k,2*9(”(1%(1/5)”)/’“))—
indistinguishability doesn’t e-fool f.

The independent work by Bogdanov et al. [BMTW19], mentioned earlier, also obtained
similar “does not fool” result for symmetric functions with constant ¢ (moreover, unlike
ours, their distributions do not depend on k).



Finally, we improve the result in [BIVW16] about k-wise indistinguishability vs. (k,d)-
indistinguishability, analogous to the k-wise independence vs. almost k-wise independence
results in [AGMO03, Theorem 2.1], [OZ18]. This result is tight because of the distributions
given in [O’D14, Theorem 1.2] when k is constant.

Theorem 1.12. If P and Q are (k,d)-indistinguishable, then they are O(e*n*/25)-close to
P’ and Q' that are k-wise indistinguishable.

1.4 Techniques

The proof of Theorem follows the proof in [OZ18], which applies to independence rather
than indistinguishability.

Existence of low degree-weight polynomials. As observed in [STT12, BW17], the
Chebyshev polynomials Tj; has degree d and weight 209 and by composing it with the
monomial 2%/, which has high-degree but weight just one, we can get a polynomial Td(xk/ d)
with larger degree O(k), whose weight is still 2°(?)| and maintains some of the properties of
Chebyshev polynomials. For example it is bounded on [0, 1] and has derivative > d?- § > kd
for x > 1. At a high level, Theorem and follow by applying such an idea to the
constructions by Sherstov [Shel§].

“Does not fool” theorems. The notion of fooling by (k, d)-indistinguishability does
not seem to have a dual characterization, because there does not seem to be a way to express
statistical tests in the dual LP. Indeed in Theorem while we are considering the weight
of the approximations in the dual, we are essentially restricting the statistical tests to the
parity tests in the primal, which are not equivalent and can be separated easily for small-bias
distributions [NN93|. Therefore degree-weight tradeoff lower bounds do not imply “does not
fool” results. Instead we use a different method.

For Theorem and we reduce it to the case of k-wise indistinguishability (that
is 6 = 0) by Lemma 5.1} generalizing the proof in [BWI17]. By inserting 0’s into some
random indices, we generate (k, §)-indistinguishable distributions from k’-wise indistinguish-
able distributions while keeping their Hamming weight, for suitable settings of k, §, and &'
Then the result follows from approximate degree lower bound of symmetric functions.

1.5 Organization

In Section [2| we provide useful facts about Chebyshev polynomials, weights, and its con-
nection to (k,d)-indistinguishability. In Section |3| we prove Theorem In Section {4f we
prove Theorem for symmetric functions and in particular Theorem for OR, thus also

proving Theorem and We prove matching lower bounds (Theorem
1.11)) in Section |5, In Section |§| we prove Theorem and for t-CNF. We show that

PARITY and OR require exponential weight over {—1,1}" in Section |7 Finally we list some
open problems in Section

2 Preliminaries

Let [n] denote the set {1,2,...,n}.
Weight of polynomials. We denote the weight of polynomial p by ||p[|. Over {—1,1}",
llp|l is the ¢1 Fourier weight of p [O’D14]. It has the following properties.

Claim 2.1 ([Shel8| Fact 2.7]). For any polynomials p and q,
o llapll = |a| - llpll for any a € R;



o [lp+dqll < llpll + llall;
o [lp-all < llpll - llall-
Claim 2.2 ([BWI17, Fact 8, 9]). For any univariate polynomial p of degree k,
(i) if q(x) = p(az’ +b) where |a| + [b] > 1 and t > 1, then ||| < (la| + [b)*|Ip]l;
(ii) if q(z1, ..., 2n) = p(3oiiy wi/n) then |lqll < |Ipl.

Boolean basis and Fourier basis. For Boolean functions, traditionally we use 0
for False, and 1 for True, which is called the Boolean basis. Alternatively we can also use
the Fourier basis, where 1 is used for False and —1 for True. In some cases the Fourier
basis is more convenient as negation of variables becomes negation of values; while in some
other case the Boolean basis is more convenient as multiplication is equivalent to AND. The
Hamming weight of a string is the number of bits representing true.

The degree of a polynomial is basis invariant, but the weight is not. The following lemma
shows one direction.

Lemma 2.3. For any polynomial f: {0,1}" — R on the Boolean input basis, we have a
polynomial representing the same function on the Fourier input basis with the same weight.

Proof. Define g: {—1,1}" — R by g(x) = f(l 5, 1= 52, A 29”"), and the result follows

from a multivariate version of Claim [2.2] (i) with |a| + [b| = 1. O

Chebyshev polynomials. Chebyshev polynomials (c.f. [Che9§|), denoted as Ty for
each degree d, is a sequence of orthogonal univariate polynomials that can be uniquely de-

d d
fined by Ty(cos ) = cos dx for each d. Its value is given by Ty(x) = %((w + Va2 — 1) + <CE —Va? — 1) )

Claim 2.4 (c.f. [Shel8 BWIT]). For degree-d Chebyshev polynomial Ty, we have the fol-
lowing properties:

(1) Ta(1) = 1;
(ii) Ty(cos(22m)) =0, fori € [d];
(111) |Ty(2)| <1 for z € [-1,1];
(iv) Ti(t) > d? fort € [1,00), so Ty is monotonically increasing on [1,00);
(v) Ty(1+46) > 2051 for § € [0,1];
(vi) | Tall < 2%.

Fooling by (k, §)-Indistinguishability. The following theorem shows that low-degree
low-weight approximation implies fooling by (k, d)-indistinguishability.

Theorem 2.5 ([BWI1T7]). Given any function f: {—1,1}"* = R, for any k and 6 we have

Elf(P)] - E < in 24 26]gl.
po Bax EFP)-Ef@) < min 2+ 20l
deg(g)<k

3 Proof of Theorem [1.12

More generally we are going to prove that for any k£ < n, any two distributions P and @
over {—1,1}" are w-close to some k-wise indistinguishable distributions P’ and @', where

w = ek\/2|5|§k(E[XS(P)] - E[XS(Q)])2

To prove this theorem, we need the following lemmas.




Lemma 3.1. Let ¢: {—1,1}" — RZ2% be a polynomial of degree at most k, then

o= | 6(5)2 < ko(2).
|S|<k

Proof. This lemma is essentially the same as Lemma 2.1 in [OZ18]. We have

I9ll2 = E[¢*(2)] < e*El|¢(2)]] = " El¢(z)] = e"6(2),

where the first step comes from Parseval’s Theorem (JO’D14] Section 1.4]), the second step
holds by hypercontractivity ([O’D14, Theorem 9.22]), the third step follows from the fact
that ¢(z) > 0 for all z, and the last step follows from standard Fourier analysis ([O’D14],
Proposition 1.8]). O

Lemma 3.2 (Farkas’ Lemma). Let A € R™™ and b € R™. Then exactly one of the
following two statements is true:

1. There exists an x € R™ such that Ax = b and © > 0.

2. There exists a y € R™ such that ATy >0 and by < 0.

Proof of Theorem[1.13. Given distributions P and @, let bs = E[xs(P)]—E[xs(Q)] for each
|S] < k. We are going to find distributions P” and Q" such that for all 1 < |S| < k,

_bs
23

Elxs(P")] — E[xs(Q")] =

Suppose such P” and Q" exist, then we set P/ = Pl++f” and Q' = Q;“ff". Then the

statistical distance A(P, P') < 1f:w < w and similarly for Q and Q’. We also have
1
Elxs(P")] - E[xs(Q")] = H(E[XS(P)] —E[xs(Q)] + w(E[xs(P")] - E[xs(Q")])) =0,

for all 1 < |S| <k, therefore P’ and Q)" are k-wise indistinguishable.

To prove the existence of P” and @Q”, we write it as an LP feasibility problem with
variables p(z) for € {—1,1}" corresponding to P”(x) and ¢(z) for Q”(x), and the following
constraints.

Yzef—11y P(@) =1
er{—m}" q(z) =1
> aei—11ym XS (@)p(r) = X peq_11ym Xs(@)q(z) = _%S for each 1 < |S| <k

p(z) >0 for each z € {—1,1}"
q(xz) >0 for each z € {—1,1}"

By Farkas’ Lemma, to prove that it is feasible is equivalent to prove that the following
LP is infeasible, with unconstrained variables yg, y,, and yg for 1 < |S| < k.

Yo + 2 1<|s)<k Ysxs(z) = 0 for each x € {—1,1}"
Yo — 21<|s|<k Ysxs(@) = 0 for each z € {-1,1}"
Yo + Yo — w Di<|s|<k Ysbs <0

To prove that it is infeasible, it suffices to prove that any assignments satisfying the first
two sets of constraints must violate the third one. Summing up the first set of constraints
for all z € {—1,1}", we get yz > 0, and similarly we have y, > 0. Now define a polynomial



o= ?J®+21<\S|<kz YsXs, then the degree of ¢ is at most k and the first two sets of constraints
become -

¢(z) > 0 for each x € {—1,1}",
é(x) < yu + yy for each z € {—1,1}".

By Lemmawe have ,/Z|S|§k y% < efyg, and we set w = eF, /Z|S|§k b%. Note that we

have w = O(e*n*/2§) when P and Q are (k,d)-indistinguishable. Therefore

1 1 1 *yz
2 2 2 _ /
o 2 wsbs < D luslbsl < Zys\/zb <SR S A sk

1<|S|<k 1<[S|<k si<k\ ISI<k

where the second inequality holds by Cauchy-Schwarz. This violates the third constraint
thus completes our proof. O

4 Proofs of Theorem [1.1], 1.3], 1.7, and

Every symmetric function is a linear combination of the characteristic functions of each level
of the Boolean hypercube, given by EXACT,,,: {0,1}" — {0,1} as

1oif > =,

EXACTn,T‘("L‘) = { 0 otherwise.

Note that both EXACT,,; and EXACT,, ,— belong to the class SYM,,; for 0 <t < 5. The
following theorem gives approximating polynomials with degree-weight tradeoff behaviors
for EXACT,, ,,—¢ on the Boolean input basis for arbitrary accuracy, thus also on the Fourier
input basis by Lemma In particular, as AND,, = EXACT,,,, € SYM,, o, this theorem
gives approximations for AND,, with degree-weight tradeoff behaviors for arbitrary accuracy
on both input basis.

Theorem 4.1. For every ¢, k, n, t such that \/n(log(1l/e) +t) <k <nand 0 <t < 3,

there is a polynomial p: {0,1}" — R that e-approzimates EXACT,, ¢ with degree O(k) and
weight 20(log(1/e)+t)/k)

Overview of the proof of Theorem
Our goal is to construct a univariate polynomial p* to e-approximate EXACT,, ,_; such
that [p*(L) — 1| < e for i =n —t and [p*(L)| < e for all i € [n] \ {n —t}. Besides, p* must

i i
n n
have the desired degree and weight.
We can already get a good approximation using Chebyshev polynomials. Let

2
(=log=+t, d=nl.

Without loss of generality assume d € N, define univariate polynomials qgg and pg by
—t
W) =T ) mle) =m0

For z € |0, "T_g], we have - -z < 1 thus by Claim we have ‘qo(%)‘ <1lforalli=
0,1,...,n — £. The value of qg(”T_t) is also large enough, as by Claim we have

q0<n . t> - Td<1 riz tg) N e

n 9

)

7



where the third step uses ;" > 1 and £ > {—t. Therefore !pg(%)} <eforalli=0,1,...,n—¢
and po(%) = 1 for ¢ = n — t, thus pg is a good approximation for these i’s. We have
deg(po) = d and ||po|| = 2°9), which are fixed by n, t, and e.

To get approximations that have degree-weight tradeoff, we would decrease d and increase

the power of = - z inside Ty accordingly. We use the same ¢, and for any k > v'n/, let

nt

d= —
k?

thus d decreases when k increases. Without loss of generality assume d,g € N, define

a(z) = Td<(n”£ .Z>5>7 () = a1(2)/an (”n_t)

Similarly we have |q1 (%)’ <lforallt=0,1,...,n— ¢ We also get

k
—t -1\ -t k =tk _ 1
q1 z =Ty 1+ — >Ty 1—|—L.7 ZQd n—€d 122(5*15)*1:,’
n n—1¥{ n—4~ d €

where the second step uses Bernoulli’s inequality and Claim , the third step uses
Claim , the fourth step uses vVkd = vVnl > \/n(f —t) and %, > 1. Therefore p; is a

good approximation for some %, namely

p1<;>‘§5 foralli=0,1,...,n— ¢, (1)

p1<i>:1 for i =n —t. (2)

n
The degree of q; and p; is d - % = k. Now we are going to bound their weights. We can

k/d
write q1(z) = Ty(a - 2¥/?) with a = (ﬁ) , so by Claim and Claim ,

/ k ke
laall < ITall - a® = 20 (1 + H) <290 en,

where the last step uses 1 + x < e* for all x € R. We can assume ¢ < %n, otherwise

vnl = Q(n) thus d = Q(n) so we can simply use pg. Thus we have n(n — £) > in? > k2,

SO % = O(%Z) = O(d), therefore [q1]] < 299, which is the same as ||Ty|| up to the O(:) in

the exponent. In other words, we can ignore effect of the scaling term ™ to the weight.
Consequently,

Ip1ll < laull - & < 200 = 200Uesll/O+O/R), 3)

Therefore p; has the degree-weight tradeoff we need in Theorem 4.1

The problem of p; is that fori =n—¥¢+4+1,...,.n—t—landn—t+1,...,n, we have no
bound of its value. We need the following construction of auxiliary polynomials Ték% with
degree-weight tradeoff that can be made zero on some specific points. Multiplying p; by
such Tﬁ%, we can zero out the value on those ¢’s and get the desired approximations.

Lemma 4.2. For every n, m, k such that 0 < m < n and - < k < =, there is a

univariate polynomial Tr(lkr)n of degree O(k) and weight 20<’€(”Tim)) such that
T (1) =1, (4)

n,m



k)

)

(5)
’<1 for any z € [0,1]. (6)

‘-//—\
ORIE
—

TTL

,m

Building on the overview and assuming the lemma, we now present the proof of Theorem

41l

Proof of Theorem [{.] Now we use the same d and ¢ as discussed above, and define the
following univariate polynomial p* by

pe=ne T1 7% (2) T (- @682 2)),

m=n—/{ m=n—t+1

using the auxiliary polynomials from Lemma [4.2] where

n—t
K, =k fi =n—4(...,n—t—-1
m nl(n —t —m) orm=n—4,...,n ,
K o=k —— fi =n—t+1,...
m ntm —nt 1) orm=mn +1,...,n

First, we need to show that our applications of Lemma are legitimate.

. —— <k, < - form e [n—t—1]\[n—£¢—1]: on one hand, we have

n
k> +vnlsokl, > n—t_. on the other hand, we have n —m < ¢ and t < ¢ < n, so

n—t—m’
n< o=t < el thus by k < n we have k], Z(Z(_”[_t;) < At

o \Jitim < ky < 50 for m € [n] \ [n —t]: on one hand, we have k > vnl and
¢>tsokll > t(me_#t) > m; on the other hand, we have n — m < t < n, so
n< ?:((Z::nl)) = e, thus by k < n we have kj, < Tt < menti-

Second, we are going to show that p* is a good approximation. By Lemma @ and
Equation we have

n—t—1 n
p< )’ II - I a-0%)=e foralli=0,1,....n—0—1.  (7)
n—~¢ =n—t+1

m=
Foralli=n—/¢,...,n—t—1, when m =i we have T,(Lk?)m(ﬁ . %) = Téﬁ%‘%(%) =0.
For all i = n—t+1,...,n, when m = 7 we have Tﬁ;)t(” L) = Téﬁ%lt(l) = 1 thus
1- (Tﬁ%{lt(% . %)) = 0. We also have Té t)m<i_t . E) =1 and Téfg{zt(% - L) =0 when

i = n — t. Therefore

foralli=n—4¢,....n—t—1,

. 0
i <n> N I.Hnm;”*lellnnm:”*tﬂ(l_oa =1, fori=n—t, (8)
0 foralli=n—t+1,....n

Therefore p*(%) =1fori=mn—1tand ‘p*(%)‘ < ¢ otherwise.



Now we are going to bound the degree and weight of p*. We have k!, =k, /2=t~ <

nl(n—t—m)
-1 7 1
k £L(n—t—m) and k =k n (m n+t) <k \/t (m—ntl)’ By Lemma
n—t—1 n
deg(p*) <k+ > O(k,) ST ok
m=n—/{ m=n—t+1
k n—t—1 1 k n 1
<O|k+ — L=
< ( \/ng_Z n—t—m \/Emnz_tﬂ\/w)
l—t t
k 1 k 1
=0lk+—) —+— Z —
f4 — Vi t — Vi

where in the last step we use Y ;" ; \[ = O(y/n) for any n € N. Similar to the argument in

the calculation of [|q1]|, we can safely ignore effects of the scaling terms "5 and > to the

weight of p*. By and Lemma we have

n—t—1 n
n—t m
1 I < —_——————
og[lp*ll < O(d) + E O<k, n—t— )>+ ) O(/ﬂ;;l(m—nﬂ))

—/ m=n—t+1
_0 nt N n_ztfl né(n —t) 1 n Zn: Vntm 1
k = k vVn—t—m 1 k' v/m—n+t
0—t t
k k =1 \/i k =1 \/5
n
- O(E(log(l/e) +t)>. (10)

Finally, define p: {0,1}" — R by p(z) = p* (#) The theorem follows from —
and Claim (). -

Now we prove Theorem and Theorem We are working on the Fourier basis since
we need to negate our input variables. Since OR, € SYM, o, we get Theorem from
Theorem and Theorem from Theorem

Proof of Theorem[1.3 By Lemma[2.3]we can get the same results for EXACT on the Fourier
basis as in Theorem Then we can write f as

t t
z)=c+ Y ¢ EXACT,i(z) + ) ¢ - EXACT, 5 i(2)

i=0
t t
=c+ Y ¢ EXACT 0 i(T) + Y ¢ - EXACT (), (11)
i=0 i=0
where ¢, ¢’s, and ¢’s are fixed reals, and T = (—z1,...,—2,). Now let &/ = 3173 then for

0<i<t /n(log(l/e) +1i) = O( n(log(1/e) + t)) so we can ignore the constant factor

difference and apply Theorem with € = ¢’ and the same k for each EXACT,, ,,—;. The
degrees of the approximations for EXACT are O(k), so the total degree is also O(k). The
weights of the approximations for EXACT are 20(n(log(t/)+i)/k) — 90(n(log(1/)+t)/k) By
Claim [2.1] the total weight is O(t)20((e(l/e)+1)/k) — 9O (n(log(1/e)+1)/k) O
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Proof of Theorem[1.8. Apply Theorem E set § = £ = 27 O0(£108(1/9)+1))  Then it follows
from Theorem 2.5 O

4.1 Proof of Lemma 4.2

Let d = e 2n ) SO % = kQ(g;m). As m < n we have d > 0 and s > 0. Without loss of

generality assume d, g € N, we can define

Tk (2) = T (a AR b),

where a,b € R are parameters to be set and T} is the degree-d Chebyshev polynomial. We
have deg (T}/ﬁ%) <d- % =k.
We set a, b such that

a+b=1, (12)

a(i})k/d—l—b—cos(Qd) (13)

then Property follows from and Claim , and Property follows from ([13])
and Claim with ¢ = 1.

Our goal is to prove 0 < a < 1. Assume this is true. From we have b € [0, 1]. Hence
a- 2%/ 4 b is increasing in z € [0, 1], mapping [0,1] to [b,1] C [0,1]. Therefore Property
follows from Claim [2.4] (iii). Besides, we have |a| + [b] = a4+ b = 1, so by Claim [2.4] (vi)

and Claim |2 . ‘ we have |||Tn | =1-200) =2 <’“("—m)). Therefore TT(”%(,Z) is the desired
polynomial.
To see that a € [0, 1], we solve the linear equations and to get

=)

Because m < n, we have 7+ < 1, thus 1 — ( )k/d > 0. We always have 1 — cos(2d) > 0.

Therefore from we have a > 0. On the other hand, let u = =, 1.} we can get
e 2 2 k>
1- ( - n;m)k/d 1—6_2]122

where the first step uses cosz > 1 — %xZ for £ € R in the numerator, and the second step
uses the value of d in the numerator and 1 + x < e® for x € R in the denominator. Since

- <k < - and m < n, we have 0 < % < % Consider the function f(z) = ==
on z € (0,3]. Its derivative f/(2) = % > 0 for z € (0,1], hence f(z) is increasing
in (0,3], thus f(2) < f(3). From we have a < %f(%) = 327{\[‘[1) < 1, finishing our
proof. O

5 Proofs of Theorem (1.2} [1.4}, 1.10}, and

First we generalize the proof in [BWIT], reducing the problem into fooling by k-wise in-
distinguishability. We use ¢ to deal with non-constant ¢ and symmetric functions with
non-constant ¢t.

11



Lemma 5.1. Let ¢’ be any constant. For every m, k and { satisfying %m <k< %n,
there exists n' with £ < n’ < n such that if there exist k'-wise indistinguishable distributions
P.Q over {0,1}" for k' = ¢'\/nl, then there exist distributions P, Q over {0,1}" such
that the Hamming weight distribution |P| = |P'|, |Q| = |Q'|, and P and Q are (k, 27 S{n¢/k)

indistinguishable.

Proof. To sample from P, and @ respectively, we select n’-many indices from [n] uniformly
at random as “active” indices and then fill in these n’ indices using a random sample from
P’, and )’ respectively; for other indices we simply set them to be 0. Obviously this process
keeps the Hamming weight of the samples.

Suppose P’ and Q' are k’-wise indistinguishable with &' = ¢’+v/n’f for some constant
0 < ¢’ < 1. For any k indices S of P and @, if there are at most k" active indices in S, then
their projections on S are identical by k’-wise indistinguishability. Therefore the probability
that statistical test on k bits can distinguish P from () is bounded by the probability that
such event doesn’t happen. By tail bounds of hypergeometric distribution [Hoe63], we have

Pr[more than k" active indices in S| < e_kD(%H%’) = 2_Q(kD(%H%/))7 (16)

where D(a|[b) = alog$ + (1 — a)log 1=¢ is the Kullback-Leibler divergence. By a lower

bound from Hellinger distance H, for any p and any a > 16, we have

Dlapllp) = 21 apllp) = (/a5 — VP = (Va—17p > sap,

where the last step comes from the fact that 2y/a < § for a > 16. Now we set n’ = %Z—;E,
then we have k' = %%E, thus %/%’ = 16, therefore we have
o~ 2(kD(K1%)) < 9=2(H5) _ g-a) _ g-0mesm).
For ¢ < n/, we need %Z—z > 1 thus k < %n. For n’ < n, we need %%6 < 1 thus
k> %\/nﬁ. O

Combining the following equivalence between approximate degrees and bounded indis-
tinguishability, with the e-approximate degree lower bound of symmetric functions due
to de Wolf [dWO08]|, improving [Pat92, [BT13| [She08|, we can obtain k-wise indistinguish-
able distributions that don’t fool symmetric functions.

Theorem 5.2 ([BIVW16, Theorem 1.1)). For every e, n, k, and f: {0,1}" — {0,1} the
following are equivalent:

1. f is not e-fooled by k-wise indistinguishability;

2. The €/2-approximate degree of f is bigger than k.

Theorem 5.3 ([dWO08]). For any f € SYM,, ;, its e-approzimate degree is Q(x/n(log(l/a) + t))

Now we can prove Theorem with f = EXACT,; € SYM,; for 0 < t < %, and
similarly for f = THR,, ;41 where THR,,, is True iff the Hamming weight of its input is at
least r[| In particular for OR,, = THR,, 1 we get Theorem by applying ¢t = 0. Note that
for t = O(1) (in particular for OR), this theorem works for all k as (n,%%%%)-indistinguish-
ability?] doesn’t e-fool any non-constant function.

Note that THR,, . € SYM,, ,_1 for r < 5 + 1, equivalently THRy, ;11 € SYM,, ; for t < 5.
2Indeed (n, §)-indistinguishability for any & > .

12



Proof of Theorem [I.11, We con81der function EXACT,,+. Let ¢ = log(2/e) + ¢, ¢’ be the
constant in (+) in Theorem [5.3| Set ¢’ = 1/(;

For k < ¢'V/nl, by Theorem H and Theorem [5.2] . 2| k- w1se indistinguishability does not
e-fool EXACT,, +, hence the theorem for k < ¢’vnl as 9—¢"nl/k < o=k

For 'Vl < k < %n, apply Lemma to get n’ then Theorem and Theorem
give us k’-wise indistinguishable distributions P’ and Q" over {0,1}"™ that don’t e-fool
EXACT,, ;. The theorem follows by applying Lemma again to get distributions P,Q). 0O

Theorem [2.5|shows that a polynomial p that (¢/2)-approximates f in degree k must have
weight at least €/¢ if (k, §)-indistinguishability does not e-fool f. Let ¢ < 1 be the constant
in the ©(-) in Theorem Then we get Theorem from Theorem and Theorem
L4l from Theorem [LI1l

6 Proofs of Theorem [1.5 and [1.9

Proof of Theorem with t = 2. Given a 2-CNF F', we can first transform F' by the follow-
ing procedure. For each i € [n], from F' we pick up all the terms that contain z; unnegated.

Let m; be the number of such terms and Cp, Céi), ey C(i) be these terms. We remove z;
from them to get Ci(z), C’;(Z), . Cl( Dot m; = 0, define f/(x) = —x;, otherwise define it as

/\ml Cl( Remove all the origlnal terms from F', continue for the next ¢ until ¢ = n. Then
we do thls procedure on the remaining terms of F' for each i € [n] again, but this time we
are collecting terms that contain —z; and defining f/(x) similarly. At last we define

= Awiv o), (17)

/\ -z V f! (18)

and by distributive law we have F' = F; A Fy. Note that all the f/’s and f/”’s are 1-CNFs,
namely ANDs of literals.
We define F': {—1,1}" x {=1,1}** — {0,1} by F'(z,y) = N2, v V fi(z), where f; =

1! for i € [n] we s
{ 7 forie2n]\ o) - e sel
7 for i € [n]
y@‘{ 2, forie2n]\[n] (19)

we will have F(x) = F'(x,y) for all x € {—1,1}" by and ([18)). Therefore it suffices to
prove this theorem for F'(z,y). Note here it is important to choose the input basis of F’ to
be the Fourier basis so we can negate the variables without increasing the weight.

Let N = 2n and B € [N] be an integer to be determined later. Let Sy, ..., S% be an

even partition of [N] into subsets of size B. For each i € [5] we can define h;: {—1,1}" x
N

1115 5 {0,1} by ha(wy) = Ayes, o5 V £5(2) and we have F'(z,9) = A, hi(z,y) =

/\%(hl(:ﬂ,y), .. .,h%(x,y)), where /\%: {0, 1}% — {0,1} is the AND function on % bits on

the Boolean basis. Our goal is to approximate the outer AND function and the inner h;’s
carefully so that the total degree and weight can be bounded as we want.
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For any subset 7' C S C [N], define the indicator function I(-;7,5): {—1,1}" — {0,1}
by

Iy 7.8) =[] #5— I ! (20)
JeT JjES\T 2

so it is 1 if and only if y represents False on 7" and True on S \ 7. Thus each h; can be
written using interpolation as

hi(z,y) = > | N @A N~ N\ v

TCS; \JeT JeT ]ESL\T
=D (A fi@) 1w T,5) |- (21)
TCS; \JET

Now suppose we have a polynomial p: {0, 1}% — R that e,,-approximates the outer
AND y function within degree d,,; and weight wey:, where e,ut, dout, and wey,: are parameters

B
to be set later. We called this p the outer approximation. We can write it as

p(z) = Z ay H Zi (22)
vl e
|UI<dout

where ay € R, and Y |ay| = wou by definition. Define F”: {—1,1}" x {-1,1}*" = R

by substituting the outer AND y function in F’ by p: F"(z,y) = p(h1(x,y),...,hx(x,y)).
B B

Since p is a point-wise approximation, we have

HFU - F/Hoo <llp— AND%HO@ = Eout- (23)

On the other hand, we can expand F” as

F//(.T,y) = Z ay th('xay)

velz] v

[UI<dout
= 2 aw]] 2 | AL 1wT.s)

Ug[g] €U TCS; \jeT

|UI<dout

S o S T A s 1wTa.s)
Uc[¥] T: U—P([N]) €U \j€T (i)

Ul<dw  TOSSiVieU

Staw Y (I N H@ <Hﬂ(y;T(i),Si)>

Uc[¥] T: U=P(IN]) \i€U jeT(i) ot
U|<dpwe ~ T@SSivicU

Z ay Z /\ fj y7|mg(T)7Ui€USi) ) (24)

ucl3] T: U=P([N]) \jeimg(T)
|U|<dout T(1)CS;,VicU

14



where img(T") denotes the image of function T': U — P([N]) and P([N]) is the powerset of
[N], the first step uses , the second step uses , the third step exchanges the product
with the sum, the fourth step uses properties of multiplication, and the last step uses the
fact that multiplication on the Boolean basis is equivalent to AND. It is important that we
set the input basis of the outer approximation p (thus the output basis of /\jeimg(T) fi(x) -
I(y;img(T'), UierS;i)) to be the Boolean basis even though the input basis of the whole
function is the Fourier basis; otherwise the last step doesn’t hold.

Each Ajcimg(r) fi(2) is a 1-CNF (i.e. AND) since f;j(z) is 1-CNF. Suppose we can

approximate them by /\jeimg(T) fj(x)’s within error €;,,, degree d;,, and weight w;,, where

Ein, din, and wj, are parameters to be set later. We called these A fj(x)’s the inner

° S j€img(T)
approximations. Then we can define F”: {—1,1}" x {—1,1}?>" — R by

Friey)= Y av Y. N fi(@) Ty img(T), Uicu S:) |- (25)
vc[¥] T: U=P(IN]) \jeimg(T)
|U|§dout T(’L)QS@,V’LGU

Observe that for any y € {—1,1}", for any U C [%] with |U| < dou, there is only one
T:U — [N] with T(i) C S;,Vi € U such that I(y;img(T),UicrS;) = 1: it is uniquely
determined by the value of y on U;cS;; all other summands will varnish. Therefore we
have

IF" = F'loe < > avem < Y lavlein = Wousin. (26)

uc[X] vcly]

‘U‘Sdout |U|Sd0"”

Hence if we set
15
Eout = 5 (27)
€

e 28
e 2Wout ( )

then F” e-approximates I since |[F” — F'||og < |F" = F"||so+ || F" = F'|| 0 < wgutsm—keout =

€, where the first steps uses the triangular inequality, the second step uses and ,

and the third step uses ,. What remains to bound is the degree and Welght of F P
Denote the degree of F' as d, and the weight of F" as w. Note that by we have

deg(]l(-; img(T), UieUSi)) = ‘ Uieu Sl’ = ’U‘B < dyuB, (29)
IL(-; img (1), Uier Si)ll < 1. (30)

For each U, there are at most 2/YievSil < 2dowtB T7g gince T satisfies that T(i) CS;,VieU.
Therefore we have

d S doutB + din (31)
logw < log Z aUQdouthin < log wout + dout B + log wip, (32)
4sh
|U|§dout

Where the first inequality comes from (25)) and ( ., and the second inequality follows from
, ., Claim u, and the observatlon above. What remains is to set d;,, Win, dout, and
Woyt t0 get the desired bounds on d and w.
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1
By assumption k satisfies ng(log(l /€))? < k < n. For convenience we will ignore the
difference between N and n, and use them interchangeably, as they are the same up to a
multiplicative factor of 2. Set

kout =V klOg(l/&), (35)

where k;, and k., are numbers to be used later as the k’s for the inner approximations and
the outer approximation, respectively.
For the outer approximation, from and we have

N 1 N
Elog V k:log(l/e) =kout < k= Ea

Eout

where the first equality follows from and ignoring the constant factor, the inequality
comes from k > N2/3(log(1/£))"/? and the fact that log(1/e) < N (otherwise we can get all
the bounds trivially). This means we can apply Theorem With € = €outy k = kout, 0 = %,
and t = 0 to get the outer approximating polynomial p with the following parameters:

dout = Olkout) = O /K log(1/2) ) (36)
log weyr = O( N log L ) = O(Vklog(l/a)), (37)
Bkout Eout
using , , and .

For the inner approximations, we have k;;, = k < N, and we also have

,/Nlog;n - 0< Nlog wz_“) - 0( N klog(l/a)) < O(k) = O(kin), (38)

where the first step uses , the second step uses (37)), and the third step uses k& >
Nz/g(log(l/e))l/?’. Therefore we can invoke Theorem [4.1{ with € = €4, k = kip, n = N, and

t = 0 to get the inner approximations /\ jcimg(r) Ji (x) with the following parameters:

din = O(kin) = O(k), (39)
log Wiy, = 0(22 log ;) = 0@7 log wout> = 0(\% \/log(ﬁ) (40)

using , , and . Note that the input basis of A;gimg(r) fj(2)’s should be the
Fourier basis, while the Tnput basis of the polynomials given by Theorem [4.1]is the Boolean
basis. We are implicitly using Lemma here to change the input basis to the Fourier basis
while keeping its degree and weight.

Finally, combining , , and , we get
N N

where the last step follows from k > N2/3(10g(1/5))1/3. Combing , , , , and
, we get

logw = O< klog(1l/e) + % klog(1/e) + \]/\% log(l/&?)) = O(%Vlog(l/e)),
since k < N implies %\/bg(l/e) > /klog(1/e). O
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Proof of Theorem[1.5. By induction on ¢: ¢t = 1 is Theorem for AND. Now assume the
theorem holds for (¢t — 1)-CNF, and we want to prove it for ¢-CNF. Similarly to the proof
for ¢t = 2, Equations — remain the same. The outer function is still AND N, while
the inner functions /\jeimg(T) fj(x)’s become (t — 1)-CNFs. What remains is to set din, Win,
dout, and wey: to get the desired bounds on d and w.
t 1
By assumption k satisfies n#+1 (log(1/e)) =1 < k < n. Set

N
TR/t

kout - kt (10g(1/€))

R

For the outer approximation, it’s not hard to verify that 1/% Eolut = kout < %, SO we
can apply Theorem [4.1] to get

dout = Olkiour) = Ok (10g(1/2))7).

) - o(k%aog(l/e))%).

10g Wout = O <
1
For the inner approximation, it’s not hard to verify that N5 (log —) " < kin <N, so
we can use the induction hypothesis for (f — 1)-CNF to get

din < ci—1 - kin = ci—1 - k,

N 1 \+1 N 1
o < ] ————— S < B
IOg Win > Ct—1 k;[/(til) <10g 5in> >CGq- kl/t (10g(1/8)) ¢
m
where ¢;_; is some constant depending on ¢;_.
Combining all these bounds, for some constant ¢; (depending only on t) we get

N 1
d= O(kl/t(log(l/s))t> +oem1-k<e-k,

o+l

logw:O(kt(log(l/a)) C )—l—ct 1 kl/t(log(l/e))t < kl/t(log(l/s)) . O
Proof of Theorem[1.9. Use Theorem and Theorem O

7 PARITY and OR Have Large Weights over {0,1}"

Claim 7.1. For anye € (0, 1), the weight of polynomial f that e-approzimates PARITY: {0,1}" —

{—1,1} is at least (1 —£)2™.
Proof. Suppose f: {0,1}" — R e-approximates PARITY and minimizes the weight. On one
hand, we have o > zefoye f(@)PARITY(2) € [1 —,14 €. On the other hand, write f as
f — ZSQ[TL} CS HZES :L"L" then

> f@PARITY(2) = > (-7 Y "eg =Y eg Y (- = (1) ¢y,

ze{0,1}" TC[n] SCT SC[n] T2S

where the last step comes from the fact that whenever S G [n] we have > ;- (DT =0

as we can arrange such 7”s into matching pairs that has exactly opposite value of (—1)|T|.
Therefore we have || f|| > [cpy| > (1 —€)2". O
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Claim 7.2. For any fized e < %, the weight of polynomial f that e-approximates OR: {0,1}" —
{0,1} is 290V,

Proof. Let f be the polynomial that e-approximates OR and minimizes the weight. Let
w = ||f|. By a sampling argument ([Gro97], c.f. [Zhald, [CMS18]) we can get a polyno-
mial g: {0,1}" — R such that g %—approximates OR and g has O(w?n) monomials. Now
define h: {0,1}" x {0,1}" = R by h(z1 -+ Zn,y1 - yn) = 1 — g(@1y1, ..., ZpYn), then h -
approximates the set disjointness function DISJ, where x1 - - -z, and y; - - - y,, are interpreted
as indicators of two sets X,Y C [n] respectively and DISJ(X,Y)=1if XNY = &. Now h

also has O(w?n) monomials. By Theorem 8 in [BAWO0I] we get w = 22(V), O

8 Discussion and Open Problems

An obvious open question is to prove such degree-weight tradeoffs for more functions. A
central function in the area is Surjectivity. For this it would suffice to have a polynomial
approximating OR over the domain {—1,1}”, , in which the Hamming of the input is re-
stricted to be at most n. [Shel8] showed that the degree of such a polynomial depends on
n instead of m as if we are working over {—1,1}". It is natural to ask if the same holds
for weight. The answer is negative. To show this, note that the proof of Theorem [1.1]]
actually gives us (k, d)-indistinguishable distributions with bounded Hamming weight that
don’t fool OR. In particular, for any &,n,m, k satisfying 1%\/mlog(l/&t) <k< %m and
n= %ZL—; log(1/¢), we have distributions that are (k, 2~ 2m log(1/5)/"3))—indis‘cimguishable on
{~1,1}2 but cannot e-fool OR. For m > n, we have 2~ (mlog(1/e)/k) < o=Q(nlog(1/2)/k) for
fixed k and e. This also means that we need other methods for Surjectivity.

Another open problem is to show tight degree-weight tradeoffs for OR on {—1,1}7 .
Chandrasekaran et al. [CTUWT4, Corollary 5.2] proved that it requires weight roughly at

least (%)\/E for constant e, so when kv/n < (1 — Q(1))m it requires 22(vV™),

Another open problem is the approximate weight of parity when k is very close to n. We
know that when k = n it is 1, and we show that when when k = 0.001n it requires 2",
Our upper bound in Theorem only tells us that w = 29 for such k. What happens in
between? Can we get a better upper bound?

We also lack a matching “does not fool” result for t-CNF as tight approximate degree and
weight are not known even for 2-CNF (without promise on the input). The open problem
here is to prove lower bounds matching our results for ¢-CNF.
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