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Fourier and Circulant Matrices are Not Rigid

Zeev Dvir* Allen Liuf

Abstract

The concept of matrix rigidity was first introduced by Valiant in [Val77]. Roughly speaking, a matrix
is rigid if its rank cannot be reduced significantly by changing a small number of entries. There has
been extensive interest in rigid matrices as Valiant showed in [Val77] that rigidity can be used to prove
arithmetic circuit lower bounds.

In a surprising result, Alman and Williams showed that the (real valued) Hadamard matrix, which
was conjectured to be rigid, is actually not very rigid. This line of work was extended by [DE17] to a
family of matrices related to the Hadamard matrix, but over finite fields. In our work, we take another
step in this direction and show that for any abelian group G and function f : G — C, the matrix given
by My = f(z —y) for z,y € G is not rigid. In particular, we get that complex valued Fourier matrices,
circulant matrices, and Toeplitz matrices are all not rigid and cannot be used to carry out Valiant’s
approach to proving circuit lower bounds. Our results also hold when we consider matrices over a fixed
finite field instead of the complex numbers. This complements a recent result of Goldreich and Tal [GT16]
who showed that Toeplitz matrices are nontrivially rigid (but not enough for Valiant’s method). Our
work differs from previous non-rigidity results in that those works considered matrices whose underlying
group of symmetries was of the form F; with p fixed and n tending to infinity, while in the families of
matrices we study, the underlying group of symmetries can be any abelian group and, in particular, the
cyclic group Zy, which has very different structure. Our results also suggest natural new candidates for
rigidity in the form of matrices whose symmetry groups are highly non-abelian.

Our proof for matrices over C has four parts. The first extends the results of [AW16, DE17] to
generalized Hadamard matrices over the complex numbers via a new proof technique. The second part
handles the N x N Fourier matrix when N has a particularly nice factorization that allows us to embed
smaller copies of (generalized) Hadamard matrices inside of it. The third part uses results from number
theory to bootstrap the non-rigidity for these special values of N and extend to all sufficiently large N.
The fourth and final part involves using the non-rigidity of the Fourier matrix to show that the group
algebra matrix, given by My, = f(z — y) for z,y € G, is not rigid for any function f and abelian group
G. Once we complete the proof for matrices over C, we introduce a few additional tools for extending
our results to finite fields.
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1 Introduction

1.1 Background

A major goal in complexity theory is to prove lower bounds on the size and depth of arithmetic circuits
that compute certain functions. One specific problem that remains open despite decades of effort is to find
functions for which we can show super-linear size lower bounds for circuits of logarithmic depth. In [Val77],
Valiant introduced the notion of matrix rigidity as a possible method of proving such lower bounds for
arithmetic circuits. More precisely, over a field F, an m x n matrix M is said to be (r,s)-rigid if any
m X n matrix of rank at most r differs from M in at least s entries. Valiant showed that for any linear
function f : F" — F™ that can be computed by an arithmetic circuit of size O(n) and depth O(logn), the
corresponding matrix can be reduced to rank O(;—2—) by changing O(n'*€) entries for any € > 0. Thus,

loglogn
to prove a circuit lower bound for a function f, it suffices to lower bound the rigidity of the corresponding

matrix at rank O(——). We call a matrix Valiant-rigid if it is (O( ), O(nHE))—rigid for some € > 0,

loglogn
i.e. sufficiently rigid for Valiant’s method to yield circuit lower bounds. Over any infinite field, Valiant shows
that almost all n x n matrices are (r, (n — r)?)-rigid for any 7, while over a finite field one can get a similar
result with a logarithmic loss in the sparsity parameter. Despite extensive work, explicit constructions of
rigid matrices have remained elusive.

Over infinite (or very large) fields, there are ways to construct highly rigid matrices using either alge-
braically independent entries or entries that have exponentially large description (see [Lok06, KLPS14,Lok00])
L. However, these constructions are not considered to be fully explicit as they do not tell us anything about
the computational complexity of the corresponding function. Ideally, we would be able to construct rigid
0, I-matrices, but even a construction where the entries are in a reasonably simple field (such as the Fourier

_n
loglogn

matrix) would be a major breakthrough. The best known constructions of such matrices are (r, O(”T2 log 7))-
rigid (see [SSS97,Fri93]). There has also been work towards constructing semi-explicit rigid matrices, which
require O(n) bits of randomness (instead of the usual O(n?)), as such a construction would still yield circuit
lower bounds through Valiant’s approach 2. The best result in this realm (see [GT16]) shows that random
Toeplitz matrices are (r, %)—rigid with high probability. Note that both of these bounds become trivial
when r is %.

Many well-known families of matrices, such as Hadamard matrices and Fourier transform matrices, have
been conjectured to be Valiant-rigid [LT09]. However, a recent line of works (see [AW16, DE17]) shows
that certain well-structured matrices are not rigid. Alman and Williams show in [AW16] that the 2" x 2"
Hadamard matrix, given by H,, = (—1)*¥ as = and y range over {0,1}", is not Valiant-rigid over Q. Along
similar lines, Dvir and Edelman show in [DE17] that group algebra matrices for the additive group Iy, given
by M., = f(z —y) where f : F; — F, and x,y range over F)}, are not Valiant-rigid over F), (where we view
p as fixed and n goes to infinity). The Hadamard matrix and the group algebra matrices for ) satisfy the
property that for any e > 0, there exists an ¢ > 0 such that it is possible to change at most N'*¢ entries
and reduce the rank to N1—¢ (where N denotes the size of the matrix). The proofs of both results rely on
constructing a matrix determined by a polynomial P(x,y) that agrees with the given matrix on almost all
entries and then arguing that the constructed matrix has low rank.

1.2 Our Contribution

In this paper, we show that several broad families of matrices, including Fourier, circulant and Toeplitz
matrices®, are all not Valiant-rigid. The families of matrices we consider in our work have very different
underlying group structure than those considered in previous works. Both [AW16, DE17] analyze matrices

11t remains open to construct a matrix that is Valiant-rigid, even if we only require that the entries live in a number field of
dimension polynomial in the size of the matrix.

2Note however, that it is easy to construct rigid matrices with O(n!'*€) bits of randomness for any € > 0 (for example by
taking a random matrix with at most n€ non-zeros per row) but this is not sufficient for Valiant’s approach.

31t is not hard to see that rigidity of circulant and Toeplitz matrices is essentially the same question so for the sake of
consistency with our (group theoretic) approach we will primarily consider circulant matrices.



constructed from an underlying group of the form F} with p fixed and n tending to infinity. Fourier and
circulant matrices, which we focus on, are analogs of the Hadamard and group algebra matrices* for a cyclic
group Zy. Since any abelian group can be decomposed into simple building blocks of the form Zpy, our
results extend to all abelian groups (see details below). While most natural constructions of matrices are
highly symmetric, our results suggest that matrices that are symmetric under abelian groups are not rigid
and that perhaps we should look toward less structured matrices, or matrices whose symmetry group is
non-abelian, as candidates for rigidity.

We now move into a more technical overview of our paper. Define the regular-rigidity of a matrix A,
ra(r), as the minimum value of s such that it is possible to change at most s entries in each row and column
of A to obtain a matrix of rank at most . The notion of regular-rigidity is weaker than the usual notion of
rigidity (and is also weaker than the commonly used notion of row-rigidity) as if A is an n x n matrix and
A is (r,ns)-rigid then ry(r) > s. Note that this actually makes our results stronger as we will show that the
matrices we consider are not regular-rigid.

In general, matrices that we deal with will be over C except in Sections 7-8 where we extend our results
to matrices over finite fields. The d" x d" generalized Hadamard matrix Hg , has rows and columns indexed
by Z}; and entries H,, = w”Y where w = T, Throughout this paper, we use the term Hadamard matrix to
refer to any generalized Hadamard matrix. We use Fiy to denote the N x N Fourier transform matrix. Our
main result, that all Fourier matrices are not rigid enough to carry out Valiant’s approach, is stated below.

Theorem 1.1 (Fourier Matrices are Not Rigid). Let Fiy denote the N x N Fourier transform matriz. For
any fired 0 < € < 0.1 and N sufficiently large,

N €
ey (266(1083]\’)0'35) < N15¢

One key idea in our work is the observation that, if a large family of matrices A are all diagonalizable
by a single matrix M then, the rigidity of any matrix A € A implies the rigidity of the single matrix M.
This situation happens, e.g., when A is the family of circulant matrices and M is the Fourier matrix. This
simple, yet crucial observation allows us to deduce the non-rigidity of a larger family of matrices.

Theorem 1.2. [Circulant Matrices are not Rigid] Let 0 < € < 0.1 be fizred. For all sufficiently large N, if
M is an N x N circulant matriz over C,

N €
ey (266(1033]\’)0'35) < N15¢

Remark. We will show later in Section 7 that the same result holds if we let M be an N x N circulant
matriz with entries over a finite field F, and require that N is sufficiently large compared to €, q.

Also notice that since any Toeplitz matrix of size at most % can be embedded in an N x N circulant

matrix, the above implies an analogous result for all Toeplitz matrices. While [GT16] shows nontrivial
rigidity lower bounds for rank much smaller than N, our results imply that there are actually no nontrivial
rigidity lower bounds for rank close to N.

With a bit more work, it is possible to prove the non-rigidity of group algebra matrices for any abelian
group.
Theorem 1.3. Let 0 < € < 0.1 be fizred. Let G be an abelian group and f : G — C be a function. Let
M be a matriz with rows and columns indexed by elements x,y € G and entries My, = f(z —y). If |G| is

sufficiently large then
2|G‘ 38¢
v (268(10g|G)0,32) < |G|

Remark. Similar to the previous theorem, we prove an analogous result for matrices with entries over a
finite field F, in Section 8.
4While group algebra matrices are supposed to be defined as My = f(z — y), we will work with Mz, = f(z + y) in the

body of our paper for technical reasons. Note that the two definitions differ only in a permutation of the rows and thus have
the same rigidity.




1.3 Proof Overview

We now take a more detailed look at the techniques used in the proof of Theorem 1.1.

1.3.1 Generalized Hadamard Matrices

The first step in the proof of Theorem 1.1 is proving the following result that all Hadamard matrices are not
rigid.

Theorem 1.4 (Hadamard Matrices are not Rigid). For fized d and 0 < € < 0.1, there exists an € such that
for all sufficiently large n, ru, ., (d”(lfel)> < d"€

Note that Theorem 1.4 generalizes the main result of [AW16] (which only deals with d = 2). Also, given
any d” x d" matrix of the form M,, = f(z —y) with f : Z} — C, we can permute its rows so that it is
diagonalized by Hg . Thus, we can apply the diagonalization trick mentioned above and obtain the following
result, which extends the work in [DE17] to matrices over C.

Corollary 1.5. Let f be a function from Z; — C and let M be a d™ x d"™ matriz with My, = f(x—y). Then
for any fized d and 0 < € < 0.1, there exists an € > 0 such that for all sufficiently large n, ris (d”(lfel)> < dd"e

1.3.2 Fourier Matrices

Equipped with the machinery for Hadamard matrices, we can complete the proof of Theorem 1.1. Our proof
consists of two steps. First we show that for integers N of a very special form, the N x N Fourier matrix is
not rigid because it can be decomposed into submatrices with Hadamard-type structure. We say an integer
N is well-factorable if it is a product of distinct primes ¢, ..., q; such that for all 7, ¢; — 1 has no large prime
power divisors. We will make this notion more precise later, but informally, the first step is as follows:

Theorem 1.6. Let Fy denote the N x N Fourier transform matriz. For any fited 0 < € < 0.1 and
well-factorable integer N, we have

N €
rrx (2(1g1\7)> <N

The main intuition is that if N is a product of distinct primes ¢y, ..., q;, then within the Fourier matrix
Fy, we can find submatrices whose rows and columns can be indexed by Z; ®---®Z; . This multiplicative
structure can be replaced by the additive structure of Zg, 1 ® - - - ® Zg,—1. We can then factor each additive
group Zg,—1 into prime power components. If ¢ —1,...,¢ — 1 all have no large prime power divisors, we
expect prime powers to be repeated many times when all of the terms are factored. This allows us to find
submatrices with Zfi additive structure for which we can apply tools such as Theorem 1.4 and Corollary 1.5
to reduce the rank while changing a small number of entries. We then bound the rank and total number of
entries changed over all submatrices to deduce that Fiy is not rigid.

The second step of our proof that Fourier matrices are not rigid involves extending Theorem 1.6 to all
values of N. The diagonalization trick gives that N x N circulant matrices are not rigid when N is well-
factorable. We then show that for N/ < %, we can rescale the columns of the N/ x N’ Fourier matrix and
embed it into an N x N circulant matrix. As long as N’ is not too much smaller than N (say N’ > ﬁ),

we get that the N’ x N’ Fourier matrix is not rigid. Thus, for each well-factorable N and all N’ in the range
ﬁ < N" < &, the N’ x N’ Fourier transform matrix is not rigid. We then use a number theoretic
result of [BH98] to show that the gaps between well-factorable integers are not too large. Thus, the above

intervals cover all integers as IV runs over all well-factorable numbers, finishing the proof.

1.4 Organization

In Section 2, we introduce notation and prove several basic results that we will use throughout the paper. In
Section 3, we show that Hadamard and several closely related families of matrices are not rigid. In Section



4, we show that N x N Fourier matrices are not rigid when N satisfies certain number-theoretic properties.
In Section 5, we complete the proof that all Fourier matrices are not rigid. We then deduce that all Toeplitz
matrices are not rigid. In Section 6, we use the results from the previous section to show that group algebra
matrices for abelian groups are not rigid. Through Sections 2-6, we work with matrices over C for ease of
exposition. In Section 7 and Section 8, we sketch how to modify the proofs in the previous sections to deal
with “missing” roots of unity over a finite field. Finally, in Section 9, we discuss a few open questions and
possible directions for future work.

2 Preliminaries

Throughout this paper, we let d > 2 be an integer and w = e’T be a primitive d*® root of unity. When we
consider an element of Z7, we will view it as an n-tuple with entries in the range [0,d — 1]. When we say a
list of d" elements x4, ..., 4~ is indexed by Z[, we mean that each z; is labeled with an element of Z}; such
that all labels are distinct and the labels of x1, ..., x4 are in lexicographical order.

2.1 Basic Notation

We will frequently work with tuples, say I = (i1,...,%,) € Z}}. Below we introduce some notation for dealing
with tuples that will be used later on.

Definition 2.1. For a tuple I, we let I' denote its it" entry. For instance if I = (iy,...,i,) then I* =iy.

Definition 2.2. For an n-tuple I = (i1,is,...,1,), define the polynomial over n variables x! = x’f oomin,

Definition 2.3. For w a d* root of unity and an n-tuple I = (iy,i,...,i,) € Zy, we define wll =
(Wi, ... wi).

Definition 2.4. For a function f : Z} — C, define the n-variable polynomial Py as

Pp=%" fI)!

Iezy

Definition 2.5. For an n-tuple I = (i1, 42, ...,i,), we define the set perm(I) to be a set of n-tuples consisting
of all distinct permutations of the entries of I. Similarly, for a set of n-tuples S, we define perm(S) to be
the set of all n-tuples that can be obtained by permuting the entries of some element of S.

Definition 2.6. We say a set S C Z} is symmetric if for any I € S, perm(I) C S.

Definition 2.7. For a set of n-tuples S, let red(S) denote the set of equivalence classes under permutation
of entries in S. Let rep(S) be a set of n-tuples formed by taking one representative from each equivalence
class in red(S) (note rep(S) is not uniquely determined but this will not matter for our use).

Note that if rep(S) = {I1,..., I}, then the sets perm(Iy), perm(lz),...,perm(I}) are disjoint and their
union contains S. If the set S is symmetric then their union is exactly S.

2.2 Special Families of Matrices

We now define notation for working with a few special families of matrices.

Definition 2.8. An N x N matriz M is called a Toeplitz matriz if M;; depends only on ¢ —j. An N x N
matriz M is called a Hankel matriz if M;; depends only on i+ j. Note that the rows of any Toeplitz matriz
can be permuted to obtain a Hankel matriz so any non-rigidity results we show for one family also hold for
the other.



Definition 2.9. For an abelian group G and a function f : G — C, let Mg(f) denote the |G| x |G|
matriz (over C) whose rows and columns are indexed by elements x,y € G and whose entries are given by
My, = f(x+y). When it is clear what G is from context, we will simply write M(f). We let Vi denote the
family of matrices Mg(f) as f ranges over all functions from G to C. We call Vi the family of adjusted group
algebra matrices for the group G. When G is a cyclic group, we call the matrices in Vg adjusted-circulant.

Compared to the usual group algebra (and circulant) matrices defined by M., = f(zr — y), the matrix
Mg (f) differs only in a permutation of the rows. In the proceeding sections, we will work with Mg (f) for
technical reasons, but it is clear that the same non-rigidity results hold for the usual group algebra matrices.
Similarly, we will use adjusted-circulant and Hankel matrices as it is clear that the same non-rigidity results
hold for circulant and Toeplitz matrices. Also note that adjusted-circulant matrices are a special case of
Hankel matrices.

Definition 2.10. Let Hy,, denote the d" x d" Hadamard matriz, i.e. the matriz whose rows and columns
are indexed by n-tuples I, J € Z}; and whose entries are Hyy = w7 where w = T . Whenn = 1, we define
Fq=Hg1 and call Fy a Fourier matriz.

2.3 Matrix Rigidity
Here, we review basic notation for matrix rigidity.

Definition 2.11. For a matriz M and a real number v, we define Ry (r) to be the smallest number s for
which there exists a matrix A with at most s nonzero entries and a matriz B of rank at most r such that
M = A+ B. If Ry(r) > s, we say M is (r, s)-rigid.

Definition 2.12. For a matrix M and a real number r, we define rp(r) to be the smallest number s for
which there exists a matrix A with at most s monzero entries in each row and column and a matriz B of
rank at most v such that M = A+ B. If ry(r) > s, we say M is (r, s)-reqular rigid.

Tt is clear that if a matrix is (r,ns)-rigid, then it must be (r, s)-regular rigid. In proceeding sections, we

will show that various matrices are not (%, N€)-regular rigid for any € > 0 and this will imply that

Valiant’s method for showing circuit lower bounds in [Val77] cannot be applied.

2.4 Preliminary Results

Next, we mention several basic results that will be useful in the proofs later on.

Claim 2.13. Hy,, = Iy ® --- ® Fy where ® denotes the Kronecker product.
[ ———

n
Proof. This can easily be verified from the definition. O
Claim 2.14. Hy,Hj , = d"I where H} , is the conjugate transpose of Hqp and I is the identity matriz.
Proof. We verify that FuF; = dI, and then using the previous claim, we deduce that Hq,Hj, =d"I. [

Claim 2.15. Let f : Z — C be a function. Let w be a d'" root of unity and set Py = Zlezg f(Dz!. Let
D = Hg,, Mz (f)Han. Then D is a diagonal matriz with diagonal entries d"Pf(w[J]) as J ranges over Z};.
Proof. First, we analyze the product Mz (f)Hgrn. This is a d™ x d™ matrix and its rows and columns can
naturally be indexed by tuples I, J € Z. The entry with row indexed by I and column indexed by J is
Z FI+ I/)wl’-J — T Z f(I+I/)w(I'+I)»J _ W—I-pr(w[J])
I'ezn I'ezn
Therefore, the columns of Mzn(f)Ha,, are multiples of the columns of Hj,. In fact, the column of
Mz (f)Ha,n indexed by J is Pj(w!l) times the corresponding column of Hj,. Since HqnHj, = d"I,
D must be a diagonal matrix whose entries on the diagonal are d" Py (w[J 1) as J ranges over Z]. O



Plugging n = 1 into the above gives:
Claim 2.16. Let M be a d x d adjusted-circulant matriz. Then FyMFy is a diagonal matriz.

Claim 2.15 gives us a characterization of the rank of matrices of the form Mzn (f).

Claim 2.17. Let f : Z; — C be a function. Let w be a dt" root of unity and say Py = ZIEZ; f(Dx! has C
roots among the set {(w",...,w")|(i1,...,in) € Zj}. Then rank(Mzxa(f)) =d" - C.

Proof. Consider the product D = Hd)ang(f)Hd’n. Note that Hg, is clearly invertible by Claim 2.14.
Therefore, it suffices to compute the rank of D. By Claim 2.15, D must be a diagonal matrix whose entries
on the diagonal are d" Py (w!’]) as .J ranges over Z7. The rank of D is the number of nonzero diagonal entries
which is simply d® — C' O

As mentioned in the introduction, we can relate the rigidity of a matrix to the rigidity of matrices that
it diagonalizes.

Lemma 2.18. If B = A*DA where D is a diagonal matriz and ra(r) < s then rg(2r) < s2. The same
inequality holds also for B' = ADA.

Proof. Let E be the matrix with at most s nonzero entries in each row and column such that A — E has
rank at most r. We have

B—-FE*DE=A*"D(A—E)+ (A*— E*)DE
Since rank(A — E) < r, rank(B — E*DE) < 2r. Also, E* DE has at most s nonzero entries in each row and
column so rg(2r) < s2. The second part can be proved in the exact same way with A* replaced by A. [

In light of Lemma 2.18, Claim 2.16, and Claim 2.15, proving non-rigidity for d x d circulant matrices
reduces to proving non-rigidty for Fy and proving non-rigidity for group algebra matrices for Z}; reduces to
proving non-rigidity for Hy,. Below, we show that these statements are actually equivalent.

Claim 2.19. [t is possible to rescale the rows and columns of Hyp to get a matriz of the form Mzgn (f) for
some symmetric function f : Z}; — C. In particular, it is possible to rescale the rows and columns of Fy to
get an adjusted-circulant matrix.

Proof. Let ¢ be such that ¢? = w. Multiply each row of Hy, by ¢'D and each column by ¢/*7) to get a

matrix H'. We have
H}J _ C(I-‘r])-([-‘rJ)

For a tuple z = (x1,...,2q) € Z}, we define f(z) = ¢ei++23. To complete the proof, it suffices to show

that f : Z7 — C is well defined. To do this, we will show that Cz2 depends only on the residue of z mod d.

If d is odd, we can choose ¢ to be a d*h root of unity and the claim is clear. If d is even ((@+d)* = ¢2° (2de+d’

but since 2dx + d? is a multiple of 2d, CQd“‘dQ = 1 and thus C(“‘d)Q = (wz. O

3 Non-rigidity of Generalized Hadamard Matrices

In this section, we show that the Hadamard matrix Hy , becomes highly non-rigid for large values of n. The
precise result is stated below.

2 2
Theorem 3.1. Let N = d" for positive integers d,n. Let 0 < € < 0.1 and assume n > d(leoifd). Then

A
er,"(Nl_di logd) < NE.

First we prove a few lemmas about symmetric polynomials that we will use in the proof of Theorem 3.1.



Lemma 3.2. Let T, denote the set of tuples in Z such that at least m entries are equal to 0. Say
rep(Tyn) = {I1,...,I}. Consider the polynomials Py(x1,...,%n),..., Pe(x1,...,2,) defined by

P(x1,...,x,) = Z x!

Ieperm(1;)
For any complex numbers yi,...,Ym, and any polynomial Q(Tm41,...Zn) that is symmetric and degree at
most d — 1 in each of its variables, there exist coefficients ¢y, ..., cp such that

Q(Tms1,--- Tn) = ZCiPZ—(yl, e Yms Tty - - T

Proof. Tt suffices to prove the statement for all @ of the form

1"
>, o

I eperm(I’)

where I' € Z);”™. We will prove this by induction on the degree. Clearly one of the I; is (0,0...0), so one
of the polynomials P;(z1,...,x,) is constant. This finishes the case when ) has degree 0. Now we do the
induction step. Note that we can extend I’ to an element of T,, by setting the first m entries equal to 0.
Call this extension I and say that I € perm(l;). We have

Z xl” - Pi(yl’"'3ynl7xm+1a"'?xn) 7R(y17"‘7ym7xm+17"'xn)

I eperm(I’)
R(y1,- -y Yms Tmt1,---Tn), when viewed as a polynomial in Z,,41,...,2, (since yi,...,y, are complex
numbers that we can plug in), is symmetric and of lower degree than the left hand side. Thus, using the
induction hypothesis, we can write R in the desired form. This completes the induction step. O

The key ingredient in the proof of Theorem 3.1 is the following lemma which closely resembles the main
result in [DE17], but deals with matrices over C.

Lemma 3.3. Let f: Z]] — C be a symmetric function on the n variables. Let N = d™. Let 0 < e < 0.1 and
4

2 2 — €
assume n > 11(16075@. Then rM(f)(N1 @logd ) < N€.

Let § = €2, m = (n(lf;‘s)] and let S denote the set of all tuples (i1,i2,...,4,) € Z} such that the
entries indexed 1, 2,...m are equal to 0, the entries indexed m + 1,...,2m are equal to 1 and in general for
0 <i<d-—1, the entries indexed im +1,..., (i + 1)m are equal to i. Note |S| = d"~9m ~ d°" = N (since
n — dm is approximately n).

The main idea will be to change f in a small number of locations so that it has many zeros in the set
{wl]|I € Z2} in order to make use of Claim 2.17. More precisely, first we will change f to f’ by changing
its values in at most N€ places so that f’ is still symmetric in all of the variables and

Py (W) =0vies

Note that although the size of S is small, the fact that f’ is symmetric implies that f’ also vanishes on
perm(S), which covers almost all of Z7. Once we have shown the above, we quantitatively bound the
number of entries changed between M (f) and M(f’) and also the rank of M(f’) to complete the proof of
Lemma 3.3. To do the first part, we need the following sub-lemma.

Lemma 3.4. Let T denote the set of all tuples (i1, 12, ...,in) € Z]} such that at least n(l — 5) of the entries
are 0. By changing the values of f only on elements of T, we can obtain ' satisfying

Py (wm) —ovies (1)



Proof. We interpret (1) as a system of linear equations where the unknowns are the values of f’ at various
points. Let rep(T) = {J1,J2,..., i} for Ji, Ja,... Jy € T. Since we must maintain that f’ is symmetric,
there are essentially k variables each corresponding to an equivalence class of tuples under permutations.
Each equivalence class is of the form perm(J;) and we denote the corresponding variable by m;. The system
of equations in (1) can be rewritten in the form

k
Yomp > WY f(I" =0vies

j=1 Jeperm(J;) J'¢T

If we let rep(S) = {I1, Is, ..., I;}, the system has exactly | distinct equations corresponding to each element
of rep(S) due to our symmetry assumptions. Let M denote the [ X k coefficient matrix represented by
M;; = ZJeperm(Jj) wli/. To show that the system has a solution, it suffices to show that the column span
of M is full. This is equivalent to showing that for each i = 1,2,...[ there exist coefficients a1, as,...,ax
such that

k
Zaj~ Z wlid £0

j=1 Jeperm(J;)
k
I.,-J __ -/ .
E aj - g Wi =0Vi' #1i
j=1 Jeperm(J;)

Fix an index ig. We can view each equation above as a polynomial in w!’i! given by
k
J
P(zy,...,x,) = g a; E x
Jj=1 Jeperm(J;)

and the problem becomes equivalent to constructing a polynomial that vanishes on w!’! if and only if 7 # io.
Note that only the entries Tgmy1,..., 7, matter as we have 21 = -+ = 2y = 1,..., Zg—ymg1 = *+* =
ZTam = w? ! for all points we consider.

For I; = (1,142, . ..1n), let I] denote the sub-tuple (¢gm+1, - - .,in). The problem is equivalent to constructing
a polynomial
QZdmars---xn) =P, 1, . w0 Zgmg, . Tp)
such that @ vanishes on w!%! if and only if i # 4.
Lemma 3.2 implies that by choosing the coefficients a1, ..., ar, we can make ) be any polynomial that
is symmetric in Zgp41, ..., 2, and degree at most d — 1 in each of the variables.

Now consider the polynomial
d _ d
Qio (Tdmg1s .-y Tn) = T — ol )\ A
I’eperm(I{O) dm+1 n

(note this is a polynomial with coefficients in C since each of the factors reduces to a degree d— 1 polynomial)

It is clear that the above polynomial is symmetric in all of the variables and satisfies the degree constraint
so we know we can choose suitable coefficients a1, ...,ar. We claim that the polynomial we construct does
not vanish on w/fo! but vanishes on w!?! for i # iy. Indeed, the product

d d
( xdm+1 1 ) < Ty — 1 )
10 M n—dm
Tam+1 — w! Ty, — w17



is 0 if and only if (zgm41,...,2,) # I'. However, there is exactly one I" € perm([] ) with I’ = I and none

with I’ = I for i # ig since I, Is, ..., I; are representatives of distinct equivalence classes under permutation
of entries. This means that the polynomial ();, we constructed has the desired properties and completes the
proof that the system is solvable. O

Proof of Lemma 3.3. Since M(f) = (M(f)—M(f"))+M(f'), to complete the proof of Lemma 3.3, it suffices
to bound the number of nonzero entries in M (f) — M(f’) and the rank of M(f’).

The number of nonzero entries in each row and column of (M(f) — M(f’)) is at most |T|. This is ex-
actly the number of elements of Z}; with at least n(l — 5) entries equal to 0. Using standard tail bounds on
the binomial distribution, the probability of a random n-tuple having at least that many Os is at most

e D(1-3]1%) _ ,—n((1-8)log(d(1-8))+5log(2)) _ g-n(1-0) ,—n((1-8) log(1-8)+6 log(42))

where D(-||-) denotes KL-divergence. For ¢ < 0.01, the above is at most d="(1=V%) and thus we change at
most d"" entries in each row and column.

By Claim 2.17, the rank of M (f’) is at most d™ — |perm(.S)|. Equivalently, this is the number of n-tuples
such that some element in {0,1,...,d — 1} appears less than (%)n times. We use Hoeffding’s inequality
and then union bound over the d possibilites to get the probability that a randomly chosen n-tuple in Z; is
outside S is at most

defzf—; _ 6725;—2”+10gd
When n > £0%8D” the above is at most diﬂ%‘:{d and thus the rank of M(f’) is at most d(lfdgeli;d)n
52 ) )
completing the proof of Lemma 3.3.
O

Proof of Theorem 8.1. Applying Claim 2.19 and Lemma 3.3 we immediately get the desired. O

Using Theorem 3.1, Lemma 2.18, and Claim 2.15, we get the following result which extends Lemma 3.3
to matrices where f is not symmetric.

d?(log d)?
4

Corollary 3.5. For any function f :Z} — C and any 0 < € < 0.1 such that n > , we have

A
rAI(f)(QNlidQ logd) < _]\]'26

where N = d™.

4 Non-rigidity for Fourier Matrices of Well-Factorable Size

Our goal in this section is to show that we can find infinitely many values of NV for which the Fourier matrix
Fy is highly non-rigid. The integers N we analyze will be products of many distinct primes ¢; with the
property that g; — 1 is very smooth (has all prime factors small). For these values of N, we can decompose
the matrix Fy into several submatrices that are closely related to Hadamard matrices. We then apply the
results from the previous section to show that each submatrix is non-rigid and aggregate over the submatrices
to conclude that Fy is non-rigid.

We first show precisely how to construct N. We rely on the following number theoretic result, found
in [BH98], that allows us to find a large set of primes ¢; for which ¢; — 1 is very smooth.

Definition 4.1. For a positive integer m, let PT(m) denote the largest prime factor of m. For a fized
positive integer a, let
Ta(z,y) = [{pla <p < @, PT(p—a) <y}

where p ranges over all primes. In other words, wa(x,y) is the number of primes at most x such that p — a
s y-smooth.



Theorem 4.2 ( [BH98]). There exist constants xo,C such that for 3 = 0.2961, x > x¢ and y > x” we have
5

T

) Togaye

Throughout the remainder of this paper, set Cyp = C' + 1 where C' is the constant in Theorem 4.2. The
properties that we want N to have are stated in the following two definitions.

Definition 4.3. We say a prime q is («, x)-good if the following properties hold.
® Mogn0 S¢S
o All prime powers dividing ¢ — 1 are at most z®
Definition 4.4. We say an integer N is (I, a, x)-factorable if the following properties hold.
e N =gqi...q where qi,...,q are distinct primes
e q1,...,q are all (a,x)-good

To show the existence of (I, i, x)-factorable integers, it suffices to show that there are many (o, x)-good
primes. This is captured in the following lemma.

Lemma 4.5. For a fized constant Cy, any parameter o > 0.2961, and sufficiently large x (possibly depending

on «), there are at least (loé% distinct («, x)-good primes.

Proof of Lemma 4.5. Let y = x® where 8 = 0.2961. By Theorem 4.2, for sufficiently large x, we can find at
least [ (logmx)c — (1ogi )001 primes pq,...,p; between and x such that all prime factors of p; — 1 are

oz
at most 7. Eliminate all of the p; such that one of the prime powers in the prime factorization of p; — 1 is
more than z®. Note that there are at most z? distinct primes that divide p; — 1 for some i. Thus, there are
at most z7 log x different prime powers bigger than z® that divide some p; — 1. Each of these prime powers
can divide at most 2!~ of the elements {p1,...,p}, so in total, we eliminate at most z'~**#logx of the
p;. Thus, for sufficiently large z, the number of («, z)-good primes is at least

x x

— _ gplmathy, > __r
(logz)¢  (logx)Co * 0BT = 2(log x)¢

For simplicity, we will set a = 0.3 by default.

Definition 4.6. A prime is said to be x-good if it is (0.3,x)-good. An integer N is said to be (I, z)-factorable
if it s (1,0.3, z)-factorable.

Lemma 4.5 implies that for all sufficiently large = and [ < (where Cy is an absolute constant),

X
(log z)0
we can find (I, z)-factorable integers. We now show that if we choose x sufficiently large and N to be

(I, x)-factorable for some (logx)%oﬂoo << on x;’:coﬂo, then Fy is highly non-rigid.

Theorem 4.7. Let 0 < ¢ < 0.1 be some constant. For x sufficiently large and N a (I, x)-factorable number

with W § l S W, we must have

N €
fh(%mmww)5N7

In order to prove Theorem 4.7, we will first prove a series of preliminary results that characterize the
structure of Fourier and Hadamard matrices.

5 [BH98] proves the same inequality with 74 (2, y) for any integer a where xo may depend on a and C' is an absolute constant.

10



4.1 Structure of Hadamard and Fourier Matrices

Lemma 4.8. Let n = z122...x; for pairwise relatively prime positive integers x1,...,x;. There exists a
permutation of the rows and columns of F,,, say F' such that

F/:Fm@...@ij

where @ denotes the Kronecker product.

th root of unity. For i =1,2,...7, let v; = A/C'i% where ¢; is chosen such that

th

Proof. Let v be a primitive n
¢iz- =1 mod x;. Note this is possible since z1,...,z; are pairwise relatively prime. -; is a primitive x;
root of unity.

Now by the Chinese remainder theorem, there is a ring isomorphism between Z, and Z;, X -+ X Z,.
We can thus view F,, as a matrix whose rows and columns are indexed by elements of Z,, x --- x Zy; and
such that the entry F,,|4p corresponding to tuples A = (ay,...,a;) and B = (by,...,b;) is v¢ where c is the
unique element of Z,, with ¢ = a;b; mod x; for all i.

For each matrix Fy, its rows and columns are labeled with elements of Z,, and its entries are Fy o, = 72
Thus in the Kronecker product, the rows and columns are labeled with elements of Z;, x --- x Z,, such that

the entry corresponding to tuples (ai,...,a;) and (b1,...,b;) is
’Yillbl . ’Y;—ljbj _ 701@1()1 %—s-n.-i—cjajbj%

For each z;, we compute the residue of the exponent in the above expression mod z;. The term c;a;b; - is
congruent to a;b; by definition and all other terms are 0 so the sum is congruent to a;b; mod z;. Thus ‘for
some permutation of the rows and columns of F},, it is equal to the Kronecker product F,, @ --- ® Fj,, as
desired.

O

Lemma 4.9. Let M = A® B where A is an m X m matriz and B is an n X n matriz. For any two integers
71,79 we have
rav(rin+rom) < ra(r)re(rs)

Proof. The proof of this lemma is similar to the proof of Lemma 2.18. There are matrices F, F' with atmost
ra(r1) and rp(r2) nonzero entries respectively such that rank(A + E) < r; and rank(B + F) < 9. We will
now show that rank(M — E® F) < rin + rom. Indeed

M-E®F=(A+E)®@B-E® (B+F)

and the right hand side of the above has rank at most r1n + rom since rank multiplies under the Kronecker
product. Clearly E® F has at most r4(r1)rp(r2) nonzero entries in each row and column so we are done. [

Lemma 4.10. Consider the matrix

A=(F,® @R )9 @, 0 -0R,)
—_— —— | S ——

ai an

Let 0 < € < 0.1 be some chosen parameter and D be some sufficiently large constant (possibly depending on
2 N2
€). Assume t; <ts--- <t, and a; > max (tiai’fgotl),D) for alli. Let P=1t{"...t% and L = [2loglog P].

Then .
ra (Pl_ 10Lt2i log tr, ) < P56

11



Proof. First, we consider the case when there exists an integer B such that B < ¢]*,..., ¢ < B2?. Note
that (F}, ® --- ® Fy,) = Hy, o, By Theorem 3.1, for each i there exists a matrix E; such that E; has at most
—_———
a;
64

-
tZ log t;

(1)
t:"* nonzero entries in each row and column and rank(Hy, o, — E;) <, . Let A; = Hy, o, — E;.

(Fy® - @F,)® @ F, @ 0F,)=(BEi+A) 0 & (B, +4) = <®A>®<®E’>
— ———— N — )
ScCn] \ieS i'¢S

5 (o) fe)-(en)
SC[nl,|S|>en \i€S i'¢s SCln],|S|<en \i€S i'¢S

Let the first term above be N; and the second term be Ny. We bound the rank of N; and the number of
nonzero entries in each row and column of Ns. Note that by grouping terms in the sum for Ny, we can find
matrices Eg for all S C [n] with |S| = en and write

M=) <®Ai> ® Eg

SC[n],|S|=en \i€S

Now we have

1 P en P 3\" P
rank(N;) < Y PJ[—=< (”) e < (ZL) - = < () —
S ] ’ en ( ) (7) (Bﬂ logtn> € Bt% logtn

C[n],|S|=en  i€S tt? log t; Btilostn
i
4

4 ape De
2t2 log tn,

Note that B@lostn > 218 > oy t0-5logtn 4 0n . Either the first term is larger than e~ ort,

is bounded above by some function of € in which case if we choose D sufficiently large, the second term will
be larger than ¢ . In any case we get

P P 1— >
2
4 en < 5 < P atplostn
e
<€B t2 logtn > BZt% log tn,
3

Now we bound the number of nonzero entries in each row and column of No. This number is at most

rank(Ny) <

QnBQenPe S 2nP35 S P4e

Thus, when we have B < t{',...,t% < B?
ra <P14t%61:g tn> < P4€
Now we move on to the case where we no longer have control over the range of values ¢7*,...,t%. Fix
k = 2P and consider the intervals Iy = [k, k?), > = [k%, k%), ..., I; = (k¥ k?),... and so on. Note

A= LR L
® ®(FJ® ®F,)

a;
i€[L] tj] el; a;

For an integer 4, let P, =[]« . Let T be the set of indices i € [L] such that P; > P3T. Then

tJeI

A= ® ®(th®-..®th) ® ® ®(th®"'®th) —B®C

) a, ) a;
€T tjj e, o i¢T t]-JEIi o,

12



(where naturally B denotes the first term and C denotes the second)
Note that the dimension of the matrix C is at most (Pﬁ)L = P3. We now apply Lemma 4.9 repeatedly

to bound the rigidity of B. Let B; = ®tn_zj61_ (Fy, ®---® F)
J f N————

aj

o[ () (5] ) < (1ms)

ieT i€T pAtilostn ieT
7

From the above statements about B, C' we deduce that

66 66
A (Pl_loLt% logtn) <ra (Lpl—gu% logt") < P5e

4.2 Proof of Theorem 4.7

To complete the proof of Theorem 4.7, we will break Fx into submatrices, show that each submatrix is
non-rigid using techniques from the previous section, and then combine our estimates to conclude that Fiy is
non-rigid. Recall that N is (I, z)-factorable with W << W, meaning N = ¢q1¢2 ... q for
some distinct primes ¢, ..., q where ¢; — 1 has no large prime power divisors for all 7. Let ~ be a primitive
N root of unity.

Definition 4.11. For a subset S C [I] define multy(S) = [],cq qs and facty(S) = [[,cg(qs — 1).
Definition 4.12. For all S C [l] we will define Ts as the subset of [N] x [N] indexed by (i,j) such that

ij 20 mod gs Vs € S
ij=0 modgsVs¢ S

Note that as S ranges over all subsets of [l], the sets Ts form a partition of [N] x [N].

For each S, we will divide the set Ts into submatrices such that when filled with the corresponding entries
of Fly, we can apply Lemma 4.10 to show that each submatrix is nonrigid. The key intuition is that for a
given prime ¢;, once we restrict to nonzero residues, the multiplicative subgroup actually has the additive
structure of Zg, 1. Since g; — 1 is smooth, Zg, _; is a direct sum of cyclic groups of small order.

Definition 4.13. For all S C [l], we define the facty (S) x facty (S) matriz M(S) as follows. Let Rg be the
set of residues modulo multy(S) that are relatively prime to multy(S). Note that |Rs| = facty(S). Each
row and each column of M(S) is indezed by an element of Rs and the entry in row i and column j is 0%J
where 0 is a primitive multy (S) root of unity. The exact order of the rows and columns will not matter for
our uses. Note that replacing 0 with 0 for k relatively prime to multy(S) simply permutes the rows so it
does mot matter which root of unity we choose.

Lemma 4.14. Consider the set of entries in Fy indexed by elements of Ts. We can partition this set
into [[¢5(2¢s — 1) submatrices each of size facty(S) x factn(S) that are equivalent to M(S) up to some
permutation of rows and columns.

Proof. In Tg, for each prime g, with s ¢ S, there are 2¢; — 1 choices for what 7 and j are mod ¢s. Now
fix the choice of 7,7 mod g5 for all s ¢ S. Say we restrict to indices with i = ¢; mod Hs¢S qs and j = ¢

mod J[¢g¢s-

13



We are left with a facty(S) x facty(S) matrix, call it A, where ¢ and j run over all residues modulo
multy (S) that are relatively prime to multy(S). Naturally, label all rows and columns of this matrix by
what the corresponding indices ¢ and j are modulo multy(S). For a row labeled a and a column labeled
b, we compute the entry Ag,. The value is %" where @’ is the unique element of Zy such that o’ = a
mod multy(S) and o’ = ¢; mod J[,45¢s and b’ is defined similarly. We have

a b =ab mod multy(S)

a b =ciecs=0 mod l_lqS
s¢S
Therefore
a't/ =k [[ gsab mod multy(S)
s¢S

where k is defined as an integer such that k[],45qs =1 mod multy(S). Note that k clearly exists since

Hses s and multy (S) are relatively prime. Since v*Ilsgs 9 is a primitive multy(S) root of unity, the matrix
A is equivalent to M (.S) up to some permutation, as desired. O

Lemma 4.15. For a subset S C [I] with |S| = k and M(S) (as defined in Definition 4.13) a facty(S) x
facty (S) matriz as described above. we have

facty (S p
rv(s) (W) < (factn(5))°

as long as k 2 W

Proof. WLOG S = {1,2,...,k}. Consider the factorizations of ¢; — 1,...,q; — 1 into prime powers. For
each prime power p{’ < 293 let ¢(p{’) be the number of indices j for which p{* appears (exactly) in the
factorization of ¢; — 1. Consider all prime powers p{’ for which ¢(p§) < z%-62.

0.3
) < <(z0.3)z°-62>w <
t,c(t)<xz0-62

Now consider all prime powers say t1,...,t, for which c(t;) > 2962, Let P = ti(tl) . tfb(t"). From the above
we know that as long as z is sufficiently large

ek
f o \Togayoort _
B 8) sy T 0 @)
v x*

We will use the prime powers ¢; and Theorem 3.1 to show that M(S) is not rigid. Note that we can
associate each row and column of M(S) to a k-tuple (aq,...,a;) where a; € Zg4,_1 as follows. First, it is
clear that each row and column of M (S) can be associated to a k-tuple (z1,...,21) € Z; x --- x Z; . Now
Zy, can be viewed as a cyclic group on g; — 1 elements. This allows us to create a bijection between the rows
and columns of M (S) and elements of Zg, 1 X -+ X Zg, 1.

Also note that for a row indexed by A = (aq,...,ax) and a column indexed by B = (by,...,by), the
entry M (S)ap is dependent only on A + B. We will now decompose M (S) into several P x P submatrices.
In particular, we can write ¢; — 1 = d;T; where T; is a product of some subset of {¢1,...,t,} and d; is
relatively prime to T;. We have T/ T, ... T, = P. For each A", B’ € Zg4, X - -+ X Zg,, we can construct a P x P
submatrix M (S, A’, B') consisting of all entries M(S)ap of M(S) such that A = A’, B = B’ (where the
equivalence is over Zg, X - -+ X Zg, ). This gives us d? different submatrices where d = d; . ..d;,. Naturally, we

14



can associate each row and column of a submatrix M (S, A’, B’) with an element of Zr, X - - - X Z7, such that
for a row labeled I and a column labeled J, the entry M (S, A’, B');; only depends on I + J. In particular,
this means that X (M (S, A’, B")) X is diagonal where X = F, ® - -+ ® Frp,. Now, using Lemma 4.8, we can
rewrite

X=F,®  0F)® - Q((F,® - QF,)
N————— N————
c(t1) c(tn)

: : 0.62 ~ ti(logt)?
Since for = sufficiently large, c(t;) > 2”%% > ““—5~—, we can use Lemma 4.10 and get that

6
ry (P120(loglo€gP)zo'62> < pbe

Let E be the matrix of changes to reduce the rank of X according to the above. We have that E has at
most P€ nonzero entries in each row and column, and

6

rank(X — F) < Pl 000108 PY200Z

We can write M (S) in block form as

M(S,A1,B1) M(S,A1,By) ... M(S, A, By)
M(S, Az, B1) M(S,A2,By) ... DM(S, A1, By)
M(S,Aq, B1) M(S,A4,B2) ... M(S,Aq,By)
where A;,...,Aq and By, ..., By range over the elements of Zg4, X --- X Zg,. We can rearrange the above as
M(S,A1,By) ... M(S, A1, By) XD X ... XDigX
M(S, Ay, B1) ... M(S,Aq,Byg) XDnX ... XDgX

where the D;; are diagonal matrices. Now consider the matrix

ED\E ... EDy4FE
B&)=| .
EDpE ... EDyE
We have
XD X —ED1E ... XD1yX — EDyuE
M(S)—E(S) = : : =
XDpnX —EDpnE ... XDgyX — EDyE
XD (X —FE) ... XDyy(X-—-E) (X —-E)Dn1E ... (X—E)DyE
z 3 : + z z
XDp(X—FE) ... XDy(X—-E) (X -E)DuE ... (X—E)DyuFE

In the above expression, each of the two terms has rank at most

dPl_m _ facty (9) < % (factN(S))

6 902037
P 20(log log P)z0-62
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Note that when computing the rank, we only multiply by d (and not d?) because the small blocks are all
multiplied by the same low rank matrix on either the left or right. The number of nonzero entries in each
row and column of E(S) is at most P%¢d = fa;tﬁ(sf). Since P > (facty(S))' ¢, we conclude

facty (S €
FAL(S) (W) < (factn(5))°

We are now ready to complete the analysis of the non-rigidity of the Fourier transform matrix Fy.

Proof of Theorem 4.7. Set the threshold m = 2°3% and kg = [ —m. The sets Ts, as S ranges over all subsets
of [I], form a partition of [N] x [N]. For each S C [I] with |S| > ko, we will divide Ts into facty (S) x facty (:S)
submatrices using Lemma 4.14 and change entries to reduce the rank of every submatrix according to Lemma
4.15. We will not touch the entries in sets Ts for |S| < kg. Call the resulting matrix M’. We now estimate
the rank of M’ and then the maximum number of entries changed in any row or column.

We remove all rows and columns corresponding to integers divisible by at least %3 of the primes q,...,q.
The number of rows and columns removed is at most

m

1 N l l ’ N
Y3 M) e () v () e
Sc,|S|=2 €S i ( z ) 2 (log z)%0 &

{log 20

The remaining entries must be subdivided into matrices of the form M (S) for various subsets S C [I],
|S| > ko. Say ¢1 < g2 < -+- < ¢;. The number of such submatrices is at most

N2
(1 —1) .. gk — 1))

Each one of the submatrices has rank at most

q1 .-Gk,
a1 —1)...(qr, — 1)

2
5 < (Qro+1 - ~q)? <( ) < 3(qrgs1 .- q)? < 3z*™

N
962037
so in total the rank is at most
3x2m N
2€6$0'37 — 2€6$0'369
Combining the two parts we easily get
N
rank(M’) S W

Now we bound the number of entries changed. The number of entries changed in each row or column is
at most

N qi ... qk ) m
N6€ < o ( 0 NGE < 3N6e+1.1 T < N’Te
(@D ) =@\ Gy g )V S .
6..0.365

As2¢® > 9¢°(log )™ g4 sufficiently large x, we conclude

N €
"y (Q(IgN)) <N
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5 Non-rigidity of All Circulant Matrices

In the previous section, we showed that there exists an infinite set of Fourier matrices that are not Valiant-
rigid. In this section, we will bootstrap the results from Section 4 to show that in fact, all sufficiently large
Fourier matrices are not rigid.

The first ingredient will be a stronger form of Lemma 4.5. Recall that a prime ¢ is defined to be z-good if
W < ¢ < z and all prime powers dividing ¢ — 1 are at most 23 and that an integer NV is defined to be

(I, z)-factorable if it can be written as the product of [ distinct z-good primes.

Lemma 5.1. For all sufficiently large integers K, there exist [, x, N such that W << W,

N s (I,x)-factorable, and K < N < K (log K)?.

Proof. Call an N well-factorable if it is (I, z)-factorable for some x and W <[ < W. Let
Np be the largest integer that is well-factorable with Ny < K. Say Ny is (I, z)-factorable.

We have Ny = q1...q; where qq,...,q are distinct, z-good primes. If | < LWJ then by Lemma

4.5, we can find another z-good prime g;+1. We can then replace Ny with ¢;+1Ng. q+1No > K by the
maximality of Ny and also ¢;1Nog < Nox < Ng(log No)? so q;11 Ny satisfies the desired properties.

We now consider the case where [ = LWJ First, if g1, ..., ¢; are not the [ largest z-good primes then

we can replace one of them say ¢; with ¢; > ¢1. The number N’ = ¢{qg2 . .. q is well-factorable and between
Ny and Ny(log x)¢°. Using the maximality of Ny, we deduce that N’ must be in the desired range.

On the other hand if ¢p,...,q are the [ largest x-good primes, we know they are actually all between

oo and T. 1S 1S Dbecause Dy Lemma 4.9, ere are at least 7— Se- diStinct xr-good primes. (5]
Tos 5oy and x. This is b by L 4.5, th t least ;2% distinct d pri Let

2’ = 2x. The above implies that qq,...,q are z’-good and clearly W << W Further-

more, o gf)coﬂo > Tog z)zcoﬂo +1sol= L(log JCOHOJ < L(log I,J;CC)HOJ and we can now repeat the argument
from the first case. O

We can now complete the proof that all circulant matrices are not rigid.

Theorem 5.2. Let 0 < € < 0.1 be a given parameter. For all sufficiently large N, if M is an N x N
adjusted-circulant (or Hankel) matriz

N 15¢
rar (W) <N

Proof. First we analyze circulant matrices of size Ny where Ny is (I, z)-factorable for some W <
T

I < (log 2)Co+10 -

satisfies the previously mentioned properties,

2N, .
" (Q(IgN)> < N

Now for a circulant matrix M of arbitrary size N x N, note that it is possible to embed an M in the
upper left corner of a circulant matrix of any size at least 2N. By Lemma 5.1, there exists an Ny that is
(I, x)-factorable for some (logx)%oﬂoo << o wg”coﬂo such that

Theorem 4.7 and Lemma 2.18 imply that for My an Ny x Ny circulant matrix where Ny

Ny Ny
— — I N —
(log No)* = 7 2
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We deduce N
IF 0 €
Far (256(log No)0-36 ) = N&4

Rewriting the bounds in terms of N we get

Fq N 15¢
W(wmmeSN
O

Remark. Note that our proof actually shows something slightly stronger, namely that the changes to reduce
the rank of a circulant matrix are actually fized linear combinations of the entries. See Definition 8.1 and
Claim 8.2 for a more precise statement.

From the above and Claim 2.19, we immediately deduce that all Fourier matrices are not rigid.

Theorem 5.3. Let 0 < € < 0.1 be a given parameter. For all sufficiently large N,
N €
9N (W) < N5

6 Non-rigidity of Group Algebra Matrices for Abelian Groups

Using the results from the previous section, we can show that group algebra matrices for any abelian group
are not Valiant-rigid.

Theorem 6.1. Let 0 < € < 0.1 be fivred. Let G be an abelian group and f : G — C be a function. Let
M = Mg(f) be the adjusted group algebra matriz. If |G| is sufficiently large then

2|G‘ 38e€
W(wwwa§W|

Proof. By the fundamental theorem of finite abelian groups, we can write G = Z,,, ® - -+ ® Z,,,. In light of
Lemma 2.18, it suffices to bound the rigidity of F = F,,, ® --- ® F,.

WLOG, n; < ng < --- < n,. We will choose k to be a fixed, sufficiently large positive integer. By
Theorem 5.3, we can ensure that for N > k

N 15¢
%<wmwa§N

Consider the ranges Iy = [k, k%), I, = [k?, k%),... [; = [k2]_1 ,k¥)... and so on. Let S; be a multiset defined
by S; = I; N {ni,...,n.}. Fix a j and say the elements of S; are z; < --- < x3. By Theorem 5.3, for each
x;, there are matrices E,, and A,, such that F,, = A,, + E,,, E,, has at most x%55 nonzero entries in each
row and column, and

;
rank(AIi) S W

Now we can write

Mj:Fw1®"'®F$b:(AI1 +E11)®"'®(Awb+E$b): Z <®Aw‘) N <®Ew;>

Scb] \ieS ¢S
SCb],|S|>eb \i€S i'¢S ScC[bl,|S|<eb \i€S i'¢S
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Let the first term above be N; and the second term be Ny. We will bound the rank of N; and the number
of nonzero entries in each row and column of N,. Note that by grouping the terms in the sum for N; we

can write it in the form
>, QAnobs
Sc[b),|S|=[eb] i€S
where for each S, Eg is some matrix. This implies that

T1...2Tp plet] Ty...Tp _ 3 feb]
rank(N1) < ([dﬂ) (256(logz1)o.as)fflﬂ < (%)fflﬂ (2eﬁ(logm)°'35)kb] I €266 (log 2:1)0-3%

As long as k is sufficiently large, we have

3 [eb] 1 [eb] Ti1...Tp
rank(Nl)s:cl...xb(W> §x1$b<2ag>) S Slogm om0

where in the last step we used the fact that z; < ac% for all 7. The number of nonzero entries in each row or
column of N5 is at most

22 . .. Ty eb)+1(Tp—[ep] - - a1 = 2b(x1 cooxp) (. :1cb_L€bJ_|r1)1_156 < (21...2p)'8¢

Note in the last step above, we used the fact that x; < 2.

For each integer ¢ between 2 and k, let n. be the number of copies of ¢ in the set {nq1,...,n,}. Ifn. > }62(1;)#)2
then by Theorem 3.1, if we define A, = F, ® --- ® F, then
—_——

Ne

4
fa, (ch(l_inogk)> < o€

Let L = [2loglog|G|] and ensure that |G| is sufficiently large so that L > k. Let T be the set of integers ¢
between 2 and k such that ¢"¢ > |G|3T (note that as long as |G| is sufficiently large, all elements of 7' must

satisfy n, > M) Let R be the set of indices j for which [], . 5T = |G|2T. Since S is clearly empty

for j > L, the matrix F' can be written as

F= ® @ --QF, ® ® M;

2<e<k D 1<j<L

Define
B=|Q|Fo-aF|]|a|QM,

c¢T Nne J¢R

)k+L

Note that the size of B is at most (|G|2T < |GJ¢. Also F = B ® D where

D=|Q|Fe-aF|]|e|QM
cer \ JER

For any rank r, ry/(|B|r) < |B|rp(r). Applying Lemma 4.9 iteratively, we get

el 1 1 A
2\ 11 \ & iy 2wt = | | < gy

n el
ceT ¢ “k’logk  jcR
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Note that

1 1 < k L < 1
Z _ et + Z 267(10g1_[1,65j 2)0-33 — + 2Es(log2|LG\)0-33 — 9¢€8(log |G])0-32

=
. € €
ceT ¢ *o gk JER |G|2Lk2 log k

G| GI™ (oo
FF<W < |B| 1B < |G|

Since FMF is diagonal, Lemma 2.18 gives the desired. O

Overall, we conclude

7 Finite Field Case

In this section, we sketch how to modify the proofs in the previous sections to deal with matrices over a
finite field. The main difficulty that arises when attempting to extend the above methods to finite fields is
that the entries of the corresponding Fourier matrix might not exist in the field. Furthermore, for a finite
field Fy and integer k with gecd(k, ¢) > 1, there are no primitive kth roots of unity over any extension of F,.
The first lemma in this section allows us to lift to a field extension and then argue that if a matrix is highly
non-rigid over some low-degree extension then it also cannot be rigid over the base field.

Lemma 7.1. Consider a finite field F, and some algebraic extension Fy[y] where v is some primitive d™ root
of unity with ged(q, d) = 1. If the degree of the minimal polynomial of vy is g then for any matriz M € Fy*™
and any positive integer r,

Fq < Fq[]

nilgr) < ng ()

Proof. Say the conjugates of v are ~1,...,7, where 7 = 7. Let S be the set of all primitive d*™ roots of
unity. First we show that there exists an integer k such that v + - .- + 75 # 0. Let the prime factorization
of d be pi*...pym and set ¢ = pipa ... py,. Note that Y o ze is equal to % times the sum of all primitive

th th

c™ roots of unity. The sum of all ¢(¢) primitive ¢*® roots of unity is either 1 or —1 (and is thus nonzero)

and thus ) Sx% is nonzero. Also, the set S can be partitioned into exactly @ families of the form
{v¢,... ,'yg} where ¢ is some positive integer. In particular, the sum of the %—powers of the elements in one

of these families must be nonzero so there must be some positive integer k& such that v + - .- + 75 #0.

Let s = r[]\F}M (r). There must be a matrix E € F,[y]"*" with at most s nonzero entries in each row
and column such that rankg, [,j(M — E) < r. Now consider a family of g matrices £ = Ey,..., E; obtained
by taking FE and replacing v with each of its conjugates. Define the matrix E’ as follows

k k
gl
E = kfyilkEl“‘"""kingg
L5 i ety

Note that 4§ + - +~% € Fy and also 7/ Ey +--- +9¥E; € FI*" so B € F7*™ and E’ clearly has at most s
nonzero entries in each row and column. Next

1
M—E’:m(yf(M—E1)+~-~+7§(M—Eg))
1 9

so rankg, (M — E') < gr. Writing M = (M — E') + E', we immediately get the desired conclusion.

Following the proof of Lemma 4.10, we can prove the following analog over finite fields.
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Lemma 7.2. Let 0 < € < 0.1 be some chosen parameter, F, be o fized finite field, and D be some sufficiently
large constant (possibly depending on € and q). Consider positive integers t1 < to -+ < t, with ged(t;, q) =1

for alli. Also assume a; > max M, D) for alli. Let P =t§*...t% and L = [2loglog P].
€ 1 n

Consider the field extension Fylw,...,wy,] where w; is a primitive t;*" root of unity. Let Fy, be the t; x t;
Fourier matriz with entries over the field extension. Let

A:(Ft1®"'®Ft1)®"'®(Ftn®"'®Ftn)
—— — ——

ai Qn

Then we have .
riq [W1yeeeswn] (Pl— 10Lt§ log tp, > g P56

We also need a slight modification in the proof of Lemma 4.15. The parameters =, N will be set the same
way as in Section 4. Recall Definition 4.13:

Definition (Restatement of 4.13). For all S C [l], we define the factn(S) x facty(S) matric M(S) as
follows. Let Rg be the set of residues modulo multy(S) that are relatively prime to multy(S). Note that
|Rs| = factn(S). Each row and each column of M(S) is indexed by an element of Rs and the entry in
row i and column j is 07 where 0 is a primitive multy(S) root of unity. The exact order of the rows and
columns will not matter for our uses. Note that replacing 0 with 0% for k relatively prime to multy (S) simply
permutes the rows so it does not matter which root of unity we choose.

Remark. Note if v is a primitive N root of unity, the matriz M(S) is defined over the extension Fy[v]
for all subsets S.

Lemma 7.3. Let v be a primitive N** root of unity. Let wy,... ,w, be roots of unity of order ti,...,t,
where {t1,...,t.} is the set of all prime powers at most z°3. For a subset S C [I] with |S| = k and M(S)
(as defined in Definition 4.13) a factn(S) x facty(S) matriz. we have

Fo[y,w1,....wa] [ fACtN (S .
f;\f[[&) ' ! <2€5;Vo(37)> < (facty (9))°

xT

as long as k > (Tog 7)CoF200

Proof Sketch. The only necessary change in the proof is due to the fact that for an integer k with ged(k, ¢) >
1, primitive k*" roots of unity do not exist over an extension of F,. To deal with this, we will use a more precise
bound than (2) where prime powers not relatively prime to ¢ are also excluded from the product on the LHS.

WLOG S = {1,2,...,k}. Consider the factorizations of ¢; — 1,...,qr — 1 into prime powers. For each
prime power p* < 203, let ¢(p$*) be the number of indices j for which p§* appears (exactly) in the factor-
ization of ¢; — 1. Also let p be the characteristic of the finite field I, that we are working over (so ¢ is a
power of p). Note that

C C C 2 C f C
(ql—l)...(qk—l):Ht(t):p(p)pQ(p)...pf(p) H £e(®)
t ged(t,p)=1

where t ranges over all prime powers at most 23 and p/ is the largest power of p that is at most 2%%. For
a power of p, say p', let d(p’) be the number of indices j such that g; — 1 is divisible (not necessarily exactly
divisible) by p’. Let L = [ (1000 + Cp)log,, log x|

pe®)p2e®®) | pfe@’) — pd@)+dp)++d(p") < I AP+ A0 < kaJrf (log =) 10007C
)(1000—&-6‘0)k$(10g 1,)1“600+C‘0

< (logx
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Next, consider all prime powers p{* for which ¢(p§") < 2962,

0.3
tc(t) < <($0.3)a:0'62)r < xwo'”
t,C(t)SIO‘(m

Now WLOG say ti,...,t, are the set of prime powers for which ged(t;,p) = 1 and c(t;) > 2%%2. Let
P = tf(tl) . tz(t"). From the above we know that as long as z is sufficiently large

ek
P> facty (S) > (faCtN(S))(l—e) ((ng)cwl)

> . > (factn(9)) 7
2% (log ) (1000+C0)k 12 (10g =) 10000 27" (log 2) (1000+Co)k g (10g ) T000FC0

Y

The remainder of the proof can be completed in the same way as Lemma 4.15. O

Using the above we can show the following analog of Theorem 4.7.

Theorem 7.4. Let F, be a fized finite field and 0 < € < 0.1 be some constant. Let x be sufficiently large
and N = q1q2 ... q be a (I, z)-factorable number with gcd(N,q) = 1 and W <Ii< W. Let
t1,...,tq be the set of prime powers at most 3 that are relatively prime to q. Let w1, ... ,wq be primitive

t1,...,tq roots of unity and let vy be a primitive N** root of unity. Then

Folv,wi,e.wn] N e
Fy (ymwa<N

Combining Theorem 7.4 with Lemma 7.1 we get our main theorem for circulant matrices over finite fields.

Theorem 7.5. Let 0 < € < 0.1 be a given parameter and F, be a fized finite field. For all sufficiently large
N, if M is an N X N adjusted-circulant (or Hankel) matriz

F N 15€
%(ﬂmmeSN

Proof. First we analyze circulant matrices of size Ny where Ny is (I, z)-factorable for some W <
I <

X
= (logxz)CoT10"
satisfies the previously mentioned properties,

rFq[77W17~--,Wa] 27]\&) < ‘]\[146
Moy 256(10gN0)0.36 = 4V¥p

Theorem 4.7 and Lemma 2.18 imply that for My an Ny x Ny circulant matrix where Ny

Now we analyze the degree of the extension Fyly,wi,...,w,]. Note Fyly,wi,...,ws] C Fy[n] where n is a
primitive root of unity of degree C' = Ny lem(ty,t2,...%,). The degree of the extension F,[n] is the order of ¢
modulo C'. Ny factors into a product of distinct z-good primes and all prime powers dividing lem(¢y, to, .. . t4)
are at most 23, Thus for any prime power r dividing C, the order of ¢ modulo r divides (wo'g)!. Overall,
the order of ¢ mod C' is at most

(1,0‘3)! < z0.3z°-3 < 2(logNg)O'31

(log Np)0-?

Thus the degree of the extension Fy[vy,wi,...,w,] is at most 2 " By Lemma 7.1

rh __ Mo < Nt
My 9€6(log Np)0-359 | = 0

Now for a circulant matrix M of arbitrary size N x N, note that it is possible to embed an M in the
upper left corner of a circulant matrix of any size at least 2N. By Lemma 5.1, there exists an Ny that is
(1, x)-factorable for some oz g;)mco+100 << i x)xcwlo such that

log
_No Mo
logNo)? = = 2
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We deduce N
IF 0 €
Far <256(log Np)0-359 ) = N&4

Rewriting the bounds in terms of N we get

F N 15
g (Q(IgN)> s N

8 Group Algebra Matrices over Finite Fields

We will now generalize Theorem 6.1 to matrices over a finite field F,. Write the underlying abelian group G
as a direct product of cyclic groups Z,, ® - - - ® Zy,,. While for matrices with entries in C, it sufficed to work
with the Kronecker product of the Fourier matrices Fy,, ® - -+ ® Iy, we require slightly different techniques
for rigidity over a fixed finite field as an extension containing all of the necessary roots of unity could have
too high degree. Instead of working through Fourier matrices, we will work directly with the group algebra
matrices themselves.

First note that Theorem 5.2 can be slightly strengthened so that to reduce the rank of any circulant
matrices, the locations to be changed are fixed and the changes are fixed linear combinations of the entries
of the circulant matrix. More precisely, we make the following definition.

Definition 8.1. Given a group G with |G| = n, we say G is (r, s)-reducible over Fy if the following properties
hold

o There exists a set of entries S C [n] x [n] such that S contains at most s nonzero entries in each row
and column

e There are matrices A, B € Fy*" such thal

rank(A), rank(B) <r

e There are matrices Ey, ..., E, € Fy*™ with all nonzero entries in S and arbitrary matrices Y1,...,Y, €
Fg™" and Zy,...,Zy, € Fy*" such that for any group algebra matriz of G, say M, with top row
consisting of entries x1,...,Ty,

M=Ax Y1+ - +z,Yo)+ @121+ +2,Z,)B+ (x1E1 + -+, E,)
If the group G is (r, s)-reducible over F, we write
]Fq
Non/ (r) < s

We call the matrices A, B (r,s)-reduction matrices and call the matrices Y1,...,Yn, Z1,..., Zn, E1,..., E,
(r, 8)-reduction helpers. We write Yy = x1Y1 + -+ - + 2, Y, and similar for Zyr and E)py.

We now reformulate Theorem 5.2 below.

Claim 8.2. For fized € > 0 and all sufficiently large N,

F N 15¢
Nony’. <266(10gN)035) <N
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Proof. First consider when Ny is (I, z)-factorable for some W <1< W Let My be a
Ny x Ny circulant matrix (i.e. a group algebra matrix for Zy, ) over F, and say the entries in its top row are
T1,...,7N,. Let v be a primitive No*™® root of unity and #;,...t, be the set of prime powers at most x°-3
that are relatively prime to ¢q. Let wq,...,w, be primitive t1,...,t, roots of unity. By Theorem 7.4, there
exists a matrix E over Fy[y,w1, ..., w,] with at most NJ¢ nonzero entries in each row and column such that

Ny

rank(Fy, — FE) < 36 (log Ng)0 5%

Now write
My = FI’{,DDFNO =(Fn, — E)*"DFN, + E*D(Fn, — E)+ E*DE

where D is a diagonal matrix whose entries are linear combinations of x1, ..., zxn,. Note that all of the above
matrices have entries contained in Fy[n] where 7 is a primitive root of unity of degree C' = Ny lem(ty, ..., t,).
As argued before, the degree of the extension is at most 2(1°8 No)™® Tt the conjugates of n be 1 =
N,M2, oy Nm-  Let FJ{W ..., F be obtained by taking Fl, and replacing 7 with its conjugates. Define
D',...,D™ E' ..., E™ similarly. As in the proof of Lemma 7.1, there exists an integer k such that n¥ +

-+ nk #0. We now have

1 m , . o m Y , m e
Mo= L (SO, - B DI, + S B DUE, - B+ S b DB
M T T i=1 i=1
Note that w € [F, and all three of the sums are matrices whose entries are linear combinations of
1 m
Z1,...,2N, with coefficients in ;. The last term satisfies the desired sparsity constraint as it has at most

N3¢ nonzero entries in each row and column and the locations of these entries are independent of M.

It remains to argue that the first two terms satisfy the desired rank constraint. Note that the span of
the columns of (Fy, — E'),..., (F§, — E™) has dimension at most

mNO < NQ
9€5(log Np)°-36 = 9¢b(log No)0-359

over F,[n]No. Therefore, the dimension of the intersection of this subspace with F;VO, say V, has dimension

at most In particular we can write

No
50 (log N)0 350 *

m

> i (Fi, — E)*D'Fiy, = 21Cy + -+ + 2y,Cn,

i=1
for some fixed matrices C,...,Cn, with entries over F,. Also all columns of Cy,...,Cn, must be in V so
each can be written as AY; where A is a fixed matrix with rank at most 26(112% Thus there exists fixed
matrices Y1,...,Yn, € F*™ and a matrix A satisfying the desired rank constraint such that

> 0 (Fi, — E')'D'Fyy, = A1 Y1 + - + 25, Yy)

i=1
A similar argument shows that the second term can also be written in the desired form.
Now to extend to arbitrary N (not necessarily (I,z)-factorable), simply note that any circulant matrix
of size N can be embedded into a circulant matrix of size at least 2IN where all of the entries in the larger

matrix are linear combinations of the entries of the original matrix. We can then apply Lemma 5.1 and
complete the proof in the same way as Theorem 5.2. O

24



Now we introduce the main technical result of this section that allows us to deal with direct products of
groups.

Claim 8.3. Say we have a set of groups Gy,...,G, such that |G;| = n;. Say that for each 1 < i < a, G;
is (ri, s;)-reducible over Fy. Let G =G1 @ --- ® G4 and |G| =n = ning...n,. Then for any integer I and
group algebra matriz M of G over Fy, we have

where

= Y v

SClal,|S|=l i€S i'¢S
s= S S I v
Sclal,|S|< €S  i'¢gS

Proof. For each 1 <i < a, let A, B' be the (r;, s;)-reduction matrices for the group G;. We will write M as
a sum of simpler “component” matrices. First, we can write M as follows

M, ... Mr"l
M = :
M~
ny
such that each M; is a group algebra matrix of G;. Now we can write
Ay, o . AWara Zy,BY ... Zy . B! Evy, oo Eymoa
ny ny ni
M=| s+ S A
Ay, o L Zy . BY ... Eunn
ny nq ni

Call the three matrices above the first, second and third components respectively. Now in each of the ma-
trices above, we can form blocks that correspond to group algebra matrices of Go. We then decompose each
into three parts and iterate the process. We end up with 3% distinct matrices each of which corresponds to
choosing one of the three components for each of G1,...,G,. For each of the 3* distinct matrices, we label
it My where I = (i1,...4q) € {1,2,3} is a tuple where 4, is 1 if the first component of G, is chosen, i; is 2
if the second component of G; is chosen, and 7; is 3 if the third component of G; is chosen.

Let S1(I),S%(I),S3(I) C [a] denote the subsets of locations where the entry of I is 1,2 or 3 respectively.

Write
Ve Y me YoM
Ie{1,2,3}* Ie{1,2,3}*
|S3(1)|<a—1 |53 (1)|>a—1

We claim the first term is low-rank while the second term is sparse. For each 1 < i < a, there exists a set

of linearly independent vectors v{, ..., v}, _,. such that v!A* = 0 and a set of linearly independent vectors
uil,‘ . ,u;?_ri such that Bu} =0forall 1 <j <n;—r;. We can complete the set {vi,..., v} _,.} to a basis
{vi,...,v,, } and similar for {uj,...,u; }. Now say we are given a matrix My with I € {1,2,3}*. We claim

rank(Mp) < H T H n;

i€S1(I) i€la]\S*(I)

To see this, consider the basis of Fy consisting of the vectors 1)]1-1 ® vjz2 ® -+ ® vj where (J1y---5Ja) €
[n1] x -+ X [ng]. If for some index i € S*(I), j; < n; — 14, then

(vj, ®vj, ®--- @ vj, ) Mr =0
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Thus the number of vectors v in this basis such that vM; # 0 is at most Hiesl(l) T Hie[a]\sl(l) n;. Similarly,
we get
rank(M;) < H T H n;
i€S2(I)  icla]\S2(I)
Also note that if for two distinet tuples I,I’, S*(I) € S'(I’), we get using the same argument above that

rank(My + M) < H T H n;
i€SI(I)  i€la]\ST(I)

> M

Ie{1,2,3}“
[$3(I)|<a—1

In the sum

we can essentially merge all of the terms and consider only the tuples I with |S3(I)| = a — [. In particular,

rank Z M| < Z min H T; H n;, H T H n;

Ie{1,2,3}° Ie{1,2,3}° 1€52(1)  i€la]\S2(1) i€S1(I)  i€la]\ST(I)
I5%()|<a—1 15 (I)|=a~1
DD | G | D DR | Ry | K
I§{1,2,3}“ i€[a]\S3(I) 1€S3(1) ScClal,|S|=l €S ¢S
|S°(I)|=a—1

Now it remains to bound the sparsity of

> w

1e{1,2,3}*
|S3(I)|>a—1

Note that the number of nonzero entries in each row and column of M7 is at most Hiesg(l) S; Hie[a]\S3(I) n;

and for each fixed subset S3(I), there are exactly 218D possible tuples I. Thus the number of nonzero
entries in each row and column of the sum is at most

> I s IT m= > 29 JI s]Im
I1€{1,2,3}* i€S3(I) i€la]\S3(]) SClal],|S|<! i€la]\S i€S
|S3(I)|>a—1

Overall we have shown how to write M as the sum of a matrix with the desired rank and a matrix with the
desired sparsity, completing the proof.
O

We are now ready to prove the main theorem about rigidity of group algebra matrices.

Theorem 8.4. Let F, be a fized finite field and € < 0.1 be a fized constant. Let G be an abelian group. As
long as |G| is sufficiently large, for any group algebra matrizc M of G over F,, we have

F ‘G| 100e
N (z(lgG)> = ¢l

Proof. We can essentially follow the same method as the proof of Theorem 6.1 except using Claim 8.3 to
deal with direct products of cyclic groups that are roughly the same size. O
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9 Final Remarks

Theorem 6.1 naturally raises the question of what happens when G is a non-abelian group. When G is non-
abelian, it is no longer possible to diagonalize the matrix Mg (f) but there is a change of basis matrix A such
that AMq(f)A* is block-diagonal where the diagonal blocks correspond to the irreducible representations of
(. When all of the irreducible representations of G are small, it may be possible to use similar techniques
to the ones used here. On the other hand, this suggests that perhaps M¢(f) is a candidate for rigidity when
all irreducible representations of G are large (for instance quasi-random groups [Gow08]).
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