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Abstract

We give improved and almost optimal testers for several classes of Boolean functions on n
inputs that have concise representation in the uniform and distribution-free model. Classes,
such as k-Junta, k-Linear Function, s-Term DNF, s-Term Monotone DNF, r-DNF, Decision
List, r-Decision List, size-s Decision Tree, size-s Boolean Formula, size-s Branching Program,
s-Sparse Polynomial over the binary field and functions with Fourier Degree at most d.

The approach is new and combines ideas from Diakonikolas et al. [30], Bshouty [15], Goldreich
et al. [39)], and learning theory. The method can be extended to several other classes of functions
over any domain that can be approximated by functions that have a small number of relevant
variables.
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1 Inroduction

Property testing of Boolean function was first considered in the seminal works of Blum, Luby and
Rubinfeld [13] and Rubinfeld and Sudan [55] and has recently become a very active research area.
See for example, [2, 4[5 [6], 9 10, 15] 19] 20, 21, 22], 23], 25, 26, 30}, B3, 38, (40}, 43, [44), [48], [47, 511, [56]
and other works referenced in the surveys [36}, 53}, [54].

A Boolean function f : {0,1}" — {0,1} is said to be k-junta if it depends on at most k
coordinates. The class k-Junta is the class of all k-juntas. The class k-Junta has been of particular
interest to the computational learning theory community [11], 12, 17, 29} [41], [45, 49]. A problem
closely related to learning k-Junta is the problem of learning and testing subclasses C of k-Junta and
classes C of Boolean functions that can be approximated by k-juntas [10} 12 BT, 211, 30, [39} [40] 51]:
Given black-box query access to a Boolean function f. In learning, for f € C, we need to learn,
with high probability, a hypothesis h that is e-close to f. In testing, for any Boolean function f,
we need to distinguish, with high probability, the case that f is in C versus the case that f is e-far
from every function in C.

In the uniform-distribution property testing (and learning) the distance between Boolean func-
tions is measured with respect to the uniform distribution. In the distribution-free property test-
ing, [39], (and learning [57]) the distance between Boolean functions is measured with respect to
an arbitrary and unknown distribution D over {0,1}". In the distribution-free model, the testing
(and learning) algorithm is allowed (in addition to making black-box queries) to draw random
x € {0,1}" according to the distribution D. This model is studied in [I5], 27, 32 [34] [42], 46].

1.1 Results

We give improved and almost optimal testers for several classes of Boolean functions on n inputs that
have concise representation in the uniform and distribution-free models. The classes studied here
are k-Junta, k-Linear Functions, k-Term, s-Term DNF, s-Term Monotone DNF, s-Term Monotone
r-DNF, r-DNF, Decision List, Length-k Decision List, r-Decision List, size-s Decision Tree, size-s
Branching Programs, size-s Boolean Formula, size-s-Boolean Circuit, s-Sparse Polynomials over
the binary field, s-Sparse Polynomials of Degree d and functions with Fourier Degree at most d.

In Table [1} we list all the previous results and our results in this paper. In the table, O(T)
stands for O(T - poly(logT')), U and D stand for uniform and distribution-free model, and Exp and
Poly stand for exponential and polynomial time.

It follows from the lower bounds of Saglam, [56], that our query complexity is almost optimal
(with log-factor) for the classes k-Junta, k-Linear, k-Term, s-Term DNF, s-Term Monotone DNF, r-
DNF (7 constant), Decision List, 7-Decision List (r constant), size-s Decision Tree, size-s Branching
Programs and size-s Boolean Formula. For more details on the previous results and the results in
this paper see Table [I] and Sections and

1.2 Notations

In this subsection, we give some notations that we use throughout the paper.

Denote [n] = {1,2,...,n}. For S C [n| and z = (z1,...,2,) we denote z(5) = {z;|i € S}.
For X C [n] we denote by {0,1}% the set of all binary strings of length |X| with coordinates
indexed by i € X. For z € {0,1}" and X C [n] we write 2x € {0,1}¥ to denote the projection
of z over coordinates in X. We denote by 1y and Ox the all-one and all-zero strings in {0, 1},



Class of Functions ‘ Model ‘ #Queries ‘ Time ‘ Reference ‘
s-Term Monotone DNF U O(s%/e) Poly. [51]
s-Term Unate DNF U O(s/€?) Exp. [21]
U O(s/e) Poly. This Paper
s-Term Monotone r-DNF U O(s/e?) Exp. [21]
s-Term Unate r-DNF U O(s/e) Poly. This Paper
D O(s%r/e) Poly. This Paper
s-Term DNF U O(s%/e) Exp. [30]
U O(s/€?) Exp. [21]
U O(s/e) Exp. This Paper
r-DNF (Constant r) U O(1/e) Poly. This Paper
Decision List U O(1/€?) Poly. [30]
U O(1/e) Poly. This Paper
Length-k Decision List D O(K*/e) Poly. This Paper
r-DL (Constant r) U O(1/e) Poly. This Paper
k-Linear U O(k/e) Poly. [8, 13]
D O(k/e) Poly. This Paper
k-Term U O(1/e) Poly. [51]
U O(1/e) Poly. This Paper
D O(k/e) Poly. This Paper
size-s Decision Trees and U O(s/€?) Exp. [21]
size-s Branching Programs U O(s/e) Exp. This Paper
D O(s%/e) Exp. This Paper
size-s Boolean Formulas U O(s/€?) Exp. [21]
U O(s/e) Exp. This Paper
size-s Boolean Circuit U O(s?/€?) Exp. [21]
U O(s?/e) Exp. This Paper
Functions with U 0(2%4/€?) Exp. [21]
Fourier Degree < d D 0(29/e + 2%9) Poly. This Paper
s-Sparse Polynomial U poly(s/e) + O(2%1) | Poly. [T, 31]
over Fy of Degree d U O(s%/e + 229) Poly. | This Paper+[I]
U O(s/e+ s2%) Poly. This Paper
D O(s%/e + s2%) Poly. This Paper
s-Sparse Polynomial U O(s/e?) Exp. [21]
over Fy U Poly(s/e) Poly. [31]
U O(s?/e) Poly. This Paper

Figure 1: A table of the results. In the table, O(T) stands for O(T - poly(logT)), U and D stand
for uniform and distribution-free model, and Exp and Poly stand for exponential and polynomial
time.

respectively. When we write 27 = 0 we mean x; = 07. For X7, Xs C [n] where X; N Xy = () and



z € {0,1}*1,y € {0,1}*2 we write 2oy to denote their concatenation, i.e., the string in {0, 1}X19X2
that agrees with = over coordinates in X; and agrees with y over coordinates in X5. Notice that
zoy =yox. When we write u = oycpyw we mean that v is the concatenation of all the strings in
W. For X C [n] we denote X = [n]\X = {z € [n]|lz € X}. We say that two strings = and y are
equal on I if x7 = yy.

Given f,g : {0,1}" — {0,1} and a probability distribution D over {0,1}", we say that f
is e-close to g with respect to D if Pryep[f(z) # g(z)] < €, where z € D means z is chosen
from {0,1}"™ according to the distribution D. We say that f is e-far from g with respect to D if
Pr.cp[f(z) # g(z)] > €. For a class of Boolean functions C, we say that f is e-far from every
function in C with respect to D if for every g € C, f is e-far from g with respect to D. We will use
U to denote the uniform distribution over {0, 1}" or over {0, 1}* when X in clear from the context.

For a Boolean function f and X C [n]|, we say that X is a relevant set of f if there are
a,b € {0,1}" such that f(a) # f(bx o ax). We call the pair (a,b) (or just @ when b = 0) a witness
of f for the relevant set X. When X = {i} then we say that z; is a relevant variable of f and a is
a witness of f for x;. Obviously, if X is relevant set of f then x(X) contains at least one relevant
variable of f.

We say that the Boolean function f: {0,1}" — {0, 1} is a literal if f € {x1,...,2,,771,...,T0n}
where T is the negation of z.

Let C be a class of Boolean functions f : {0,1}" — {0,1}. We say that C is closed under
variable projection if for every projection 7 : [n] — [n] and every f € C, we have f(x(n)) € C where
o(m) = (Tr(1), ** » Tr(n)). We say that C is closed under zero projection (resp. closed under one
projection) if for every f € C and every i € [n], f(Ogy o :rm) (resp. f(1gy o iﬁm) € C). We say it
is closed under zero-one projection if is closed under zero and one projection.

Throughout the paper, we assume that the class C' is closed under variable and zero projection.
After section 3, we assume that it is also closed under one projection.

1.3 The Model

In this subsection, we define the testing and learning models.

In the testing model, we consider the problem of testing a class of Boolean function C in the
uniform and distribution-free testing models. In the distribution-free testing model (resp. uniform
model), the algorithm has access to a Boolean function f via a black-box that returns f(z) when a
string x is queried. We call this query membership query (MQy or just MQ). The algorithm also has
access to unknown distribution D (resp. uniform distribution) via an oracle that returns = € {0,1}"
chosen randomly according to the distribution D (resp. according to the uniform distribution). We
call this query example query (ExQp (resp. ExQ)).

A distribution-free testing algorithm, [39], (resp. testing algorithm) A for C is an algorithm
that, given as input a distance parameter ¢ and the above two oracles to a Boolean function f,

1. if f € C then A outputs “accept” with probability at least 2/3.

2. if f is e-far from every g € C with respect to the distribution D (resp. uniform distribution)
then A outputs “reject” with probability at least 2/3.

We will also call A a tester (or e-tester) for the class C' and an algorithm for e-testing C.

We say that A is one-sided if it always accepts when f € C'; otherwise, it is called two-sided
algorithm. The query complexity of A is the maximum number of queries A makes on any Boolean
function f.



In the learning models, C' is a class of representations of Boolean functions rather than a
class of Boolean functions. Therefore, we may have two different representations in C' that are
logically equivalent. In this paper, we assume that this representation is verifiable, that is, given a
representation g, one can decide in polynomial time on the length of this representation if g € C.

A distribution-free proper learning algorithm (resp. proper learning algorithm under the uniform
distribution) A for C' is an algorithm that, given as input an accuracy parameter €, a confidence
parameter d and an access to both MQ; for the target function f € C' and ExQp, with unknown
D, (resp. ExQ or ExQp), with probability at least 1 — §, A returns h € C that is e-close to
f with respect to D (resp. with respect to the uniform distribution). This model is also called
proper PAC-learning with membership queries under any distribution (resp. under the uniform
distribution) [3,57]. A proper exact learning algorithm [3] for C' is an algorithm that given as input
a confidence parameter § and an access to MQy for f € C, with probability at least 1 — ¢, returns
h € C that is equivalent to f. The query complexity of A is the maximum number of queries A
makes on any Boolean function f € C.

2 Overview of the Distribution-Free Tester

2.1 Preface

Our approach refers to testing properties that are (symmetric) sub-classes C' of k-juntas; that
is, f : {0,1}" — {0,1} has the property if there exists a function f’ : {0,1}* — {0,1} that
belongs to a predetermined class C” of functions (over k-bit strings) such that f(x) = f'(zr) for
some k-subset I'. Our new approach builds upon the “testing by implicit sampling” approach of
Diakonikolas et al. [30], while extending it from the case of uniform distribution to the case of
arbitrary unknown distributions (i.e., the distribution-free model).

This allows us to present (almost optimal) distribution-free testers for classes of properties that
are sub-classes of k-juntas, which correspond to classes of k-bit long Boolean functions.

While we follow Diakonikolas et al. [30] in considering learning algorithms for the underlying
classes, our approach is also applicable to testing algorithms (see [37, Sec. 6.2]).

Let us again spell out our task. For a class C of n-bit long Boolean functions and a proximity
parameter €, given samples from an unknown distribution D and oracle access to a function f :
{0,1}™ — {0,1}, we wish to distinguish the case that f € C from the case that f is e-far from
C'. Recall that C is a (symmetric) class consisting of a symmetric subclass of k-juntas C’; that is,
f € C if and only if there exists a k-subset I' C [n] and f’ € C’ such that f(z) = f’(xr), where
Tipiny = (Tigs -+, @, ). Actually, we also assume that (' is closed under zero projection.

2.2 A Bird’s Eye View

The basic strategy is to consider a random partition of [n] to r = O(k?) parts, denoted (X, ..., X,),
while relying on the fact that, whp, each X; contains at most one influential variable. Assuming
that f € C, first we determine a set I of at most k indices such that U;cp,)\rX; contains no
“significantly influential” variables of f. Suppose that f’: {0,1}¥ — {0,1}, f' € C’, is a function
that corresponds to the tested function f : {0,1}" — {0,1}, and that I C [n] is indeed the collection
of all sets that contain influential variables. The crucial ingredient is devising a method that allows
to generate samples of the form (2, f/(2’)), when given samples of the form (z, f(z)) (for x € D).
We stress that we cannot afford to find the influential variables, and so this method works without



determining these locations. Using this method, we can test whether f’ belongs to the underlying
class C’; hence, we test f by implicitly sampling the projection of D on the (unknown) influential
variables.

The method employed by Diakonikolas et al. [30] only handles the uniform distribution (i.e.,
the case that D is uniform over {0,1}"), and so it only yields testers for the standard testing model
(rather than for the distribution-free testing model). Furthermore, their method as well as the
identification of the set I rely heavily on the notion of influence of sets, where the influence of a set
S of locations on the value of a function is defined as Prys wre (0 1yn.01, =0 [f(z")# f(2")]. However,
this notion refers to the uniform distribution (over {0,1}") and does not seem adequate for the
distribution-free context (e.g., f01E| f(x) = z1 + 22 we may get Pry prep.—on [f(2') # f(2")] = 0).

We use a different way of identifying the set I and for generating samples for the underlying
function f’. Loosely speaking, we identifies I as the set of indices i for which f(1x, o0x;) # f(0"),
where (recall that) 1g o Og is a string that is 1 on the locations in S and is 0 on other locations.
(Be warned that this description is an over-simplification!) This means that for every ¢ € I and
x € {0,1}"™, the value of x at the influential variable in the set X; (a variable whose location
is unknown to us!), equals f(z') + f(0") where ' = zy, 0 0%, ie., 2 = z; if j € X; and
x; = 0 otherwisel’| Note that the foregoing holds when f € C; in general, we can test whether
x — f(2') 4+ f(0™) is close to a dictatorship (under the uniform distribution) and reject otherwise,
whereas if the mapping is close to a dictatorship, we can self-correct it.

To sample the distribution Dr, where I' is the influential variables in X; = U;c1X;, we sample D
and determine the value of the influential variable in each set X, for i € I. Queries to the function
/" are answered by querying f such that the query y = y1 - - - y is mapped to the query ext(y) such
thatﬂ ext(y); = y; if j belongs to the i*® set in the collection I (and ext(y); = 0 if j € [n] \ X1).
Effectively, we query the function F' : {0,1}" — {0,1} defined as F(z) = f(ext(zr)), and this
makes sense provided that F is close to f (under the distribution D). To test the latter hypothesis
condition, we sample D and for each sample point = we compare f(x) to F(x), where here we again
use the ability to determine the value of the influential variable in each set. Specifically, ext(xr) is
computed by determining the value of xp (without knowing I'), and using our knowledge of (X;);c;.

We warn that the foregoing description presumes that we have correctly identified the collection
I of all sets containing an influential variable. This leaves us with two questions: The first question
is, how do we identify the set I. (Note that the influence of a variable may be as low as 2%,
whereas we seek algorithms of poly(k)-complexity.) The solution (to be presented in Section [2.3.1))
will be randomized, and will have one-sided error; specifically, we may fail to identify some sets that
contain influential variables, but will never include in our collection sets that have no influential
variables. Consequently, f(1x; o O;) # f(0") may not hold for some i € I, and (over-simplifying

again) we shall seek instead some v € {0,1}" such that f(v®) # f(w®), where w® = v% o0x;,
(i.e., w]@ = v§i) if j € [n] \ X; and w]@ = 0 otherwise). Second, as before, for every ¢ € I and
x € {0,1}", we wish to determine the value in z of the influential variable in the set X; (a variable

!The addition operation in this paper is over the binary field I,
*Indeed, if 7(i) € X; is the index of the (unique) influential variable that resides in the set X;, then

@) =70y - F(lx, 0 0%;) + (@7 + 1) - f(0") = () + £(0")

since f(lx, o Ox;) + f(0") = 1.
*Notice that ext(y) = Ox; o (_gl(yi)xi) - Here (y)x = 1x if y =1 and Ox if y = 0.



whose location is unknown to us!). This is done by observing that if f € C' then this value equals
() + f(v®) + 1 where 2/ = Tx; 0 v% (e, 2} =z, if j € X; and 2, = U](-z) otherwise) Again,
we need to test whether z — f(2/) + f(v®) + 1 is a dictatorship, and use self-correction.

2.3 The Actual Tester

As warned, the above description is an over-simplification, and the actual way in which the set
is identified and used is more complex.

We fix a random partition of [n] to 7 = O(k?) parts, denoted (X1, ..., X,.). If f € C, then, with
high probability, each X; contains at most one influential variable, denoted 7(7). We assume that
this is the case when providing intuition throughout this section.

2.3.1 Stage 1: Finding I and corresponding v(*

Our goal is to find a collection I of at most & sets such that the function h; is €/3-close to f (w.r.t
distribution D), where h; is defined as hj(z) = f(xx, o OE) and X; = U;erX;. In addition, for
each i € I, we seek a witness v( for the fact that f depends on some variable in Xj;; that is,
FD) #£ f(w®) for some v that differ from w® only on X;.
The procedure.

We proceed in iterations, starting with I = ().

1. We sample D for O(1/e€) times, trying to find u € D such that f(u) # hr(u).
(Note that if I = (), then hy(u) = f(0"). In general, we seek u such that f(u) # f(ux, oO%;).

If no such w is found, then we set h = hy and proceed to Stage 2. In this case, we may assume
that hy is €/3-close to f (w.r.t D).

2. Otherwise (i.e., f(u) # hr(u)), we find an i € [m]\ I and v(® such that hy(v®) # hlu{i}(v(i)),
which means that X; contains an influential variable and v(?) is the witness for the sensitivity
that we seek. We set I < I U {i} and proceed to the next iteration.

(We find this i by binary search that seeks i and S such that hygugy(u) # hrus(u), which
means that v() equals u in locations outside S and is zero on S )

Once the iterations are suspended (due to not finding ), we reject if |I| > k, and continue to the
Stage 2 otherwise. Recall that in the latter case h = hy is €/3-close to f (w.r.t D).

Note that if f € C, then I contains only sets that contain variables of the k-junta, and so
we never reject in this stage. In general, if i € I, then hp (v®) # hy(v®), which implies that

f(@') # f(2"), where 2’ and 2" differ only on X; (e.g., 'y, = vg?[ and 27 =0 if j ¢ X7).

“Indeed, if 7(i) € X; is the index of the (unique) influential variable that resides in the set X;, then
F@) = 2y fO) + (@ +1) - f() =20 + F(0) +1
since f(v) + f(w®) = 1.

°By Step 1, we have hg/ur(u) # hgrur(u), for ' = [n]\ I and S” = (), and in each iteration we cut S’ \ S” by
half while maintaining hg/r(u) # hgryr(u).



2.3.2 Stage 2: Extracting the value of an influential variable

Given a collection I as found in Stage 1 (and a sensitivity witness v(*) for each i € I), let h = hy
and recall that h is close to f w.r.t D. For each i € I, given = € {0,1}", we wish to determine the
value of x at the influential variable that resides in Xj.

For each i € I, we define v; : {0,1}Xil — {0,1} such that v;(2) = hs(y), where yx, = z and
Uy, = U%. Suppose that f € C, and recall that 7(i) € X; denotes the location of the influential
variable in X;. Let o(i) denote the index of 7(i) in X; (i.e., the (i) element of X; is 7(7)). Then,
in this case, v; is either a dictatorship or an anti-dictatorship. In particular, if v; is a dictatorship,
then v;(2) = 2z,(;) (and otherwise v;(2) = z,(;) + 1).

For each ¢ € I, we test whether v; is a dictatorship or anti-dictatorship, where testing is w.r.t
the uniform distribution over {0,1}/%:l. Note that we also check whether v; is a dictatorship or
anti-dictatorship. If the tester (run with proximity parameter 0.1) fails, we reject. Otherwise (i.e., if
we did not reject), we can compute v; via self-correction on hy; that is, to compute v; at z, we select
u € {0, 111Xl at random, and return v;(z+u)+v;(u), which (w.h.p.) equals (2+U) o (i) FUo(s) = Zo(i)-

Hence, we always continue to Stage 3 if f € C, and whenever we continue to Stage 3 we can
compute all v; (for i € I) via self-correction.

2.3.3 Stage 3: Emulating a tester of C’

Recall that when reaching this stage, we may assume that h = hy is €/3-close to f (w.r.t D). Also
recall that hy(x) depends only on zx,, where X1 = U;c1X;, and that by Stage 2 we may assume that
vi(2) = z,(;) (for every i € I and almost all z). In light of the forgoing, we define F" : {0, 1}" — {0, 1}
such that F'(z) = h(z') where 2’y = (To(), -+ To(s)) (i€, 2 = (TX,)00) = () if j € X,)ﬂ and
', = 0 otherwise. (Indeed, if f € C, then F'(x) = h(z), since h(y) depends only on (yr(;))icr- Using
hypothesis that C’ (and so C) is closed under zero projection, it follows that F' € C.)

We observe that if F' is €/3-close (w.r.t D) to both h and C, then f must be e-close to C (since
f is €/3-close to h). Hence, we test both these conditions. Specifically, using our ability to sample

D, query f, and determine the value of the influential variables in X7, we proceed as follows:

1. Test whether F' = h, where testing is w.r.t the distribution D and proximity parameter €/3.

This is done by taking O(1/¢) samples of D, and comparing the values of F' and h on these
sample points. Recall that h(u) = hy(u) = f(ux, o O%;).

The value of F' on u is determined as follows.

(a) For every i € I, if v; is a dictatorship, then set v; to equal the self-corrected value of
vi(ux;,), where v; is as defined in Stage 2. Otherwise (i.e., when v; is an anti-dictatorship),
we set v; to equal the self-corrected value of v;(ux;) + 1.

(b) Return the value h(u'), where u; = v; if j € X; and u/; = 0 otherwise.

Indeed, F' = h always passes this test, whereas F that is ¢/3-far from h (w.r.t D) is rejected
w.h.p.

2. Test whether F' is in C, where testing is w.r.t the distribution D and proximity parameter
¢/3. This is done by testing whether F” is in C, where F'(z) = F(x) such that z; = z; if j is

SIn general, 7(i) denotes the location in [n] of the o(i)" element of X;.
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in the i*" set in the collection I, and x; = 0 otherwise. Here we use a distribution-free tester,
and analyze it w.r.t the distribution D;. Toward this end, we need to samples D; as well as
answer queries to F/, where both tasks can be performed as in the prior step.

Recall that if f € C, then F' € C, and this test will accept (w.h.p.), whereas if F' is ¢/3-far
from C' the test will reject (w.h.p.).

We conclude that if we reached Stage 3 and f € C (resp., f is e-far from C'), then we accept (resp.,
reject) w.h.p.

2.4 Digest: Our approach vs the original one [30]

Our new approach differs from the original approach of Diakonikolas et al. [30] in two main aspects:

1. In [30], sets that contain influential variables are identified according to their influence, which
is defined with respect to the uniform distribution. This definition seems inadequate when
dealing with arbitrary distributions. Instead, we identify such a set by searching for two as-
signments that differ only on this set and yield different function values. The actual process is
iterative and places additional constraints on these assignments (as detailed in Section .

2. In [30], given an assignment to the function, the value of the unique influential variable that
resides in a given set S is determined by approximating the influence of two subsets of S
(i.e., the subsets of locations assigned the value 0 and 1, respectively). In contrast, we deter-
mines this value by defining an auxiliary function, which depends on the unknown influential
variable, and evaluating this function (via self-correction w.r.t the uniform distribution; see

Section |2.3.2]).

2.5 More on Our Techniques

In this section, we give a detailed overview of our techniques.

2.5.1 Testing Subclasses of k-Junta

For testing a subclass C' of k-Junta that is closed under variable and zero projections, we use
TesterC in Figure [8, We first note that TesterC rejects if any procedure that it calls rejects.
First, TesterC calls the procedure ApproxTarget, in Figure ApproxTarget partitions
the (indices of the) variables [n] into 7 = O(k?) disjoint sets X1,..., X,. Since C' C k—Junta it
follows that, with high probability (whp), if f € C then different relevant variables of f fall into
different sets. Therefore, if f € C, whp, every X; contains at most one relevant variable of f. The
procedure then binary searches for enough relevant sets { X, };cr such that, whp, for X = U;er X;,
h = f(xx o0%) is (¢/3)-close to f with respect to D. If the procedure finds more than £ relevant
sets of f then there are more than k relevant variables in f and it rejects. If f € C then the
procedure does not reject and, since C' is closed under zero projection, h € C. Since, whp, h is
(e/3)-close to f with respect to D, it is enough to distinguish whether h is in C or (2¢/3)-far from
every function in C with respect to D. ApproxTarget also finds, for each relevant set X;, ¢ € I,
a witness v € {0,1}" of h for X;. That is, for every i € I, h(v\)) # h(0x, o vg%)) If f € C, then
(4)

h € C and, whp, for each i € I, h(zx, o vf) is a literal. ApproxTarget makes O(k /€) queries.

11



In the second stage, the tester calls the procedure TestSets, in Figure [d] TestSets verifies,

whp, that for every i € I, h(zx, o v%) is (1/30)-close to some literal in {z,¢), T ;} for some

7(i) € Xj, with respect to the uniform distribution. If f € C, then h € C and, whp, for each

i€l, h(zx, o vg%)) is a literal and therefore TestSets does not reject. Notice that if f € C, then,

whp, ' := {z,(;) }icr are the relevant variables of h. This test does not give 7(i) but the fact that
h(zx, o vg) is close to x,(;) or T ;) can be used to find the value of u,(; in every assignment
u € {0, 1}"z without knowing 7(¢). The latter is done, whp, by the procedure RelVarValues. See
Figure [5l Both procedures make O(k) queries.

Recall that for &€ € {0,1}, &x is the all € vector in {0,1}*. Then the tester defines the Boolean
function F' = h(O o 0je1(7,(;))x;) on the variables {z,(; }jer, that is, the function F' is obtained
by substituting in h for every i € I and every x; € x(X;) the variable x,(;). Since C' C k-Junta and
C is closed under variable and zero projections, 7(i) € X; and, whp, I' = {z,(; }ics are the relevant
variables of h we have:

o If the function f is in C' then, whp, F' = h € C and F depends on all the variables in
I'= {l‘r(j)}jEL

If h is (2¢/3)-far from every function in C' with respect to D then either h is (¢/3)-far from F with
respect to D or F' is (¢/3)-far from every function in C(T") with respect to D where C(I") is the set
of all functions in C' that depends on all the variables in I'. Therefore,

e If the function f is e-far from every function in C' then, whp, either

1. his (¢/3)-far from F' with respect to D or
2. F is (¢/3)-far from every function in C(I") with respect to D.

Therefore, it remains to do two tests. The first is testing whether h = F given that h is either
(e/3)-far from F with respect to D or h = F. The second is testing whether F' € C' given that F'
is either (e¢/3)-far from every function in C(I") with respect to D or f € C(T').

The former test, h = F', can be done, whp, by choosing O(1/¢) strings u € {0,1}" according to
the distribution D and testing whether F'(u) = h(u). To compute F'(u) we need to find {u,;)}ier,
which can be done by the procedure RelVarValues. Therefore, each query to F' requires one call
to the procedure RelVarValues that uses O(k’) queries to f. Thus, the first test can be done using
O(k/€) queries. This is done in the procedure ClosefF in Figure @

Notice that, thus far, all the above procedures run in polynomial time and make O(kz /€) queries.

Testing whether F' € C' can be done, whp, by choosing O((log |C(T")|)/¢) strings v € {0,1}"
according to the distribution D and testing whether F'(u) = g(u) for every g € C(I'). Notice here
that the time complexity is poly(|C(I")|) which is polynomial only when C(I") contains polynomial
number of functions.

If the distribution is uniform, we do not need to use RelVarValues to find {u,(; }ic; because
when the distribution of u is uniform the distribution of {u,(;)}ies is also uniform. Therefore we
can just test whether F'(u) = g(u) for every g € C(I") for uniform {u,(; }ic;. Then computing F'(u)
for random uniform string u can be done in one query to h. Thus, for the uniform distribution, the
algorithm makes O((log |C(T')|)/€) queries to f. This is the procedure Close FCU in Figure

If the distribution is unknown then each computation of F'(u) for a random string u according to
the distribution D requires choosing u according to the distribution D, then extracting {UT(i)}iE I
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from w and then substituting the values {u,()}ies in F'. This can be done by the procedure

RelVarValues using O(k) queries to h. Therefore, for unknown distribution the algorithm makes
O((klog|C(T")|)/€) queries to f. This is the procedures CloseFC'D in Figure

As we mentioned before the time complexity of Close FCU and CloseF'C'D is polynomial only
if |C(T)| is polynomial. When |C(T")] is exponential, we solve the problem via learning theory. We
find a proper learning algorithm A for C(I'). We run A to learn F. If the algorithm fails, runs
more time than it should, asks more queries than it should or outputs a hypothesis g ¢ C then we
know that, whp, F' ¢ C(T'). Otherwise, it outputs a function g € C(I') and then, as above, we test
whether g = F given that g is (¢/3)-far from F or g = F.

Therefore, for the uniform distribution, if the proper learning algorithm for C' makes m MQs
and ¢ ExQs then the tester makes m + g+ O(1/¢€) queries. If the distribution is unknown, then the
tester makes m + O(kq + k/€) queries.

2.5.2 Testing Classes that are Close to k-Junta

To understand the intuition behind the second technique, we demonstrate it for testing s-term
DNF.

The tester first runs the procedure ApproxC in Figure This procedure is similar to the pro-
cedure ApproxTarget. It randomly uniformly partitions the variables to r = 4c?(c + 1)slog(s/e)
disjoint sets Xi,..., X, and finds relevant sets {X;};c;. Here c is a large constant. To find a new
relevant set, it chooses two random uniform strings u, v € {0,1}" and verifies if f(ux ovy) # f(u)
where X is the union of the relevant sets that it has found thus far. If f(ux ovy) # f(u) then the
binary search finds a new relevant set.

In the binary search for a new relevant set, the procedure defines a set X’ that is equal to
the union of half of the sets in {X;};gr. Then either f(uxyux’ ovgr) # f(u) or fluxux: o vgr) #
f(ux ovyg). Then it recursively does the above until it finds a new relevant set X,.

It is easy to show that if f is s-term DNF then, whp, for all the terms T in f of size at least
c?log(s/e€), for all the random uniform strings u, v chosen in the algorithm and for all the strings w
generated in the binary search, T'(ux ovy) = T'(u) = T'(w) = 0. Therefore, when f is s-term DNF,
the procedure, whp, runs as if there are no terms of size greater than c?log(s/¢) in f. This shows
that, whp, each relevant set that the procedure finds contains at least one variable that belongs to
a term of size at most c?log(s/€) in f. Therefore, if f is s-term DNF, the procedure, whp, does not
generate more than c¢?slog(s/¢) relevant sets. If the procedure finds more than ¢2slog(s/¢) relevant
sets then, whp, f is not s-term DNF and therefore it rejects.

Let R be the set of all the variables that belong to the terms in f of size at most ¢?log(s/e). The
procedure returns h = f(xx o wy) for random uniform w where X is the union of the relevant sets
X = UjerX; that is found by the procedure. If f is s-term DNF then since r = 4¢2(c+ 1)slog(s/¢)
and the number of relevant sets is at most c2slog(s/¢), whp, at least (1/2)clog(s/¢) variables in
each term of f that contains at least clog(s/e€) variables not in R falls outside X in the partition of
[n]. Therefore, for random uniform w, whp, terms 7" in f that contains at least clog(s/e) variables
not in R satisfies T'(xx o wy) = 0 and therefore, whp, are vanished in h = f(xx o wy). Thus,
whp, h contains all the terms that contains variables in R and at most cslog(s/e) variables not in
R. Therefore, whp, h contains at most c(c + 1)slog(s/e€) relevant variables. From this, and using
similar arguments as for the procedure ApproxTarget in the previous subsection, we prove that,
ApproxC makes at most O(s/€) queries and
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1. If f is s-term DNF then, whp, the procedure outputs X and w such that

o h= f(rx owg) is s-term DNF.

e The number of relevant variables in h = f(xx o wy) is at most O(slog(s/e)).

2. If f is e-far from every s-term DNF then the procedure either rejects or outputs X and w
such that, whp, h = f(zx o wy) is (3¢/4)-far from every s-term DNF.

We can now run TesterC (with 3¢/4) on h from the previous subsection for testing C* where C* is
the set of s-term DNF with k = O(slog(s/€)) relevant variables. All the procedures makes O(s/€)
queries except Close FCU that makes O(s?/€) queries. This is because that the size of the class
C*(T) is 296" and therefore Close FCU makes O(s%/€) queries. This gives a tester that makes
O(s?/€) queries which is not optimal.

Instead, we consider the class C’ of s-term DNF with O(slog(s/¢€)) variables and terms of size
at most clog(s/e) and show that, in Close FCU, whp, all the terms T of size greater than clog(s/e)
and all the random strings u chosen in the procedure satisfies T'(u) = 0 and therefore it runs as
if the target function h has only terms of size at most clog(s/e). This gives a tester that makes
O(s/€) queries.

As in the previous section, all the procedures run in polynomial time except CloseF'CU. For
some classes, we replace Close FCU with polynomial time learning algorithms and obtains poly-
nomial time testers.

3 Preparing the Target for Accessing the Relevant Variables

In this Section we give the three procedures ApproxTarget, TestSets and RelVarValues.

3.1 Preliminaries

In this subsection, we give some known results that will be used in the sequel.
The following lemma is straightforward

Lemma 1. If {X;};c|y] is a partition of [n] then for any Boolean function f the number of relevant
sets X; of f is at most the number of relevant variables of f.

We will use the following folklore result that is formally proved in [46].

Lemma 2. Let {X;}icy be a partition of [n]. Let f be a Boolean function and u,w € {0,1}". If
f(u) # f(w) then a relevant set Xy of f with a string v € {0,1}" that satisfies f(v) # f(wx, ovx;)
can be found using [logy | queries.

The following is from [8]

Lemma 3. There exists a one-sided adaptive algorithm, UniformJunta(f,k,e,0), for e-testing
k-junta that makes O(((k/€) + klogk)log(1/0)) queries and rejects f with probability at least 1 — o
when it is e-far from every k-junta with respect to the uniform distribution.

Moreover, it rejects only when it has found k + 1 pairwise disjoint relevant sets and a witness

of f for each one.
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3.2 Approximating the Target

In this subsection we give the procedure ApproxTarget that returns (X = U;er X;, V = {v(i)}ie 1),
X Cn], V. C {0,1}" and I C [r| where, whp, each z(X;), i € I, contains at least one relevant

variable of h := f(xx o 0%) and exactly one if f is k-junta. Each v® i e I, is a witness of

f(xx o 0x) for the relevant set X;. Also, whp, f(xx o Ox) is (¢/c)-close to the target with respect

to the distribution D.

ApproxTarget(f,D,¢,c)
Input: Oracle that accesses a Boolean function f and
an oracle that draws x € {0, 1}" according to the distribution D.

Output: Either “reject” or (X,V,I)

Partition [n] into r sets

1. Setr=2k2

2. Choose uniformly at random a partition X1, Xs,..., X, of [n]

Find a close function and relevant sets

3. Set X=0;I=0; V=0;tX)=0.

4. Repeat M = ckln(15k)/e times

5 Choose u € D.

6. HX)  t(X)+1

7 If f(ux o0%) # f(u) then

8 W« 0.

9. Binary Search to find a new relevant set from (u,ux o Ox) — ¢;

10. and a string w® € {0,1}" such that f(w®)) # f(w%o 0x,);

11. X~ XUXy I+ TU{l}.

12. If |I| > k then Output(“reject”).

13. W =wu{w®}.

14. Choose w") € W.

15. If (w0 0g) # F(wily, ©Oxy,) then
W« W\{w}; 0 wg) 00V« VU {o™M};
If W # 0 then Goto

16. Else If f(wg?) 0 0%) # f(w) then u + w; Goto@

17. Else u(—wg(L)oOXT; Goto@

18. tX)=0.

19. If t(X) = cIn(15k) /e then Output(X,V,I).

Figure 2: A procedure that finds relevant sets {X;}ier of f and a witness v(® for each relevant
set X; for h:= f(xx o 0%) where X = U;crX;. Also, whp, h is (¢/c)-close to the target.

Consider the procedure ApproxTarget in Figure [2 In steps the procedure partitions the
set [n] into r = 2k? disjoint sets X1, Xo,..., X,.. In step it defines the variables X, I,V and t(X).
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At each iteration of the procedure, I contains the indices of some relevant sets of f(xx o0) where
X = UzGIXz, ie.,each X;,i€1is relevant set of f(:vX 00x). The set V' contains, for each i € I, a

string v(® € {0, 1}” that satisfies f( oOX) # f(vX\X 00x, 00+). That is, a witness of f(zx00%)
for the relevant set X;, ¢ € I.

The procedure in steps tests if f(ux o0x) = f(u) for at least cIn(15/k)/e, independently
and at random, chosen u according to the distribution D. The variable ¢(X) counts the number
of such w. If this happens then, whp, f(zx o 0x) is (€/c)-close to f with respect to D and the
procedure returns (X, V,I). If not then f(ux o0x) # f(u) for some u and then a new relevant set
is found. If the number of relevant sets is greater than k, it rejects. This is done in steps

In steps the procedure uses Lemmato (binary) searches for a new relevant set. The search
gives an index £ of the new relevant set X, and a witness w(®) that satisfies f(w®) # f(0x, o wg(i)).
Then ¢ is added to I and X is extended to X U X,;. The binary search gives a witness that 5(3
is relevant set of f, but not a witness that it is relevant set of f(xx o O). This is why we need
steps In those steps the procedure adds w® to W. Then for each w( New (at the beginning
r=2/)it checks if w) is a witness of f(zx o0x) for X,. If it is then it adds it to V. If it isn’t
then we show in the discussion below that a new relevant set can be found. The procedure rejects
when it finds more than k relevant sets.

If the procedure does not reject then it outputs (X, V,I) where I contains the indices of some
relevant sets of f(zx 00x), X = UjerX; and the set V contains for each i € I a string v € {0,1}"

that is a witness of f(xx o O%) for Xj, i.e., f(vX 00x) # f(vX\X 0 0x, o Ox). We will also show
in Lemma [9] that, whp, Prp[f(zx o 0x) # f(z)] < ¢/c.
We first prove

Lemma 4. Consider steps in the ApproxTarget. If f is a k-junta then, with probability at
least 2/3, for each i € [r], the set x(X;) = {z;|j € X;} contains at most one relevant variable of f.

Proof. Let x;, and x;, be two relevant variables in f. The probability that x;, and z;, are in the
same set is equal to 1/r. By the union bound, it follows that the probability that some relevant

variables z;, and x;,, i1 # i2, in f are in the same set is at most (g) Jr <1/3. O
X0 — 5:1 X, XG)
XUNX, X, U;,’J:j-i-l Xy, X
(") loiokioricok | ok 100000000000 | 000000
w(r) skoskoskoskoskoskoskoskoskoskok kokoskokok kookeoskoskoskoskoskokoskoskosk Skkoskoskoskok
wgzﬂ 0 00y = olr) | Fmssenines [ ek | 00000000000 | 000000
(™)
Wity © Oy, | RO 100000 || 00000000000 | 000000

¥ i1
Wy ;) © 05y w where * indicates

oOXT and w'") o0

Figure 3: The value of v(’”), w(’”) X(J)\XT

X@DHuX,
any value.

Recall that after the binary search in step |§| the procedure has a witness w® that satisfies
f(w®) # f(w o 0x,) that is not necessarily a witness of f(xx o O%) for Xy, i.e., does not
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necessarily satisfies f (wgf) o0x) # f (wgﬁ)\ x, ©0x, © Ox). This is why we first add w® to W and

not to V. We next will show that an element w(") in W is either a witness of f(xx o 0) for Xy, in
which case we add it to V' and remove it from W, or, this element generates another new relevant
set and then another witness of f is added to W.

Suppose the variable ¢ in the procedure takes the values ¢1,...,¢;. Then X ¢ takes the values
Xy, Xy, and X takes the values X® where X = X0 U X, and X = (. Notice that
X(O) C X(l) Cc.---C X(Q)

Su pose at some iteration, the procedure chooses, in step w™ e W where r = ¢;. By

step |10, f(w(")) # f(w(r) 00y,). Suppose at this iteration X = XU), Then r < j, X,,,.. -, Xy, are

the relevant sets that are discovered so far and Xy, ;..
X, € XU See the table in Figure E If in step l

then v(") = w( " oo O

Xg C X (). Since w(r) E W, by step.,

X(J) X(])) 7& f( X(J)\X,, Ox(j)uxr)
is added to the set V. This is the only step that adds an element to V.

Since v(") = ;(g(;i) o)(;;(j) and XU) C X@ we have v% =0 and f(v™) = f( Xm Oxa7) #
F@tx, @ Oxmox,) = F 0 0x,).

Therefore
Lemma 5. If the procedure outputs (XD, V,I) then for every v'¥ € V we have v% =0 and
o) £ f( OOXZ) That is, v € V is a witness of f(y) o O5gy) for Xo.

We now show that if, in step l flw T 00%) = f (wg)\ x, ©Oxyx,) then the procedure finds a
new relevant set.

Lemma 6. Consider step |15 in the procedure in the iteration where X = XU . If w™) is not a

witness of f(x xe) OOX(J)) for X, i.e. f( X(]) OX(J')) = f(wggf)\XTOOWuXr)’ then a new relevant

set is found.

Proof. See the table in Figure throughout the proof. Since by step I fw™)) #£ f(w(r) 00x,),

then either f(w() # f(w, o Oggy) or fwll, o Oxgr ) # Fwlfo0x,). Tf f(w) #

flw gzj) OX(J)) then the procedure in step [16| assign © = w(") and goes to step |§| to find a relevant
(r)

set in X ). Step 9| finds a new relevant set because w”) and w

y © Ox7y are equal on X0, 1f

X (7)
flw (XTEJ) X, o0 XPUX, ) # f( oOXT) then the procedure in step assign u = wg%)ooxr and goes
to step E to find a relevant set in X (). Step |§| finds a new relevant set because wg(EJ)\XT OXU)UXT
and wg(fo Oy, are equal on X ), d

Therefore, for every w(™ € W the procedure either finds v(") that satisfies the condition in
Lemma [5| or finds a new relevant set. If the number of relevant sets is greater than k, then the
procedure rejects. This is because each relevant set contains a relevant variable, and the relevant
sets are disjoint. So the function, in this case, is not k-junta and therefore not in C'. If the number
of relevant sets is less than or equal to k, then the algorithm eventually finds, for each £ € I, a
witness v(*) of f(zx o0O%) for X;,. This implies
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Lemma 7. If ApproxTarget does not reject then it outputs (X = X0,V = {0l oy} T =
{l1,...,4,4}) that satisfies

1. q=I| < k.

2. For every £ € I, v%) =0 and f(v®) # f(0x, o v%) That is, v € V is a witness of

f(xx o0x) for Xy .
3. Each x(Xy), L € I, contains at least one relevant variable of f(xx o O).
Lemma 8. If f is k-junta and each x(X;) contains at most one relevant variable of f then
1. ApproxTarget outputs (X, V,I).

2. Each x(Xy), € € I, contains exactly one relevant variable in f(xx o O%).

3. For everyl eI, f(xzx, o v%) is a literal.

Proof. By @ in Lemma (7}, x(X/), ¢ € I, contains exactly one relevant variable. Thus, for every
tel, f(rx, o v@) is a literal.

X
Since f contains at most k relevant variables, by Lemma the number of relevant sets |I| is at
most k. Therefore, ApproxTarget does not halt in step [I2} O

The following lemma shows that

Lemma 9. If ApproxTarget outputs (X,V,I) then |I| < k and with probability at least 14/15

Prcol/ (ux o 0g) # f(u)] < e/e.

Proof. 1f |I| > k then, from step ApproxTarget outputs “reject”. Therefore, the probabil-
ity that ApproxTarget fails to output (X,V,I) with Pryep[f(ux o Ox) # f(u)] < €/c is the
probability that for some X©), Pr cp[f(z e o Ox) # f(z)] > €e/cand f(uxw o Ozz) = flu)
for cIn(15k)/e strings u chosen independently at random according to the distribution D. This

probability is at most
e\ cln(15k) /e 1
f(i- o)L L
€ 15
We now give the query complexity

Lemma 10. The procedure ApproxTarget makes O((klogk)/e) queries.

Proof. The condition in steprequires two queries and is executed at most M = ckIn(15k) /e times.
This is 2M = O((klogk)/e€) queries. Steps are executed at most k + 1 times. This is because
each time it is executed, the value of |I| is increased by one, and when |I| = k + 1 the procedure
rejects. By Lemma [2} to find a new relevant set the procedure makes O(logr) = O(log k) queries.
This gives another O(klog k) queries. Therefore, the query complexity is O((klogk)/e). O
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TestSets(X,V,I)
Input: Oracle that accesses a Boolean function f and (X, V,I).
Output: Either “reject” or “OK”

1. Forevery £ € I do

. K 13 : ”
2 If UniformJunta(f(zx, o v%), 1,1/30,1/15)="“reject
3. then Output(“reject”)
4. Choose b € U

¢ T 4 o n gD

5 If f(bx, o U;{—e) = f(bx, o v%) then Output(“reject”)
6. Return “OK”

Figure 4: A procedure that tests if for all £ € I, f(zx, o v;ﬁ) is (1/30)-close to some literal with
} 14
respect to the uniform distribution.

3.3 Testing the Relevant Sets

In this subsection we give the procedure TestSets that takes as an input (X, V = {U(El), el v(fq)}, 1=
{€1,...,¢,}) and tests if for all £ € I, f(zx, o fu%) is (1/30)-close to some literal with respect to
the uniform distribution.

We first prove

Lemma 11. If f is k-junta and each x(X;) contains at most one relevant variable of f then
TestSets returns “OK”.

Proof. By Lemma for every £ € I, f(xx, o v;ﬁ) is a literal.
) 4

If TestSets rejects in stepthen, by Lemma for some Xy, £ € I, f(zx, 0 v%) is not 1-Junta
(literal or constant function) and therefore z(X,) contains at least two relevant variables. If it
rejects in step |5, then f(bx, o v%) = f(bx, o v%) and then f(zx, o v%) is not a literal. In all cases
we get a contradiction. O

In the following lemma we show that if TestSets returns “OK” then, whp, each f(zx, o vg(i))
4
is close to a literal with respect to the uniform distribution.
Lemma 12. If for some { € I, f(xzx, o vgﬁ) is (1/30)-far from every literal with respect to the
. 4
uniform distribution then, with probability at least 1 — (1/15), TestSets rejects.

Proof. 1f f(zx, ov%) is (1/30)-far from every literal with respect to the uniform distribution then it

is either (case 1) (1/30)-far from every 1-Junta (literal or constant) or (case 2) (1/30)-far from every

literal and (1/30)-close to O-Junta. In case 1, by Lemma [3) with probability at least 1 — (1/15),

UniformJunta (f(zx, o v%), 1,1/30,1/15) = “reject” and then the procedure rejects. In case 2,
4

if f(zx, o fu%) is (1/30)-close to some O-Junta then it is either (1/30)-close to 0 or (1/30)-close
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to 1. Suppose it is (1/30)-close to 0. Let b be a random uniform string chosen in steps |44 Then b
is random uniform and for g(z) = f(zx, o v%) we have

Pr[The procedure does not reject]

Pr[g(b) # 9(7)]

— Prlg(b) = 1 Ag(B) = 0] + Prlg(b) = 0 A g(B) = 1
< Prig(t) = ]+Pr[ ® =1

< L

- 15

Lemma 13. The procedure TestSets makes O(k) queries.

Proof. Steps [2[ and [5[ are executed |I| < k times, and by Lemma |3 the total number of queries
made is O(1/(1/30)1og(15))k + 2k = O(k). O

3.4 Determining the Values of the Relevant Variables

RelVarValues(w, X, V, I, )

Input: Oracle that accesses a Boolean function f, (X,V,I) and w € {0,1}".

Output: Either “reject” or for every £ € I, the value, 2 = w,(y) where () is one of the
relevant variables of f(xx o 0%) in 2(X/)

1. For every £ € I do

2 For £ € {0,1} set Yy ¢ = {j € XoJw; = £}

3 Set Gg70 = G&l = 0;

4 Repeat h = In(k/d)/In(4/3) times

5. Choose b € U,

6. I f(bygg 0 by 0 i) # f(byiy 0 by, 0 v5) then G 4= G + 1

7 If f(bye,l e} bYE,O @) ’U%) 7é f(bYé,l e} bYZ,O ( )) then G@ 1< G@ 1 + 1

8 If ({Geo,Gra}t #{0,h}) then Output(“reject”)

9. If Gyo = h then 2z < 0 else zp <1

10. Output(“{z¢}ecs”)

Figure 5: A procedure that takes as input (X,V,I) and a string w € {0,1}" and, with probability
at least 1 — 4, returns the values of w,(;, i € I, where f(zx, o vﬁ%)) is (1/30)-close to one of the
literals in {x,(;), Z7(;)} with respect to the uniform distribution.

In this subsection we give a procedure RelVarValue that for an input (w € {0,1}", X, V,1,9)
where (X,V,I) satisfies all the properties in the previous two subsections, the procedure, with
probability at least 1 — §, returns the values of w,(;, i € I, where f(zx, o v@) is (1/30)-close to

one of the literals in {x,(;), Tr;} with respect to the uniform distribution. When f is k-junta and
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each z(X;) contains at most one relevant variable then {x, ;) }icr is the set of the relevant variables
of f(xx o0x) and w,(;), i € I are the values of the relevant variables. The procedure is in Figure
We first prove

Lemma 14. If f is k-Junta and each x(X;) contains at most one relevant variable of f then
RelVarValues outputs z such that z; = w. (s where f(zx, 0 0%;) € {z7(0), Tr(p)}-

Proof. Since Yy ,Yy is a partition of Xy, £ € I and, by Lemma |8 z(X/,) contains exactly one
relevant variable .y of f(zx o (%), this variable is either in z(Yy) or in 2(Y,1) but not in both.
Suppose w.l.o.g. it is in 2(Yy0) and not in z(Yy1). Then w, () =0, f(wy,, 0 by,, © vgi) is a literal
? ? 4

and f(zy,, oby,, o v%) is a constant function. This implies that for any b, f(by,, o by, © U%) #

f(by, oby, o v and f(by, oby, o 29y = f(by,, oby, o UQ Therefore, by steps |6H7| in the
2,0 01 X, 01 ¢0 ~ VX, 01 2,0

procedure, Gyo = h and Gy; = 0 and the procedure does not output reject in step I Thus, by

step @, 20 = Wr(p)- [

We now prove

Lemma 15. If for every £ € I the function f(xx, ov;ﬁ) is (1/30)-close to a literal in {xr (), Tr(0)}
£

with respect to the uniform distribution, where 7(¢) € Xy, and in RelVarValues, for every { € I,

{Geo,Ge1} = {0, h} then, with probability at least 1 — &, we have: For every £ € I, zp = w,(y)-

Proof. Fix some ¢. Suppose f(zx, o v%) is (1/30)-close to x,( with respect to the uniform

distribution. The case when it is (1/30)-close to T () is similar. Since Xy, = Yo U Y1 and
Y0 NYe1 =0 we have that 7(¢) € Yy or 7(¢) € Yy 1, but not both. Suppose 7(¢) € Y;o. The case
where 7(¢) € Yy is similar. Define the random variable Z(zx,) = 1 if f(zx, o v%) # T(g) and
Z(xzx,) = 0 otherwise. Then

1
EoxevlZ(zx,)] < 55-
Therefore .
Euy,  cvEay, evlZ(2y,, 0 wy,,)] < 30
and by Markov’s bound
1
Prxyz,leU ExYe,er[Z(‘TYé,O o xYe,l)] > T5 < Z

That is, for a random uniform string b € {0, 1}", with probability at least 3/4, f(wy,, oby,, o v@)

is (2/15)-close to ;) with respect to the uniform distribution. Now, given that f(wy,,oby,, ov;ﬁ)

is (2/15)-close to z,(; with respect to the uniform distribution the probability that Gyo = 0 is the

probability that f(by,,oby,, o v%) = f(by,,0by,, © v%) for h random uniform strings b € {0, 1}".

Let b ... (") be h random uniform strings in {0,1}", V(b) be the event f(by,o0by,, © UQ)

f(by,, 0by,, © v%) and A the event that f(zy,, oby,, o U%) is (2/15)-close to ;) with respect
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. e ¢
to the uniform distribution. Let g(zy,,) = f(zy,, 0 by,, © v%) Then

Pr(V(b)[A] = Prlg(by,,) = 9(by,,)|A]
= Pr [(g(sz 0) 7€) A g(byz,o) = bT(Z)) \ (g(bye,o) = bT(E) A g(bYe,o) = bT(K))|A]
< [g(bYe 0) \ g(sz,o) 7& bT(())|A]
< Prigliv,,) # \A] +Prlg(bry,) # br)|4] < 12

Since 7(¢) € Yy 0, we have w, () = 0. Therefore, by step |§| and since 7(¢) € Xy,

Pr(ze # wyp] = Pr[z =1]
= PI’[G&O =0A Gg,l = h]
< Pr[Gpo = 0] = Pr[(Vj € [A])V (V)]
= (Pr[V(0))" < (Pr[V(b)|A] + PrlA))" < (4/15 + 1/4)" < (3/4)"

Therefore, the probability that z; # w, () for some £ € I is at most k(3/ 4)h <6, O
The following is obvious

Lemma 16. The procedure RelVarValues makes O(klog(k/J)) queries.

4 Testing Subclasses of k-Junta

In this section, we give testers for subclasses of k-Junta that are closed under variable and zero
projections.

Our tester will start by running the two procedures ApproxTarget and TestSets and there-
fore, by Lemmas and if f € C (and therefore is k-junta) then, with probability at least 2/3,
both procedures do not reject and item 1] in the following Assumption happens. By Lemmas
O and if f is e-far from every function in C' and both procedures do not reject then, with
probability at least 13/15, item @ in the following Assumption happens. Obviously, the above two
probabilities can be changed to 1 — ¢ for any constant § without changing the asymptotic query
complexity.

Assumption 17. Throughout this section we assume that there are X, q < k, I = {l1,...,{,}

and V = {v) . v} such that: For every { € I, v%) =0 and f(v9) # f(0x, o ’l)Xi)). That is,

v €V is a witness of f(zx o O) for Xy and
1. If f € C (and therefore is k-junta)

o flrxo0lx)eC.
e Fach x(Xy), ¢ € I contains exactly one relevant variable.
o Foreverylel, f(xx, o v%) is a literal in {4, Trp) }-

2. If f is e-far from every function in C then
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o f(xx o0x) is (¢/3)-close to f with respect to D and therefore f(xx o O) is (2¢/3)-far
from every function in C' with respect to D.

o Foreveryl eI, f(zxx, o v%) is (1/30)-close to a literal in {x,(g), T+(¢)} with respect to

the uniform distribution.

We will also use the set of indices I :== {7({1),...,7({y)}. Notice that if f is k-junta then x(I") are
the relevant variables of f.

We remind the reader that for a projection m : X — X the string x(7r) is defined as z(7); = 2 ()
for every j € X. Define the projection 7y : X — X that satisfies: For every £ € I and every
J € Xo, mp1(j) = 7(£). Define the function F(zr) = F(2r(4)),---,T7(,)) = f(@(7s1) 0 05). That
is, F' is the function that results from substituting in f(zx o O) for every ¢ € I and every x;,
i € Xy, the variable z,(;). Note here that the tester does not know 7(¢1),...,7({;).

We now show how to query F' by querying f

Lemma 18. For the function F' we have
1. Given (yi,...,yq), computing F(yi,...,yq) can be done with one query to f.

2. Given x € {0,1}" and ¢, there is an algorithm that makes O(klog(k/d)) queries and, with
probability at least 1 — 0§, either discovers that some X;, i € I contains at least two rel-
evant variables in f (and therefore, whp, f is not k-junta) and then rejects or computes

2= (Tr(ey)s -5 Trey)) and F(z).

Proof. |1] is immediate. To prove |4 we use Lemma We run RelVarValues(z, X,V,1,6). If
it rejects then {Gro,Gp1} # {0,h} for some ¢ € I and therefore Gy, Gp1 > 0. This implies
()

n l — ¢
that for some b,b" € {0,1}", f(by,, 0 by,, © U%) # f(by, 4 0by,, © v%) and f(blYm o b/Yz,o o ’UX—Z) #

f(b/Ye o b’Ym o v;ﬁ). Since Xy =Yy o U Y1 and Yy 0N Yy = 0, the set z(Xy) contains at least two
s s ¢
relevant variables in f.

If for every ¢ we have {Gyo, Gy 1} = {0, h} then, by Lemma with probability at least 1 — 6,
the procedure outputs z where for every ¢, zy = z,(;). Then using (/| we compute F (z). Since by
Lemma (16, RelVarValue makes O(klog(k/J)) queries, the result follows. O

We now give the key lemma for the first tester

Lemma 19. Let C C k—Junta be a class that is closed under variable and zero projections and f
be any Boolean function. Let F(xr) = f(x(ms1) 0 Ox) where I' = {7(£)|€ € I} and C(I') be the set
of all functions in C that their relevant variables are x(I'). If Assumption |17 is true, then

1. If f € C then f(xx 0o0%x) = F € C(T).
2. If f is e-far from every function in C' with respect to D then either

(a) f(xx o0x) is (¢/3)-far from F with respect to D,
or
(b) F is (e/3)-far from every function in C(I') with respect to D.
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Proof. We first prove If f € C, then since C is closed under variable and zero projection
flxx 00%) € C. We have f(xx o0x) = f(orerrx, o Ox) and, by Assumption every x(Xy),
¢ € I, contains exactly one relevant variable x. ) of f(xx 00x). Therefore, f(zx o0x) is a function
that depends only on the variables x.(y), £ € I. By the definition of z(7 ;) and since 7(¢) € X, we
have 2(7y1)-(¢) = () and therefore f(zx o 0x) = f(z(ny ) 0 Ox) = F.

We now prove @ Suppose, for the contrary, f(zx o O) is (¢/3)-close to F' with respect to D
and F' is (e/3)-close to some function g € C(I") with respect to D. Then f(xx o0) is (2¢/3)-close
to g with respect to D. Since, by Assumption f(xx o 0x) is (¢/3)-close to f with respect to D
we get that f is e-close to g € C' with respect to D. A contradiction.

[

In the following two subsections we discuss how to test the closeness of f(zx o0x) to F' and F'
to C(I"). We will assume all the procedures in the following subsections have access to X, V, I that
satisfies Assumption

4.1 Testing the Closeness of f(zx o0y) to F

ClosefF(f,D,¢,0)
Input: Oracle that accesses a Boolean function f and D.
Output: Either “reject” or “OK”

Define F' = f(x(nf,r) 0 O).
Repeat t = (3/¢)In(2/9) times

Choose u € D.

z «RelVarValue(u, X, V,1,§/(2t)) .

If f(ux o0x) # F(2) then Output(“reject”)
Return “OK”.

SR e

Figure 6: A procedure that tests whether f(xx o 0x) is (¢/3)-far from F' with respect to D.

We now give the procedure ClosefF that tests whether f(zx o 0x) is (¢/3)-far from F with
respect to D. See Figure [0]

Lemma 20. For anye, a constant §, and (X, V, 1) that satisfies Assumption procedure Closef F
makes O((k/e)log(k/e)) queries and

1. If f € C then ClosefF returns OK.

2. If f(xx o Ox) is (¢/3)-far from F with respect to D then, with probability at least 1 — 9,
ClosefF rejects.

Proof. ClosefF draws t = (3/¢)In(2/) random u® € {0,1}*, i = 1,...,t according to the
distribution D. It finds z() = ul(f) and if F(u{f)) = f(ug? o Ox) for all ¢ then it returns “OK”.
Otherwise it rejects.

24



If f € C then, by |I| in Lemma F(u{f)) = f(ug? o O%x) for every i. By Lemma |14 and
Assumption 20 = u(FZ) for all ¢, and therefore ClosefF returns OK.
Suppose now f(zx00x) is (¢/3)-far from F with respect to D. By|[4in Lemmal[l8} RelVarValue

makes O(klog((kt)/d)) queries and computes F' (u(FZ )), i=1,...,t, with failure probability at most
§/2. Then the probability that it fails to reject is at most (1 —¢/3)" < §/2. This gives the result.
Therefore, Close f F makes O((k/e)log(k/€)) queries and satisfies [1] and [ O

4.2 Testing the Closeness of F' to C(I")

CloseFCD(f,D,¢,9)
Input: Oracles that access a Boolean function f and D.
Output: Either “reject” or “OK”

1. C*«+C()

2. Repeat 7 = (12/¢€) In(2|C*|/0) times

3 Choose u € D.

4 z «RelVarValue(u, X,V,1,1/2) .

5. For every g € C*

6 If g(z) # F(z) then C* <~ C*\{g}.
7 If C* = () then Output(“Reject”)

8. Return “OK”

CloseFCU(f,€,9)
Input: Oracle that accesses a Boolean function f.
Output: Either “reject” or “OK”

1. C*«+C(I)

2. Repeat 7 = (3/€)In(2|C*|/0)) times

3 Choose (z1,...,24) € U.

4. For every g € C*

5 If g(z) # F(z) then C* <~ C*\{g}.
6 If C* = () then Output(“Reject”)

7. Return “OK”

Figure 7: Two procedures that test whether F' is (¢/3)-far from every function in C'(T") with respect
to D and the uniform distribution, respectively.

In this section, we give the procedures Close FFCD and CloseFCU that test whether F' is
(e/3)-far from every function in C(I') with respect to D and the uniform distribution, respectively.
We prove

Lemma 21. For any € and any constant § and (X,V,I) that satisfies Assumption the pro-
cedures Close FCD and Close FFCU make O((klog |C(T')|)/e) and O((log|C(T)|)/€) queries to f,
respectively, and
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1. If f € C then CloseFCD and Close FCU output OK.

2. If F is (e/3)-far from every function in C(I") with respect to D then, with probability at least
1 -6, CloseFCD rejects.

3. If F is (¢/3)-far from every function in C(I') with respect to the uniform distribution, then
with probability at least 1 — §, CloseFCU rejects.

Both procedures run in time poly(n,|C(I")|,1/¢€).

Proof. The proof for Close F'CU is similar to the proof of Lemma [20] with union bound.

For Close F'CD, notice that it calls RelVarValue(u, X, V,I,1/2), and therefore at each itera-
tion, with probability 1/2, z = up. By Chernoff’s bound (@ in Lemma , with probability at
least 1 — d/2, (3/€)In(2|C*|/d) of the chosen us in the procedures satisfy z = ur. Then again, by
union bound, the result follows. ]

4.3 Testing the Closeness of F' to C(I') via Learning C(I)

In this subsection, we show how proper learning implies testing the closeness of F' to C(I'). The
proofs are similar to the proof of Proposition 3.1.1 in [39].

Let (X,V,1) be as in Assumption [I7/and ¢ = |I| < k. Let Y = {y1,...,y,} be a set of Boolean
variables and C(Y") be the set of all functions in C' that depend on all the variables of Y. Notice
that instead of using C(Y') we could have used C({z1,...,z4}) but here we use the new Boolean
variables y; to avoid confusion with the variables x; of f.

Remark 22. In all the lemmas in this subsection and the following one, in addition to the fact
that F depends on all the variables of Y, the learning algorithms can also make use of (X, V,I) that
satisfies Assumption . This may help for some classes. For e:nampleﬂ if the target function is a
unate monotone function, then from the witnesses in V', we can know if F' is positive or negative
unate in y;, for each variable y;.

The following is an immediate result that follows from the two procedures CloseF'CD and
CloseF'CU in the previous subsection

Lemma 23. If there is a polynomial time algorithm that given a set

Y=A{@W, &), 4", &)} {0,137 x {0, 1}

decides whether there is a function F € C(Y) that is consistent with Y, i.e., F(y®) = & for all
i=1,...,t, then there is a polynomial time algorithm Bp (resp. By ) that makes O((klog|C(I")])/€)
queries (resp. O((log|C(T")|)/€) queries) to f and

1. If f € C then Bp and By output OK.

2. If F is (¢/3)-far from every function in C(I") with respect to D then, with probability at least
1—46, Bp rejects.

3. If F is (¢/3)-far from every function in C(I') with respect to the uniform distribution then,
with probability at least 1 — &, By rejects.

"See the definition of unate in Subsection
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We now give the reduction from exact learning

Lemma 24. If there is a polynomial time algorithm A that, given as an input any constant ¢,
properly ezxactly learns C(Y') with confidence parameter 6 and makes M (&) membership queries to
F' then there is a polynomial time algorithm B that, given as an input €, any constant §, makes
M(5/3) + O((k/e)log(1/e€)) (resp. M(6/3) 4+ O(1/€)) queries to f and

1. If f € C then, with probability at least 1 — §, B outputs OK.

2. If F is (e/3)-far from every function in C(I') with respect to D (resp. with respect to the
uniform distribution) then, with probability at least 1 — &, B rejects.

Proof. Algorithm B runs A with confidence parameter §/3 to learn F(yi,...,y,). By Lemma
each membership query to F' can be simulated by one membership query to f. If algorithm A
runs more than it should, asks more than M (J§/3) membership queries or outputs h ¢ C(Y') then
B rejects.

If A outputs h € C(Y') then the algorithm needs to distinguish whether h(xr) is equal to F'(zr)
or (¢/3)-far from F(zr) with respect to the distribution D (resp. uniform distribution). When the
distribution is uniform, the algorithm chooses t = (3/¢) In(3/8) strings vV, ..., v® € {0,1}¢ and
if F(v®) = h(v®) for all 4 then it outputs “OK”; otherwise it rejects.

In the distribution-free model, B chooses t = (12/€)1n(2/6) strings v € {0,1}" according to
the distribution D. Then runs RelValValue(u(i),X ,V,1,1/2) to find, with probability 1/2 the
value of ul@, 1=1,...,t. If F(u(FZ)) = h(ug)) for all 4, then it outputs “OK”; otherwise it rejects.

The analysis and correctness of the algorithm are the same as in the above proofs and Propo-
sition 3.1.1 in [39]. ]

We now give the reduction from learning from MQ and ExQp

Lemma 25. If there is a polynomial time algorithm A that, given as an input a constant §, any
€, learns C(Y) with respect to the distribution D (resp. uniform distribution), with confident ¢,
accuracy €, makes M(e,8) MQ to F and Q(¢,6) ExQp (resp. ExQu) queries to F' then there is a
polynomial time algorithm Bp (resp. By ) that asks

O <M(e/12, 5/3) + kQ(e/12,0/3) log(kQ(e/12,6/3)) + élog 1)

queries (resp.
1
0 <M(e/12, 5/3) + Q(e/12,5/3) + E)
queries) to f and
1. If f € C then with probability at least 1 — §, Bp and By output OK.

2. If F is (e/3)-far from every function in C(I") with respect to D then, with probability at least
1—46, Bp rejects.

3. If F is (¢/3)-far from every function in C(I') with respect to the uniform distribution then,
with probability at least 1 — &, By rejects.
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Proof. Algorithm B runs A with confidence parameter /3 and accuracy €/12. By Lemma
every membership query to F'(y) can be simulated with one membership query to f. Every ExQps
(resp. ExQ) for the induced distribution D’ of D on the coordinates I', can be simulated with one
ExQp and klog(3kQ(€e/12,6/3)/d) membership queries (resp. one ExQ) with failure probability
d/(3Q(€/12,6/3)), and therefore, with failure probability 6/3 for all the ExQps queries asked in the
learning algorithm.

If algorithm A runs more than it should, asks more than Q(e/12,0/3) ExQps, asks more than
M(e/12,6/3) MQ or outputs h ¢ C(Y) then Bp rejects. If A outputs h € C(Y) then, with
probability at least 1 — (26/3),

1. If F € C(T') then F' is (¢/12)-close to h
2. If F is (¢/3)-far from every function in C(I") then F'is (¢/4)-far from h.

Now, using Chernoff’s bound in Lemma [60} algorithm B, can estimate the distance between F'
and h with accuracy €/24 and confidence 0/6 using O((log(1/d))/€) strings chosen according to
the distribution D’. This can be done using O((log(1/d))/€) queries in the uniform model and
O((k/e)(log(1/8)log(1/(ed))) with confidence §/6 in the distribution-free model. O

Define the oracle WExQp (Weak ExQp) that returns with probability 1/2 a = € {0,1}" ac-
cording to the distribution D and with probability 1/2 an arbitrary « € {0,1}". In some of the
learning algorithms given in the sequel, the algorithms still work if we replace the oracle ExQp with
WExQp. In that case, we can save the factor of log(3kQ(e/12,0/3)/0) in the query complexity of
Lemma |25 in the distribution-free setting. We will discuss this in Section 77.

4.4 The First Tester

We are now ready to give the first tester.
Consider the tester TesterC in Figure[8] Note that the tester rejects if any one of the procedures
called by the tester rejects. We prove

Theorem 26. Let C' C k—Junta that is closed under zero and variable projections. Then

1. There is a poly(|C(T')|,n,1/€) time two-sided adaptive algorithm, TesterC, for e-testing C
that makes O((1/€)(k + log |C(T")|)) queries. That is
(a) If f € C then, with probability at least 2/3, TesterC accepts.

(b) If f is e-far from every function in C' with respect to the uniform distribution then, with
probability at least 2/3, TesterC rejects.

2. There is a poly(|C(T')|,n,1/€) time two-sided distribution-free adaptive algorithm, TesterC,
for e-testing C' that makes O((k/e€)log(2|C(I")|)) queries. That is

(a) If f € C then, with probability at least 2/3, TesterC accepts.

(b) If [ is e-far from every function in C with respect to the distribution D then, with
probability at least 2/3, TesterC rejects.
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TesterC(f,D,¢)
Input: Oracle that accesses a Boolean function f and D.
Output: If any one of the procedures reject

then “reject” or “accept”

(X,V,I) +ApproxTarget(f,D,¢,1/3).
TestSets(X,V,I).

Define F = f(x(my1) o O)
ClosefF(f,D,e,1/15)

N =

For any distribution
5. CloseFCD(f,D,¢,1/15)
6. Return “accept”

For the uniform distribution
5. CloseFCU(f,e,1/15)
6. Return “accept”

Figure 8: A tester for subclasses C' of k-Junta

Proof. We prove la and 2a. Let f € C. Consider step [I] in TesterC. By Lemma [4 and [8] with
probability at least 2/3, ApproxTarget outputs (X, V,I) that satisfies Assumption Now with
this assumption we have: By Lemma TestSets in step [2] does not reject. By Lemma
ClosefF in step [4] does not reject. By Lemma Close FCD and CloseFCU in step [5] do not
reject. Therefore, with probability at least 2/3 the tester accepts.

We now prove 1b and 2b. Suppose f is e-far from every function in C with respect to D. The
proof for the uniform distribution is similar. If in step [l| ApproxTarget outputs (X, V, I) then by

Lemma |§|7 with probability at least 14/15, f(xx o Ox) is (¢/3)-close to f. If in step [2| TestSets
does not reject then, by Lemma with probability at least 14/15, for all £ € I, f(xx, o v) is
(1/30)-close to a literal {x, (s, Tr(¢)f- Therefore with probability at least 13/15, Assumption [17]is

true. Then by Lemma[19] either f(zx o0x) is (¢/3)-far from F with respect to D, or F'is (¢/3)-far
from every function in C(I") with respect to D. If f(xx o0x) is (¢/3)-far from F' with respect to D
then by Lemma with probability at least 14/15, ClosefF rejects. If F' is (¢/3)-far from every
function in C(I') with respect to D then by Lemma [21} with probability at least 14/15, CloseF'C
rejects. By the union bound the probability that the tester rejects is at least 2/3.

The query complexity follows from Lemmas and O

If we replace Close FCD and CloseFCU with the testers in Lemma and [25] we get the
following results

Theorem 27. If there is a polynomial time algorithm that given a set

Y=A{@W, &), 4", &)} {0,137 x {0, 1}

decides whether there is a function F' € C(Y') that is consistent with ), then
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1. There is a polynomial time two-sided adaptive algorithm for e-testing C' that makes O((1/€)(k+
log |C(T")|)) queries.

2. There is a polynomial time two-sided distribution-free adaptive algorithm for e-testing C' that
makes O((k/e)log(2|C(T')|)) queries.

Theorem 28. If there is a polynomial time algorithm A that, given as an input any constant ¢,
properly exactly learns C(Y') with confidence parameter § and makes M (0) membership queries then

1. There is a polynomial time two-sided adaptive algorithm for e-testing C' that makes M(1/24)+
O(k/e) queries.

2. There is a polynomial time two-sided distribution-free adaptive algorithm for e-testing C' that
makes M (1/24) + O(k/e) queries.

Theorem 29. If there is a polynomial time algorithm A that, given as an input a constant § and
any €, learns C(Y), with confident 6, accuracy €, makes M(e,6) MQ and Q(¢,6) ExQu (resp.
EzQp) then

1. There is a polynomial time two-sided adaptive algorithm for e-testing C that makes

0, (M(e/12, 1/24) + Q(e/12,6/3) + f)

queries.

2. There is a polynomial time two-sided distribution-free adaptive algorithm for e-testing C' that
makes

- k
0] (M(e/12, 1/24) + kQ(e/12,1/24) + )
€
queries.
Finally, one trivial but useful result is

Theorem 30. If there is a polynomial time algorithm A that, given as an input any constant 6 and
any € makes M(e,8) MQs and Q(€,0) ExQu (resp. ExDp) and distinguish between F' € C(Y') and
F e-far from every function in C(Y) with respect to the uniform distribution (resp. with respect to
the distribution D) then

1. There is a polynomial time two-sided adaptive algorithm for e-testing C that makes

0 <M(e/12, 1/24) + Q(e/12,1/24) + f)

qUETIEs.

2. There is a polynomial time two-sided distribution-free adaptive algorithm for e-testing C that
makes

0] (M(e/lQ, 1/24) + kQ(e/12,1/24) + f)

qUETLEs.
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5 Results

In this section we define the classes and give the results for the classes k-Junta, k-Linear, k-Term,
s-Term Monotone r-DNF, size-s Decision Tree, size-s Branching Program, Functions with Fourier
Degree at most d, Length-k Decision List and s-Sparse Polynomial of Degree d.

We will use words that are capitalized for classes and non-capitalized words for functions. For
example, k-Junta is the class of all k-juntas.

5.1 Testing k-Junta

For k-Junta in uniform distribution framework, Ficher et al. [33] introduced the junta testing
problem and gave a non-adaptive algorithm that makes O(k?)/e queries. Blais in [7] gave a non-
adaptive algorithm that makes O(k%?2)/e queries and in [8] an adaptive algorithm that makes
O(klogk+k/¢) queries. On the lower bounds side, Fisher et al. [33] gave an Q(v/k) lower bound for
non-adaptive testing. Chockler and Gutfreund [28] gave an Q(k) lower bound for adaptive testing
and, recently, Saglam in [56] improved this lower bound to Q(klog k). For the non-adaptive testing
Chen et al. [24] gave the lower bound Q(k%/2) /.

For testing k-junta in the distribution-free model, Chen et al. [46] gave a one-sided adaptive
algorithm that makes O(k?)/e queries and proved a lower bound Q(2F/3) for any non-adaptive
algorithm. The result of Halevy and Kushilevitz in [42] gives a one-sided non-adaptive algorithm
that makes O(2%/€) queries. The adaptive Q(klogk) uniform-distribution lower bound from [56]
trivially extends to the distribution-free model. Bshouty [I5] gave a two-sided adaptive algorithm
that makes O(1/€)klogk queries.

Our algorithm in this paper gives

Theorem 31. For any € > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing k-Junta that makes O(k/e€) queries.

Proof. We use Theorem Since every F'(Y) is in k-Junta(Y'), the algorithm A always accepts.
Therefore, we have M = @ = 0, and the algorithm makes O(k/¢€) queries. O

5.2 Testing k-Linear

The function is linear if it is a sum (over the binary field F») of variables. The class Linear is the
class of all linear functions. The class k-Linear is LinearNk-Junta. That is, the class of functions
that are the sum of at most k variables.

Blum et al. [I3] showed that there is an algorithm for testing Linear under the uniform dis-
tribution that makes O(1/¢) queries. For testing k-Linear under the uniform distribution, Fisher,
et al. [33] gave a tester that makes O(k?/¢) queries. They also gave the lower bound Q(v/k) for
non-adaptive algorithms. Goldreich [35], proved the lower bound Q(k) for non-adaptive algorithms
and Q(vk) for adaptive algorithms. Then Blais et al. [9] proved the lower bound Q(k) for adaptive
algorithms. Blais and Kane, in [10], gave the lower bound k — o(k) for adaptive algorithms and
2k — o(k) for non-adaptive algorithms.

Testing k-Linear can be done by first testing if the function is k-Junta and then testing if
it is Linear. Therefore, there is an adaptive algorithm for e-testing k-Linear under the uniform
distribution that makes O(k/e€) queries.

In this paper we prove
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Theorem 32. For any € > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing k-Linear that makes O(k/€) queries.

Proof. We use Theorem Here C(Y) = {y1 + - - - + y4} contains one function and therefore the
learning algorithm just outputs y1 + - -- + y4. Therefore M = @ = 0 and the result follows. O

5.3 Testing k-Term

A term (or monomial) is a conjunction of literals and Term is the class of all terms. A k-term is a
term with at most k literals and k-Term is the class of all k-terms.

In the uniform distribution model, Pernas et al. [51], gave a tester for k-terms that makes
O(1/€) queries in the uniform model. We give the same result in the next section. In this paper we
prove the following result for the distribution-free model. When k = n, better results can be found
in [34} 32].

Theorem 33. For any € > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing k-Term that makes O(k/¢€) queries.

Proof. Recall that 29 = x; and 2} = 7;. Here C(Y) = {37" A -+ Ayg’|€ € {0,1}9} contains 29
functions. We use Theorem 29 with Remark 221 Since V' contains witnesses for each variable it
follows that &; are known. Just take any string a that satisfies F'(a) = 1 and then & = @;. Therefore
M = @ = 0 and the result follows. O

5.4 Testing s-Term Monotone r-DNF

A DNF is a disjunction of terms. An r-DNF' is a disjunction of r-terms. The class s-Term r-DNF
is the class of all -DNF's with at most s terms. The class s-Term Monotone r-DNF' is the class of
all »-DNFs with at most s terms with no negated variables. A DNF f is called unate DNF if there
is £ € {0,1}" such that f(ac?l, ...,25") is monotone DNF. If & = 0 then we say that f is positive
unate in x;; otherwise we say that f is negative unate in x;. Similarly, one can define the classes
Unate DNF, Unate s-DNF etc.

We first give a learning algorithm for s-Term Monotone m-DNF. The algorithm is in Figure [9]
In the algorithm, we use P/, for the probability distribution over the strings b € {0,1}"™ where
each coordinate b; is chosen randomly and independently to be 1 with probability 1 — 1/r and
0 with probability 1/r. For two strings x,y € {0,1}" we denote = x y = (z1y1,...,TnYn) Where
x;y; = x; A y;. The procedure FindMinterm(f,a) flips bits that are one in a to zero as long as
fla)=1.

‘We now show

Lemma 34. If the target function f is s-term monotone r-DNF then for any constant §, algorithm
LearnMonotone asks O(s/e) ExQp and O(srlog(ns)) MQ and, with probability at least 1 — 0,
learns an s-term monotone r-DNF, h, that satisfies Prp[h # f] <e.

Proof. We first show that if in the mth iteration of the algorithm (steps the function h
contains ¢ terms of f and f(a) = 1 and h(a) = 0 then, with probability at least 1 — d/(2s), steps
to |11l adds to h a new term of f. This implies that in the (m + 1)th iteration h contains ¢ + 1
terms of f. Then, since the number of terms of f is at most s, with probability at least 1 —§/2, all
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LearnMonotone(f, D, ¢, d,s, )
Input: Oracle that accesses a Boolean function f
that is s-term monotone m-DNF and D.
Output: h that is s-term monotone r-DNF
1. h<+0.
2. Repeat 4(s/€)log(1/6) times.
3. Choose a € D.
4. If f(a) =1 and h(a) = 0 then
d. t<0
6. While t < « := 4r1n(2ns/d) and wt(a) > r do
7. t—t+1;If t =+ 1 Output “fail”
8. Choose y € Py,
9. If flaxy)=1then a <+ axy
10. a < FindMinterm(f,a)
11. h%h\/Hai:l T;
12. Output A

Figure 9: A learning algorithm for s-Term Monotone r-DNF

the terms in h are terms in f. We then show that, with probability at least 1 — §/2, the procedure
outputs h that satisfies Prplh # f] <e.

First notice that if f(a) =1 and h(a) = 0 then for every y € {0,1}", h(a *y) = 0. This follows
from the fact that h is monotone and a * y < a. Therefore if a receives the values a®), ..., a(™ in
the While loop then f(a(® ) =1 and h( (')) =0foralli=1,...,7. We also have a1 = q(® if
f(aDxy) =0 and oD = o xy if f(al *y) = 1. Consider the random variable W; = wt(a(®) —r.
We will now compute E] Z+1|VV]. Since f(a”) =1 and h(a)) = 0, there is a term T in f that is
not in h that satisfies T(a()) = 1. Suppose T = Ty gy - xj,, v’ <r. Then ag) =. gr) =1

Consider another r — 7/ entries in a( that are equal to 1, ag), = ... = () = 1. Such entries

exist because of the condition wt(a) > r of the While command. Note that wt(a®) = W; 4 7.
Let jr41,...,7r+w, be the other entries of a” that are equal to 1. Let A be the event that, for
the y € Py, chosen at this stage, y;, = --- = y;, = 1. Notice that if event A happens then
T(a®D) = f(aD) =1 and oY = a® x y. Then

c=a

EWin1[Wi] = E[Wi|W;, A|Pr[A] + E[W;1.|W;, A|Pr[A

cwema(i ) ()
o oo ()
w2 s d)

The inequality in follows from the fact that W;1; < W; and follows from the fact that the

IN
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expected number of ones in yj, ,aj, .15+ Yjoyw, @iy, 18 (1 —1/m)W;.
Therefore E[W;] < n(1 — 1/(4r))!. The probability that the algorithm fails is the probability
that ¢t = 4rIn(2ns/J). By Markov’s Bound, Lemma [58] this is bounded by

¢
Prwt(a®) > r] = Pr[W; > 1] <E[W,] <n (1 - 1> < 9
4r 2s
This completes the first part of the proof.
Now we show that, with probability at least 1 — §/2, the procedure outputs h that satisfies
Prp[f # h] < €. Let h®) be the function h at iteration i = 1,2,...,w. Since h() — r® —
— bW =h = f if Prp[f # h] > € then Prp[f # h)] > ¢ for all i. Therefore, the
probability that Prp[f # h| > € is less than the probability that for v = 4slog(1/0)/e strings
aW, ... a® chosen independently at random according to the distribution D, less than s of them
satisfies g;(a(”) # f(a®) for Boolean functions g; that satisfy Prplg; # f] > e. By Chernoff’s
bound, Lemma this probability is less than §/2.
The algorithm asks at most 4slog(1/d)/e = O(s/e) ExQp and at most s - 4rln(2ns/d) =
O(srlog(ns)) MQ. O

Now we show

Theorem 35. For any e > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing s-Term Monotone r-DNF that makes O(rs?/€) queries.

Proof. The number of relevant variables in any s-term monotone r-DNF is at most ¢ < k =
sr. By Lemma C(Y) can be learned with constant confidence § and accuracy € in M =

O(srlog(gs)) = O(sr) MQ and O(s/e) ExQp. By Theorem there is a distribution-free tester
for s-Term Monotone r-DNF that makes O(s?r/¢) queries. O

Theorem 36. For any e > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing s-Term Unate r-DNF that makes O(rs®/e) queries.

Proof. The set of witnesses tells us, for every variable z;, if f is positive unate in x; or negative

unate. If f(v®) = 1, f(0x, o v%) = 0 then f is positive unate in x. and if f(v®) = o,
0]

f(0x, o ’UX—) = 1 then f is negative unate in z.). Then the result immediately follows from
Theoremﬁ O

5.5 Testing Size-s Decision Tree and Size s Branching Program

A decision tree is a rooted binary tree in which each internal node is labeled with a variable x;
and has two children. Each leaf is labeled with an output from {0,1}. A decision tree computes a
Boolean function in an obvious way: given an input x € {0,1}", the value of the function on z is
the output in the leaf reached by starting at the root and going left or right at each internal node
according to whether the variable’s value in « is 0 or 1, respectively. The size of a decision tree is
the number of leaves of the tree. The class size-s Decision Tree is the class of all decision trees of
size s.

A branching program is a rooted directed acyclic graph with two sink nodes labeled 0 and 1.
As in the decision tree, each internal node is labeled with a variable x; and has two children. The
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two edges to the children are labeled with 0 and 1. Given an input z, the value of the branching
program on z is the label of the sink node that is reached as described above. The size of a
branching program is the number of nodes in the graph. The class size-s Branching Program is the
class of all Branching Program of size s.

Diakonikolas et al. [30], gave a tester for size-s Decision Tree and size s Branching Program
under the uniform distribution that makes O(s*/e?) queries. Chakraborty et al. [2I] improved the
query complexity to O(s/€?). In this paper we prove

Theorem 37. For any € > 0, there is a two-sided adaptive algorithm for e-testing size-s Decision
Tree and size-s Branching Program that makes O(s/€) queries.

There is a two-sided distribution-free adaptive algorithm for e-testing size-s Decision Tree and
size s Branching Program that makes O(s?/€) queries.

Proof. For decision tree, C(Y') contains the decision trees with ¢ = |Y| < k = s relevant variables.
It is shown in [30] that |C(Y)| < (8s)®. For branching programs |C(Y)| < (s + 1)%*. Now by
Theorem [26] the result follows. O

5.6 Functions with Fourier Degree at most d

For convenience here we take the Boolean functions to be f : {—1,1}" — {—1,1}. Then every
Boolean function has a unique Fourier representation f(z) = ZSC[n] fs1licg i where fg are the

Fourier coefficients of f. The Fourier degree of f is the largest d = |S| with fs £ 0.

Let C be the class of all Boolean functions over {—1,1}" with Fourier degree at most d. Nisan
and Szegedy, [50], proved that any Boolean function with Fourier degree d must have at most
k := d2¢ relevant variables. Diakinikolas et al. [30], show that every nonzero Fourier coefficient
of f € C is an integer multiple of 1/2%~. Since ZSC[n] fg = 1, there are at most 22¢=2 nonzero
Fourier coefficients in f € C.

Diakonikolas et al. [30], gave an exponential time tester for Boolean functions with Fourier
degree at most d under the uniform distribution that makes 0(26d /€?) queries. Chakraborty et
al. [21] improved the query complexity to O(22%/€?). In this paper we prove

Theorem 38. For any ¢ > 0, there is a poly(2d,n) time two-sided distribution-free adaptive al-
gorithm for e-testing for the class of Boolean functions with Fourier degree at most d that makes
O(2%1 +2/¢) queries.

Proof. Bshouty gives in [16] an exact learning algorithm for such clas that asks M = O(22d logn)
membership queries for any constant confidence parameter §. Now since ¢ = |Y| < k = d2%, by
Theorem 28§ the result follows. O

5.7 Testing Length k£ Decision List

A decision list is a sequence f = (x;,,&1,0a1),...,(x;,,&s,as) for any s where &, a; € {0,1}. This
sequence represents the following function: f(x) :=If x;, = & then output(a;) else if z;, = &£ then
output(az) else if -- - else if z;, = & then output(as). Length-k decision list is a decision list with

s < k. The class Decision List is the class of all decision lists and the class Length-k Decision List
is the class of all length-k decision lists.

8The class in [I6] is the class of decision trees of depth d but the analysis is the same for the class of functions
with Fourier degree at most d
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It is known that this class is learnable under any distribution with O((klogn + log(1/4))/e)
ExQp, [14, 52]. This implies

Theorem 39. For any e > 0, there is a polynomial time two-sided distribution-free adaptive algo-
rithm for e-testing Length-k Decision List that makes O(k?/¢) queries.

Proof. The result follows from Theorem O

5.8 Testing s-Sparse Polynomial of Degree d

A polynomial (over the field F3) is a sum (in the binary field F3) of monotone terms. An s-sparse
polynomial is a sum of at most s monotone terms. We say that the polynomial f is of degree d
if its terms are monotone d-terms. The class s-Sparse Polynomial of Degree d is the class of all
s-sparse polynomials of degree d. The class Polynomial of Degree d is the class of all polynomials
of degree d.

In the uniform distribution model, Diakonikolas et al. [30], gave the first testing algorithm for the
class s-Sparse Polynomial that runs in exponential time and makes O(s*/€?) queries. Chakraborty
et al. [21] improved the query complexity to O(s/€?). Diakonikolas et al. gave in [3I] the first
polynomial time testing algorithm that makes poly(s, 1/¢) queries. In [I], Alon et al. gave a testing
algorithm for Polynomial of Degree d that makes O(1/e + d22?) queries. They also show the lower
bound Q(1/e + 29) for the number of queries. Combining those results we get a polynomial time
testing algorithm for s-Sparse Polynomial of Degree d that makes poly(s,1/e) + O(224) queries.
Just run the Alon et al. algorithm in [I] and then run Diakonikolas et al. algorithm in [31I] and
accept if both algorithms accept.

Here we prove the following Theorem.

Theorem 40. For any € > 0, there is a two-sided adaptive algorithm for e-testing s-Sparse Poly-
nomial of Degree d that makes O(s/e + s2%) queries.

For any € > 0, there is a two-sided distribution-free adaptive algorithm for e-testing s-Sparse
Polynomial of Degree d that makes O(s%/e + s2%) queries.

We first give a learning algorithm LearnPolynomial for s-sparse polynomial of degree d. See
Figure [I0]
Lemma 41. Let f be an s-sparse polynomial of degree d. For any constant 8, algorithm Learn-

Polynomial asks O((s/e)logs) EzQp and O(s2¢ log(ns)) MQ and, with probability at least 1 — 6,
learns an s-sparse polynomial of degree d, h, that satisfies Prp[h # f] < e.

Proof. Suppose f = 3 ,,cp M, where F are the set of monotone d-terms of f and |F| = s' < s.
Suppose, at some stage of the algorithm h = 3=,/ o M where F' C F. Then f+h =37y /cp\p M.
Notice that F’ is the set of terms of f that is found by the algorithm up to this stage and F\F” is
the set of terms that is yet to be found. Since the number of terms of f is at most s, all we need
to show is that:

1. Each time the algorithm executes steps [6H14] with probability at least 1 — 0/(2s), it finds a
term of f + h, and therefore, a new term of f.

2. Assuming 1., the algorithm, with probability at least 1 —§/2, outputs an s-sparse polynomial
of degree d, h that satisfies Prp[f # h] < e.
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LearnPolynomial(f, D, ¢, 0, s,d)
Input: Oracle that accesses an s-sparse polynomial f
of degree d and D.
Output: An s-sparse polynomial of degree d, h, or “fail”
1. h+0,th)« 0.
2. Repeat (s/€)In(3s/d) times.
3 Choose a € D.
4. t(h) < t(h) + 1.
5. If (f+h)(a) =1 then
6 m < 0;
7 While m < a := 16 - 24(21n(s/8) + Inn) and wt(a) > d do
8 m <+ m+1;
9. Choose y € U
10. If (f+h)(axy)=1then a<+ axy
11. If wt(a) > d then “fail”
12. M <+ Find a monotone term in (f + h)(a * x)
13. h<h+M
14. t(h) < 0.
15. If t(h) = (1/€)In(3s/0) then Output h

Figure 10: A learning algorithm for s-sparse polynomial of degree d

Then, by the union bound, the success probability of the algorithm is at least 1 — § and the result
follows.

We first prove 1. Let g = f+ h. Suppose that the algorithm finds a string a such that g(a) = 1.
Then a satisfies at least one term in g. Let M’ € F\F’ be one of them and let d’ < d be the degree
of M' . Then g(a*z) = > MeR\F/ M(a)=1 M contains M’ and therefore g(a * x) is not zero.

We first show that the probability that after oy := 16 - 2¢In(sn/6) iterations of steps the
weight of a does not drop below 24d is less than §/(4s). Then we show that, if the weight of a is less
than or equal to 24d then the probability that after as := o — ar; more iterations of steps the
weight of a does not drop below d + 1 is less than §/(4s). If these two facts are true then after the
algorithm finishes executing the While command, with probability at least 1 — §/(2s), the weight
of a is less than d + 1.

It is known that for any non-zero polynomial H of degree at most d, Pry[H (z) = 1] > 1/2¢, [18].
Since g(a * ) is of degree at most d, for a random uniform string y we get Prlg(a*y) = 1] > 1/2%.
Now suppose wt(a) > 24d. By Chernoff’s bound, Lemma the probability that wt(a * y) >
(3/4)wt(a) is at most e~®H®)/24 < 2=d=1 Therefore, by the union bound,

1 1 1
Prig(axy) =1 and wt(axy) < (3/4)wt(a)] > 1 — (1 ~ 5 + 2d+1> > SaF T (3)
The probability that after oy = 16 - 2¢In(sn/d) iterations of steps the weight of a does not
drop below 24d is less than the probability that for a; = 16-2%1n(sn/§) random uniform strings ¥,
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less than log(n)/log(4/3) of them satisfies g(a * y) = 1 and wt(a x y) < (3/4)wt(a) given that a
satisfies wt(a) > 24d and g(a * x) # 0. By and Chernoff’s bound this probability is less than
5/ (4s).

We now show that if wt(a) < 24d, then after ap = o — a1 = 16 -2%1n(s/0) iterations of steps @-
with probability at least 1 — §/(4s), the weight of a drops below d + 1. Take a that satisfies
d+ 1 < wt(a) < 24d. Then

Prlg(axy) =1 and wt(a xy) < wt(a)] > Prlglaxy) = 1] — Priwt(axy) = wt(a)]
1 1 1
= 94 T @it g
Then as before, with an additional as iterations of steps with probability at least 1 —§/(4s),
the weight of a drops below d + 1.

Once the weight of a is less or equal to d, the algorithm finds in step a monotone term in
g(a* x) by building a truth table of g(a * x) using at most 2¢ queries and learning one of its terms.
This term is in g because all the terms of g(a * x) are terms of g(x).

The proof that the algorithm, with probability at least 1 — §/2, outputs h such that Prp[f #
h] < € is identical to the proof in Lemma |§| for the output of ApproxTarget. O

We are now ready to prove Theorem [40]

Proof. By Lemma Theorem [29] and since n = |Y| = sd, Q = (s/€)logs and M = s2%log(sd)
the result follows. O

6 Testing Classes that are Close to k-Junta

In this section, we show the result for s-term DNF in the uniform distribution model. Then in the
following section, we show how to extend it to other classes.

The main idea is the following. We first run the procedure ApproxC' in Figure that finds
X C [n] and w € {0,1}" such that, with high probability,

1. The projection xx o wy removes variables from f that appear only in terms of f of size at
least clog(s/e) for some large constant c.

2. h = f(rx owsy) is (¢/8)-close to f.

From we conclude that the terms of size at most clog(s/e€) in f contain all the variables of h.
Since the number of terms in f is at most s the number of variables that remain in A is at most
k := cslog(s/€). From we conclude that if f is e-far from every s-term DNF then h is (7¢/8)-
far from every s-term DNF and therefore h is (7¢/8)-far from every s-term DNF with at most
k variables. Therefore, it is enough to distinguish whether h is an s-term DNF with at most k
variables or (7¢/8)-far from every s-term DNF with at most k variables. This can be done by the
algorithm TesterC in the previous section

Note that removing variables that only appears in large size terms does not necessarily remove
large terms in f. Therefore, h may still contain large terms even after running ApproxTarget in
TesterC. To handle large terms, we can use any learning algorithm that learns h with accuracy
€/12 and use Theorem
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This gives a tester for s-term DNF that makes O(s?/€) queries, which is not optimal. This
is because the number of s-term DNF with at most k variables is m := 29%%) (and therefore the
number of queries in TesterC is at least O((logm)/e) = O(s?/e)). To get an optimal query tester,
we do the following. We build a tester that uses only random uniform queries for the class s-term
DNF with at most k variables and terms of size at most r = ¢ log(s/€) where ¢’ is a large constant
and show that this tester, with high probability, works well for h. The reason for that is that when
the algorithm uses random uniform queries, with high probability, all the terms of h that are of size
greater than r are zero for every query. Since the number of s-term DNF with at most k variables
and terms of size at most r is at most m = 20("s108%) the number of queries in TesterC' is at most
O(k/e + (logm)/e) = O(s/e).

In the next subsection, we give the procedure ApproxC' that removes variables that only appear
in large size terms, and in Subsection we give the tester for s-Term DNF. Then in Section
we extend the above to other classes.

6.1 Removing Variables that only Appears in Large Size Terms

Algorithm ApproxC(f,e, \)
Input: Oracle that accesses a Boolean function f and
Output: Either “X C [n],w € {0,1}"” or “reject”

Partition [n] into r sets
1. Set m = clog(s/e€); r = 8ms.

2. Choose uniformly at random a partition X, Xo,..., X, of [n]

Find a close function and relevant sets

3. Set X =0;1=0;tX)=0; k=3ms

4. Repeat M = 100\kIn(100k)/e times

5. Choose u,v € U.

6. tHX) +t(X)+1

7. If f(ux ovyg) # f(u) then

8. Binary Search to find a new relevant set Xy; X < X U Xy I < T U {(}.
9. If |I| > k then output “reject” and halt.
10. tH(X) = 0.

11. If ¢(X) = 100\ In(100k) /e then

12. Choose a random uniform w;

13. Output(X, w, f(xx o wy)).

Figure 11: A procedure that removes variables from f that only appears in large size terms.

We explain our technique by proving the result for s-term DNF.

We remind the reader that for a term 7T, the size of T is the number of variables that are in it.
For a variable z and ¢ € {0,1}, 28 =z if ¢ =0 and 28 =T if £ = 1. For a term T' = ! A--- A x(®
we denote by Va(T') = {z;,,...,z;,}, the set of variables that appears in T'. For a set of terms T
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we denote Va(T) = UrerVa(T). Here A > 1 is any constant and we use ¢ = O(log \) to denote a
large constant.
Consider the procedure ApproxC' in Figure We will prove the following two Lemmas

Lemma 42. Let f be an s-term DNF. ApproxC makes O(s/€) queries and, with probability at
least 9/10, outputs X and w such that

1. f(rx owg) is s-term DNF.
2. The number of relevant variables in f(xx owy) is at most 3cslog(s/e) = O(slog(s/e)).

Lemma 43. Let f be e-far from every s-term DNF. ApproxC makes O(s/e) queries and either
rejects, or with probability at least 9/10, outputs X and w such that f(xx o ws) is (1 — 1/X)e-far
from every s-term DNF.

We first prove Lemma

Proof. Consider an s-term DNF, f =Ty VToV---V Ty, where s’ < s. Let T ={T1,...,Ty}. Let
Ti={T €T :|Va(T)| < m} be the set of terms in T of size at most m := clog(s/e¢) and let Ry =
Va(71) be the set of variables that appear in the terms in 77. Let To = {T € T : |Va(T)\R1| < m}
be the set of terms T' € T that contain at most m variables not in Ry. Let Ry = R; UVa(72) be the
variables in R; and of the terms in 73. Let 73 = {T" € T : |Va(T)\R1| > m} be the set terms T € T
that contain more than m variables that are not in Ry. Let Ty = {T' € T : |Va(T)\Rz| > m} be
the set of terms in 7" € T that contain at least m variables not in Ry. Let R3 = Ro U Va(73\71) be
the set of variables in Ry and of the terms in 73\7s. Then

|R1| < ms, |Rz2| < 2ms, |R3| < 3ms and Ty C T3.

In steps procedure ApproxC uniformly at random partitions [n] into r = 8ms sets
X1,..., X, Suppose that the variables in Ry are distributed to the sets Xj,..., X , ¢ < |[Ro| <
2ms.

For each T' € T4, the expected number of variables in Va(T')\ Ry that are not distributed to
one of the sets Xj,,..., X, is greater or equal to (1 —¢/r)m = (3/4)m. By Hoeffding’s bound,
Lemma and the union bound, the probability that it is greater than m/2 in every term T € Ty
is at least 1 — s - exp(—m/8) > 99/100.

In steps procedure ApproxC are repeated M times and it finds relevant sets using two
random uniform strings v and v. If f(ux ovy) # f(u) then a new relevant set is found. Consider
any T € T3. The size of T is at least m. Suppose T = xgll A A azg’:;’,, m’ > m. For random
uniform u,v € {0,1}", the probability that there is no j € [m/] such that u,; = (ux o vg)s, = &;
is at most (3/4)™. The probability that this happens for at least one 7" € T3 and at least one of
the M randomly uniformly chosen v and v in the procedure is at most (3/4)"sM < 1/100. Notice
that if u,;, = (ux o vg)e; = & then T(u) = T(ux ovg) = 0 and T(w) = 0 for every string w
in the binary search that is made to find a new relevant set. Therefore, with probability at least
99/100, the procedure runs as if f contains no terms in 73. Let f/ = Vrer\ 7z T With probability
at least 99/100 the procedure runs as if f = f’. The number of relevant variables in f’ is at most
|R2| < 2ms and all those variables are distributed to Xj,,..., X}, . Therefore, with probability at
least 99/100, the procedure generates at most 2ms < k relevant sets and therefore, by step EL it
does not reject and those relevant sets are from Xj,,..., X .
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The output of the procedure is X C X; U---U X, and a random uniform w. We now show
that with high probability f(xx o w) contains at most k& = 3ms relevant variables.

We have shown above that with probability at least 99/100 every term 7' € T4 contains at least
m/2 variables that are not distributed to Xj,,..., X, . Therefore, for a fixed term T" € 7 and for
a random uniform w, the probability that T(zx ows) = 0 is at least 1 — (1/2)™/2. The probability
that T(zx o wy) = 0 for every T € Ty is at least 1 — s(1/2)™/2 > 99/100. Therefore, when we
randomly uniformly choose w € {0,1}", with probability at least 99/100, the function f(xx o w)
does not contain terms from 7. Thus, with probability at least 99/100, f(xzx o w) contains at
most |R3| < 3ms variables.

Now as in the proof of Lemma the query complexity is 2M + klogr = O(s/e). O

We now prove Lemma [3]

Proof. As in the proof of Lemma [9 the probability that the algorithm fails to output X that
satisfies Pry yev[f(2x o yx) = f(2)] < €/(100X) is at most

( ¢ )(100>\ In(100/k)) /e 1

1- = —.
100X 100

If Pry yeuf(zx oyx) = f(x)] < €/(100)) then, by Markov’s inequality, Lemma [58) for a random
uniform w, with probability at least 99/100, Prycu|f(zx o wg) = f(x)] <e€/A.
Now as in the proof of Lemma the query complexity is 2M + klogr = O(s/e). O

In the next subsection, we give the result for s-term DNF, and then we show how to use the
above technique to other classes.

6.2 Testing s-term DNF

We have shown in Lemma [42|and [43|that, using O(s /€) queries, the problem of testing s-Term DNF
can be reduced to the problem of testing s-Term DNF with & = O(slog(s/e)) relevant variables.
We then can use TesterC for the latter problem. This gives a tester for s-term DNF that makes
O(s?/€). This is because the number of s-term DNF with k& = O(slog(s/¢)) relevant variables is
20(s*) . We will now show how to slightly change the tester TesterC and get one that makes O(s/e)
queries.

In TesterC the procedures ApproxTarget, TestSet and Close f F' make O(klogk), O(k) and
O((k/€)log(k/€)) queries, respectively. This is O(s/€) queries. Therefore, the only procedure that
makes O(s%/€) queries in TesterC' is Close FCU. So we will change this procedure.

Let h be an s-term DNF. Notice that in step [3| in CloseF'CU, for a random uniform z =
(21,...,2¢) € {0,1}9, the probability that z satisfies a term 7" in h of size at least clog(s/e) (i.e.,
T(z) = 1), is at most (¢/s)¢. Therefore, if in Close FCU we define C* to be the class of all s-
term DNF with terms of size at most clog(s/e€), then the probability that for at least one of the
T = (3/€)log(|C*|/d) random uniform z = (z1,...,2,) and at least one of the terms 7" in h of size
at least clog(s/e), T satisfies z, is at most s7(e/s)® < 1/100. Therefore, with probability at least
99/100 the algorithm runs as if h is s-term DNF with terms of size at most clog(s/e) and then
accept. Since log |C*| = O(s) we get

Theorem 44. For any € > 0, there is a two-sided adaptive algorithm for e-testing s-Term DNF
that makes O(s/¢€) queries.
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For completeness we wrote the tester. See TesterApproxC in Figure In the tester
C{y1,-..,yq} clog(s/e)) is the class of all s-term DNFs with terms of size at most clog(s/e)
over g variables.

7 Results

In this section, we extend the technique used in the previous section to other classes.

Tester ApproxC(f,D,e¢)
Input: Oracle that access a Boolean function f and D.
Output: Either “reject” or “accept”

(X,w) < ApproxC(f,e, 1/6).

h = f(rx owy).

(X,V,I) < ApproxTarget(h,U, e, 1/6).
TestSets(X,V, ).

ClosefF(f,U,¢e,1/15)
C* <~ C({v1,...,Yq},clog(s/e)) where ¢ = |V|
Test closeness to C*

7. Repeat 7 = (3/¢)log(30|C*|) times

oot W=

8. Choose (z1,...,24) € U.

9. For every g € C*

10. If g(z) # F(z) then C* <~ C*\{g}.
11. If C* = () then “reject”

12. Return “accept”

Figure 12: A procedure for testing s-Term DNF

7.1 Testing s-Term Monotone DNF
We first use the algorithm LearnMonotone in Figure [9] to show

Lemma 45. Let f : {0,1}" — {0,1} be an s-term Monotone DNF. For constant §, algorithm
LearnMonotone(f,U,€/2,§/2,s,2(log(s/€)+1og(1/6))) asks O(s/€) ExQu and O(s(logn+logs)-
log(s/€)) MQ and, with probability at least 1 — 9§, learns an s-term monotone DNF' h that satisfies
PI‘U[h 75 f] <e.

Proof. Let f be the function f without the terms of size greater than 2(log(s/€) 4 log(1/6)). Then
Pry[f # f] < s272008(s/9+log(1/8)) < <
- -2

In the algorithm LearnMonotone the probability that one of the assignments in step [3[ (that

is, a where a € U) satisfies one of the terms in f of size greater than 2(log(s/e) 4 log(1/0)) is less
than

(4s/e) (log(1/8))s2~2008(s/)+10g(1/8)) < g
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Also for a monotone term 7', if T'(a) = 0 then for any y, T'(a * y) = 0. Therefore, with probability
at least 1 —§/2, the algorithm runs as if f is f (which is s-term monotone (2(log(s/€) + log(1/4)))-
DNF). By Lemma if the target is f then, with probability at least 1 — §/2, LearnMonotone
outputs h that is (¢/2)-close to f. Since f is (¢/2)-close to f and h is (e/2)-close to f we have that
h is e-close to f. This happens with probability at least 1 — 4.

The number of queries follows from Lemma O

We now prove

Theorem 46. For any € > 0, there is a polynomial time two-sided adaptive algorithm for e-testing
s-Term Monotone DNF' that makes O(s/€) queries.

Proof. We first run ApproxC and get an s-term monotone DNF h with O(slog(s/e)) variables
that is (€/6)-close to f. We then use Theorem [29 with Lemma O

We also have

Theorem 47. For any € > 0, there is a polynomial time two-sided adaptive algorithm for e-testing
s-Term Unate DNF' that makes O(s/€) queries.

Proof. The proof is similar to the proof of Theorem O

7.2 Testing Size-s Boolean Formula and Size-s Boolean Circuit

A Boolean formula is a rooted tree in which each internal node has arbitrarily many children and
is labeled with AND or OR. Each leaf is labeled with a Boolean variable x; or its negation Z;. The
size of a Boolean formula is the number of AND/OR gates it contains. The class size-s Boolean
Formula is the class of all Boolean formulas of size at most s.

A Boolean circuit is a rooted directed acyclic graph with internal nodes labeled with an AND,
OR or NOT gate. Each AND/OR gate is allowed to have arbitrarily many descendants. Each
directed path from the root ends in one of the nodes x1,zo,...,z,,0, 1.

The same analysis that we did for s-term DNF also applies to size-s Boolean formulas and size-s
Boolean circuit. Analogous to the size of terms, we take the number of distinct literals a gate has.
If the gate is labeled with AND (respectively, OR) and the number of distinct literals it has is more
than clog(s/e), then we replace the gate with a node labeled with 0 (respectively, 1) and remove
all the edges to its children.

Therefore we have

Lemma 48. Lemma[{3 and[{3 are also true for size-s Boolean formulas and size-s Boolean circuit.
We now prove

Theorem 49. For any € > 0, there is a two-sided adaptive algorithm for e-testing size-s Boolean
Formula that makes O(s/€) queries.

Proof. Similar to testing s-term DNF, we can ignore gates that have more than clog(s/e) distinct
literals. Just replace it with 0 if its label is AND and with 1 if it is OR.
The number of Boolean formulas of size s that have at most clog(s/e) distinct literal in each

gate and at most k = O(slog(s/€)) variables is 20(s), [30]. The rest of the proof goes along with
the proof of testing s-term DNF. O
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The number of Boolean circuits of size s that have at most clog(s/e€) distinct literals in each

gate and at most k = O(slog(s/e)) variables is 20(s%), [30]. Then similar to the above proof one
can show

Theorem 50. For any € > 0, there is a two-sided adaptive algorithm for e-testing size-s Boolean
Circuit that makes O(s?/€) queries.

7.3 Testing s-Sparse Polynomial

In the literature, the first testing algorithm for the class s-Sparse Polynomial runs in exponential
time [30] and makes O(s*/€?) queries. Chakraborty et al., [21], then gave another exponential time
algorithm that makes O(s/e?) queries. Diakonikolas et al. gave in [31] the first polynomial time
testing algorithm that makes poly(s,1/€) queries. Here we prove

Theorem 51. For any € > 0, there is a two-sided adaptive algorithm for e-testing s-Sparse Poly-
nomial that makes O(s%/€) queries.

LearnPolyUnif(f, ¢, 4, s)

Input: Oracle that accesses a Boolean function f that is s-sparse polynomial.
Output: h that is s-sparse polynomial

1. h<+0,t(h) + 0, w <« 0.

2. Repeat (s/e)In(3s/6)log(3s/d) times.

3. Choose a € U.

4, t(h) « t(h) + 1.

5. If (f+ h)(a) =1 then

6. m<+— 0, w—w+1

7. If w =1log(3s/d) then Output h

8. While m < a := 16 - (8s/€)(2In(s/d) + Inn) and wt(a) > log(s/e) + 3 do
9. m <« m+1;

10. Choose y € U

11. If(f+h)(axy)=1then a<+ axy

12. If wt(a) > log(s/€) + 3 then Goto

13. w 0.

14. a < Find a monotone term in (f + h)(a * x)

15. h < h+ Haizl X

16. t(h) < 0.

17. If t(h) = (1/€)In(3s/d) then Output h

Figure 13: A learning algorithm for s-sparse polynomial under the uniform distribution

We have shown in Lemma [42] and [43] that the problem of testing s-Term DNF can be reduced to
the problem of testing s-Term DNF with k = O(slog(s/¢)) relevant variables. The same reduction
and analysis show that the problem of testing s-sparse polynomials can be reduced to the problem
of testing s-sparse polynomials with & = O(slog(s/e€)) relevant variables. The reduction makes
O(s/€) queries. Thus

44



Lemma 52. Lemma[{3 and[[3 are also true for s-Sparse Polynomials.

We can then use TesterC' for the latter problem. Therefore, all we need to do in this section
is to find a learning algorithm for the class of s-sparse polynomials with £ = O(slog(s/€)) relevant
variables.

Consider the algorithm LearnPolyUnif in Figure We prove

Lemma 53. Let f be a s-sparse polynomial with n variables. For constant 0, algorithm Learn-
PolyUnif asks O(s/e) ExQu and O((s%/¢)logn) MQ and, with probability at least 1 — &, learns an
s-sparse polynomial h that satisfies Pry[h # f] <e.

Proof. Let f = M+ M+ ---+ My, s <s, where deg(M;) < --- < deg(Myr) < log(s/e) +3 <
deg(Mgry1) < -+- < deg(My). Let f1 = My + -+ My and fo = Mgy + -+ Myg. Then
f=fi+ f2 and Pry[fy = 1] < 527108(/9=3 = /8. If f(a) # fi(a) then fo(a) = 1 and therefore
Pry[f # fi] < Pry[fs = 1] < ¢€/8 and Pry[f = fi] > 1 —¢/8. In fact, if A(z) is the event that
T;(z) = 0 for all : > s” then Pry[A4] > 1 —¢/8.

The algorithm LearnPolyUnif is similar to the algorithm LearnPolynomial with d = log(s/€)+
3 with the changes that is described below.

First notice that in the algorithm the hypothesis h contains only terms from fi, that is, terms
of size at most log(s/€)+ 3. This is because in step [12| the algorithm skips the command that adds
a term to h when wt(a) > log(s/€) + 3. Suppose at some stage of the algorithm, h =3, g Mi
contains some terms of f; and let g = f+ h = Zie[s,]\B M;. Suppose Pry[f # h] > e. Then
Prylg = 1] > e. We want to compute the probability that the algorithm finds a term in f; +h =
Zie[s,,]\ 5 M; and not in fo. That is, the probability that it finds a term of f of degree at most
log(s/€) + 3. We first have

Procu[(f1 + h)(a) =LA A|(f + h)(a) =1] = Pracvlg(a) =11 Alg(a) =1]
_ Preeplg(a) =1AA]
B PraEU[g(a = 1]
> Procylg(a) =1] - Pran[Z]
o Pr.,cu g(a) = ]
> 1- </8 > Z
€ 8

That is, if Pry[f # h] > e and (f + h)(a) = 1 then with probability at least 7/8, (f1 + h)(a) =1
and for every term 7" in fy, T'(a) = 0. If the event A(a) happens then for any y and for every term
T in fy, T(axy) = 0, and therefore, for such a, the algorithm runs as if the target is fi.

When the algorithm reaches step [5| and finds a string a € {0,1}" such that (f + h)(a) = 1, we
have three cases:

1. The event B = [ ((f1 + h)(a) =1 and A(a)] happens.
2. Pry[f # h] > € and B.
3. Pry|f # h] < e and B.

Case 1. Notice that steps |8H{11| are identical to steps in LearnPolynomial in Figure [10] with
d = log(s/€) + 3. Therefore, as in the proof of Lemma with probability at least 1 — §/3 every
assignment a that satisfies B gives a term in f; that is not in h.
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Case 2. This case can happen with probability at most 1/8. So the probability that it happens
log(3s/d) consecutive times is at most 0/(3s). The probability that it does happen for some of the
at most s different hypothesis h generated in the algorithm is at most /3. Notice that w counts
the number of consecutive times that this case happens and step [7] outputs A when it does happen
log(3s/d) consecutive times. Therefore, with probability at most §/3 the algorithm halts in step
and output h that satisfies Pr[f # h| > e. This is also the reason that the algorithm repeats the
search for a in step[2] (s/€) In(3s/8) log(3s/8) times which is log(3s/d) times more than in algorithm
LearnPolynomial.

When this case happens, the algorithm either ends up with a string a of weight that is greater
than ¢ := log(s/€) + 3 and then it ignores this string, or, it ends up with a string of weight less
than or equal to ¢ and then, Step [14]finds a new term in f;. This is because that a string of weight
less than or equal to £ cannot satisfy a term of degree more than /.

Case 3. This case cannot happen more than log(3s/0) consecutive times because if it does step
outputs h which is a good hypothesis. O

8 A General Method for Other Testers

In this section, we generalize the method we have used in the previous section and then prove some
more results

Algorithm ApproxGeneralC(f,e,0)
Input: Oracle that accesses a Boolean function f
Output: Either “X C [n],w € {0,1}"” or “reject”

Partition [n] into r sets
1. Set r =kl

2. Choose uniformly at random a partition X1, Xs,..., X, of [n]

Find a close function and relevant sets

3. Set X=0;I=0;t(X)=0

4. Repeat M = (4c1k/(de)) In(4k/6) times

5. Choose u,v € U.

6. tHX)+—t(X)+1

7. If f(ux ovyg) # f(u) then

8. Find a new relevant set X;; X <= X U Xy; I + I U {¢}.
9. If |I| > k then Output “reject”
10. tH(X) = 0.

11. If t(X) = (4c1/(d€)) In(4k /) then

12. Choose a random uniform w;
13. Output(X, w).

Figure 14: An algorithm that removes variables from f that have a small influence.

We define the distribution D[p] to be over [[;,{0,1,2;} where each coordinate 7 is chosen to
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be z; with probability p, 0 with probability (1 — p)/2 and 1 with probability (1 — p)/2. We will
denote by |f| the size of f in C which is the length of the representation of the function f in C.
Consider the algorithm ApproxGeneralC' in Figure We start with the following result

Lemma 54. Let § < 1/2, ¢4 > 1,A > 1 and ¢ > 1 be any constants, k := k(e d,|f|) be an
integer and M = (4c1k/(d€))In(4k/0). Let C be a class of functions where for every f € C there is
h € (C N k-Junta) with relevant variables ©(Y) = {z;|lx € Y}, Y C [n], and I/ € (C N (A\k)-Junta)
that satisfy the following:

1. Procppaf(2) # h(z)] < 6/(4M).
2. PryED[l/kC} [f(xzy o yy) # W' (y)] <6/4.

The algorithm ApproxGeneralC makes O(k /€) queries and,

1. If f € C then, with probability at least 1 — 9, the algorithm does not reject and outputs X and
w such that f(xx ows) € C has at most Ak relevant variables.

2. For any f, if the algorithm does not reject then, with probability at least 1 — 6, Pr[f(x) #
flex owg)] < €/cr.

Proof. Let f € C. Let h € C Nk—Junta and b’ € (C N (Ak)-Junta) be functions that satisfies
and [2l The algorithm in step [5| chooses two random uniform strings u and v. Define z = (z1,..., z,)
such that z; = 0ifu; =v; =0, z; = 1 if u; = v; = 1, and z; = z; if u; # v;. Since v and v are chosen
uniformly at random we have that z € D[1/2] and therefore, with probability at least 1 —d/(4M),
f(z) = h(z). If f(2) = h(z) then f(u) = h(u) and f(ux o vy) = h(ux o vg) for any X C [n].
In Step [§] ApproxGeneral does a binary search to find a new relevant set. In the binary search
it queries strings a that satisfy a; = z; = u; = v; for all ¢ that satisfies z; € {0,1}. Therefore,
f(a) = h(a) for all the strings a generated in the binary search for finding a relevant set. Therefore,
with probability at least 1 —3/(4M), f(a) = h(a) for all the queries used in one iteration and, with
probability at least 1 — /4, f(a) = h(a) for all the queries used in the algorithm. That is, with
probability at least 1 — 6/4, the algorithm runs as if the target is h.

Therefore, if f € C, then with probability at least 1—4/4, each one of the relevant sets discovered
in the algorithm contains at least one relevant variable of h. Then since h € k-Junta, the algorithm
does not reject in Step |§|7 that is, [I| < k.

Now we show that, if f € C' then with probability at least 1 —0/4, f(xx owy) contains at most
Ak relevant variables. Consider the partition in steps in the algorithm and let X;,,...,X;, ,,
k' < k, be the sets where the indices of the relevant variables x(Y) of h are distributed. Let
X" = X;, U---UX;,. Notice that for a random uniform w € {0,1}", (zx o wg7) = (2y © yy)
where y € D[k’ /k°T!]. That is, given that the relevant variables of h are distributed to k' different
sets that their union is X', the probability distributions of (xx/ o wy7) and of (zy o yy) are
identical. Choosing a string in D[k’/k°"!] can be done by first choosing a string b in D[1/k¢]
and then substitute in each variable z;, i« € Y, in b, 0, 1 or x; with probability 1/2 — k'/(2k),
1/2—k'/(2k) or k'/k, respectively. Therefore, since Prycpp /ke)[f(zy o yy) # B (y)] < /4, we have
Prycpp ket [f(2y o yy) # B (y)] < 0/4 and, thus, with probability at least 1 —¢/4, we have that
f(xxr owsy) = W' (). In particular, with probability at least 1 — /4, f(xx: o w7) has at most Ak
relevant variables. Since X C X' we also have with the same probability f(zx o wy) has at most
Ak relevant variables. This completes the proof of 1.
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Now let f be any boolean function. If the algorithm does not reject then |I| < k. Since for
the final X, f(ux ovg) # f(u) for (4ci/(d¢€))In(4k/6) random uniform u and v, we have that the
probability that the algorithm fails to output X that satisfies Pr, yev[f (v xoys) # f(x)] < de/(4cr)
is at most

< Se )(461/(56))ln(4k/5) 5
kE{1l——
461

If Pryyevu(f(xx oyx) # f(x)] < de¢/(4cr) then, by Markov’s inequality, for a random uniform w,
with probability at least 1 — 6/4, Prycp[f(zx o wy) # f(x)] < €/ci. This completes the proof
of 2. Ul

In the next subsections, we give some results that follow from Lemma

8.1 Testing Decision List

In [30], Diakonikolas et al. gave a polynomial time tester for Decision List that makes O(1/€%)
queries. In this paper, we give a polynomial time tester that makes O(1/¢€) queries.
We show

Theorem 55. For any € > 0, there is a two-sided adaptive algorithm for e-testing Decision List
that makes O(1/€) queries.

Proof. Let f = (ziy,&1,a1),...,(z,,&,as) be any decision list. We first use Lemma

Define k = min(s, ¢’ log(1/(ed))) for some large constant ¢’ and h = (x;,,&1,a1), - . ., (i, &k, ak)-
For the distribution D[1/2], the probability that f(z) = h(z) is 1 when k = s and at least 1 —
(3/4)F > 1 —1/(3M) where M = (4c1k/(d¢))In(4k/5). For the distribution D[1/k?] and Y =
{i1,...,ix}, the probability that f(zy oyy) has more than 2k relevant variables is less than (3/4)% <
5/3.

The query complexity of ApproxGeneral is O(k/e) = O(1/¢). Therefore all we need to do to
get the result is to give a tester for decision list of size k = O(log(1/¢)) that makes O(1/€) queries.
The learnability of this class with O(1/e) ExQs follows from [52, [14]. O

8.2 Testing r-DNF and r-Decision List for Constant r

An r-decision list is a sequence f = (T1,&1,a1), ..., (Ts,&s, as) for any s where &;,a; € {0,1} and T;
are r-terms. This sequence represents the following function: f(z) :=“If 71 = & then output(a;)
else if T = & then output(ag) else if - else if Ty = & then output(as)”. The class r-Decision
List is the class of all r-decision lists and the class of Length-s r-Decision List is the class of all
r-decision lists f = (T1,&1,a1), -, (Timy Em, am) with m < s.

In this subsection, we show

Theorem 56. Let r be any constant. For any € > 0, there is a two-sided adaptive algorithm for
e-testing r-Decision List and r-DNF that makes O(1/€) queries.

It is known that the class Length-s r-Decision List is learnable under any distribution in time
O(n") using O((srlogn + log(1/9))/e) ExQp, [14, 52]. Also we may assume that 771,...,Ts are
distinct and therefore s is less than ) ;_; (7;) 2¢ . the number of terms of size at most r. Thus, for
constant r, it is enough to prove that r-Decision List and r-DNF satisfies [I] and [2] in Lemma
with & = poly(log(1/€)).
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We now prove the result for r-Decision List when r is constant. The same analysis shows that
the result is also true for r-DNF.

Consider an r-decision list f = (11,&1,a1) - -+ (Ts,&s, as). If & = 0 then we change (75,0, a;) to
the equivalent expression (x?fcil J1a) - (g;iz_cié ,1,a;) where T; = xfll ---x;f. Therefore we may
assume that &; = 1 for all j. In that case we just write f = (T1,a1) - - - (T, as).

For an r-decision list f = (T1,a1) - - (Ts, as), a sublist of f is an r-decision list g = (T3,,a;,) - - -
(T3,,a;,) such that 1 <i; <ig <--- <iyp <s.

We first prove

Ce

Lemma 57. Let r be a constant. For any r-decision list f there is a k, := O(log"(1/€))-length
r-decision list h that is a sublist of f and satisfies[1) and[g in Lemma[5])

Proof. We show that it satisfies [I] in Lemma The proof that it also satisfies [2]is similar.

We give a stronger result as long as r is constant. We prove by induction that for any r-
decision list f there is a k, = O(log"(1/€))-length r-decision list h that is a sublist of f and satisfies
Pr.cpp/olf(2) # h(2)] < poly(e).

The proof is by induction on 7. For r = 1, the result follows from the proof of Theorem [55| in
the previous subsection. Assume the result is true for r-decision list. We now show the result for
(r 4+ 1)-decision list.

Let ¢ be a large constant. Let f = (T1,a1) -+ (Ts,as) be (r + 1)-decision list. Let s; = 1 and

Ts,,...,Ts, be a sequence of terms such that s; < sy < --- < s, < s and for every ¢, s; is the
minimal integer that is greater than s;_1 such that the variables in 7§, do not appear in any one of
the terms T, , Ty,, ..., Ts,_,. Define hg = (T1,a1)(T2,a2) - (Ts,,, as,,) if w' := 2"t In(1/e) < w

and hg = f if w’' > w. Then

Pr.cppglf(2) # ho(2)] < Pr[Ti(z) =0ATy(z) =0A-- AT, (2) = 0]

w

IN

Pr[Ts,(2) =0ATs,(2) =0A--- AT ,(2) = 0]

1 w
<1 - 2T+1> < poly(e).

Let S = {xj,,...,2j,} be the set of the variables in Ty,,...,Ts ,. Then t < (r + L)w' = c(r +
1)2"11n(1/€) and every term T; in hg contains at least one variable in S. Consider all the terms that

IN

contains the variable z;,, Ty, = 25, T} ,T;, = x5 T;,,...,Ti, = CleT;-,é, 11 < 1 < --- < 4y. Consider
the r-decision list g := (T},,a1)(T},,az2) -~ (T},,a¢). By the induction hypothesis there is an r-

decision list ¢’ that is a sublist of g of length at most k. = O(log"(1/¢)) such that Pr.cppi /o l9(z) #
d'(2)] < poly(e). Let h1 be ho without all the terms (T}, a;, ) that correspond to the terms (77, a;,,)

T

that do not occur in ¢'. It is easy to see that Pr.cpp 9[ho(2) # h1(2)] < poly(e). We do the same

for all the other variables xj,,...,2; of S and get a sequence of r-decision lists hg, h3, ..., hs that
satisfies Pr.cpp /() 7 hu1(2)] < poly(e). Therefore Pr.cp( o [f() 7 hi(2)] < t - poly(e) —
poly(e) and the length of hy is at most tk, = O(log" ™ (1/€)) = kpy1. O
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Appendix A

In this Appendix, we give some bounds used in the paper.

Lemma 58. Markov’s Bound. Let X > 0 be a random variable with a finite expected value
w=E[X]. Then for any real numbers r, K > 0,

=

X

—

Pr(X > k) <

=N
==
—
(@)
~

Pr(X > KE[X]) <
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Lemma 59. Chebyshev’s Bound. Let X be a random wvariable with a finite expected value
pu = E[X] and finite non-zero variance Var[X] = E[X?] — E[X|2. Then for any real numbers
Kk, K >0,

Pr(|X — p| > ry/Var[X]) < —. (6)

12
Var| X
Pr(X —p| > K) < Vo) @
Lemma 60. Chernoff’s Bound. Let X1,...,X,, be independent random variables taking values

in {0,1}. Let X =>"" | X; denotes their sum, and let i = E[X] denotes the sum’s expected value.
Then

e : 2y e 3 if0< <1
Pr(X > (1+ A §<> <e 7 < - 8
A== (e ¥ ifas1 )
For 0 < X\ <1 we have
e A K A2
— <|(— <e 2
PriX <(1-Xu| < ((1 — )\)(1_)\)) <e 2. 9)
Lemma 61. Hoeffding’s Bound. Let X1,...,X,, are independent random variables taking values

in {0,1}. Let X = >, X; denote their sum and let p = E[X] denote the sum’s expected value.
Then for 0 < XA <1 we have

PriX > p+ Am] < g2 (10)
and
Pr[X < p— Am] < e 2™ (11)
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