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Abstract

In this paper, we are interested in understanding the complexity of computing multilinear polyno-
mials using depth four circuits in which the polynomial computed at every node has a bound on the
individual degree of v > 1 with respect to all its variables (referred to as multi-r-ic circuits). The goal
of this study is to make progress towards proving superpolynomial lower bounds for general depth
four circuits computing multilinear polynomials, by proving better bounds as the value of r increases.

Recently, Kayal, Saha and Tavenas (Theory of Computing, 2018) showed that any depth four
arithmetic circuit of bounded individual degree r computing an explicit multilinear polynomial on
nOM variables and degree d = o(n), must have size at least (T%)Q(\/§> when 1 is o(d) and is
strictly less than n!-!. This bound however deteriorates as the value of r increases. It is a natural
question to ask if we can prove a bound that does not deteriorate as the value of r increases, or a
bound that holds for a larger regime of r.

In this paper, we prove a lower bound which does not deteriorate with increasing value of r, albeit
for a specific instance of d = d(n) but for a wider range of r. Formally, for all large enough integers
n and a small constant 11, we show that there exists an explicit polynomial on n®!) variables and
degree ©(log? n) such that any depth four circuit of bounded individual degree < n" must have
size at least exp (Q (log2 n)) This improvement is obtained by suitably adapting the complexity
measure of Kayal et al. (Theory of Computing, 2018). This adaptation of the measure is inspired by
the complexity measure used by Kayal et al. (SIAM J. Computing, 2017).

1 Introduction

One of the major focal points in the area of algebraic complexity theory is to show that certain polynomials
are hard to compute syntactically. Here, the hardness of computation is quantified by the number of
algebraic operations that are needed to compute the target polynomial. Instead of the standard Turing
machine model, we consider arithmetic circuits and formulas as models of computation for polynomials.

Arithmetic circuits are directed acyclic graphs such that the leaf nodes are labeled by variables
or constants from the underlying field, and every non-leaf node is labeled either by a + or x. Every
node computes a polynomial by operating on its inputs with the operand given by its label. The
flow of computation flows from the leaf to the output node. We refer the readers to the standard
resources [SY10, Sap19] for more information on arithmetic formulas and arithmetic circuits.

Valiant conjectured that the permanent polynomial does not have polynomial sized arithmetic
circuits [Val79]. Working towards that conjecture, we aim to prove superpolynomial circuit size lower
bounds. However, the best known circuit size lower bound is Q(nlogn), for a power symmetric
polynomial, due to Baur and Strassen [Str73, BS83], and, the best known formula size lower bound is
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Q(n?), due to Kalorkoti [Kal85]. Owing to the slow progress towards proving general circuit/formula
lower bounds, it is natural to study some restricted classes of arithmetic circuits and formulas.

Since most of the polynomials of interest such as determinant, permanent, etc., are multilinear
polynomials, it is natural to consider the restriction where every intermediate computation is in fact
multilinear. Due to the phenomenal work in the last two decades [NW97, Raz06, Raz04, RY08, RY09,
HY11, RSY08, AKV18, CLS19, CELS18, CLS18], the complexity of multilinear formulas and circuits is
better understood than that of general formulas and circuits.

Backed by this progress it is natural to try to extend these results to a circuit model where the
individual degree with every variable in the polynomial computed at every node in the circuit is at most
r. We refer to these circuits as multi-r-ic circuits. When r = 1, the circuit model is multilinear.

Kayal and Saha [KS17a] first studied multi-r-ic circuits of depth three and proved exponential lower
bounds. Kayal, Saha and Tavenas [KST18] have extended this and proved exponential lower bounds
at depth three and depth four. These circuits that were considered were syntactically multi-r-ic . That
is, at every product node, every variable appears in the support of at most r many operands, and the
sum total of the individual degrees over all the operands is also at most r. Henceforth, all the multi-r-ic
depth four circuits that we talk about shall be syntactically multi-r-ic .

Recently, Kumar, Oliviera and Saptharishi [Kd0S19] showed that there is a chasm' for multi-r-ic
circuits too. Formally, they showed that any polynomial sized (say n° for a fixed constant ¢) multi-r-ic
circuit of arbitrary depth computing a polynomial on n variables can be depth reduced to a syntactical
multi-r-ic depth four circuits of size exp(O(4/rnlogn)). This provides us a motivation to study multi-r-ic
depth four circuits and prove strong lower bounds against them.

Kayal, Saha and Tavenas [KST18] proved an exponential size lower bound against multi-r-ic depth
four circuits computing the iterated matrix multiplication polynomial. They achieved this bound using a
measure that is inspired by the method Shifted Partial Derivatives [Kay12, GKKS14] and the method of
Skew Partial Derivatives [KNS16]. They referred to this new technique as the method of Shifted Skew
Partial Derivatives. Hegde and Saha [HS17] improved upon [KST18] and showed a near-optimal size
lower bound. However, the best known lower bounds are for polynomials that are not multilinear but
multi-r-ic.

Motivation for this work

Raz and Yehudayoff [RY09] showed a lower bound of exp(Q ( v/ dlog d)) against multilinear depth
four circuits which compute a multilinear polynomial over n variables and degree d < n (cf. [KST18,

() 21V?)

Footnote 9]). Kayal, Saha and Tavenas [KST18] have shown a lower bound of (.71 for a
multilinear polynomial over n©(1) variables and degree d that is computed by a multi-r-ic depth four
circuit. This lower bound deteriorates as the value of r increases. Further, it is superpolynomial only
when 1 is o(d) and is strictly less than n!!. This raises a natural question if the dependence on 1 could
be improved upon.

In this work, we show that for a certain regime of d, we can prove a lower bound that does not
deteriorate as the value of r increases.

! Agrawal and Vinay [AV08], Koiran [Koi12], and Tavenas [Tav15] showed that any general circuit can be depth reduced to
a depth four circuit of non-trivial size.



Theorem 1 (Main Theorem). Let n be a large enough integer. There exist a constant 1 € (0,1) and
an explicit n©V-variate, degree ®(log?>n) multilinear polynomial Q,, such that for all v < n", any
syntactically multi-r-ic depth four circuit computing Qn must have size exp (Q(log*n)).

By substituting for d = ©(log®n) into the bound from [KST18], we get that their bound evaluates
logn

ton ( VT ) Note that this bound is superpolynomial only when r = o(log?n). Thus our lower bound
is quantitatively better in this regime of parameters. Further, we show a lower bound in the regime of
parameters where v > d, for which Kayal, Saha and Tavenas [KST18] do not.

If we can show superpolynomial size lower bounds against multi-r-ic depth four circuits for r = n¢
for any constant c, then we indeed have superpolynomial circuit size lower bounds against depth four
circuits. We believe that by building on the work of [KST18, HS17], Theorem 1 is a step towards that
direction.

The explicit polynomial that we consider can be expressed as a p-projection of Iterated Matrix
Multiplication polynomial IMM_, 5 (where i = n°M) and d = O(log? n)) and thus Theorem 1 implies
a lower bound of n©2(°8™) for Iterated Matrix Multiplication polynomial as well.

Corollary 2 (Informal). Let n and d be integers such that d = ©(log?n). There exists a constant
1 € (0, 1) such that for all v < n", any syntactically multi-r-ic depth four circuit computing Iterated Matrix
Multiplication polynomial (IMMy, q) must have size at least exp (Q(log2 n)).

Since Iterated Matrix Multiplication polynomial can be expressed as a p-projection of determinant
polynomial [Sap19, Theorem 3.6], we get a similar lower bound for the determinant polynomial too.

Corollary 3 (Informal). Let N be a large integer. There exists a constant 1 € (0, 1) such that for all v < N
any syntactically multi-r-ic depth four circuit computing the determinant polynomial over N x N matrix
must have size at least exp (Q(log2 N)).

Proof overview:

A depth four circuit computes polynomials that can be expressed as sums of products of polynomials.
Analogous to the work of Fournier et al. [FLMS15], and Kumar and Saraf [KS17b], we first consider
multi-r-ic depth four circuits of low bottom support? and prove lower bounds against them.

Let T1, Ty, ..., T be the terms corresponding to the product gates feeding into the output sum gate.
The output polynomial is the sum of terms T1, To, ..., Ts. Note that each of these Ty’s is a product
polynomials Q; ; such that every monomial in these Q; ;’s depends on a small set of variables (say n
many). One major observation at this point is to see that there can at most be N - r many factors in any
of the Ty’s.

Kayal et al. [KST18] observed that the measure of shifted partial derivates [KSS14, FLMS15] does
not yield any non-trivial lower bound if the number of factors is much larger than the number of variables
itself. They worked around this obstacle by defining a hybrid complexity measure (refered to as Shifted
Skew Partial Derivatives) where they first split all the variables into two disjoint sets Y and Z such that
[Y| > |Z|. They then considered some low order partial derivatives with respect to monomials in F[Y]

2That is, all the product gates at the bottom are supported on small set of variables.



and subsequently set all the variables from Y to zero in the partial derivatives obtained. This effectively
reduces the number of factors in any summand in a partial derivatives of T to at most |Z| - . They then
shift these polynomials by monomials in variables from Z and look at the dimension of the F-linear span
of the polynomials thus obtained.

This measure gave them a size lower bound of (%)Q(\/g) against multi-r-ic depth four circuits
computing an explicit polynomial on n© (1) variables and degree d = o(n) when r = o(d). To improve
the dependence on r in the lower bound, we consider a variant of Shifted Skew Partial Derivatives that we
call Projected Shifted Skew Partial Derivatives. Here, we project down the space of Shifted Skew Partials
and only look at the multilinear terms. Since the polynomial of interest is multilinear, it makes sense
to only look at the multilinear terms obtained after the shifts of the skew partial derivatives. This is
analogous to the method employed by Kayal et al. [KL.SS17] to prove exponential size lower bounds for

homogeneous depth four circuits, through the measure of Projected Shifted Partial Derivatives.

We first show that the dimension of Projected Shifted Skew Partial derivatives is not too large for
small multi-r-ic depth four circuits of low bottom support. We then show that there exists an explicit
polynomial whose dimension of Projected Shifted Skew Partial derivatives is large and thus cannot be
computed by small multi-r-ic depth four circuits. We then lift this result to multi-r-ic depth four circuits
for a suitable set of parameters.

2 Preliminaries

Notation:

e For a polynomial f € F[Y U Z], we use 0y K (f) to refer to the space of partial derivatives of order k
of f with respect to monomials of degree k in Y.

e We use z=% and z<! to refer to the set of all the monomials of degree equal to ¢ and at most £,

respectively, in variables from Z.

e We use zﬁf to refer to the set of all the multilinear monomials of degree at most { in variables
from Z.

e We use zﬁanL to refer to the set of all the non-multilinear monomials of degree at most { in
variables from Z.

e For sets A and B of polynomials, we define the product A - B to be the set {f- g | f € A and g € B}.
e For a polynomial f, vars(f) is the set of variables that the polynomial f depends on.
e For a gate u in a circuit, we use f,, to denote the polynomial computed at gate .

e For a polynomial f in F[Y L Z], we define Z-support of f to be equal to vars(f) N Z and Z-support
size of f to be equal to |vars(f) N Z|.

Definition 4 (Depth four circuits). A depth four circuit (denoted by XT1XTT) over a field F and variables
{x1,x2, ..., xn} computes polynomials which can be expressed in the form of sums of products of polynomials.



S di
That is, Z H Qi,j(x1,...,%xn) for some di’s. A depth four circuit is said to have a bottom support
i=1j=1
of t (denoted by ZTTLITYY) if it is a depth four circuit and all the monomials in every polynomial Qi,j
(G € [dil,1 € [s]) depend on at most t variables.

Definition 5 (multi-r-ic circuits). Let r = (r1, 79, -+ ,Tn). An arithmetic circuit C is said to be a syntacti-
cally multi-r-ic circuit if

o forall gatesv € C and i € [n], deg, (f,) <7,

e for all product gates w € C such that u = u; X Uy X - -+ X U, each variable x; can appear in at most
r1 many of the u;i’s (i € [t]) and the total formal degree with respect to every variable x; (i € [n])
over th(E p]olynomials computed at uy, Uy, - -+ , Uy, is bounded by 1, i.e. Z)‘e[t} degxi(fuj) < 1y for
alli € [n].

Ifr=(r,r,---,1), then we simply refer to them as multi-r-ic circuits.

Complexity Measure: We shall now describe our complexity measure which we shall henceforth
refer to as Dimension of Projected Shifted Skew Partial Derivatives. This is a natural extension of the
Dimension of Shifted Skew Partial Derivatives as used by [KST18].

This formulation is analogous to the work of [KLSS14] where they study a shifted partials inspired
measure called Shifted Projected Partial derivatives and then [KL.SS17] where they study Projected Shifted
Partial derivatives.

Since the polynomial of interest is multilinear, it does make sense for us to only look at those shifts
of the partial derivatives that maintain multilinearity. At the same time, since the individual degree of
the intermediate computations in the multi-r-ic depth four circuit is large and non-multilinear terms
cancel out to generate the multilinear polynomial, we can focus on the multilinear terms generated after
the shifts by projecting our linear space of polynomials down to them. We describe this process formally,
below.

Let the variable set X be partitioned into two fixed, disjoint sets Y and Z such that [Y| is much larger
than |Z|, |Y| > |Z|. Let oy : F[Y U Z] — F[Z] be a linear map such that for any polynomial f(Y, Z),
oy(f) € F[Z] is obtained by setting every variable from Y to zero and leaving the variables from Z
untouched. Let mult : F[Z] — F[Z] be a linear map such that for any polynomial g(Z), mult(g) € F[Z]
is obtained by setting the coeficients of all the non-multilinear monomials in g to O and leaving the rest
untouched.

Recall that we use a\:(kf to denote the set of all partial derivatives of f of order k with respect to
degree k monomials over variables just from Y, and z<* - Gy(a\:(kf) to refer to the set of polynomials
obtained by multiplying each polynomial in Uy(a\:(kf ) with monomials of degree at most { in Z variables.
We will now define our complexity measure, Dimension of Projected Shifted Skew Partial Derivatives
with respect to parameters k and £ (denoted by I ¢) as follows.

e (f(Y,Z)) = dim (F-span {mult (z<° - oy (37%f)) })

This is a natural generalization of Shifted Skew Partial Derivatives measure defined by Kayal, Saha
and Tavenas [KST18]. The following proposition is easy to verify.



Proposition 6 (Sub-additivity). Let k and { be integers. Let the polynomials f, f1, fo be such that f = f1+f5.
Then, Ty ¢(f) < T,e(f1) + Tcel(f2) .

Monomial Distance: We recall the following definition of distance between monomials from [CM19].

Definition 7 (Definition 2.7, [CM19]). Let M1, My be two monomials over a set of variables. Let S, and
Sy be the multisets of variables corresponding to the monomials M1 and Mj respectively. The distance
dist(M1, My) between the monomials M1 and My is the min{|S1| — |S1 N S|, |S2] — |S1 N S2|} where the
cardinalities are the order of the multisets.

For example, let M; = x¥x2x%x4 and My = x1x3x3xsxe. Then S1 = {x1,x1, X2, X3, X3, X4}, S2 =
{x1, %2, X2, X3, X5, X6}, |S1] = 6, |S2| = 6 and dist(M1, M) = 3. It is important to note that two distinct
monomials could have distance 0 between them if one of them is a multiple of the other and hence the
triangle inequality does not hold.

For two vectors a, b, we use HammingDist(a, b) to refer to the Hamming distance between these
vectors a and b.

The following beautiful lemma (from [GKKS14]) is key to the asymptotic estimates required for the
lower bound analyses.

Lemma 8 (Lemma 6, [GKKS14]). Let a(n), f(n),g(n) : Z>o — Zx>o be integer valued functions such
that (f + g) = o(a). Then,

n 8 gmazo <(f+9)2)
(a—g)! a

We need the following strengthening of the Principle of Inclusion and Exclusion, due to Kumar and
Saraf [KS17b].

Lemma 9 (Strong Inclusion-Exclusion, Lemma 3.8 [KS17b]). Let W1, W5, - -- , W, be subsets of a fi-
nite set W. For a parameter A > 1, let ) ijc) ‘Wi ﬂWj‘ < AXiery Wil . Then, Uie[t]Wi‘ >

) i#j
an Zie[t] (Wil .

3 Multi-r-ic Depth Four Circuits of Low Bottom Support

Let C be a multi-r-ic depth four circuit of size s and bottom support at most . For some parameters k
and { which we shall fix later, we shall show that I ¢(C) is not too large if multi-r-ic depth four circuit
C is of small size and is of low bottom support.

3.1 Upper bound on I ¢(C)

Recall that C can be expressed a sum of at most s many products of polynomials T; + - - - + Tg where
each T; is a syntactically multi-r-ic product of polynomials of low monomial support.



We shall first prove a bound on T ¢(T;) for an arbitrary i € [s] and derive a bound on I ¢(C) by
using sub-additivity of the measure (cf. Proposition 6).

Let T be a syntactic multi-r-ic product of polynomials P (Y, Z) - Po(Y,Z) - ... - Pp(Y, Z) - R(Y) such
that all the monomials in every polynomial factor in T depend on at most i many variables. We shall
first pre-process the product T by doing the following procedure.

Preprocessing: Repeat this process until all but at most one of the factors in T (except R) have a
Z-support size of at least &.

1. Pick two factors Py, and Pi, from T such that R ¢ {P;,, Pi,} and they have the smallest Z-support
size amongst all the factors but Rin T.

2. If both of them have Z-support size strictly less than 4, merge these factors to obtain a new factor
P’. Else, stop.

3. Update the term T by replacing the factors Pi, and P;, with P’. Repeat.

In the procedure described above, it is important to note that post merging, the monomials in the
product polynomial will depend on at most w many variables from Z as the factors being merged had
Z-support size strictly less than % each. Henceforth, W.L.O.G we shall assume that every product gate at
the top, in multi-r-ic depth four circuit of low bottom support, is in the processed form.

Let T =Q1(Y,Z) - Qa(Y,Z) -...- Q¢(Y, Z) - R(Y) be the product obtained after the preprocessing.
All but at most one of the Q’s have a Z-support size of at least 4. The total Z-support size is at most
|Z| v = mr since T is a syntactically multi-r-ic product. Thus,

2

t—1)-Fcmr — <™y
2 ®

Lemma 10. Let n,k, T, { and u be positive integers such that { + ku < . Let T be a processed syntactic

multi-r-ic product of polynomials Q1(Y, Z)-Q2(Y,Z)-...-Q¢(Y, Z)-R(Y) such that all monomials in each of

the Qi’s (i € [t]) depend on at most w many variables from Z. Then, T ¢(T) is at most (;Z) . (Ef]l(u) (4kp).

Before presenting the proof of Lemma 10, we shall first use it to show an upper bound on the
dimension of the space of Projected Shifted Skew Partial derivatives of a depth four multi-r-ic circuit of
low bottom support.

Lemma 11. Letn, k, 1, { and w be positive integers such that {-+ku < 3. Let C be a processed syntactic multi-

2mr 41

1-ic depth four circuit of bottom support . and size s. Then, T ¢(C) is at most s - ( M ) : (H"]tu) (C4kp).

Proof. From the above discussion, we get that C can be expressed as ) ; T; such that each T; is a
processed syntactically multi-r-ic product of polynomials, all of whose monomials depend on at most
1 many variables from Z. From Proposition 6, we get that T ¢(C) < > {_; I ¢(T;). From the afore
mentioned discussion we know that the number of factors in T; with non-zero Z-support size is at most

. amr g .
(2% + 1). From Lemma 10, we get that I ¢(T;) is at most ( “kJr )+ (%) - (€4 kn). By putting all
of this together, we get that

2mr
== +1 m
< g- 5 . . .
Mee(C) < s < . ) (Hku) (0+ 1)

7



We now present the proof of Lemma 10 to complete the picture.

Proof of Lemma 10. We will first show by induction on k, the following for the set of kth order partial
derivatives of T with respect to degree k monomials over variables from Y.

Oy T C F-span U {(H Qi(Y,Z) ) k” IF[Y]} U U {(H Qi(Y, Z)) Z;;;Tl\/ﬁ -IE‘[Y]}
) Se )

[t] [t] i
Se(tfk ies (tfk ie$S

The base case of induction for k = 0 is trivial as T is already in the required form. Let us assume the

induction hypothesis for all derivatives of order < k. That is, aikflT can be expressed as a linear
combination of terms of the form

(HQNZ) 1(Z) - ha(Y)

iesS

where S is a set of size t — (k — 1), h1(Z) is a structured polynomial in F[Z] of degree at most (k — 1)ru,
and hy(Y) is some polynomial in F[Y]. That is, h;(Z) can be expressed as a linear combination of

multilinear monomials of degree at most (k — 1), and non-multilinear monomials of degree at most
(k — 1)ru over F[Z].

For some u € [|Y|] and some fixed iy in S,

oh(Y,Z) 0Q;(Y,Z) [Tics Qi dhy(Y)
1YZ =" . hi(Z) - ho(Y llies v iOY,Z-h 7).
ve | ng TS () hafy) | + LSS Quv,2) - ma(z)- 20

where the first summand on the right hand side of the above equation lies in the subspace

F-span { (]_[165 Qi(Y, Z)) aQ#YZ) hi(Z) -F[Y] : j € [S]} and the second summand in the same
equation, lies in the subspace F-span {% Qi (Y, Z) - hy(Z) - IF[Y]} .

10
Note that M and Q;, are polynomials such that every monomial in these depends on at most

YU many var1ables from Z. These monomials can be split into two sets, those that are multilinear and
those that are strictly non-multilinear, over the variables from Z.

dh(Y, Z)

oy, cFspany U { (H Qi(Y, Z)> zyt - ha(Z) -Fm}
’ )

S :
Te(‘5|71 ieT

UIF-span U { <H QJY,Z)) Czh Ly (Z) -IF[Y]}

T€(|si1) el



. i . . ... 90Q;(V,Z2)
In the above expression, the contribution from the variables in Y, to the monomials in % and Qj,
gets absorbed into F[Y].

Recall the fact that h,(Z) is a linear combination of multilinear monomials of degree at most (k—1)y,
and non-multilinear monomials of degree at most (k — 1)rp. Thus, we get that,

aha(yY’Z)EIF-span U {(HQ1Y2> k” ]F[Y]}
" )

[t] T
Te(ty i

UIF-span U {(H Qi(Y, Z2) ) IR LT [Y]}
)

[t]
Te(tfk ieT

From the discussion above we know that any polynomial in a; (T) can be expressed as a linear
combination of polynomials of the form R Oh_ Fyrther every polynomial of the form . oh belongs to the
set

W = F-span U){(HQJZ) Zar " m}

[t]
Te(tfk ieT

U]F-span U {(H Qi(Y,2) ) Zﬁtﬁ,ﬁ [Y]}
Te((f) L e
Thus, we get that aikT is a subset of W. This completes the inductive argument.

From the afore mentioned discussion, we can now derive the following expressions.

v (05%T) CF-spang | J {(H GY(Qi)) zﬁf“} UF-span§ {(H 0Y(Qi)> zﬁ;;;"i}
) )

se(lt) L \ies sef 1) s

It is easy to see that this inclusion holds under shift by monomials of degree at most { over variables
from Z.

zSY oy (37 T) CF-span U { (H GY(Qi)) Z1\</u€+ku}
)

[t] i€eS
Se(i 1€

Urspan? {(chm) }

se(f) L \ies

By taking a multilinear projection of the elements on both sides, we get that

Fspan {mult (2 - ov (07T)) } € Fspan | | {m““«HGY(Q”) >}
]
)

[t i
se( ies

9



C F-span{ | J { (mult (H GY(Qi))) Z;IELLH}
se(ih) tes

Thus we get that dim (IF-span {mult (de . cry(a\:(kT)) }) is at most

dim | F-span U { (mult (H 0Y(Qi))> Zl\</lllfp.+e}
<) s

< dim | F-span U {mult (H Gy(Qi)) } . dim (F—span {ZMEHH})
)

se( M ies
t kp+e m
(1) 5 (0)
i=0
t m
< . . . .
h <k> <€ + ku) (E+ k) (Since ¢ + kp < m/2)
O

3.2 Polynomial family that is hard for multi-r-ic depth four circuits of low bottom sup-
port

Let 1, &, k be positive integers and Ng be equal to k(n? 4+ 2an). Let Y and Z be two disjoint sets of
variables defined as follows. For all 1 € [k], let

Y; = {yS‘L | a,b e [n}}
Z; = {zac |la€nland c € [oc]}U{sz;’b |[ben]andc € [cx]}.

Then,

Y:UYi and Z:UZ;L.
ie(k] ie(k]

Let the variable set X = {x1,...,xn,} be equal to Y L Z under some suitable renaming. We define
the polynomial family f, o 1 (X) = fn ok (Y, Z) as follows (exactly as it was defined in [KST18]).

frak(Y,Z) = 1_[9l Yi, Zi) where gi(Yi, Zi) Z yab Hz H(xb
a,be[n]

It is easy to see that |Y| is n?k and |Z| is 2ocnk. We shall henceforth use m to refer to |Z|. Thus,
No = [X| = [Y| + |Z] = k(n? + 2an). The degree of the polynomial f;, » x (denoted by d) is equal to
(2ok + k).

The following lemma follows from the generalized Hamming bound [GRS19, Section 1.7].

10



Lemma 12. For every Ao < k, there is a subset @5, C [n]?* of size ™5~ such that for all (a,b) #

2k—A
Ao(2e)
(a’,b’) € Pp,, HammingDist((a, b), (a’,b’)) > A,.

Proof. There are n?* elements in [n]2¥. Note that the volume of a Hamming ball of radius Ao < k over
vectors of length 2k is at most Zf:‘)o (zlk) nt < A (ZA]Z) n?o, That is, there are at most Ag (Z‘Z)nAO many

vectors (a, b) that are at most Ap-far from its center. Thus, there exists a packing of these Hamming balls
in [n]?* with at least Az (2k) many balls. The centers of these balls are at least 2A far away and thus at
0 Ag

least A far away, from each other. Set 4, to be the collection of centers of these hamming balls. O

91 2k—054¢

Remark: Lemma 12 can be optimised in the above lemma to obtain a set & of size AT by
0l0.54¢
considering balls of radius 0.5A.
Let 0k . f = O ok It is important to note that for any choice of (a,b) € [n]?*
(ab)ink = @ @ (I P y > )

ag,by ] ag,by Y aj.,by
we get that 6‘(‘a bemoc’k is a multilinear monomial of degree d — k = 2ak, over just the variables from Z.

Lemma 13. Let (a,b), (a’,b’) € [n]*>* be such that HammingDist((a,b), (a’,b’)) > Ag. Then
dist (a‘;a,b)fn,“,k, alga,’b/)fn,“,k) > &g,

o

okf i,2 .
Proof. For a vector (a,b) € [n]?*, — Rk = e, [ecia zab Y zf::;bi. For all i € [Kk], let
Yag,brYas by Hayby '

hE;}b) =Tlcecio ZE;” zgifo)(’bi. Note that for some i € [k], if a; # a, dist (hEa)b) hEB’b/)) is at least «.
Similar is the case when by # b!. Thus, if HammingDist((a, b), (a’,b")) > Ao, there are at least Ag many
locations such that either a; # af or by # b and hence dist (61(‘a’b)fn,oc,k, al{a,’b,)fma,k> > oy, O

For any A < k, let 25, be the set of vectors obtained from Lemma 12. Let a;,;o fn,«,k be defined to

k
be the set {a(ab)fn,(x,k =—m a(zfn’“’k — | (a,b) € ?}”AO}. By combining this with Lemma 13, we

Yay01Yaby Yay by
get that the pairwise distance between any two monomials in the set a;‘;o fn,«k is at least «Ag. This
can formally be summarized as follows.

Lemma 14. Let Ao, n, , k be integers. Let P, be a subset of [n]2k obtained from Lemma 12 such that
for any (a,b) # (a’,b’) € P,,, HammingDist((a,b), (a’,b’)) > Ag. Then a;fo(fn,“,k) is a set of
monomials of degree (d — k) such that for any pair of monomials M # M; in it, dist(Mi, M;) > aA,.

We shall now show that the cardinality of the set mult ( - Oy (a;,;o fn,o(,k)) is large enough for
a suitable setting of parameters «, Ag and k.

Lemma 15. For ¢ and & be some constants in (0,1). Let n be an asymptotically large integer. Let
m, k, d, Ag, &, £ and p be such that

e m = 2ank,

11



d =20k +k,

+kp < 3,

(d—k)? = o(m),

o?A3 = o(m),

Ag = Ok and

o {=T(1—¢)

Then for all o < %, we get that

(
n
‘mult (2" ov (a;fofn,“,k))‘ >

where P, is a set obtained from Lemma 12.

Proof. Let M1, Mj, ..., M be the monomials in the set 6;’:0 (fn,«k), Over variables from Z. From
Lemma 14, we get that dist(Mi,M;) > A = «aAq for all i # j. Further, ay(agfo(fn,a,k)) =
agzwko (fn,oc,k)'

Let .# be the set of all mutlilinear monomials of the form M; - M over variables from Z where 1 € [t]
and M’ is a multilinear monomial of degree (. It is important to note that the set .# now corresponds
to the set mult <z:e - Oy (a;;ofn,“,k)) .

For all i € [t], let B; be the set of multilinear monomials of the form M; - M’ where M; is a monomial
from oy (ag,f fn,a,k) and M’ is a multilinear monomial of degree { over variables from Z and is disjoint
0
from M;. From the aforementioned discussion, it follows that |.Z| = ‘ULlBi‘-

For all i € [t], deg(M;) is equal to d — k (from Lemma 14). There are (m*(f*k)) many monomials

M’ over variables from Z, that are disjoint from M;. Thus the cardinality of the set B; is equal to
)

For any i, € [t] such that i # j, consider two monomials M; = M; - M’ and M =M,; - M” from
B; and Bj respectively. For M; and M to be identical, M’ must contain variables from M \ M; and
similarly M’ ’ must contain variables from M; \ M;. The rest of the at most ({ — A) many variables
should be the same both in M’ and M” and thus in M and M The number of multilinear monomials
M € Bi N Bj, over variables from Z is at most ( (S_Ak) ) Thus, for all 1,j € [t] such that i # j,
!Bi N B;j ‘ < (m_ (g:Ak)_A). This inequality implicitly uses the fact that (d — k)? = o(m), A? = o(m)
and { = F(1 —¢).

Thus,

—(d—k) - 2 m—(d—k)—A
Z|Bi|:t<m . > and Z ‘BiﬂBj‘gz(m LA >

i#j€elt]

12



_ _ 2 _ _ —
Let Tp = t(™ (f Nand T, = (™ (f Ak] A). Let A = h We get that 3 ; ;< [Bi N Bj| <
To = ATy =A< IBil- We shall now show that A = h >1 for all o < 0.98(2=38)logn (306 we prove

slog(1%;)

that A > 1, we can then invoke Lemma 9 and show that ]Ule Bi ‘ T1/4.

By simplifying the expression for ﬁ> we get the following.

B S
T ()
ot (m—(d—k) —A)! (m—€—(d—%k))e
T2 —Am—C—(d—k) (m-—(d— k))'
_t (m—(d—k)—A)! 0!
T2 (m—(d—k)! (£—A)
_t (m—(d—k)—A)! m! Q
T2 m! (m—(d—kK)! (£—A)!
mld—=k) . pA
~0(1)-t S aOTA (Using Lemma 8)

The math block above crucially uses the fact that A> = o(m) = o(¢) and (d — k)? = o(m) while
invoking Lemma 8. The error term from invoking Lemma 8 has been absorbed by the constant 2 to
give rise to O(1) factor. For some suitably fixed constants 6 and ¢, let Ay be set to dk and ¢ be set to

(1 — ¢€). Recall that for a fixed Ao, t = AZK( A()’ and A = aAg = dak.
Ao

For the sake of contradiction, let us assume that % < 1. Then,

~ A A
O(l)TLZKA(€> <1

m

WA <o g %)A @:)

e (i) (35"

(2 ()
1—¢

2
(2 —58)klogn < log (coAog) + adklog < ) + Sk log ( ;)

where ¢, ! is a constant hidden under the O(1) in the first line of the math block. Hence,

(2 —38)logn — dlog (%)

+ log (co - A)
610g( '

x>

J)

13



This contradicts our assumption on « for all asymptotically large n. Thus, we get that for all & <
0.98 - (2—6)logn
T slog(%)

. ) T t(m_(d_k)) nZk—Ao m—(d—k)) n(Z—é)k(m—(d—k)
h( = (a*kf ))):=m% > 1o L= — = e
‘mu z— -0y (0z, frak > 4 400 (%) 45k (33)
O

Lemma 16. Let 6 and ¢ be any constants in (0, 1). Let n be an asymptotically large integer. Let m,k, d, «, {
and W be such that

e m = 2ank,

d =2ak +k,

C+kp < 3

(d—k)? =o(m),

Ay = dk and

o (= (1—¢)

Then for all x < 0.98 - w and €,8 € (0,1), we get
6108( 175)

(2—5)k(mf(éifk))

48k ()

n

rk,ﬂ (fn,oc,k) P

Proof. Recall that mult (z:lz - Oy (8;1‘0 fn,(x,k>> is a set of multilinear monomials over just the variables
from Z and thus,

‘mult (z:e Y (6;;0 fn,“,k»‘ < dim (]F-span {mult (z:e -0y (6;;‘0 fn,“,k)) }) .

<e

Since a;;o (fr,ok) € 05 (fr,ak) and z=¢ C z<¢, we get that

dim (]F-span {mult (z:e oy (6;;0 fn,o(,k)) }) < dim (F-span {mult (zS' - oy (07 fn,ax))})

=T e(frak) -

Putting this together with Lemma 15 we get that I ¢(fr k) > —72— -

14



3.3 Putting it all together

We shall now prove a size lower bound against depth four multi-r-ic circuits of low bottom support that

0.98-(2—58)logn

compute f, o by instantiating « to a suitable value that is smaller than Slog( 2. for some fixed
1—e¢

constants 6 and «.

1—-5—v) < 0.98(2—9)

Lemma 17. There exist constants 8, ¢ and v in (0, 1) such that ( 5 < .
2log(1+—£) Slog(ﬁ)

vl |

Proof. Proof by instantiation. Let ¢ = 0.1, 6 = 0.1 and v = 0.85.

e (1—-56—v)=0.05,

o 3.~ 1818,

o 2log (1) ~ 1.725,
(1—6—v)

210g(1+%)

~ 0.029,

e 0.98(2—8) = 1.862,

2
o ;2 222

%

e 5log (%) ~ 0.1152 and

0.98(2—8) __
° Slog( %) 16.163.

O

Remark: There exist a lot of constants that satisfy the condition in Lemma 17. We can choose the
constants such that u and « are integers.

Theorem 18. Let b, € and v be some constants as obtained from Lemma 17. Let n be an asymptotically
large integer. Let v, « and \ be such that

Let C be a depth four multi-r-ic circuit of bottom support at most L and size s. If C computes the polynomial
frn, ok then s must at least be n0-09vk,

(1—6—v)logn

210g(1+%) ?
the polynomial f,,  k is defined on the variable sets Y and Z such that |Z| = m = 2ank. Let {, k, 1 be
such that £ = 5+ (1 —¢), k?u? = o(m)and + ku < 5. Let Ag = dk. Let us assume that the polynomial

Proof. Let §, ¢ and v be the constants obtained from Lemma 17. For a fixed value of & =

15



fn,« k is computed by a depth four multi-r-ic circuit C of bottom support at most p and size s. Then it
must be the case that T ¢(fr ox) = T, ¢(C).
(1—6—v)logn 0.98(2—5) logn

, and the values of ¢, 6 and v obtained
2log(2:) T slog(E)

Invoking Lemma 16 with & =

from Lemma 17, we get that

I o(f >
k,e( n,oc,k) 46k(§]]§)

Invoking Lemma 11 with € + kp < 7, we get that

2mr
+1 m
I <s- | m . ) )
(C) s< ) ) <v+m) (04 )

Putting these two together with the fact that I ¢(fr, o k) = I'k,¢(C), we get the following.
—8)k —(d—k)
O(1) - nz=8k. (m ; )

= 2mr
sk (Z8) - (40 - () - (k)

O) (ox. <f>) ( ) ()
~ ok (E+kp) 2e Zemr—l— ep (e:]l(u)

o(1) _nusw,<6)“‘< k. > —@-K)E (mo Rt ()
ok (L4 k) 2e 3em m! (m—0—(d—k))! ]

ok

~ 5k-C()€(i)ku) 28k (i) (3:]:;) dik) (m — g)ld—R)—kn
01 ook [ 8\F [/ ku ¢\ m—\F
Tk (Crkw . <26> (I%emr) ( —€> ' <m>
. 0(1) sk (O ok Lok (T—e\ 146\
Tk (Crkp) <2e> '<6eoa~) '<1+s> ( 2 )

O(1) 2 1+¢ 5\ %k wo\k
TRETTE exp [k ((1 —0)logn — 2xlog (1+€> —logT — ulog< s))} _ <26> . <@>

@) d
= Sk (€(1+)ku) - eXp [k (vlogn—logr—i—log(6LL )—1—61 g( )—u10g<1+i>>} .

<

k .
ﬂ) . In line 4, we use Lemma 8 to

K
)2 = o(m) and k?u? = o(¢). In line

In line 2 of the above math block, we use the mequahty (Y
(d

simplify the terms along with the fact that k?u? = o(m — {),
6, we substitute 2onk for m and simplify the terms.

Recall that ¢, 5 and v are constants in (0, 1) given by Lemma 17 and £ = O(1). If plog (%fi)—i—logr <

0.9vlogn, we get that

0(1) - n01vk (8 6k' (L)k S no1vk S 0.09vk
8k (E4+kp)  \2e - -

for all asymptotically large enough n.
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4 Multi-r-ic Depth Four Circuits

We shall now define another polynomial family P, 4 based on the definition of f;, 4 x and then prove
a lower bound for the polynomial family P;, 4k against multi-r-ic depth four circuits by lifting the lower
bound for f, o x against multi-r-ic depth four circuits of low bottom support.

Let ¢ be a fixed constant in (0,1). Let X = (X1, %12, - 5 Rty -+ KN, 1> KNp,25 - - - » XN tJ DE @
variable set distinct from X such that t = N(l)+C + N§ In No. Then the polynomial Py, « k (X) is defined
as follows.

t t t
Pr,ok(X) = frak E X1, E X2, E XNo,j
j=1 j=1 j=1

Note that P, 4k is a polynomial on N = NS*C + N(l)JrC In Nop many variables and deg(Pn o k) =
deg(fn,oc,k) .

Definition 19 (p-projections). A polynomial g(yz,...,Ym) is said to be a p-projection of the polynomial
h(x1,...,%xn) if there exists a suitable substitution ¢ : X — Y UT, of X ={x1, ..., xn} by either variables
inY ={y1,...,Ym]) or constants from the base field such that

9y, -, Yym) = h(d(x1), ..., d(xn)).

It is easy to see that if h(x1, ..., X ) has a circuit of size s then so does g(y1,...,Ym)-

Let us now recall the following lemmas from [Sap19]. Proofs of these lemmas are a step by step
adaptation, rather a replication of proofs of Lemma 20.5 and Lemma 20.4 respectively in [Sap19].

We shall first show that the polynomial P, 4k reduces to the polynomial f,, « x upon taking random
restrictions and p-projections, with a high probability.

Lemma 20 (Analogous to Lemma 20.5%, [Sap19]). Let ¢ be a constant as fixed above. Let p be a random
restriction on the variable set X that sets each variable to zero independently, with a probability of (1—N; ).
Then fp ok (X) is @ p-projection of p(Pn, .k (X)) with a probability of at least (1 — e~ ™No).

Proof. For alli € [Ny, probability that all the variables X;; (j € [t]) are set to zero by p is as follows.

NIFCINCInN
Prlo(Ri1) = p(Ria) = - plkie) =0 = (1—Ng€)tme M —e %  — L
g 4 4 NoeNO

o0

0

By union bound, the probability that there exists an i € [Ng] such that all the variables of the form X; ;
for j € [t] are set to zero is at most elTo Thus, with a probability of at least (1 — e ™No), for each i, there
exists at least one j such that p(%; ;) # 0. It is easy to see that the polynomial f,, 1 can be written as a
p-projection of p(Py_« k) in such a case. For each i € [Ny], the substitution maps one of the non-zero
p(X1,;)’s to x; and sets the rest to 0. O

We shall now show that, under random restrictions any syntactically multi-r-ic depth four circuit
reduces to a syntactically multi-r-ic depth four circuit of low bottom support with a high probability and
without any blow up in size.

3The form of this lemma as mentioned in [Sap19] is due to Kumar and Saptharishi.
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Lemma 21 (Analogous to Lemma 20.4, [Sap19]). Let y > 0 be a parameter. Let N and  be integers. Let
P be a N-variate polynomial that is computed by a syntactically multi-r-ic depth 4 circuit C of size s < NYH,
Let p be a random restriction that sets each variable to zero independently with probability (1 — N—2Y),
Then with a probability of at least (1 — N~Y"), polynomial p(P) is computed by a multi-r-ic depth four
circuit C' of bottom support at most y, and size s.

Proof. Let C be a multi-r-ic depth four circuit of size s computing P. Let {M1, Mg, ..., M} be the set of
monomials computed at the lower product gate of C which have at least 1 + 1 distinct variables in their
support. Note that t is at most s. For all i € [t],

Prlp(My) # 0] < (N72V)¥.

By taking a union bound, the probability that there exists in a monomial amongst {M1, Mg, ..., My} that
is not set to 0 by p is strictly less than t - N—2YH < 5. N~2Y* < N~YH, Thus with a probability of at least
(1 — N~YH)  all the monomials at the bottom product gate depend on at most p distinct variables. [J

With this background, we are now ready to present the proof of Theorem 1.
Proof of Theorem 1. Let ¢, d and v be the constants obtained from Lemma 17 and c be a small constant

in (0, 1) as fixed above. Let n be a large positive integer. Let the parameters N, Ng, 1, i, « and k be set
in terms of n or otherwise as follows.

(1—6—v)logn
2l0g( %)

X =

No = k(n? + 2ank),

N =N+t + Ny ¢ 1In N,
e v be a parameter given by the equation N2¥ = N§ and

_ 10yplogN
e k= viogn

The above setting of parameters also satisfies the condtions that k?u? = o(m) and (d—k)? = O(«?k?) =
o(m).

Let X = (X1, %12, -5 R t5 -+ - KNp,1> KNp,25 - - - » XN, t ) De a set of variables over which the polyno-
mial Py,  x is defined where t = N(l)+C + N§ In Ng. Let p be a random restriction such that a variable is
set to zero with a probability of (1 — Ny ¢) = (1 — N72Y), and is left untouched otherwise. Let C be a
syntactically multi-r-ic depth four circuit of size s < NYH that computes Py q k-

Lemma 21 tells us that C’ = p(C) is a multi-r-ic depth four circuit of size s and bottom support
at most 1 with a probability of at least (1 — N~Y*). Conditioned on this probability, p(Pn « k) has a
multi-r-ic ZTTZTTH size at most s.

18



By invoking Lemma 20, we get that f,, «  is a p-projection of p(Py « k) with a probability of at least
(1 — e~ No), Since p( Pn,«, k) has a multi-r-ic TTZTTH circuit of size at most s with a probability of at
least 1 — N~Y*, with a probability of at least (1 — N~Y* — ¢~ No), fn,«k is computed by a multi-r-ic
ITTZITH circuit of size at most s. In other words, there exists a multi--ic depth four circuit of bottom
support at most p and size at most s, that computes fy, q i.

On the other hand, by invoking Theorem 18 with the set of parameters as defined above, we get that
any multi-r-ic ZTTZIT circuit that computes fn,«,kx mMust be of size exp((0.09vklogn). Upon putting
both of these facts together, it must be the case that

TlO‘OQVk _ N0.9yu <s< NYH

Since ¢, § and v are constants, and N = n©(1) we get that s must at least be exp (Q(log2 n)). The
explicit polynomial Q, is Pr « x Where o« and k are set to values described above. O
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