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Abstract

A collection of sets displays a proximity gap with respect to some property if for every set in
the collection, either (i) all members are d-close to the property in relative Hamming distance
or (ii) only a tiny fraction of members are d-close to the property. In particular, no set in the
collection has roughly half of its members d-close to the property and the others d-far from it.

We show that the collection of affine spaces displays a proximity gap with respect to Reed—
Solomon (RS) codes, even over small fields, of size polynomial in the dimension of the code,
and the gap applies to any § smaller than the Johnson/Guruswami—Sudan list-decoding bound
of the RS code. We also show near-optimal gap results, over fields of (at least) linear size in the
RS code dimension, for ¢ smaller than the unique decoding radius. Concretely, if § is smaller
than half the minimal distance of an RS code V' C Fy, every affine space is either entirely -
close to the code, or alternatively at most an (n/q)-fraction of it is d-close to the code. Finally,
we discuss several applications of our proximity gap results to distributed storage, multi-party
cryptographic protocols, and concretely efficient proof systems.

We prove the proximity gap results by analyzing the execution of classical algebraic decoding
algorithms for Reed—Solomon codes (due to Berlekamp-Welch and Guruswami-Sudan) on a
formal element of an affine space. This involves working with Reed—Solomon codes whose base
field is an (infinite) rational function field. Our proofs are obtained by developing an extension
(to function fields) of a strategy of Arora and Sudan for analyzing low-degree tests.
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1 Introduction

A variety of protocols, arising in the contexts of interactive proofs, distributed storage and cryptog-
raphy, give rise to the following problem regarding proximity to a linear code V' C Fy over a finite
field F, of minimal relative distance dy. These myriad protocols assume oracle access to a batch
of vectors u = {ug,...,u} C IFZ and their soundness requires that each and every vector u; be
close to V in relative Hamming distance. Furthermore, soundness deteriorates as a function of the
largest distance between some vector u; and the code V. Thus, we seek protocols that minimize the
number of queries to the entries of the vectors in u, while maximizing the probability of recognizing
when some vector u; is significantly far from V.

The linearity of V' suggests a natural approach, first explored by Rothblum, Vadhan and Wigder-
son [RVW13|: sample a uniformly random vector «’ in the span of u (denoted span(u)) and view
the distance between v’ and V, denoted A(w/, V'), as a proxy for the maximal distance between
some member of u and V. To argue soundness, we would like to show that if even a single u; is §-far
from (all members of) V', then a randomly chosen v’ is also far from V. Indeed, the paper [RVW13]
that suggested this approach also showed for any V', that whenever a single u; is d-far from V', then
nearly all samples v’ are at least 0 /2-far from V. Here and henceforth, we use A to denote relative
Hamming distance and say “u is d-close to V", denoted A(u,V) < §, when A(u,v) < ¢ for some
v € V; otherwise we say “u is d-far from V" (denoted A(u, V') > §).

Note that the result above incurs a 2x degradation in the proximity parameter §: the worst-case
assumption — that some u; is d-far from V' — implies an average-case distance that is only §/2.
Eliminating the proximity degradation is easy when the field size is exponential in the code length.
More concretely, if ¢ > 2779 where H is the binary entropy function, then a union bound over
agreement sets shows that for § < dy, if u; is d-far from V then so are nearly all v’ € span(u).
However, exponential field size is prohibitively large in the context of the motivating applications.
Obtaining similar results over fields of sub-exponential size appears to be much more challenging.

A number of works looked at this question and were able to remove the degradation in § with
polynomial field size. Ames et al. [AHIV17] showed that for proximity parameters ¢ that are
smaller than half of the unique-decoding radius of V' (i.e., when § < dy /4), nearly all «’ € span(u)
are O-far from V. The proximity bound was subsequently improved to § < dy/3 by Roth and
Zémor |[RZ18|. Ben-Sasson et al. [BKS18| showed similar results for § above the unique decoding
radius, holding for any § < 1 — /1T — 8y, and the state of the art' was given in [BGKS20], holding
for any 6 < 1 — /1 —dy. In fact, this latter result was shown to be tight for certain RS codes, in
particular, of maximal blocklength n = q.

Ames et al., who were the first to show that in certain cases the average-case distance of u’ €
span(u) from V is nearly-always equal to the worst-case distance of u; € u from V| also raised the
following intriguing question, which is at the focus of our investigation here: For which codes and
what range of § does the following statement hold?

If some u* € span(u) is d-far from V, then so are nearly all v’ € span(u).

One implication of our main result is that when V' is an RS code over a sufficiently large field —
polynomially large in the code’s blocklength — and when § is smaller than the Johnson/Guruswami—
Sudan list decoding bound, the above phenomenon holds. We refer to it as a prozimity gap, as
explained next.

!We note that these improvements give a roughly 2x improvement to the protocol of [RVW13] in which this
question was originally studied, when that protocol is instantiated with codes of sufficiently large relative distance
(see Theorem 3.4 there).



1.1 Gaps and proximity gaps

When a “gap” is mentioned in theoretical computer science, it usually refers to a situation where all
objects under consideration must fall into one of two categories, and these categories display a large
gap according to some metric. Striking examples are given by PCP reductions whose outputs are
constraint satisfaction problems that lie in one of two categories: satisfiable instances in which some
assignment satisfies all constraints, and unsatisfiable instances in which all assignments fail to satisfy
more than an € fraction of constraints. Another gap example underlies randomized algorithms. For
instance, the Miller-Rabin primality test relies on a gap between primes and composites: in the
latter case (composites), at least three-quarters of the integers serve as composite witnesses whereas
for primes none do, leading to a “gap” of measure 3/4.
Our result can be phrased as a proximity gap according to the following definition.

Definition 1.1 (Proximity gap). Let P C £" be a property and C C 2%" be a collection of sets.
Let A be a distance measure on X". We say that C displays a (9, €)-proximity gap with respect to P
under A if every S € C satisfies exactly one of the following:

1. Prees[A(s,P) < 4] =1.
2. PTSES[A(Sa P) < 6] <e.

We call 6 the proximity parameter and € is the error parameter. By default, A denotes the relative
Hamming distance measure.

Using this definition we can state our main result. Informally, it says that if V' C F" is an
RS-code and A C F” is an affine space, then either all elements of A are close to V', or otherwise,
nearly all elements of A are far from V. In other words, there is no affine A in which roughly half
of the elements are close to V' while the other half are far from V.

Throughout this paper, F, denotes the field of size ¢, and RS[Fy, D, k] is the RS code of dimension
k+ 1 and blocklength n = |D| containing as its codewords the polynomials of degree < k, evaluated
on D. We use p to denote the rate p = % of the code. The letter § will typically denote relative
Hamming distance to the relevant RS code and e will denote an error parameter, the probability
that a “bad event” occurs (with varying definitions of the term “bad event”).

The following result has two parts and each part has its own proof. The first part holds only
below the unique decoding radius but has a smaller error parameter, denoted €y; the second part
holds for proximity parameters up to the Johnson/Guruswami—Sudan bound (which is greater than
the unique decoding bound) but has a larger error bound € (the proof of the second part is also
significantly harder).

Theorem 1.2 (Proximity Gap for RS codes). The collection Cagrine of affine spaces in IF? displays a
(0, €)-proxzimity gap with respect to the RS-code V := RS[Fy, D, k] of blocklength n and rate p = %,
for any 0 € (0,1 —/p), and € = €(q,n, p,d) defined as the following piecewise function:

e Unique decoding bound: For § € (O, %}, the error parameter € s

n
e=ey =ey(g,n) := e (1.1)

e Johnson bound: For d € (%, 1-— \/ﬁ), setting n:=1—/p — 0, the error parameter € is

o - (k+1)2 _ 1 n*
e (2 min (ﬁa %))7'1 - <(np)0(1) g ) (12
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There are two striking aspects to this result. First, the proximity parameter § can take any
value smaller than the famous Johnson/Guruswami-Sudan bound, which is the largest distance
for which we know of efficient (list) decoding algorithms. (Looking ahead, the Guruswami-Sudan
algorithm will play a crucial, though non-algorithmic, role in our proofs.) Second, the size of the
field needed to achieve this result is relatively small — linear in the blocklength when ¢ is below
the unique decoding radius § < (1 — p)/2 and, for fixed rate, quadratic in blocklength for larger §
up to the list decoding bound.

Remark 1.1 (Tightness of results). The maximal proximity parameter § for which Theorem 1.2
applies happens to coincide with the Johnson/Guruswami-Sudan list-decoding bound (1—,/p). This
evidently follows from the techniques we use here, that rely on list-decoding algorithms that reach
that bound. However, we conjecture that Theorem 1.2 holds even for larger proximity parameters,
up to capacity (1 — p). See Conjecture 8.4 and the discussion there.

Remark 1.2 (Field size). The bound in Eq. (1.2) which reaches the Johnson bound becomes non-
trivial only for fields of size g that are at least quadratically larger than the blocklength n. In
contrast, the bound for smaller proximity parameters, below the unique decoding radius, works for
g = 0O(n) (see Eq. (1.1)). We point out that for certain combinations of fields and rate parameters
one cannot hope to reach the Johnson bound with linear size fields, as this would contradict prior
results from [BKS18|.

In the unique decoding regime, the result is sharp in the sense that affine spaces do not all display
a proximity gap with ¢ - € being sublinear in n, for fixed distance parameter §. A simple example is
of the affine line {ug + zu1 : z € Fy}, where ug, u; : D — F, are such that on a set D' C D of size
ID'| = n(1—46) — 1 we have ug|p = ui|p = 0, and on the complement we have that ui|p p = 1,
and ug takes dn + 1 pairwise different non-zero values. We then have A(ug+ zuy, V') < 6 for each of
the on + 1 values of z € Fy for which —z is in the image of ug|pyp/, but that A(ug, V) =6+ 1>,

thus this line does not display a (4, %") proximity gap with respect to the code.

1.2 Concentration bounds

Theorem 1.2 implies the following concentration bound, saying that for any affine space in which
the element farthest from the RS code is within the Johnson/Guruswami-Sudan radius, nearly all
elements are at exactly the same distance from the code(!).

For two sets U,V C X" define the divergence® of U from V as D(U, V) := maxyep A(u, V).

Corollary 1.3 (Concentration bounds). Let V, q,n, k and p be as defined in Theorem 1.2. Let U C
FqD be an affine space over Fy and denote 6* := D(U,V'). If §* is smaller than the Johnson/Guruswami—
Sudan bound, then nearly all elements of U have distance exactly 6* from the code. In other words,
if * € (0,1 —/p), then

ufe)llif [A(u, V) # 0% <,

where € = €(q,n, p,6*) is as defined in Theorem 1.2.

Proof. Define § = % < §*. Note that because the values of A are integer multiples of %, we
have for all u € U, A(u,V) < §* <= A(u,V) < 4. On the other hand by the maximality of §*,
we have A(u, V) # §* <= A(u,V) < 0%, ie.

uer [A(u, V) # 0% = ufgj A(u, V) < 6% = ulze)ll} [A(u, V) < 9].

ZNote that divergence is not symmetric as can be seen, e.g., when U is a strict subset of V.



This probability cannot equal 1, since some u € U exists with A(u, V) = 6*, by definition. Thus
the proximity gap from Theorem 1.2 gives

PI[‘] [A(u, V) #0%] = PI(‘] [A(u, V) < 0] <e(g,n,p,d) <elg,n,p,6") =c¢,
ue ue

where the last inequality is due to € being monotone non-decreasing as a function of the § parameter.
O

When the divergence of U from the RS code V is greater than the Johnson/Guruswami-Sudan
bound (6* > 1 — ,/p) we may still use Theorem 1.2 to conclude that nearly all elements of U are
~ (1—,/p)-far from V', but what remains an interesting open problem is whether nearly all members
of U are maximally far (6*-far) from V. An example from [BGKS20| show that this need not be
the case for RS codes where ¢ = O(n).

1.3 Correlated agreement

Next, we state the main technical theorem proved in the paper. Consider two vectors ug, u; € FP.
The result says that if sufficiently many elements in the 1-dimensional affine space A = {ug + zu; :
z € F} are sufficiently close (d-close) to the RS code V, then there must be a nontrivial subdomain
D' C D of density 1 —§ in D, such that restricting ug, u; to D’ gives a valid RS codeword (evaluated
over D’). We refer to the property that such a D’ exists as correlated agreement, in the sense that
ug, w1 and the elements of A do not only have large agreement with the RS code individually, but
also share a common large agreement set. The result has two ranges of parameters, as in prior
statements in this paper. For proximity parameters in the unique decoding regime this is proved in
Theorem 4.1, and for proximity parameters in the list decoding regime this is proved in Theorem 5.1.

Theorem 1.4 (Main Theorem — Correlated agreement over lines). Let V, q,n, k and p be as defined

in Theorem 1.2. For ug,u1 € F?, if 6 € (0,1 —/p) and

Pr [A(up+ z-up, V) < 4] > ¢
z€lFy
where € is as defined in Theorem 1.2, then there exists D' C D and vo,vy € V satisfying
e Density: |D'|/|D| >1-6, and
e Agreement: vy agrees with ug and vy agrees with uy on all of D'.

Remark 1.3 (Sampling from extension fields). One may sample z from a finite extension field Fy
of F,. In this case, the statement above holds with ey and €; modified by replacing ¢ with ¢’ in the
denominators of Eqs. (1.1) and (1.2), respectively. Note that even in this setting, the vectors vy, v;
deduced to exist in Theorem 1.4 belong to RS[F,, D, k|, not just in RS[Fy, D, k], because vg, v1 have
high agreement with wg, u; € IFqD. The ability to sample from a larger field (and incur smaller error)
applies to the other statements of this section but for simplicity we state all of them using a single
field F4 to both define V' and sample z from.

Motivated by applications (described later), we generalize the theorem above to two interesting
cases: (i) low-degree parameterized curves, and (ii) higher-dimensional affine spaces; details follow.



Correlated agreement over parameterized curves The first extension of Theorem 1.4 ex-
tends it from the case of a “line” passing through wuy and w; (the line being {ug + zu; : z € F}) to
a “low-degree curve” with coefficients ug, u1, ..., u;, as described below. This result is of particular
importance for two reasons. First, it leads to derandomized testing of verifiable secret sharing and
distributed storage protocols (cf. Section 8.1). Second, it improves the soundness analysis of the
Fast RS IOPP (FRI) protocol [BBHR18b], which is used in concretely efficient and transparent
(public coin) proof systems [BBHR18a, BBHR19, BCR™18, BCGT19, COS19|. We discuss this
application in Sections 3.2 and 8.2.

Let u = {ug,...,u} C F?. The parameterized curve of degree [ that is generated by u is the

ZGFQ}.

Theorem 1.5 (Correlated agreement for low-degree parameterized curves). Let V,q,n,k and p be
as defined in Theorem 1.2. Let u = {ug,...,w} CFY. If§ € (0,1 — \/p) and

Pr [A(u,V)<d]>1-¢,

u€curve(u)

following collection of vectors in IE"?:
l

curve(u) := {uz = Zzi -y

1=0

where € 1s as defined in Theorem 1.2, then there exists D' C D and vy, ...,v; € V satisfying
e Density: |D'|/|D| >1-6, and

e Agreement: for alli € {0,...,1}, the functions u; and v; agree on all of D'.

Correlated agreement for affine spaces The second generalization of our Main Theorem 1.4,
extends it from the 1-dimensional case (affine line) to an affine space of arbitrary dimension. Theo-
rem 1.2 follows directly from the following statement. Note that Main Theorem 1.4 is actually a case
of the following result (for 1-dimensional spaces). However, we stated that special case separately
because we prove it first, and from it deduce the more general case (see Section 6.3).

Theorem 1.6 (Correlated agreement over affine spaces). Let V., q,n, k and p be as defined in The-
orem 1.2. For ug,uy,...u; € FqD let U = ug + span{uy,...,u} C FZ]) be an affine subspace. If
6€(0,1—/p) and

<
uller] [A(u, V) < 0] > ¢,

where € is as defined in Theorem 1.2, then there exists D' C D and vy,...,v; € V satisfying
e Density: |D'|/|D| >1—-90, and
e Agreement: for alli € {0,...,1}, the functions u; and v; agree on all of D’.

Furthermore, in the unique decoding regime § € ( , I_Tp] , there exists a unique maximal D’ satisfying

the above, with unique v;.

Correlated agreement (Theorem 1.6) is a sufficient condition for proximity gaps with the same
error and proximity parameters (Theorem 1.2). We leave as open problems (i) whether correlated
agreement is also a necessary condition for a proximity gap. And, if the answer to this question
is negative, an intriguing possibility arises: (ii) obtaining proximity gaps for § > 1 — ,/p while
bypassing the correlated agreement approach we took here.



Organization of the rest of the paper: We start with an overview of the proof of Main Theo-
rem 1.4 in Section 2. In Section 3 we survey several applications of our results. Section 4 gives the
(simper) proof of the unique decoding radius part of Main Theorem 1.4. Section 5 gives the proof
of the (harder) list decoding radius part of that theorem, by reducing it to a different, more param-
eterized format (Appendix A provides the preliminary algebraic setup for the proof). In Section 6
we prove the generalizations of Main Theorem 1.4 to curves (Theorem 1.5) and higher dimensional

affine spaces (Theorem 1.6). Section 8 concludes with more details on selected applications —
Verifiable Secret Sharing (VSS) and Fast RS IOPs of Proximity (FRI).

Acknowledgments We thank Venkatesan Guruswami and Amnon Ta-Shma for carefully auditing
this paper and suggesting valuable improvements to it, and the Ethereum Foundation for funding
their audit.

2 Proof overview

In this section, we give an overview of our proof strategy of our main result, Theorem 1.4.

Recall the setup. V = RS[F,, D, k] of degree k polynomials evaluated at the points of D C Fy,
where |D| = n. We have functions ug, u; : D — F, such that for many z € F, the function ug + zuq
is 6-close to V. We want to deduce that ug and u; are themselves close to V.

The main conceptual idea of our analysis is to work with the function field K = F,(Z) with a
formal variable Z, and to study the various received words ug + zu; for the code V' simultaneously
by considering the formal received word w = ug + Zuy : D — K for the (big field) Reed—Solomon
code RS[K, D, k]. It turns out that showing that w is close to a (well-structured) codeword of this
Reed—Solomon code is sufficient to show that ug and u; are both close to the original Reed—Solomon
code V. With this viewpoint, our proof strategy is to run a decoding algorithm for Reed—Solomon
codes on this received word w = ug + Zuy. Our goal is to analyze the execution of this algorithm
to show that it succeeds in finding a nearby Reed—Solomon codeword. We do such an analysis by
relating it to the execution of that decoding algorithm on the various received words ug + zu; for
the Reed—Solomon code V' over the small field F,.

This strategy is instantiated with two different decoding algorithms for Reed—Solomon codes:
the Berlekamp—Welch unique decoding algorithm, and the Guruswami—-Sudan list decoding algo-
rithm [GS99|. Both instantiations give rise to intriguing algebraic questions about polynomials,

which we resolve using nontrivial tools from algebraic geometry and the theory of algebraic function
fields.

Instantiation with the Berlekamp—Welch Algorithm

Over a field F and an evaluation domain D, given a received word r : D — F, the Berlekamp—Welch
decoding algorithm for finding the (unique) nearby polynomial P(X) € F[X] close to r works as
follows. First it searches for low-degree polynomials A(X), B(X) € F[X] such that for each z € D:

A(z)r(z) = B(x).

Then the nearby polynomial P(X) is recovered as B(X)/A(X) (which a priori may be a rational
function).

In our setting, we first run the Berlekamp—Welch algorithm with received word w = ug + Zuy :
D — K over the big field K = F,(Z) (we will sometimes view this as a function w(z,z) with
w: D xFy; = F,). Our goal is to find a nearby Reed-Solomon codeword (low-degree polynomial)



P(X) € K[X] which has the special form Py(X) + ZP;(X), where each P;(X) € Fy[X]. The first
step of the Berlekamp-Welch algorithm gives us A(X), B(X) € K[X]| = F,(Z)[X]. Making the
Z dependence explicit, we write these as A(X,Z), B(X,Z). This gives us a candidate, namely
A(X,Z)/B(X, Z), for being a Reed-Solomon codeword close to w. We will show two things: that
A(X,Z)/B(X,Z) is a polynomial in F,(Z)[X] (a priori it is only a rational function), and that it
is close to w.

The crucial step is to substitute Z = z into A(X, Z) and B(X, Z) for various values of z € F,.
Letting w, = wup + zu; : D — K (the result of substituting Z = z into w), it turns out that
A(X,z),B(X,z) € Fy[X] are what we would get if we run the Berlekamp-Welch algorithm (over
the small field F,) on received word w,. In particular, for many z we get that B(X, z) is divisible by
A(X, z) in Fy[X], and B(X, z)/A(X, z) equals the Reed-Solomon codeword close to w,. This then
allows us to use the Polishchuk—Spielman lemma (a strengthening of the classical Bezout theorem,
which deduces divisibility of bivariate polynomials from divisibility of univariate restrictions) to
conclude that B(X, Z)/A(X, Z) is in fact a polynomial P(X, Z) in K[X] of low degree in X.

The final step is to show that P(X,Z), when viewed as a function from D to K, is close to w,
and that that the Z dependence of P(X, Z) is simple (just linear in Z). This is again achieved by
considering Z substitutions. We know that for many z, P(X, z) is the degree at most k& polynomial
P.(X) that is close to w,. This means that the X degree of P(X,z) is at most k, and that for
many 2 € D and z there is agreement between P(x,z) and w,(r) = w(z,z). On the other hand,
for any = € D, w(x,-) is a linear function, and P(z,-) is a low degree rational function, and so they
cannot agree on too many points unless the low degree rational function P(x,-) formally equals the
linear function w(x,-). Therefore this formal equality must happen for many = € D, i.e., P(-,Z) is
close to w. Finally, by simple linear algebra, if P(x,Z) is linear in Z for many z, we conclude that
P(X,Z) is linear in Z. This gives us our desired conclusion.

Instantiation with the Guruswami—Sudan Algorithm

Over a field F and an evaluation domain D, given a received word r : D — F, the Sudan and
Guruswami—-Sudan decoding algorithms for finding all nearby polynomials P(X) € F[X] close to r
work as follows. First one searches for a low-degree polynomial Q(X,Y) € F[X, Y] such that for
each x € D,
Q(z,r(x)) =0.

(This is the Sudan algorithm; for the Guruswami-Sudan algorithm we ask that @ vanishes at each
(z,7(x)) with high multiplicity.) Then every nearby polynomial P(X) turns out to have the property
that Y — P(X) divides Q(X,Y) in the bivariate polynomial ring F,[X, Y]. This means that all such
P(X) can be found by factoring Q(X,Y).

In our setting, we run the Guruswami-Sudan algorithm with received word w = ug + Zuy :
D — K over the big field K = F,(Z). Our goal is to find a nearby low-degree polynomial P(X) €
K[X] which has the special form Py(X) 4+ ZP;(X), where each P;(X) € F,[X]. The first step
of the Guruswami—Sudan algorithm gives us a bivariate polynomial Q(X,Y") € K[X, Y] such that
Q(z,w(z)) = 0 for each x € D. Again, we write Q(X,Y) as Q(X,Y,Z) € F,(Z)[X,Y] to make
the Z dependence explicit (and we can clear denominators in Z without affecting the vanishing
property).

Substituting Z = z, we get that Q(z,w,(x),z) = 0 for each x € D. This means that the
polynomial Q.(X,Y) € F,[X,Y] given by Q.(X,Y) = Q(X,Y,z) € F,[X,Y] is the bivariate
polynomial we would have found while running the Guruswami-Sudan algorithm with received
word w, : D — [F, over the small field F,. Since for many z € F, we have that w, is close to some



codeword P,(X) € F,[X] of the Reed-Solomon code V', we get that Y — P,(X) divides Q(X,Y, z)
for many z € F;. We would like to deduce from this that over the big field K there is a low-degree
polynomial P(X) € K[X] such that Y — P(X) divides Q(X,Y) in K[X, Y] (and furthermore, this
P(X) is close to w and has a simple Z dependence).

This is the most involved (and interesting) part of the analysis. We will factor Q(X,Y, 2)
completely into linear factors in Y.

Q(X7 Y, Z) - C(X7 Z)(Y _71(X7 Z))(Y - 72(X7 Z)) e (Y - ’VD(Xa Z)) (21>

This is natural to do, because we are searching for factors that are linear in Y. Then we substitute
Z = z into this, and we should see P,(X) as one of the factors.

However, getting such a factorization for Q(X,Y,Z) may not be possible with polynomials
vi(X, Z), and we have to look (far) beyond. What kind of objects should we think of the ~; as?
After getting the v;(X, Z), we would like to (a) argue about when ~;(X, Z) is a polynomial in X,
and (b) substitute Z = z into it and inspect the resulting object. To enable these, we will express
7:(X, Z) in the ring R = K[[X]], the ring of power series in X, whose coefficients are in the algebraic
closure of K = F,(Z). The power series in X representation allows us to see when ~; is a polynomial
in X, and the coefficients being simply algebraic functions in Z (such as vVZ3 + Z + 1) allows us to
reason about substitutions Z = z. Having decided on R, it is a simple application of Hensel lifting
(after possibly a random shift) to show that a factorization as in (2.1) is possible with the v; € R.

Rather than describe what happens in full generality, we just sketch what would happen in a
special case with most of the action. Suppose F, is not of characteristic 2, and we have:

QIX,Y,Z)=Y*—(Z3+Z+1)(1 - ZX).
Going to the ring R, and letting o = v/Z3 + Z 4+ 1 € K, it turns out that Q(X,Y, Z) factors as:

Q(X,Y,Z) = (Y—\/ZB+Z+1m) : (Y+\/Z3+Z+1m)

oa-Z a-7Z? _, o-Z a-Z?
(v (o ) (v (o L))

where we used the Taylor series expansion for v/1 —ZX. Now substitute Z = z for z € F,.
Substituting values into algebraic functions like « is a slightly delicate operation (which square root
do you choose? how do you make these choices consistent for different algebraic functions?), but it
can be done using basic concepts from the theory of algebraic function fields. Another tool that we
need from the theory of algebraic function fields is an analogue of the degree of a polynomial, to
measure complexity of algebraic functions and bound the number of their zeroes. In this sketch we
avoid going into any such details.
Doing the substitution gives us:

Q-(X,Y) = Q(X,Y, 2)
= (Y— (a(z) - WX+~--+cia(z)ziXi —|—--->>><

<Y + <a(z) - a(z) EX et cia(2)2' X - >>
By properties of the Guruswami-Sudan decoding algorithm, we know for all “good” z € I, where
w, is close to some low degree polynomial P,, we must have that Y — P,(X) divides Q,(X,Y).
Given the factorization above, one of the following must occur:

1. P.(X) = (a(z) - a(;).ZX - a(%szZ + o a(2)2 X+ '),
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2. P(X) = —<04(Z) - a(z)'ZX - a(i)éZQXz + ot eaf2) 2 X+ - )

Whichever power series ends up equaling P,(X), the coefficient of X**1 in that power series must
equal 0. In our particular example, we deduce that cgyia(2)zF*! = 0 for some constant cg;.
Assuming ¢ is nonzero in F,, we get that az)2FT1 = 0 for every good z. Finally we use the
fact that a nonzero algebraic functions of low “degree” like a(Z2)Z**t = /Z3 + Z +1- Z¥*! cannot
vanish at too many points z. This means that there cannot be too many good z, contradicting our
hypothesis. We conclude that Q(X,Y, Z) cannot equal Y2 — (Z3 + Z + 1)(1 — ZX)!

A very similar argument derives a contradiction unless Q(X,Y, Z) has a factor of the form
Y — P(X) for some P(X) € K[X] of degree at most k. The only twist is that we may have to
focus on the coefficient of some different power X**¢ in the power series than the coefficient of
X1 (in case the coefficient of X**1 in the power series is identically 0). To make this argument
work, we need to estimate the “degree” of the algebraic functions that appear as coefficients in these
power series. This involves a careful study of the Hensel lifting process, especially its effect on the
complexity of its coefficients.

The final part of the argument, showing that some Y — P(X) factor of Q(X,Y, Z) is such that
P(X) has high agreement with w and all the coefficients of P(X) are linear polynomials in Z, is
similar to what happened in the unique decoding case. Instead of using the fact that a low degree
rational function and a linear function cannot have high agreement unless they are equal, we use the
fact that a low degree algebraic function and a linear function cannot have high agreement unless
they are equal. This completes our sketch of the proof.

Technical issues When we actually implement the argument, there are some technical changes
we make (both for simplicity and for optimizing parameters). First, we do not do the proof by
contradiction, but instead show how to find the factor of the form ¥ — P(X). Next, instead of
directly doing Hensel lifting with @, we factor @ into irreducible factors over Fy[X,Y, Z] and focus
on a single irreducible factor that is “responsible” for many of the P,. This helps in that we do
not need to factor arbitrarily messy Q’s completely into linear factors, but only those which have
the property that Q(X,Y, z) has a linear factor of the form Y — P,(X). Finally, instead of arguing
over the algebraic closure K, we go to a small algebraic extension L of K which is rich enough to
express all the coefficients of the relevant power series. These changes lead to some simplifications
and quantitative improvements in our proofs.

Relationship with the Arora-Sudan low degree test [AS03] A beautiful and fundamental
paper of Arora and Sudan [AS03|, analyzed the “line vs. line” low degree test for multivariate poly-
nomials in the high error regime. The heart of their paper is a theorem that says that if a function
f: Fg — g is such that for most lines L given by Y = a X +bin [F 2 the univariate function obtained
from restricting f to L (denoted f|r) is close to a low degree univariate polynomial, then f is itself
close to a low degree bivariate polynomial. This is closely related to our theorem which deduces a
similar conclusion about a received word w : D x F, — F,, also based on restrictions to lines. Our
proof is heavily influenced by the proof in [AS03| (which in turn builds on fundamental results on
polynomial factorization and the Hilbert irreducibility theorem by Kaltofen [Kal85, Kal95]). There
is one crucial difference in our proof. Our approach is spearheaded by the idea of running all ar-
guments over the big field K = F4(Z) (as opposed to treating Z as another variable over F, just
like X and Y, as is done in [AS03]). This difference affects our proofs in a tangible sense: our
proofs are based on bivariate interpolation over the big field K rather than trivariate interpolation
over the small field F,. Inside the analysis, our proofs use power series in one variable over function



fields rather than power series in two variables over finite extensions of F,;. This leads to more
involved algebraic tools being needed for our proof (most seriously the use of algebraic function
fields), but also yields three improvements. First, our result is about axis parallel restrictions Z = z
(for z € IFy) instead of more general linear restrictions Z = aX +b (for a,b € F,). This simpler form
of restriction is important for our applications. Second, our result deduces structure all the way up
to the Johnson radius, while the result in Arora-Sudan is to a smaller radius (polynomially worse
in terms of agreement parameter). Third, our result works over fields that are quadratic in the
degree of the polynomials involved whereas the Arora-Sudan result requires fields that are quartic
(at least) in the degree.

3 Applications

Our proximity gap results are motivated by the following general setting. There are several pur-
ported codewords u = {uy,...,u} C [y of an RS code V. A verifier would like to be assured that
they are all close to V. This is done by taking a random linear combination of the u; and checking
its proximity to V. The analysis of this simple test, which arises naturally in a variety of application
scenarios, turns out to be surprisingly challenging. Indeed, it is closely related to the proximity gap
problem we study in this work.

This batch verification problem arises in two kinds of settings: a distributed setting, where entries
of u are split between multiple servers and may not be known to any single entity, and a centralized
setting, where u is entirely known to a prover and can be queried by a verifier. We briefly explain
the role of proximity gaps in these two types of applications.

In the distributed setting, the coefficients of the random linear combination is either generated
by a single verifier or jointly via a distributed coin tossing protocol. Each server then responds with
its own share of the output. Verification succeeds if the joint output is a codeword, or alternatively
it is close to the code. Examples for applications in the distributed setting include Verifiable Secret
Sharing (see Section 8.1) and secure multiparty computation protocols, such as those from [DI0G6,
IPS09]. These applications typically rely on unique decoding and can thus benefit from our near-
optimal analysis for this regime. In this type of applications, the main challenge is protecting against
an adaptive adversary who may choose which servers to corrupt after seeing the coefficients of the
random linear combination. To defeat such an adversary, we need to ensure that if at least one of
the w; is far from the code, then (with high probability) so is their random linear combination. If
this were not the case, an adaptive adversary could eliminate all inconsistencies by corrupting a
small number of servers. Proximity gaps rule out this kind of attack.

In the centralized setting, u is known to a prover and can be queried by the verifier. A typical
realization is using a tree-based succinct cryptographic commitment that binds the prover to a
uniquely defined u and yet enables efficient local opening of symbols queried by the verifier. In
this case, the verifier challenges the prover by choosing the coefficients r; of the random linear
combination. The prover, who claims that all u; are codewords in V', must respond with a valid
codeword u € V. The verifier checks that u agrees with «/ = ryu; +. ..+ rju; by querying a random
entry of u and the corresponding entries of u and checking their consistency. (To amplify soundness,
the verifier can query several random entries of u.) Here too, proximity gaps guarantee that if one
of the u; is far from V| then (with high probability) so is «’. This ensures that the verifier detects
an inconsistency with high probability. Examples for applications in the centralized setting include
communication-efficient proof systems [RVW13, AHIV17, BBHR18b]|, homomorphic commitment
schemes [CDD™ 16|, and secure two-party computation protocols [IPS08, HIMV19]. See more in
Section 3.2 below.
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An appealing feature of the simple “random linear combination” test is that it can be imple-
mented with low communication and computation costs. In particular, in the distributed setting
it suffices for each server to send a single field element to the verifier. In both settings, communi-
cating the [ random coeflicients is typically not a bottleneck. This random challenge can be made
shorter either by using a cryptographic pseudorandom generator or unconditionally by using simple
derandomization techniques. In particular, one can generate all coefficients as distinct powers of a
single random field elements and appeal to the parameterized curves variant of the proximity gap
theorem (Theorem 1.5).

Our new proximity gaps imply a tighter analysis of applications that test proximity to RS codes.
Generally speaking, in the distributed setting the improved proximity gap bounds imply a constant-
factor improvement in the resilience threshold, namely the number of corrupted parties that can
be tolerated. In the centralized setting, one typically gets constant-factor savings in the overall
communication and computation costs. While often ignored in theory-oriented research, the latter
kind of improvements can be very significant in the context of practical succinct proof systems.

Why RS codes? Reed—-Solomon codes are commonly used in distributed storage, efficient proof
systems, and cryptographic protocols. They are useful because of their MDS property, near-linear
encoding, and efficient (list)-decoding algorithms. A more qualitative feature of RS codes, which
is commonly used in proof systems and cryptography, is the following multiplication-friendliness
property: when n = |D| > 2k, the pointwise products of codewords in V' = RS[F,, D, k] span a
linear code that has nontrivial minimal distance, namely the code RS[F, D, 2k].

We now give more concrete examples of applying proximity gaps to analyze batch-verification
tasks that arise in different application scenarios.

3.1 Distributed storage and cryptography

Distributed storage. Consider a scenario in which [ users encode their inputs using a length-n
RS code V' = RS[F,, D, k|, where server ¢ stores the i-th symbol of each of the I codewords. Suppose
that some of the nl symbols were corrupted, say by a transient malware that overwrites a subset of
the symbols before being discovered and eliminated. A verifier would like to get a quick estimate of
the amount of damage caused by the malware. A natural idea is to have the servers communicate a
random linear combination u’ of the potentially corrupted codewords u;. Using the basic proximity
gap result (Theorem 1.2), if at least one of u; is d-far from the code (for § < % or § <1—./p),

then v’ is d-far from the code except with small failure probability (at most n/q for § < %) Thus,
for sufficiently large Fy, the distance of v’ from V provides a reliable upper bound on the maximal
relative distance of a vector u; from V within the proximity bounds of Theorem 1.2. This estimate
is not too pessimistic in the sense that if only a u-fraction of the servers were affected, the upper
bound obtained by the test is no bigger than pu.

Distributed proximity test for Interleaved RS codes. The above analysis leaves something
to be desired: if «’ is within (sufficiently small) distance ¢ from V, the verifier is only assured that
each u; is individually within distance 6 from V. In some applications, we would like to get the
stronger guarantee that in such an event there is a d-fraction of the coordinates whose removal
makes all u; consistent with V. Moreover, we would like to identify this set of coordinates, which
is uniquely defined in the unique decoding regime. This is useful even in the above distributed
storage scenario, but will be even more useful for the applications we discuss next. The stronger
feature can be conveniently captured using the notion of an Interleaved Reed—Solomon (IRS) code.
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In an IRS(V, 1) code, the codewords are [ X n matrices in which each row is a codeword in V. The
symbols of such a codeword are the matrix columns. Namely, a codeword consists of n symbols in
Ff;. The following theorem, which follows easily from Theorem 1.6, phrases the stronger guarantee
provided by the refined analysis in terms of proximity testing for IRS codes. We state it for the
unique decoding regime, which suffices (and is sometimes required) for the applications we discuss
next. For v within the unique decoding radius of V', we denote by I'(u, V') the set of coordinates on
which u disagrees with the closest codeword from V.

Theorem 3.1 (Distributed proximity test for Interleaved RS codes). Let V' = RS[Fy, D, k| for
|D| =n and V = IRS(V,l). We view codewords in V and V as vectors in Fy and matrices in IFfJX”

respectively. Let p = % and § < %. Letu € IFZX" and let ' = rTu where r €g IFZ.

o Completeness: If A(u, V) < § then Pr[A(v/,V) < 8] = 1 and moreover Pr[['(uv/,V) #
[(u, V)] <n/q.

e Soundness: If A(u, V) >4 then Pr[A(v/, V) <] <n/q.

We refer to the above test as distributed because it can be implemented with low communication
complexity in the distributed setting, where each server holds a different column of u. One can
similarly obtain an affine version with the same guarantee, where u has an additional row ug that
is always added to u’ (i.e., with coefficient ro = 1), and the code V is extended to by IRS(V,l+ 1).
This affine version is useful for zero-knowledge variants of the test, where a single random ug € V
is used for blinding ui,...,u;. This is used in the cryptographic applications we discuss next.

General cryptographic protocols. Theorem 3.1 serves as a useful tool for analyzing cryp-
tographic protocols in the presence of an adaptive adversary who can dynamically choose the
set of corrupted parties. For instance, it shows that secure multiparty computation protocols
from [DI06, IPS09] are adaptively secure when the adversary can corrupt roughly 1/3 of the parties.
The best previous proximity gaps from [RZ18, BKS18, BGKS20| could only get up to 1/4 corruption
threshold in the same setting. Adaptive security, in turn, is crucial for the general transformation
from [IKOS09, IPS08] of these honest-majority protocols to two-party protocols and protocols for
dishonest majority. Indeed, this is the context that gave rise to proximity gap in the analysis of
the Ligero zero-knowledge proof system [AHIV17], which applies a variant of the transformation
from [IKOS09] to a variant of the protocol from [DI06]. We give a detailed exposition of the appli-
cation of proximity gaps to verifiable secret sharing, which serves as a basis for the above results on
secure multiparty computation, in Section 8.

3.2 Soundness of the Fast RS IOPP (FRI) protocol

FRI is an Interactive Oracle Proof of Proximity (IOP of Proximity, or IOPP) as defined in [RRR16,
BCS16]. An IOP is an interactive protocol in which the verifier has oracle access to messages sent
by the prover, so she need not read and store those messages but may query random entries of
them. FRI is one of a family of protocols for testing proximity to the RS code (an “RS proximity
testing” (RPT) protocol). Its purpose is to check whether a received word f : D — FF, belongs to
a pre-specified RS code V := RS[Fy, D, k] and to reject words that are o-far from the code with
high probability and low query complexity. Due to its efficiency it is used as a building block in
several recent succinct zero knowledge protocols including scalable and transparent (public coins)
arguments of knowledge (STARKs) [BBHR18a, BBHR19|, Aurora [BCR™ 18| and its succinct ver-
sion [BCG'19], and Fractal [COS19], to name a few. These systems have been shown by Chiesa
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et al. to be sound in the quantum random oracle model (hence are “plausibly post-quantum se-
cure”’) [CMS19]. Therefore, understanding the concrete soundness error of FRI, denoted eggy, is of
significant practical value, in addition to being a theoretically interesting question.

Consider the case of f that is maximally far from V, i.e., A(f,V) ~ 1 — p (this holds, e.g., for
random f, with high probability). Fix a target soundness error bound 27 (in concrete settings,
A is the “security parameter”, often fixed to A = 128). The communication complexity of FRI is
dominated by the number t of iterations of the QUERY phase, so the question at hand is:

How many iterations t of the QUERY phase are needed to obtain epgy < 2~?

The initial analysis of [BBHR18b| required a number ¢ that is quite large, and does not tend
to 0 even for tiny rates p. This was improved by [BKS18] to ¢t ~ 4/ log %, and then by [BGKS20]
to t =~ 3\/log %. Sadly, that paper also showed that this bound is tight, at least when the field
size ¢ equals the code’s blocklength n. Our main result regarding FRI (Theorem 8.3) shows that
for ¢ > n? we can reduce the number ¢ of iterations by 33% to t ~ 2)\/log %, which leads to
communication complexity that is at least 33% shorter, for provable soundness settings. The actual
savings in the provable soundness case are likely larger, due to smaller field size and the ability of
the improved analysis to operate with any sequence of oracle sizes in the FRI COMMIT phase (as
discussed after the statement of Theorem 8.3).

4 Correlated Agreement over Lines — Unique Decoding Radius

In this section we prove the correlated agreement result for proximity parameters that are below
the unique decoding radius, corresponding to the € = ey part of Theorem 1.4. In this case, where

0 € (O, %} , our result holds even with fields that are merely linear in the blocklength of the code.

More importantly, the proof will present several ideas, in simplified form, that will appear again in
the proof of harder, list decoding regime, result (Theorem 5.1).

As usual, let F,; be the finite field of size g, let D C F; be an evaluation domain of size |D| = n,
let k <n, and let V = RS[F,, D, k| be the Reed-Solomon code of rate p = %

Theorem 4.1. Suppose § < (1 —p)/2. Let ug,u; : D — F, be functions. Let
S={zeFq: A(up + zu1,V) <6}
and suppose |S| > n. Then S =F,. Furthermore there are vo,v1 € V' such that for all z € Fy,
A(ug + zuy,v9 + 2v1) <
and in fact

{z € D: (uo(x), ur(z)) # (vo(z), v1(x))}| < 4|D].

Remark 4.1. Since § < I_Tp is within the unique decoding regime, the above vy, v, which are
simultaneously and separately d-close to ug, u1, are also unique.

4.1 The Berlekamp—Welch decoder

Our proof will be based on the Berlekamp—Welch decoding algorithm. Let F be a (general) field and
D CF. For an integer k, consider the Reed—Solomon code V' = RS[F, D, k]. We will be instantiating
the Berlekamp-Welch decoder for RS codes over two different fields: the “standard” field IF, and the
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field of rational functions K = F,(Z) in the formal variable Z. We now give a quick description of
the Berlekamp—Welch decoding algorithm and some useful aspects of it.
Given a received word w : D — F, where D C F, and an error parameter e = |dn] < "42“71, the
Berlekamp—Welch decoder finds the unique (if any) polynomial P(X) € F[X] such that A(w, P) < e.
The first step of the Berlekamp—Welch decoder is to set up a a homogeneous system of linear

equations to find polynomials A(X), B(X) € F[X] with deg(A) < e, deg(B) < k + e such that:
A(z)w(r) = B(z)

for all x € D.
Lemma 4.2. The homogeneous system of linear equations above has the following properties:
1. Suppose A(w, V) < §. Then the system of equations has a nonzero solution.

2. Suppose A(w, V') < 6. Then for any nonzero solution A(X), B(X) to the system of equations,
we have that A(X) divides B(X) (in F[X]), and furthermore the element of V' which realizes
the distance is B(X)/A(X).

3. If A(X), B(X) is a nonzero solution to the system of equations such that A(X) divides B(X)
(in F[X]), then the polynomial P(X) = B(X)/A(X) has the property® that A(w, P) < 4.

These properties above are well known and we omit the proof.

Note that in our setting we have k + 2e < n. This may seem to be off if one is used to seeing the
condition k 4+ 2e < n. The difference is that we use k here to denote the degree of the polynomials
rather than the dimension of the code, and they are indeed of by 1 from each other.

4.2 The Polishchuk—Spielman lemma

Another ingredient that will appear in our proof is a version of the Polishchuk—Spielman lemma [PS94].
The version we state below is a variation of [Spi95, Lemma 4.2.18|, and we include a derivation in
Appendix D.

Lemma 4.3. Let A(X,Z),B(X,Z) € F,[X,Z] be polynomials. Suppose there are at least nx
choices of © € Fy such that A(z, Z) divides B(x, Z) as polynomials in Fy[Z], and at least nz choices
of z € Fy such that A(X, z) divides B(X, z) as polynomials in F,[X]. If

1. degx(A) +degx(B) < nx,

2. deg,(A) 4+ degy(B) < ng,

3. degy (B) + deg(B) <1

nx nz

)

then A(X, Z) divides B(X, Z) as polynomials in Fy[X, Z].

3Note that P(X) may have degree larger than k. The best we can say about the degree of P(X) is that it is at
most k + e.

14



4.3 Proof of Theorem 4.1

By definition of S, for each z € S, we have a polynomial P,(X) € F,[X] with deg(P,) < k such
that A(ug + zug, Py) < 9.

Our strategy is to run the Berlekamp-Welch decoder over the field K = F,(Z) of rational
functions in the formal variable Z.

First define a received word

w:D—K
given by:
w(z) = up(z) + Zuy(z).

We sometimes also use the notation w(z, Z) to denote ug(x) + Zuy(x).

We will try to find a polynomial P(X,Z) € F,[X, Z] of the form P(X,Z) = vo(X) + Zvi1(X),
where degy (P) < k, such that

P(z,7) = w(x)

for at least n — e choices of x € D.

4.3.1 Step 1: Finding A(X,Z7),B(X,Z)

The first step of the Berlekamp-Welch algorithm is to find nonzero A(X,Z), B(X,Z) € K[X] of
degrees < e and < k + e (in the variable X) respectively such that

A(z, Z)w(z) = Bz, Z) (4.1)

for all z € D, where e = [dn] as before. Setting this up as a homogeneous linear system over K, we
get an n x (k+2e+2) matrix M (Z) with entries being polynomials in Z, of degree < 1 for the e+ 1
columns of the A-variables, and degree 0 for the k + e + 1 columns of the B variables. Explicitly,
in the row corresponding to x € D, the entry of M (Z) corresponding to the coefficient of A;(Z) is
up(x)x! 4+ up(x)2'Z, and the entry corresponding to the coefficient of B;(Z) is simply z°.

We now show that M(Z) has rank < k + 2e + 2 over K. Fix any (k + 2e + 2) x (k4 2e + 2)
minor of M(Z), and consider its determinant R(Z) € F,[Z]. We will show that R(Z) = 0. This
then implies that M (Z) has rank < k + 2e + 2 over K.

For any z € S, consider M(z). This is the homogeneous linear system that arises when we run
the Berlekamp-Welch decoder with received word ug + zu;y € Fy over the field F,. By definition of
S we know that A(ug + zu1,V) < 4, and so Item 1 of Lemma 4.2 tells us that this linear system
has a nonzero solution. Therefore M (z) has rank < k + 2e 4+ 2. Thus for each z € S, R(z) = 0.
Now notice that deg(R) < e+ 1. Since |S| > e+ 1, we conclude that R(Z) = 0 formally, as desired.

We now know that the system of equations M (Z) has a non-trivial solution, with 4,(2), B;(Z) €
F,(Z). We wish to show that in particular there is a solution in which A;(Z), B;(Z) are not just
rational functions, but polynomials of bounded Z-degree. To do so, focus on some 7 X r non-singular
submatrix, where r is the matrix’s rank. As we have show r < k+2e+2, we can also choose another
r+1-th column to be a “free variable”. Then we can find a unique solution to the r X r system, where
the free variable is set to 1, and all variables outside the chosen r + 1 vanish. This solution will
the necessarily satisfy the entire system of equations, since r was the full rank (and so every other
relation is a linear combination of the r rows we chose). Cramer’s rule shows this solution is given
(up to signs) by ratios of r x r determinants, with the denominator always being the determinant
of our chosen r X r matrix, and the numerators being the determinants of this matrix with one
of its columns replaced by the “free variable” column. We clear out the common denominator by
simply assigning it to the free variable instead of the previous assignment of 1, and replacing each
ratio with only its numerator. This gives us a homogenous form of Cramer’s rule. Note that by
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the non-singularity assumption, the determinant assigned to the “free” variable must have been
non-zero, so this is a non-zero solution.

To summarize, we find that there exists a non-zero solution to the matrix where each variable
is either 0, or given by some determinant of a square r x r submatrix—notably, one from which
the column corresponding to that particular variable is excluded. Such determinants will all be
polynomials in Z, and their degree is bounded by how many of its columns are attached to A
variables. It follows that deg B;(Z) < e+1, deg A;(Z) < e, as there are only e+ 1 degree 1 columns,
and for the A variables at least one is excluded.

Writing now A(X, Z) = >7_q Ai(2) X", B(X,Z) = Zf;“; Bi(Z)X*, we find that A(X, Z), B(X,Z) €
Fy[X, Z] are polynomials with deg,(A) < e, deg,(B) <e+1, degx(A) < e, degx(B) < k+ e and:

Az, Z)w(z) = Bz, Z)
for all x € D. Using our alternate notation for w, we get:
Az, Z)w(z,Z) = B(x, Z)

for all x € D. Note that in particular, A(z, Z) divides B(x,Z) (as polynomials in F,[Z]) for all
z €D.

4.3.2 Step 2: Dividing B(X,Z) by A(X,Z) in F,[X, Z]

Now if z € S, we know that the function w(-,2) : D — [, has distance < e from V. Consider
the Berlekamp—Welch system of linear equations associated with this received word: namely, we
consider the space of all pairs of polynomials E(X), FI(X) of degrees < e, < k + e respectively, such
that

E(x)w(z,z) = F(x)
for all x € D. We see that any solution E(X), F(X) of this system falls into one of two cases:

e F(X) =0, in which case F(z) =0 for all z € D, and so F(X) = 0 too.
e F(X) is nonzero, in which case Item 2 of Lemma 4.2 tells us that E(X) divides F(X), and

F(X
Fog = Po(X).

——

In both these cases, E(X) divides F'(X).
For any z € S, A(X, z), B(X, z) are polynomials that satisfy the properties of E, F' above, thus
A(X, z) divides B(X, z).
To recap, we've seen that A(z, Z) divides B(x, Z) for |D| = n values of x, and A(X, z) divides
B(X, z) for |S| values of z. Since
degy(A) +degx(B) < k+2e<n=|D|,
degy(A) +deg,(B) <2e+4+1<n<|S|, and
degy B degz; B k+e e
< - <1
|D| |S] n TR ST
we may apply the Polishchuk-Spielman lemma 4.3 to get that A(X, Z) divides B(X, Z) in F,[X, Z],
and define P(X,Z) = B(X,Z)/A(X,Z) e F,[X, Z].
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4.3.3 Step 3: P(X,Z) has X-degree at most k

We will now bound the X degree of P(X,Z) € F,[X, Z]. The idea is to substitute values for Z.

Observe that degx (P) < k + e, and deg(P) < e+ 1. Write P(X,Z) = Zf:oe P,(Z)X', where
each P;(Z) € Fy[Z] is of degree at most e + 1.

Let ' ={z€ S: A(X, z) # 0}. Since deg, A < e, we have |S’'| > |S] —e.

For z € §’, the discussion above about solutions E, F' to the Berlekamp—Welch system of linear
equations tells us that B(X, z)/A(X, z) = P,(X). Thus P(X, z) = P,(X), and so P;(z) = 0 for all
1> k.

Since |S’| > e+1, this implies that Pyy1(Z), ..., Prr(Z) are all identically zero. Thus P(X, Z)
has X-degree at most k.

4.3.4 Step 4: P(z,Z) = w(x,Z) for many x

Now we show that P is close to w. We are effectively using Item 3 of Lemma 4.2 here, but we
reprove it because we need to keep track of some other information.

Let D' ={x € D: A(x,Z) # 0}. Since A(X,Z) # 0 and degy(A) < e, we have |D'| > n—e > k.

Note that for any x € D, we have both A(x, Z)w(z, Z) = B(z, Z) by the decoder’s construction,
as well as A(z, Z)P(x,Z) = B(x,Z). Comparing the two equations yields

Az, Z)P(x,Z) = A(z, Z)w(z, Z), =z € D.
If € D' then A(z, Z) is not identically zero and is invertible in K. We thus conclude that
P(x,Z) =w(z,Z) (4.2)

for all x € D'.

4.3.5 Step 5: P(X,Z) has Z-degree at most 1

Let {zo,...,2x} € D' be any set of k + 1 distinct elements of D'. Let vg(X),v1(X) € Fy[X] be the
unique degree < k interpolations of ug,u1 at the points xq, ..., x. Observe that for each 0 < i <k
we have
Pz, Z) = w(xi, Z) = uo(x;) + Zui(x;) = vo(x;) + Zvi ().
It follows that the two degree < k polynomials P(X, Z),vo(X) + Zv1(X) € K[X] agree at k + 1
points — thus they must be identical, i.e. P(X,Z) = vo(X) + Zv1(X) identically.
Using equation (4.2) again, we find for all z € D’
w(z,Z) = P(x,Z) = vo(x) + Zvi(z),
and since |D \ D'| < e = |§|D|], we have
A(ug + Zuy,vo + Zvy) <9,
as claimed. This completes the proof of Theorem 4.1. O

5 Correlated Agreement over Lines — List Decoding Radius

In this section we prove the large distance part of the correlated agreement theorem (Theorem 1.4),
corresponding to larger proximity parameters § € (12;", 1-— \/ﬁ> First, we state the theorem in a
slightly different form that will be easier to work with.
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Theorem 5.1. Let ug,uy : D — Fy, let m > 3, define

dolp,m) =15 Y2 (5.1)

and let 6 < dp(p,m). Define
S={zeFy:Alug+ zu1,V) <6} (5.2)
and suppose
3p3/2
Then ug, w1 are simultaneously §-close to V, i.e. Jvg,v1 € V' such that

{z € D: (uo(2), ur(2)) = (vo(2),v1(x))}| = (1 = 6)[D].

S| >

The above version easily implies the large distance part of Theorem 1.4 with the coarser

1 n2>
ag=0(—0w >
’ <(77p)0(1) q

bound by setting m = O (%) For the more precise bound on €j, we need to be a little careful,
and we do this in the following theorem.

Theorem 5.2 (Correlated agreement over lines — alternative formulation). Let ug,u; : D — F,.

Let 6, > 0 satisfy n < ‘2/—63 and 6 < do(p,n) == 1—/p—n, and suppose
p2n?
P.cr (A(ug + zui, V) < 6) > =:! €. 5.4
e, (A )<8)> i (5.4

Then ug,uy are simultaneously §-close to V', i.e. Jug,v1 € V' such that

{z € D: (uo(x),us(z)) = (vo(x), vi(2))}| = (1 - 6)[D].

Proof of Theorem 5.2 from Theorem 5.1. Set m = {\2/—7751 > 10, and note that & < do(p,n) <
) is satisfied:

do(p,m). Define S as in Theorem 5.1, and observe that (5.3
7 7 1\7,.7

m—1\" 5 5 v m' oo (4 gg)mt o,

(222) i 1 47 2 O

VP

where in the last step we use 3(1 — %)7 > (1 + ﬁ)i which holds for m > 10. Thus we may apply
Theorem 5.1, and conclude (ug,u1) is d-close to (vg, v1), as claimed. O

IS| > eyq = (2n) " p*n® >

5.1 The Guruswami—Sudan decoder

Our proof will be based on the Guruswami-Sudan decoding algorithm. Let F be a (general) field
and D CF. Let V be the Reed—Solomon code RS[F, D, k|. Let p = % denote its rate. We will be
instantiating the Guruswami-Sudan decoder for RS codes over two different fields: the “standard”
field Fy and the field of rational functions K = [F(Z) in the formal variable Z. We now give a quick
description of the Guruswami—-Sudan decoding algorithm and some useful aspects of it.

First, some definitions related to bivariate polynomials: The (a, b)-weighted degree of a mono-
mial X*Y7 is ai+ bj. The (a,b)-weighted degree of a polynomial Q(X,Y) € F[X, Y] is the maximal
(a,b)-weighted degree of all its non-zero monomials. The vanishing multiplicity of a polynomial
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Q(X,Y) € F[X,Y] at a point (v,y) € F? is the smallest m such that the shifted polynomial
Q(z+ X,y +Y), written as:
Qr+ X, y+Y)=> a; X'V
1,3

has a;; = 0 for all (4,j) with i + j < m. We denote the vanishing multiplicity of @ at (z,y) by
mult(Q, (z,)).

Given a received word w : D — F and a multiplicity parameter m, the Guruswami—Sudan de-
coder first solves a homogeneous system of linear equations to find a nonzero polynomial Q(X,Y) €
F[X,Y] with (1, k)-weighted degree less than Dx (m) (for a certain function Dx (m), specified later),
such that:

mult(Q, (z, w(x)) = m
for all x € D.

The key properties of this system of linear equations that enable decoding are given by the

following lemma.

Lemma 5.3. Let do(p,m) = 1 — \/p — %. With Dx(m) = (m + %)/pn, the system of linear
equations set up above has the following properties:

1. The system has a nonzero solution Q(X,Y).

2. For any nonzero solution Q(X,Y) of the above system, and for any polynomial P(X) € V
such that A(w, P) < éo(p, m), we have that Y — P(X) divides Q(X,Y) in the polynomial ring
F[X,Y].

Note that these choices of §g and Dx are not quite optimal. The optimal values are only slightly
better, but their formulas are longer and messier, and we opt for simplicity in favor of optimization.

5.2 Proof of Theorem 5.1

By definition of S, for each z € S, we have a polynomial P,(X) € F,[X] with deg(P,) < k such
that A(ug + zug, Py) < 9.

Our strategy is to run the Guruswami-Sudan decoder over the field K = F,(Z) of rational
functions in the formal variable Z.

First define a received word

w:D =K
given by:
w(z) = up(x) + Zui(x).

We sometimes also use the notation w(z, Z) to denote ug(x) + Zuy(z).

We will try to find a polynomial P(X,Z) € Fy[X, Z] of the form P(X,Z) = vo(X) + Zvi1(X),
where degy (P) < k, such that

P(z,Z) = w(x)

for at least than n — e choices of x € D, where e = [nd| is the decoder’s error parameter.
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5.2.1 Step 1: Interpolating Q(X,Y,7)

Let Dx = Dx(m) = (m + 3)\/pn. The first step of the Guruswami-Sudan decoding algorithm is
to find a nonzero polynomial Q(X,Y) € K[.X,Y:

QX Y)= Y Qu2)X'yI
i+k-j<Dx
where each @Q;;(Z) lies in the big field K, such that Q(X,Y’) has a zero of multiplicity m at (z, w(z))
for each x € D.

2
This is possible when the number of available monomials, which is at least % ((Dkx + %) —

(see Claim B.1 in Appendix B.2), exceeds the number of homogeneous linear equations (m;r 1)n.
Indeed, this happens for our choice of Dx.

Solving this system of equations for a nonzero solution using Cramer’s rule, and clearing Z
denominators, we get such a Q(X,Y) € K[X, Y] where each coefficient Q;;(Z) is in fact an element
of Fy[Z] (i.e., a polynomial instead of just a rational function) with controlled degree.

Explicitly, we get:

Claim 5.4. There is a nonzero polynomial Q(X,Y) € K[X,Y] with (1, k)-weighted degree less than
Dx such that for each x € D, we have:
mult(Q. (. w(x))) > m,

and furthermore:

e Dy :=degy(Q) satisfies:

DX m+§
Dy < — = . 5.6
" (5.6)

o Fach coefficient Q;i(Z) of Q(X,Y) is in Fy[Z].

e Dyz = degy z(Q) (which is the total Y, Z degree of Q) satisfies:
(m + %)3
—2ttn

6./p

Only the bound on Dy 7 needs to be discussed, and it is explained and proven in detail in
Appendix B.1.
Claim 5.4 allows us to express the lower bound on |S| from (5.3) in terms of Dy, Dy, Dy z, as

1T T m+ \? m -+ 13
\sy>(1+3;g"b/)2 n2:2<( jﬁ”) ((m+ 5)vpn) <( 6;;) n) > 2D DxDyz.  (5.8)

Over the next subsections, we will prove the following proposition, which is the core of our proof:

Dyz < (5.7)
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Proposition 5.5. There exists a subset S’ C S, and a polynomial P(X,Z) € F,[X, Z] with the
following properties:

o IS
191> 5p, (5.9)
Vze S, P(X) = P(X,2) (5.10)
degx(P) <k, degz(P) <1 (5.11)

5.2.2 Step 2: Q(X,Y,z) is divisible by Y — P,(X) for many =

Recall that for every z € S there exists a polynomial P,(X) € Fy[X] of degree at most k with
distance at most 0 from ug + zui, i.e. (z, P,(x)) equals (z,w,(x)) for at least n(1 — §) values of
xz € D. In each such point of agreement, the univariate polynomial Q(X, P.(X), z) € F,[X] must
then have a zero of order m, thus it has at least mn(1 — ) roots counted with multiplicity. On the
other hand, Since @ is chosen to have (1, k)-weighted degree less than Dy, and deg P,(X) < k, we
have degx (Q(X, P.(X), 2z)) < Dx. Thus the polynomial must be identically zero if Dx < mn(1-9).

Indeed this holds, because
Dx
mn’

1
2 0 < + 2m) VP
Thus Q(X,Y, z) is divisible by Y — P,(X) for each z € S.

5.2.3 Step 3: Finding a good z; to start Hensel lifting

We now begin the process of finding a power series solution Y = v(X) € K[[X]] to Q(X,Y,Z) =0
(thought of as a bivariate equation Q(X,Y) = 0 with coefficients in K). To find the power series
solution, we will start at a suitable solution (xg,ap) of Q(X,Y) = 0, and then use Hensel lifting.
In this section, our goal is to find such a “suitable” (xg, o).

Considering Q(X,Y, Z) as a polynomial in Y over F,[X, Z], it can be uniquely factored as

QX.Y,Z) = C(X, 2) [ Ri(X, Y?", 2)", (5.12)

where p is the characteristic of Fy, f; > 0, ¢; > 1, and each R;(X,Y, Z) is irreducible and separable?.
In this section we prove the following claim:

Claim 5.6. There exists xg € Fy such that for all i,
discy (R;(X,Y, 2))(z0) # 0 € F,[Z].

Before we prove the claim, let us explain its use and motivation. The Hensel lift (described
in more detail in Appendix A.4) shows that any simple root® Y = ag € K of Q(z,Y,Z) can be
uniquely lifted to a power series solution v(X) € K[[X — x]] with free coefficient ayp, by iteratively
finding solutions to Q(X,Y,Z) =0 (mod (X — x¢)®) with increasing s.

However, it may be that Q(X,Y') has no simple roots. This could happen, for example, if the fac-
tors of Q(X,Y") appear with multiplicity. To resolve this, we instead focus on an irreducible factor R;
of Q. Even after focusing on R;, it might still be the case that the particular root ag of R;(xo,Y, Z)

4R(X, Y, Z) being separable in Y means it does not have repeated roots in the variable Y, in any extension
field. This is equivalent to discy (R(X,Y,Z)) # 0. For an irreducible polynomial in Y, it is also equivalent to the
Y -derivative being not identically 0, or to the polynomial not being representable as a polynomial in Y?.

S A root is simple when it has multiplicity 1.
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which we would wish to lift non-simple. We avoid this issue by requiring that that R;(xo,Y, Z)
is separable in Y (i.e., all of its roots in Y are simple). This happens if discy R;(zo,Y,Z) # 0.
Claim 5.6 exactly guarantees the existence of an element x(y such that this occurs for all possible
R;. For all future sections, we will fix any such zg arbitrarily.

Henceforth, we will assume for simplicity that ) does not have inseparable irreducible factors,
i.e. that f; = 0 for all <. Note that since any inseparable factor has Y-degree at least p, this is
necessarily the case if the characteristic is larger than Dy, for example in the case where [y is a
prime field with p = ¢: (5.8) together with the trivial bound |S| < ¢ immediately yield Dy < ¢'/3.
The general case, including the possibility of inseparable factors, is very similar, but has more
technicalities, which are discussed in detail in Appendix C.

Proof of Claim 5.6. Since all of the polynomials R;(X,Y, Z) are separable in Y, the discriminants
discy (R;(X,Y, Z)) € F4[X, Z] are non-zero polynomials. We need to find an zy € F; which makes
all these discriminants evaluate to nonzero polynomials in F,[Z]. This will simply follow from a
bound on the sum of degrees of all the R;, which we would like to show is less than ¢. A crude
bound on the sum of degrees (which would require a stronger bound on |S]) is easy to give. The
rest of the proof is just a more careful bound.
Define
disci(Q) = [ [ disey (Ri(X,Y, Z)) € Fy[Z][X].

It suffices to show that degy discy (Q) < g.

In order to bound the X-degree of discy (@), we will instead bound the X-degree of discy (Q),
and see that it serves as an upper bound. There is a subtle issue here, as discy (@) may very well be
the zero polynomial, for example if any e; > 1. However, note that by expressing ) as polynomial in
Y,ie. Q= EjSDy Q;(X,2)Y? with Q;(X, Z) = Zi<Dx—k'j Qji(Z)X", there is a generic formula
for the discriminant discy (@), which is a polynomial in the Q;(X, Z) coefficients, given (up to sign)
by the determinant of the Sylvester matrix of () and g—g, divided by the leading coefficient Qp,, .
The generic polynomial is non-zero, and though it might vanish for the particular substitution of @,
we can still compute its formal X-degree as the maximal degree that would appear when expanding
all algebraic expressions in the Q;(X, Z), before cancellations. Furthermore, this polynomial will
be formally divisible by discj (Q), in the sense that the quotient can be expressed as a generic
polynomial in X, Z (which again might vanish for the particular substitution). This is due to the
R; dividing @, so that we may write Q(X,Y,Z) = U(X,Y,Z) - [[, Ri(X,Y, Z) where U is the
quotient. We then use the fact that the discriminant of a product of polynomials is given by a
product of their discriminants and resultants, in this case yielding

discy (Q) = discy (U) - Hdisq/(RZ-) . Hre5y(Ri, U)? H resy (R;, Ryr)*
i i 1</
where the right hand side contains discy-(Q) = [], discy R; as well as other terms, and all discrimi-
nants and resultants can be expressed as polynomials in the Y-coefficients of (), U and the R;. Thus
we deduce degy (discy-(Q)) < degy (discy (Q)).

Finally, we wish to evaluate the formal X-degree of discy (Q) from the Sylvester matrix and the
bounds degy Q; < Dx —k-j. Since for each row in this matrix, the non-zero coefficients are simply
@Dy ;- - - Qo (or multiplied by constants, for rows of %), we see that shifting a column to the right
always increases the degree bound by the same constant k, so that in general the entry degree bound
is given by the sum of a function of the row index and a linear function of the column index. Since
the determinant always uses products with one item from each row and from each column, every
non-zero product in the expression will have the exact same degree bound; thus, we may compute
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this bound “by example”, considering any one such expansion. It is particularly pleasant to take the
leading coefficient )p, from each of the Dy copies of g—g, and the free coefficient of @)y from the
Dy — 1 copies of (), and of course dividing once by @p,, as is part of the discriminant formula,

giving the term Qgi_l ODY_I. We thus get

degy (discy (Q)) < degx (discy (Q)) = (Dy — 1)(degx (@b, ) + degx (Qo))

< (Dy — 1)(2Dy — kDy) < FPY)2Dx = kDy)

k
D%  (m+1)%pn? 19
<X 2T —(m+i)
Note that from (5.3), we in particular have g > || > (2 ™2 120, and we h
ote that from (5.3), we in particular have ¢ > | |>WTL > (m + 3)*n, and we have
our desired inequality. O

5.2.4 Step 4: Focusing on a useful factor R;(X,Y, 7)

Our main goal in the following sections is to show that at least one of the factors R;(X,Y,Z) is
of the form Y — P(X, Z), with P € Fy[X, Z] a polynomial of X-degree at most k and Z-degree at
most 1. Note that for such a factor, we will have in particular that for any z € Fy, Y — P(X, 2) is
a factor of R;(X,Y, z), and P(xo, 2) is a rational root of R;(xz¢,Y, z). We will see that a converse is
also true: if such factors and roots of R; exist for sufficiently many z’s, then R; must be divisible
by (and thus of the form) Y — P(X,Z). In this section we will make use of this fact in order to
focus on a useful R;. More precisely, we prove the following claim:

Claim 5.7. There exists a factor R = R; of Q, and an irreducible factor H(Y,Z) of R(x,Y, Z),
such that the set Sy, r.u of z values for which both R and H vanish at P, i.e.

SporH ={2€ S : R(X,P.(X),z) =0 and H(P,(xg),z) = 0},

is sufficiently large; more precisely, such that

S
|Szo,R,H| = l‘)‘ > 2D Dx Dy 7. (5.13)
Y
Proof. After substituting X — xq, each of the irreducible R;(X,Y, Z) can be factored as
Ri(w0,Y, Z) = Ci(Z) [ [ Hy (Y, Z),
J
where H;; € Fy[Z][Y] are irreducible, separable in Y, and with positive Y-degree. For @, this yields
the factorization
Q. v.2) = (Clan ) [[2)) [ 57 2),
( 2%

In particular, the number of H;; is at most Dy

For any z € S, the polynomial P,(X) satisfies Q(X, P;(X),z) =0,ie. Y — P,(X) | Q(X,Y, 2),
thus there is some i such that Y — P,(X) | Ri(X,Y,z2), or equivalently R;(X,P,(X),z) = 0.
Substituting X +— z yields also Y — P, (z9) | Ri(zo,Y, z), thus there is some j such that Y — P,(z0) |
H;;(Y, z) and equivalently H;;(P,(zo),2) = 0. Therefore we have z € Sy g, u,,, by definition. Let

i)
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(4,7) be the most common pair appearing in this process and set R = R;, H = H;;j. Since the total
number of pairs (4, 7) is at most Dy, and using (5.8), by the pigeonhole principle we find that

|Sxo,R,H| > ‘DS‘ > 2D§2/Dnyz,
Y

as claimed. O
As mentioned above, our proof will eventually show that both R and H must in fact be lin-
ear in Y, with R(X,Y,Z) = Y — P(X,Z), where P is linear in Z and of degree k in X and
H = R(z0,Y,Z) =Y — P(x0, Z). We will also see that P(xg, 2) = P,(x) for almost all z € Sy, r,H.
We will reach this point only later — for now we assume R, H have Y-degrees d,dy < Dy corre-

spondingly, that their total Y, Z degrees at most D = Dy z, and are not necessarily monic.

5.2.5 Step 5: Interlude — the algebraic function field . and the power series v(X)

Our next step is to find a root of H (if needed, by artificially adding it to the field Fy(Z)), and
then to lift it to a power series solution ¥ = v(X) to R(X,Y,Z) = 0. This process is carried out
in Appendix A, which also provides the required setup and definitions from the theory of algebraic
extensions of function fields.

We strongly encourage reading Appendix A at this point, as the analysis of the aforementioned
in the next sections will use the following objects introduced and discussed there: the function field
L, the ring of regular functions O, the special polynomials/algebraic functions ¢,&, W, H, and the
power series «y itself, with its coefficients a; and their numerators ;. We will also use the definition
of the rational substitution maps 7, (that allow us to substitute z into the regular algebraic functions
in O) and the weight function A(+) (that bounds the number of zeroes of a regular algebraic function)
from that appendix, as well as Lemma A.1.

At the end of the day, the power series v(X) will be shown to be of the form P(X, Z) € F,[X, Z]
with X- and Z-degrees at most k and 1, respectively. However, to reach that point, we will analyze
v(X) as having coefficients in an algebraic extension of F,(Z), and unbounded X-degree.

5.2.6 Step 6: Bounding the X-degree of ~

In this section we show that the power series solution v = > 2 (X — z9)* to R(X,Y,Z) =0 is
in fact a finite polynomial in X of degree k. In other words, we prove:

Claim 5.8. For allt > k, ay = 0. Fquivalently,
k
v = = Zat(X — z0)".
t=0

The claim is proved in two steps: first for all k < t < Dx, by showing that 7, (ay) is well defined
and vanishes for sufficiently many substitutions; then for all ¢t > Dx as well, by observing that ~;
is already a root of R(X,Y, Z).

In the course of the proof we will also define the set S’ appearing in Proposition 5.5, and show
that it satisfies (5.9).

Proof. For each z € Sy p.u, from H(P,(zg),z) = 0 we also get H(W (2)P.(x0),2) = 0, and thus
we have a substitution map 7, : O — F, with ¢, = W (2)P,(zo). The denominators appearing in
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the ay are all powers of W and &, so we can evaluate a; at any z which is not a root of W or ¢, i.e.
in the set

S" = Spo.rm \ {z: W(z) =0 or m,(£) = 0}.
Using lemma A.1 and the bounds on deg W, A(§) from claim A.2; as well as (5.13), we find
19| = |Suo,m,1] — (deg W + di A(€))
> |Seo.ra| = ((d=1)dm +1)(D —du +1) +1

S
> |Szo,R,H| —dygdD > l|)‘ — D%/DYZ
Y
> QD%D)(DYZ — D%/DYZ = D%Dyz(QDX — 1). (5.14)

Note that to apply the lemma we also used £ # 0 in L. Since furthermore D%Dy z < %, we also
get the bound

15
Dy

st

Sl
5] > 5Dy

DyDYZ

as we claimed in (5.9).

Now for each z € S’, we may apply 7, to v, since we removed all poles of v from S’. We
wish to show that 7.(y) = P.(X). Note that 7.(y) € F4[[X — x0]], and the polynomial P.(X)
can also be considered as a (finite) power series in Fy[[X — z¢]]. We have that Y = P,(X),7.(v)
both are roots of R(X,Y,z) = 0: For P,(X) this follows by definition from z € Sy, r u, and for
m.(X) we have R(X,m.(v),2) = 7. (R(X v, 7)) = 7,(0) = 0. Additionally, modulo X — zy we have
m(ag) = m(T/W) = t,/W(z) = P,(xp). Furthermore, 7,(¢) is well defined and non-zero (since
7m.(§) #0), and equal to

OR T OR . OR
m.(¢) = Wz(ay (mo, W Z)) = 8Y<x0’ V[/t(z)’z> 8y(x0,PZ(1‘0),2’).

In particular, 2 v R (20, P.(20),2),# 0, i.e. P,(x0) = m.(p) is a simple root of R(xo,Y, 2).

Putting all of the above together, we see that both 7, (), P,(X) € F4[[X — x0]] are power series
solutions to R(X,Y, z) = 0, with the same free coefficient 7, (o) = P.(zp) modulo X — xg, which is
a simple root of R(xg,Y,z). Thus, they must be identically equal, by the uniqueness of the Hensel
lift with a given starting simple root. In other words, we have

X —ao]] 3 ) ma(an)(X — 20)" = m2(7) = Po(X) € Fy[X — o]

and in particular, m,(cy) = 0 for all z € S’ and all ¢t > k, since deg(P,) < k. Thus we also find
7.(B¢) = 0 for all t > k. Restricting to k < t < Dx, we additionally have by claim A.2

A(B) < (2t +1)dD < dD(2Dx — 1),
and from (5.14) it follows that
|S’| > D} Dyz(2Dx — 1) > dgdD(2Dx — 1) > dyA(B;).
We can therefore apply lemma A.1 to find that indeed 8; = 0 and a; = 0 in L.
We thus have that the degree k polynomial
Dx—1

Ve = Zat —x0)t = Z (X —20)' = ypy—1 € L[X]
t=0
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satisfies 7 = 75, (mod (X — z0)"%), and therefore
R(X,v,Z)=0 (mod (X — xO)DX);

but, R(X,vx,Z) € L[X] is a polynomial of degree < Dy, since by construction @ has (1, k)-
weighted degree less than Dy and so do its factors, and therefore R(X, v, Z) = 0 identically. By
the uniqueness of the lifting, we thus find v = v, € L[X], as claimed. O

5.2.7 Step 7: Bounding the Z-degree of ~

In the previous section we’ve seen that v = 75 € L[X] is a polynomial of degree at most k in X,
whose coefficients lie in L, an extension field of Fy(Z). We've also seen that 7, (y) = P,(X) for all
z € S’. In this section we will show that the coefficients of y are all in fact simply linear polynomials
in Z, and thus obtain that v = P(X, Z) € Fy[X, Z] with X-degree at most k and Z-degree at most
1:

Claim 5.9. The exists degree < k polynomials vy, vi € Fy[X], such that
vy=v(X)+Z n(X)=:PX,Z).

Proving Claim 5.9 will also complete the proof of Proposition 5.5, as v = P satsifies (5.11), the
set S’ satisfies (5.9), and together they satisfy (5.10), since for each z € 5,

P(X,2) = m(P(X,Z)) = m.(y) = P.(X).

We prove Claim 5.9 by showing that v(x) agrees with the linear function w(z,Z) on at least
k + 1 values of x, using sufficiently many Z-substitutions at each x, and then use the fact v can be
interpolated from such values of (z), and this interpolation is also linear in Z. Details follow.

We consider good pairs of x € D,z € S’ satisfying w(z,z) = P,(x). We define the sets of z’s
which are good for each z € S’ and vice versa, that is,

D,={x€D:wx,z)=P,(x)},
S ={ze 8 1w, z)=P,(x)y={2€ 85 :2€D,}.

By the definitions of S and P,, we have |D,| > n — e for each z € S, where e = |dn|. We make the
following claims regarding the sizes of the sets S.:

Claim 5.10. Suppose |S.| > (2k + 1)dydD. Then vy(z) = w(z, Z), and in particular, v(x) is a
linear polynomial in Fq[Z].

Claim 5.11. There ezists a set Diop = {21, ..., 2k+1} C D of k+1 points of D, satisfying |S;, | >
(2k 4+ 1)dgdD for all1 <j <k+1.

Before proving the two claims, let us first deduce Claim 5.9 from them:

Proof Claim 5.9. Observe that from Claim 5.10 and Claim 5.11 it follows that vy(z) = w(z, Z) =
uo(z) + Z - u1(Z) is linear in Z for every x = x; € Diop. But, since (X)) is a polynomial of degree
at most k, it can be interpolated from its values in any k + 1 points, and this interpolation only
involves operations over F,. Thus the interpolated polynomial will also have coefficients which are
linear in Z.

More concretely, let vo(X), v1(X) € Fy[X] be the unique polynomials of degree at most k inter-
polating ug(z), u1(z) at the points of Dyop. Then y(X) and vo(X) + Z - v1(X) are two polynomials
in L[X] of degree at most k which agree on at least k + 1 evaluations, since

v(x5) = w(wj, Z) = uo(z)) + Z - ua(z;) = (vo(X) + Z - v1(X))(z;)
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for each z; € Diop. It follows that v and vg + Z - vy are identically equal as polynomials in L[X], as
claimed. O

We now proceed to prove the claims:

Proof of Claim 5.10. Since 7,(y) = P,(X) for each z € S’ by definition of S, we have
r(1(@)) = Pu(e) = wlz, ) = uolz) + 2 - ua (2)

for each z € S!, or equivalently

7 (v(2) — (uo(x) + Z - ur (x))) = 0. (5.15)
On the other hand, we can write
k
(@) = (o) + 7 - us(2)) = <Wk+1§ PILICE xa)tW’f—%@k—ef> ~ (u0(a) + 7 11 (@)
t=0
- ijlgk (8(2) — (uo(a) +wn(x) - 2) W), (5.16)

where B(x) = Zf:o Bi(x — x0)!Whtger—¢t ¢ O, which by Claim A.2 has weight
A(B()) < max (A(B) + (k — DAOW) + (eg — c)A(E)

=V,...,

< max (14 (6+ DAY + @A (€) + (k — HAGV) + (ex — c)A(E)

=Vu,...,

=1+ (k+1)AW) + exA(€) < (2k +1)dD,

and so does 3(x) = B(x)— (uo(z)+ui(x)-Z) W’”lé‘fk. From (5.15) and (5.16) we have 7, (3(z)) = 0
for all z € Sy, with S| > (2k + 1)dgdD > dgA(B(x)), by assumption. By Lemma A.1 it follows
that G(z) = 0, and thus vy(x) = up(x) + Z - u1(x) = w(x, Z) identically in L, as claimed. O

Proof of Claim 5.11. Let Dyop = {1, ..., 2k+1} C D be the set of the z; € D with the k+1 largest
sizes of \Sg’cj |, breaking ties arbitrarily. We first claim that for each 1 < j <k 41,

n—k—1—e 1—p—=96

S>> |9 > ]9

15,1 > s = s

This follows by way of contradiction, which we get by double counting the set of bad pairs (x, z) €
D x S with w(z,2) # P.(z). The contrary assumption implies that |S}| < “=E-1=¢|S’| for all
x ¢ Diop, giving many bad z-s for each such x, but on the other hand each z is only paired with a
few bad z-s. More precisely, we get the following contradiction:

ef§'|> Y ID\D:| = |9\ Sl = D (18- 1Sk]) (5.17)
zeS’ z€D 2€D\Dyop
n—k—1—e "N ol
> (n—k 1)<1 e >|sy_e|5|.

From (5.14) we have

1—p—96 1—p=96 1—p—96
P=218) > %D%DYZ(QDX—D A
—p

|S2,1 = ——— — 15| (2Dy — 1)dydD,
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so to conclude [S; | > (2k +1)dpdD it suffices to show that 2Dx —1 > 1i;f5 (2k+1). And indeed
for m > 3, we have

1+
2Dx —1=(2m+1)/pn—-1>2-3,/pn—1> ﬁ(Spn)—l

NG
1—-p 1—p
> ———(2k+1) > —(2k+ 1
VO R Ry I S
1—p 1—p

= 2k+1) > ——(2k+1

1—6o(p,m)—p( ) 1—,0—5( )
as needed. O

5.2.8 Step 8: Proving the correlated agreement between u; and v;

We’ve found a polynomial v = vg(X) + Z - v1(X) of the required degrees satisfying Q(X,~, Z) = 0.
To finish the proof of Theorem 5.1, it now remains only to be seen that vy(x, Z) and w(z, Z) agree
identically on all but §|D| values of x € D.

Define D' = {x € D : |S,| > 2}. Note that for each x € D', we must have vy(xz) = ug(x),
v1(z) = ui(z) (and thus y(z, Z) = w(zx, Z)), since

vo(z) + 2 - vi(x) = m(v(z)) = 7=(7)(2) = P.(2) = w(z, 2)
=up(x) + z - ui(x)

for at least 2 different values of z € 57, Since |S,| < 1 for every € D\ D', double counting the
number of bad pairs (z,z) € D x S" with w(z, z) # P,(x), as in (5.17), gives

elS'| =) ID\D:f=) |5\ S/ > Y (181 -1)= (5 -1ID\D|

z€S8’ z€D z€D\D!

and therefore |D \ D'| < é',f_l.

|

On the other hand, from (5.3), (5.6), (5.9), as well as m > 2 and
p < 1 we have
S| (m+3)°

2 2
2 5.18
Dy 6p (5.18)

S’
| ‘ > 2
thus

elS’| 2 1 1
D\D'| < 1+ — 1+ — — 1
D\ D'| < -1 << +|S’|>e<< +n2>e<e+n<e+ ,
i.e. |D\ D'| < e < dn, which we finally rewrite as
{z € D: (uo(x), ur(x)) = (vo(), v1(2))} = [D'] = (1 - 9)|D|

as we wanted to show. O
Remark 5.1. Note that from v = vo(X) + Z - v1(X) = P(X, Z) solving R(X,~v,Z) = 0 we find that
Y - P(X,Z) | R(X,Y,Z). But since R is irreducible, it indeed follows that R =Y — P(X, Z) is
monic and linear in Y, and so is H, as was mentioned earlier; and, as mentioned, we only reach this
conclusion near the end of the proof. It is an interesting open problem whether this conclusion can
be reached without passing through the various extension fields as our proof required.
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6 Correlated Agreement in Generalized Settings

Both Theorems 4.1 and 5.1 considered two functions wg,u; : D — F and the corresponding affine
line {up+zuy : z € Fy} inside the linear plane span{ug, u1}. A generalization of these theorems that
is particularly important to the soundness analysis of the FRI protocol in Theorem 8.3 is obtained
by considering [ + 1 functions ug,...,u; : D — F, and the 1-dimensional, degree | parameterized
curve
{u0+zu1+221u+~-+zlul :ZGFq}

inside the linear space span{uyg, ..., u;}. This curve can also be viewed as a function w(-, Z) : D — K
given by

w(z, Z) = ug(z) +ui(2)Z + ug(2) 2% + - - + wy(x) Z".
The two theorems can then be generalized as follows:

Theorem 6.1. Suppose § < (1 —p)/2. Let ug,ui,...,u : D — Fy be functions. Let
S={z€F,: Aluo+ zuy +--- + 2y, V) < 6}
and suppose |S| > 1-n. Then for all z € F, we have
Aug + zuy + - + 2wy, V) <6,
and furthermore there are vy, ...,v; € V' such that for all z € Fy,
Alug + zug + -+ + 2hug,vo + 21 + -+ 2lyy) <6

and in fact

Hz € D: (uo(z),...,w(x)) # (vo(z),...,u(x))} <4|D|.

Theorem 6.2. Let ug,u1,...,u; : D — Fy, let m > 3, define o(p,m) == 1—/p — %, and let
d < do(p,m). Define

S={z€F,: Alug+ zus + -+ 2y, V) < 6}
and suppose
(14 5=)"m” 2

2m
|S| > 3502 (6.1)
Then uq, . ..,u; are simultaneously d-close to V', i.e. Jug,...,v; € V such that

H{z e D:V0 <i<luj(x)=wv(z)}| > (1-10)|D|.

These generalizations do not greatly affect the proofs, which were presented in the previous
sections in the special case [ = 1 only for the purposes of simplicity. We will thus not repeat the
arguments in full, but only detail the required changes in subsections 6.1 and 6.2.

Another generalization of interest is to correlated agreement in the entire affine space, stated as
Theorem 1.6, restated here for completeness:

Theorem 1.6 (Correlated agreement over affine spaces). Let V,q,n,k and p be as defined in The-
orem 1.2. For ug,uq,...u; € IF,? let U = wuy + span{uy,...,u} C F? be an affine subspace. If
6€(0,1—/p) and

<
ul?("] [Au, V) < 0] > ¢,

where € is as defined in Theorem 1.2, then there exists D' C D and vy, ...,v; € V satisfying

e Density: |D'|/|D| >1—-6, and
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e Agreement: for alli € {0,...,1l}, the functions u; and v; agree on all of D'.

Furthermore, in the unique decoding regime § € (O, 1;2’)] , there exists a unique maximal D’ satisfying

the above, with unique v;.
To prove this theorem we will make use of the following lemma:

Lemma 6.3. Let V,q,n,k and p be as defined in Theorem 1.2. For ug,uq,...u; € IFqD let U =

uo+span{ug,...,u} C FqD be an affine subspace, and let U' = spanf{u1, ..., u;} be the corresponding
linear subspace (so that U = ug+U" and U' =U —U). If § € (0,1 — \/p) and

Pr [A(u,V) <] > e,
uelU
where € is as defined in Theorem 1.2, then we have A(u', V) < § for every u' € U'.

Note that Lemma 6.3 is very similar to Theorem 1.2, the difference being only that the conse-
quent A(u/, V) < ¢ is stated for elements of the linear space U’ instead of elements of the affine
space U. In particular, when U itself is linear and U’ = U, they are equivalent. Moreover, Theo-
rem 1.2 can be proven from Lemma 6.3, and in fact we will pass through such a proof in the course
of proving Theorem 1.6. Both Lemma 6.3 and Theorem 1.6 are proven in Section 6.3.

6.1 Proof of Theorem 6.1

Following the proof in Section 4, the first change is in the analysis of the matrix M, where the
entries in the columns corresponding to the coefficients of A are of degree <[ in Z instead of 1 (and
the columns corresponding to the coefficients of B remain of degree 0). The determinants of minors
R(Z) are then of degree at most I(e + 1), which is less than |S|, so are still identically 0, and the
matrix has rank < k 4 2e + 2.

Similarly, the solution A, B of the equation system will have Z-degrees deg,(A) < le, deg,(B) <
l(e +1). To apply the Polishchuk—Spielman lemma, the necessary inequalities follow from bounds
on the X-degrees which are unchanged, as well as the bounds

deg,(A) e degy(B) e+1
—a < - <
5] n 5] n
which are still valid; in both fractions, the bounds on both numerator and denominator are simply
multiplied by (.

The ratio Q = % and its coefficients will have Z-degree at most I(e + 1), and the set S' = {z €
S A(X,z) # 0} will be of size at least |S’| > |S| — deg,(A) > l(n —e) > I(e 4+ 1), from which it
follows that degy (@) < k.

The definition of D', the bound on its size, and the choice of {z, ...,z } remain the same. We
again define vy, . .., v; as the minimal interpolation of uy, ..., u; at the z;, and we find that the K[X]
polynomials Q(X, Z) and Zi:o v;(X)Z" agree on k + 1 points and thus must be identical. It then
follows that u;(z) = v;(z) for all 0 < i <[ and z € D', with |D\ D’| < 4|D]|, as claimed. O

6.2 Proof of Theorem 6.2

Asin [ = 1 case, we apply the Guruswami-Sudan decoder to the KP word w(z, Z) = 22:0 ui(z) 21
We use exactly the same parameters, and the degrees Dx, Dy are unaffected. In the entries of the
equation system, every appearance of (a power of) the previously linear w(z, Z) is replaced by (a
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power of ) a polynomial of degree [, thus the bounds on D¢, Dg, D, Dy 7 are all multiplied by [, and
specifically Dy z < %nl.

Also note that instead of the Y, Z degrees being graded in @ such that the coefficient Q;;(2)
of X'Y7 is of degree at most D — j in Z, it is of degree at most D — [-j, i.e. when Y and Z are
assigned weights [ and 1 (instead of 1 and 1), the total weight of @, and thus also of R and H, is
at most D. Thus all bounds on Z-degrees and weights are henceforth simply multiplied by I. The
leading coefficient W of H has degree at most D —[-d, and the variable T'= W(Z)Y is assigned the
[ times larger weight D —I(d — 1), which makes the weight of the monic polynomial H dominated by
its leading monomial 7%, thus the weight never increases on reductions modulo H. The bounds on
weights of £, B; are multiplied by [. Since for F,[Z] polynomials the weight corresponds to degree,
lemma A.1 remains valid; in all its applications, the upper bounds on weights of the regular elements
are multiplied by [; and so are the lower bounds on the sizes of the sets of vanishing substitutions,
i.e. the sets S, Syo.rH, 5, S;j. Thus we can still deduce that ~ is of degree k, and then by
interpolating uyg, ..., u; by polynomials vy, ...,v; at k + 1 appropriately chosen points, to deduce
that v = Zé:o v;(X)Z" identically.

For the final argument we again note that Zizo ui(r)2t = Zﬁ:o vi(x)2' forallz € Dand 2z € S
Since for a fixed = both sides of the equation are degree | polynomials in z, if |S?| > [ then we must
have u;(z) = v;(x) for all 0 < i <. We have |S’| > 2I-n?, or equivalently ﬁ < %, and thus the

number of 2 € D for which [S,| <[ is at most % < e+ 1, and again we find that u; and v; all
agree on the set D' = {x € D : |S,| > I} which is of size at least (1 — d)n, as claimed. O

6.3 Proofs of Lemma 6.3 and Theorem 1.6

Proof of Lemma 6.5. Let u/ € U’ be an arbitrary element. If ' = 0, then clearly A(u/,V) =0 < 6.
Otherwise, consider the partition of U into affine lines parallel to u'; formally, write U = U
span{u'}, where U C U is some direct complement of «' in U’ shifted by ug. Then

E. .o Zgﬂl‘:q A(a+2z-d,V) <6] = ulzll"] [A(u, V) < 0] > ¢,
and in particular there exists some @ € U for which Pr.er, [A(7+ 2 -u', V) < 6] > e. We can thus
apply Theorem 1.4 to the line {4 + z -« : z € F,}, which in particular implies A(u/, V) < 6, as
claimed. O

Proof of Theorem 1.6. Let §* = D(U,V'), where D is the divergence as defined in subsection 1.2,
and let u* € U be an element with A(u*, V) = §*.

We first show that 6* < §. Let U = span(U) be the linear space spanned by U, which either
equals U when 0 € U, or otherwise is the disjoint union of U’ =U — U and {z-U : z € F, \ {0}}.
By Lemma 6.3 we have A(u/, V) < ¢ for all v/ € U’, and we also have A(z-u, V) = A(u, V) for all
z# 0 and v € U. Thus in both cases, whether U = U or U = U’ U U,20(2 - U), we have

Pr [A(a,V) <4] > Pr [A(u,V) <] > e
uel uel

We can therefore apply Lemma 6.3 to U, and in particular for u* € U C U we get 6* = A(u*,V) <6,
as claimed. As previously noted, this is in fact the content of Theorem 1.2, which is now proved.
Let {v],...,v}} CV be all possible codewords at distance at most 6* from u*. Note that they
are all in fact at distance ezactly §*, not less, since otherwise we would have A(u*,V) < ¢*. For
each 1 < i < L define the agreement set D, = {x € D : u*(z) = vf(x)} which has size exactly
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(1 —0%)|D|. Note that in the unique decoding regime §* < % we must have L = 1, and in the
general Johnson/Guruswami-Sudan regime * < 1—,/p—n we have L < ¢: indeed, from € = ¢j < 1
VP 217 921

and 7 < Y¢ we must have ¢ > (2n)77 > TRV
algorithm, using (5.6) and m = {g—ﬂ < ‘2/7’7 + 1 we find
2 1 1 3
m + c -4 5
2/p 2 2yp
For each i < L, let U; = {u € U : u|p € V|p/} be the set of all functions in U which agree

with some codeword in V on all of D;. Note that this condition is linear, therefore each U; is an

and from the analysis of the Guruswami—Sudan

L <Dy < <271q < q.

affine subspace of U. We claim that U C UiL:o U;, i.e. every element of U belongs to at least one
U;. This is obvious for u*, which belongs to all U;. Consider any u € U \ {u*}, and the affine line
{u*+ 2 - (u—u*):2z€F,} CU containing u* and u. By definition of 6*, we have

Pr[A(u"+z-(u—u"),V)<dé|]=1>e
z€lFy

Since 0* < §, by Theorem 1.4 we have correlated agreement in the line, i.e. there exists D' C D with
|D'| > (1—6%)|D], and codewords v*,v € V which respectively agree with «*,u on D’. In particular
A(u*,v*) < 6%, thus v* must be one of the L decodings {v],...,v} }, as the list was exhaustive, and
D' = D). This exactly implies v € U; C Uf:o U;, as claimed.

%. But U; is a
subspace of U, and it thus follows that U; = U. Now setting D’ = D/, we have in particular that the
restrictions of ug,uy,...,u; to D" are codewords, since they are elements or differences of elements
in U;. Then setting vg,v1,...,v; € V to be the unique extensions of these codewords from D’ to D,
we find that D', v, ..., v; satisfy both conditions. Again note that in the unique decoding regime,
L =1 and this D’ is therefore uniquely defined. O

Comparing sizes, we find that the largest U; must then satisfy |U;| > % >

7 Correlated weighted agreement

For certain applications, like analyzing the soundness of the FRI protocol (Section 8.2), a weighted
version of Theorem 1.5 is necessary, and we provide it in this section.

For a given weight vector u : D — [0, 1], the (relative) p-agreement between words u, v is defined
as

1

agree, (u,v) = ﬁ Z p(x).

Note that for 4 = 1 the notion of p-agreement is equivalent to the standard notion of relative
agreement, which is defined as agree(u,v) = 1 — A(u,v). The agreement between a word u and a
linear code V' is the maximal agreement between u and a codeword of V|

ziu(z)=v(x)

agree, (u, V) = max agree, (u,v).

We also define the weighted size of a subdomain D’ C D as

(D) = ‘g‘ )

zeD!
Thus the agreement satisfies agree,, (u,v) = p({x € D : u(r) = v(x)}). Finally, foru = {uo,...,u},u; €
FP a set of words, the p-weighted correlated agreement of u and V is the maximal p-weighted size
of a subdomain D’ C D such that the restriction of u to D’ belongs to V|, i.e., for each i =0,...,1
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there exist v; € V such that u;|pr = v;|pr. When pu is unspecified, it is set to the constant weight
function 1, which recovers the notion of correlated agreement measure discussed in Section 1.3.

In what follows we shall assume the weight function p has some structure, specifically, all weights
p(x) are the form p(z) = §% for varying integers a, and common denominator M. This assumption
indeed holds for the special case of FRI soundness (where M equals the blocklength of the RS code
to which the FRI protocol is applied). The following is the weighted generalization of Theorem 1.5.

Theorem 7.1 (Weighted correlated agreement over curves — Version I). Let V,q,n,k and p be as
defined in Theorem 1.2. Let u = {ug,...,w} C FqD. Let o € (\/p,1) and let p: D — [0,1] be a
vector of weights, whose values all have denominator M. Suppose

Pr [agreeu(u, V)>al >1-¢

u€curve(u)

where € is as defined in Theorem 1.2 (with n = min(a — /p, %)), and additionally suppose
Z(M|D|+1)<1 3 >
).

n /P

Pr [agreeu(u, V) > a] >

u€curve(u) q

Then there exists D' C D and vy, ...,v; € V satisfying
e u-Density: pu(D') > «, and
e Agreement: for alli € {0,...,l}, the functions u; and v; agree on all of D’.
A slightly more precise form, only for the Johnson bound regime, is the following:

Theorem 7.2 (Weighted correlated agreement over curves — Version II). Let V,q,n,k and p be as
defined in Theorem 1.2. Let u = {ug,...,u} C qu. Let p: D — [0, 1] be a vector of weights, whose
values all have denominator M. Let m > 3 and let

/P

p
o> aolpm) = o+ Y.
Let
S ={z €F,:agree,(uo + zus +--- + 2y, V) > a}
and suppose

1+ 5-)"m’ om + 1
|S| > max ( 22”/)2 m n?l, mE (M-n+1)]. (7.1)
3p VP
Then ug, . ..,u; have at least a correlated p-agreement with V, i.e. Jug, ..., vy € V such that

p{z e D:V0 <i<luj(x)=vi(z)}) > a.

Similarly, we can also prove a weighted version of the theorem for affine spaces. As was the case
in the unweighted version, here the lower bounds on the probability or size of S are the same as
they are for affine lines, which can be considered as curves with degree [ = 1. Again we give two
versions, with 1 and with m:

Theorem 7.3 (Weighted correlated agreement over affine spaces). Let V, q,n,k and p be as defined
in Theorem 1.2. Let u = {ug,...,u} C FqD and let U = ug + span{uy,...,u} C qu be an affine
subspace. Let a € (\/p,1) and let p : D — [0,1] be a vector of weights, whose values all have
denominator M. Suppose

uPe)I;J [agreeﬂ(u, V) >al >e
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where € is as defined in Theorem 1.2 (with n = min(a — /p, %)), and additionally suppose

M|D|+1(1 3)
Pr |agree,(u,V)>a| > ———( —+ — |.
ueU[g ”( ) ] q n o \/P

Then there exists D' C D and vy, ...,v; € V satisfying
e u-Density: u(D') > «, and
e Agreement: for alli € {0,...,1}, the functions u; and v; agree on all of D'.

Theorem 7.4 (Weighted correlated agreement over affine spaces — Version II). Let V, ¢, n,k and p
be as defined in Theorem 1.2. Let u = {ug,...,u;} C FqD and let U = ug + spanf{uq,...,u} C IF?;
be an affine subspace.. Let u: D — [0,1] be a vector of weights, whose values all have denominator
M. Let m > 3 and let

f

0
> = —-—.
a2z aglp,m)=p+ 5

Suppose
1+ 5-)"m" n? 2m+1 M-n+1
Pr [agreeﬂ(u, V) > a| > max (LF 5n) . n—, mil, nt : (7.2)
uel 3p3/2 q P q
Then ug, . ..,u; have at least a correlated p-agreement with V, i.e. Jug, ..., vy € V such that

p({x € D:V0 <i<luj(x)=vi(x)}) > a.

7.1 Proof of Theorems 7.1 and 7.2

The proofs of the theorems rely on the proofs of Theorems 6.1 and 6.2, which in turn were general-
izations of the proofs of Theorems 4.1 and 5.1. Let S be as in Theorem 7.2, so that for each z € S
there is P, € V with agreeH(Z§:0 2luj, P;) > a. By definition, the unweighted agreement is at

least the weighted agreement, thus A(Zé:o Zu;, P,) <1—a. It follows that we can immediately
apply Theorems 6.1 and 6.2 to the set S, as all other assumptions hold, and deduce that ug, ...,y

have at least a correlated agreement with codewords vy, ...,v;. This is not sufficient, however, as
our goal is to show p-agreement, which is stronger.
To continue, we observe that in the course of our proofs, the codewords vy, ..., v; that we found

had the property that the identity vg 4+ zv + - - - + 2lv; = P, was satisfied for every z € S’, where
S’ C S was a fairly large set. In the unique decoding regime this is even true for S’ = S, because
P, and Zé‘:o ZJv; are both decodings of Zé‘:o ZJu;, and the decoding is unique. In the Johnson
bound regime, this is exactly the content of Proposition 5.5, with P(X, Z) (of degree [ in Z) written

explicitly as P(X,Z) = Zé‘:o ZJvj, and a set S’ of size greater than % by (5.9). By (5.6) we

have 2Dy < 2”\};1, and in the setting of Theorem 7.1 we use the definition m = P{—ﬂ to get

2m + 1 ? +3 1 3
2Dy < < = -4+ —.
VP VP /P
We thus find that in all cases the additional assumptions give us |S’| > (M - n + 1)l. The crucial
aspect here is that these P, which for z € S are linear combinations of the vj;, are the same P,-s
with which we started—which in this setting were assumed to also have high p-agreement with
linear combinations of the words u;, and not just regular agreement. In other words, we know that

Zé’:o Zu;(x) and Zé’:o zJv;j(z) have high p-agreement for every z € S’. We can now use this fact
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to deduce that the v; also must have correlated p-agreement with u;. The necessary argument is
very similar to that of Section 5.2.8, but in higher generality. We apply it through the following two
lemmas, first getting the correlated agreement with a small loss, then showing this loss must be 0,
if |S’| is large enough in comparison to the denominator M of the weights — as we had assumed.

Lemma 7.5. Let V,q,n, k and p be as defined in Theorem 1.2. Let ug,...,u; € qu, Vo, ..., €V,
let u be a weight vector, and let o > 0. Denote

l l
z) = Z Auj(z), w(r,z)= Z Zlvi(x)
j=0 =0

for all z € D, z € Fy, and suppose that there exists a set 8" C Fy with |S’| > | and such that
Vz e ', agree,(w(-,2),0(-, 2)) > (7.3)

Then the correlated agreement domain of the (uj) and (v;)

={zeD: (u(x),...,u(x)) = (vo(x),...,0x))}

b
15" =1

satisfies
u@D') > a

Lemma 7.6. Let V,q,n, k,p, o, p1,uj, 05,5, D' be as in Lemma 7.5 and with the same assumptions.
Assume additionally that p only takes rational values with denominator (dividing) M, and that
|S’| > M|D|l+1. Then

D) = o

As we have seen that S’ satisfies the assumptions of Lemma 7.5 and |S’| > (M -n+1)l = M|D|l+1
holds, our claimed correlated p-agreement follows immediately from Lemma 7.6. It remains to prove
the lemmas, which we do in the next subsection.

7.2 Proofs of Lemmas 7.5 and 7.6

Proof of Lemma 7.5. Denote
Sl ={2€8 1wz, 2) =w(z2)}, VzreD,
D,={xeD:w(xz)=w(xz2)}, Vzels.
Note that for any given x € D, w(x, z), w(z, z) are both polynomials in z of degree at most . It
follows that if they agree on more than [ values of z, then they must be identical as polynomials
and agree for every z. Thus, either |SL| < 1 or |S.| = |S’|. Moreover, since |S’| > [, the set D’ is
precisely the set of x € D for which |S.| = |S’|, and D \ D’ is the set on which |S.| < I. On the
other hand, for each z € §’, D, is the agreement set of w(-, z), w(-, z), so by (7.3), it has p-weighted
size at least a. Thus by double counting we get

als’| < Z agree, (w(-, z) Z Z

ZGS/ zeS’ xED
D] Z u(@)[S5| < u(D)S' |+ w(D\D') -1 = w(D')(|S'| = 1) + u(D) - L.
ze€D

Here, the first inequality is from the lower bound on the p-agreement of w(-, z),w(-, z), the next
equality is by definition of u-agreement, the next equality is double counting (changing the order
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of summation), and the final inequality is from bounding the size of |S,| inside and outside D'.
Rearranging, we get

S|-pD) -1 (uD)—a)-1 z

D/ > (y’— = B —— ] > -

e e N

as claimed. Here the final step uses the simple bound u(D) — a < 1. O

Proof of Lemma 7.6. By the assumption on the values of y, it follows that agree,, only takes rational
values with denominator M|D|, and similarly so does pu(D’). We may therefore round « up to the

nearest multiple of ﬁ without affecting the validity of the assumption (7.3), nor of the wanted
consequent (D) > «. The assumption |S'| > M|D|l 4 [ is equivalent to \S'l|—l < M‘ID‘, and thus

from Lemma 7.5 we get

I
D’ — >a— ——.
W) >a— g Za= g

But, since both o and p(D’) are integer multiples of ﬁ, it follows that u(D’) > «, as claimed. [

7.3 Proof of Theorems 7.3 and 7.4

As was the case in the unweighted version, these theorems are obtained by reduction to the respective
theorems on affine lines (which are special cases of Theorems 7.1 and 7.2 with [ = 1). The reduction
is exactly as done in Section 6.3, with the distance A replaced by the weighted agreement agree,,;
the parameters 9, 6* replaced by «, a*; all inequalities on agreement being in the opposite direction
to those on distances, thus a* > « is the smallest p-agreement with the code of any u € U; and the
sizes of the agreement sets D;, D’ are replaced by their p-sizes, which are now equal to o* instead
of (1 —6%)|D|.

For this reduction, there are no new nuances introduced in by the move to p-weights, and the
proof can be reapplied verbatim, with the above mentioned replacements. We thus omit duplicating
it here.

8 Applications to Verifiable Secret Sharing and FRI soundness

In this section we give some more details on applications that were briefly described in Section 3.

8.1 Verifiable Secret Sharing

We start with an application of distributed proximity testing of Interleaved Reed—Solomon Codes
(Theorem 3.1) to verifiable secret sharing (VSS) [CGMARS85]. VSS serves as a building block both for
useful special tasks, such as simultaneous broadcast and fair coin-flipping, and for general protocols
for secure multiparty computation with an honest majority [BGW88, CCD88, RB&9].

A VSS scheme with security threshold ¢ is a two-phase protocol involving a dealer, n servers,
and an honest output client. The sharing phase starts with the dealer distributing the secret s
among the servers by sending a share s’ to server i and is followed by a verification protocol. In the
reconstruction phase, each server sends its share s* to the output client, who reconstructs s from the
shares. Both phases of the protocol are attacked by a malicious adversary who may corrupt at most
t servers and possibly also the dealer. Communication proceeds in synchronous rounds and may
use secure point-to-point channels. We also assume the availability of a common broadcast medium
and a source of unpredictable public coins. These assumptions, which can be eliminated at a small
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amortized cost, make the protocol simpler. Finally, while the communication is synchronous, the
adversary has a rushing capability, in the sense that it can wait to receive messages from uncorrupted
parties before sending its own messages.

Here we consider a simplified variant of VSS that allows a denial-of-service attack only in the
sharing phase, but not in the reconstruction phase. The latter “guaranteed output delivery” require-
ment makes the protocol suitable for applications that rely on independence, such as simultaneous
broadcast and fair coin-tossing, as they prevent the adversary from making the protocol selectively
fail based on information obtained in the final round via rushing.

A VSS protocol as above should satisfy the following properties:

e Completeness: if the dealer is honest and the sharing phase succeeds, the output client outputs
s. Moreover, the sharing phase succeeds if the adversary does not attack it.

e Secrecy: if the dealer is honest, the adversary learns nothing about s.

e Unique reconstruction: even if the dealer is dishonest, if the sharing phase succeeds then the
messages sent in the sharing phase define a unique s* such that (except with small failure
probability) the output client will output s* in the end of the reconstruction phase.

Implementing VSS efficiently is a challenging task. Here we consider the following simple ap-
proach for simultaneously sharing [ secrets si,...,s;. This approach underlies the scalable MPC
protocols from [DI06, IPS09]. A centralized variant of this protocol (in a relaxed setting that
allows reconstruction to fail) is a building block in efficient two-party protocols for zero knowl-
edge [IKOS09, AHIV17] and secure computation [IPS08, HIMV19].

We will assume here that each secret s; is a single field element and all secrets originate from the
same dealer. However, the protocol is even more attractive when the secrets originate from different
dealers and when each secret s; is a vector of £ < n field elements that are simultaneously shared
via so-called “packed secret sharing” [FY92|. Moreover, while the communication complexity of the
protocol beats all competing approaches we are aware of in the amortized case when [ is large, it is
potentially useful (and nontrivial to analyze) even with [ = 1. In fact, if we count public coins and
broadcast as normal communication, the communication complexity of the protocol is nontrivial to
match even in this case.

The two phases of the protocol proceed as follows.

Sharing. In the sharing phase, the dealer uses Shamir’s secret sharing scheme for sharing each
secret, with secrecy threshold ¢. Viewed abstractly, each s; is randomly mapped to a codeword
uj of an [n,t + 1,d] RS code V over Fy, with d = n —t. The dealer distributes u; between
the servers, together with an additional random codeword ug €r V that is used for blinding.
Following a public random challenge r € Ffl, each server i broadcasts its view of v/ = rTu, namely
u' (1) = wo(i) + 23:1 r(i)u;(i). Let u' € Fy be the resulting vector. (As discussed in Section 3,
this challenge can be compressed using either cryptography or simple derandomization techniques.)
The sharing phase succeeds if v’ € V.

Reconstruction. In the reconstruction phase, each server sends its shares to output client, who

recovers the secrets s; by error-correcting the (potentially) corrupted codewords uj.

We assume in the following that n > 3¢, implying that the minimal distance of the underlying
RS code satisfies d = n —t > 2t. We start by considering the case of a static adversary, who decides

37



in advance which ¢ servers to corrupt. Completeness follows from the fact that ¢t < d/2 and each u;
is t-close to V. Secrecy follows from the secrecy property of Shamir’s scheme and from the fact that
ug blinds the information exchanged during the verification process. For the unique reconstruction
property, consider the shares of the n — ¢ > 2t uncorrupted servers. If they are not consistent with
V, then (by a simple analysis) the sharing phase will fail except with 1/q probability. If they are
consistent with V', then (as before) u is within the unique decoding radius and the outputs will be
correct.

What goes wrong when the adversary can be adaptive? In this case, the dealer could potentially
distribute badly formed vectors u that have the following devious property: there is u; which is
very far from the code, and yet u' is with high probability (say, 1/2) t-close to the code. Now,
the adaptive adversary can corrupt only those servers in 7' = I'(«/, V') and send on their behalf
field elements that make u' consistent with V. This in turn makes the sharing phase succeed. But
since u; is not within the unique decoding distance from V', we lose the unique decoding guarantee.
Theorem 1.2 rules out the existence of such a devious u. But this is not enough. We actually need
to ensure that u is consistent with V' when restricted to the n — ¢ servers that are not corrupted
during reconstruction phase.

This is ensured by the stronger guarantee of Theorem 3.1. The analysis proceeds as follows. If
u is t-far from the interleaved code V| then u' will be t-far from V except with < n/q probability.
In this event, even adaptive corruption cannot make u’ look consistent with V', and the sharing
phase fails. If u is within distance ¢’ < ¢ from V, then except with < n/q probability we have that
['(v/,V) = T'(u, V). Denoting this set by 7", the adversary must corrupt the entire set 7" for the
sharing phase to succeed, and may additional corrupt ¢t — ¢ more servers. In this case, u restricted
to the n — ¢t uncorrupted servers is fully consistent with V', guaranteeing unique reconstruction.

We finally note that security against an adaptive adversary can be reduced to security against a
static adversary via a generic union bound argument, taking the union over all (?) sets of servers that
can be eventually be corrupted [CDDT04]. (Alternatively, this follows from the simple derivation
of proximity gaps over exponentially large fields.) However, this would require the field size ¢ to
satisfy ¢ = 29" which would make communication grow quadratically (rather than linearly) with
the number of servers n. There are VSS protocols that meet this quadratic bound and achieve
perfect (rather than statistical) security against an adaptive adversary [BGWS88|.

8.2 Soundness of the Fast RS IOP of Proximity (FRI) protocol for batched
instances

In this section we use Theorems 7.2 and 7.4, the weighted and sharper versions of Theorems 1.5
and 1.6, to improve the soundness of the FRI protocol [BBHR18b|, when applied to a batch of
functions. We start by briefly recalling the essential components of the protocol needed to state our
theorem, assuming familiarity with the protocol (see [BBHR18b| for a more thorough explanation
of it). We also explain below the meaning of “batching” of FRI instances.

The FRI protocol As explained in Section 3.2, the purpose of FRI is to verify, in the IOP model,
the proximity of a received word f© : D) — F to an RS code V() := RS[F, D) k)], FRI works
for any evaluation domain DO that is a coset of 2-smooth group, i.e., for any DO that is a coset
of a group (additive or multiplicative) of size 2%, for integer s. Henceforth we assume the group
DO) is multiplicative®. The FRI protocol has two phases, called COMMIT and QUERY. During

5The FRI protocol in [BBHR18b] is stated for cosets of additive 2-smooth groups; Remark 3.1 in the online
version of [BBHR18b] translates the results to multiplicative groups (cf. Remark 1.4 and Section 2.1 there). Gener-
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the COMMIT phase, a sequence of functions f) : DO 5 F, f@ . pR 5 F .. f0O.p0 4 F
is generated over a finite number r of interactive rounds. With each iteration the domain size
|D(i)| shrinks. Assuming an honest prover and f(©) being low-degree, the low-degreeness property
is mamtalned for each f() (see Claim 8.1). At the beginning of the i-th round, the prover message
f@ DO 5 F has already been created (and the verifier has oracle access to 1t) The verifier now
sends a umformly random (" € F and the prover replies with a new function f(+1) : pitl) 5 F
where DU+ is a (2-smooth) strict subgroup of D).

DU+ partitions D into cosets of size (V) := [DO|/|DEHD)| Let Cél) denote the coset corre-
sponding to g € D) namely

. . (4)
C ={g €DV | (¢)"" = g}. (8.1)

. . i) . . . . ; (%) i
For each coset C( 2 , the interpolation map Mg(z) is the invertible linear map Mg(z) :FC — T over

F that maps f(® ]C G ° C’éi) — F — the restriction of f( to domain Céi) c D@ — to the vector
g

ud(g) = <ugi) 9),. .-, ul((ii))_l(g)> of coefficients of the polynomial P, (Z2) = >_, ) AR (u§z) (g))

that interpolates f(® In other words, Méi) is the inverse of the Vandermonde matrix generated

’Céi) .

by Cg(,i), which implies that (Méi)> (g, - .., uyi)_q) is the evaluation of the polynomial Py (X) =

i< ui X" on the coset Céi).

The following claim is a restatement of [BBHR18b, Section 4.1], using our notation (and working
over a multiplicative rather than additive group). For the sake of completeness a proof appears in
Appendix E.

Claim 8.1. Suppose that f(V) € RS[F,D(i),k(i)] where kO + 1 is an integral power of 2. Then, for
. ) 4 . N1 ; 4

any 20 € F, letting 2 = ((zw)“ L O) L (D) ) the function f(51, « DD —

defined on g € DD py

f}z(jgl,z(z)( ) = (Z(i))T ul(g) = (z(i))T M- O

is a valid codeword of VU1 .= RS[F, DUHD k+D] where k0D .= k(”“‘l — 1.

(8.2)

i

Batching In certain cases the first prover oracle f () is sampled from an affine space F C FP
of functions, which serves as our input,

F= { +sz Oz, e, O —>F} (8.3)

=1

This is the case when the FRI protocol is used to “batch” several different instances of the low
degree testing problem, combining them all using a random linear combination. In this batching

setting we assume the prover has committed to f1(0)7 ey ft(o) (notice we set féo) = 0 in this case),
and the batched FRI verifier samples uniformly random 1, ..., z; € F, the prover replies with f(®)
which supposedly equals féo) +> @i fi(o), and the FRI protocol is now applied to f(©). Accordingly,

alizing the results here to (i) additive groups, (ii) t-smooth groups for larger constant ¢ and (iii) cosets of groups, is
straightforward, using [BBHR18b]; we omit these generalizations to simplify the exposition.
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the batched FRI QUERY phase is extended so that each time a query to f(©)(g) is requested, the
verifier also queries féo) 9),---, ft(o) (9) and verifies that indeed f©)(g) = féo) (9)+>; fi(o) (9).

The (batched) FRI QUERY phase Claim 8.1 implies that an honest prover may construct
from a codeword f() e V(@ a new codeword f(it1) e y+1) (for any value 2 picked by the
verifier), doing so by computing Eq. (8.2) for each g € DU+, Henceforth we shall always assume
f® € V) say, by assuming the verifier always queries the first k(") elements of f(") (according to
some canonical order) and identifies f (" with the interpolating polynomial of this function.

Claim 8.1 suggests a natural test for consistency between f() and f0+1) and the QUERY
phase of FRI follows this natural test by applying it iteratively from “top” (f (')) to “bottom” (f (0)),
according to the following process

A single invocation of the batched QUERY phase:
1. Pick uniformly random g e D Fori=r,...,1, sample ¢g¢"~V) uniformly at random from
the coset C;gl).

2. If f(o) (9(0)) # féo) (9(0)) + 2521 T - fi(o) (g(o)), then reject.

3. If, for any i € {0,...,r—1}, we have f0H+D(g(i+1)) £ (z(i))T 'M;7é2+1) - f@ ’C(i) , then reject.
LG 1)

4. Otherwise — when equality holds in all cases mentioned in the bullets above, then accept.

Summary of the batched FRI protocol: Let us summarize the essential properties recounted
thus far, as they will be used in our soundness analysis below.

1. At the end of the protocol’s COMMIT phase the verifier has oracle access to a sequence of
functions f(o) . DO — F,... ,f(r) : D) — F where D@ 2...,2 D) Is a sequence of 2-
smooth groups and f(z) depends arbitrarily on 20 2@ (and f(o), e f(l_l)). We assume

that f(V e V(.

2. There exists a set of [ x () invertible matrices {M(i) gt ¢ D(”l)}, so that applying

i gli+D) ' A _
Mg(2+1> to f(i)\c(z—) maps f to a sequence of vectors u = uld = {u(()l), e 7“1(23)} c FPY,
(i+1)
where ’
i i+1)\ _ (@ [ (i+1 (4) i+1 _ @ i
ul® <g< + )) - (uo <g< + )) e <g< + ))) = MG, - f >‘C<2+1)_ (8.4)
g

Furthermore, if f is a valid RS codeword over D) of rate p, then each vector on the
parameterized curve passing through u® is a valid RS codeword over DUt of the same rate

p.

3. Each iteration of the QUERY phase checks whether f0+1) was constructed from f@ via
Eq. (8.2) and (in the batched case) whether f(°) was computed correctly via Eq. (8.3).
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Soundness We now bound the soundness error of the batched FRI protocol, using Theorems 7.1
and 7.2. Recall the notion of correlated agreement from Section 1.3 and its generalization to pu-
weighted correlated agreement defined at the beginning of Section 7.

Lemma 8.2 (batched FRI error bound). Let V(© = RS[F, D@ kO] where DO is a coset of a
2-smooth multiplicative group, and k© + 1 is a power of 2; set p = (k©) +1)/|D©)].

Let F C FP be q space of functions as defined in Eq. (8.3) whose correlated agreement density
with V©) is at most . For integer m > 3, let

o9 (p,m) = max{a, /p(1 +1/2m)}.
Assume the FRI protocol is used with r rounds, and let () = |D®|/| DD denote the ratio between

prover messages (oracles) i and i+ 1. Let eq denote the probability that the verifier accepts a single
FRI QUERY invocation. Then,

Pr [eQ > a0 (p,m)| < ec, (8.5)

21,002,200 2(r=1)
where . A
o (m+3) - IDOP  @2m+1)- (DO +1) Yij1®
20°/2|F| VP [F]

In words: For any interactive FRI prover P*, the probability that the oracles f(o)7 ce f(r) sent
by P* will pass a single invocation of the batched FRI QUERY test with probability greater than
a® (p,m), is smaller than ec. The probability is over the random variables x1, ...,z used to sample
O from F and over the random messages 2, ..., 201 sent by the verifier during the COMMIT
phase.

The previous lemma gives us the following result.

Theorem 8.3 (Batched FRI Soundness). Let fo(o), . ,ft(o) : DO 5 F be a sequence of functions
and let V(O = RS[F, DO k)] where D©) is a coset of a 2-smooth group of size n®) = |DO)|, and

= k22£1 satisfies p = 2~ for positive integer R. Let o = VP(1+1/2m) for integer m > 3 and ec
be as defined in Lemma 8.2.

Assume the FRI protocol is used with r rounds. Let 1) = |D®|/|DUHD)| denote the ratio between
prover messages (oracles) i and i + 1. Assume furthermore that s is the number of invocations of
the FRI QUERY step.

Suppose there exists a batched FRI prover P* that interacts with the batched FRI verifier and
causes it to output “accept” with probability greater than

7 1 .
e AT POR @ma 1) (DO 1) Y0 1
€FRl (= €C T @ = 20°2[F| + NG : F| + Ve [1+ o .

Then féo), ey ft(o) have correlated agreement with V© on a domain D' C DO of density at
least .
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Numerical Example: Suppose ¢ > 22%6 n = [DO)] = 220 = 274 50 k4+ 1 = 26, an
entirely reasonable choice for practical applications (In STARKSs, k corresponds to the length of a
computation for which a STARK proof is being generated). Set m = 2'' —1 and notice > (1) —1) <
n, so

(211)7 . 240 N 211 . 221 . 220 _ 2_133.

92.9-6.9256 2—2 2256

Assume the maximal correlated agreement density of féo), ceey t(o) with RSIF, DO k4 1] is at most

ec <

a = /p(1+1/2m) ~ 0.25006 ... ... ~ -

Invoking the QUERY protocol for s = 65 invocations gives
o & 0.25006% < 2712997
So the total FRI error is bounded by
errl < €c + af < 27128,

In words, if the FRI protocol accepts with probability greater than 27128 then fo(o), e ft(o) have
correlated agreement with V(©) of density greater than . Thus we get 128-bits of provable soundness
for the FRI protocol for this setting of parameters and 65 invocations of the QUERY phase.

Proof of Theorem 8.3. The proof follows directly from Lemma 8.2 by way of contradiction. Suppose
the maximal correlated agreement of féo), cel, ft(o) with V(© is less than a9 (p, m) = VP(1+1/2m),
yet the probability of acceptance is greater than ec + (%) (p, m)).

Let E be the event that each FRI QUERY accepts with probability greater than a(%) (p,m).
This event depends on 1, ...,z f(O, 2O fFO  20=1 £ where each f is generated by P*
in response to prior verifier messages. By Lemma 8.2, for any prover P*, the probability of the event
FE is bounded by ec. When E does not hold, then the probability of the event that s independent
invocations of the FRI QUERY all return “accept”, is bounded by (ag(p, m))?.

We conclude the probability of acceptance of the FRI verifier is bounded by ec + (% (p,m))?,
contradicting our assumption. O

Discussion and Two Open Questions Theorem 8.3 improves on the previous state of the art,
due to [BKS18, BGKS20], in several ways. First, as explained in Section 3.2, the prior state of the art
required a proximity parameter that is smaller than the “one-and-a-half Johnson bound™ § < 1—¥/p;
the current result pushes the proximity parameter (for large fields) up to the Johnson/Guruswami—
Sudan bound. Second, the error parameter during the COMMIT phase was worse, and the analysis
incurred an additional loss in the proximity parameter during the QUERY phase, which led to
worse concrete soundness bounds across all proximity parameter settings. Last, but not least, the
prior bounds on ¢ (above the unique decoding radius) were only valid for the case where the “folding
parameters’ 10, ... 10=1) were all equal to the fixed value I* = 2, and deteriorated swiftly for larger
1® (they only work up to radius 1 — Um*—%). The current bounds deteriorate much more slowly
with {9, and this is important because large values of 19 are often preferable in practice.
Ben-Sasson et al. showed in [BBHR18b| that for the FRI protocol to achieve security parameter
A (i.e., epri < 27%), we need to use at least s > A/ log% invocations of the QUERY phase, and
conjectured that this lower bound on s is also sufficient (for sufficiently large fields). As noted
earlier in Section 3.2 our results imply that taking s ~ 2\/ log% suffices to get security parameter
A for quadratically large fields. Closing the gap between the provable upper and lower bounds on
s is left as an interesting open problem. Concretely, the following conjectured improvement to our
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main correlated agreement theorem (Theorem 1.4) will imply the conjecture of [BBHR18b]|. To the
best of our knowledge, nothing contradicts setting ¢; = c3 = 2 in the conjecture below. When
limiting the scope to fields of characteristic greater than k (degree of the RS code), we are not
aware of anything contradicting ¢; = c2 = 1; note that [BGKS20, Appendix B] shows these smaller
exponents cannot hold for fields of characteristic two.

Conjecture 8.4. There exist constants c1,co such that the following statements hold for all n > 0.

e Theorems 1.2, 1./ and 1.6 hold for proximity parameter § <1 — p —n with error

1 nc?

e < .
(mp) g
e Theorem 1.5 holds for proximity parameter 6 <1 — p —n and parameterized curves of degree
I with error
1 (I-m)e
€< : .
(mp) q

DEEP FRI is another Reed-Solomon Proximity Testing (RPT) protocol that is closely related
to FRI (as its name suggests). Introduced in [BGKS20], it is slightly less efficient (in terms of prover
and verifier complexity) than FRI because it requires more from the prover, making it harder for a
malicious prover to cheat. Prior to this work, the extra complexity of DEEP FRI led to improved
soundness, which reaches the Johnson/Guruswami-Sudan bound. But Theorem 8.3 shows that
FRI has soundness that also reaches the same bound. Moreover, when nearing the Johnson bound,
DEEP FRI requires cubic size fields for the arguments to work, whereas FRI is shown here to require
only quadratic size fields. Thus, according to our new understanding, in terms of both complexity
and field size, FRI dominates DEEP FRI, even though DEEP FRI demands strictly more from
the prover side.” Thus, an interesting second question raised by our work is understanding how
the techniques developed here may be combined with the techniques of the DEEP FRI protocol to
derive better soundness bounds for DEEP FRI and new, improved RPT protocols.

8.2.1 Proof of Lemma 8.2

Recall that the prover sends a function f (i+1) in response to the random choice of z(¥. In the FRI
QUERY phase, the function f0Y will be checked for consistency with f(). We now introduce a
way to keep track of the consistencies and inconsistencies.

Define a sequence of weight functions p® : D& — [0,1] and v® : DO — [0,1] inductively for
i=0,...,r. Fori=0, we assign {0, 1} weights indicating whether f(©(g) is computed correctly:

10 (g) = { 1 fO(g) = 2(9) + X, 21V (g)

0 otherwise

Now, we inductively define an auxiliary weight v+ : DG+ 5 [0, 1]. Recall the coset C’éi) c D)
from Eq. (8.1). Then

() =B, oo (9] (8.6)

"The one remaining virtue of DEEP FRI is that its soundness is closely connected to a classically studied problem
(the list-decodability of Reed-Solomon codes), and under a simple, plausible conjecture about that problem, it
achieves the optimal bound on the required repetition parameter ¢t = (1 + o(1))Alog %
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In words, y(”l)(g)‘ is the expected p(® weight of a member of the coset Céi). Finally, we define the
weight function p("+1) thus for each g € DUFD:

Wi gy = { V@) T = 15 ) (9)
0 otherwise

The key property of the above definition of the p(® is that pu® (g9) is a measure of the suc-
cess probability of the FRI QUERY phase conditioned on ¢ being queried from f(*). This is the
underlying reason behind the following claim.

Claim 8.5. The probability eq that a single invocation of the batched FRI QUERY accepts fO 0
where f() € RSJF, D), k"), satisfies

€0 = E0ep0 [u(” (g(o)} .

Proof. Recall that the FRI QUERY invocation picks a uniformly a random sequence g™, g0 as
described above, where ¢(*~1) is sampled uniformly at random from C (~1)

()
oni=0,...,r that
E i) ep {M(l) (9(1))} :

equals the probability that, when sampling uniformly random ¢(* and generating from it the random

. We prove by induction

sequence g1 e C’;i;l), g0 e C’;?l)>, all tests associated with ¢(¥ and its induced sequence
accept. 4 '
The base case follows from the definition of u(9). For the inductive case, notice p(* (g(z)) equals

0 when £ (g() is not computed correctly as per Eq. (8.2), and otherwise it is the average of the
(

values of u(i_l) on the coset C' f;l) C D=1 which, by the inductive assumption, is the expectation

g .
that the tests associated with ¢(=1, ..., ¢(® are all accepted. O

Proof of Lemma 8.2. In light of Claim 8.5 it suffices to prove that with probability 1 — ec over the
random choices of the verifier,

Eyepor [17(9)] < a@(p,m). (8.7)

We define a sequence of bad events E(©, ..., E(Y and bound the sum of their probabilities by
ec. Assuming none of the bad events occurred, we shall show that Eq. (8.7) holds.
Let E© be the event
agree,, (o) (f(o), V(O)) > o0 (p,m).

The definition of (©) implies that the event E(© is

t
agree (féo) + infi(o), V(O)) > a9 (p,m) = max(a, \/p(1 + 1/2m)).
i=1

This event depends on x1,...,x;. By assumption the maximal correlated agreement density of
(f(go), . t(o)) with V(© is at most a. So Theorem 7.4 (with o = a9 (p,m) and p =1, M = 1)
implies:
7
+ 1 2
Pr [E®] <e, where € = u v (8.8)
T1,..5Tt 3p3/2 q
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Now fix i € {0,...,r —1}. We define E(tD to be the event that:
agree, (i+1) (f](»gg(w V(i+1)) > max (agreeu(i) (f(i)’ V(i)) e+ 1/2m)) . (8.9)
Having fixed f® and p®, the event E(+1) depends on (). By definition, we have
agree, (i+1) (f(iﬂ), V(Hl)> < agree, (i+1) (ffm MOX V(Hl))
so when E(FD does not hold we conclude from Eq. (8.9) that
agree ,(i+1) (f(”l), V(Hl)) < max <agree 0 (f(i), V(i)> /Pl + 1/2m)> . (8.10)
Let o = max (agree#m (f(i), V(i)) /Pl + 1/2m)> Opening up the definition of ff(l) (i) We
get that E(+1D) is the event that:
agree,,(i+1) <uO +20uy 4 )Y e, V(”l)) > a,

where ug, ..., u;6)_q : DU+ 5 T are the functions obtained from f® in the definition of the FRI

protocol (cf. Claim 8.1). This is pre(:lsely the situation addressed by Theorem 7.2. Moreover, V(”l)
has a common denominator M = |D(©)|/|DU+D)]|, so, using the notation there M -n = [D©)]. So
Theorem 7.2 tells us that if

: : . (0)
Pr [E(’“)} > (10 1. (6@) J2mAl DU+ 1>

2(0) VP |F|
then there is an S C D) and codewords vy, ... JUy_q € V0t such that the u; and v; agree
. (i+1) 2 . . . .
on S, and v+1(S) > a. Here ) = ||DD(Z)|2‘ €= G < e where € is given in Eq. (8.8), since the

required probablhty is quadratic in the size of the target domain DU+D | Recall from Eq. (8.4) that
the mapping of f( | @ tou® (gt is the invertible interpolation map. Apply the inverse map,
( +1)

i.e., the evaluation map, to vo(g(iﬂ)), . ,vl(i)fl(g(’*l)) for each g0t € DU to get a function
@ . DO 5 F that, on ¢ e C i+, satisfies:

1) 1 1) —

o N . Lo RYC)
W) = 3 (49) o (00) = 32 (49 oy <<g(z>) >
_ -

J=0 J=
Therefore, since v; € Vit we conclude that h® € VO, Moreover, by definition we have
agree, (i (f(i), V(i)> > agree ) (f(i), h(i)) =H(8) > a,
contradicting our definition of a. The equahty above arlses from the definition of x®, v+ and

h® | noticing v+ (g(+1)) £ 0 implies that A ] o = f0 ’C“)

g(z+ g(i+1)

Thus, if none of the events Et1) happen, we deduce via Eq. (8.10) that foralli € 0,1,...,r—1:
agreeu(iﬂ)(f(iﬂ), V(”l)) < max (agreeu(i) (f(i), V(i)) /P + 1/2m)> .
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Recalling the definition of € from Eq. (8.8), the probability that E(© or some E(*1) happens is
bounded by

r—1 r—1
: ; y o 2m+1 DO 4+1
P £ Pr | EGHD| < 1@ _ 1) [ €@ .
:):1,..~I::I/‘t [ } * =0 Z<£ |: } Set ;( ) e \/Z) |]F‘
r—1 . r—1
Q| om+1 DO +1 Q)
_ (1 +ZZ; (l(O)---l(i>)2>6+ N RN -ZZ;(Z ~1)
0 r—1
¢ 2m41 DO +1 S,
2 \/ﬁ UF‘ =0
Here we bounded
r—1 r—1

19 -1 > < 1 1 ) 1
0...70)2 0)...7G6-0V2;G)  (700)...7())2 9
por (100) ... (@) g (100) ... gG=1))2(@)  (](0) ... () 2
which is immediate from [(*) > 2.

Putting everything together, we get that except on a set with probability strictly less than

om+1 DO +1 =L
B 2m+ DY+ S0 = e,

G

it holds that
agree,o (f, V) =E o cpo [u(r) (Q(r))} < max (a, /p(1 +1/2m)) = o9 (p,m).

The first equality above holds by the assumption that f() € V(). This completes our proof. O
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A Algebraic Extensions of F,(Z2)

In this section we develop preliminaries that will be necessary for the proof of Theorem 5.1. In the
proof, we will have a trivariate polynomial Q(X,Y, Z), with an irreducible factor R(X,Y, Z). When
evaluated at a certain X = x¢ € Fy, R(zo,Y, Z) will have an irreducible factor H(Y, Z). For both
R and H, irreducible means irreducible in the respective ring of polynomials over F,. Our goal will
be to show that @ has a factor of the form Y — P(X, Z), where P has low X and Z degree, and in
fact R is this factor. Considering @ and R as polynomials in Y over [F,[X, Z], this is equivalent to
finding a rational root P(X,Z) of @, which is also a root of R, and P(zg, Z) is thus a root of H.
To do so, we will instead start by understanding roots of H, not necessarily of the required form or
even lying in F,(Z), lifting them to roots of R (and @), and then investigating these lifts to prove
that they are indeed of the required form P(X, Z).

We will therefore need to understand the roots of H(Y,Z). Such roots can be realized in
Fo(2)[T]/(H(T, Z)), which is a finite algebraic extension of Fy(Z). The field will perhaps contain
only one root of H, which is sufficient, since H’s irreducibility implies all of its roots are equivalent.
We will construct this field, in a slightly different way, and also introduce its ring of reqular elements,
in Appendix A.1. In this field, we will need a concept of weight, which is an extension of the concept
of “degree” from [Fy(Z), and is introduced in Appendix A.2. A major tool that we will use in several
ways is of substitution maps from this field to Fy, extending the concept of substituting Z = z in a
rational function in Fy(Z). These substitutions and a useful lemma regarding them are introduced
in Appendix A.3. The final tool we need is the lifting of roots of H(Y, Z) to roots of R(X,Y, Z),
which is known as Hensel lifting. We describe this process and state an important lemma on the
weights of the field elements appearing in this lift in Appendix A.4.

A.1 The algebraic extension and its regular elements

Let d > 1 be an integer, and let
H(Y,Z) = ho(Z2)Y 4+ h(Z)Y¥ -+ ha(Z) € F,]Y, Z]

be an irreducible bivariate polynomial, expressed as a polynomial in Y over F,[Z]. Denote the
leading coefficient of H also as W = hy.

We wish to understand the field Fy(Z)[T]/(H (T, Z)), of polynomials in T" over F,(Z) modulo
H. The presence of the leading coefficient W means that 7" is not an integer in this field, and makes
the arithmetic modulo H unpleasant to keep track of, with possible emergence of high powers of
W in denominators whenever a reduction modulo H is performed. To avoid this, we first define a
“monicized” version of H, denoted H, which is a monic, irreducible polynomial in F,[Z][T] generating
the same field as H:

H(T,Z) =W(2)“"H(T/W(Z), Z)
=T+ hi(Z)T + ho(Z)W (Z)T42 + -+ + hg(Z2)W (2)4L.

We now denote L = Fy(Z)[T]/(H(T,Z)), and observe that ¥ = % is a root of H(Y, Z)

in L; this also establishes that 7" +— W(Z) -Y and Y — % are isomorphisms between L and
Fo(Z)[Y]/(H(Y,Z)). We say that an element of LL is regular if it can be expressed as a polynomial
in T with coeflicients only in the ring IF,[Z] instead of the field F,(Z); equivalently, if this is true for
its canonical form as a polynomial in T" of degree less than d. We denote the set of regular elements

by O =TF,[Z|[T]/(H(T,Z)). The regular elements are in fact a ring, and a subring of the ring of
integers of I (we will not be interested in non-regular integers, for our purposes).

50



A.2 Algebraic weights

Let D > d be an upper bound on the total Y, Z degree of H, so that deg, hy < D+ k —d for all k.
We define a weight function A on Fy[T, Z] by assigning A(Z) =1 and A(T) = D + 1 — d, extended
additively to monomials, i.e. A(T®Z%) = aA(T) + bA(Z), and the weight of a polynomial is the
maximal weight of all monomials appearing in it with non-zero coefficients (with the weight of the
0 polynomial being —oco0). Note that A is fully additive on F [T, Z], i.e. for any A, B € F,[T, Z],
A(AB) = A(A) + A(B). Also note that when restricted to Fy[Z], A = deg.

Observe that H (T, Z) has weight A(H) = d(D +1 —d) = dD — d(d — 1), with the leading
monomial being of this exact weight and every other monomial bounded by it. It follows that any
simple modulo A(H) operation of the form

d
TdJrk O Z hZ(Z)W(Z)Zfle+k77,
i=1
never increases the weight A, and so does complete reduction modulo H.

We now define the weight A(«) of a regular element a@ € O as the weight of the canonical
representative of o with degree less than d, which by the above is also the minimal value of A over
all representatives of . It also follows that for any o, 8 € O, if A(T, Z), B(T, Z) are their canonical
representatives, and C(T, Z) = A(T,Z)B(T,Z) mod H(T,Z) is the canonical representative of
v = af, then

A(7) = AMC) < A(AB) = A(A) + A(B) = Ala) + A(B).

In other words, A is sub-additive in O.

A.3 Rational substitutions

Let z € F, be such that H(T, z) has a rational root T' = t,. In other words, (¢.,z) € Fg is a root of

H , with ¢, considered as depending on z (in our applications, it will in fact be given as a function of
z). For any such root-pair, we define the substitution m,, which is the homomorphism 7, : O — F,
given by 7,(Z) = z,m,(T) = t,. The homomorphism is well defined since O = F[T, Z)/(H(T, Z))
and 7, (H(T, Z)) = H(t,z) = 0. The substitution 7, can be extended naturally to any element of
L for which z is not a pole, i.e. elements of the form % with € O and z not a root of C, by
m(ct) = 55

The following lemma gives an upper bound on the number of substitutions in which an element
B € O can vanish in terms of its weight. It is analogous to the statement that a polynomial of
degree at most d which vanishes for more than d evaluations must be the 0 polynomial.

Lemma A.1. Let 8 € O be regular with weight A(3). Let
Sg={z€F,:3t, € Fq,fl(tz,z) =0 and m,(5) = 0}
and suppose |Sg| > d - A(B). Then B =0¢€ L.

Proof. Let = Z?:_ol Bi(Z)T" € F,[Z][T] be the canonical representative, with
degz(8i) = Az(Bi) < A(B) —iMT) = A(B) —i(D + 1 —d).

Consider the resultant R(Z) = resp(8, H). From the Sylvester matrix, or considering weights
of roots, we find deg; R < d - A(f) < |Ss|. On the other hand, every z € Sg is a root of R, since
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H(T, z) and B(T, z) have a common root t,. It follows that R is identically 0, i.e. 8 and H are not
coprime, but since H is irreducible and degy(5) < degy(H), we have § = 0, as claimed. O

A.4 Hensel lifts

Suppose H(Y, Z) as above is a factor of R,,(Y,Z) = R(zo,Y, Z), where z9 € Fy, and R(X,Y, 7)
is irreducible in F,[X,Y, Z]. Additionally assume that R and R, are both separable in Y, which
means that they do not have double roots when considered as polynomials in Y, or equivalently,
that they are coprime to their Y-derivatives. Note that this applies not only to roots in the fields
over which they are defined, but over any extension field as well. Denoting oy = % € L, we find
R(zp, 0, Z) =0 € L, or equivalently in L[X],

R(X,a0,7Z) =0 (mod X — x).

Since ay is a root of the separable polynomial R,,, it must be a simple root, or equivalently must
satisfy ¢ = g—g(xo, ag,Z) # 0. In other words ¢ € L is invertible. This fact allows us to iteratively
lift the root ag of R(X,Y,Z) (mod X — zg) to a root

a4+ a1 (X —x9) of R(X,Y,Z) (mod (X — z0)?)

by solving the equation R(X, ag+ a1(X — x0),Z) =0 (mod (X — z¢)?), in which a; appears with
coefficient (, after expansion. We then lift again to a root

o+ a1(X —20) + aa(X —x0)? of R(X,Y,Z) (mod (X — x0)%),

and so on. At each step the lifting is unique, and determined by an algebraic equation in which the
new oy appears linearly with the same coefficient (.

We obtain an infinite sequence (ot);,, such that at each step s the truncated series 75 =
Yo (X — x0)t € L[X] satisfies

R(X,7v5,Z)=0 (mod (X — z0)*™).

Equivalently, for the infinite formal power series v = > ;%  au (X — x0)" € L[[X — z0]], we have
R(X,v,Z) =0 € L[[X — x0]]. Here L[[X — z0]] is the ring of formal power series in X — z¢ with
coefficients in L. This power series 7 is the Hensel lift of ag, and the process by which it is computed
is the Hensel lifting. Its existence and uniqueness both follow solely from ag being a simple root
modulo X — zo.

We make a slight change to the notation, and henceforth d will be the Y-degree of R, and
dp < d will denote the Y-degree of H (previously denoted by d). We will also assume that D is an
upper bound not only on the total degree of H but also of R. Note that W, the leading coefficient
of H, divides the leading coefficient of Ry, and has weight A(W) < D —dp.

The following claim describes the coefficients «; appearing in the Hensel lift, and bounds their
denominators and the weights of their numerators:

Claim A.2. o4 is of the form where

Bt
Wt+1£et b

o (E=W(Z2)2¢ € O with ¢ = % (xo, L, Z) €L, and
A <D -1+ d-2)AW) < (d-1)(D —du +1),

o ¢, =max(0,2t — 1), i.e. e =0 and e, =2t — 1 fort > 1,
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o (€ O with
AB) < 1+ (4 DAGW) + @A (©)
<1+ (t+1)(D—dyg)+e(d—1)(D—dyg+1)
—((d—1)-er+t+1)(D—dy+1)—t
<(2t(d—1)+t+1)(D—dg+1)—t<(2t+1)dD.

The claim is proven by straight-forwardly expanding R(X,~, Z) as a series in X — 1z, comparing
each coefficient to 0, and using induction on ¢t. The existence and uniqueness of the Hensel lift ~y,
and how each new coefficient oy is computed from the previous ones, will also follow from the proof.

Proof. We prove the statement by induction on ¢. For ¢ = 0, we have simply oy = % mod H , l.e.
Bo =T mod H and indeed A(T) = A(W) + 1.

Let Rji(Z) be the coefficient of X*Y7 in R(X,Y,Z), ie. R(X,Y,Z) =Y., R;i(Z)X'Y7. We
wish to write R(X,, Z) as a power series in X — xg. A partition of t is a sequence of non-negative
integers A = (\;);>1 with >, 1- A\ = t. Such sequences are non-zero only finitely many times, and
we trim any trailing Os in writing, e.g. (1) = (1,0,0,0,...). We also denote XA = >, ;. Let
P(t) be the set of partitions of ¢. For any t,4; < t, and A\ € P(t — i1), denote

_ J j " \Ru(2)a
Apn= > <j07/\1,---,/\l,...>a00 Z ( )RJ(Z):L'OO

, . 10, 11
Jo 0
J=Jo+ XX i =10+ 11
= g R;i(Z)xy o’
o . j 0 ¥
— <20,11> (]0,)\1,...,/\1,...)
20, Jo
=10+ 11
Jj=Jo+XX

= > ’ ‘] . i—i1  J—2A
] ()\177Al7>;<21> (EA)R]Z(Z)IBO OCO

_ DIPN -
N ()\17"-7/\17...> <AXAY R(X7Y,Z)>

where the sums are taken only over non-zero terms, i.e. with 14+ kj < Dx, and A’{’} is the k-th Hasse
derivative with respect to the variable V. In particular, whenever A is such that ¥\ = 1, we have

(z0,20,2)

OR
AO,)\ - (AYR)(J}0,0(O,Z) - 87<x07a07z> = C
Since the maximal degree of ag = % appearing in A;, y is d — X\, we can generally write
Ay = %, where B;, y € O has weight A(B;, )) = (D — XX) + (d — XA\)A(W). In the special

case i1 = 0, the coefficient of ag_w‘ is a multiple of >°. Rg;(Z)x{, which is the leading coefficient of
R, hence divisible by W, and thus we can save a little and write Ag \ = %, where By, € O
has weight (D — £A) + (d — 1 — SA)A(W). When £A = 1 we then get ¢ = Agy = 1002y = o
where £ € O has weight (D —1)+ (d—2)A(WW) as stated. To generalize the two cases, we may write
Aja= %, where 9;, 0 = 1 if i1 = 0 and d;, o = 0 otherwise.

Now, expanding R(X,~, Z), we get
0= R(X,7,2) =R w0+ (X —20), Y u(X — 20)', Z)
l
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i l
_ B i 10 _ i1
=3 Rii(2) ( > (O)mo (X o)
17 10+11=1
SR ERICI EHEEEE)
= \Jo, A
Jo+XA=j l
:Z(X —l‘o)t Z Ail)\HO‘l)\l
t=0 i1 >1
AE 'P(t — il)

Note that a; appears for the first time in the term corresponding to (X — x¢)!, and only with
i1 =0 and A = A® defined by A = 1, A{") = 0 for I # ¢, with the coefficient Ay, = C. All other
summands in the coefficient of (X — z)? involve only o with [ < t, so we may apply the induction.
Comparing the coefficient to 0, we get

1 A
w=p X An]a
i A € P(t—i1) 1>1
A#£A®

_ w2 Z Bil,)\ < By >>\l
{ Wd—5i170—2>\ = Wl—’_lfel

i1; X € P(t —11)

A #£ A0
Al
- ¥ B 1L A
o 2—8;5, 0= SAFY_ (1) A ¢ 1437, (20-1)
il;)\e’p(t,il)W f
A#£A®
A
- ¥ BiaIL B
B t7i17611,0+252t721‘172,\+1 ’

i A€ P(t—i1)
A# B

_ 1 Z Wi1+§i1,0—1€2i1+2)\—2Bi1 N H Bl)\la
g i1, A € P(t—i1) l

PPN
thus we have
e B A
B = Z W“+6”’0 15211—&-2)\ ZBil,A HfBl 1 (A.l)
;A € P(t—i1) 1
A# D

which is indeed regular, as the W, &, the B’s and the f’s are all regular and the exponents are
non-negative: for the exponent of W, it is always the case that i; + d;, 0 > 1. For the exponent
of & for iy = 0, every A € P(t) with X\ # A® indeed has X > 2, and for i; > 1 we even have
211 + XA —2 > 1, since XA > 1.

The upper bound on the weight of § can be shown by induction using the recursion (A.1), but
an easier way to understand it is by considering the weight of ay: Since v = >"77 (X — 7o)l is a

54



solution to R(X,Y, Z) = 0, v has the same weight as Y’; since X, z¢ have weight 0, each «; also has
weight A(ay) = A(Y) = 1. Thus

A(Br) = MagWH1ee) <1+ (t+ 1AW) + e A(€)

as claimed.

B Miscellaneous Computations

B.1 The Y, Z-degree of @)

In this section we prove inequality (5.7) of Claim 5.4, which claims that the total Y, Z-degree of

Q(X,Y, Z) is bounded by /25y,

The bound on Dy z = degy. ;(Q) comes from minors of the matrix M representing the system of
equations defining Q. These equations are all of the form “the (mx, my )-th derivative of @) vanishes
at (z,w(x))”, for € D and non-negative integers mx, my with mx + my < m. Computing the

derivative® and substituting (z,w(z)), we see that the (x, mx, my)-th equation is

AP AP Qe 2).2) = 5 Q) ) (] ) ot + Zuaay <o

m m
i+kj<Dx X Y

The coefficient of Q;;(Z) in this equation is therefore

<i)<i)ﬁnWWd@+2muw”wa

mx my

and this coefficient appears in the matrix M at row (x,mx,my) and column ji. Note that as a
polynomial in Z, it has degree at most j — my, which is the sum of j, which is determined by
the column, and —my, determined by the row. We thus call j and —my the contributions of the
column and the row, respectively, to the Z-degree of the matrix’s entry.

Let r be the rank of M, which is bounded from above by the number of rows (mgl)n To find a
non-zero solution of the system, first find an 7 x r non-singular submatrix, and add an arbitrary single
column. As in Section 4.3.1, the homogenous form of Cramer’s rule then tells us that a solution to
the 7 x (r+ 1) subsystem is given by assigning each @;; to be the r x r minor obtained by removing
the ji-th column from the submatrix and taking the determinant, with alternating signs. These
Qj; will then be a solution to the original system, since these 7 rows span the entire row-space of
the original matrix, and the solution is non-zero since at least one of these minors was chosen to
be non-singular. The determinant corresponding to );; is a sum over products corresponding to
permutations, each containing a single entry from each row and each column of the r x r submatrix.
The degree of each such product is thus bounded by the sum of the degree contributions from all
columns and rows of the r X r submatrix, regardless of the permutation, or of all columns and rows
of the 7 x (r+ 1) matrix, minus that of the ji-th column. In other words, it is at most D — j, where
D = D¢ — Dp is the sum of the contributions of all columns and (negative) contributions of all
rows from the 7 x (r + 1) matrix. Thus the total Y, Z degree of the monomial Q;; XY is at most
(D —j)+j < D, and hence the total Y, Z degree of @ is at most D, i.e. Dyz < D.

It remains to bound D = Do — Dg from above. We do this by simply using Dg > 0 and
bounding D¢ by the sum of column contributions of the entire matrix. It is possible to improve

8We use the Hasse derivatives AR (X?) = (;L)X =™ instead of the regular derivatives to avoid complications due
to the characteristic of the field.
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this bound by finding the worst r for which the sum of the largest » 4+ 1 column contributions minus
the sum of the smallest r row contributions is maximal, and computing these sums. We opt for
the simpler bound, since the optimal bound requires a more technical and involved computation,
and only ends up improving on the simple bound by a small constant factor, with an unpleasant
dependence on p.

Write s = LDTXJ? t= {DTX} €[0,1) with Dx = k(s +t). Then

Dyz=degy,(Q)<D=Dc—Dr<Dc< >

_ Z (Dx —j-k) =D ZS:._st:,Q_k(s+t)s(5+1)_k5(5+1)(25_|_1)
- e N Xj:O] j:()j B 2 6

. _Dx
I<T%-

_ ks(s+1)(s+3t—1) %(s3+3t32+(3t—1)8) — g((ert)?’— (1 — 3t 4 3t%)s — t3)

6
k 3 3 3y _ 5 _ D% _ (m+3)°
_r B (1—t)B3s— (s+1)3) < ~(s+1)3 = X <
(D! = (= (s ) < Gl ) = g < T
as claimed in (5.7). O

B.2 The number of variables in Guruswami-Sudan

Recall that the Guruswami-Sudan decoder searched for a polynomial Q(X,Y) = Z” QjiX ys,
with variable coefficients @;; coming from the set {(¢,7) : 4,5 > 0,1+ k-j < Dx}.

Claim B.1. The number of variables in the Guruswami-Sudan decoder above is at least
E((Dx  1\"_ 1) _ Dx(Dx+k)
2 k2 4/ 2k '

Proof. For this computation, we may assume Dy is an integer: if is not, then replacing it by [Dx |
does not change the definition of the set of indices (since the inequality is strict), and only increases
the lower bound we wish to prove. Dividing Dx by k with remainder, we write Dx = k-a+r, with

a= LDTXJ’ 0 < r < k. The size of the index set is

a

- . . . ala+1
Y =Y Hosi< Dx -l = Yo(Dx — k) = (a+ Dy - KD
i+k-j<Dx j=0 7=0
ka (ka+ k)(ka+2r) _ (ka+r)(ka+1r+k)
= - — = >
(a+1)<ka+r 2> ok > ok
_ Dx(Dx-i-k)
B 2k ’

where the inequality (ka + k)(ka + 2r) > (ka + r)(ka + r + k), is equivalent after expansion to
2rk > r(r + k) > r2 + rk, or simply r(k —r) > 0, which follows from 0 < r < k.
Ul
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C The Inseparable Factor Case in the List Decoding Regime

Recall that in Section 5.2.3, we had assumed that in the decomposition

QX.Y,Z) = C(X,2) [ Ri(X,Y?", 2)",

the factors R;(X, yphi , Z) were all separable, i.e. f; = 0. This assumption was in fact necessary only
for the factor R on which we focused in Section 5.2.4. We now consider the case where f = f; > 0,
and our relevant factor is of the form R(X,Y?, Z), where p = p/ and R(X,Y, Z) is separable and

irreducible in Y. Note that we still have that R(x, Y Z) is separable. The elements of Sy, r H
now satisfy Y — P,(X) | R(X,Y?,Z), and equivalently ¥ = P,(X)? is a root of R(X,Y,Z) and
YP — P(X)? | R(X,Y?, Z). Similarly, Y = P,(z0)P is a root of the irreducible factor H(Y, Z) of
R(xp, }N’, Z) — and a simple root of both, since they are separable.
Note that p < degy (R(X,Y?, 7)) < degy (Q(X,Y, Z)) = Dy and therefore
degx (P-(X)?) < p’k < kDy < Dx.

We construct the field L for the polynomial H (}N/, Z) exactly as before, but noting that Yy =Y?
will have weight p, which correspondingly affects the weight of T'= W (Z )17 = W(Z)Y?, now defined
as D — (dg — 1)p. Note that the upper bound on dg,d (the Y degrees of R, H) is also changed,
and is now % instead of simply Dy . With these adaptations in mind, we perform the Hensel lift,
lifting the root ag = ¢ € L of R(x, Y, Z) to the power series root v € L[[X — z]] of R(X,Y, Z).
Claim A.2 still holds and gives us

A < (D—p)+(d—2)AW) < (d—1)(D — (dg — 1)p),
A(Br) <p+ L+ DAW) + e A()
<((d—1)-e;+t+1)(D — (dyg — 1)p) — pt < (2t + 1)dD.

As in Section 5.2.6, the substitution 7, () for z € S’ is a root of R(X, Y, z) which is the lift of
the simple root Y = P,(z0)? of R(zo,Y,Z). Since P,(X)? is also of this form, by the uniqueness
of the lifting we get 7,(v) = P,(X)?, and in particular 7,(ay) = 0 and 7,(8;) = 0 for all ¢ except
for 0 < t < pk < Dx which are divisible by p. As before, we have |S’| > dgA(B;) for all t < Dx:
the right hand side is bounded from above by D%DL;DX_U, which only decreases as p increases.
It thus follows that 8; = 0 and a; = 0 for all t < Dx except for those which are at most pk and

divisible by p. In other words we have

YDx -1 —Z%t — )"

Out next goal is to show that yp, 1 is a p—th power of a polynomial of degree k (and later that
¥ = YDy -1, and that this polynomial is in fact in F,[Z][X — ], with coefficients linear in Z). This
part did not appear in Section 5, as it is trivial for p = 1. This polynomial should naturally be the
p-th root of yp, 1 — but in order to construct such roots, we will need some more preliminaries
about the field in which they live.

Let o : F; — F, be the automorphism mapping each element a to its unlque p-th root o(a) =

al/?. Let L be the inseparable algebraic field extension of I with elements T Z satisfying TP —T =
ZP — Z = 0; equivalently, T = T/? and Z = Z1/P. Note that L can also be directly defined directly
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as the field I, (2) [f] / (fAI (T\, 2)), where H = o(H) is the (irreducible) polynomial obtained by
applying o to the coefficients of H, which satisfies

H(T,Z)" = fi(fﬁ,ép) — H(T, 2).

Since the monomials of H have the same T ~and Z- degrees as the T- and Z-degrees of H a weight
A can be defined for regular elements in L in exactly the same way as in L. Addltlonally7 o can
be extended to a map ¢ : L — L satisfying o)’ = « for all & € L by defining o(T) = T
and 5(Z) = Z. Note that A(8) = A(5(8)) for any B € O, since & preserves degrees. The
substitution maps . for z € S’ can also be extended to L by setting m,(Z) = o(z) = z/? and
m.(T) = o(t,) = £/ = W(zl/P)PZ(xO), where W = o(W).

Define

k
N = Z 7 (ap) (X — 20)" € L[X — 0]
t=0

which indeed satisfies yp,_1 = 7P, and therefore R(X,7",Z) = 0 (mod (X — x9)Px). Since
R(X,Y? Z) is a divisor of Q(X,Y, Z), it follows as before that degy R(X,7%,Z) < Dx, and there-
fore R(X,7P, Z) = 0 identically, and v = yp,—1 = A¥ by the uniqueness of the lifting. Furthermore,
for every z € S, since 7,(3)? = m.(F*) = 7. (y) = P.(X)P, we also have 7,(7) = P.(X).

As in Section 5.2.7, our next goal is now to show that the coefficients &; = &(ay;) of 7 are linear
polynomials in F,[Z], rather than general elements of L. This is done in exactly the same way, by
comparing the values of 7.(7(z)) and w(z, z) at every z = z; € Diop and z € S.,, deducing that
~(x) and w(x, Z) must be equal in L since

AR n 2
AR (B) = ARG (5p) = dirA(Gyw) < dig(2pk + 1)ap < ZEH VDY Dvz

< (2k 4+ 1)D¥ Dy < |S.],

Finally, having shown that 7 € F,[X, Z], the arguments of Section 5.2.8 can be applied without
any further changes, only with % in the role v, concluding the proof.

D Proof of Lemma 4.3

The difference between what we have to prove and the original version in [Spi95, Lemma 4.2.18§]
is very small. The conclusion is the same, but the hypotheses are slightly different. The three
hypotheses in the original version are

(a) degy(A) < degx(B),
(b) deg,(A) < deg,(B), and

(C) deg v (B) + deg(B) < 1.

nx nz

Item (c) is the same as Item 3 in the hypothesis of Lemma 4.3. We will use hypotheses 1 and 2 of
Lemma 4.3 to derive (b) and (a), respectively.

Let Ag(Z), Bo(Z) be the leading coefficients of A, B when considered as polynomials in X with
coefficients in Fy[Z]. Since ny > degy;(A) + deg,(B) > deg(Ap) + deg(By), there must be some
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z € F, for which A(X, z) divides B(X, z) but z is not a root of either Ay nor By. From By(z) # 0
we get that B(X, z) # 0, and then since Ap(z) # 0 and A(X, z) divides B(X, z) we find
degy (A) = deg(A(X, 2)) < deg(B(X, 2)) < degx(B)

as claimed.
Similarly deg,(A) < deg,(B) follows from degy(A) + degx (B) < nx.
Then [Spi95, Lemma 4.2.18] gives us the desired conclusion. O

E Proof of Claim 8.1

Proof of Claim 8.1. By assumption f(®) is the evaluation of a polynomial P(X ) of degree strictly
less than k(" and k) is an integral power of 2. Recall k(1) = % — 1 noticing k0*1) +1 is an
integral power of 2. Let
Q(X,Y) = P(X)mod Y — X'
By definition degy(Q) < I and degy (Q) < kU*D. We claim f](ctjglz(l) is the evaluation of the
polynomial Q(z,Y) € F[Y] on DU+Y. To see this recall that Méi) is the interpolation map over
f(i)|c(i> and so
g . .
M- f(l)\cgo = Q(X, 9).
Hence, using Eq. (8.2), we have

. N\ T . . .
f}(;i;}z(i) (9) = (Z(l)) 'Méz) : f(l) Q(Z(Z)vg)-

o

So f](f(xlz)(l) is the evaluation of the polynomial Q(z(i), Y'), which has degree less than kG+D on the
domain DU*Y . This completes the proof. O
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