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Lower Bounds for XOR of Forrelations

Uma Girish* Ran Raz' Wei Zhant

Abstract

The Forrelation problem, first introduced by Aaronson [AI0] and Aaronson and Ambai-
nis [AATH], is a well studied computational problem in the context of separating quantum and
classical computational models. Variants of this problem were used to give tight separations
between quantum and classical query complexity [AAT5]; the first separation between poly-
logarithmic quantum query complexity and bounded-depth circuits of super-polynomial size, a
result that also implied an oracle separation of the classes BQP and PH [RT19]; and improved
separations between quantum and classical communication complexity [GRI19]. In all these
separations, the lower bound for the classical model only holds when the advantage of the pro-
tocol (over a random guess) is more than ~ 1/v/N, that is, the success probability is larger than
~ 1/2+ 1/v/N. This is unavoidable as ~ 1/v/N is the correlation between two coordinates of
an input that is sampled from the Forrelation distribution, and hence there are simple classical
protocols that achieve advantage ~ 1/ V/N, in all these models.

To achieve separations when the classical protocol has smaller advantage, we study in this
work the XOR of k independent copies of (a variant of) the Forrelation function (where k < N).
We prove a very general result that shows that any family of Boolean functions that is closed
under restrictions, whose Fourier mass at level 2k is bounded by a* (that is, the sum of the
absolute values of all Fourier coefficients at level 2k is bounded by o), cannot compute the

XOR of k independent copies of the Forrelation function with advantage better than O (NC‘TR/Z)

This is a strengthening of a result of [CHLT19], that gave a similar statement for £ = 1, using
the technique of [RT19]. We give several applications of our result. In particular, we obtain the
following separations:

Quantum versus Classical Communication Complexity: We give the first example
of a partial Boolean function that can be computed by a simultaneous-message quantum pro-
tocol with communication complexity polylog(N) (where Alice and Bob also share polylog(NV)
EPR pairs), and such that, any classical randomized protocol of communication complexity
at most 6(N'/*), with any number of rounds, has quasipolynomially small advantage over a
random guess. Previously, only separations where the classical protocol has polynomially small
advantage were known between these models [G16] [GRT19].

Quantum Query Complexity versus Bounded Depth Circuits: We give the first ex-
ample of a partial Boolean function that has a quantum query algorithm with query complexity

*Department of Computer Science, Princeton University. Research supported by the Simons Collaboration on
Algorithms and Geometry, by a Simons Investigator Award and by the National Science Foundation grant No.
CCF-1714779.

TDepartment of Computer Science, Princeton University. Research supported by the Simons Collaboration on
Algorithms and Geometry, by a Simons Investigator Award and by the National Science Foundation grant No.
CCF-1714779.

tDepartment of Computer Science, Princeton University. Research supported by the Simons Collaboration on
Algorithms and Geometry, by a Simons Investigator Award and by the National Science Foundation grant No.
CCF-1714779.

ISSN 1433-8092



polylog(N), and such that, any constant-depth circuit of quasipolynomial size has quasipolyno-
mially small advantage over a random guess. Previously, only separations where the constant-
depth circuit has polynomially small advantage were known [RT19].

1 Introduction

Several recent works used Fourier analysis to prove lower bounds for computing (variants of) the
Forrelation (partial) function of [A10, [AAT5], in various models of computation and communi-
cation [RT19, [CHLT19, [GRT19]. These works show that for many computational models, when
analyzing the success probability of computing the Forrelation function, it’s sufficient to bound the
contribution of Fourier coefficients at level 2, ignoring all other Fourier coefficients [RT19, (CHLT19).
This holds for any computational model that is closed under restrictions and is proved by analyz-
ing the Forrelation distribution as a distribution resulting from a certain random walk, rather than
analyzing it directly.

While this is a powerful technique, it could only be used to bound computations of the Forre-
lation function with advantage (over a random guess) larger than ~ 1/ V/N, that is, computations
with success probability larger than ~ 1/2 + 1/v/N. Roughly speaking, this is because the bound
on the Fourier coefficients at level 2 of the Forrelation function is ~ O(1/ VN ).

In this work, we study the XOR of k independent copies of the Forrelation function of [RT19]
(where k < o(N'/50)). We show that for many computational models, when analyzing the success
probability of computing the XOR of k independent copies of the Forrelation function, it’s sufficient
to bound the contribution of Fourier coefficients at level 2k, ignoring all other Fourier coefficients.
Our proof builds on the techniques of [RT19], and followup works [CHLT19, [GRT19|, by analyzing
a “product” of k£ random walks, one for each of the independent copies of the Forrelation function.
This can be viewed as a random walk with a k-dimensional time variable.

Consequently, we obtain a very general lower bound that shows that any family of Boolean
functions that is closed under restrictions, whose Fourier mass at level 2k is bounded by o (that
is, for every function in the family, the sum of the absolute values of all Fourier coefficients at level
2k is bounded by o), cannot compute the XOR of k independent copies of the Forrelation function

with advantage better than O (#%), that is, with success probability larger than % + 0 ( Nofck/Q).

This is a strengthening of a result of [CHLT19], that gave a similar statement for & = 1, using the
technique of [RT19].

We note that the requirement that the family of Boolean functions is closed under restrictions
is satisfied by essentially all non-uniform computational models. The requirement of having a
good bound on the Fourier mass at level 2k is satisfied by several central and well-studied com-
putational models (see for example [CHHLI1S] for a recent discussion). In particular, we focus in
this work on three such models: communication complexity, query complexity (decision trees) and
bounded-depth circuits. We note that our result is valid for any k& < N€, for some constant ¢ > 0,
and hence it can be used to prove lower bounds for circuits/protocols with exponentially small
advantage, in all these models. However, for the applications of separating quantum and classical
computational models, we take k to be poly-logarithmic in N, so that we have quantum protocols
of poly-logarithmic cost. We use our main theorem to give several separations between quantum



and classical computational models.

1.1 Communication Complexity

Quantum versus classical separations in communication complexity have been studied for more
than two decades in numerous works. We briefly summarize the history of quantum advantage
in communication complexity of partial functions, that is most relevant for us: First, Buhrman,
Cleve and Wigderson proved an exponential separation between zero-error simultaneous-message
quantum communication complexity (without entanglement) and classical deterministic communi-
cation complexity [BCW9S]|. For the bounded-error model, Raz showed an exponential separation
between two-way quantum communication complexity and two-way randomized communication
complexity [R99]. Gavinsky et al (building on Bar-Yossef et al [BJKO04]) gave an exponential
separation between one-way quantum communication complexity and one-way randomized com-
munication complexity [GKK+08]. Klartag and Regev gave an exponential separation between
one-way quantum communication complexity and two-way randomized communication complex-
ity [KR11]. The state of the art separation, by Gavinsky, gave an exponential separation between
simultaneous-message quantum communication complexity (with entanglement) and two-way ran-
domized communication complexity [G16]. An alternative proof for Gavinsky’s result was recently
given by [GRT19], as a followup to [RT19, [CHLT19], and had the additional desired property that
in the quantum protocol, the time complexity of all the players is poly-logarithmic.

Our Result:

In all these works, the lower bounds for classical communication complexity only hold when the
advantage of the protocol (over a random guess) is more than =~ 1/v/N, that is, the success
probability is larger than ~ 1/2 + 1/v/N.

In this work, we give a partial Boolean function that can be computed by a simultaneous-
message quantum protocol with communication complexity polylog(N) (where Alice and Bob also
share polylog(/N) EPR pairs), and such that, any classical randomized protocol of communication
complexity at most o(N 1/ 4), with any number of rounds, has quasipolynomially small advantage
over a random guess. This qualitatively matches the results of [G16, (GRT19] and has the additional
desired property that the lower bound for the classical communication protocol holds for quasipoly-
nomially small advantage, rather than polynomially small advantage. Moreover, as in [GRT19],
the quantum protocol in our upper bound has the additional property of being efficiently imple-
mentable, in the sense that it can be described by quantum circuits of size polylog(N), with oracle
access to the inputs.

To prove this result we use the XOR of k& independent copies of the Forrelation function, lifted
to communication complexity using XOR as the gadget [R95], as in [GRT19]. The quantum upper
bound is simple. For the classical lower bound, we use ideas from [GRT19] to bound the level-2k
Fourier mass. This, along with our main theorem implies the desired separation. Our bounds for
the level-2k Fourier mass may be interesting in their own right and are proved in Section 7.



Related Work:

We note that an exponential separation between two-way quantum communication complexity
and two-way randomized communication complexity, with quasipolynomially small advantage, can
be proved by a combination of several previous results, as follows:

Start with an existing separation between quantum and classical query complexity, such as the
one of [AA15]. Use Drucker’s XOR lemma for randomized decision tree [D12] to get a separation
between quantum and classical query complexity, where the classical protocol has quasipolyno-
mially small advantage. Finally, use the recent lifting theorem of |[CFK+19] to lift the result
to communication complexity. To the best of our knowledge, this separation was not previously
observed.

It follows from these works that there exists a function computable in the quantum two-way
model in communication complexity polylog(N), for which randomized protocols of cost 6(v/N)
have at most quasipolynomially small advantage. While the lower bound is for cost 6(\/N ) proto-
cols, which is quantitatively stronger than our lower bound for cost 6(N 1/ 4) protocols, the quantum
upper bound in this result seems to require two rounds of communication, while our function is
computable in the simultaneous model when Alice and Bob share entanglement.

1.2 Bounded Depth Circuits

Separations of quantum query complexity and bounded-depth classical circuit complexity have
been studied in the context of oracle separations of the classes BQP and PH. An example of a
partial Boolean function (Forrelation) that has a quantum query algorithm with query complexity
polylog(N), and such that, any constant-depth circuit of quasipolynomial size has polynomially
small advantage over a random guess, was given in [RT19]. This result implied an oracle separation
of the classes BQP and PH.

Here, we give the first example of a partial Boolean function (XOR of k copies of Forrelation) that
has a quantum query algorithm with query complexity polylog(N), and such that, any constant-
depth circuit of quasipolynomial size has quasipolynomially small advantage over a random
guess.

For the proof, we use our main theorem, together with Tal’s bounds on the level-2k Fourier
mass of bounded-depth circuits [Tall7].

1.3 Decision Trees

The query complexity model (also known as black box model or decision-tree complexity) has played
a central role in the study of quantum computational complexity. Quantum advantages in query
complexity (decision trees) have been demonstrated for partial functions in various settings and
numerous works. For example, Aaronson and Ambainis [AAT5] showed that the Forrelation problem
can be solved by one quantum query, while its randomized query complexity is Q(v/N/log N).

For classical randomized query complexity, there is a known XOR lemma, proved by Drucker [D12].



In particular, Theorem 1.3 of [D12], along with the result of [AA15] gives a partial function (XOR
of polylog(NN) copies of Forrelation) that can be computed by a quantum query algorithm with
polylog(NN) queries, while every classical randomized algorithm that makes o(N 1/ 2) queries, has
quasipolynomially small advantage.

Our main theorem implies a different proof for this result, using Tal’s recent bounds on the
level-2k Fourier mass of decision trees [Tall9).

1.4 The Main Theorem

Our functions are obtained by taking an XOR of several copies of a variant of the Forrelation
problem, as defined in [RT19].

Let N = 2" for sufficiently large n € N. Let kK € N be a parameter. We assume that k£ =

o(N/59). Let € = m be a parameter.

i ~ - ither — L or L
Let Hpy denote the N x N normalized Hadamard matrix whose entries are either 75 F Ux

Let

forr(z) = % (22, HNz1)

denote the Forrelation of a vector z = (21, 22), where 21,29 € RY. The Forrelation Decision
Problem is the partial Boolean function F : {—1,1}2Y — {—1,1} defined at z € {—1,1}?" by

-1 if forr(z) >¢€/2
F(z):=«1 if forr(z) <e/4

undefined otherwise

The @* Forrelation Decision Problem F®*) : {—1,1}?*N — {1 1} is defined as the XOR of k
independent copies of F. More precisely, for every z1,..., 2, € {—1,1}2V let

k
FR) (2, .., z) = HF(Z]').
j=1

For our separation results, we take the function F(*), where k = [log? N]. For our communi-
cation complexity separation we take the lift of F'(*) with XOR as the gadget. The quantum upper
bounds in all these separation results are quite simple. Moreover, all the quantum algorithms in
our upper bounds have the additional advantage of being efficiently implementable, in the sense
that they can be described by quantum circuits of size polylog(NV), with oracle access to the inputs.

Our main contribution is the classical lower bound. Towards this, our main theorem provides
an upper bound on the maximum correlation of F*) with any family of Boolean functions, in terms
of the maximum level-2k Fourier mass of a function in the family.

Main Theorem (Informal) There exist two distributions, O'[()k) and O’%k), on the NO and YES
instances of F*), respectively, with the following property. Let H be a family of Boolean functions,
each of which maps {—1,1}?*N into [—1,1]. Assume that H is closed under restrictions. For



H e H, let Lop(H) := 3 510 ]fI(S)] Let o € R be such that o := sup (Lox(H),1). Then, for
HeH

Ctk
=0 (Nk/?)

Our main theorem implies that functions in # cannot correlate with F*) by more than % +

every H € H,
[H(z)] — E [H(2)]

() (k)

ZNO'O ZNo'l

0 NO‘T]C/Q . For the applications, we instantiate H with the class of functions computed by classical

protocols of small cost.

1.5 Overview of Proof of the Main Theorem for &k = 2

Our proof builds on the techniques of [RT19], and followup works |[CHLT19, (GRT19], which, in
turn, used a key idea from [CHHLI8|]. We will now give an overview of the proof of the Main
Theorem for the special case k = 2, where one can already see most of the key ideas.

We start by recalling the hard distributions for £ = 1, as in [RT19]. The distribution &/ on
no instances of F' is the uniform distribution Usy on {—1,1}2¥. It can be shown that a bit
string drawn uniformly at random almost always has low Forrelation. The distribution G on yes

Iy Hn

i ] It
can be shown that a vector drawn from this distribution almost always has high Forrelation (at
least ¢/2). Although G is not a distribution over {—1,1}?", this can be fixed (by probabilistically
rounding the values) and we ignore this issue in the proof overview.

instances of F' is the Gaussian distribution with mean 0 and covariance matrix e [

Our hard distributions for & > 2 are obtained by naturally lifting these distributions. The
distribution py on no instances of F® s %(L{ XU+ G x G). The distribution p; on yes
1

instances is ; (U x G+ G xU). It can be shown that these distributions indeed have almost all

their mass on the YES and NO instances of F(?), respectively.

Throughout this proof, we identify functions in H with their unique multilinear extensions.
Using this identification, it follows that for all H € H and zg € R*, we have E.y[H (20 +(2,0))] =
Ezntr[H (20 + (0, 2))] = E, 2 [H(20 + 2)] = H(20).

Bounding the Advantage of H in Distinguishing p - yo and p - p1, for Small p:

As in [RTT19) [CHLTT9], in order to show that functions in H can’t distinguish between po and 1,
we first show that they can’t distinguish between p - pg and p - p1, for small p. We show that for
every H € H, and p < ﬁ,

E [H(z)- E [H(z)]|2

2rvp- o zevp-pn

1
| E [H(z1,2)— H(z1,0) — H(0,2) + H(0,0)]
2 ZlNP'g

z2~p:

<0 (L) L ogens



This claim is analogous to Claim 20 from [CHLT19]. For sufficiently small p, the second term in
the R.H.S. of the inequality is negligible, compared to the first term. To prove this inequality, we
use the Fourier expansion of H in the L.H.S. and bound the difference between the moments of
p- o and p - uy. We show that p- ug and p - 1 agree on moments of degree less than 4, so these
moments don’t contribute to the difference. We then show that the contribution of the moments
of degree 4 is Ly(H) - O (%) and the contribution of moments of higher degrees is O(pSN!-%).

Bounding the Advantage of H(zy + z) in Distinguishing p -y and p - p;, for Small p:

Next, as in [RT19, [CHLT19], we show a similar statement for the function H(zg + z) of z, where
2o is not too large. We show that for every H € H, and every zg € [—1/2,1/2)%**N and p < -

SN
% zll%;.g [H (20 + (21, 22)) — H(20 + (21,0)) — H(z0 + (0, 22)) + H(20)]

e o
<pt.0 <L4](VH)> + O(pSNL)

The proof of this inequality is similar to the proof of Claim 19 of [CHLT19|, using key ideas
from [CHHLI§|, and relies on the multilinearity of functions in A and the closure of H under
restrictions.

A Random Walk with Two-Dimensional Time Variable:

This is the main place where our proof differs from the one of [RT19] and followup works [CHLTT9,
GRT19]. In all these works the Forrelation distribution was ultimately analyzed as the distribution
obtained by a certain random walk. Here, we consider a product of two random walks, which can
also be viewed as a random walk with two-dimensional time variable.

Let T = 16N% and p = ﬁ Let z%l),zél), .. .,z%T),zéT) ~ p -G be independent samples. Let

t = (t1,to) for t1,ty € {0,...,T}. Let 2= .= (251:1 z%i), S zéi)) Note that 2=®) is distributed
according to (pv/%1 - G) X (pv/tz - G). In particular, z<(T"T) is distributed according to G x G. This
implies that

(x):= E [H(2)]— E [H(2)] 2 %E [H(zS(T’T)) — H(zST0)) - g(=01) +H(o,0)}
We now rewrite (x) as follows.

() =5 D B[HEED) - HEE0T) - g0 ) g =) ()

t1€[T]
to€[T]

The last equation follows by a two-dimensional telescopic cancellation, as depicted in Figure 1.

This turns out to be a powerful observation. Note that for every fixed ¢t = (¢1,t2), the random

<) _ o<-(D) & () (12)

variable z= ) is distributed according to p- G2, by construction. We can



thus apply Inequality, setting zg = z=(t~(LD) This, along with the Triangle-Inequality implies
that

915 3 [B[HES00) - HEStoL) - gEsteh) 4 gesieteo)]|

t1€[T]
to€[T]
1 Ly(H) _ )
< 3 Z <p4 -0 ( N > +0 (106.7\/'1 5)) by Inequality
t1€[T]
t2€[T]
[ Ly(H) 1 A
O< N >+0<N> SIHCGT—16N—p2

This completes the proof overview for k = 2, albeit with many details left out.
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Figure 1: Consider the (T + 1) x (T + 1) grid whose vertices are indexed by v € ({0} U [T])%. Each
vertex v is labelled by H (zg(”)). Each rectangle has a sign on its vertices as defined in Figure 1
and the label of a rectangle is the sum of signed labels of its vertices. The sum of labels of all 1 x 1
rectangles equals the label of the larger T' x T rectangle. This is exactly the content of Eq. .

1.6 Organization of the Paper

We present the preliminaries regarding Forrelation in Section 2 and state our main theorems in
Section 3. In Section 4, we show how to bound the advantage of H in distinguishing between
p - po and p - p1, for Small p. In Section 5, we show how to bound the advantage of H(zy + 2)
in distinguishing between p - ug and p - 1, for Small p. In Section 6, we give the analysis of our
random walk with k-dimensional time variable. Section 7 contains the proofs of the quantum-
classical separations.

2 Preliminaries

For n € N, we use [n] to denote the set {1,2,...,n}. We typically use N to refer to 2". For a set
S C[n], let S :=[n]\ S denote the complement of S. For sets S C [n],T C [m], we typically use



SxT:={(s,t): s € S,t € T} denote the set product of S and T'. Sometimes, we use the notation
(S,T). Note that the map (i,j) — m(i — 1) + j is a bijection between [n] x [m] and [nm]. Using
this identification, S x T is a subset of [nm]. We identify subsets S C [n] with their {0, 1} indicator
vector, that is, the vector S € {0,1}" such that for each j € [n|, S; =1 if and only if j € S.

Let v € R™. For i € [n], we refer to the i-th coordinate of v by v; or v(i). For z,y € R", let
x -y € R™ be the pointwise product between x and y. This is the vector whose i-th coordinate is
x;y;, for every i € [n]. Let (x,y) denote the real inner product between x and y. For z,y € {0,1}",
let (x,y)y := > iy x;y; mod 2 denote the mod 2 inner product between x and y. We use I,, to
denote the n x n identity matrix. We use 0 to denote the zero vector in arbitrary dimensions.

Distributions For a probability distribution D, let * ~ D denote a random variable x sampled
according to D. For distributions D1 and D2, we use Dy X Dsy to denote the product distribution
defined by sampling (x,y) where x ~ Dy and y ~ Dy are sampled independently. For n € N and
a distribution D, let D™ denote the product of n distributions, each of which is D. Let y € R™
be a vector and ¥ € R™" be a positive semi-definite matrix. We use N (u,X) to refer to the
n-dimensional Gaussian distribution with mean g and covariance matrix ¥. Let U, denote the
uniform distribution on {—1,1}". For a distribution D over R” and a € R", let a + D refer to the
distribution obtained by sampling z ~ D and returning z + a. For P € R" and a distribution D
over R", let P - D denote the distribution obtained by sampling x ~ D and returning P - z. For
p € R, we use p- D to denote the distribution obtained by sampling z ~ D and returning px. For
I C [n], let D(I) := ZINED [[1;cs 2] refer to the I-th moment of D.

Concentration Inequalities We make use of the following concentration inequalities. The first
is the Gaussian Concentration Inequality [UCB| which states that P )[z > 1] < e /2. We also
4

~,
)

use the following concentration inequality for the Chi-Squared distribution. [UCB]

1
~> 51
=1

P [ > t] < e /8 for all ¢ € (0,1)
215 ey2n~N(0,1)

Fourier Analysis We refer to {—1,1}" as the Boolean hypercube in n dimensions. Let F :=
{f : {-1,1}" — R} denote the real vector space of all Boolean functions on n variables. There
is an inner product on this space as follows. For f,g € F, let (f,9) = Ezu, [f(2)g(x)]. For
every S C [n], there is a character function xg : {—1,1}" — {—1,1} defined at x € {—1,1}" by
Xs(®) := [[;e5 7i- The set of character functions {Xxs}gc, forms an orthonormal basis for F. For

~

fe Fand S C [n], let f(S) := (f,xs) denote the S-th Fourier coefficient of f. Note that for
all f € F, we have f = > SCln] ]/”\(S)XS. For f € F, the multilinear extension of f is the unique
multilinear polynomial f : R” — R which agrees with f on {—1,1}". For every S C [n], the
multilinear extension of xg is the monomial J[;cg®;. This implies that the multilinear extension

~

of feFis), scim () [[;cg zi- Henceforth, we identify Boolean functions with their multilinear
extensions. With this identification, it can be shown that functions in F which map {—1,1}" into
[—1,1] also map [—1,1]" into [—1,1]. For f,g € F, let f*g € F be defined at z € {—1,1}" by
(fx9)(2) :=Ezp,[f(x)g(x-2)]. It can be shown that for all S C [n], we have m(S) = f(S)ﬁ(S)



~

Level-k Fourier Mass For f € 7 and k € {0,...,n}, let Li(f) := >_ - [f(S)| denote the
level-k Fourier mass of f. For a family H C F of Boolean functions, let Ly (#H) := supyey L (H).

2.1 The Forrelation Problem

Let k£, N € N be parameters, where N = 2" for some n € N. We assume that k& = 0(]\71/50). Fix a

_ 1
parameter € = o>~ . Let U refer to Usy.

Hadamard Matrix The Hadamard matrix Hy of size N is an N x N matrix. The rows and
columns are indexed by strings a and b respectively where a,b € {0,1}" and the (a,b)-th entry of

Hy is defined to be \/LN(_D(&J%_ Equivalently,

=L i " a;ib; =1 mod 2
Hpy(a,b) := {W it

\J/% if % a0, =0 mod 2

The Forrelation Function The Forrelation Function forr : R2N — R is defined as follows. Let
z € RN and z,y € RY be such that z = (x,7). Then,

1
forr(2) i= (. Hxy)
The &* Forrelation Decision Problem

Definition 2.1 (The @ Forrelation Decision Problem). The Forrelation Decision Problem is the
partial Boolean function F : {—1,1}2N — {—1,1} defined as follows. For z € {—1,1}2N et

-1 if forr(z) >¢€/2
F(z):=X1 if forr(z) <e€/4

undefined  otherwise

The @* Forrelation Decision Problem F®) : {—1,112*N — {11} is defined as the XOR of k
independent copies of F. To be precise, for every z1,...,z, € {—1, 1}2N, let

k
FO (2, ) =[] Fz)

J=1

The Gaussian Forrelation Distribution G

Definition 2.2. Let G denote the Gaussian distribution over R?N defined by the following process.

1. Sample z1,...,xx ~ N(0,¢€) independently.

2. Let x = (x1,...,zN) and y = Hyzx.

10



3. Output (z,y).

The distribution G can be equivalently expressed as N | 0, ¢ I Hy .
Hy Iy

Moments of G We state some useful facts about the moments of G. We use the following notation

to refer to the moments of G. For subsets S, T C [N], let G(S,T) := ( I% ; [Hies z;[[jery;|- The
Z,y)~

following claim and its proof appear as Claim 4.1 in [RT19]. We omit the proof.

Claim 2.3. Let S,T C [N] and i,j € [N]. Let iy = |S|,i2 = |T|. Then,

1. G({i}, {j}) = eN~V/2(=1)(i)z,
2. G(S,T) =0 if ir £ ia.
3. ‘A

G(s, T)‘ < N2 if i = iy = is.

2.2 Hard Distributions over R2

Let P, @ be two probability distributions on the domain I := R?V. Let S C [k]. We define P°Q°
to be the distribution on D* defined by sampling x = (1, ..., x)) where z1, ...,z € D are sampled
as follows.

T~ P ifjes

T~ Q ifj S S’

Note that for every I = (I1,...,1I;) C [2kN], where I1,..., I C [2N], we have the following.

For each j € [k], independently sample {

PSQS(N) =[Py - [] Q1)
Jes Jjgs
Definition 2.4. Let G be the distribution in Definition[2.9 and U = Usy. Define a pair of distri-

butions u(()k), ugk) on RN as follows.

k 1 S; /5 k 1 S; /5
“((’)::F E g u and Mg)izﬁ E G u
SClk| SClk|
|S| is even |S| is odd

Lemma 2.5. Let I = (I1,...,1) C [2kN], where each I; C [2N].

1. If |I| < 2k or if I; =0 for some j € [k], then u((]k)(f) = ,ugk)(l).
2. If |I;| is odd for some j € [k], then ,u((]k)(l) = ,ugk)(l).

—_

3. Let |I| = 2i for some i € N. Then, ,uék) (I)— ugk)(l) < 2kl N—H/24)

11



Proof of Lemma[2.5. Note that we have the following equality

B R 1
ERUEROES = I SRR Z Gu (1
SC[K]
|S| is even \S\ is odd
1 —_—
ST > (—n)¥lgsus ()
SCIH (3)
1
=5t | 22 (CVE T eun JTuy)
SC[K] Jjes Jjgs
1 1/~ ~
= 5o [T (@) - 6uy)
j=1

(1.) If |I| < 2k then there exists some j € [k] such that ;| < 2. If |I;| = 0, then G(I ) LA{(Ij) =1.
If |I | =1, Clalm H implies that G(I j) = L{(I) = 0. This along with Eq. (3) implies that

W (1) = W)
(2.) Suppose |I;] is odd for some j € [k]. Claim implies that QA(I]-)
with Eq. implies that ,uék) (1) = ugk)(f).

(3.) Due to item (1.) an}\(l) ofih\is lemma, we may assume that I; # () and |I;| is even for every

= Z:I\(Ij) = 0. This, along

j € [k], otherwise ,u(() )(I ) — ug )(I ) = 0 and the inequality is trivially true. For each j € [k],
let |I;| = 2i; for some i €N Clalm states that if |I | = 2i;, then IG(I D < €dijINTH/2,
Since I; # 0, we have u (I;) = 0. This, along with Eq. (3) implies that

j_
1k
27 |:| ]1/ AN /2

= SN T[ist < 2 *Hien-ir

—

:u(()k)(jla v 7Ik) - /’Lgk)(]—la .- '7

.:]w

2k1

j=1

This completes the proof of Lemma O

2.3 Rounding Distributions to the Boolean Hypercube

Let trnc: R — [—1, 1] denote the truncation function, whose action on a € R is given by

trne(a) = {sz’gn(a) if a ¢ [-1,1]

a otherwise

12



For | € R, we also use trnc : Rl — [~1,1]! to refer to the function that applies the above truncation
function coordinate-wise.

Definition 2.6. Let u be any distribution on RM. We define the rounded distribution fi on
{—1,1}M as follows.

1. Sample z ~ p.
2. For each coordinate i € [M], independently, let z; = 1 with probability Ht?ﬂfm(m and z, = —1

1—trne(z;)

with probability 3

3. Output 2" = (z1,...,2),).
Let zg € RM and pu be the distribution whose support is {z}. We use Zy to refer to fi.

We show some useful facts about expectations of multilinear functions over these distributions.

Claim 2.7. Let H : RM — R be any multilinear polynomial and a € RM. Let pu be a distribution
on RM where each coordinate is sampled independently of the rest so that E.-u[2] = a. Then,

E.~u[H(2)] = H(a)

Corollary 2.8. Let H : RM — R be any multilinear polynomial. Let p be any distribution on RM
and fi be the distribution on {—1,1}M obtained by rounding u as in Definition . Then,
E [H(z)] = E [H(trnc(2))]
2fi zeop
Claim 2.9. Let H : R*N — R be any multilinear polynomial mapping {—1,1}** into [—1,1]. Let
20 and P be in [—1/2,1/2)**N. Then,
1

E, g [ H(trne(z0 + P 2)) = H(zo+ P-2)[] €O (w)

Proof of Claim[2.7] Let T C [M] and z ~ p. The given assumption on 4 is that each z; for j € [M]
is sampled independently so that E,.,[2;] = a;. This implies that E,,[x7(2)] £ E.p [H]ET zj] =
[Liera; £ yr(a). Note that the quantities E,.,[H(z)] and H(a) are both linear with respect to

H. Since we have shown that E..,[H(z)] = H(a) for all character functions H, this observation
implies that E..,[H ()] = H(a) for all multilinear functions H. O

Proof of Corollary (2.8 from Claim[2.7. Observe that for every z € RM the distribution Z as in
Definition satisfies the hypothesis in Claim with a = trne(z). Claim implies that
E [H(2')] = H(trnc(z)). Therefore, E [H(z)]= E E [H(Z')| 2] = E [H(trne(2))]. O
Z/I~Z z~fi o 2~z Z~

Corollary is similar to Equation (2) from [RT19] and Claim 2.2 from [GRT19]. Claim
is similar to Claim 5.3 from [RT19]. The proof of this is also identical, so we omit it. We remark

that the bound in [RT19] is 8 - N2 as opposed to our bound of O (N_5k2) . This difference in

parameters arises from our choice of € = m as opposed to their choice of ¢ = m. We
also remark that the claim as stated in [RT19] is for scalars P € [—1/2,1/2] as opposed to our

assumption of P € [—1/2,1/2]**N. However, their proof works under this assumption as well.

13



2.4 The Forrelation Distribution

Let £k € N. Let ﬂ((]k) and [Lgk) (respectively G) be distributions over {—1,1}2*N (respectively
{~1,1}2N) generated from rounding ,ugk) and ,u(()k) (respectively G) according to Definition

Observe that we may alternatively define ﬂ(()k) and ﬂgk) as follows.

Definition 2.10. Let G be as in Definition[2.3 and U = Usay. Let

_(k 1 55 15 o (k 1 >SyS
,u(()) = 9k—1 Z gu and 'ug ) = 9k—1 Z g-u
SC[K] SC[k]
|S| is even |S| is odd

We refer to ﬂgl) 2 G as the Forrelation Distribution.

We show that the distributions ﬁgk) and ﬁ(()k) put considerable mass on the YES and NO instances
of F(k), respectively, where F®) is the ®F Forrelation Decision Problem as in Definition

Lemma 2.11. Let ﬂ(()k) and ﬂgk) be distributions as in Deﬁm’tion and F*) be the ©F Forrelation
Decision Problem as in Definition |2.1. Then,

[F<k>(z):1}z1—0< K > and

~oE [F(k)(z):—1]21—0< h )

P R
() N6k?

_ (k) i

Zr iy

The proofs of these use hypercontractivity to show concentration inequalities for low degree
polynomials under product distributions on the Boolean hypercube. These proofs are technical
and are deferred to the appendix.

2.5 Closure under Restrictions

Definition 2.12. Let a € {—1,1,0}M. Let p, : RM — RM be a restriction defined as follows. For
v E€RM et p,(v) € RM be such that for all j € [M],

(Pa(0))(5) = {”(D if a(j) =0

a(j) otherwise

For a function F : {—1,1} — R, the restricted function F o p, : {—1,1}" — R is defined at
2 € {=1, 1} by (Fopu)(2) = Flpu(2)).

We say that a family H of Boolean functions in M wvariables is closed under restrictions if for
all restrictions v € {—1,1, O}M and H € H, the restricted function H o p, is in H.

3 The Main Result

Let N € N be a parameter describing the input size. We will assume that N is a sufficiently large
power of 2. Let k € N. We assume that k = o(N'/%0). Let € = be the parameter defining
G as before.

1
60k21In N
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Theorem 3.1. Let H be a family of Boolean functions on 2kN wvariables, each of which maps
{—1,1}2kN into [—1,1]. Assume that H is closed under restrictions. Let ﬁ(()k),ﬂgk) be the distribu-
tions over {—1,1}?*N as in Definition|2.10. Then, for every H € H,

<0 (Z“’\’;Sf) +o (Nim)

Definition 3.2. Let ﬁ(()k),ﬂgk) be as in Definition . Let U(()k) (respectively ng:)) be obtained by

conditioning /lék) on being a NO (respectively YES) instance of F),

LB, G- B H)

Corollary 3.3. Under the same hypothesis as Theorem [3.1), for every H € H
Lok (H) 1
<0 < Nk +o0 N2

3.1 Applications to Quantum versus Classical Separations

E, [H(E) - E, [H()

ZNO'O Eladi)

Query Complexity Separations

Lemma 3.4. Let D : {—1,1}**N — {1 1} be a deterministic decision tree of depth d > 1. Then,

- <O(d]1\(;%/(2kN)>)k

Theorem 3.5. F*) can be computed in the bounded-error quantum query model with O(kd log? N log k)
queries. However, every randomized decision tree of depth 6(v/N) has a worst-case success proba-
bility of at most 3 + exp(—Q(k)).

Setting k = [log® N'] for ¢ € N in Theorem gives us an explicit family of partial functions
that are computable by quantum query algorithms of cost O(log5C+2 N), however every randomized

query algorithm of cost 6(IN %) has at most m advantage over random guessing.

Communication Complexity Separations

Definition 3.6 (The ©F Forrelation Communication Problem F*) o XOR). Alice is given x and
Bob is given y where x,y € {—1,1}**N_ Let F®) be as in Definition . Their goal is to compute
the partial function F®) (z - y).

Lemma 3.7. Let O : {—1,1}?*"N x {—1,1}?*N — {11} be any deterministic protocol of commu-
nication complexity c. Then,

(c+ 8k)%F
. — . < -~ 7
INIF;(%V [C(z,x - 2)] wNEQ(]Z])V [C(z,x - 2)] O ( NE2

ZNO'O ZNO'l
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Theorem 3.8. F*) o XOR can be solved in the quantum simultaneous with entanglement model
with O(k®log® N'logk) bits of communication, when Alice and Bob share O(k®log® N log k) EPR
pairs. However, any randomized protocol of cost 6(N1/4) has a worst-case success probability of at
most % + exp(—Q(k)).

Setting k = [log® N for ¢ € N in Theorem gives us an explicit family of partial functions
that are computable by quantum simultaneous protocols of cost O(log5C+3 N) when Alice and Bob
share O(log®*® N) EPR pairs, however every interactive randomized protocol of cost 6(N i) has

at most m advantage over random guessing.

Circuit Complexity Separations

Lemma 3.9. Let C : {—1,1}2*N — {11} be an ACO circuit of depth d > 1 and size s. Then,
k
) (log2d_2(s))
= N1/2

Theorem 3.10. The distributions O'gk) and O'(()k) can be distinguished by a bounded-error quan-
tum query protocol with O(k® log? N log k) queries with 2/3 advantage. However, every constant

1
depth circuit of size o (exp <N4(d*1>>> can distinguish these distributions with at most exp(—(k))

advantage.

E [CEI- E [C(z)]

smoth) 2o

Setting k = [log® N for ¢ € N in Theorem gives us an explicit family of distributions that
are distinguishable by cost O(log56Jr2 N) quantum query algorithms, however every constant depth

circuit of quasipolynomial size can distinguish them with at most m advantage.

4 Single Step Analysis Around the Origin

Lemma 4.1. Let H be a Boolean function on 2kN wariables that maps {—1,1}**N into [—1,1].
Let p < ﬁ and P € [—p, p]**N. Then,

A= E [H(z)]—- E [H(2)]

ZNP',U,(()k) ZNP';Lgk>

< O <2—2k ) L2k(52p2k +p2(k+1)N(k2+1)/2>
- N
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Proof of Lemmal[{.1. For all z € R?*N we have H(z) = > SC[2kN] H(S)[] 2. This implies that
N €S

2| 3w =, M=k, [TT))
SC[2kN] a~Pud ics a~Pul® s
- > HH( - &, [11+])
SC[2kN] €S ZN“O zES ZHL T GeS
NS G <Mk Re)
SC[2kN] zGS
< Y AE) P [P (s) - ui’“(S)\ .. since P e [p,pl?*N
SC[2kN]

We now apply Lemma to bound the difference in moments between the distributions ,ugk)
and ,u(() ). Lemma implies that if S| < 2k or |S| is odd, then ,u,(k)(S) = ugk)(S). Furthermore,
if |S| = 2:¢ for some i € N, then ‘,u(k)(S) — ugk)(S)‘ < 27F+1¢ N=#/2{1. This implies that

kN
A< Z Z |ﬁ(5)| . 2—k+1€iN—i/2i!p2i
i=k \|S|=2i
S 2kN 7 2kN
ince H maps {—1,1}**" to [-1,1], we can bound g _o; [H(S)| by \/( I We also bound
27k+1 by 1. This, along with the previous inequality implies that

i=k+1
Note that (%N) i< (\/%i! =0 <(2(§Z);fl : g : Ni) = O (K'N"). Furthermore, since € = o717
for all i > k, we have €'k’ = O ( k*) =0 (gik) This implies that 27%1kle? = O (272%) and

1
60k K2k

(255\/ ) -ilé’ = O(N?). Substituting these bounds in the previous inequality for A, we have

A<O (2_2k'L2k(H k/2 2k + Z NZ/Q 21)
i=k+1

In the summation Eiz pr1 IV /2% every successive term is smaller than the previous by a factor
of at least 1/4. This is because the assumption p < ﬁ implies that N/2p? < %. Thus, we can
bound this summation by twice the first term, which is O(N®+1/2p2(k+1)) This implies that

A<O (2—%  Lop(H)N~*/2p% N(k+1)/2p2(k+1)>
This completes the proof of Lemma =

"This is because 2|5)=2i [H(S)] < \/ 2 s)=2i 1\/Z|S\:2iﬁ(s)2 S \/(ggiv)
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5 Single Step Analysis Away from the Origin

Lemma 5.1. Let H be a family of Boolean functions on 2kN wvariables, each of which maps
{=1,1}**N into [—1,1]. Assume that H is closed under restrictions. Let p < g and z €
[~1/2,1/2]?*N. Then, for all H € H,

A:=| E " [H(zo+2)]— E " [H(z0 + z)]

2k
<0 <2—2k La(DEPT o o) N(kz+1>/2>
Z~p Zpp

Nk/2

Let O denote the distribution on R?Y whose support is {0} (i.e, the distribution that puts all
its mass on the zero vector in R*V).

Corollary 5.2. Under the same hypothesis as Lemma[5.1), for all H € H,

1 B Lok (H)(2p) 2
A= = Z (=)l ZNIZE0+ [H(2)]| <O (2 2k ZW + (2p) 2+ 1) N (1) /2
Sg[k} p,gSOS’

Proof of Corollary[5.3 from Lemmal[5.1. We show that the expressions for A in Corollary [5.2] and

Lemma [5.1] are identical. Let T':=| E [H(20+2)]— E [H(z0+ 2)]

k (k)
Zp-pg Zrp-pig

A in Lemma By the definition of ,u(()k),ugk) as in Definition M we have

be the expression for

1 1
_ _1)IsI — _1)lsl
=55 SECK DE B JHE D) =g | D (D E HE ) (4)
Clk] SClk]

Let S C [k]. We now show that E,_gs;s[H (20 + p2)] = EzNgSoS[H(ZO + pz)]. Substituting this
in the above equation would complete the proof. Let z; ~ GSOS and Z9 ~ OSUS. Note that
21+ 29 ~ QSL{S . Fix z; EiR%N . Note that the multilinear ol nomial H(zp + pz1 + pz2) over zo
and the distribution O°U*° satisfies the hypothesis in Claim 7| for a = 0. Claim |2.7| implies that

for all z; € R?*N_ we have E., osus [H(z0 + pz1 + pz2) | 1] = H(zo + pz1). It then follows that
E [H(zo+pz)= E [H(zo+pz1+pz))= E [H(zo+pz)= E [H(2)]
ZNgSuS ZlNgSOS ZlNgS(/)S zr~zo+

20~ OSUS p-G30%

Substituting the above in Eq. implies that A = T". This, along with Lemma completes the
proof of Corollary O

Proof of Lemma[5.1. Let v € {—1,1,0}?*V be obtained by the following process, which we denote
by v ~ 2. For every i € [2kN], independently, set

(i) sign(zo(i))  with probability |zo(7)]
v(i) ==
0 with probability 1 — |2 (%)]

18



Let p, be a restriction as in Definition w For i € [2kN] define P; by m Since 2y €

[—1/2,1/2]?*N | we have P € [1,2]**N. Note that for every i € 2kN] and z € {—1,1}2*V,

E [(po(2))(0)] = |20(8) sign(z0(2)) + (1 = |z0(i)])2(0) = 20() + P 2(0)

v~ Zo

This implies that B [p,(2)] = 2o+ P!z forall z € {—1,1}?*V. Note that for every z € {—1,1}2*V,

~Zz0

the multilinear polynomial H and the random variable p,(z) satisfy the hypothesis of Claim
with a = z9 + P~! - 2. Claim [2.7|implies that for all z € {—1,1}2¢V]

JE [H(pu(:)] = H(zo + P 2)
Consider the restricted function H o p,. For every z € {—1,1}**V and v € {-1,1,0}%*N by
definition, (H o p,)(z) = H(py(z)). This, along with the previous equality implies that for all
z € {—1,1}2kN

E [(Hopy)(2)]=H(z+ P! 2)

vrzZQ
Note that both the L.H.S. and the R.H.S. of the above equation are multilinear polynomials in z
(since we identify H o p, with its multilinear extension). Thus, the above equation holds for all
z € R¥N  In particular, for all distributions D over R?*V it holds that
E E [(Hopy)(2)]= E [H(z+ P 2)] (5)
z~Dvr~zg z~D

This implies that A can be expressed as follows.

A2| E [H(20+2)]— E [H(20+ 2)]

znpeptl? znpepif?

= [H(zp+P ' 2)]— E [H(z+P "' 2)]
szP-uék) szP~Mgk>

“|E| E [Hop)@- E [(Hop))]|| .. .duetoFa
v~ Zo ZNpP'M(k) ZNpP/,L(k>

0 1
< max E [(Hopy)(z)]— E [(Hopy)(2)] ... Triangle-Inequality

~ K
v~zo z~pP~ué) z2rvpP-pg

Fix any v € {—1,1, O}%N . We now apply Lemma on the function H o p, with the parameters
2p and pP. Since H is closed under restrictions, H o p, € H. Note that the assumption p < % and

P € [1,2)%*V implies that 2p < ﬁ and pP € [—2p, 2p]?*" and thus, the hypothesis of Lemma 4.1|is
satisfied. Furthermore, we can bound Loi(H o p,) by Lok (#H), by definition of the latter. Lemma
implies that

A<O (2% ' Lgk(%lzgp)zk n (2p)2(k+1)N(k+1)/2>
- N

This completes the proof of Lemma O

6 Proof of Main Theorem

For u,v € N¥ let 1,—, € {0,1} be the indicator function that is 1 if and only if u = v. As
mentioned in the preliminaries, we identify sets S C [k] with their indicator vectors in {0, 1}¥.
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6.1 Proof of Theorem [3.1]

Let A:= E [H(2)] — E( )[ (z)] be the quantity that we wish to bound in Theorem By

- (k
z~vfig zfiy

the definition of ﬂ(()k), ,&g ) as in Definition we have

1
A= Y DS E )
SCIk] U

Let S C [k]. Note the distribution GSUS is obtained by rounding the distribution QSOS as in Defi-
nition We can thus apply Corollary to the multilinear polynomial H(z) for the distribution

G50% to obtain that E [H(z)] = E [H(trnc(z))]. This along with the above expression
Z,\,gSuS ZNgSoS
for A implies that
1
- —_sl
A= g S OF B (trne) )
SCIk]

Let T = 16N?* p = L 4Nk For each t € [T] and j € [k], let zj@ ~ p -G be an independent

0) .

< ﬁ\

sample. By convention, z: ' := 0 for all j € [k]. Let Z refer to the collection {Zj('t)}te{o,...,T},je[k] of

random variables. For ¢t € {0,...,T} and j € [k], define S0 =04 4 Z](»t). Note that the

J J
. <(t . e . . . .
random variable zj*( ) has a Gaussian distribution with mean 0 and covariance matrix as p*t times

that of G for all j € [k]. In particular, ]<( ) is distributed according to G for all j € [k].

Let a = (ai,...,ax) for aj,...,ax € {0,...,T}. Let a— 1 denote the vector (a1 —1,...,ax —1).
Let 2(®) := (z%al), . .,z,(:k)) and define 2=(@) = (zlg(al), . .,zkg(a’“)). Note that z(®) is distributed
according to p - G¥ for all a € [T]F. Also note that 2= is distributed according to (p\/a - G) x

x (py/ax-G) for all a € {0,...,T}*. In particular, for every S C [k], the random variable z=(T"%)

is distributed according to G°O%. Using this observation in Eq. (6], we have
1 :
A = 5T Z (—1)'5@ [H(trnc(zS(T S)))] (7)
SClk]

Claim 6.1. For a € [T)*, let A, be as follows.
A, = ST Z |S|E[ trnc(zg(“fprs)))}

Then, > A, =A.
a€[T)x

Proof of Claim[6.1]. By definition of A,, we have

k-1 Z A, = Z Z |S|IE[ trnc(zg(a_HS)))]

ac[T)* a€[T)k SC[k]
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For every a € [T]* and S C [k], note that a — 1+ S € {0,...,T}*. Thus, the R.H.S. of the above
equation is a linear combination of terms I%[H (trnc(z=0 )))] for be{0,...,T}*. That is,

2D A= 30 | X D Laris=e (C)IT ) E[H (trne(=="))] (8)

a€[Tk be{0,..., T}k \a€[T]k SC[k]

We now study the coefficient of I%[H(trnc(zg(b)))] in the R.H.S. of the above expression. Note that

(=1)!51 is exactly ij:l(l —28;). For a € [T]¥, let a = (ay,...,ax) for ay,...,a; € [T]. Using this
notation, the coefficient of IZE[H(trnc(zg(b)))] in Eq. is

> Z Lo—145=p - (—1)I¥

a€[T)*k SC[k

- Z Z H “Loj=p, +(1=55) laj—1=bj) ’ (_1)|S|

a€[T)k SC[k] je(k]

= > > T (Sitay=p, + (1= 8;) - Lg,—1=,) - [] (1 —28))

ac[T)k SC[K] jE[K] Jjelk]

= > > I (S50 =28)) - gy, + (1= 8;)(1 = 28;) - Loy —1-,)

a€[T)k SC[k] je(k]

= Z Z H —=8j - Lg;=p; + (1= 5;) - Ilaj_lzbj) ... since S]2 = §; for all j € [K]
a€[T]* SCIK] jE[k]

= Z H Z (=8 - Laj=t, + (1 = 8;) - Laj—1=;)

a€[T)k je[k] S;€{0,1}

- Z H La,=b; + la,~1=,)
ae(T]k

= H Z aj—b +]]-aj—1 b)
J€[K] a;€[T)

- H (To=p, — L7=s,)
j€lk]

Note that [];cpy (Lo=p, — L7—p,) is non zero if and only if each coordinate of b is in {0,T}. For

b e {0,T}, let B :={j € [k] : b; = T}. Note that [] (Lo=p, — I7—,) = (—1)/Bl. This, along
JEIK]
with the above calculation implies that the coefficient of I%[H (trnc(2=®))] in the R.H.S. of Eq.

is precisely (—1)!Bl. Furthermore, note that z=®) = >=(T"B) We substitute this in Eq. (8 to obtain

271 Aa=E | > ()P H(trnc(z=T))

a€[T]k BC[k]

This, along with Eq. completes the proof of Claim O

Let a € [T]*. We now show how to bound A,. Let E, denote the event that z<(¢=1 ¢
[—1/2,1/2]?*N. We show that E, is a low probability event. Recall that for j € [k],i € [2N], the
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(j,4)-th coordinate of 2=(@=1 is distributed according to N (0,p?(a; — 1)¢), where p?a; < 1 and
€ = 1/(60k*In N). This implies that for every i € [2kN],

1
- NTK?

Plz=0=D (i) ¢ [=1/2,1/2]] < P[IN(0,€)] > 1/2] < exp(—1/(8¢)) < exp(=Tk?’In N) <

Applying a Union bound over coordinates i € [2kN], we have that for each a € [T]*,

. 1 2k
P[E,] £ P[z=(e"D ¢ [—1/2,1/2]%%N] < 2kN - T S o (9)
Definition 6.2. For a € [T]*, let
1 o
Ao, = gy 3 (F)IBy [Htrme(z=e=9) | -8,

SCIk]

a:f%z DSIE, [H(trne(z==1+5))) | B,]
SC[k

We bound A_p, as follows. Fix any 2z := 2=(®~1) such that E, does not occur. Let S C [k].
Note that by definition, for every fixed 2z, the random variable 2=(a=1+5) ig distributed according to
20+p-G°O°. We now apply Corollary to the polynomial H with parameters p and zy = z=(1),
The conditions of Corollary [5.2| are satisfied, since zg € [~1/2,1/2]?*N p < 4Nk < ;% and for
every S C [k], the random variable 2=(a=1+5) ig distributed according to zo+p-G° oS, Corollary

implies that

1 w _or Lor(H)(2p)?*
— S (-1)sE, [H(zﬁ( 14+5) | _‘Ea:| <0 <2 2% 2k(NZ§2 ) n (2p)2(k+1)N(k+1)/2>
SClk]

(10)

Fix any S C [k]. Let P € {0,p}**" be such that for all i € 2N] and j € [k], we have Pj; = p
if and only if 5 € S. Using this notation, observe that for every fixed zg, the random variable
2=(a=1+5) g distributed according to zy + P - G¥. We now apply Claim to the multilinear
polynomial H with zy = =@~ and P as defined above. The conditions of this claim are satisfied
since zp € [—1/2,1/2]%N (since E, does not occur), p < 4Nk <iand Pe€ [—p, p]** C -1 5]2“[
and H maps {—1,1}%*" into [~1,1]. Since z=(*=1*5) is distributed according to zy + P - GF,
Claim [2.9| implies that for all S C [k],

1
Ey |H(="9) = H(trne(z="49))) | <E,| <O (Nsk)

This inequality, along with Triangle-Inequality implies that

2k1j Z (—1)SIE, [(H(Zﬁ(afus)) _ H(tmc(zg(a*HS)))) | ﬁEa} <0 <1> (11)

N 5k?2
SCIk]
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Combining Eq. and Eq. and applying Triangle-Inequality, we have

1

Ap,| 2 5y [Bz | D0 (FDPH(trne(z=l"149) | - E,
SCIk] (12)
op, Lan(H)(2p)* 1
2k 2k 2(k+1 k+1)/2

We now bound Ag,. For all a € [T]* and S C [k], since trne(z=(¢~19)) ¢ [=1,1]**N and H maps

[—1,1]%N to [—1,1], we have H (trnc(z=(¢=1t5))) € [~1,1]. This, along with the definition of A,

as in Definition implies that |Ag,| < 2. By the definition of A, and Definition we have
[Aa| S PEL] - |Ag,| + P[Ed] - |A-p,| < PlEL] - |Ag,| +[A-g,|

Using Eq. @D, Eq. , along with the inequality |Ag, | < 2, we have

2k
A <O (2’“ o2, LakCOCPIT | o satern) yriesnyz L )

N6k2 Nk/2 I\ 5k
LQk(;[)pw€ + + k <1 )
2(k+1 k+1)/2

This establishes a bound on A,. Using Claim[6.1{and Triangle-Inequality, we have |A| < Y~ |A,].
a€[T)k
Substituting the bound from Eq. for A, in this, we have

Lo (H 2k 2(k+1 k+1)/2 k
NE ZO( L | syt K

k 2k k 2(k+1 k+1)/2 Tk

By our choice of T = 16N?* and p = % = ﬁ, we have the following inequality.
Lok (H) k Ar2k? 1 (k+1)/2 ka2k? K
Al <O ( Nk/2 + 16PN 92(k+1) N 2k(k+1) N + 167N - N 5k2
<0 (L%(?‘l) 4" N2 B 16k>
= NFk/2 N2k N 3k2
Lok(H) 4k k

A small calculation then shows that

Al < 0( N,f;’?) o <N}C/2)

This completes the proof of Theorem
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6.2 Proof of Corollary

Corollary essentially follows from the fact that functions in H are bounded over {—1,1}" and

the fact that for ¢ € {0,1} the distributions Jgk) and /]Ek) are nearly identical. Let H € H. Define

(k) (k))

distributions m; ' (respectively 7;"’) obtained by conditioning [L(()k) on F®)(z) = —1 (respectively

conditioning ﬁgk) on F(®)(z) = +1). Lemma [2.11] implies for dy,d; = O <ﬁ>, we have ,&(()k) =
(1-— 50)0(()k) + 607T(()k) and ﬂgk) =(1- 51)J§k) + 517T1k). Thus, for i € {0,1}, we have

E [H]=(1-8) E [HE)]+6 B [H()

i z~o; 2T

A

Let 6 = max(dg, 1) = O <N6k2) Since H maps {—1,1}%*" to [~1, 1], we may bound |Ez~a§k) [H(z)]|
and |EZN7T(k> [H(z)]| by 1. We subtract the equation for i = 1 from that for ¢ = 0 and apply Triangle-

inequalityl to obtain

LEHG]- B H)

Rearranging this, we have

(%) := E [H(z)] = E [H(2)]

) (k)

z~01

E [H(z)] - E [H(z)]

~(k ~(k
zwué ) zw,ug )

<of o)

We use Theorem - to bound the first term in the R.H.S. Furthermore, we use the fact that
N6k2 Nk/2 to obtain that (x) < O (L%( )) +o (Nk/2) This completes the proof
of Corollary

Nk/2
7 Applications

Quantum Upper Bound The quantum query algorithm for F*) is derived from [A10, [AATS).
These papers provide a quantum query algorithm @Q(z) which makes one quantum query to the input
z € {—1,1}?" and returns a (probabilistic) b € {0, 1}, with the property that P[b = 1] = %ﬁ(z)
Given input z = (z1,...,2) where 21,...,2; € {—1,1}?" we are promised that for each j € [k],
either forr(z;) > €/2 or forr(z;) < e/4. This implies that for all j € [k], the probability that Q(z;)

1+€/2 1+6/4 log k
2 2

returns 1 is either at least or at most By repeating the algorithm O ( ) times and

taking the threshold, we can produce an algorithm that for each j € [k], distinguishes between
F(zj) = 1 and F(z;) = —1 with probability at least 1 — ;5. By a Union-bound over j € [k],
with probability at least 9/10, this algorithm computes F'(z;) for all j € [k]. In particular, it can
compute F®)(z) = ¢ j—1 F'(zj) with probability at least 9/10. Observe that the number of queries
made by this algorithm is k x log k/€? = (k:5 log k log? N)

It follows that the above algorithm can distinguish the distributions a(()k) and ng) with at least

9/10 advantage. A variant of this algorithm can be used to establish the quantum communication
protocol in Theorem This step is identical to Theorem 3.3 from [GRTI19], so we omit it. We
now prove the classical lower bounds.
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7.1 Query Complexity Separations

Proof of Theorem[3.5. Let d = o (1@\7)' Note that C“L\/%N) = o(1). Lemma implies that
(k)

(k)

every decision tree of depth at most d can distinguish oy~ and o, with advantage at most
k

(W) < exp(—(k)). Note that ng) and o(()k) are distributions on the YES and NO in-

stances of F(*), respectively. This implies that every randomized decision tree of depth d = o(VN)

can solve F(*) with at most exp(—Q(k)) advantage. O

Proof of Lemma[3.7]. Let H denote the set of Boolean functions on 2k N variables that are computed
by deterministic decision trees of depth at most d. H is clearly closed under restrictions. We use
the following lemma due to [Tall9] which bounds the level 2k mass of H.

2k
Lemma 7.1 ([Tall9]). For all k € N, we have Lop(H) < (O ( dlog(kN)))

The above bound, along with Corollary [3.3] implies that for all H € H,

o (P! (1) (ki

This completes the proof of Lemma [3.4] O

7.2 Circuit Complexity Separations

1
Proof of Theorem [3.10, Let C be an ACO circuit of depth d and size s = o (exp (N‘*(d*l))). Note
that O (logzd_Q(s)) = o(v/N). This, along with Lemma 3.9 implies that

< (O (lode*Z(s))

k
e ) < exp(—Q(k))

Thus, we have produced distributions on YES and NoO instances of F*) such that every depth d
1

ACQO circuit of size o <exp (N 4<d—1>>> can distinguish them with at most exp(—£2(k)) advantage.

This completes the proof of Theorem [3.10} O

Proof of Lemma[3.9 Let H denote the set of Boolean functions that are computed by ACO circuits
of depth at most d and size at most s. Note that # is clearly closed under restrictions. We use the
following lemma due to [Tall9] which bounds the level 2k mass of H.

Lemma 7.2 ([Tall9]). For all k € N, we have Lyp(H) < (O (logdil(s)))zk

The above bound, along with Theorem [3.1] implies that for all H € H,

(O (lode*Q(s)))k 1 O (lode*Z(s)) g
EnHEI = E HE] < Nk/2 e <Nk/2) N

2z~ fig 2z~ g

This completes the proof of Lemma 3.9 O
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7.3 Applications to Communication Complexity Separations

Proof of Theorem [3.8. Let ¢ = 6(N'/*). Note that for k = 6(N'/*), we have % = o(1). For
i €{0,1}, let wgk) denote the distribution of (z,x - z) where z ~ Ugn and z ~ o®. Note that

i
W(()k) and ﬂ'gk) are distributions on the YES and NO instances of F(*) o XOR, respectively. Lemma

implies that every deterministic protocol of cost at most ¢ for F(¥) o XOR can distinguish W(()k) and

W%k) with at most O <(CX§€I§)2%> < exp(—€(k)) advantage. This implies that no randomized protocol

of cost o(N/4) solves F*)(@) with more than exp(—Q(k)) advantage. This completes the proof of
Theorem [3.8 O

To prove Lemma the idea is to apply Corollary on the function family defined by
EyntrynyC (2, z - 2), where C' is a small cost protocol. However, to prove a suitable upper bound on
the level 2k mass, we require that each rectangle in the protocol is small. To handle this, we define
an extended protocol ext!(C), in which the players reveal I additional junk bits and then proceed
with the original protocol C'. This modification is only a technicality and the rest of the arguments
are similar to the ones in [GRT19].

Definition 7.3. Let C: {—1,1} x {—=1,1}M — {—1,1} be any deterministic protocol and | € N.
An extension ext'(C) : {—1,1}M+! x {—1, 13M+ — {—1,1} is a protocol in which Alice and Bob
declare the last | bits of their inputs and then follow C on the first M bits of their inputs.

Definition 7.4. For any protocol C' : {—1,1}M x {1, 1}M — {~1,1}, let Ho : {-1,1}M - R
be defined at every z € {—1,1}M by Ho(z) = I% [C(z,x - 2)]. For any distribution C over
x~Upny

protocols C : {—1,13M x {—1,1}M — {—1,1}, let He be defined at every z € {—1,1}M by He(2) :=

E [Ho(z).

Lemma 7.5. Let I, M € N. Let H be the family of functions H obtained as follows. Let C be an
arbitrary distribution over deterministic protocols C : {—1,13M x {—1,1}M — {—1,1} of cost at
most c. Let Hopp ) be as in Deﬁm’tion and Deﬁnition and let H : {—1,1}™ — R be defined
at every z € {—1,1}M by H(2) := Z,IEU [Hegui(c)(2,2")]. Then, H is closed under restrictions.

~Ul

The proof of this is a simple unravelling of definitions and is deferred to the appendix.

Lemma 7.6. Let | = [2kloge]. Let H be the family as in Lemma [7.5, Then, Lox(H) <
O ((5)™ - (c+20%).

The proof of this is similar to that of Claim 1 in [GRT19] and is deferred to the appendix.

Proof of Lemma[3.7. Let | = [2kloge]. Let H be the family of functions as in Lemma
Lemma [7.5] implies that the family H is closed under restrictions. We now apply Corollary
to H to obtain that for all H € H,

E,, lHG)] - E, [H@]‘ <0 (Lfv’“,fﬁ )> o (zwlc/Q)
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We use Lemma which upper bounds Lo (#). This, along with the previous inequality and the
fact that [ = [2kloge] implies that

e?F(c 4 20)% 1 (c+ 8k)%k 1
< O( 1.2k N2 > +O(Nk/2> - O( NEk/2 ) to <Nk/2>

(14)
Let C refer to the given protocol of cost at most c¢. Let H : {—1,1}**¥ — [~1,1] be defined at
z € {-1,1}**N by H(z) = E,uy, [Hepri(c)(2,2)]. By Deﬁnition foralla, z € {—1,1}2¢N o/ 2/ €
{~1,1}}) we have that C(z,z - 2) = ext!'(C)((z,2'), (z - z,2’ - 2’)). This implies that for all z €
{~1,1}?*N  we have

H(z) = /EU [Hep(c)(2,2")] £ gl;f, lext!(C)((z,2"), (x - 2,2’ - 2'))] ...due to Definition [Z.4]
= E [C(z,z-2)] ...due to Definition [7.3]
z~Uak N

This, along with Eq. implies that

E G- E W@x¢nSO(@+%W>+o@ﬁm)—OC“%%%)

(k)
z~0yg z~oy

This completes the proof of Lemma O
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A Output of F(*) on Distributions /l(gk) and ,&gk)
We use the following claims to prove Lemma [2.11

Claim A.1. Let z ~ G, where G is the distribution in Definition . Then, ]P’g[forr(z) < 3e/4] <
—Q(N)
e .
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Claim A.2. Let zg € [-1/2,1/2]?" and z ~ %y be the random variable obtained by rounding zo as
in Definition . Then, P[|forr(z) — forr(z)| > €/4] < e~ QUN4)

Corollary A.3. Let U be the uniform distribution on {—1,1}2N and G be the distribution on
{—1,1}2N as in Definition . Then,

1
P [forr(z) <e/4] >1-— e N g P [forr(z) >€/2] > 1 -0 —3
2~ U 2nG NGk

Proof of Lemma from Corollary[A.3 This follows from a simple Union-bound. Let S C [k].
Let z ~ GUS and z = (21,...,2) for z1,...,2, € {~1,1}?N. For j € S, we have zj ~ G and

consequently, Corollary |A.3|implies that with at least 1 — O (ﬁ) probability, F'(z;) = —1. For

j ¢S, we have z; ~ U and consequently, Corollary implies that with at least 1 — e~ %W ) >
1-0 ( L ) probabilit F(z;) = 1. A Union-bound over j € [k] implies that with probability

N6k2

at least 1 — O (ﬁ), we have that all these events occur, that is, z is in the support of F*) and
Fk)(z) & H§:1 F(zj) = (-1)®l. Since ,u(()k) (respectively pgk)) is a mixture of distributions G515
where |S| is even (respectively |S| is odd), it follows that with probability at least 1 — O ( k ),

N6k2

F®)(2) =1 (respectively F¥)(z) = —1). O

Proof of Corollary[A.3 from Claim and Claim [A.3, We set g to be the zero vector in R?" and
apply Claim Since the distribution obtained by rounding zg is Uy and forr(zg) = 0, we have

i [forr(z) > ﬂ 2 p [fm,(z) > ﬂ < AN

z~Us 2~ Z0

This proves the first part of Corollary To prove the second part, let zyp ~ G. Let E denote the
event that 2o ¢ [—1/2,1/2]*N. We first show that E is a low probability event. Recall that each
coordinate of zq is distributed as A'(0, €) where € = 1/(60k? In N). This, along with a Union bound
over coordinates ¢ € [2N] implies that

P[E] < 2N - Plzo(d) ¢ [-1/2,1/2]] <2N -P[IN(0,¢)| > 1/2]
2N (15)

< 2N exp(—1/(8¢)) < 2N - exp(=Tk* In N) = <=5

Let z ~ Zy be obtained by rounding zy as in Definition If forr(z) < €/2, then we must either
have forr(zo) < 3¢/4 or |forr(z) — forr(zo)| > €/4. For the latter event, we split it into cases
conditioned on whether E occurs or not. A Union bound implies that

P [forr(z) <e€/2] < Zolig[forr(z(]) < 3e/4] + Zolggﬂforr(z) — forr(zo)| > €/4]

20~G *
< Iﬁg[forr(zo) < 3e/4] + PE] + P;g[]forr(z) — forr(zo)| > €/4 | —F] (16)

Claimimplies that with all but e=*() probability, for zy ~ G, we have forr(zy) > 3¢/4. Thus,
the first term in the R.H.S. of Eq. can be upper bounded by e ™). The second term can be

2Here we use the fact that k = o(N/%%).
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bounded by -2 7k2 due to Eq. For the third term, note that whenever E does not occur, we
can apply Claim [A2]to obtain at

P [|forr(z) — forr(z0)| > €/4 | =E, 20] < o QUN)

z~Z0

These observations along with Eq. imply that

z@NPg[forr(z) <e/2] & Zolzg[forr(z) <e/2] < e M) 4 ]3]7\]; +e 2N — o (]\[ékz>

2~ Z0

O]

Proof of Claim[A.1l This follows from a simple concentration inequality for Chi-Squared random
variables. Note that a random sample z ~ G is equivalent to a sample z = (z,y), where x ~
N(0,ely) and y = Hyz. This implies that forr(z) = & (z, Hvy) = &{(x, Hyz) = % - ||z||*>. The
random variable ||x||? has a Chi-Squared distribution, deﬁned by the sum of squares of N random
variables, each of which is distributed according to /\/ (0,€). Using the concentration inequality for
the Chi-Squared distribution from the preliminaries, we have that for all ¢t € (0, 1),
N

P [ ~ Z ZL'ZQ —€

i=1

> te] < exp(—Q(Nt?))

Substituting ¢ = 1/4, we obtain P[|forr(z) — €| > €/4] =P H% Zfil T2 —¢| > i} < e UN) | This
implies the desired conclusion in Claim O

Proof of Claim[A.2 We make use of the following concentration inequality. It appears as Theorem
10.24 in Ryan Odonnell’s book on Boolean functions [O’D14] as an application of the general hyper-
contractivity theorem on product spaces. We state it in the context of biased product distributions
on the Boolean hypercube.

Lemma A.4. Let m,..., 7w be probability distributions on {—1,1} such that for every i € [M],
every outcome in m; has probability at least \. Let Q@ = {—1,1}M and 7 = 7y x ... x mpr. Let
f:Q = R be a Boolean function of total degree at most d and let || f|l2 := \/Ezxr[f(2)?] denote

the ly norm of f. Then, for any t > \/26//\d, we have P [|f(z)| > t||f||2] < )\dexp( d )\tQ/d)

Note that the distribution Zy on {—1,1}?" satisfies the hypothesis in Lemma with A = 3
because of the assumption that zy € [1 / 2,1/2)?N. Claim [A.2) - essentially follows by c0n51der1ng
the degree-2 Boolean function forr(z) — forr(zo), bounding its I norm and applying Lemma[A.4]
However, to simplify the calculation we instead consider f : R?Y — R defined by f(z) := forr(z —
20) 2 N7'. (x — 29, HN(y — y0)) where z = (z,y) for 2,y € RN and 2y = (z0,y0) for zo,y0 €
[~1/2,1/2]N. Note that we have the identity f(z) £ forr(z — 20) = forr(z) — forr(zo,y) —
forr(z,yo) + forr(zp). We now show that when z ~ Zy, the random variables f(z), forr(z,yo)
and forr(zp,y) are concentrated around their mean. From the above identity, it will follow that
forr(z) is also concentrated around its mean. We first show a concentration inequality for f. Since
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each coordinate of (z,y) is sampled independently so that E[(z,y)] = (x0,y0), we have

2

B2 N E || D (@) - 20@)y() - o) (-1

i,j€[N]
— N3 Z E [(:U(Z) — xo(z’))Q(y(j) — yo(j))z] ... since the cross terms are 0.
i,j€[N]
< N3.16N? ...since x, g, y,yo € [—1, 12

Thus, [|f|l2 < %. Note that f is of degree 2. We now apply Lemma to the function f for

the distribution Zy. Let ¢ be a parameter. Since A\ = i and d = 2, we have \/26/)\(1 = O(1) and
A exp (—2% -2/ 4) = exp(—€(t)). Lemma along with the above calculation implies that for

all ¢ > O(1), we have Povs, ||f(2)] 2 bz | < Pos, [1F(2)] 2 Q1) - 1 f]l2] < exp(~(¢). We now

N1/2
set t = N1;2 72(%;/111\]. This is larger than N'/* for sufficiently large N and k = o(N'/50). This
implies that
€
Porso [Iforr(z = 20)| 2 55| 2 Pansy [1£(2)] 2 55 < exp(—QNY4) (17)

We now show a similar concentration inequality for forr(z,yo). Let g : RN — R be defined at
r € RN by g(z) := forr(x,yo) — forr(zg) 2 N=' - (x — xo, Hyyo). Since each coordinate of z is
sampled independently so that E[z] = x¢, we have

2
N2-E[g?| 2 | | D (@(i) — xo(i) (Hyyo)(i)
1E€[N]
= Z E [(z(i) — 20(4))*(Hnyo)(i)?] ...since the cross terms are 0.
1€[N]
Z 4-(Hyyo)(i ...since z,zg € [-1,1]
1€[N]

= 4| Hnyoll3 = 4llyol3 < 4N

VN
Zo on {—1,1}N. Let ¢ be a parameter. Since A\ = Z and d = 1, we have \? exp( )\tQ/d) =

exp(—Q(t?)) and /2¢e/ N = O(1). Lemma along with the above calculation 1mphes that for
all ¢ > O(1), we have Pyes, [[9(2)] = 1iz] < Pansy [l9(2)] = (1) - lgla] < exp(~Q(#2)). We now

set t = Nif = 720122/;]\,. This is larger than N'/* for sufficiently large N and k = o(N'/50). This

implies that

Thus, ||g|ls < 2. We now apply Lemma to the degree-1 polynomial g for the distribution

€
Ponq [[forr(w,yo) = forr(z0)] = €/12] 2 Puniy |l9(@)] > 5] < exp(=Q(N2)  (18)
An identical calculation implies that
Py [[forr(zo,y) = forr(zo)| = €/12] < exp(~Q(N"/2)) (19)

Recall that we have the identity forr(z) = forr(z — 20) + forr(zo,y) + forr(z,yo) — forr(zo).
Suppose |forr(z) — forr(zg)| > €/4, then either |forr(z,yo) — forr(zo)| > €/12, or | forr(zo,y) —
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forr(zo)| > €/12 or |forr(z — zy)| > €/12. This, along with Eq. (17)), Eq. (18), Eq. and a
Union-Bound implies that

P[|forr(z) — forr(zo)| > €/4] <2- emQNZ) | omQUNYY) o —QNYY)

B Closure Under Restrictions

Proof of Lemma[7.5. Let L = M + 1. Let H € H be defined by a distribution C over deterministic
protocols C : {—1,1}M x {=1,1}™ — {—1,1} of cost at most c. Let v € {—1,1,0}™ and p, be
a restriction as in Definition Let V := {j : v(j) € {—1,1}}. Define a distribution C, over
protocols Cy : {—1,1}M x {—1,1}M — {—1,1} as follows.

1. Sample C' ~ C.
2. For each j € V, independently sample a; uniformly at random from {—1,1}.

3. For each j € V, Alice overwrites the j-th bit of her input with a; and Bob overwrites the j-th
bit of his input with a; - v;.

4. Alice and Bob execute the protocol C on their restricted inputs.

Claim B.1. For all z € {-1,1}, v € {-1,1,0}™, we have EU [Hegic,) (25 2)] = H(pu(2)).
l

2z~

Note that C, is a distribution over deterministic protocols of cost at most ¢. Thus, by definition
of H, the function that maps z to IEU [Hepii(c,)(2,2")] is in H. This observation, along with
2/ ~U; v

Claim establishes that the restricted function H(p,(z)) of z is also in H. It thus suffices to
prove Claim O

Proof of Claim[B.d] This proof is by unravelling definitions. Let z € {—1,1} and v € {-1,1,0}.
Note that for all z,/z" € {—1,1} and z € {—1,1}, Definition implies that C(z,z - 2) =
ext!(C)((x,2), (x - z,2" - 2'). In particular, for all z € {—1,1}, we have

Claw-2)= B [eat'(C)((w,2), (z 22" )] (20)
2! x! ~U;
Consider
,EU [Hepic,)(252)] = /IEU C]Ec lext!(C)((z,2"), (x - z,2’ - 2))] ...due to Definition [7.4]
zi~Ug Faad l(g;7x’)~UUL
= CIEC [C(z,x-2)] ...dueto Eq.
zNUI\T;[

For each j € V, let a; be a uniformly random sample as in step 2. For the rest of the coordinates
j €M\ V,setaj:=0andlet a=(ai,...,apn) € {—1,1,0}*. Let A denote the distribution of a
obtained by this process. This, along with the above equation and the definition of C, implies that
N _
EU [Heactl(Cu)(% z )] = CEC [C(x7$ ) Z)] = C'@C aLEA [C(pa(:n),pa,v(:r ) Z))]

2/~ ! ~Loy
CENU]\/{ xNUM
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Note that pg.,(z - 2) is exactly py(x) - py(z). This is because for j € V, we have a;j,v; # 0 and thus,
(Pa-v(x-2))(J) = aj-v; = (pa(x))(F) - (pu(2))(j); similarly, for j ¢ V, we have a; = v; = 0 and thus,
(pav(z-2))(J) =2() - 2(J) = (pa(x))(j) - (pu(2))(5). Substituting this in the above equation,

E [Heue,y(z2)) = E B [C(pa(), pa(x)pu(2))]

z'~U; C~C aNU.A
x~Unr

Note that for a ~ A and x ~ Uys, we have pg(z) ~ Ups. Substituting this in the above equation,

zl~

/ = .
EUI[Heth(CU)(Z7Z )] - C@CINIEUA/j[C(w,w p’l](z))]

= E E  Jext' (C)((z,2), (z - po(2),2" - 2'))] ...due to Eq.

Z/NUZ C~C
(Z’,CE,)NUL

= EU [Hepic)(po(2),2")] ... due to Definition [Z.4]
z'~U;

= H(py(2)) ...due to the definition in Lemma [Z.5

This completes the proof of Claim O

C Weight Bound

For | € N, we say that a deterministic protocol C : {—1,1}M x {~1,1}™ — {—1,1} has minimum
cost at least [, if every rectangle in the partition induced by the protocol has length and width at
most 2M L,

Lemma C.1. Let C(z,y) : {—1,1}M x {—1,1}M — {0,1} be any deterministic protocol of cost at
most ¢ and of minimum cost at least | := [2kloge]. Let H : {—1,1} — R be defined at every

ze {1, 1M by H(z) := N E [C(z,x-z)] as in Definition . Then, Lop(H) < O (( )Qk 2’“).

~Unm

Corollary C.2. Let | = [2kloge|. Let C be a distribution over deterministic protocols C :
{1, 13 x {-=1,1}M — {—1,1} of cost at most c. Let H_ ¢y be as in Definition . Then,

LQk(Hemtl( )) <0 ((%) (C+ QZ)Qk)

Proof of Lemma[7.6 using Corollary [C.3 Let/HLz) i= Byt [Hegp(c)(2,2)] be as in Lemma
Note that for all S C [M], we have H(S) = Hea:tl(C)(S) This implies that Log(H) < Log(Hezp(c))-
Corollary |C.2 implies that Lok(Heupu(c)) < O ((%) (e+ 2l)2k>. This completes the proof of
Lemma (7.6 O

Proof of Corollary[C.3 using Lemma[C.1. Note that for all S C [M + ], we have I:E;)(S) =
CEC[H;?C)(S )]. This, along with Triangle-Inequality implies that Lot (C) < maxc~c Lok(C'). Let

C be any deterministic protocol in the support of C. Note that ext!(C) is a deterministic protocol
of cost at most ¢ + 2/ and of minimum cost I. Let H,,cy be as in Definition Lemma [C.1

implies that Loy (Hepp (o)) < O ((%)% (e+ 2l)2k>. This completes the proof of Corollary |C.2l [
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Proof of Lemma . In order to bound Loy (H), we will use the following lemma. Its statement
and proof appear as ‘Level-k Inequalities’ on Page 259 of ‘Analysis of Boolean Functions’ [0’D14].
For S C {-1,1}", let 1g:{—1,1}" — {0, 1} denote the {0, 1}-indicator function of the set S, that
is, for v € {—1,1}", let 1g(z) =1 if and only if z € S.

Lemma C.3 (Level-k Inequalities). Let A C {—1,1}" be a set such that E[14] = « and let k € N
be at most 2In(1/a). Then,

> (Ta) < o? (2,fln<1/a>>k

IS|=F

We now show the desired bound on Log(H). Since C is a deterministic protocol of cost at
most ¢, it induces a partition of the input space {—1,1}™ x {—1,1}™ into at most 2¢ rectangles.
Let P denote the set of rectangles in this partition and let A x B index these rectangles, where
A (respectively B) is the set of Alice’s (respectively Bob’s) inputs compatible with the rectangle.
Let C(A x B) € {—1,1} denote the output of the protocol when the inputs are in A x B. For all
ry e {-1,1}1M,

Cle,y)= Y C(Ax B)la(z)lp(y)
AxBeP

This implies that for all z,z € {—1,1}M,

Clz,z-2)= » C(AxB)la(z)lp(x-2)
AxBeP

Taking an expectation over x ~ Upys of the above identity implies that

H(z)éxNEUM[C(x,x.z)]: > C(AxB)(1a*1p)(2)
AxBeP

This implies that for any S C [M],

HS)= Y CAxBIaxIp(S)= Y. C(Ax B)1a(S)15(S)
AxBeP AxBeP

Note that C(A x B) € {—1,1}. We thus obtain

Low(H) = Y |H(S)]

|S|=2k
= > | X CAxB)La(S)Lx(S)
|S|=2k | Ax BEP

< >0 D TA9)ITE(S)|

 AxBep |S|=2k

We apply Cauchy Schwarz to the term g _o, 1T4(S)||15(S)| to obtain

< Y (2 Tasr) (X maer)”

AxBEP " |S|=2k |S|=2k
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Figure 2: Plot of the function y = « (ln %)4

For ease of notation, let u(A) = |2A¥M| denote the measure of a set A C {—1,1}™ under Uy;. Because
of the assumption that the minimum cost of C' is at least [ = [2kloge], every rectangle A x B € P
satisfies p(A),u(B) < e 2F. This ensures that 2k < 2In-1s and 2k < 2In ﬁB)' We apply
Lemma [C.3] on the indicator functions 14 and 1 at level 2k to obtain

> (1) < n(?(2 m(/ma)

S| =2k
P 2 2¢ 2k
< =
> (T6(9) < uB?(3 - (1/u(B))
|S|=2k
Substituting this in the bound for Loy (H), we have

bt = (3)"

1 1 \*
> wms) (i s )

AxBeP

Let A := (%)%A > w(A)u(B) (lnﬁ In ﬁ)k be the expression in the R.H.S. of the above.
xBeP

25?

In this case, A evaluates to (%)Zk S axpep 3 (22)% = 0 ((%)2’“ : c%). This proves the lemma in

this special case. A similar bound holds for the general case and the proof follows from a concavity

argument that we describe now.

Consider the case when P consists of 2¢ rectangles A x B, each of which satisfies u(A) = u(B) =

Since p(A), u(B) < 1, we have the following inequality.

(1>

A

k
()" > wamm) (ln M(lA) " u(13)>

AxBeP

k
<(5)" > wanm (1“ " M(A)lﬂ(B)>

AxBeP

) 2%k
(%> * Z u(A x B) <ln ,u(Ale)>

AXBeP
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Let f : [0,00) — R be defined by f(p) := pIn(1/p)?**. A small calculatiorﬁ shows that f
is a concave function in the interval [0, 62,%1] (see Figure 2). Let o; € [0, = —i—] for i € [d).
Jensen’s inequality applied to f states that for i ~ [d] drawn uniformly at random, we have
E;[f(a;)] < f(Ei[cu]). This implies that

2k
a;In(1/a;) 2k «a; | In d )
it < (L) ('

We apply this inequality to the terms in A by substituting a; with u(A x B). We may do this
because of the assumption that p(A), u(B) < 62% This implies that

. 2%
= (ks)%< 2 “(AXB)> (s )

AxBeP

Note that ) 4, pep (A x B) = 1. This, along with the above inequality implies that A <
0 ((%)% . 02’“). This completes the proof of Lemma |C.1} O

*Consider f'(p) = In(1/p)** — 2kIn(1/p)**~". This implies that f”(p) = 2kIn(1/p)**~2 -
Note that for p < ——, f”(p) <O0.

L. ((2k — 1) = In(1/p)).
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