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Abstract

The field of Interactive Coding studies how an interactive protocol can be made
resilient to channel errors. Even though this field has received abundant attention
since Schulman’s seminal paper (FOCS 92), constructing interactive coding schemes
that are both deterministic and efficient, and at the same time resilient to adversarial
errors (with constant information and error rates), remains an elusive open problem.

An appealing approach towards resolving this problem is to show efficiently
encodable and decodable constructions of a combinatorial object called tree codes
(Schulman, STOC 93). After a lot of effort in this direction, the current state of
the art has deterministic constructions of tree codes that are efficiently encodable but
require a logarithmic (instead of constant) alphabet (Cohen, Haeupler, and Schulman,
STOC 18). However, we still lack (even heuristic) candidate constructions that are
efficiently decodable.

In this work, we show that tree codes that are efficiently encodable, but not
efficiently decodable, also imply deterministic and efficient interactive coding schemes
that are resilient to adversarial errors. Our result immediately implies a deterministic
and efficient interactive coding scheme with a logarithmic alphabet (i.e., 1/ loglog rate).
We show this result using a novel implementation of hashing through deterministic tree
codes that is powerful enough to yield interactive coding schemes.

*Supported by the Binational Science Foundation (Grant No. 2016726), and by the European Union
Horizon 2020 Research and Innovation Program via ERC Project REACT (Grant 756482) and via Project
PROMETHEUS (Grant 780701).

TPart of this work was done while visiting Microsoft Research New England.

ISSN 1433-8092



Contents

1

Introduction 3
1.1 OurResult. . ... .. . . 3
1.2 Related Work . . . . . . . . 4
1.3 Our Techniques . . . . . . . . . . . 5
Overview of Our Interactive Coding Scheme 5
2.1 A Blueprint for Interactive Coding Schemes . . . . . . ... ... ... ... 5)
2.2 Our Approach: Tree Code Based Consistency Checks . . . . . .. ... ... 7
2.2.1 Basic Idea: A Stack of Tree Codes . . . . . . ... ... ... .... 7
2.2.2  Analyzing the Stack of Tree Codes . . . . . . . ... ... ... ... 8
2.3 Our Outer Layer: An Error-Resilient Protocol in Model LONG . . . . . . . . . 11
2.4  Our Inner Layer: From Model LONG to the Standard Model . . . . . . . . .. 13
Definitions and Models 14
3.1 Notations and Preliminaries . . . . . . . .. .. . .. ... ... ....... 14
3.2 Error Correcting Codes and Tree Codes . . . . . . . .. .. ... ... .... 16
3.3 Communication Models . . . . . . . . . .. ... 17
3.3.1 The Communication Model STANDARD . . . . . . . . ... ... .... 17
3.3.2 The Communication Model LONG . . . . . . .. .. ... ....... 19
3.4 Formal Statement of the Main Theorem . . . ... ... ... ... ..... 21
Relation Between Model STANDARD and model LONG 22
4.1 Proof of Claim 4.2 . . . . . . . . . . . 24
4.1.1 Intuition and Description of Algorithm 2 . . . . . .. ... ... ... 25
4.1.2  Analyzing Algorithm 2 (Proof of Claim 4.2) . . . ... ... ... .. 29
Our protocols 39
5.1 Informal Overview . . . . . . . . . . . . . . . . 40
5.1.1 The Rewind Mechanism . . . . ... ... ... ... ... ...... 40
5.1.2  The Synchronization Mechanism . . . . . . . .. ... ... ... ... 43
5.2 Our Protocols . . . . . . . . 44
Analysis 46
6.1 Notations and Framework . . . . . . . ... .. ... ... .. ... ..., 48
6.2 Proof of Theorem 6.3 . . . . . . . . . . . . ... 49
6.2.1 Our Framework . . . . . . . . . . .. ... 50
6.2.2 Some Technical Lemmas . . . . . . .. ... ... ... ........ 55
6.2.3 Analyzing One i € STARTS . . . . . . . . . . o v v i i it 61
6.2.4 Lemmas Concerning latest(-) and D(-) . . . . . . ... ... ... ... 64
6.2.5 Lemmas Concerning E(+) . . . . . . ... .o 0oL 71



6.3

6.2.6 Lemmas Concerning F(-) . . .. ... ... ... ... 79

6.2.7 Lemmas Concerning taxo(-) and tax;(-) . . . . .. ... .. ... .. 79
6.2.8 Lemmas Concerning G(-) and B(-) . . . . .. ... ... ... ... 94
6.2.9 Lemmas Concerning extra(-) . . . . . . . . . . . ... ... 97
6.2.10 Proof of Lemmas 6.17, 6.18, 6.19, and 6.20 . . . . . . . .. ... ... 100
6.2.11 Finishing the Proof of Theorem 6.4 . . . . . . . . .. ... ... ... 127
Proof of Theorem 6.2 . . . . . . . . . . ... ... 139
6.3.1  Proof of item 2 of Theorem 6.2 . . . . . . . ... ... ... ..... 163
6.3.2  Proof of Lemma 6.114 . . . . . . . . ... L o 171



1 Introduction

In a sequence of groundbreaking works, Schulman [Sch92, Sch93, Sch96], defined interactive
error-correcting codes. An interactive error correcting code starts with a two party
communication protocol that is built to work over the noiseless channel, and compiles it
to a noise resilient two-party protocol that is only a constant factor longer than the noiseless
protocol. A protocol is said to be noise-resilient if it works even when a constant fraction of
the symbols communicated during the protocol are adversarially corrupted.

Ever since Schulman’s works, the hunt for deterministic and efficient interactive codes
has remained an elusive open problem. An interactive code is said to be efficient if the
‘next message’ functions of the noise resilient protocol are efficiently (and deterministically)
computable given oracle access to the next message functions of the noiseless protocol.

The main line of attack towards getting deterministic and efficient interactive coding
schemes is to construct efficiently encodable and decodable combinatorial objects known
as tree codes [Sch93]. Essentially, a tree code is an error correcting code with an “online”
encoding function. That is, for all i, the i*" symbol computed by the tree code depends only
on the first ¢ symbols of the message it is encoding. The success in this line of attack has
been partial. On the one hand, there has been a lot of progress in the direction of getting
tree codes that are efficiently encodable [Pec06, MS14, CHS18] but on the other hand, the
problem of constructing efficiently decodable tree codes seems to be extremely hard.

1.1 Owur Result

We show that efficient interactive codes can be constructed from tree codes that are not
efficiently decodable (but are efficiently encodable). An informal statement of our main
result is below (for a formal statement, see Theorem 3.8).

Theorem 1.1 (Informal). There is an efficient and deterministic transformation from an
efficiently encodable tree-code to an interactive-coding scheme for two party communication
protocols.

Our result makes a fundamental conceptual contribution, showing that efficiently
decoding tree codes is not a bottleneck in the path towards getting deterministic and efficient
interactive coding schemes. Furthermore, by combining it with known results on tree codes,
we obtain interactive coding schemes in regimes where none were known prior to our work.
For example, combining our result with the slightly sub-constant rate tree codes of [CHS18]
yields a new deterministic and efficient interactive coding scheme with slightly super-linear
communication overhead.

Corollary 1.2 (Combining our result with [CHS18]). There exists a deterministic interactive
coding scheme against adversarial noise that takes a two party protocol of length n and obtains
a two party protocol of length O(nloglogn) that is resilient to a constant fraction of errors.



Additionally, although the parameters of the tree codes that we use are slightly different,
we believe that our techniques can also be combined with those in the work of [MS14] where
the authors show efficiently encodable tree codes based on a conjecture about exponential
sums. This will lead to the first full fledged deterministic and efficient interactive coding
scheme that has a constant communication blowup and is resilient to a constant fraction of
errors based on the same conjecture.

1.2 Related Work

A lot of work has been done in the field of interactive coding in the past few decades, and our
description of the field in the introduction barely scratched the surface. The long line of work
[GMS11, BR11, BK12, BE14, BKN14, GMS14, EGH16, BGMO17, to cite a few] focuses on
building better and better (in various aspects) interactive codes in different regimes. We
only elaborate on a few that are the closest to ours and refer the reader to [Gell7] for an
excellent survey.

Efficient randomized interactive coding schemes. The relaxed problem of
constructing efficient randomized interactive coding schemes has also received a lot of
attention. For our setting of adversarial noise, [BK12], followed by [GH14], construct a hash-
function based interactive coding scheme. Their coding scheme can also be implemented
deterministically in the non-uniform setting, where a non-deterministic “advice” string,
linear in the length of the protocol, is given to the communicating parties and the adversary
[BKN14] (see also [GH14]). For the easier setting of random noise, such schemes have been
known since [Sch92].

Other interactive coding variants. Many other variants of interactive coding have
been studied in the literature, including multi-party interactive coding [RS94, JKI.15, HS16,
EKS18, GKR19] and list decodable interactive coding [BE14, GH14]. Non-adversarial error
models were also considered, most notably the binary symmetric channel (BSC) model,
where each bit going over the channel is flipped with some small constant probability
[Sch92, GMS11, GHK*16].

Tree Codes. Efficiently encodable tree codes are known to be constructible
probabilistically with high probability [Sch93, Pec06], or heuristically based on conjectures
on exponential sums [MS14]. Very recently, an explicit construction with constant error rate
and slightly sub-constant (1/loglog(n)) information rate was presented by Cohen, Haeupler
and Schulman [CHS18]. Narayanan and Weidner [NW19] later showed that the tree code
of [CHS18] can be efficiently decoded using a randomized algorithm, but only against sub-
constant error rate. Also related is the construction of tree codes in sub-exponential time by
[Bral2] and the construction of a weaker object called ‘potent tree codes’ in [GMS11].



1.3 Owur Techniques

It is well known [BK12] that efficient interactive coding schemes are possible given access to
hash functions. In our scheme, we use the same blueprint as [BK12] but we design a novel
way to substitute the randomized hash functions with deterministic tree codes. It turns out
that ensuring that the parties never need to decode the tree code requires the parties to
maintain not one, but several tree codes in a stack and encode different parts of their state
using different tree codes. Matters are further complicated by the fact that the stack needs
to be very small almost all the time so that the communication complexity of our simulation
does not blow up too much.

We then plug this deterministic tree code based hashing mechanism into the consistency
checks of [BK12] to get an interactive coding scheme. In our scheme, instead of sending
hashes of their local state like in [BK12], the parties encode their state using various tree
codes and exchange these encodings with each other. At first sight, this may seem natural
as tree codes, like hash functions, are guaranteed to ‘disagree’ in many coordinates once the
encoded states start becoming different. However, there is a major difference.

Unlike hash functions that are “memoryless” (any invocation of a hash function will
detect an inconsistency with high probability), tree codes are static, deterministic objects. It
is true that they guarantee a large distance on average, but there may be large ‘unprotected’
regions of the tree code where they provide no distance guarantees. A lot of work goes behind
ensuring that the unprotected regions of different tree codes in our stack do not overlap and
we have some protection at all points in our simulation. We next present a detailed overview
of our solution. We believe that our approach may be useful in derandomizing other similar
interactive tasks.

2 Overview of Our Interactive Coding Scheme

We provide a high level overview of our construction and describe the main ideas behind
the proof of security. At a very high level, our construction follows the blueprint of [BK12],
while instantiating the consistency checks using efficiently encodable tree codes instead of
hash functions.

2.1 A Blueprint for Interactive Coding Schemes

In interactive coding, there are two parties, Alice and Bob, that wish to reconstruct the
transcript m of a noiseless protocol while communicating over a notsy channel. This
reconstruction is done gradually, where at each point, the parties maintain a local view
of 7 that has been reconstructed thus far. The goal of the parties is to make sure that these
(potentially inconsistent) local views eventually converge to the actual transcript .

In [BK12], the authors present the following two-layer blueprint for efficient interactive
coding schemes:



e Inner Layer: The first step in [BK12] is to break the transcript 7 into logarithmic sized
chunks. In the ‘inner layer’ of the blueprint, the parties simulate each chunk of 7 separately
using a standard (inefficient) interactive coding scheme. As each chunk is only logarithmic
in length, we can afford to simulate these chunks inefficiently while making sure that the
overall simulation is efficient.

e Outer Layer: In the outer layer, the parties stitch together chunks obtained from the
inner layer to get the actual transcript 7. Namely, the parties maintain a local view of
the sequence of chunks that have been simulated so far and in each iteration of the outer
layer, they attempt to extend this sequence by simulating the next chunk. At the end of
each iteration, the parties execute a consistency check to make sure that the chunk they
are adding to their local sequence is consistent with what the other party is adding and
fix inconsistencies (if any).

The consistency check plays two roles. Firstly, the parties check whether they are
‘synchronized” by exchanging with each other the number of chunks that they have
simulated so far. If the parties are not in sync, i.e., one party has a simulated more
chunks than the other, then the party that has simulated more chunks rewinds one chunk,
and the other party keeps their transcript as is.

Besides the number of chunks, the parties also hash the sequence of chunks that they have
locally and exchange these hashes with each other. These hash values come into play when
the parties are synchronized, and are a means to detect if their local sequences are the
same. If they are, then the parties proceed to simulate the next chunk. Otherwise, both
the parties rewind one chunk.

Analyzing the outer layer. Due to the inner layer, we can assume in our analysis of
the outer layer, that each iteration is either fully corrupted (and thus contains adversarial
content), or not corrupted at all. We need, therefore, to ensure that if at most a constant
fraction of iterations are corrupted then the parties output the correct transcript .

The analysis of the outer layer is usually done using a potential function, whose goal
is to quantify the intuition that “progress” is made in each iteration of the interactive
coding scheme. Here, “progress” could either mean that the local views of the parties
are now closer to the desired output 7, or that some damage done by the adversary
in previous iterations is being undone, or (importantly) that the adversary introduced
new errors. The latter is considered as “progress” since the budget of the adversary is
limited, and the coding scheme benefits from the adversary using up its budget. In order
to get an interactive coding scheme with constant blowup in communication, the prime
principle to keep in mind is that all communication by the parties needs to be “paid for”
by the progress being made. Additionally, if one is interested in constant error rate, then
each error inserted by the adversary is “detected and fixed” after a constant amount of
communication.



In [BK12], these two layers are composed to get the final interactive coding scheme. We
emphasize that randomness is only used in the Outer Layer, and in particular in the hashes
inside the consistency checks at the end of each iteration.

2.2  Our Approach: Tree Code Based Consistency Checks

In this work, we replace the randomized consistency checks of [BK12] with a deterministic
tree-code based one. This task is far from trivial. In particular, as we explain below,
the number of bits sent in each of our deterministic consistency checks will not be fixed.
Rather, in our deterministic solution, the length of each consistency check can be arbitrarily
long, depending on the adversarial errors introduced so far. To simplify our description
of our consistency checks, we first assume that the parties are always synchronized. In
Subsection 2.3 we show how to deal with synchronization issues.

2.2.1 Basic Idea: A Stack of Tree Codes

Replacing hash functions with tree codes is a natural approach. The purpose of the hashing
mechanism is to provide a signal for the event that the two local sequences of chunks
disagree. The property of this signal is that once a disagreement occurs, a constant fraction
of the iterations result in the parties receiving an indication of this disagreement (with
overwhelming probability). Observe that a tree code naturally provides such a mechanism,
simply encoding the local view with a tree code does exactly this, since we will still get an
indication of the disagreement in a constant fraction of the iterations, and in order to avoid
the detection of this discrepancy, the adversary needs to keep investing new errors.

A closer look, however, reveals a very significant difference between detection on a large
but fixed subset of the iterations, as offered by tree codes, and detection at every iteration
with large probability, as offered by hash functions. Let us illustrate this using an example.

Suppose that, in some iteration ¢, the local sequences of chunks of the parties disagree,
and even though iteration ¢« was not corrupted, the parties did not detect this disagreement.
Such failure can happen in the hash setting due to its probabilistic nature, and in the tree
code setting because it only guarantees detection on a large subset of (and not all) iterations.
Further, assume (optimistically) that in iteration i 4 1, the disagreement is detected and the
parties rewind their local state, reaching the same state as they had in iteration ¢. Now, in
the hash-based solution, we get a second chance to detect the past disagreement, since we
use a fresh hash function. The naive tree-code based solution, however, is doomed to repeat
the mis-detection due to the deterministic nature of the tree code. This allows the adversary
to invest a sufficient amount of errors to place the parties in a vicious loop, and then the
adversary can just sit back and watch the protocol never converging.

Our Approach: Rather than simply rewinding one step and then continuing forward
(which may lead to an infinite loop), our protocol guarantees that the rewinding process



removes an actual disagreement. At a high level, this is done by ensuring that the parties
keep rewinding till they find a place where their sequences disagree. Such a rewinding
procedure is implemented using “backwards tree codes”. Namely, as the parties rewind,
they send the sequence of chunks, starting from the last chunk, that they have rewound
encoded using a tree code to each other. The parties will end the rewind stage and continue
going ‘forward’ only after a point of disagreement is found while going backwards.

Unfortunately, this fix is only partial, and the reason again is the deterministic nature
of tree codes. Suppose that the adversary inserts a lot of errors at the beginning to create a
large “unprotected region” (i.e., a region of the tree code lacking good distance). When they
are in an unprotected region, it may take a lot of iterations for the parties to detect that a
disagreement exists in their sequences of chunks. Consequently, when they eventually detect
this disagreement, the parties may have to rewind a lot of chunks in order to reach this point
of disagreement. Once this point of disagreement is reached, the parties start going forward
again.

However, even when going forward a second time, the parties are still in the unprotected
region, and it may take them a lot of iterations to detect any errors that the adversary inserts
now. This slow detection means that the adversary wastes a lot of communication for each
error he inserts, derailing our interactive coding scheme.

We fix this problem by “patching” the unprotected region of the tree code, as follows.
After a disagreement is removed, we add to the original (forward) tree-code, which may be
in an unprotected region, a new forward tree-code. We use this new tree-code to encode
the suffix of the transcript starting from the point of disagreement found by the backward
tree code. This encoding is in addition to the original tree code encoding. As the new tree
code is in a protected region (the first levels of any tree code are protected), the parties will
quickly detect any new errors inserted by the adversary and continue the simulation.

Observe that adding new tree codes each time a point of disagreement is found can result
in the parties having a stack of multiple tree codes. This is because sometimes we will need
to “patch the patch” by adding forward tree codes again and again. We refer to this as “the
stack of tree codes”. As the communication in each iteration will be proportional to the
number of tree codes in the stack, we need to make sure to control the size of the stack so
as to keep it from blowing up the information rate. Besides, there are multiple other issues
that need to be resolved. We address these in the detailed description below.

2.2.2 Analyzing the Stack of Tree Codes

We now cover the remaining issues with our stack of tree codes, and also provide a taste
of our analysis. Recall from Subsection 2.1 that, in order to have a constant blowup in the
communication and a constant error rate, one needs to make sure that the communication
during the rewind and patching phases is proportional to the number of errors inserted by
the adversary.

e The master tree code: The protocol starts as in the basic idea above. The parties



maintain locally, a sequence of chunks that they have simulated, and in each consistency
check they send the tree code symbol that stems from encoding this sequence of chunks.
While this is not a complete solution (as we explained), this simple consistency check still
provides the guarantee that as soon as a disagreement arises, the adversary must keep
inserting new errors in order to keep the parties from detecting the disagreement. The
conclusion is that the existence of a discrepancy will eventually be detected, and the time
spent in detecting this disagreement can be charged to the adversary’s budget.

e Backwards tree codes: Recall that once a disagreement is detected the parties start a
backwards tree code to reach the point of disagreement. Can the communication spent in
detecting this disagreement be charged to the adversary’s budget?

Intuitively, it seems that the answer should be yes, since the rewinding should be paid for
by the errors that created and hid the disagreement from the parties. This intuition can
indeed be formalized, except for the following two cases:

— Fake disagreements: Recall that the rewind process is triggered by detecting a
disagreement in the master tree code. However, it is possible that this disagreement
is “fake” in the sense that the parties think there is a disagreement due to adversarial
error, even when there is no disagreement. In this case, the parties will continue to
rewind all the way to the first chunk, since they will never find a point of disagreement,
as none exists.

We get around this issue by having the parties verify the “reason” of entering the
rewind process at each step of the rewind process. Namely, when the parties are
rewinding, then, in the consistency check, they not only exchange the backward tree-
code encodings, but they also exchange the point and value of the master tree code
that caused the rewinding. If at some point these values agree and there is no reason
to go backwards, the parties reverse the backtracking process, one step at a time.

Adding the reasons to the rewind process ensures that the adversary needs to corrupt
the reasons at each step of the rewind process in case of a fake disagreement, thereby,
getting around the above problem.

— Too many disagreements: The other case where the adversary’s budget fails to
pay for the rewinding is in case the adversary inserted a lot of disagreements and it
is infeasible to correct them one at a time'. To understand this case, suppose that
the adversary generated a burst of “ancient” errors resulting in a large unprotected
region, and then inserted another burst of errors inside this unprotected region. As
the region is unprotected, the parties only detect the second burst of errors after a
lot of iterations, when they go back and remove the last disagreement in this burst.
Once they remove this disagreement, the parties start going forward using a patching
tree code. We claim that even if the adversary does not insert any more errors, it

'Note that disagreements can only be corrected one at a time as after reaching the first point of
disagreement, the parties are not even sure whether a second point of disagreement exists or not.



will take the parties a lot of iterations to get rid of the second burst of errors. This is
because they will remove these errors one at a time, and may potentially go forward
a lot after any such removal. Indeed, the master tree code does not protect them,
and the patching tree code does not either because it starts after the burst of errors,
and is therefore oblivious to the errors in the burst.

To ensure that error correction happens quickly enough, we “double” the rewind
process (for example, if we detect a disagreement 5 chunks in the past, we will
rewind to remove 10 chunks from the local transcript). On the one hand, this is only
a constant factor, so if there were no ancient errors, then we did not lose too much
from this doubling. On the other hand, if there is an ancient burst of errors, then
due to the doubling of the rewind process, we make progress fast enough towards
correcting all the disagreements in the local view of the parties.

e Patching tree codes: Suppose that a rewind just concluded, and the parties would now
like to start going forward and rebuild their local transcript. Recall that, when the parties
start going forward again, they add a patching tree code to their stack of tree codes that
runs in parallel with the master tree code as they go forward. The purpose of this patching
tree code is to provide extra protection to the parties in case they are in an unprotected
region of the master tree code. With this patching tree code, two encodings are sent in
the consistency check for every new chunk that is added to the local view of the parties.
These encodings are those of the master tree code and the patching tree code respectively.
The encoding of the master tree code corresponds to the all the chunks in the parties’
local view, whereas the encoding of the patching tree code corresponds to the suffix of the
chunks starting from the point where the rewind process ended.

Similar to the analysis of the backwards tree codes, the analysis of the patching tree codes
gets stuck in two cases. Both these cases parallel the analogous cases in the analysis of
the backwards tree codes and we only provide a brief description.

— Fake patches: The first bad case for the analysis is when the adversary makes
the parties add a patching tree code even though they did not reach a point of
disagreement in the rewind phase. This is problematic because when it happens, the
parties erase all of the progress they made in the rewind phase due to just one extra
error inserted by the adversary (namely, the one that caused the patching tree code
to start).

We fix this problem by having a “reason” for the patching tree code that is “verified”
every time a new symbol is sent on the patching tree code. This reason is the location
and the value of the backward tree codes where the disagreement was found. With
this reason, if the adversary wants to create a long fake patching tree code, he needs
to insert errors at every step of this patching tree code in order to fail the verification
done by the parties at every step. This needs a lot of errors that the adversary cannot
afford for too long.
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— Too many patches: The other bad case occurs when the adversary creates multiple
patches on the same master tree code. Recall that the purpose of a patch is to provide
protection in the unprotected regions of the master tree code. Once the parties are
outside the unprotected region, they must drop the patching tree codes to save on
the communication in the consistency check. Indeed, the communication needed in
the consistency checks increases with the number of tree codes in the stack.

However, the parties do not know where the unprotected regions are, and we need
some other criterion to drop the patching tree codes. One natural candidate is to
drop the patching tree code at the point where the rewind process started, i.e., if the
parties rewound x chunks before going forward again, then the patching tree code will
be dropped after z iterations. This idea, however, does not work, and it is possible
to create a pathological example where the adversary can make the parties waste a
lot of communication in the patching and rewind processes by carefully inserting a
small number of corruptions.

The solution is twofold. Firstly, we double the length of the patching tree codes.
Namely, instead of dropping them after x iterations, the parties drop them after 2x
iterations. On the one hand, it is only a constant factor, and therefore still can be
charged to the adversary’s budget while on the other hand, now the parties will be able
to escape the unprotected region much faster and reach a point where the master tree
code again protects them. Besides doubling the length of the patching tree codes, we
will also need the patching tree codes deeper in the stack to be more secure than the
tree codes higher up in our stack. We do this by adding more and more redundancy
to tree code symbols as we go deeper and deeper in the stack. Specifically, we ensure
that the size of the encoding of a tree code is a small exponential in the position of
the tree code in the stack. This extra redundancy in deeper tree codes allows us to
finish our argument.

In conclusion, our consistency check maintains a stack of tree codes consisting of the
master code, backtracking codes, and patching codes. We use the term forward tree codes
to refer to the master and the patching tree codes together. The number of bits sent in
each consistency check depends on the number of tree codes in the stack. Importantly, the
consistency check only requires efficiently encodable tree codes and does not require any
randomness.

2.3 Our Outer Layer: An Error-Resilient Protocol in Model LONG

Recall that we assumed the parties are always synchronized in Subsection 2.2 when describing
our tree code based consistency checks. We next remove this assumption and show how the
parties can synchronize themselves and finish our Outer Layer.

Recall that synchronization is needed in [BK12] because if the parties are not
synchronized, then they think they are simulating different chunks of the noiseless transcript
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and the resulting communication is meaningless. For our consistency checks, synchronization
is also needed in order to make sure that tree code encodings exchanged by the parties in the
consistency checks can be compared to each other. Indeed, it only makes sense to compare
two tree code encodings if they come from the same ‘level’ in the tree code, as otherwise,
the distance property is not guaranteed to hold.

In order to make sure that they are synchronized, the parties exchange the following
synchronization information: The total number of chunks (forward and backward) that the
parties have simulated so far, the number of tree codes they have in their stack, the number
of chunks in the parties’ local sequence when each tree code was added to the stack, and
the length of their forward transcript and backward transcript (the length of the backward
transcript is non-zero only if they are in the process of backtracking). This synchronization
information adds only a constant multiplicative overhead to the number of bits sent in the
consistency checks, and therefore blows up the length of our interactive coding scheme by
only a constant factor.

The model LONG. Observe that the number of bits required to encode our synchronization
information and the number of tree code encodings exchanged by the parties depends on the
number of tree codes in the parties’ stack. Correspondingly, the number of bits sent by the
parties in the consistency check in the Outer Layer will vary from iteration to iteration. In
order to capture this neatly, we present our outer layer in an artificial model, called model
LONG. In our Inner Layer, we convert a protocol in model LONG to one in the standard two
party model.

In model LONG, the protocol proceeds in “iterations” of P + 1 rounds, where P is the
time it takes to simulate one chunk of the noiseless transcript. Each iteration consists of P
“standard /short” rounds where parties send each other one symbol per round followed by
one “long” round where the parties may send arbitrarily long messages. The long rounds
correspond to the consistency check in our Outer Layer, where the parties may be sending
a lot of bits based on the number of tree codes currently in their stack. In model LONG,
we consider adversaries that either corrupt an entire iteration, and are charged by the
communication complexity of that iteration, or leave the iteration completely uncorrupted.
This is similar to the adversaries in [BK12], except that for us, the communication complexity
of an iteration is not fixed, and depends on the adversarial error.

Synchronizing Alice and Bob. The presence of a stack of tree codes instead of a single
hash function and fact that the communication complexity of an iteration is not fixed makes
our synchronization procedure more complicated than [BK12]. Firstly, in order to detect
which party is ahead of the other, the parties can no longer rely on the length of their local
sequence of chunks. Indeed, this length is not a good estimate because the parties can go
both forward and backwards in the sequence. Instead, the parties determine who is further
ahead based on the total number of chunks, both forward and backward, simulated so far
and this number is exchanged as a part of the synchronization information.
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Furthermore, because the communication in each iteration is different, when the parties
detect that they are out of sync (say Alice is ahead of Bob), then instead of Alice going
back one iteration in time, as in [BK12], she needs to go back an amount proportional
to the communication in this iteration. For example, suppose that Alice and Bob detect
a synchronization error in iteration ¢, when the length of the synchronization information
received by Alice from Bob is b bits. Also suppose that in all the iterations 1 through i Alice
sent a bits of synchronization information to Bob. Then, in iteration ¢, Alice will need to go
back (roughly) b/a iterations, so that the total amount of communication that she rewound
is around a - b/a = b. Rewinding in this way ensures that the amount of communication it
takes to get back in sync is upper bounded by a constant times the amount of errors invested
by the adversary to make the parties fall out of sync.

Finally, just like [BK12], if the parties are synchronized, then they continue the
consistency check as described in the foregoing section.

2.4 Our Inner Layer: From Model LONG to the Standard Model

In our Inner Layer, we convert a protocol in model LONG to a protocol in the standard model,
with essentially the same error resilience properties (up to constant factors). The fact that
the long messages exchanged after every P rounds in model LONG are arbitrarily long makes
this part quite tedious®?. We do this in two steps:

1. First, we convert the protocol in model LONG into another protocol in model LONG,
which has the guarantee that all the long messages are of the same fixed length which
is a constant times P.

2. Then, we convert the protocol obtained in Step 1 above into one in the standard model.

Observe that Step 2 is quite straightforward and is very similar to the Inner Layer of
[BK12] described in Subsection 2.1, and it simply applies a deterministic tree code based
interactive coding scheme to each iteration separately. Since each iteration is only of length
O(P) after Step 1, which is logarithmic in the length of the noiseless transcript, the tree
codes required in this step are computationally efficient.

However, Step 1 is tedious, and is roughly carried out as follows. When a party needs to
send a long message, the party first encodes the message using a standard error correcting
code resilient to insertions and deletions. Then the party breaks this encoded message (which
may be way too long) into blocks, each of length P. The parties will then send these blocks
one at a time, along with some metadata, which includes which block number it is, and
whether it is the last block or not, etc.. This metadata will help the receiving party stitch
the individual blocks together in the right order.

2Dealing with variable message-length in interactive coding was already considered in previous works
[EHK18] (although our case is simpler in some aspects since we do not seek to preserve round complexity).
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The reason we use error correcting codes resilient to insertion and deletion errors is to
simulate the guarantee in model LONG that says that corrupting any part of the long message
or the P standard rounds before it requires the adversary to spend a number of errors
proportional to the length of the long message. Error correcting codes resilient to insertions
and deletions provide this abstraction (up to constant factors) even if certain blocks are lost
in the transmission and reconstruction.

However, even these error correcting codes do not make sure that corrupting any of the
P standard rounds requires as many corruptions as the length of the long message. To
ensure this, we repeat these P standard rounds before every block in the long message and
only proceed if all these repetitions are consistent with each other, i.e. they yield the same
transcript. If there are blocks where these P rounds are not consistent with each other, we
rewind one block and repeat to (hopefully) get consistency. Ensuring that the repetitions are
mutually consistent in turn ensures that the adversary needs to invest a lot of corruptions
if he wants to corrupt the P standard rounds. In turn, this ensures that our requirements
from the Inner Layer are satisfied.

3 Definitions and Models

3.1 Notations and Preliminaries

Notation. For d > 0, the notation [d] = {1,2,--- ,d} will denote the set of integers at most
d. The notation [a : b) will denote the set [a,b) NZ, and (a : b), (a : b], and [a : b] are defined
analogously. For n > 0 and a set S, the set S=" is defined to be [J;_, S* where S* denotes
the set S x S x--- x S. We also define S* = [, S*. We use || to denote concatenation.

7 ti\I;leS
For a string s = s189-- s, of length n > 0 and i € [n], we use s<; to denote the string

518 -+ 5;. We define s;, s5;, and s>; analogously. For iy < iy € [n], we use s(;,.;,) or s(iy : 1]
to denote s;, 115,424, and S(, .y, S(i1 : 92) etc. are defined analogously. Similarly, for
a function f : X — Y™ (for some sets X, Y, and n > 0) and i € [n], we use f; to denote
the function that on input € X outputs the i*® coordinate of f(z), and f<; to denote the
function that outputs the first 7 coordinates. We similarly define f.;, f~;, and f>;. We shall
use A and B to denote Alice and Bob respectively, and if C' € {A, B}, then C' will denote
the unique element in {A, B} that is not C. For any vector v, we denote by |v| the number
of elements in v.

A distance metric over strings. Let 3 be an alphabet. Consider strings u,v € ¥*. We
define the function A : ¥* x ¥* — N as:

Alwo)=Ilul = |oll+ D> L(wm#wv).

1€ [min(|ul,|v])]
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Observe that A reduces to the well known notion of Hamming distance when |u| = |v|. Just
like the Hamming distance, the function A defines a metric.

Lemma 3.1. The function A(-,-) defines a metric over strings.

Proof. Clearly A(u,u) = 0 for all strings u and the function A is symmetric. It remains to
show the triangle inequality. Let u,v,w be strings. Define k = min(|ul, |w|). If |v| < k, we
have that:

A, w) = [Ju] = [w][ + Y 1 (u; # w;)

1€[k]
= |lul = ol + [[o] = Jw|| =2+ (k = [o]) + > T (u; # w;) (As [v] < k)
1€[k]
< | = ol + [Jo] = Jw|[ + Y T (u; # w) (As [v] < k)

i€[]v]]

< A(u,v) + A(v, w).
On the other hand, if |v| > k = min(|ul, |v|, |w|), we have that:

Alu,w) = lu] = ][ + Y T (u; # wi)

i€[k]

< ful = Joll + [[o] = fwl] + Y T (us # v;) + Y 1 (v; # wy)

1€[k] i€[k]
< A(u,v) + Av, w),
where the last step uses k = min(|u|, |v], |w|). O

Lemma 3.2. Let k, l1, Iy be integers such that k < l,. For strings s; € X1, s5 € X2, ¢t € ¥k,

we have
A(Sl,t) — A<81||52,t) = —12.

Proof. Note that

A(si,t) = Alsillso, ) =l —k+ Y T(s1i# ) — (h+l—k) =Y 1(s1; # 1)

ic[k) i€[k]
= —[5.
]

Lemma 3.3. Let k, l1, Iy be integers such that I, +1y < k. For strings s, € ', sy € X2t €

¥ we have
A<81H52,t> S A(Sl,t).

Proof. Note that

A(S1||82,t) = k — ll — 12 + Z 1 (31,i 7’é ti) + Z 1 (Sg,i 7é tll—i—i)

i€[l1] i€(la]
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<k—l1+z Sll#t

1€ l1]

= A(Sl,t).

3.2 Error Correcting Codes and Tree Codes

We will use error correcting codes, and tree codes extensively in this paper, and we recall
these notions in this section.

Error Correcting Codes. We will use the following error correcting codes promised by
(5799, GL16]. Recall the function A(v,w) defined in Subsection 3.1.

Theorem 3.4. Fix any finite alphabet ¥ and any v € (0,1/2). There exists an integer
Ky = Ko(v) and functions ECC, : ¥* — ¥* and DECC, : ¥* — ¥* that can be computed in
time polynomial in the length of their input such that the following holds for all t > 0:

e For allu € 3, we have ECC,(u) € XX, (Rate condition)

e For allu € ¥ and all E € ¥*, we have A(E,ECC,(u)) < vKot = DECC,(E) = u.

(Distance condition)

We mention that the requirement in Theorem 3.4 is strictly weaker than the ‘edit distance’
requirement in the works of [SZ99, GL16] as our metric A(-) is larger than edit distance.
This weaker requirement will be sufficient for our needs. Additionally working with A(-)
allows us to use Lemma 3.2 which will simplify the presentation of some of our arguments.

Remark 3.5. Let ¥ be as in Theorem 3.4. For notational ease, in the rest of this
paper, we denote ECC = ECC%, DECC = DECC%, and Ky = Ko(1/3). Observe that
we can assume, without loss of generality, for all s € ¥* such that |s| > Ky, we have

bl < K, - IDECC(s)| < 2]s].

Tree Codes. Tree codes, first introduced by Schulman [Sch93], are ‘online’ error correcting
codes that work even when the input is streaming. We use the following version defined
in [BR11].

Definition 3.6 ((«, d, n, X)-tree code). Let d,n > 0 be integers and let o > 0 be a parameter.
Let ¥ be a finite set. A d-ary tree code of depth n and distance o > 0 over alphabet ¥ s
defined by an encoding function TCqgns : [d]S" — X that satisfies the following:

For all integers k < n, if we define, for v = vivy--- vy € [d]*, the function ﬁa’d’mx(v)
to be TChanx(v1)||TCadnx(v1,v2)| - ITCoans(vi,va, -+ ,vx), then, it holds for all u =
Uy Up, v =0y vy € [d]F that

A(T_Ca7d7n7g(u),T_Ca7d7n7g(v)) > - (k— |LCP(u,v)]).
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In the above definition, LCP(u, v) denotes the longest common prefix of the strings u, v.
Observe that the way TC, q,.x is defined, it holds that TC, g, x(u) and TC, 4, x(v) are of
length k and agree on the first |LCP(u,v)| coordinates. Thus, the definition implies that at
least a « fraction of the remaining coordinates are different in T_Ca,d,n,z(U) and ﬁa,d,n,E('U).

The following theorem was first proved by [Sch96]:

Theorem 3.7. For every n,d € N, and 0 < a < 1, there exists a (o, d,n, [d°—=M])-tree
code.

3.3 Communication Models

In this section, we define the two communication models that we work with and establish a
connection between these models.

3.3.1 The Communication Model STANDARD

We begin by defining the model STANDARD that captures the ‘standard’ two party setting
with adversarial noise found in the literature. Namely, the protocols in STANDARD have a
fixed, predetermined number of rounds such that in every round, Alice sends a message
to Bob and then, Bob sends a message to Alice (that may depend on the message he just
received). Furthermore, the messages sent by the parties to each other come from a constant
sized alphabet X.

Note that the execution of a protocol in model STANDARD takes place in the presence of
adversarial noise. This means that a small number of messages sent by the parties may be
corrupted before they reach the other party. The corruptions are adversarial in the sense
that we only record the total number of messages corrupted, and the protocol should work
regardless of where these corruptions are (as long as they are below the total number of
corruptions allowed).

Next, we formally define the notion of a protocol and an adversary in model STANDARD:

Definition of a protocol. Let 7" > 0 be an integer and X be a finite non-empty set. Let
X4, XP be the set of inputs of Alice and Bob respectively. Similarly, let Y4, YZ be the set
of outputs of Alice and Bob respectively.

A protocol IT with T rounds and alphabet ¥ in model STANDARD is defined by a tuple
I = {f% g%} ceqapy. Here?, the function f# has type f* : X4 x ©< — ¥ and the
function f? has type fZ: XZ x ©<T — %. Also, for C' € {A, B}, the function ¢¢ has type
g¢ X¢ x 0= 5 y©,

3Note that the difference of ‘<’ vs. ‘<’ in the definition of f4 and fZ above is owing to our convention
that Alice speaks first in every round.
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Definition of an adversary. Using the same notation as above, we define an adversary
A for the protocol II. The adversary A is defined by a pair of functions (A4, AP) of the
type A4, AP X4 x XB - X7,

Recall that we use A{* to denote ™ coordinate of A* and A%, to denote the first ¢
coordinates of A4, etc. We finish this section, by describing how a protocol II is executed
in the presence of adversary A.

Execution of a protocol. The protocol II proceeds in T rounds. At the beginning of
the protocol, Alice has an input 4 € X4 while Bob has an input 2% € X®. We maintain
the invariant that before she speaks in round 7, Alice can compute Aéi(as"‘, z8) and before
Bob speaks in round ¢, he can compute Ag(x“‘, rP). Additionally, we maintain that after
round 7, Alice and Bob have transcripts 74, 78 € X% respectively. At the beginning of the
protocol, 7 = 7P = ¢, the empty string

In round i € [T], Alice sends the symbol f4(z?, A4, (x4, 27)) to Bob and Bob receives
the symbol AP (z#, 7). This is followed by Bob sending the symbol fZ(z®, AZ; (24, 27)) to
Alice and Alice receiving A (24, 2P). Alice appends f4(x4, AZ,(z4, 2P)) and A (24, 2P)
to 74 (in that order) while Bob appends AP (24, 28) and fP(28, AL, (24, 2P)) to 7.

Observe how the execution preserves our invariant above. Also, note that if
fA(xA, AL (24, 2B)) # AB(24,2P), then the message from Alice to Bob was corrupted
in round . Similarly, if f5 (2, AZ; (24, 25)) # A (24, 2P), then the message from Bob to
Alice was corrupted in round 1.

After T rounds are over, the parties output ¢“ (2%, 7¢), where, as usual, C' = A for Alice
and C' = B for Bob.

Observe that the entire execution described above is determined by II, A, 24, and .
¢ 7

For C' € {4, B}, we sometimes simply say [19(z#, 27) to denote the value of g% (z¢, in

the execution above.

Corruptions. For r € [T], we define:

cord{B(a, 2P, 1) = 1A, AL, (14, 27)) £ AP (a4, a7
corii (e, o 1) = L/ (a®, AZ (o %) # AP, ).

(S in the aboved notation stands for the model STANDARD.) Observe that
corré“’ﬁ}’ﬁ(xA,:z:B ,7) = 1 if and only if the message from Alice to Bob was corrupted in
round r. Similarly corrgaﬁ(xA, 2P, r) =1 if and only if the message from Bob to Alice was

corrupted in round r. Also, define:

A—-B/ A _B - A—-B/ A B -

corrg (a7, 27, <) = g corrg (w7, 27, 0).
i€[r]

corrf A (x? 2B < r) = E corrf (x5 0).

i€]r]
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The total number of corruptions is defined to be:
corrg pa(z?, 28, < r) = corréﬁﬁ(x"l, B, <r)+ corrﬁﬁﬁ(xA, B, < r).

Finally, we define corrg4(z?, 27) = corrgyy4(2?, 2%, < T). We omit the subscripts from

the above definition when they are clear from context.

Noiseless Adversary. Observe that for every protocol II, there is a unique adversary A*
that satisfies corrg 4= (24, 2%) = 0. We call this the noiseless adversary for 11 and define

¢ (24, 28) = . (24, 2P) for C € {A, B}.

3.3.2 The Communication Model LONG

To improve the presentation of our interactive coding scheme, we define a new communication
model called model LONG. We remark that the model LONG is somewhat unrealistic and we
only use it to make the proof of correctness of our interactive coding scheme simpler.

The key difference between the model LONG and the model STANDARD is that the former
has an additional parameter that we call the ‘period” and denote by P. The total number
of rounds in any protocol in model LONG will be a multiple of P + 1. These rounds will be
exactly like the rounds in a protocol in model STANDARD, except that every (P + 1) round,
the parties can send arbitrarily many symbols from ¥ (based on the transcript so far).

Due to the fact that there are rounds where the parties can send more than one symbol
from ¥, the total number of symbols sent in the protocol may not be determined by the
number of rounds. We will use R to denote the number of rounds in the protocol and
have an additional parameter, S, to capture the number of symbols exchanged by any party
during the protocol (We will define S formally later).

We now proceed to define the notion of a protocol and an adversary more formally. Note
that the adversaries in model LONG can insert /delete symbols in the rounds that are multiples
of P+ 1. This is done to avoid signaling, as the messages in these rounds can be of different
lengths (see [GIK17] and references therein for a good discussion of signaling).

We also note that in model LONG, the corruptions inserted by the adversary are counted
in a way such that even if the adversary corrupts only one symbol in the rounds (¢(P + 1) :
(c+1)(P+1)], for some ¢ > 0, it has to spend as many corruptions as the total communication
in rounds (¢(P + 1) : (¢+ 1)(P + 1)]. This way of counting the corruptions is justified by
using appropriate (interactive) error correction.

Definition of a protocol. Let X be a finite set with a special symbol L and let P, R, S > 0
be integers such that S is a multiple of P and R is a multiple of P+1. As before, let X4, X ?
be the set of inputs of Alice and Bob respectively. Similarly, let Y4, Y be the set of outputs
of Alice and Bob respectively.

A protocol Il with R rounds, period P, with alphabet ¥, and a length of S symbols in
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model LONG is defined by a tuple II = {fc,gc}cE{AyB}. Here?, the function f# has type
fA XA x (2%)<F — ©* and the function f? has type fZ : XP x (£*)=F — ¥*. Also, for
C € {A, B}, the function g© has type g© : X¢ x (¥*)sF — Y©.

To reflect the fact that in every (P + 1) round, the parties can send arbitrarily long
messages to each other, we make sure that the functions f4 and f? satisfy an additional
property. For the function f#, we require that unless the second input is in (X*)*P+D=1 for
some integer k, the function will only take values in 3, and for the function fZ, we require
that unless the second input is in (X*)*"+1) for some integer k, the function will only take
values in ..

Similarly, to reflect the fact that the parties communicate at most S symbols, we ensure
that after S symbols have been communicated (sent/received) by any party, the party can
only send and receive L. This is done by ensuring that, for all 7 € (3*)<% and i € [R], we
have:

S el + SN ) < 8 = S lmel + I ) < S

i< i< i< 1/ <i

S lmal + ) I et )| = S = At s =

i< i<

{J_P (P +1) divides i (1)

1, otherwise

In the foregoing equation, L7 denotes L concatenated to itself P times. Analogous
constraints hold for Bob as well.

Definition of an adversary. Using the same notations as above, we define an adversary
A for II. The adversary A is defined by a pair of functions (A%, AZ) where A4 AP :
X4 x XP — (I)%. As before, for i € [R], we use A8 (resp. AP) and AZ; (resp. AZ)) to
denote the i*" coordinate and the first i coordinates of A4 (resp. A®) respectively.

We require that if i € [R] is not a multiple of P + 1, then A%, AZ take values in . This

ensures that if ¢ is not a multiple of P + 1, then the parties receive exactly one symbol in
round .

Execution of a protocol. We now describe an execution of a protocol II in model LONG
in the presence of adversary A. We use the same notation as above. At the beginning
of the protocol, Alice and Bob have inputs 24 € X4 and 28 € X respectively. We will
maintain the invariant that before Alice speaks in round i € [R], she knows the value of
.Aéi(xA, xP). Similarly, we will maintain that before Bob speaks in round 4, he knows the
value of AZ, (24, 2P).

In round i € [R], Alice sends f4(z*, A2,(2,27)) to Bob while Bob receives AP (24, 27).
This is followed by Bob sending fZ(z?, AZ;(24, 27)) to Alice and Alice receiving A2 (24, 27).
Observe how this execution maintains are invariant above.

3

4 Again, the difference of ‘<’ vs. ‘<’ in the definition of f4 and f? above is owing to our convention that

Alice speaks first in every round.
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Finally, after round R, for all C' € {A, B}, party C outputs g“ (2%, AS (24, 27)). Recall
that C' = A for Alice and C' = B for Bob.

Observe that the entire execution described above is determined by I, A, x4, and 2”. For
C € {A, B}, we sometimes simply say I1G (2", 27) to denote the value of g© (2%, AS (2, 27))
in the execution above.

Corruptions. To finish this section, for r € [R/(P + 1)], we define the function
corry, 1, 4(z4, 2B, 7) that measures the number of corruptions inserted by the adversary in
the rounds ((r—1)(P+1) : (P +1)] (L in these definitions stands for the model LONG). We

have:

diSCéHi@A@Bﬁ) =1 (Hi/ e[P+1]: fA" "4<(7" 1)(P+1)+4 (o, 2P)) # A (r—1)(P+1)+i /(@ AaxB)) :
diSCEHj(.TA,LUB,T) =1 (EIZ/ < [P + 1] : fB( A< (r—1)(P+1)+4 (JI Z )) 7& A(r 1)(P+1 +’L’(xA7xB>)
ot (e, a8, 1) = discP T8 (4, 2, 7) - max (|4 (" Aq(pﬂ (@, 52|, A oy (24, )])
COFFEE}j(xA,[EB,T) = diSCE’H7i(ZL’A7:L‘B77‘) max (|f ( <r (P+1) ( » L ))|7 |'AT'(P+1 anxB |)
corrp ma(x?, 2P r) = corrfﬁﬁ(a:A, B r) + corrfﬁfh(m“‘ z5r).

(In the above notation disc stands for discrepancy.) We omit the subscripts from the

above definition when they are clear from context and define corrfﬁ”i(x B <r) =
Y icp corrimti(z?, 2P 4) and corrify (x4, 27) = corrflifi (a4, 2P, < R/(P 4 1)). We define
corr{'1i5i (x4, 2%, < 0) = 0 for convenience and use analogous deﬁmtlons for corrP4 and
COorrL, 11,4-

3.4 Formal Statement of the Main Theorem

Having defined our communication models, we are ready to formally state our main theorem.

Theorem 3.8 (Formal statement of Theorem 1.1). There exists constant n, 1, 6 such that
the following holds:

Let 3, X4, XB YA YP be sets as in Subsection 3.3. Let II = {f, g%} ceqany be a
protocol in model STANDARD with T > 2200Ko+10%02 younds and alphabet ©. Furthermore,
the input and output sets of Alice (resp. Bob) in 11 are X4 and YA (resp. XP and YP)
respectively.

Then, there is a protocol II' = {f'°, ¢“}ceqapy in model STANDARD with T" = nT,
alphabet X, and the same input and outputs sets for the two parties such that for every
adversary A’ for II' in model STANDARD, and all inputs 24 € X4 and 28 € XB, and
C € {A, B}, we have that

corrs (24, 28) < 0T = T (24, 28) = (2, 25).
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Furthermore, the functions f'C and g'°, for C € {A, B} make use of the function TC =
TC, 105 221060 T) 4y 1) tog(yT) sk 10xerr) (1) (for a large enough constant K so that Theorem 5.7
holds) and can be computed in time polynomial in T given oracle access to the functions f€
and g¢, where C € {A, B}, and oracle access to the function TC.

Remark 3.9. There exists ng > 0 such that Theorem 3.8 holds for n = ny and 0 = 1—10 for
the weaker requirement that the functions f'° and ¢'°, for C € {A, B} can be computed in
time exponential in T'. For this weaker requirement, oracle access to TC is not necessary for
the furthermore part.

For the rest of this paper, we reserve 7, to denote the constant from Remark 3.9.

4 Relation Between Model STANDARD and model LONG

Recall that our goal in Theorem 3.8 is to describe an interactive coding scheme in model
STANDARD. Instead of showing such a scheme, we actually show an interactive coding scheme
in model LONG and a general transformation from protocols in model LONG to protocols in
model STANDARD. This section formalizes and proves the transformation (see Theorem 4.1),
while the next section constructs the interactive coding scheme in model LONG.

Theorem 4.1. For all 6, > 10720, there exist constant 0,0, such that for n, = 10°0y +
100Ky, the following holds:

Let ¥, X4 XB YA YE be sets as in Subsection 3.3 above. Let P,R,S > 0 be integers
such that 2log S > P > log S > 100(Ky + logns). Let IT = {f, g% }ceqany be a protocol
in model LONG with R rounds, period P, alphabet ¥ and length of S symbols. Furthermore,
the input and output sets of Alice (resp. Bob) in 11 are X4 and YA (resp. XP and YP)
respectively.

Then, there is a protocol II' = { f'“, ¢'“}ceqa,py in model STANDARD with T = m1.S rounds
and alphabet 3 with the same input and output sets for the two parties such that for every
adversary A" for II' in model STANDARD, there is an adversary A for II in model LONG such
that for all inputs x4 € X4 and 2% € X, we have

1. For all C € {A,B}, we have that 1IG(z*,28) = W (x*, 2P).  Furthermore, the
functions f'° and ¢g©, for C € {A,B} can be computed in time polynomial in S
assuming oracle access to the functions f¢ and g©, where C € {A, B}.

2. It holds that corrs i u(x, 2P) < 0, T = corrpma(x?, 2P) < 0,5.

We devote the rest of this section to proving Theorem 4.1. We shall use the following
claim:

Claim 4.2. For all 6 > 1072, if n, = 10°0, + 100K, then the following holds:
Let ¥, X4, XB YA Y be sets as in Subsection 3.3 above. Let P,R,S > 0 be integers
such that 2log S > P > log S > 100(Ky + logns). Let IT = {f€, g% }ceqany be a protocol
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in model LONG with R rounds, period P, alphabet ¥ and length of S symbols. Furthermore,
the input and output sets of Alice (resp. Bob) in Il are X* and Y4 (resp. XP and Y?)
respectively. Then, there is a protocol 11 = {fC,QC}CG{A,B} in model LONG such that:

S(P+1)
10P

1. The protocol IT has a length ofS 2.5 symbols, R= rounds, and period P=P.

2. For all r € [R/(P + 1)], the number of symbols transmitted by the parties in round
r(P+ 1) in Il is 4P regardless of the inputs of Alice and Bob. This means that,
without loss of generality, we can assume that the number of symbols received by Alice
and Bob is also 4P.

3. For every adversary A for I in model LONG, there is an adversary A for Il in model
LONG such that for all inputs z € X4 and 2% € X B, we have

(a) For all C € {A, B}, we have that 119(z4,25) = f[fi(xA,xB). Furthermore, the
functions fc and §¢, for C € {A, B} can be computed in time polynomial in S
assuming oracle access to the functions f¢ and g, where C € {A, B}.

(b) It holds that COI’I’L,EA(Q}A,SCB) < 0,5/100 = corr, a(z?, 28) < 6,8.
We prove this claim in Subsection 4.1 and first show how Theorem 4.1 follows from it.

Proof of Theorem 4.1 assuming Claim 4.2. Let 05 > 1072 be fixed. Define n; = no+8K0 and

0, = 80902771 min (10/10, Ko). Let IT in model LONG be as promised by Claim 4.2. Deﬁne a

protocol IT" in model STANDARD with 7" = 1;S rounds and the same input and output sets

and alphabet as II as follows:

When the inputs to the parties are 2 and ', then, in protocol II’, Alice and Bob execute
the protocol in Algorithm 1 R/(P + 1) times, where the transcripts input to any execution
are the outputs of the previous execution. After }?/ (P + 1) executions, the parties output
§°(x%,79), where 7€ is output of the last, i.e., the (R/(P + 1))™ execution.

We claim that II" satisfies Theorem 4.1. Consider any adversary A’ for IT" in model
STANDARD and let 2 and z® be inputs for Alice and Bob. From Algorithm 1, this adversary
defines a value 7€ € (£*)* for C' € {A, B}, which is the transcript output by the (R/(P+1))t

execution. Furthermore, observe from Algorithm 1 that |7/] = |%B\ = 4P, if r is a multiple
of P+ 1, and |74] = |#B| = 1 otherwise. Define an adversary A for II in model LONG such
that .AC( ,28) = 2% for C € {A, B}. Finally, define A for II in model LONG to be the one

promised by item 3 above.

We claim that A satisfies Theorem 4.1. Indeed, the first part holds because, by item 3a,
we have I1G(z4,27) = HC( A xP) = §9(2°,79) = 'Y (24,2P). The furthermore part
follows straightforwardly from the definition of Algorithm 1 and the furthermore part of
item 3a together with Theorem 3.4 and Remark 3.9. The second part also holds because if
corrs (24, 28) < 0,7 = 0,1, S, then

10 10 8006
n ) — corrg v, A ([EA l' < n ( 1)) > 1
T2 Up )

corrg 117, A (QSA, $B, < P,
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for at most #,5/(800P) values of i € [R/(P + 1)]. Due to Remark 3.9 and Theorem 3.4,
if ¢ is not one of these values, we have that corrLﬁA(xA,xB,i) = 0. This means that
corrLﬁ,A(a:A, xB) < 60,5/100 implying that corr g a(z, %) < 6,9, as required.

[

Algorithm 1 Compiling one block of the protocol I1.

Input: For C € {A, B}, party C has an input 2¢ € X¢ and a transcript 7% € (¥*)*. It
holds that the |#¢] is a multiple of P + 1.

Output: For C € {A, B}, the party C outputs a transcript 7¢ € (X*)*. It holds that
7€ = |7+ P+ 1.

1: Alice and Bob simulate the next P rounds of the protocol I assuming inputs ¢ and

transcript 7, as follows: Let € = {f¢, g¢}ceqa,5y be a protocol in model STANDARD
with P rounds such that, for C' € {A, B}, we have

o f&(2%¢) = F(x%,79)<) for all ¢ € £*. (Here, on the right hand side, we consider
¢ to be an element of (X*)*, by considering each of its coordinates to be an element
of ¥*.)

o g X9 x X — (5%)P (resp. ¢P) is the function that outputs all the even (resp.
odd) coordinates of its second argument (seen as elements of ¥*).

Let ¢’ be the protocol with 1y P rounds promised by Remark 3.9 when applied to €. The
parties execute € for 1y P rounds and get output 7¢.

2: For the next 4KyP rounds, Bob sends 1 while Alice sends the symbols in
ECC(fA(z?,7#4|7{)) one by one. Let 72 € ©* denote the string of symbols received
by Bob and define 72 < #8||7Z||DECC(7£).

3: For the next 4KyP rounds, Alice sends nothing while Bob sends the symbols in
ECC(fB(xB,7B)) one by one. Let 75 € ©* denote the string of symbols received by
Alice and define 74 < 74 ||7{*|| DECC(7}).

4: Alice outputs 74 and Bob outputs 75.

4.1 Proof of Claim 4.2

Henceforth, we concentrate on proving Claim 4.2. Let II be a protocol as in the statement
of Claim 4.2. As II is in model LONG with period P, the players can send arbitrarily long
messages every (P + 1)™ round. Define the set of messages:

Long={z |3k >0:2=2k(P+1)or z=2k(P+1)—1}, (2)

and note that an integer z is in the definition of Long if and only if the z'" message in II
can be arbitrarily long. We emphasize that in Long, we count the number of messages, and
not the number of rounds, which explains the factor of 2. We assume that the number of
symbols sent by the parties in the long messages is a multiple of P. This is without loss of
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generality as it can be ensured by blowing up the total number of symbols sent by a factor
of at most 2.

We define the protocol Il in Algorithm 2. In fact, Algorithm 2 only describes Alice’s side
of II. Bob’s side of II is symmetric. Before we analyze Algorithm 2, we give some intuition
behind its definition.

4.1.1 Intuition and Description of Algorithm 2

Many of the ideas in Algorithm 2 are similar to ideas we’ve already described in Section 2,
and we keep this part brief and simple.

In order to compile the protocol II to the protocol f[, we replace the long messages in II
by messages in ©¥. We do this by encoding these long messages using an error-correcting
code resilient to insertion deletion errors and the breaking the encoded messages into smaller
messages in X7, Our assumption that the number of symbols sent by the parties in the long
messages is a multiple of P kicks in here, and allows us to break the long messages into
blocks of length P without having to worry about rounding issues.

Along with sending each message block by block, we also send some auxiliary information
with the blocks. This auxiliary information consists of the message number m, the block
number ¢, a Boolean variable e, that indicates whether or not this block is the last one in
the message, and another Boolean variable flag whose purpose we describe later.

The auxiliary information sent with each message requires at most logarithmic (in S)
number of symbols to share (up to constant factors). This is where our assumption that
P > log(S) kicks in. Since the parties only send the auxiliary information once per block,
and P > log(95), this information only adds a constant factor to the total communication.

In addition to the long messages in II, the parties also need to send messages consisting
of a single symbol from . In our protocol, these messages are sent in the rounds that are
not multiples of P + 1 and are repeated before each block in the long message (Line 9).
Moreover, a block is only added to the long message if the short messages received before
the block are consistent with those received previously. This is controlled by the variable
flag.

Once the parties receive these long and short messages, they check in Line 19 if the
auxiliary information matches. If yes, they add these messages to the variable msgs, which
records the transcript of II. If not, then the parties resynchronize (using ideas similar to
those described in Subsection 2.3 and Subsection 2.4 (see also Subsubsection 5.1.2).

Notation. The most important variable in Algorithm 2 is the variable msgs that takes
values in (3X*)* and records the transcript of II, as it is being simulated. We consider this
variable as a list and in Algorithm 2, we make sure that the last coordinate in this list always
the empty string € unless we are in the middle of communicating a long message. Adopting
this convention helps us to easily detect whether or not we are in the middle of sending a
long message. It also helps make our notation in the analysis a little cleaner.
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In addition, we use the following notation:
e Length of the list: We will use |msgs| to denote the number of elements in msgs.

e Accessing an element in the list: For 1 < i < |msgs|, the notation msgs, denotes
the i*® element in msgs. When i = |msgs|, we sometimes use msgs.last instead of
msgs;.”

e Adding elements to the list: When we wish to add an element o € ¥* to msgs, we
denote this by msgs.ADD(c). The element o is then added at the end of the list.

¢ Removing elements in the list: When we wish to remove the last element from
msgs, we write msgs.REM(). After this operation, the list has one less element. We
write msgs.REM(7) to denote the operation of removing the last ¢ elements in the list.

The notation msgsy will be used to denote the sublist of msgs that contains all the
elements in even positions in msgs. This notation derives from the fact that the even messages
in II are messages from Bob to Alice. We similarly define msgs,. Additionally, for z > 0,
the notation msgsg . denotes the elements in the first 2 even positions of msgs, i.e., the
first 2 positions of msgsg. We similarly define msgsy ,, msgsg _,, msgsy ., msgsy <, and
msgs, .. Finally, we use DECC(msgsg) to denote the list obtained by applying DECC to
all the elements of msgsy that occur at coordinates that are multiples of P + 1. We define
DECC(msgsg ), DECC(msgs, ), DECC(msgs, ) similarly.

Analogous notation is defined for the variables D-msgs’ and D-msgs.

A guide to Algorithm 2. The protocol IT proceeds in R/(P + 1) iterations, maintaining
a variable msgs that records the transcript simulated so far. Our protocol has the invariant
that the last message in msgs is always e, unless we are in the middle of sending a
long message. In Line 7, we denote by m = |msgs|, and we consider the index ind «+
(P+1)-([m/(2(P+1))] —1). The value ind captures the prefix of msgs containing chunks
that have been completely simulated.

In Lines 8-15, one chunk of the underlying protocol II is being executed. If m ¢ Long,
then this chunk corresponds to the next chunk after msgs. If m € Long, then this chunk
corresponds to the last chunk in msgs, and hence this is a re-execution. The reason for the
re-execution is as stated in Subsection 2.4: Namely, if m € Long, then the parties are in the
middle of transmitting a long message, and want to make sure that each block of the long
message is sent with the same set of P short messages. If the P messages in the re-execution
differ from the previous execution, then a flag is raised and the parties (later) act on this
flag and rewind one block.

After simulating a chunk of the protocol, in Line 18 the parties exchange messages of
length 4P. If it is Bob’s turn to speak (m is even), then Alice sends o = 17, and if it is

°In particular, if msgs = [¢] then |msgs| = 1 and |msgs;| = 0. Namely, we consider the empty message as
a message of length 0.
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Alice’s turn to speak then she sends her next block of her long message, also denoted by o
(if m ¢ Long then o is the first block of her long message). In addition to o she also sends
the following auxiliary variables: m indicating the number of messages in msgs, ¢ indicating
the length of the last message in msgs, ¢ which is the next block of the long message,
e indicating whether we are done sending the long message or not, and flag indicating
whether an inconsistency was found in the last chunk.

If everything seems to be consistent (and there are no flags), then Alice appends to
msgs either the message ¢ that she received from Bob, or her own message o, depending
on whether it is Bob’s turn to speak or her turn to speak. This is done in Line 20. In
addition she adds ¢ to msgs if the party finished sending their long message, as indicated by
the variable e or e, respectively. This is done in Line 22.

If things are not consistent, then Alice does the following:

1. If m ¢ Long, which corresponds to the case that we simulated a new chunk in Lines 8-
15, then Alice removes her last 2P messages. This is done by removing the last 2P + 1
messages (which includes € which is always appended to msgs unless we are in the
middle of transmitting a long message), and then appending e. This is done in Line 25.

2. If Alice is ahead of Bob (namely, (7, ¢) < (m,¢)) and an inconsistency was found (i.e.,
—(flag A flag)) then Alice distinguishes between the following cases:

(a) If c = 0 and m — 1 ¢ Long, which corresponds to the case that in Line 7, it is
Alice’s turn to send her long message, but she hasn’t started sending it yet, then
Alice removes the last 2P messages from msgs as above (by removing 2P + 1
messages and adding ¢).

(b) Otherwise, Alice would like to delete the last P symbols from her last long
message. To do this she first checks if ¢ = 0 and m — 1 € Long, which corresponds
to the case that in Line 7 it is Bob’s turn to send his long message, but he hasn’t
started sending it yet. In this case, Alice first removes € from msgs, which is the
last message in msgs. This is followed by Alice deleting the last P symbols from
the last message in msgs.
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Algorithm 2 The protocol II in the proof of Claim 4.2 (Alice’s side).

Input: An input 24 € X4.
Output: An element in V4.
5: msgs < [¢].
6: for i € [R/(P +1)] do

7 m < |msgs|, ¢ < |msgs.last|, flag < True, ind < (P +1) - ([m/(2(P +1))] —1).
8: for j € [P] do
9: Send 0 = f4 (2", DECC(msgsg, .;,44,)) to Bob and receive 6 € X.
10: if m € Long then
11: If msgsg ;44 # 0, then flag < False.
12: else
13: Do msgs.last <— o followed by msgs.ADD(5) and msgs.ADD(e).
14: end if
15: end for
16: longmsg < ECC(f*(2*, DECC(Msgsp <ingspi1))), € < True (¢ = |longmsg| — P) .
17: If m mod 2 = 0, then, we set o + L. Otherwise, set o < longmsg(c : ¢ + PJ.
18: Send M = (m, ¢, e, 0, flag) to Bob and receive M = (7, ¢, €, &, leag). These messages
are padded to contain 4P symbols from Y. Our choice of P, S makes this possible as
m,c < 2*/3 ¢ and flag are Boolean, and o € X7
19: if (m,¢) = (m,c) and flag A flag then
20: If m mod 2 = 0, then, msgs.last «— msgs.last||G. Else, msgs.last < msgs.last||o.
21: if (e and m mod 2 = 1) or (¢ and m mod 2 = 0) then
22: msgs.ADD(e).
23: end if
24: else
25: If m ¢ Long, do msgs.REM(2P + 1) followed by msgs.ADD(e).
26: if (m,¢) < (m,c) then
27 if c=0and m — 1 ¢ Long then
28: Do msgs.REM(2P + 1) followed by msgs.ADD(¢).
29: else
30: if ¢ =0 then
31: msgs.REM().
32: end if
33: msgs.last < msgs.last[1 : |msgs.last| — P].
34: end if
35: end if
36: end if
37: end for

38: D-msgs’ < msgs. If |D-msgs’| is odd or D-msgs’.last = &, do D-msgs’. REM().
39: D-msgs < D-msgs’. Pad D-msgs so that |D-msgs| > 2R, by adding L in coordinates

¢ Long and ECC(L”) in coordinates € Long. Output g(2“, DECC(D-msgsg < ))-
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4.1.2 Analyzing Algorithm 2 (Proof of Claim 4.2)

Having defined the protocol f[, we now show that it satisfies the properties in item 1 to item 3
in Claim 4.2. Observe that item 1 and item 2 are easily seen to hold from the definition of II
and we only need to show item 3. We fix an adversary A for II and construct an adversary
A for II such that item 3 holds.

In what follows, and for the remainder of this section, we fix inputs 4 € X4 and 2% € X?
for the two parties, and construct an adversary A for these fixed inputs. This suffices since we
assume that our adversary knows both inputs and is computationally unbounded. Observe
that fixing the inputs %, 2? and the adversary A determines the value of all variables in all
iterations of I when run with inputs (x4, 2P) in the presence of A.

Observe that Algorithm 2 loops over i € [R/(P + 1)]. For any variable var other than
o and flag in Algorithm 2 and any i € [R/(P + 1)], we let var“[i] denote the value of var
the first time it is set in the i*! iteration of Alice’s execution of Algorithm 2, e.g., m“[4] will
denote the value of m after Line 7 in the 4*® iteration in Alice’s execution of Algorithm 2. For
a variable like msgs that is defined once for all the iterations, msgs“[i] will denote the value
of msgs at the beginning of the i*" iteration, i.e., after Line 6 in the i*® iteration in Alice’s
execution of Algorithm 2. When we omit the argument i, or when i = R/(P+1)+1, we mean
the value of the variable at the end of the protocol. We define var®[i] and var? analogously
with Alice replaced by Bob. For the variables o and flag, we let var“[i] denote the value of
var after Line 17 is executed by Alice in iteration i, and var®[i] is defined similarly. Observe
that, for any i and C' € {A, B}, we have m®[i] ¢ Long = flag®|i] = True. Thus, we can
assume without loss of generality that m©[i] ¢ Long = fl;zgc[i] = True.

We define A to satisfy

A<R(x 2B = DECC(D—msgsz‘SR), A<R(x 2B = DECC(D—msgsf’SR).

Together with Line 39, this definition of A immediately shows the property in item 3a
above. It remains to show the property in item 3b. To this end, we use the following claims.

Lemma 4.3. If corr y 4(z*,27) < 6,5/100, it holds for C € {A, B} that Z]>O|msgso| >
5K,S.

We defer the proof of Lemma 4.3, and in what follows we use it to prove the following
claim.

Lemma 4.4. If corr  ;(z*,2") < 0,5/100, it holds for j € [R] that,

A4 _ A .y .
D-msgs?., — ECC(f*(«*,DECC(D-msgsg ;))) , P+ 1 divides j |
’ fA(xA’ DECC(D'mSgS§,<j)) , otherwise

Furthermore, for all j € [2R], msgs}4 is a prefix of D—msgsj‘. An analogous claim holds for
Bob.
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Proof. We only show the claim for Alice as the claim for Bob is similar. First, consider j € [R]
such that D-msgsij was not set in Line 39. In this case, due to Line 38, we get that there
exists an iteration iy < R/(P+1) such that |msgs[¢']| > 2j—1 for all i; < i’ < R/(P+1)+1.
Let 47 be the smallest such iteration. By our choice of i, we have

ECC(f4(x*, DECC 4 _ i +1 P +1 divides j
D-msgsﬁ,jzmsgsﬁ,j[mﬂz{ e DECCUmsss. i + D)), P v 1 divides

fA(x*, DECC(msgsfs _;[i1 + 1])) , otherwise
_ JECC(f*(=*,DECC(D-msgsg; ;))) P +1 divides j
fA(z*, DECC(D-msgsfs _;)) , otherwise .

On the other hand, for j € [R] such that D—msgsﬁyj was set in Line 39, we have
D-msgsy ; = ECC(L”) or L depending on whether j is a multiple of (P 4 1) or not, and it
is sufficient to show that f4(z*, DECC(D-msgsj; _;)) = L” or L depending on whether j is
a multiple of (P + 1) or not. Using Equation 1, we get that it is sufficient to show that

Z|DECC(D—msgs§’j,)| + [ A (2, DECC(D—msgs§7<j,))| > S.
J'<J
Using Theorem 3.4 and Remark 3.5, we get that it is sufficient to show that
Z |D-msgs’; A > 2K,S. (3)
J'<|D-msgs’4|

To see why this holds, observe that

Z \Dmsgs’A— Z |msgs,|

J/<|D-msgs'A| j'<ID-msgs'A|
> —1 (|msgs”| is odd) - |longmsg®| + Z |msgs; 2
j'<[msgs|
> — Ko - | f*(«", DECC(D-msgsy _ipgaipsr))| + > [msgs)|
J'<|msgs4|
(Theorem 3.4)
> 4K,S. (Equation 1, Lemma 4.3)

Finally, we show the furthermore part. Let j € [2R]. Observe that the claim is trivial
unless j = |msgs”| € Long and j is odd. Thus, it is sufficient to show that if |msgs®| € Long
is odd, then, we have longmsg” = ECC(L?). This follows from Equation 3.

O

Now, in order to prove the property in item 3b, we prove the following lemma that implies
item 3b.

Lemma 4.5. If corrLﬁA(xA,zB) < 095/100 then

corrf B (a4, 27), corr P 4 (a4, 27) < 40 - corrLHA(x z%) + 2P.
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Proof. We only show that corrfi % (¢4, 27) < 40 - corry y 4(x*, 27) 4 2P as the other claim
is symmetric. In fact, we show that, for all r € [R/(P + 1)], we have

corrip (a2, ) < 2P+ 10+ Y > corry 1 4(x" 2", 1),
Ce{A,B} ' e[R/(P+1)]
ind®[r']/(P+1)e{r—1,r}

where the first term is needed for at most one value of 7 and the result follows. Fix

r € [R/(P+1)]. Ifdisci 1% (x4, 2%, r) = 0, then corr{'15 (z#, 2%, r) = 0 as well, and there is

nothing to show. We therefore assume that disc;’ ﬁ’i(a:A zB r) = 1 implying that there exists

a value of i € [P +1] such that fA($A,Af<‘(T7 D(P1)4i J(2h xB)) #£ A (r—1)(P+1) 41" (24, 2P). Let
7" be the smallest such value. We have the following cases:

e When ¢’ € [P]: In this case, by the definition of A and Lemma 4.4, we have that
D-msgs4 (-1 (P+1)4ir 7 D- msgsk ()P i Let C' € {A, B} be the lexicographically
smallest such that® [msgs§ T |msgsAr pi1y| and there exists i < R/(P+1) such
that |msgsCli1]| = 2(r—1)(P+1)+1 < |msgsC[i"]| for all iy < ¢ < R/(P+1)+1. Note
that C is well defined as at least one such C' always exists due to D—msgsg(r_l) (P+1)+47 +

D—msgsf7(T_1)(P+1)+i,. Define a; = max (]msgsgr pinl/P; 1>.
For all [ € [ay], define ] to the largest iteration such that mdc[ N=(@r-1)(P+1),
c“[if'] = (I—1)P and party C executes Line 20 in iteration /. Due to our choice of ay,

at least one such iteration always exists and therefore i} is well defined and we have
i <y <--- <il . Either corry y 41(z*,27,i]') > 0 for at least 0.5a; values of | € [a4]

in which case we have:

10 - Z corerﬁ’A(a:A, 2P, 1') > 20a, P > corr{ 5 (2, 27, 1),
relR/(P+1)]
ind® ']/ (P+1)e{r—1,r}

and the lemma follows, or there exists [y > 0.5a; such that iteration zl satisfies
corrp i 4(x*,2P,4)) = 0. This together with that fact that party C' executes Line 20
in iteration i; and Clif] = (I, — 1)P implies that msgsy -1y lin, 1] =
msgsAv(T_l)(PHHi,,, i), + 1] for all ¢ € [P] and “[i}\] = “[i}\] = (I, — 1) P.
However, due to our choice of 7}, and ¢’, this means that there exists at least l; values
of j” > i) such that ind“[j"] = (r—1)(P+1), ;"] < (l1—1)P, and party C' executes
Line 28 or Line 33 in iteration j”. We get that corrL’ﬁ’A(xA, 2P, ") > 0 for all such j”
giving

10 - Z corrLHA(xA zP,r') > 200, P > corr{ 5y (z?, 2" r),

_ r'e€[R/(P+1)]
ind® ']/ (P+1)e{r—1,r}

6We adopt the convention that, for C € {4, B}, if j > |msgs§|, then |msgsg7j| =0.
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finishing the argument.

When 7" = P + 1: In this case, we can conclude from Theorem 3.4 that

(ECC(fA( ér(PH)(iUA I'B)))a D'mSgSE,T(PH))
> § : ‘ECC<fA(:CAaAér(P+1)(xA zP)))l.

It follows by the definition of A and Lemma 4.4 that

1
A(D_msgsﬁ,r(P+1)7 D'msgSE,T(PJrl)) > g - max (|D_msgsﬁ,r(P+1)|7 |D_msgs§,r(P+l)’) : (4)

Let C € {A,B} be the lexicographically smallest such that |msgsAC7T(PH)\ >

|msgs§r (41| and there exists i; < R/(P+1) such that |msgsC[iy]| = 2(r—1)(P+1)+
1 < |msgsC[i"]] for all iy < i"” < R/(P+1)+1. Observe that C' is well defined as at least

one such C always exists due to D—msgsA r(P+1) # D-msgs® r(P4+1)" Let ay = w.

For all [ € [ay], define i/ to the largest iteration such that ind“[i]] = (r — 1)(P + 1),
Clif] = (I — 1)P, m€i}] is odd, and party C executes Line 20 in iteration ;. Due
to our choice of ay, at least one such iteration always exists and therefore 7} is well
defined and we have if < iy < --- < i . Either corr, 4 ;(z*,2",7]) > 0 for at least
0.1a; values of [ € [a1] in which case we have:

10 - Z corrLHA(xA 2B 1) > 4a, P > corrf‘ffﬁ(xA x5 1),

r'€[R/(P+1)]
ind® ']/ (P+1)e{r—1,r}

and the lemma follows, or there exists at least 0.9a; values of [ € [ay] such that

B

corry, 1 A(.CEA x”,1]) = 0. We deal with this case in the rest of this proof. First, assume

that:

A<msgs£,r(P+1)7 msgSAB,r(P-i—l)) > ¢ -max (|msgsﬁ,r(P+1)" |mSgSE,r(P+1)D ’ (5)

O] =

noting that the right hand side is just ¢ 1. Imsgs{ H(P41) | by our choice of C'. Next, note

that for all | € [a;] such that corr; HA(IA xP 1) = 0, by our definition of i} we have,

msgsg,r(P—i-l),((l—l)P:lP} [ +1] = msgsg,r(P-i-l),((l—l)P:lP] [ +1] = msgsg,r(P—H),((l—l)P:lP}'

Together with Equation 5, this means that for at least 0.1a; of these values we have
msgs§ (P (1—1) PP [if + 1] # msgs§ r(P+1) (1—1ypop IMplying that for at least 0.1as
of these values of [, there is an iteration j;’ > 4/ such that ¢“[j/ + 1] = (I — 1)P and
ind®[j']/(P +1) € {r — 1,r} and party C executes Line 33 in iteration j; Due to our
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choice of i, this is possible only if corrL’ﬁA(xA, xP,j") > 0 for all such j/' giving

10 - Z corr  4(a, 2% 1') > 4a, P > corr{ 5 (27, 27 r),
_ r'E€[R/(P+1)]
ind® ']/ (P+1)e{r—1,r}
finishing the argument in this case. Now, assume that Equation 5 does not hold.
As Equation 4 holds and Equation 5 does not hold, we have that D—msgsglr(P ) #
msgsg:r( pipy for at least one value of " € {4, B}. In fact, it holds for exactly one
value of C" as otherwise D—msgsﬁvr( Pi1) = D—msgsfvr( Pi1) contradicting Equation 4. If
it holds for C" = B (and therefore, not for C" = A) then we have msgs? r(p+1) = € by
our definition of D—msgsf’r( Pi1) contradicting the fact that Equation 5 does not hold.
So, we can assume that C’ = A is the unique satisfier of D—msgsgjr(PH) + msgsgjr(PH).

By the definition of D—msgsﬁ,T(PH) and Lemma 4.4, we get that msgsﬁ’r(PH) is a
prefix of D-msgsy ,p,;) = ECC(L”). Note that |[D-msgsy . p,y)| > [D-msgsy . .| as
otherwise the fact that Equation 4 holds and Equation 5 does not hold contradicts
Lemma 3.3. However, this implies by Remark 3.5 that

corrf 5 (e, 2P, r) < 2P.
As D-msgsﬁm(PH) #+ msgsﬁm(PH) for at most one value of r, the claim follows.

]

We now show Lemma 4.3. We actually prove a stronger result, namely, Lemma 4.6, that
implies Lemma 4.3. Before stating Lemma 4.6, we define the following shorthands’ for all

i€ [R/(P+1)+1]:

COrf.; = COff<;_1 = COIry ﬁA(:rA, B <i—1),

good, = min (Z\msgsf[i“, Z|msgsf [z]|> ,

7>0 7>0

bad; = Z A (msgsf[i], msgsf[i]) :

>0
f-bad; = Z 1(3 € 2P]: msgsf(jfl)(PH)H, [i] # msgsijfl)(pﬂ)ﬂ, [4])
>0
2(P+1)
X CEH&HB} Z |m58520(j—1)(13+1)+i/[i”-
=1

We will need another definition to show Lemma 4.6. Define m; = min(m4[i], mZ[i]) and

"We assume for convenience that, for all i, j, we have msgs:'[i] = ¢ when j > [msgs*[i]| and similarly for
B .
msgs;’[i].
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m; = max(mA[i], mP[i]) and:
gap, = P - |[m; : m;) N Long| + |[m; : T1;) N Long|.

With these definitions, we are now ready to state Lemma 4.6. Observe how Lemma 4.3
follows from Lemma 4.6 by setting i = }?/(P+ 1)+1 and using the fact that Corr_ i
corry g 4(x?, 2P) < 6,5/100.

P+1)+1 —

Lemma 4.6. For all i € [R/(P + 1) + 1], we have
1000 - corr; + 2 - good; — 4 - bad; — 12 - gap, — 20 - f-bad;, > P(i — 1).

Proof. We show this by induction on 7. For the base case, note that the claim holds for i = 1
as all the terms are 0. We will show that, for any i € [R/(P + 1)], we have

1000 - (corr<; — corr;) + 2 - (good; . ; — good;)

6
—4 - (bad;; — bad;) — 12 - (gap;,, — gap;) — 20 - (f-bad,; 41 — f-bad;) > P, (©)

and the induction step will follow. Fix i € [R/(P + 1)]. We begin with some inequalities
that help us bound the terms in Equation 6. First, note that, by Lemma 3.1:

bad;; — bad; < Z Z A(msgsjc[i + 1], msgsjc[i]). (7)

Ce{A,B} >0

Similarly, we have:

good, —good ;< Y |3 msesC (] — Y lmsgs i + 1)

Cce{A,B} | j>0 >0

< Z Z Hmsgsjc[iﬂ — |msgs]c[i +1]]| (8)
Ce{A,B} j>0

< Z Z A(msgsgj[i + 1], msgsf[i]).
Ce{A,B} j>0

We also have, by the definition of gap, that:
gap;y, — gap; < P (|[my, : Miy1) N Long| — [[m; : ;) N Long])
+ (Ilmiyy - Mig1) N Long| — |[m; : ;) N Long|)
< (P . |[mz . mprl) N Long| + Hml . Wiﬂ) N Long|) -1 (WZ < mi+1)
+ (P‘ |[m; 44+ my) N Long| + [[m; 4t my) N Long|) -1 (mi—i-l < mi) (9)

_ M1 — My _ _
< 1(m; <Miyyq) - <2P [ﬁ—‘ + (Mg — mz))

m; — Mgy
+ 1 (myy < my) - (2P [TJ—‘ + (m _mi+1)) ;
where the last step uses the definition of Long. Finally, we upper bound f-bad;,; — f-bad;.
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Observe that
f-badiH — f-bad;

Z ZHmSgS |—|msgs [z+1]||

CE{A B} 5>0
+ Z Z (3¢ € [2P] : msgsg(jfl)(pﬂ)ﬂl[i + 1] # msgsg(jfl)(PH)H,[z’])
Ce{A,B} j>0
2(P+1)

X Z Imsgss;_1y(psyroli + 1]

< 6P+ Z Z A(msgs]c[i + 1], msgsjc[i]),
Ce{A,B} j>0
(10)

where the last step uses the definition of our protocol. We now consider various cases
and show Equation 6 in each case.

e corr py 4(x*,2B,i) > 0: In this case, we show that value of corr<; — corr; > 4P
is large enough to outweigh all the other terms in Equation 6. We first upper bound
D CefAB) 2o j>0 A(msgs$ [i+1], msgs{[i]). Fix C € {A, B} and note that, in iteration i,
party C' changes msgs in Line 13, Line 20, Line 25, Line 28, and Line 33. Furthermore,
in each of these lines, we change at most 2P symbols. This gives

Z ZA(msgst[inL 1], msgs! [i]) < 20P.

Ce{A,B} >0
From Equation 7, Equation 8, and Equation 10, we get

good; — good, ,;, bad; 1 — bad;, f-bad; ;1 — f-bad; < 30P. (11)

Next, we show that:
gap;;, — gap; < 10P. (12)

Observe that, to show Equation 12, it is sufficient to show that for any C' € {A, B},

¢ changes by at most 2P + 1 in iteration i. Then, we can apply Equation 9 to get
the bound on gap;,; —gap;. The reason m® changes by at most 2P +1 in any iteration
is that either party C' executes Line 25 in iteration 7, which cancels the change in m¢,
if any, made in Line 13, and then further decreases m® by at most 2P + 1 in case it
executes Line 28 or Line 31, or party C' does not execute Line 25, in which case party
C increases m© by at most 2P in the P executions of Line 13 and maybe by one more

party C' executes Line 22.
Equation 6 follows from Equation 11 and Equation 12.

. corrL’ﬁ’A(a:A, xB,4) = 0: In this case, we use the definition of corrLjﬁ,A(a:A, 2P .4) to
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conclude that

. B (13)
(m?[i], ¢"[i], e*[a], 0[], flag™[i]) = (P[], € [i), €"[a], 67 [i], flag ™ [d])
We consider three cases:
— (mA[i],cAi]) = (mPB[i],cB[i]): In this case, by Equation 13, we have

(], &li]) = (mP[i], ¢Pli]) = (mA[i], ¢*fi]) = (mP[i], ¢°[i]), and we use (m,c)
to denote this common value. This also implies that ind“[i] = ind®[i] and we use
ind to denote this value. We first claim that m#[i + 1] = m®[i + 1] implying by
the definition of gap that

gap;y; = gap; = 0. (14)

Indeed, due to Equation 13, either both Alice and Bob execute Line 20 but not
Line 22, or they both execute Line 22, or they both execute Line 28, or they both
execute Line 33. In any case, m“[i+ 1] = m?[i+1] follows. We have the following
subcases:

* flag?[i] A flag®B[i] = True: Observe that Equation 13 implies that both
Alice and Bob execute Line 20 in iteration ¢ and can also execute Line 13 P
times if m ¢ Long. We get:

good,,; — good, = P + 2P - 1(m ¢ Long) > P. (15)

Furthermore, as Alice and Bob only add symbols to msgs, and because of our
assumptions that (m*[i], ¢*[i]) = (mP[i],cP[i]) and corry g 4(z*, 2", i) = 0,
we get that :

bad;,; = bad;. (16)

We now analyze f-bad; —f-bad; 1. If m ¢ Long, then as we ensure that either
mA[i] or mA[i] — 1 are always in Long, the fact that m ¢ Long implies that
m—1 € Long which implies (due to the definition of Long) that m = 2-ind+1.
This, with the fact that both Alice and Bob execute Line 20 in iteration ¢
implies that

f—badi — f—badiﬂ
= —1(37 € [2P] : msgsy, gy li + 1] # msgss,gpoli +1])

2(P+1)
X i 2 | S5 sna i + 1]]
=0,
as corrL,ﬁA(xA,xB,i) = 0. On the other hand, if m € Long, we get

that flag?[i] A flagP[i] = True implies that for all i/ € [2P], we have
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MSgSs inayw [l + 1] = msgsty 4, u[i + 1] due to corrp g 4(z?, z%,i) = 0. We
get that f-bad; = f-bad,; ;. Thus, in either case, we have:

f—badi = f—badiH. (17)

Combining Equation 14, Equation 15, Equation 16, and Equation 17, we can
conclude Equation 6.

x flag?[i] A flag®[i] = False: Observe that this is possible only if m € Long.
If c=0and m — 1 ¢ Long, Alice and Bob both execute Line 28 in iteration
1. Otherwise, they both execute Line 33 in iteration i. We get:

good; —good,,; = P+ P -1(c=0Am —1¢ Long). (18)

Additionally, as m € Long and flag[i] A flag®[i] = False, we have using
corry i (x4, 27, 1) = 0 that there exists i’ € [2P] for which MSgss sy |i+1] #
msgsy ;. a. [t + 1]. We get that

f—badi — f—badi+1 =P+ P ]1(6 =0Am-—1 ¢ Long). (19)

Furthermore, as Alice and Bob only remove (the same number of) symbols
to msgs, and because of our assumption that (m?[i],c[i]) = (mP[i], P[i]) ,
we get that :

bad;;; < bad;. (20)

Combining Equation 14, Equation 18, Equation 19, and Equation 20, we can
conclude Equation 6.

— (mA[i],cA[i]) > (mP[i],cB[i]): In this case, by Equation 13, we have
(mAi], Ali]) > (mAfi], ¢A[i]) and (m®[i], cPli]) < (mPli],cP[i]). Due to these
inequalities, we know that both Alice and Bob execute Line 25 and this line
undoes any change they made to msgs in Line 13. Thus, any changes in the
variable msgs in iteration ¢ happen after Line 25. In particular, due to the fact
that (m®[i], cPli]) < (mP[i],cP[i]), Bob does not execute any line after Line 25
and we have msgs®[i + 1] = msgs?[i]. We consider various cases:

% cA[i] > 0: In this case, we show that the value of bad;,; — bad; is large and
negative enough to outweigh all the other terms. To begin with, observe that
msgsP[i + 1] = msgs®[i] together with Equation 8 implies that

good; — good, ;| < Z A(msgs}“[i + 1], msgsj‘[i]) <P, (21)
>0
as Alice executes Line 33 in iteration i. We again use the fact that Alice

executes Line 33 in iteration i to conclude that mA4[i] = mA[i + 1]. This,
together with m®Z[i+1] = |msgs?[i + 1]| = |msgs®[i]| = mP[i] and Equation 9
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gives:
gap, = gap;,;  and  f-bad; > f-bad;.s. (22)

Finally, we analyze bad; — bad; ;. We get:
badi+1 — badz
= Z A (msgs;l[i +1], msgs;3 i+1]) —A (msgsj‘[z’], msgs}B [i])

7>0

WA (msgsflA[i] [i + 1], msgsﬁA[i] [P 4+ 1]) - A <msgsf:LA[i] ], msgsﬁA[i] [z])

—~
=

2_p
(23)

In the above derivation, (a) is due to msgs®[i+1] = msgs®[i] together with the
fact that Alice only changes position mA[i] of msgs[i] as she only executes
Line 33 and (b) is due to Lemma 3.2. From Equation 21, Equation 22 and
Equation 23, we observe that Equation 6 follows.

cA[i] = 0 : Observe that cfi] = 0 and (m?[i],c[i]) > (mP]i], P[i])
necessitates mA[i] > mP[i]. In this case, Alice either executes Line 28 or
executes Line 31 and Line 33 after Line 25. Thus, using the fact that
msgs®[i + 1] = msgs?[i] together with Equation 7 and Equation 8 implies
that

bad;; — bad;, good; — good,,; < Z A(msgsf[i + 1], msgsf[z’])
>0 (24)
< P+ P-1(m?[i] —1 ¢ Long).

We next claim that:
f—badi Z f—badi+1. (25)

If mA[i] — 1 € Long, this follows as Alice is only removing symbols in iteration
i. On the other hand, if m“[i] —1 ¢ Long, then, as we ensure that either m?|i]
or m®P[i] — 1 are always in Long, the fact that m“[i] > mPZ[i] and m*[i] — 1 ¢
Long implies (due to the definition of Long) that m#[i + 1] = mA[i] — 2P >
m?P[i]. This, together with mP[i + 1] = |msgsP[i + 1]| = |msgsP[i]| = mP|i]
gives Equation 25.

Finally, we argue about gap;.; — gap;. From the definition of gap and
mA[i] > mA[i + 1] > mB[i + 1] = mPB]i], it follows that:

gap; — gap;y = P - |[m”[i + 1] : m*[i]) N Long| + |[m”[i + 1] : m*[i]) N Long|
> P+ P-1(m?[i] —1 ¢ Long).
(26)

From Equation 24, Equation 25 and Equation 26, we observe that Equation 6
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follows.

— (mA[i], cA[i]) < (mB[i], cB[i]): Symmetric to the case above

5 Our protocols

Our goal in this section is to prove the following theorem:

Theorem 5.1. There exist constants 3 > 1072, n3,ny > 1 such that the following holds:

Let £, X4, XB YA YP be sets as in Subsection 3.3. Let Il = {f9 ¢%}ceianm be a
protocol in model STANDARD with T > 2200K0+10°02 younds and alphabet Y. Furthermore,
the input and output sets of Alice (resp. Bob) in 11 are X4 and YA (resp. XP and YP)
respectively.

Then, there is a protocol II' = {f’C,QIC}OG{A,B} in model LONG with R = ny - T rounds,
length of S = ns-T symbols, alphabet X, period P = log(S), and the same input and outputs
sets for the two parties such that for every adversary A" for 1" in model LONG, for all inputs
x4 € X4 and 2P € XB, and for all C € {A, B}, we have that

corrp v (22, 27) < 0,5 = T (24, 27%) = 192, 2P).

Furthermore, the functions f'° and ¢'°, for C € {A, B} make use of the function
TC = TC_yg-5,spr,s/puxr(-) (for a large enough constant K so that Theorem 3.7 holds)
and can be computed in time polynomial in T given oracle access to the functions f€ and
g%, where C € {A, B}, and oracle access to the function TC.

We show that Theorem 3.8 follows from Theorem 4.1 and Theorem 5.1.

Proof of Theorem 3.8 assuming Theorem 4.1 and Theorem 5.1. Let 65 > 1072, 13, n4 be as
promised by Theorem 5.1. Let n; and #; be as promised by Theorem 4.1 for 6. To show
Theorem 3.8, we define 0 = 601, n = mn3, and 1’ = ns.

Fix a protocol IT in model STANDARD and let II' be a protocol in model LONG with S’
symbols be as promised by Theorem 5.1. Let IT” be a protocol with T” rounds in model
STANDARD be as promised by Theorem 4.1 when applied to IT". We claim that 1" satisfies
Theorem 3.8. For this, we fix an adversary A” for II” in model STANDARD. Let A’ be the
adversary for II' in model LONG promised by Theorem 4.1 and A be an adversary for II
promised by Theorem 5.1 for A’. For all inputs 4 € X4 and 2% € XZ, we have

corrg (v, 27) < OT" = corrp v a(z?,27) < 0,8 = W (z?,27) = (x4, 2P).

However, we also have I (24, %) = II'{ (24, 2P) finishing the argument.
The furthermore part of Theorem 3.8 follows straightforwardly.
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The rest of this paper is devoted to showing Theorem 5.1. Fix K to be a large enough
constant such that TCy_jg-s 52p ,/pyrr(-) exists. Observe that K is well-defined due to
Theorem 3.7. We define 0y = 1072° and 13 = 103K and 7, = 10" and assume without loss of
generality that R is a multiple of P 4+ 1 and S is a multiple of 1100K P. Fix an alphabet 3,
input and output sets X4, X2, Y4 Y, and protocol II in model STANDARD such that II has
T rounds and alphabet 3. Our goal is to define a protocol II" such that Theorem 5.1 holds.
We begin by giving an informal overview of IT" in Subsection 5.1 and follow it up with the
actual protocols in Subsection 5.2.

5.1 Informal Overview

In order to define the protocol IT", we build on the ideas described in Section 2. Broadly, the
ideas in Section 2 can be divided into two parts. First, there are the consistency checks that
takes up most of Section 2 and will be covered in Subsubsection 5.1.1. Additionally, there
is the synchronization mechanism that was covered in Subsection 2.3 and will be further
discussed in Subsubsection 5.1.2.

5.1.1 The Rewind Mechanism

As motivated in Section 2, the protocol II" will break the protocol IT into small chunks, and
simulate the protocol II chunk by chunk. After each chunk of II is simulated, the transcript
generated is added to a transcript 7 that the protocol II" maintains.

Alongside simulating the chunks, the protocol II" also runs a rewind mechanism to detect
and fix errors in the simulation of these chunks. Namely, if the parties detect an error in
one of the chunks they simulated, they start going ‘backwards’ over the chunks to find the
source of this error. When the parties are going backwards over the chunks, they add the
transcripts of these chunk to a ‘backwards transcript’ ¢, that the protocol maintains. This
means that at any point in the protocol, the parties will be maintaining two transcripts 7
and v, where the transcript v is different from the empty transcript € only if the parties are
going backwards over the chunks to find a source of an error they detected.

In fact, the crux of the protocol IT' is the rewind mechanism. As discussed in Section 2,
this rewind mechanism takes place through a stack of tree codes maintained by the parties.

Structure of the stack of tree codes. The stack of tree codes maintained by the parties
has two kinds of tree codes: forward tree codes and backward tree codes. The forward tree
codes encode suffixes of the transcript = while the backward tree codes encode the transcript
1. The stack of the tree code begins with a forward tree code and alternates between forward
and backward tree codes, i.e., the second tree code on the stack will be a backward tree code,
the third one will be a forward tree code and so on. This implies that when the number of
tree codes in the stack is odd, then the last tree code in the stack is a forward tree code and
the protocol is going forward on the transcript 7, and vice versa.
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In fact, in our implementation, each of the tree codes in the stack is actually the same
tree code, but is used to encode a different suffix of the transcripts 7= and 1 maintained by
the protocol. Thus, an element in the stack will be completely characterized by a parameter
r denoting the root of the tree code. A value r of the root (for forward tree codes) means
that the tree code will be used to encode the suffix of 7 starting at position r. Besides r, we
also store other information about tree codes in the variables ¢, a, and . We explain these
variables later. We will use Z to denote the stack of tree codes.

To finish this part of the overview, we mention that although we store forward and
backward tree codes alternately in the stack, the only backward tree code that we will ever
use is the last backward tree code in the stack. Nonetheless, we keep the other backward
tree codes as they help the presentation in places and only affect the communication by a
constant factor.

Operations done on the tree codes. We next overview the operations performed on
this stack of tree codes.

e The first and the most basic operation that the parties will need to perform on the
stack is to add the transcripts of the simulated (or rewound) chunks, to the tree codes
in the stack. When the parties are going forward, then this operation is simply adding
the transcript, o, of the chunk just simulated to 7 (Line 67). On the other hand, when
the parties are going backwards, then this operation involves removing the transcript,
o, of the most recent chunk from 7 and adding it to the backwards transcript (Line 76
and Line 77)

e Besides adding the chunk transcripts to the tree codes present in the stack, we will
also need to add fresh tree codes to the stack. Recall from Subsubsection 2.2.2 that
every new tree code added to the stack has a reason associated with it. This reason
is, at a high level, the discrepancy that led to this tree code. We now discuss how we
add new tree codes and compute their reasons.

When the parties are going forward, the parties turn and start going backward as soon
as they see that the tree code encoding they computed (I') is different from the tree
code encoding that they received (f) Before starting a new backward tree code in
Line 70, the parties store this point where they turned in the variable ¢ (Line 69) and
the values of T and T as the reason in the variable a. In fact, in our implementation,
the parties store only the first place where I' and T were different as opposed to storing

all of T and I'. This seemingly weaker idea actually suffices.

On the other hand, when the parties see a discrepancy in their encodings while going
backward, they do not turn and start a forward tree code immediately. As explained in
Subsubsection 2.2.2; the parties instead record this point of discrepancy in the variable
t (Line 90), store the discrepancy as their reason (Line 91) in a variable 5%, and turn

8When the parties are going backward, I' and T have only one coordinate.
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after the transcript sent over the backward tree code is double of what it was when
the discrepancy was found. If this happens, then Line 80 is executed and the parties
add a new forward tree code (and set ¢ to € as it is no longer needed).

Observe that, we treat the reason, «, for the backward tree codes differently from
the reason, [, for the backward tree codes. As the parties turn from going forward
to going backward immediately after seeing the discrepancy, they carry the reason
for the backward tree code when they are going backward. On the other hand, the
parties, when turning from backward to forward, do not turn immediately after seeing
a discrepancy and therefore, need to carry the reason for the forward tree code both
while going backward and going forward. To simplify our implementation, we only
carry the reason for turning forward on the backward tree codes (this only affects the
constants). Overall, the backward tree codes may have both o and 8 non-trivial, while
the forward tree codes always have o and [ set to L.

Finally, we discuss dropping tree codes from the stack of tree codes. We note that the
parties do not need a backward tree code in the stack once they add a new forward
tree code on top of it. Nonetheless, we keep the backward tree code until the parties
reach a point ‘beyond’ the backward tree code as it only costs us a constant factor
overall. More precisely, when the parties turn forwards from backward, say at point 7,
then we keep these two tree codes until the point where |7| < r. When this happens,
we drop both of these tree codes from the stack (Line 88). If the parties go back all
the way to || = 0, we drop all the tree codes from the stack and reinitialize #Z and
(Line 84).

It remains to discuss what happens when the parties drop a forward tree code.
As explained in Subsubsection 2.2.2, the parties drop the forward tree codes after
‘doubling’ them. This is implemented in Line 73, where if the parties realized that
they have double any of the forward tree codes in stack, the pop all the tree codes
starting from the forward tree code that was doubled. To check whether there is
a forward tree code that has been doubled, the parties go over all odd i € |Z|
(recall that forward tree codes are stored in odd positions in the stack) and see if
2(Zi).t — Zi + 2|.r) < |n| — Z[i + 2|.r, i.e., they see if the length of the current
transcript 7 is at least double of where the last forward tree turned to a backward,
i.e., Z|i].t, measured from the current root Z[i + 2].r.

Also recall from Subsubsection 2.2.2 that the tree codes need to have more and more
redundancy as the stack of the parties grows deeper and deeper. This is done in Line 50
where we pad the long message sent by the parties to length max(O(1.1%1), p/2). The
first term inside the max(-) captures the redundancy while the second term is need
to ensure that the parties can resynchronize if the adversary inserts corruptions and
makes them unsynchronized. Its significance will be explained in Subsubsection 5.1.2.
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5.1.2 The Synchronization Mechanism

We build on the sketch of the synchronization mechanism presented in Subsection 2.3.
Recall that our synchronization mechanism largely mimics the synchronization mechanism
of [BK12] for the most part, but has some non-trivial adaptations required to get it to work
in model LONG.

In the synchronization mechanism of [BIK(12], the parties maintain a ‘state’ of the protocol.
In [BK12], the value of this state was just the length of the transcript simulated so far. After
simulating a fresh chunk of the protocol, the parties share their state with each other. If the
states are the same, then both parties have local transcripts of the same length, and they
continue the protocol as normal. On the other hand, if one party has a longer transcript
than the other party, then, the party that is ‘ahead’ will rewind chunks, one at time, so that
both the parties have transcripts of the same length.

The reason the parties share the length of the transcript simulated so far with each other
is that this length is a natural measure of the amount of progress the parties have made in
the simulation, i.e., it is true that if a party in [BK12] has a longer transcript than the other
party, and this party rewinds one chunk, then the two parties will only get closer to each
other. This is no longer the case in our protocol, as the party who has a longer transcript
may or may not be ahead of the other party, depending on whether the parties are going
forwards or backwards.

In our protocol, the proper analogue of the length of the transcript simulated is the
number of times the parties added a chunk (to either a forward or a backward tree code).
In fact, our protocol keeps a list, &, of states, and adds an element to this list every time
a symbol is added to any of the tree codes (Line 96). An element of the list S is define by
a tuple (Z,m, ¢, p), where Z, 7, and 1 are as above, and p is a new variable whose role is
explained later. This tuple was designed to contain all the information needed by the parties
to revert to a previous ‘state’ of the protocol and continue the execution from there.

The variable &2. The fact that our rewind mechanism deals with a stack with multiple
tree codes creates an additional complication in the synchronization mechanism. Consider
a situation where Alice and Bob have the same transcript @ but two different stacks of tree
codes. For simplicity, let us even assume that the set of the roots of the tree codes are not the
same for Alice and Bob. In this case, even though the transcripts are the same for Alice and
Bob, the fact that the roots are different means that the tree code encodings are potentially
different, and the parties will not be able to continue with the simulation thinking that errors
have happened.

In order to get around this problem, we have the parties exchange a few parameters of
their stacks with each other. These parameters are %, the stacks of tree codes, |7| and |¢|,
the lengths of the forward and backward transcripts, and variable p that we explain later.
These four parameters are captured in the variable &2. Note that, in particular, & contains
the roots of all the tree codes and the lengths of the transcript and thus, the problem in the
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foregoing paragraph does not arise.

Synchronization To summarize, after simulating every chunk the parties send the values
|S| and & to each other along with the encoding on the tree codes (Line 50). If these values
match, then the parties add a symbol to their (either forward or backward) transcript (see
Line 52).

If the value of |S| agrees with the value received but the value of & does not, then the
parties think that they have added the same number of symbols but there was a discrepancy
in one of the tree codes that they added. (Both) the parties rewind one step in this case
hoping to revert to a state where the values of &2 match”. This is done in Line 54. We next
mention a subtlety of our protocol that makes Line 54 work. This subtlety arises because the
number of bits sent by the parties in Line 50 is a function of the state the parties are in, and
thus may be different for different states. Consider a situation where a state where the parties
communicate a lot is followed immediate by a state where the parties communicate very little.
If the parties wrongly (due to corruptions) decide to execute Line 54 in the iteration with
little communication, then they actually end up rewinding a lot of communication due to
a small number of errors. This is problematic, and the way we get around this problem is
by ensuring that the communication in adjacent states differs by a factor of at most 2 in
Line 501°.

Lastly, the value of |S| is greater than the value received by the party, then the party
thinks that they are ahead of the other party and would like to rewind. As in the
foregoing paragraph, we would like to rewind a number of states roughly ‘equivalent’ to
the communication in this round. As the amount of communication may be different in
different iterations, there is no direct correspondence between the amount of communication
in a state to the number of states. This is where the variable p comes in. The variable p for
a state in & stores the amount of communication done by the parties to reach that state.
In Line 56, we remove a number of states so that the sum of the corresponding p values is
bounded by a constant times the amount of communication in this iteration.

5.2 Owur Protocols

We build our protocols based on the overview given in Subsection 5.1. As described in
Subsection 5.1, we design our protocols so that the parties maintain a list of states §. Each
element in the list S is described by a tuple (%, 7,1, p). The parameters & that the parties
exchange when the state is (Z, 7,1, p) are (Z, |r|, |¢|, p). Here, the variable Z denotes the
stack of tree codes, and we maintain four variables (r, ¢, «, §) for each element in this stack.
Refer to Algorithm 3 for a description of these variables.

We consider both & and & as lists and these two variables support the following
operations:

9There exists such a state because both the parties start with the same state.
10The condition 10/ < I before Line 54 arises due to a technicality in out analysis
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Algorithm 3 Notation

structure T
Tree code root e N,

r
Turn t €N,

Reason for current tree code o € N x NEP x LEF

Reason for turn B € NEP x uKP

end structure

structure S contains a list of quadruples where each quadruple has

Tree codes X €T,
Transcript-F ™ € (X)),
Transcript-B (PIS (E2P )*,

Previous communication p € N.
end structure
structure & is a single quadruple that has

Tree codes X €T,
Length-F 7| €N,
Length-B Y| €N,

Previous communication p e N.
end structure

e Length of the list: We will use |S| to denote the number of elements in the list S.
We define |Z| similarly.

e Accessing an element in the list: For 1 < i < |S], the notation S[i] will denote
the i element in §. When i = |S|, we sometimes use S.last instead of S[|S|]. The
variable 7 in the i*" element of & will be denoted using S[i].7. The corresponding
quantities for other fields in S[i] and for the list #Z are defined analogously.

e Adding elements to the list: When we wish to add an element e € T* x (£2F)" x
(Z2P)* x N to 8, we denote this using S.ADD(e). The element e is then added at the
end of the list. Likewise for Z.

¢ Removing elements in the list: When we wish to remove the last element from
S, we write S.REM(). After this operation, the list has one less element. We write
S.REM(7) to denote the operation of removing the last i elements in the list. Likewise
for Z.

The notation Zr will be used to denote the sublist of % that contains all the elements
in odd positions in #. This notation derives from the fact that the odd positions in # are
occupied by forward tree codes.

Also, we use the variables Z, 7, 1, p, and ¢ freely throughout the protocols we describe.
These are our global variables and can be accessed from anywhere in the protocol. The
variable ¢ will be reserved for the length of the message sent by the parties in Line 50. For
brevity of notation, we define TC(-) = TCy_j-5 52 5/pxrxr ().
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We describe our interactive coding scheme in Algorithm 4, which in turn, uses Algorithm 6
and Algorithm 5. We only write Alice’s side of these protocols as Bob’s side is symmetric.
In our description, we use ¢ to denote a fixed default value of the variables «, 8 described
above.

Algorithm 4 Our interactive coding scheme showing Theorem 5.1 (Alice’s side).
Input: An input z# € X4.

Output: An element in Y4,

40: 8 « [([(0,0,0,0)],¢,,0)].

41: for i € [R/(P +1)] do

42: (%, m,1,p) + S.last.

43: P (9?,|7T|,|'¢|,p).

44: 0 < Chunk().

45: if |#| is odd then

46: : I« [TC((n||o)s,) for (r,-,-,-) € %] .
47: else
48: T« [TC(y||o)].

49: end if

50 Send (2,|8],T) and receive (2, |8],T) as elements of £*. Observe that 500K P11/
is large enough to ensure that the tuple (2, |S|,T") can be interpreted as an element
inside it. Alice pads her message so that it has £ «+— max(500K P-1.1! p/2) symbols
from ¥. Let ¢ be the number of symbols received.
Alice makes sure that Equation 1 is satisfied in this step as follows: If her message
violates Equation 1, she replaces it with the longest string of Ls so that Equation 1
is satisfied. If this happens or if Alice receives a string of L in this line, she does not
execute Line 54 and Line 56 below.

51:  if |S| =|S| and £ = & then

52: ApDSYM(0, T, T).

53: else if |S| = |S| or 10/ < ¢ then

54: S.REM().

55: else if |S| > |S| then

56: S.REM(min(u, |S|—|S|+1(10¢ < £))) where y is the smallest integer that satisfies

" S[S|+1—hl.p>10(¢+0) (weset u=|S|+1 if none exist).
57: end if
58: end for
59: (Z,m,,p) < S.last.
60: Output g”(z?, n[1 : T/P]) interpreting 7[1 : T/P] as an element of 3T,

6 Analysis

We work with the ¥, X4, X2 Y4 YB, and II that we fixed in the beginning of Section 5.
Recall that II has T rounds. The furthermore part of Theorem 5.1 is easily observed from
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Algorithm 5 The Protocol Chunk.

61:

62:
63:
64:
65:

Alice simulates the next P rounds of the protocol IT assuming input z# and transcript
7. Formally, let 7., denote the even coordinates of m when it is interpreted as a string
in ¥*. Alice runs the protocol € = {f&, g5 }ceqa,py with P rounds where, we have
f&(x1,6) = fATA, Tevenl|s) for all ¢ € X<F and g is the function that simply returns
its second argument. Note that the output space of the protocol € is ¥27. She sets o to
be the output of the protocol €.
if |Z| is even then

o« ml|7|].
end if

return o.

Algorithm 6 The Protocol AbDSYM(o, T, T).

66:
67:
68:
69:
70:
71:
72:
73:
74:
75:
76:
7T
78:
79:
80:
81:
82:
83:
84:
85:
86:
87:
88:
89:
90:
91:
92:
93:
94:
95:
96:

if |Z| is odd then
7+ 7||o.
if T # T then
X.last.t < |7|.
#.ApD(|7|,0, (Zs[h].r, T, Ts), o) where h is the smallest such that T, # T'.
else
d* + smallest odd number (|Z|, if none exist) such that 22[d].t — Z[d+2].r < |x|.
Z.REM(|Z| — d¥).
end if
else
b < o
T & T<|n|-
if || = 2(Z.last.r — #.last.t) then
ZX.last.a, Z.last.p + o.
Z.ADD(|7],0,0,0).
Y €.
else
if |7| = 0 then
Z <+ [(0,0,0,0)].
Y €.
else
Let d* be the largest (possibly 0) such that Vd' € [d*] : Z[|Z|—2d'+1].r = ||
Delete positions d' from Z for all |%Z| — 2d* < d' < |Z)|.
if T # T and Z.last.t = 0 then
X.last.t < Z.last.r —||. As 7| > 0, we have Z.last.r > || in this line.
Z.last.} + (T'1,T1). Note that |I'| = || = 1 in this case.
end if
end if
end if
end if
S.ADD(Z, 7,9, {).
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the description of IT". Thus, to prove Theorem 5.1, it remains to show that:

Theorem 6.1. For any adversary A’ for I', and for all inputs 4 € X4 and 2B € XP, for
all C € {A, B}, we have that:

corrp v (22, 27) < 0,5 = T (24, 27) = 112, ).

6.1 Notations and Framework

We fix an adversary A’ and inputs x4 € X4, 2% € X® such that corrpa (24, 28) < 6,9
for the rest of this paper.

As the protocol II" is deterministic, fixing the inputs and the adversary fixes the values
of all the variables in all the iterations of the loop in Line 41 (for both Alice and Bob). For
i € [R/(P+1)] and a variable var other than o, we will use var to denote the value of the
variable var the first time it is set in iteration ¢ of the loop in Line 41 in Alice’s execution
of Algorithm 4. For a variable like & that is defined once for all the iterations, the value
SiA will denote the value of & at the beginning of Alice’s execution of iteration i. When we
omit the subscript ¢ or when i = R/(P 4 1) + 1, we mean the value of var at the end of

B analogously with Alice replaced

Alice’s execution of Algorithm 4. We define var? and var
by Bob. Also, the notation o7 will denote the value of o after Algorithm 5 is executed by
Alice in iteration i. The notation o is defined similarly.

Recall that the variable & is a list of tuples of the form (r,t,a, 3). We will use #Z’ to
denote the same list with the last two entries omitted from each entry in the list, i.e., for
every entry (r,t,«, ) in #, the list Z’ will have the entry (r,t). We define the variable
2 = (X', |r|, |¥|,p). Observe that, due to Line 79, if (%, 7,1, p) is the quadruple from
Line 42 in our protocol, we may have a, 8 # ¢ only for the last element in %#. Thus, the
quadruple (£, 7,1, p) is determined by 2, ||, Z.last.a, Z.last.

For C € {A, B}, we define €°(I) to be the set of all iterations i such that party C' executes

Line [ in iteration i. Also define, for i € [R/(P +1)], the values corry' = corr{' 117, (2, 27 1),

BoA (x4, 2P 4), and corr; = corrt + corrP.

corrf? = corrp iy

Finally, for a part of this section, we will need to consider another adversary A” for IT'.
When we refer to the value of a variable (or the value of corr) in the execution of II' in
the presence of these adversaries (with the same inputs), we explicitly write the adversaries

either in parenthesis or as a subscript. Thus, we may write 2:'(A”) or corr?(A"), etc.

Proof of Theorem 6.1. We show Theorem 6.1 in two steps. First, we show that, at the cost of
changing the constants in the theorem, we can assume that the adversary A’ has a particular
structure. More precisely,

Theorem 6.2. There is an adversary A” for II' and num > 0 such that the following hold:
1. We have [num — 1] C €4(A",52) N €B(A",52) and for all i € [num), it holds that

(2 (A"), ISTA")]) = (27 (A"), ST (A")]).
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Furthermore, SE(A") = (A" for allnum <i< R/(P+1)+1 and C € {A, B}.

num

2. It holds that:
D AT+ P(AT) > S/500. > corri(A") < 1076,

<num <num

3. We have:

VC € {A, B} : 115, (24, 2P) = € (24, 2P)
— VC € {A, B} : ¢ (x4, 2P) = I (2?, 25).

Fix A” and num to be the ones promised by Theorem 6.2 for the rest of this paper. We
finish the proof of Theorem 6.1 by showing that:

Theorem 6.3. For all C € {A, B}, we have that IU'Q, (24, 2P) = 11 (24, 25).

6.2 Proof of Theorem 6.3

We now prove Theorem 6.3. Recall that A” and num > 0 are the values promised by
Theorem 6.2. As we will restrict attention to the adversary A", we will drop it from our
notation for variables, etc. That is, the notation var/* will denote var{*(A"), &(-) will denote
¢(A”, ), ettt
We have from item 1 in Theorem 6.2 that [num — 1] € &4(52) N €5(52) and for all
i € [num],

(27|81 = (27,187)).

It follows from the definition of 2, %', and ¢ that (24, |72, |02, p, |S2|, |2, 14) =
(Z5, |7P|, [P, pP, |SE|, | %P |, ¢7) for all i € [num]. Due to this equality, we drop the
superscripts A and B from these quantities. We also drop the superscripts from &(-) when
it is clear that the value of €4(-) and €5(-) are the same.

We consider the first num iterations of II' when executed in the presence of A”. Owing
to the furthermore part of item 1 of Theorem 6.2, we have for C' € {4, B} that ¢, = 7°.
Using this together with Algorithm 5 and the definition of I1¢(z4, 27), we get that in order
1:T/P)=xB_1[1:T/P].

Recall that we use LCP(u,v) to denote the longest common prefix of two strings u, v.
Thus, all we have to show is that |LCP (w2, 72,,,)| = T'/P. This follows from the following
theorem, our choice of S, and item 2 of Theorem 6.2.

num [

to prove Theorem 6.3, it is sufficient to show that 72 [

' This should not be confused with our notation in Subsection 6.1 and Subsection 6.3, where we dropped
the adversary A’ from our notation for variables. The adversary A’ will not appear anywhere in this section.
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Theorem 6.4. It holds that:

> <164y - |LCP (], ) |+ 107 Y corry.

<num <num

Proof. Note that ¢; = max(500K P - 1.1 p,/2) for i € [num], where p; = £;_, for i > 1 and
p1 = 0. This gives:

i< > 500KP - LI g2 00 > 1),

<num <num

implying that Y ._ - f; <> . .m1000KP - 1.1/, Thus, in order to finish the proof it
is sufficient to show that > Uy <805+ |LCP (i, ™o )| +10° -3, corr;, where

<num 1t num’ ' num

¢; = 1000K P - 1.1 for i € [num]. We show this in Subsubsection 6.2.11 below. O

6.2.1 Our Framework

Define the sets STARTSp = €(80) U €(84) U {0} and STARTSg = €&(70). Observe that the
sets STARTSr and STARTSg are disjoint. Let the set:

STARTS = STARTSF U STARTSR.

For 7 € STARTS, define the function:

Stop(i) = {arg min{i < i < num | i € &(84)} i€ €(84) U {0} '
argmin{i < i < num | |Zy| < |Z;is1]} —1 i€ E(70)U E(80)
If any of the argmin is over an empty set, then we define STOP(i) = num and say that i
is ‘fixed” . If i € STARTS is not fixed, we say that i is ‘direct’ if |Zsrop(i)| — |Ziv1| is even.
Otherwise, we say that i is indirect. Let RANGE(i) = (i : STOP(7)]. We make the following
observations about our protocol.

Fact 6.5. It holds that:

1. For all0 < i < num, we have |%;1| > 1, with equality when i € €(84)U{0} and strict
inequality when i € &(70) U &(80).

2. For all 1 < i < num, we have |Zis1| < |%;| + 1 with strict inequality unless
i€ E(70) U &(80).

3. For all i € STARTS, we have (i : STOP(i)) N &(84) = 0. Furthermore, for all
J € RANGE(i), we have |Z;| > | %t

4. For all 1 < i < num and C € {A, B}, we have Z¢(1 : min(|Zi1|, |%Zi|) = ZoA (1
min(|%Z;11],|%;|)). In particular, due to item 3, for all i € STARTS, j,j" € RANGE(7),
and all C € {A, B}, we have ZE (1 : |Rin|) = ZS(1 - |Risa).
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5. For all 1 <i < num and all C € {A, B}, if |%| is odd, we have ©{,, = n||o¢, and
if | %] is even, we have 1%, = wC[l : |m]) and of = wl(|ml]. If |%i| is even and
i ¢ STARTS, we have Y5, = ¢F||of.

6. For all i € STARTS, we have Xiiq.last.r = |miq1].
7. For all i € STARTS that are not fized, we have STOP(i) € €(84) U E(73) U E(88).

8. Foralll <i < num and all odd d < min(|%Z; 1], |%;]), we have Z;[d|.r = R [d].r. In
particular, due to item 3 and item 6, we have for all i € STARTSF and j € RANGE(7)
that |7Ti+1| = f%ij%i—l—lH-T'

9. For all1 <i <i' < num such that |Z;| is even for alli" € [i : i'] and C € {A, B}, we
have (Zy.last.r, %S last.a) = (%;.last.r, ZC last.a). If %;.last.t > 0, we also have
(% last.t, %G last.3) = (%i.last.t, %C last.B3).

10. For all i € [num] such that |%;| is even, we have |¢;| + |mj| = Zilastor > 0.
Furthermore, if |%;| is odd, then |i;| = 0.

11. For all 1 < i < num such that |%;| is even, we have ;| < 2 (%;.last.r — %;.last.t).
It follows by item 10 that i € €(80) implies X;.last.t > 0. If Ziiq.last.t > 0, we also
have ;| + 1 > R 1.last.r — Riiq.last.t.

Lemma 6.6. For all i € [num], if |%;| is odd, then we have

Hi|l]or < RH[3]r <--- < Flastr <|m| < min  2%;[d|.t — Z;[d + 2].r.

odd d<|%;|—1

On the other hand, if |%;| is even, then we have

odd d<|%;|~1
Furthermore,
o [n either case, for all odd d < |%;| — 1, we have

Z,(d).t > Bi[d + 2).r.

o [fie &(73) and df < |%;|, we have
| Ti1| = 22| Ri || -t — Rl | R | + 2)r

Proof. Proof by induction on . The base case ¢ = 1 is straightforward. We assume the claim
holds for © < num and show it for ¢ + 1. We consider various cases:

o If i € &(67), then |m41| = |m| + 1. We have:
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— If i € €(70), then a new entry gets added to Z in iteration i, |%;1| is even, and
the r field in other entries does not change. Thus, Z;[1].r < Z[3].r < -+ <
K last.r < |m| implies Zi1[1].r < Ziq[3]r < -+ < B [|Bia| — 1]or < |mi| <
|-

Furthermore, as the ¢t entry only changes in %Z;1[|%i1| — 1] and Z1[|Ziv1| —
1].t = |m41|, we have

|Ti1| = |ms| + 1

" odd d<|%;|—1

= min (‘@i+1[|%i+1| - 1]t, min 2%H_1[d]t - f%i—i—l[d + 2]7") .

odd d<|=o/i+1 ‘—1

The furthermore part is straightforward as none of the relevant fields change.

— Otherwise, i € €(73), then an even number of entries are removed from the end
of Z in iteration i. Thus, the induction hypothesis Z;[1].r < Z;[3].r < --- <
K last.r < |m;| with Line 73 implies Z;1[1].r < Ziq[3].r < -+ < Ry last.r <
|mil < |migal.

Additionally, by definition of d*, we have

ol <, min 2Rl Fld+ 2

The furthermore parts are straightforward.
o Ifi € &(76), then |m;11| = |m| — 1. We have:

— If i € &(80), then a new entry gets added to Z in iteration i, |[%;y1] is
odd, and the r and t field in other entries does not change. Furthermore,
Ry last.r = |mipq|. Thus, Zi[1].r < Z[3].r < - < || %;| — 1].r < |m;| implies
Ria|llr < Bia[3]r < -+ < B [|Zia| — 2|7 < |mi| — 1 = |mi1| = Py last.r.
Furthermore, we have

. 2%; 4 |d).t — R;q|d + 2].
Odddg?fgflz‘lﬂl—l +1[] +1[ + ]r

= min (25?@“5% — 1.t = Ziyr.last.r,  min  2%;[d|.t — Zi[d + 2].7")

odd d<|%;|—1

> min (2|m;| — |migal, 7)) > [Tl

For the furthermore part, as the other relevant fields do not change, it is enough
to show that Z;[|%;| — 1].t > Hii1.last.r = |mi41| = |m;] — 1 which holds due to
the induction hypothesis.

— If i € €(84), then £, = [(0,0,0,0)] for C' € {A, B}, and the induction step is
straightforward.
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— Otherwise, we have i € &(87). Using the definition of d* and the induction
hypothesis, we get Z;[1|.r < Z[3].r < -+ < Z||%:| — 2d* + 1]lr = -+ =
K| #;| — 1].r = |mipa| = |mi| — 1 < |m|. We execute Line 88 and possibly also
execute Line 90. The former deletes the entries at positions [|%Z;| — 2d} : |%;|)
from & while the latter does not affect the r and ¢ fields in any of the odd entries.
Thus, to show that Z;1[1].r < Zia[3]r < -+ < Zia[|Ziva| — 1]r < |miga], we
need to show Z;[1].r < %;[3).r < - < Zi[|%;| — 2d* — 1].r < |mi41|, which holds
by definition of d*.

Furthermore, if d* = 0, then we have

|Ti1] < |m;] < min (9?1[|92| —1].t, min 2%[d).t — %;|d+ 2].7“)

odd d<|%i|-1

" odd d<|%i41]—1

= min <t%i+1[|'%i+1| - ]_]t min 2%Z+1[d]t - %7;+1[d + 2]7”) .

On the other hand, if d* > 0, then we have

[Tig1] = [mi| =1

odd d<|%;|—1

< min (%’ZH%J —2d" +1].r, min  2%;[d].t — Z;[d + 2].7’)

< min (%’ZH%’Z[ —2d" —1].t, min  2%;[d].t — Z;[d+ 2].7’)
odd d<|%i+1‘—1

= min (%i+1[’%i+l| — 1]t, min 2%Z+1[d]t — ‘%i‘i’l[d + 2]7’) .

odd d<|%i+1‘71
The furthermore part is straightforward as none of the relevant fields change.
O

Lemma 6.7. For i < i’ € STARTS , either RANGE(i) N RANGE(i") = 0 or RANGE(i") C
RANGE(i).

Proof. 1f i is fixed, the result is straightforward. So we assume that ¢ is not fixed. We
first assume ¢ € €(84) U {0} so that STOP(i) = argmin{i < " < num | " € &(84)}. If
i’ > STOP(7), we are done as RANGE(¢')NRANGE(i) = (). On the other hand, if i' < STOP(i),
then using the fact that i € STARTS, it follows that i € &(70) U €(80). In this case, we
show that RANGE(i") € RANGE(i) by showing that STOP(i) > STOP(i'). To see why the
latter holds, use item 1 of Fact 6.5 to get

|'@STOP(1')+1| =1<2< |t@i/+1|.

Now, assume that i € &(70) U €(80) so that STOP(i) = argmin{i < " < num | [Zy| <
|Z;+1|} — 1. If i/ > STOP(i), we are done as RANGE(i') NRANGE(7) = (). On the other hand,
if i/ < STOP(7), then we claim that i' ¢ €(84) U {0}. Otherwise, by item 1 of Fact 6.5, we
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have
(R 1| =1 <2 < | Ky,

contradicting i < STOP(i). Now, we use ¢ € STARTS to get ¢/ € €&(70) U &(80). As
i" < STOP(i), we get |Zii1| > |Ziv1| and, in turn, SToP(i) > STOP(i'). It follows that
RANGE(?") C RANGE(7). O

Midpoints. For ¢ € STARTS, define
MiD(i) = max{i’ € RANGE(?) | |%y| = |%is1|}-

Observe that M1D(¢) is well defined as the maximum is taken over a non-empty (as it contains
i+ 1) set. Also, for i € STARTS \ {0}, define PREV(i) = max{i’ < i € STARTS | |Zir11| =
|%;|}. This is well defined as the set over which the maximum is taken is non-empty. Indeed,
if |%;| = 1, then 0 is in the set. Otherwise, if |%;| > 1, then, using the fact that |#| increases
by at most 1 in each iteration and only increases in iterations in STARTS, we can conclude
that there is i’ < ¢ € STARTS such that |Z; 1| = |%;| and the set, therefore, is non-empty.

Lemma 6.8. Fori € &(70) U &(80), we have RANGE(i) C RANGE(PREV(7)).

Proof. Owing to Lemma 6.7, it is sufficient to show that STOP(PREV(Z)) > i. Suppose for
the sake of contradiction that STOP(PREV(7)) < i implying that PREV(7) is not fixed. Due
to item 7 of Fact 6.5, we have that STOP(PREV(7)) < i. This gives PREV(7) ¢ €&(84) U {0}
as otherwise STOP(PREV(i)) € STARTS and |Zscopprav(i)+1| = |[Zereviy+1| = | %l
contradicting the definition of PREV(7).

Thus, we must have PREV(i) € &(70) U €(80) in which case |[Zsroperevii)+1] <

| Bpriviiy+1] = |%i|. As |Z| increases by at most 1 in each iteration and only increases
in iterations in STARTS, we can conclude that there is STOP(PREV(7)) < ¢ < i € STARTS
such that [Z 1| = |%;| contradicting the definition of PREV(7). O

Lemma 6.9. For all @ € STARTS that are indirect, we have:
e MiD(i) < STOP(7).
e [fi € STARTSF, then MID(i) € €(70). Ifi € STARTSg, then MID(i) € €(80).
e SToP(MID(i)) = STOP(7).
e PREV(MID(7)) = 1.
Proof. We prove each part in turn:

e For the first part, it is sufficient to show that [Zsrops)| > [Zira1|. If i € €(84) U {0},
then, by the definition of STOP(i), we have, STOP(i) € &(84). This implies that
|Zsrop(y| 1s even in turn implying [Zsrop)| > |Zita| = 1.
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On the other hand, if i € &(70) U €(80), then, by the definition of STOP(7), we have,
| Rsrori)| = |#it1|. This combined with the fact that |Zsrop)| — [#is1| is odd (as i is
indirect) implies that |Zsror@)| > |Ziva|.

By the previous part, we have MID(7) < STOP(7). This combined with the definition
of MID(7) and item 3 of Fact 6.5 implies that |Zin(iy+1| > [Zis1| = |%aw)|- Now, if
i € STARTSp, then |Z;1| = [%ain(| is odd and [Pain(iy+1| > [Zrim(s | is only possible
when MID(i) € &(70).

Similarly, if 1 € STARTSB, then |%i+1| = L@Mm(iﬂ is even and |’%1\’IID(i)+1| > |‘@1\41D(i)| is
only possible when MID(7) € &(80).

Assume for the sake of contradiction that SToOP(MID(7)) # STOP(7). By Lemma 6.7,
we must have STOP(MID(i)) < STOP(i). By the foregoing part and the definition
of STOP(7), we have that |Zsrorm(i))+1| < [#ri@)+1]- Combined with item 3 of
Fact 6.5, we get

|Zi1| < |Psrorvm(in+1] < [ Prio(iy+1] = [Py | + 1 = | Rt | + 1.

As all the values are integers, we must have |%Z; 1| = |Zscor(vin(i))+1| contradicting the
definition of MID(7).

We argue using the definition of PREV(-):
PREV(MID(i)) = max{i’ < MID(¢) € STARTS | |Zi11| = |Zauw) |} > 1,

where the last step is because ¢ < MID(i) € STARTS and |[Z;+1| = |%ain@)|. We next
claim that max{i’ < MID(Z) € STARTS | |Zi11]| = |%aimy|} < i. To see why, suppose
for the sake of contradiction that there exists i > i € {i’ < MID(i) € STARTS |
| Ry 1| = |Fauny| }- Observe that i ¢ {0} U (84) as otherwise MID(i) > i"” > i is a
contradiction to item 3 of Fact 6.5. Therefore, i € €(70) U &(80). This implies that

Py | = [Riv | = | Rin| + 1 2> |Hia| + 1,
a contradiction.
O]

Let ¢ € STARTS. We say that j € {i} URANGE(7) is ‘good’ for i if one of the following

conditions hold: (1) j =1, (2) |%;| = |Zi+1|, (3) j = STOP(i) and |%;| — |Z;+1| is even.

6.2.2 Some Technical Lemmas

Lemma 6.10. For all i € STARTSp that are indirect, we have |Tsrop(iy+1| = |Tit1]-

Proof. To start, conclude from the definition of indirect that |<@STOP(1-)| is even. This together
with item 7 of Fact 6.5 gives us that STOP(7) € &(84) U &(88).
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If STOP(i) € €(84), then we have |Tgropiy| = 1 and |[Tgrop(i)+1| = 0. We have using item 8
of Fact 6.5 and Lemma 6.6 that

|7TST0P(i)+1| =0< |7Tz‘+1| = ‘%STOP(i)H'%’H—IH'T < |7TST0P(z')| =1,

and the result follows as all quantities are integers. On the other hand, if STOP(i) € &(88),
then we get from the definition of STOP(-) that i € €(80) and therefore |Zsrop(i)+1| < [Zis1|.
This, due to Line 87 and Line 88 means that |Tsropi)+1| = Zsror(i)||Zit1|].r. To finish the
argument, we simply invoke item 8 of Fact 6.5.

]

Lemma 6.11. For all i € STARTS and j € {i} URANGE(i) \ {num}, we have

il + min [ | <2 i,
3" €li:g]

Proof. Proof by contradiction. Suppose there exists j € {i} U RANGE(¢) \ {num} such
that the result does not hold and consider the smallest such j. It must be that |mjq| #
min;ep;j |41/, as otherwise

- in |y a| =2 min T <2 |ml.
7l + moin [y min || <2+ ||

Thus, in particular, we have j # i and therefore, by our choice of j, we have

. ] . < . ] .
|7 +j,rg[1£)!7w1! |7Tj41| + j;g[lig]!%fﬂl,

implying that |7;| < |mj41] and therefore that |%;| is odd by item 5 of Fact 6.5. As
i € STARTSp and j € RANGE(7), we get from item 3 of Fact 6.5 that |%;| is odd implies
(25| > |-

Let i +1 < j” < j to be the largest such that |%;/| = |Zi+1]. Observe that j” is well
defined as j” =i+ 1 is one such value. As [%Z;| > |Zi+1], we have j” < j, and therefore, by
our choice of j”, that |Zjii1| > |Ziv1]| = |Zjr| (we have |Zjii1| > |HZis1| due to item 3 of
Fact 6.5) implying that j” € (80) C STARTSF by item 2 of Fact 6.5.

Next, note that j < STOP(5”) = j € RANGE(j") as otherwise, by definition of STOP(-)
and item 3 of Fact 6.5, we have |Z; 1| < [Zsroriryi1| < |Rjria| = |Bjn| + 1 = |Ziya| + 1, &
contradiction to the choice of j” as all quantities are integers. We have

71| > 2 [mia| = Jnin |71l

S
> 2 || = [mjr ]
> 2 Ri1||Ziva| — 1.t — |mjma] (As i € STARTSR)
> 2 Rp1||Riir| — 1)t — Bj[| 1)1 (Fact 6.5, item 8)
> 2 Rj||Rir| — 1]t — Z;|R#jr1a]].7 (Fact 6.5, item 4)
> 2 Ri||Riv1| — 1.t — RB}||Risa| + 1)1 (As 37 € €(80))
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> |m| + 1, (Lemma 6.6)

a contradiction to item 5 of Fact 6.5.

]

Lemma 6.12. Let i € STARTS and i’ € RANGE(i) N STARTS be such that |Zy| = |H;i1].
We have:

o If STOP(i') < STOP(i), then i is indirect and we have |Hsropiny+1| = |Zit1]-

e [f STOP(i') = STOP(i) < num, then we have i is indirect if and only if STOP(i) is
good for 1.

Proof. We prove each part in turn. In both the parts, we use the fact that i’ < STop(i') <
SToP(7) implies that ' ¢ &(84) U {0} as otherwise, we have a contradiction to item 3 of
Fact 6.5.

e First, note that STop(i') < STOP(i) implies that STOP(/) + 1 € RANGE(7) and

therefore
(Zi1] < [Rsror(iry+1] (Fact 6.5, item 3)
< | %y 11| (Definition of STOP(-) and i’ ¢ €(84) U {0})
= |%y| + 1 (As i’ ¢ €(84)U{0})
= [Zi1| + 1. (|%i| = |Zi11l)
As all quantities are integers, we get that [Zsrop(iry4+1| = [Zit1]- It remains to show

that ¢’ is indirect. For this, we need to show that |Zsropin)| — [#ir41| is odd. As
Stop(i') < STOP(i), we have that STOP(i') ¢ &(84) and therefore, by item 7 of
Fact 6.5 that STOP(i') € &(73) U &(88). This means that |Zsror(ir)| — [PZsror(i)+1] 18
even and it is sufficient to show that |Zsrop(iry+1| — | %41 is odd. The latter is because:

|Zsror(inys1| — |Rira| = | Bivi| — |Riria| = | Zir| — |Fir 1] = —1,
as i’ ¢ €(84)U{0}.

e As SToP(i) = STOP(i') < num, we have that 7’ is indirect if and only if |Zsrop(i)| —
| % 11| is odd. As @' ¢ €(84) U {0} and |Zy| = |Zis1|, this happens if and only if
| Rsror)| — |#iv1| is even which is if and only if STOP(7) is good for 1.

O
Lemma 6.13. Let i € STARTSE and j € RANGE(?) \ {num} be good for i. We have
o |mjp| <minjiepjy|miqa|. The inequality is strict if |%;| = |Risal.
o || <2 (Imia| = |mjsal)-
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Proof. Proof by induction. For the base case j = ¢+ 1, we have by item 5 of Fact 6.5 that
|Tis1] — |mj+1] = 1 and |¢;| = 0 and the claim follows. We show it for j > i + 1 assuming
that it holds for all values < j. Let i + 1 < j' < j be the largest such that j' is good for
i. This is well defined as j* = ¢ + 1 is one such value. Note that |#;/| and |%;| are even by
definition of good. If j' = j — 1, then we argue using item 5 of Fact 6.5:

i1l < gl < min ([l i 7] ) = i [,

and
il < [y | +1 <2 (Imia| — |ms]) + 1 <2 ([miga| — |mj4a) -

The remainder of this proof deals with the case j° < j — 1. In this case, by our choice
of j' we have that 5/ 4+ 1 is not good for ¢ implying that |%Z; 11| > |Zit1| = |%Z;/| (we have
\Zjrs1| > |Zit1| due to item 3 of Fact 6.5) implying that j° € €(80) C STARTSy by item 2
of Fact 6.5.

As j' < j < STOP(7), we have by Lemma 6.7 that STOP(j') < STOP(7). We consider two
cases:

e When STOP(j') < STOP(i): In this case, we first claim that j = Stopr(j’) + 1.
Indeed, j < STOP(j') 4+ 1 as otherwise we get |Zsrop(j)+1| = [#it1| from Lemma 6.12
implying that STop(j’) + 1 < j is good for i contradicting the choice of j'. Also
j > StoP(j') + 1, as either j = SToP(i) > STOP(j') or by the definition of good,
we have |%;| = |#i+1| < |#j+1| implying that j > STOP(j') + 1 by the definition of
StoPp(-).

Next, we use Lemma 6.12 to conclude that j’ is indirect, which with Lemma 6.10
means:

3210 < Irsongryal = Iyl < i (Il guin el ) = goiy .

Due to item 8 of Fact 6.5 and Lemma 6.6, we also have

|[Tj41] < [Tsrorny+1] = Imjraa] < e %inép(j,)}|7Tj”|-
We combine these two equations to conclude that |7 1| < |mjp1| = minjrep)|mmi],
as desired. For the second part, let j* < j; < j be the largest such that |%;, | is odd.
This is well defined as |%;11] is odd. By our choice of j;, we have that |%;| is even
for all j; < j” < j implying that (j; : j) N STARTS = ). Furthermore, as |%}, | is odd,
we have that ;11| = 0.

Due to item 5 of Fact 6.5, we have that [¢;| — |¢;, 41| = |7j,11] — |7;|. Combining, we
get

V5] = |7 41| — |75
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<2 |mi| — ; mirj; ]|7rju+1| — | (Lemma 6.11)
1

'//E[,L'.
< 2 M| = |mjrgal =[] (As |mjrpa| = mingoepi i)
<2 (|misa] = |m;]) (Lemma 6.10 and j = STOP(j') + 1)
<2- (|7Ti+1‘ — |7Tj+1|> . (Fact 6.9, item 5)

e When STOP(j') = STOP(i): As j° < j < StOP(i) = STOP(j’), we have that
j € RANGE(j’) and therefore, using item 3 of Fact 6.5 and the fact that j is good
for i, we have that |%;| > |#Zj 41| > |%i+1] and j = STOP(i7). Thus, we don’t have to
show a strict inequality in the first part of this lemma.

Using the fact that 7 = STOP(7) is good for ¢, we have by Lemma 6.12 that j’ is
indirect, which with Lemma 6.10 means:

|Tj1] = |mj41] < min (|7Tj'+1|vj,,12[i§},)|ﬂj”+1|) = j,g@{},ﬂwﬂl.

Due to item 8 of Fact 6.5 and Lemma 6.6, we also have

|Tja] = [mjra] < j/,e(jl,fgiT%P(j,)]|7Tj"|-
We combine these two equations to conclude that |7 1| = |7j41| = mingrep|mmia,
as desired. For the second part, let j* < j; < j be the largest such that |%},| is odd.
This is well defined as |Z#;41] is odd. By our choice of j;, we have that |%;~| is even
for all j; < j” < j implying that (j; : j) N STARTS = (). Furthermore, as |%;,| is odd,
we have that ;11| = 0.

Due to item 5 of Fact 6.5, we have that |¢;| — |¢;,41| = |7j,41| — |7;|. Combining, we
get
il = |mjpia] = Il
<2 |mip1| — min |mjmq| — | (Lemma 6.11)
j"€lign]
< 2 mia| = |mjgal — [l (As |7mjr1a| = mingrepg)|mjmia)
<2 |mipa| — || — |mjsa| — 1 (Fact 6.5, item 5)
<2+ (Imiga] = [mj4al) - (As [mjpa] = |mj41])
[l

Corollary 6.14. Let i € STARTSg and j € RANGE(i) \ {num}. If |%#;| = |%i+1|, we have
for all j" € (i : j] that |m;] < |my| and 7§ = 7G[1 : |m;|] for all C € {A, B}.

Proof. We only show that |r;| < |rj/| as the other part follows because the parties only
add/remove one symbol from 7 in every iteration. As |%,;| = |Z%;+1| implies j is good for 1,
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we get using item 5 of Fact 6.5 that:

1< 1| +1< min |my4q| = min |m].
|7T]’—|7T]+1| —j}?[li%)|7rj'+l| jg(1%1|ﬁy’|

[]

Lemma 6.15. Leti € STARTSg and i’ € (i : STOP(i))NSTARTSF be such that |%i| = |Ris1].
We have for all j € [i : STOP(')] \ {num} that:

[mia| < |yl

Proof. It j € [i : 4], this follows using Lemma 6.13. We next show this for j € [i :
STOP(4')] \ {num}. For all such j, we have by item 8 of Fact 6.5 that |my1| = %Z;[|Zis1]].7.
If |%;] is odd, we get using Lemma 6.6 and item 5 of Fact 6.5 that:

Tja| = |5 + 1 = Zj[|Zira|].r + 1 = || + 1.
On the other hand, if |%;| is even, we get using Lemma 6.6 and item 5 of Fact 6.5 that:
M| = |5l = 1> Zj[|Zira|].r = 1 > |mira | — 1,
and the result follows as all quantities are integers. ]
Lemma 6.16. For all © € STARTSg that are indirect, we have:
0 < |Tsror(i)+1] = |Tit1] < |Tiga] = |Tvigay41]-
Furthermore, if |Rsropi)+1| + 1 = |Ziy1|, then the second inequality is an equality.

Proof. To start, conclude from the definition of indirect that |Zsror(;)| is odd. We show that

STOP(i) € €(73) and d§,,p;) < [Zsror()| and apply the “furthermore” part of Lemma 6.6.

Indeed, by item 7 of Fact 6.5, we get STOP(i) € €(84) U &(73) U €(88) which together with
the fact that |Zsior(s)| is odd gives STOP(z) € €(73). Also, dg,opy < |[Hsror| —2 =

STOP(%

| Zsror(iy+1| < [Hsrors| — 2 as otherwise, we have by Line 73 that

|ggSTOP@)|::|£g%TOP@)+1|
< | %41 (Definition of STOP(-))
< |Zsrors) (Fact 6.5, item 3)

a contradiction. From the “furthermore” part of Lemma 6.6, we get that
|Tsror@)+1] = 2%srop(i)[|[ Zsror(iy+1]]-t — Psror() || Zsror(iy+1] + 2).1-
Assuming that [Zsrop@)+1] + 1 = [Zit1], we derive
[ Tsroriy+1| = 2%sror(i)[| Zsror(i)+1]]-t — Psror(i) [|Zsror(iy+1] + 2).7

= 2%¢+1[|%¢+1| - ]_]t - %STOP(i)[|°%i+1| + 1]7" (Fact 65, item 4)
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= 2%i+1[|%i+1| - ]_]t - %STOP(Z')Hf%l\'hD(i)—&-lH-T (Lemma 69)
= 2B [| K1 | — 1)t — |Matin(iy+1 (Lemma 6.9 and Fact 6.5, item 8)

= 2|mip1| = [Ty, (Line 69)

showing the “furthermore” part of the lemma. Moreover using Lemma 6.13, we can continue
as |Tsror(i)+1] = 2|Tiv1| — |Tvin@)+1] = |Tip1| showing the first inequality in this case. If
| Rsror(iy+1| + 1 # |Hisa|, the fact that [Hsropy+1| < [Ziv1| (definition of STOP(-)) and the
fact that |Zsrop(i)+1| is odd (as STOP(i) € €(73)) gives us that [Zsrop()11| +2 < |Zit1]|. In
this case, we have by item 4 of Fact 6.5 that:

|7TST0P(i)+1| = QQSTOP(i)[|‘%STOP(i)+1’]’t - %STOP(i)[|‘@STOP(i)+1‘ + 2]-T
= 2<@i+1[‘<%STOP(i)+1H-t - %iJrlH%STop(i)Jrﬂ + 2]'7"
> |l (Lemma 6.6)

For the second inequality, we proceed via contradiction. If the inequality is not true,
then we have.

| Tsror(i)| = |Tsror@)+1] — 1 (Fact 6.5, item 5)
> 2+ |1 — |Tvi(i)+1]
> 2 B[ Ziva| — 1]t — |Tain(iy+1] (As i € STARTSR)
> 2 Bsvor(i) || Ziv1| — 1]t — |Tatin(i)+1] (Fact 6.5, item 4)

> 2 Rsrov(i) | #ia| — 1.t — Baio iy 41 [| i | + 1)o7
(Definition of M1D(7) and Lemma 6.9)

Z 2. %STOP(i)H%H-ﬂ - 1]‘75 - %STOP(i)H%H-ﬂ + 1]-T
(Lemma 6.9 and Fact 6.5, item 8)

However, as |Zsrop(s)| > |Zi+1| due to the fact that 4 is indirect and item 3 of Fact 6.5, this
contradicts Lemma 6.6. ]
6.2.3 Analyzing One i € STARTS

The goal in this section is to state our results about a given ¢ € STARTS. We defer the proofs
of these results to Subsubsection 6.2.10. We first state the results when ¢ € STARTS, i.€.,
when a forward tree code is pushed at iteration .

Analyzing forward tree codes. For 1 < j < num and [ € [|7;41]], define
latest(j,1) = argmax{j’ < j | |%; | is odd A |7jr41| = I}.

We show that latest(-) is always well defined as the arg max is always over a non-empty set.
This is because |7| increases by at most one in any iteration, and only increases when | %] is

61



odd (Fact 6.5, item 5). Next, for 1 < j' < j < num and d > 0, define

corr s | Z;| is even
Eq(5,5") = S corry - 1(T4 oy #TE ) 31 € [|mj11]] such that j' = latest(j, 1) -
2 - corrj , otherwise

The function E(-) captures the amount of corruptions inserted in iteration j (up to
constant factors). Next, for i € STARTSF and j € {i} U RANGE(i) \ {num}, define
depth(i) = (|%Z;41| + 1) /2 and:
Gi(j) = ILCP(mi y (Imiga ] = [mjpal], Py (Imiga ] = [ [])]-
Bi(4) = Imjsa| = [miza] = Gi(4)-
(]) |{|7rl+1| <l < |7T]+1| | FIatest(] 1),>depth(i) 7é I_‘Iatest(j 1), >depth(z)}|
(7) = 1(Bi(4) > 0A (5 & €(70) VDi(j) = Di(j — 1))

Lastly, for d > 0, define:

spare; (J

()= > Ei(.5)
3" €(ig]

With these definitions, we are now ready to state our result for forward tree codes.

Lemma 6.17. For all i € STARTSy and all j € {i} URANGE(i) \ {num} that are good for
1, we have:

J
D b < 10" Efgepun (1) + L - (Gil) + 150B;(f) — 2500 - Di())
i =it+1
+ liy - 1(j = STOP(i) A |Z;| # | Zisal) - (Gi(7) + Bi()))
— 2500 - £7,, - spare;(7).
We now state our results when ¢ € STARTSR, i.e., when a backward tree code is pushed

at iteration 2.

Analyzing Backward Tree Codes. For 1 < j < num such that |%;| is even, define

turn(j) = 1 (¢ llof # v lo7) .

20 _
FU) = =75 - A (TCW; ), TCWllo7)) + 20 - (ILCP(tllo7, v llo)] — [151]) + 80.

Also, define for n > 0, the function taxq(n, j) as in Algorithm 7.
For 1 < j < num such that |%;| is odd, we define all of turn(j), F(j) and taxe(-, ) to
be 0. Next, we define for i € STARTSg and all j € {i} U RANGE(i) \ {num} such that
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Algorithm 7 The definition of taxq(n, 7).
if 7|y = 7P(¢7 then
taxo(11,) - 1 (5] + 1),
else if turn(j) = 1 then
taxo(1,7) < 3+ (] + 1).
if #;11.last.t >0 then
taxo(n, ) < taxo(n,j) +n- (2 (Zjq1.last.r — Hjiqlast.t) — ;| — 1).
else if j ¢ &(80) U €(84) then
taxo(1, j) < taxo(n, j) +n- (35 - F() + 5] + 1).
end if
else if max(%;.last.t,#j11.last.t) > 0 then
taxo(n, j) < n - (max(Z;.last.t, Zj1.last.t) — |miq]).
end if

|Ti11| < |mita], the functions'?:

taxy;(j) = 100 max (0, 9|LCP(nfyy (|7 « |mia |, moy (Imjsa ]« |miga )] = 8 (|mia| = |mjaa])) -

[Tl j
E? (]) = Z COrMatest(i,l) T Z corryr - (1 + 1 (|<%z’| is Odd)) .
l:|7'l'j+1|+1 i/=i+1

Finally, for n,n" > 0, define:

. * . Ti+1| = |TPREV(3)+1 . )
extra, (1.1, = G min (PO )35 | 1)~ t9500,5) )

For brevity sake, we adopt the convention that extra;(j) = extra;(225, 10, 7). With these
definitions, we are now ready to state our result for backward tree codes.

Lemma 6.18. For all i € STARTSE and all j € {i} URANGE(i) \ {num} that are good for
1, we have:

J
D6 < 10" EP() Fextrag(j) + 3+ L5y - 10 # 1) - (W] + 1) = 2+ 64, - (fmia| — [mj1))
i =i+1

— 62}1 -1 (] S @(80)) . taxl,i(j).

Analyzing Indirect Tree Codes. Finally, if ¢ € STARTS is indirect, we shall also have
the following additional results.
Lemma 6.19. For all 1 € STARTSf that are indirect, we have

Stop(7)
D 6 <10 Ef e (MID()) + 10* - Efyyp i) (STOP(0))

i =i+1

12Tn particular, by Lemma 6.13, these functions are well defined for all j that are good for i. Similarly, by
Corollary 6.14, these are also defined for all j such that j +1 € RANGE(¢) \ {num} and |%Z;11| = |Zit+1].
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3, ,
+17 iy ([Usror | + 1) — €74 - taxe(225, STOP(7)).

Lemma 6.20. For all i € STARTSg that are indirect, we have:

STOP(%)

Z E:’ < 104 ) EF(MID(Z)) + 10 EMID( ),depth(MID(%) (STOP( ))
i/ =i+1

+ Uiy 1+ (150 - Batin(i) (STOP(4)) — 2500 - Dy (i) (STOP(4)))
+ 44 . £ . (|7Ti+1| — |7TMID i)+1|) — 6:4-1 . taXLi(MID(Z‘))
— 2500 - €1+1 sparey ;) (STOP (7).

6.2.4 Lemmas Concerning latest(-) and D(-)

Lemma 6.21. Let 1 < j < num and | € [|mj1|]. For all j’ € [latest(j,1) : j], it holds that
|| > L.

Proof. Suppose not and let j° € [latest(j,[) : j] be such that |mj4| < I < |mj1q]. As |7
increases by at most one in every iteration and increases only when |Z] is odd (item 5 of
Fact 6.5), we have a j” € (j' : j] C (latest(j,1) : j] such that |%Z;~| is odd and |mjviq| = L.
This is a contradiction to the definition of latest(j,1).

O

Corollary 622 For all 1 < j < num, | € [|mj41]], and C € {A, B}, it holds that

7TI§test(j,l)+1 ]+1 [1:1].

Lemma 6.23. For all 1 < j < num and | € [|7j41|], we either have latest(j,1) = j € €(70)
or we have for all C € {A, B} that T'C, = I¢

latest(j,l) — — latest(j,0)"

Proof. 1f latest(j,l) = j € €(70), then there is nothing to show, so we assume that this
is not the case. Suppose for the sake of contradiction that there exists C' € {A, B} such
that thest Gl) # fgtest( ;- Consider iteration latest(j,1) in the execution of party C. As
|Ratest(,y| s odd, party C' executes Line 70 in iteration latest(j, 7). Due to our assumption
above, this means that latest(j,l) < j = latest(j,l) + 1 € (latest(j,{) : j|]. However, as
party C' executes Line 70 in iteration latest(j,[), we have that |Zatest(j)+1| is even implying

that |Matest(j)+2] = [Matest(j+1] — 1 = [ — 1 contradicting Lemma 6.21. O
Lemma 6.24. For i € STARTSy and j € {i} URANGE(i) \ {num}, we have
(1—107°) - B;(4) < Di(j) < B;().

Proof. We first show that latest(j,1) € RANGE(7) for all |m;41| <! < |mj41|. To show this, it
is sufficient to show that latest(j, 1) > i. This is because, otherwise, we have a contradiction
to Lemma 6.21. For the first part, note that:

DZ(]) = |{|7Ti+1| <l < |7Tj+1| | 1—‘Iétest(j,l),Zdepth(i) 7é thest(j,l),Zdepth(i)H
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> |{|7TZ+1| <l< |7TJ+1| | I-‘Iatest(jl ),depth(3) 7& 1-‘Iatest(jl ),depth(3) }|

= HW’H’ <I<|mjul | TC (Wlatest(j,l)+l,>\m+1|> #TC (Wlatest(j,l)+l,>\m+1|)})
(Fact 6.5, item 8 on latest(7, 1))

> |{Imia] <1 < Il | TC (w2 (imisal < ) # TC (28 (mial : )}
(Corollary 6.22)

ATC(mfy (Il = 1y ]]), TC Ry (i = |mjal])

>
> (1=107) - (Imjsa| = |mia] = [LCP (i y (Imisa| < |mja ], w0y (I | = I |])])
(Definition 3.6)

> (1-107°) - By(j).
For the second part, note that:

Di(j) = {Imis1l <1< |yl | Diarest(s), sdepth(s) 7 Lintest(j.) >depth(i)
= {Imin| <1< Tl + Gi(4) | Tinrest(j1) sdepth(s) 7 Llatest(jd) depth(i)
+ H{Imipa] + Gi(j) <1 < [mjpa] | Flatest(] 1), >depth(i) 7 Flatest(j 1), >depth(i) J |
< Hlmiga| <1 < miga] + Gi(j) | Flatest(] 1), >depth(i) 7 Flatest(jl ), >depth(i) } |
+ | mj] = [T | — Gi(d)

< |{|7Ti+1| << ‘71—2'+1| + G; ( ) | FIatestjl) >depth (i 7é FIatest(jl ),>depth(i }| + Bi ( )

With this, to finish the proof, it is sufficient to show that I‘latest(] 1), >depth(i)
thest(] 1) >depth(i) for all |1 <1 < |miz1|+Gi(4). To show this, fix |mq| < < |ma|+Gi())

and note that by the definition of G;(j) we have

T (mia| < 1) = 72 (Imigal £ 1]

A _ . B (
i 71-Iatest(j,l)+1,>|7ri+1| - 7T-Iatest(j,l)+1,>\mqu\ (COI‘OH&I‘y 622)
s A B
7-‘-IateSt(jvl)""]-7>‘%Iatest(j,l)[2’C|e'~-)th(7;)_]-] WlateSt( )+1 >Jlatest(] l)[2 depth(z) 1]

(Fact 6.5, item 8 on Iatest(j, 1))

This implies by Lemma 6.6 that for all d > depth(7), we have

A _ B
7TlateSt(jvl)'Fl7>%|atest(j,l)[2d71]"r’ - TrlateSt(jzl)+17>'%Iatest(j,l)[Qdfl}'r
A _ B
— TC (Wlatest(]’ D+1, ><@,atest(j,l>[2d—1].r> =TC <7T|atest(j,1)+1,>%,atest<j,l)[2d—1].r>
= FIatest(j l),d Flatest(] 1),d>

and I'4 follows

— FB
latest(j,l),>depth(i) — ~ latest(j,l),>depth (%)

O

Lemma 6.25. Fori € STARTSy and j € RANGE(7) \ {num} such that |%;| is odd, we have
4- Efdepth( )(j —1) - @11 Di(j —1) — @H - spare;(j — 1)
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< 4- Ez ,depth( z)(]) - é:—l—l : DZ(]) - E:—i—l : sparei(.j)'

Proof. As |#%;| is odd, we have by item 5 of Fact 6.5 that |mj 4] = |m;/ + 1 and
latest(j,1) = latest(j — 1,1) for all [ € [|m;|] and latest(j, |mj+1]) = j. The former implies
that Edepth(z)(j Jj) = Edepth( (7 —1,5) for all j" € (i : j). We get from the definition of E(-)
that:

E'Ll'::depth(i)<j - 1) - Z Edepth 1 '/>

J'€(ig)

= Z Edepth (27)

J'€(i:g)
Ez ,depth(i )(J) - Edepth(i) (J, )
= E; depth(i)(J) — corr; - I]'(F;‘>depth(z # F],>depth( 1)
as latest(j, |m;11]) = j. Again, using the fact that |mj 1| = || + 1 and latest(j,1) =
latest(j — 1,1) for all I € [|m;|] and latest(j,|m;+1|) = j, we get from the definition of D(-)
that:
Di(j — 1) = {Imizal <1< |mj] | Tidtest(—1.0) >depth(e) 7 Llatest(j—1.0), >depth(i)}
= {lminl <1< |75 | Platest(j,l),zdepth () 7é Flatest(j, 1),>depth(i }|
= {lmis| <1< [mjpal | Fétest(j 1), >depth(i) 7 Flatest(] 1), >depth(i) } |

28
—1 (Flatest(] |7j41]),>depth(z) 7é 1—‘Iatest(j,|7rj+1|),2depth(i)) ( )

= Dl(]) -1 (Flatest('|7rj+1\) >depth (i) 7é thest(j,|7rj+1|),Zdepth(i)>
= Dz(j> - ( j,>depth(i % FJ,>depth )

as latest(j, |mj+1|) = j. Combining the two equations above, we get:

2-E depth(z)(] 1) =4 DG — 1)
<2 Ez ,depth (i) (]) — 0y Di(4)
— 2 corr; - ]I(F]A>depth W 7 F] >depth(i ) + 0 (Fﬁzdepth(i) # Ffzdepth(i))
<2 gepn(n (1) — 641 - Dill)
— 2 corr; - l(rfzdepth(i) = Fﬁ>depth # F],>depth(1))
+ i (FJ >depth(i) — g7>depth # F],>depth )
+ 4y (Pg >depth(i) 7 Fg >depth(i) /\ FA>depth # Pj,>depth(z))
<2 EEdepth(i) (]) - g;kﬂ : Di(.j)
— 2 corr; - H(F?>depth(') = f‘ﬁ>depth (i) # Ff>depth(i))

+ g;k ’ (F;‘>depth( i) — Fj§>depth(z 7& F],>depth( ))
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+ Ez—l—l (Fjl>depth 7£ Fg >depth(z) N Fg >depth(z) 7& F] >depth( z))
(Fact 6.5, item 3 and definition of ¢*)

<2 B} geptn(iy (7) — Liy1 - Dil))

- (2 s corry — g;) : (Ff>depth( ) = FjA>depth (i) #17 >depth(z))

+ 0 (F}q>depth # Fg >depth(i) /\ F] >depth(i) 7 Pg >depth(i))
< 2 E] gepun(iy (1) — L1 - Dilj)

— (2 corj — ) - LT} tepen(iy = Lsdepth(iy 7 I7depth(i))

+ 0y - LT gepthii) 7 T isdepth(e) A J € €(70)) (Definition of Line 70)
<2 Ei,depth(i) (7) = €71 - Di(j)

— (2 cort; = £) - LT aepen(iy = Liisaepthi) 7 L 2deptn(i))

+ 07, - 1(Di(5) > Ds(j — 1) A j € €(70)) (Equation 28)

To continue, we claim that (~2 ccorty — £5) - LT yepny = f‘ﬁzdepth(i) # TP geptns) = 0.
Indeed, either ]l(F] > depth(i) = FjA>depth #I7 >depth(l)) 0 in which case, there is nothing to

show, or F] >depth(i) 7é FJ >depth(i 1mply1ng that 2 - corr; > (5. This gives:

2- Ezdepth(i)(j - 1) - g:—i—l ' Dl(] - 1)

N . . . (29)
<2 Ez‘F,depth(i)(J> — iy - Di (j )+€z+1 1(Dy(j) > Di(j — 1) A j € €(70)).

We next show:

Proof. We show that B;(j) > 0 implies that either B;(j —1) > 0 or D;(j) > D;(j —1) and the
claim follows. To this end, suppose that B;(j) > 0. If B;(j — 1) > 0, we are done, so assume
that B;(j — 1) = 0. By Lemma 6.24, we get that D;(j) > 0 = D;(j — 1), as desired. O

Finally, observe that:

4-E depth(z)(j —1) - i1+ D (J—1)— i, - spare, (j—1)
<4 Ez ,depth( z)(] 1) — E;.‘+ Di(j — 1) — z+1 1(B;(j —1)>0)
(Definition of spare(-) as [%;| is odd)
<4 Eigepunny (7 — 1) = G4y Di(j = 1) — €141 - 1(Bi(j) > 0)
+ 0, -1(Bi(j —1) =0AD;i(y) >D;(j — 1)) (Claim 6.26)
<4- Ez ,depth(7) (] —1) =0 -Di(j — 1) — €7, - spare; ()
— Ll - 1(Bi(j) > 0N j € €(70) ADy(j) > Di(j — 1))
+ 04 1(Bi(G —1) = 0ADi(j) > Di(j — 1))
(Definition of spare() and D;(j) > D;(j — 1))
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Noting that D;(j) > D;(j — 1) implies D;(j) > 0 which in turn implies B;(j) > 0 by
Lemma 6.24, we continue as,

4- Edeepth i)(j —1) - Civr Di(j — 1) — €7, - spare;(j — 1)

<4.

Ei depth(z)(j —1) - Uiy Di(j — 1) — Cin - spare;(j)
— Uiy - 1(j € €(70) ADy(j) > Di(j — 1))
+ 01 - 1(Bi(j — 1) =0ADi(j) > Di(j — 1))

-E; depth(i)(] —1)+2-E depth(i)(j) — i1 - Di(d) — 01 - spare; ()

+ 0, -1(Bi(j —1) =0AD;(j) >D;(j — 1)) (Equation 29)

’ Ezdepth(i) (J) - E:H : Di<j) - £i+1 ) sparei(j)

—2-corr; - H(F;‘>depth (i) # FjB>depth('))
+ 00 1(Bi(j — 1) = 0ADy(j) > Di(j — 1)) (Equation 27)

’ Ezdepth(i) (]) - £:+l ’ ( ) Eerl Spare; (j)

— 2 corr; - ﬂ(PJA>depth (i) # Iy >depth('))
+05-1(Bi(j — 1) = 0ADs(j) > Di(j — 1))
(Fact 6.5, item 3 and definition of £*)

’ Ez ,depth(z) (j) - £:+1 ’ DZ(-]) - ‘e;kJrl ’ Sparei(j)

—2-corr; - 1(Bi(j — 1) =0A FJA>depth o F Ffzdepth(i))
+45-1(Bi(j —1) =0AD;(j) > Di(j — 1))

: Ezdepth(i) (]) - £i+1 : Di(.j) - €i+1 ) spare-(j)

—(2-corr; —£) - 1(Bi(j —1) =0 A Fj >depth(i) 7 I‘J Sdepth(i))-  (Equation 28)

To finish all, we need to show is that (2-corr; —£5) - 1(B;(j — 1) = 0 A Pfgdepth(i) #*
Fdeepth(i)) >0. f1I(B;(j —1)=0A F;‘>depth # F] >depth(l)) = 0, there is nothing to show,
so we assume that B;(j — 1) = 0 and F;‘>depth + FJ Sdepth(s)- DY definition of I', we get that
there is an h > depth(i) such that

A B
Uin # Ljn =

TC(mih 1 sapon1yr) 7 TC(T i1 s pon11.0) (As [Z;] is odd)
= JAH >y 2h—1)r 7 7TJ+1 >2;(2h—1].r
- 34+1 >%;[2depth(i) ?é g+1 >%;[2depth(i)—1].r (Lemma 6.6 as h > depth(i))
— J+1 >R; | Ry |l r 7’é +1 >R; || Ry |)r (Definition of depth(z))
- ;'4+1,>|7r1-+1| # 7Tj+1,>\m+1| (Fact 6.5, item &)
= ﬂ-f>|7ri+1| # Wf>\7ri+1| \v 0}4 # UJB (Fact 6.5, item 5)
= o} #07. (As Bi(j —1) = 0)

From O'A # O'B, it follows that 2 - corr; — ¢; > 0 implying (2 - corrj — E;) ~1(B;(j — 1) =

OATA

j,>depth(i

7é FJ > depth(i) ) > 0 and finishing the proof.
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]

Lemma 6.27. For i,i' € STARTSp such that i’ is direct, RANGE(i') C RANGE(i), and
depth(i') = depth(i) + 1, we have

2
==

i'+1

Di(STop(i)) — Dy(i') — Di(STOP(7)) < (Eg,depth(i)(STOP(i/)) — E; depth(ir) (STOP (i )))
Proof. We first show that latest(i’, ) = latest(SToP(7'), () for all |m;41| < < |my11]. Suppose
not. Then, for |m;11| < ! < |mi41|, we have by the definition of latest(:) that there exists
j' € RANGE(?') such that |Z%/| is odd and |7j 41| = [. By item 5 of Fact 6.5, we conclude that
|| =1 —1 < |my41|. Next, using item 8 of Fact 6.5 on j', we get that |m;/| < Zj/[|%i11]].1,
a contradiction to Lemma 6.6.

We use the definition D(-) to derive:

D;(STop(i')) — D;(¢') — Dy (STOP(?))
‘{|7TZ+1’ << ‘WSTOP /)+1| ’ 1—‘Iatest(STOP( ),1),>depth(z 7é FIatest (Stop(¢'),l), >depth(i)}|
|{‘7TZ+1| <l< ’ﬂ-l +1| | Flatest(z’ 1),>depth(i) 7é FIates;t i’,1),>depth( z)}|
- ’{‘ﬂ'i”rl‘ << ’T‘-STOP(i’ +1’ ‘ FIatest(STOP(‘ ),1),>depth(i’) 7é 1—‘Iatest(STOP(i’),l),Zdepth(i’)}‘
|{|7TZ+1| <l < |7TST0P /)+1| | 11Iatest(STOP( "),1),>depth(z 7é Flatest (Stop(¥/ )l),Zdepth(i)}I
— Hlmia| <1< |mirgal | FIatest(STOP(i’),l),zdepth(i) # Flatest(STOP(i’),l),zdepth(i)}|
- |{|7Ti’+1| << |7TSTOP(i’)+1| | 1—‘II;‘test(STOP(i’),l),Zdepth(i’) 7é thest(STOP(i’),l),Zdepth(i’)}|
= {|mipa| <1< ‘WSTOP(i’)+1| | Fétest(STOP(i/),l),2depth(i) # FEtest(STOP(i’),l),zdepth(i)}’

- ’{‘7’@/4_1‘ << |7TSTOP(i’)+1’ ‘ FIzgtest(STOP(i’),l),Zdepth(i’) 7& I_‘gtest(STOP(i’),l),Zdepth(i’)}‘

|7rST0P(i’)+1|

- Z 1 (Flatest(STOP(z "),1),>depth(i) 7é I-‘Iatest (Stop(i'),l),>depth (s ))

l:|7ri/+1\+1
‘WS'[‘OP('L'/)+1|
E : A B
o 1 (Flatest(STOP(i/),l),zdepth(i’) # FIatest(STOP(i’),l),zdepth(i/)) )
l:|7l',b-/+1|+1

(30)

Next, we claim that latest(SToP(i'), 1) € RANGE(#') for all |my41| < < |Tsropiry41]- To show
this, it is sufficient to show that latest(STOP(i'),1) > ’. This is because, otherwise, we have
a contradiction to Lemma 6.21. Since latest(STOP(i’),!) € RANGE(i), we have from item 3
of Fact 6.5 that £

latest(STOP(2/),l)

(E i/ ,depth(7) (STOP( )) - E i/, depth(s’ (STOP( )))

> (7. Using these two claims, we get:

2

*
‘€/+1

S Y (Bl (STOPW), ) — Bl (S70P(), )

i+l jre(i:STop(i))
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‘WS'[‘OP('L'/)+1|
2

A
= E* » Z COITatest(STop(i'),l) * (1<Flatest(STOP( ),1),>depth(i 7£ FIatest(STOP( )l),zdepth(i))
v l:|7"i’+1|+1

]]‘(F|atest(STOP(z "),1),>depth (i 7é 1_‘Iatest(STOP( "),1),>depth(i’ )))

IWS'['op(i’)-&-ll

2 - COMiatest(STop(i").l) |
> Z * = ]I(Fbtest(STOP( i"),l),>depth(i 7£ I‘Iatest (STor(i), l),zdepth(i))

I=|myq|+1 glatest(STop( ,0)

]]'(Flatest(STOP( "),0),>depth (i 7é I-‘Iatest(STOP( ",1),>depth(3’ )))

To continue, we use item 7 of Fact 6.5 to get that SToP(i') ¢ &(70). This with Lemma 6.23
gives:
2

*
‘€/+1

(E deptn(iy (STOP (")) — Eis geprn(ir) (STOP()))

|7TST0P(~L’)+1| 9. corr
’ Iatest(STOP(i’),l)
2 * ﬂ(rlatest(STOP( "),1),>depth(i 7é Flatest (STop(#), l),Zdepth(i))

I=|m 1| +1 Elatest(STOP(i’),l)

ﬂ(rlatest(STOP( ),1),>depth(i’ 7é I_‘Iatest(STOP( "),1),>depth(3’ )))

Note that 1(Tfexsron()p), sdeptn(s) 7 Dintest(sron(in) sdeptn(i)) = 1 rest(srop(in) 1), >depth(e) 7
FStSSt(STOP(i’),Z),zdepth(z”)) and the inequality is strict only if 2-corriatest(sror(i),1) = €Tatest(STOP(i,)7l),
Thus, we get:
2
E* (Ez’ depth(s (STOP( )) Ez’ ,depth(i (STOP( )))
i +1

‘WSTOP(’L/)+1|

> Z ]]'(Flatest(STOP( "),1),>depth(s 7& PIatest(STOP( R l),zdepth(i))

l:|ﬂ'i/+1|+1
ﬂ(rlatest(STOP( ),1),>depth(i’) 7& 1—‘Iatest(STOP( N, l),zdepth(i’)))
TS rop (i) 411
= Z (l(rétest(STOP( "),1),>depth(s 7& FIatest(STOP( ), >depth(z))
l:|7ri’+1|+1
l(rlatest(STOP( ),1),>depth(z’) 7& 1—‘Iatest(STOP(z N, l),zdepth(i’)))
(Lemma 6.23)
— Dy(STOP(#")) — Di(i") — Dur(STOP(i')). (Equation 30)

]
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6.2.5 Lemmas Concerning E(-)

Lemma 6.28. Let i € STARTSp. For j € {i} U RANGE(@') \ {num} , we have for all d > 0:

Proof. Using the definition of E(-), we get:

ELa() = D EiU.S) Z corrjr.

J'€(i:] J'€(i:4]

[]

Lemma 6.29. Leti € STARTSy and i’ € (i : STOP(i)) NSTARTSg. Forj € {i’JURANGE(?')\
{num} such that |7j11| < |my41|, we have for all d > 0:

Ezd(' ) +EZ() <3- Z corr .

j'=i+1
Proof. Use the definition of E(-) to get:
|7Tz'/+1\ j
E?(]) = Z COIMlatest(i’,l) T Z corrjr - (1 + 1 (|%]/‘ is Odd))

l:‘ﬂj+1|+1 j/=i'+1

‘7"2‘/+1‘ j
< Z COMMatest(i’,1) T 2 - Z corrji.
I=|mjqa]+1 J'=i'+1

We claim that latest(¢’,1) > ¢ for all | € (|mj41] @ |m11]]. Indeed, if not, then using
Lemma 6.21, we get that |mq| > 1 > |mj1]. As 7 € {i'} URANGE(/') C RANGE(?)
by Lemma 6.7, we get |mj41| < %;[|%i+1]].r using item 8 of Fact 6.5. This contradicts
Lemma 6.6.

Additionally, observing that latest(i’, 1) > i is distinct for all [ € (|m;41| @ |m41]], we get:

i j
By < Z corrjr + 2 - Z corr;,
J'=it1 J'=i'+1
which with Lemma 6.28 gives:

El (/) + ER(j) <3- Z corrj + 2 - Z corrjy < 3- Z corrjr.

j'=i+1 j'=i'+1 j'=i+1

]

Lemma 6.30. Let i € STARTSE and i’ € (i : STOP(7)) N STARTS be such that i’ is indirect
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and | Ry | = |Ris1|. We have for all d > 0:

Ef4(i") + EZ(MID(4) + Exyyp(iny o (STOP(i')) < EJ4(STOP()).

Proof. To start, we need the following claim:

Claim 6.31. For all | € [|min
that latest(SToP(i'),1) < 7.

y+1]], we have latest(i’, 1) = latest(SToPr(i'),l). It follows

Proof. Proof by contradiction. Suppose that, for some I < |y +1| we have latest(d/,[) #
latest(STOP(i’),1). Then, by the definition of latest(:), there exists ;' € RANGE(¢') such that
|Z;/| is odd and |mj 41| = [. By item 5 of Fact 6.5 )41]-
Now, either 7/ < MID(¢'), in which case, by Lemma 6.13, we have |7;/| < |[Tvip@y+1] < |7y, a
contradiction (MID(7') is good for i’ by definition), or we have MID(¢’) < j* < STOP(i') —
j' € RANGE(MID(i')) by Lemma 6.9. When this happens, we use item 8 of Fact 6.5 on
Mip(i') and j’ to get that |7 < Zj[|%ruvry+1

, we conclude that 7| = 1—1 < |Tyvup@

|].r, a contradiction to Lemma 6.6. O

Now, using the fact that latest(i’,l) = latest(STOP(7'),() for all I < |myup(i)+1], we have

for j' € (i :4'] that:
fcorrj/ .| %] is even
E5(i',5') = { corrjr - 1Ty #T5.,) 3l € [|mys] such that j/ = latest(é, 1)
\ 2 - corrj , otherwise
(corr | Z;| is even
_Jcorry - (TS g TR S) 531 € [|mvingny+1]] such that j” = latest (i, 1)
corrjs - ]1(1”3 sa 7 T8 2g) 3 € (|muw(+1| : [misa|] such that j* = latest(’, 1)
(2 - corrjs , otherwise
(corrj, .| %] is even
oy - 1TSS #TESy) 31 € [|main(ny+1]] such that j/ = latest(STOP(4'), 1)
corrj - (T4 5y #T5 0) 3 € (Imuw(y4] ¢ [mia|] such that j' = latest(i', 1)
[ 2 - corrjs , otherwise
(corr | Z;| is even
o Jeorry 1(T% g #T524) 3 € [[mv()+1] such that j” = latest(STop(i'), 1)
| corry , 3l € (|mvn@ry41] @ [ir41]] such that j” = latest(d', ) '
2 - corry , otherwise

To continue, we claim that

Claim 6.32. For all | € (|Tyvuw@)+1]
RANGE(MID(7")).

| Tsrop@iny+1]], it holds that latest(STOP(:'),1) €
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Proof. Due to Lemma 6.9, it is sufficient to show that latest(STop(¢'),l) > MiD(i'). This is
because, otherwise, we have a contradiction to Lemma 6.21. O

Using this claim, we can continue as (for j' € (i : i']):

corr .| %] is even
EF (i 1) < corr - IL(F?’ZC[ + Fg,z(ﬁ , 3l € [|7srop(ir)+1|] such that j" = latest(STOP(i'), )
d(z 2 ) — -/ ;!
corr , 3l € (| @)41] © [mirg1]] such that j" = latest(d’, [)
2 - corry , otherwise

= Ej(STop (i), j') — corrj - 1 (3L € (|myunr)11] : [mosal] : 5 = latest(i, 1)) .

Summing over all j" € (i : i'], we derive:

Ef() = ) Ei(.)

jreG)
< Z EL(Stopr(i),j') — corrj - 1 (Ell € (|mmn(iy1] = [Tl = latest(?, l))
J'e(i’]
‘771'/+1|
= Z EY(STor(i'),5') — Z COMjatest(i.1) 1
g €(@d’] I=lmyvip ity 41141

where the last step uses the following claim:
Claim 6.33. For alll € (|mvm@y41| @ [Ti41]], we have latest(i', 1) € (i : ¢'].

Proof. To start, note that MiD(i') + 1 € RANGE(MID(i)) € RANGE(/') C RANGE(¢)
by Lemma 6.9 and Lemma 6.7, implying by item 8 of Fact 6.5 and Lemma 6.6 that

|7Ti+1’ = %R'IID(Z”)—ﬁ—lHl@i—Q—lH-T < «%MID(Z‘/)H[|%Mm(i/)+1|]~7“ = |7T1\'IID(i/)+1|’

We will actually show that the claim holds for all I € (|m;1| : |my1|]. Tt is sufficient
to show that latest(i’,l) > 4. This is because, otherwise, we have a contradiction to
Lemma 6.21. O

Using the definition of EF(-) and EB(-), we continue as:

Eia(i') + EZ(MID(i')) + Expp(n o(STOP(('))

Mip(i')
< ) ER(STor(i'), )+ > corry - (1+ 1 (|| is odd))
j'e(id] §'=i'+1

+ > Ej(Srop(d), ).

J'=MID(¢')+1

Finally, due to Claim 6.31 and Claim 6.32, we have that for all j* € (i’ : MID(¢')] there does
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not exists any I € [|Tsrop(iry+1|] such that j° = latest(STor(i'), ). This gives:

Eia(?) + EZ(MID(i')) + Expn) (STOP( )

MID(% STop(i')
< Y Ef(Srop(i Z Ep(STop(i),j) + Y Ej(SToP(i),j)
j'e(i:] j'=i'+1 7’=Mip(i')+1
STop(i')
< Y Ej(Stor(i), ;)
J'=i+1

< E} 4(STop(1)).
O

Lemma 6.34. Let i € STARTSg and i’ € (i : STOP(i)) N STARTSE be such that i’ is indirect
and |Zy| = |%i1|. We have for all d > 0:

EB () + EX ,(MID(#)) + E8, 0 (STOP(i)) < EB(STOP()).
Proof. By definition, we have for all j/ € (i’ : MiD(i')] and d > 0:

corr s | %y | is even
E5 (MID(¢'), ') < { corr; , 3l € [|min(i)+1]] such that j" = latest(MID(7'), 1) -
2. corrj ,otherwise
We also have the following claim:

Claim 6.35. For alll € (|my41| ¢ |Tam@r)+1]], we have latest(MID(i'), 1) € (i' : MID(7')].

Proof. 1t is sufficient to show that latest(MiD(i'),[) > ¢’. This is because, otherwise, we have
a contradiction to Lemma 6.21. [l

Using this claim, we derive, for all d > 0:

Ep(Mip() = > Ej(Mp(i), /)

j'€(¢:Mip(i’)]

Mip(i') 1Tz (i) 411
< E corrj - (1 4+ 1 (|%Z;| is odd)) — E COMatest(Mn(i),0) -
=il +1 I=|my |41

Using the definition of EB(-), we continue as:

EP (i) + Ej o(MID()) + By (ar) (STOP())

Mip(i') 1Tz (i) 111
< E : corryr - ( +1 (|% | 1S Odd)) E COIMjatest(Min(i'),1)
J'=i'+1 I=|mg 4 |+1
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[7iq1] i’

+ Z COMatest(i,l) + Z corrjr - (1 4+ 1 (|%;] is odd))

I=|myyq1|+1 J'=i+l
1Tz (i) 411 Stop(i’)
+ Z COMMatest(Min(if),1) + Z corrjr - (1 + 1 ([#] is odd))
I=|7grop(ir) 111 +1 F'=MIp(i")+1
Mip(i') |7T1\1m(¢/)+1\
< Z corry - (1+ 1 (|%y| is 0odd)) — Z COrMjatest(Min(i'),1)
§'=i'+1 I=|my g 1+1
[mig1l i
+ Z COMMatest(i,) + Z corrjr - (1 4+ 1 (|%;| is odd))
=g rop(iry 41141 J'=i+1
[Tz (i) 411 Stopr(i')
+ Z COIMjatest(Mp(i'),l) T Z corr;r - (1 +1 (|%]/| is Odd))
I=|m g1 |4+1 j’=Mip(i')+1
(Lemma 6.10)
Stop(i') [mig1]
< Z corrjr - (1 4+ 1 (|%y] is odd)) + Z COMatest(i.1)
J'=i+1 =7 rop(iry 4111

< EP(STor(i')).
0

Lemma 6.36. Let i € STARTSg and j € RANGE(i) \ {num} be such that |%Z;| = |%is1| and
cr;-4 # 07 . It holds that' 2.2 - cOrfiatest(i |n,) > (4, and

i1l «

gi *
2000 - Z COIMatest(s,1) T 361 . (|7T¢+1\ - |7TPREV(i)+1|) > 500 €7y - (Imia| = [mj4a]) (31)
I=|mjp1l+1

Proof. Conclude from the definition of PREV(:) that PREV(i) € STARTS and |Zpgev(i)+1| =
|%;| = |%;+1| — 1 is odd. This means that PREV(i) € STARTSp. We start by showing the
following claims:

Claim 6.37. |7TPREV('L')+1| < |7Tj+1| < ‘7TZ'+1|.

Proof. By Lemma 6.8, we have RANGE(i) C RANGE(PREV(:)) implying that j €
RANGE(PREV(:)).  Thus, we have from item 8 of Fact 6.5 that |Tprev()til
R; (| Ry (iy+1]).r. Using Lemma 6.6 and item 8 of Fact 6.5, we conclude that |7Tpgey(i)41]

CTIA

|7j+1|. For the second inequality, we simply use Lemma 6.13.

Claim 6.38. For alll € (|mj41] @ |mit1|], we have that latest(i, 1) € RANGE(PREV(7)).

13Due to Corollary 6.14, we have that |m;| < |mi1] and therefore, latest(i,l) is well defined for
Ve [lmjl = Imipall = (Imjal = [misal] as [%;] = [#iva] is even.

5



Proof. By definition of latest(-), we have that latest(i,l) < i < STOP(i) < STOP(PREV(7))
as RANGE(i) € RANGE(PREV(i)) by Lemma 6.8. It is thus, sufficient to show that
latest(,1) > PREV(7). This is because, otherwise, Lemma 6.21 says |[Tprey(i)+1| > 1 > |7j41],
a contradiction to Claim 6.37. n

Observe that:

O'JA #o0l = 7r;-4[|7rj|] # P {|m; ] (Fact 6.5, item 5)
—> i [Iml) # 7l (Corollary 6.14)

By Corollary 6.22, this means that, for [ € (|mj41] ¢ |miqa|] = [|7}] © [miz1]], we have

7-‘-I"gtest(i,l)JrlHTrj H # 7Tlftest(i,l)+1 HW]H (32>
In particular, putting [ = |7;| and using the fact that |7;| = |Tatest(i,|r;|)+1], We get that:

Wétest(i,hrj‘)-i-lHﬂvlateSt(i,lﬂ'jD‘JrlH # 7T|]a9test(i,|7rj|)+1[|7T|atest(i,\7rj|)+1H

AS [Rratest(i,|r;))| 1 0dd by definition, we have by item 5 of Fact 6.5 that, for C' € {A, B}, it
holds that Wgtest(i7‘7rj|)+1[|7rlatest(i,|7fj‘)+1|] = O-gtest(i,\ﬂﬂ)' This allows us to continue as:

A B A B
g; 7é o - Ulatest(i,\ﬂﬂ) 7& Ulatest(i,\wﬂ)'

Again using the fact that |Ziatest(i Im)| is odd, we get by Algorithm 5 that 2 corriatest(i,x,[) >
tatest(i,jm;])- A5 PREV(i) € STARTS and latest(i, |7;[) € RANGE(PREV(2)), we have by item 3
of Fact 6.5 that |Patest(in;))| = [Zprevi+1| = [Zi| = |Zir1| — 1. Using the definition of £*,

this means that 2.2 - corritest(i|r;)) = 1.1}, > (7., as desired.

latest(i,|m;|) =
It remains to show Equation 31. If |mj41| + 1 = |m41], Equation 31 follows because

|Ti1] > |Tprev(iy+1| (Claim 6.37) and
500 - 6;" (‘7TZ+1| — ’7T]+1|) = 500 - €z+1 < 5000 - cornatest(i,hﬂ).

Due to Claim 6.37, we can henceforth assume that |m; 1| — |7j41] > 1. Consider an
L€ (|mj41] : |mit1]). We have from Equation 32 that:

7]-Ii}test(i,l)-ﬁ—l “ﬂ'j H 7& ﬂ'lftest(i,l)-i-l Hﬂ-j H

= Wétest(i,l)+1[|7rj| ] # 7Tlftest(z‘,l)-qu[|7Tj| ¥

= ﬂ-létest(i,l)+1(’WPREV(i)-Hl ] # ngtest(i,l)Jrl(‘WPREV(i)-‘rl| 1. (Claim 6.37)
We also have, by Lemma 6.23 that Flatest( ) = Flatest iy for all ¢ € {A, B}. This means that,
for all [ € (|mj41] : |miq1]), either Flatest i 4T ,atest(l ) or we have

A
Flatest(i = thest(i,l)

= Flatest(z 1),depth(PREV (7)) — thest(i,z),depth(PREv(i))
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A _ B
= T Miatest(i) 41,5 Frasentety [Ty l7) = 1 C(Tiatest(i.) 41,5 Frgesons 1 ous oy 4117
(Definition of I' and |Zatest(s,)| is odd)

Due to Claim 6.38, we have latest(i,!) € RANGE(PREV(7)) which together with PREV (i) €
STARTSf and item 8 of Fact 6.5 gives us that

A _ B
TC(WlateSt(i:l)+1v>‘ﬂ'PREv(i)Jrl|) o TC(ﬂ-lateSt(ivl)+1:>|7TPREV(1‘)+1|)
A

Terev(iy+1] 1) = TC(m i (|previy+1] < 1)) (Corollary 6.22)

Overall, we get that for all I € (jm| @ |mpl), either TR i, # fgtest(i,l) or
TC(ma (Impreviy+1] © 1)) = TC(rE, (|mpreviiy+1] = 1]). The number of I € (|mj41] @ |misa])
is |mip1| — |mja] — 1 > w Thus, either there are at least w values of
l € (|mjs1| « |miga|) such that Flatest(z y # fgtest(i,l) or there are at least
L€ (|mj] : |misa]) such that TC(rf (|Terevir] = 1)) = TS (ITereviy| = 1).

In the former case, we have at least % values of [ such that 2 - corrjest(iyy >
Chtest(iny- AS PREV(2) € STARTS and latest(i,[) € RANGE(PREV(i)) by Claim 6.38, we have
by item 3 of Fact 6.5 that |Riatest(i)| = [PZrrovi)+1| = |#i| = |#iy1| — 1. Using the definition
of %, this means that 2.2 - corriaest(s,) = 1.1

L€ (|mj41] ¢ |mia|) implying

—Im+1\;|7rj+1l values of

* it 1]=mj41]
latest(i,) = Liq1 for at least 1 values of

|7it1l

5000+ Y COMpasese(iny = 500 - £y« (|misa| — |mjpal),

I=|mjq1]+1

and Equation 31 follows.
In the latter case, recall the definition of TC from Definition 3.6 and define 7¢ =

TC (ﬂ-z-}—l >‘7TP1U:\(1)+1|>
Definition 3.6 that

A(TA’TB) > (1 — 10*5) . <|7Ti+1| ‘WPREV +1| — “_CP( Tk 1,> [ mprey(iyra | T EH >|7TPREW(Z)+1‘)‘)

Define z = |LCP(r2

Note that |74 = [78] = |mi1| — |7prev(y11]- We have from

T 1> mpaetiy ] o >|7me»(1>+1|)|' As the function TC(+) is online, we have

A(r4,78) > (1=107") - (|mit1| = |mPrev()+1] — 2)
= A(T>Z7T>z) = (1 — 10~ ) ’ (|7Ti+1| - |7TPREv(z')+1| - Z) .

Using the definition of A(-), we get :

ITit+1 = |7Prev ()41

S LR AR 2 (1-107) - (el el - 2)
2'=z+1

[Tit1|— |7TPR,EV(i)+1 ‘

= Y 1R =) <107 (Tl - ol - 2)

2/=z+1
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[Tit1|— |7TPR,E\’(1')+1 ‘

— Z 1 (TA[Z/] = TB[/ZI]) < 1075 : (‘Wz’+1’ - |7TPREV(z‘)+1D .
2/=z+1

Recall that i, [|m;]] # 72, [|7;]] and |7 > |Tprev(iy+1] (Claim 6.37). This means that
z < |7Tj+1| - |7TPREV(i)+1‘ and we get

‘ﬂi-‘rl |_‘7TP1{E\/'(1')+1|

> 1(r42] = rP[]) 107 (Imena] = [mpreviirsa)
'=|mj1 ‘_|7TPI(EV(1')+1 [+1

[Tl

= Z L (TC (71 (|mpreviiy+1] = 2']) = TC (7 (|mpreviy11] = 2]))

'=lmjsal+1

<107 - (Imisa] — |TProv(i)4l) -

As there are at least % values of | € (|mj41] @ |mi41]) such that TC(m (|Tprevi+1] :
1) = TC(mZ (|mprev@iy+1] : 1]), we conclude that

ﬂ'. _ 7T. _
[Tl = Myl <107 (|71 ] — [Tpreviiy]) -

This means that
o
30

and Equation 31 follows.

: (|7Ti+1’ - ‘WPREV(i)-‘rlD > 500 - <|7Ti+1| - |7Tj+1‘) '@lb

]

Lemma 6.39. Consider i € STARTSg and j' < j € {i} URANGE(:) \ {num} such that
\Z | = |Risr| for all j" € (j' - j]. We have:

|7r ’+1|
Z corry < EP(j Z corry + Z COMatest(i,l) < EP(5).
=541 i'=j5'+1 I=|mjp1]+1
Proof. We have:
|7 1] J
E?(]) - E?(],) > Z COIMatest(i,1) + Z corry - (1 +1 (l'@z’| 1s Odd))
l=|Tl’j+1H-1 i’ =i+1
[Tl
— Z COMMatest(i,1) Z corry - (14 1 (|%x] is odd)) .
I=|mj g+ i'=i+1

As |Z;]| is even for all j” € (5’ : j], we have by item 5 of Fact 6.5 that |mi 1] < |7y
J it 3+
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implying:

|7rj’+1|

J
EP(5) — EP(5) > Z COMMatest(i,t) + Z corry - (1 4+ 1 (|%y] is odd))
I=|mjt1]+1 i'=5'+1
|7rj/+1| J
> Z COIMatest(i,l) + Z corri.
I=|mj41]+1 i'=j5'+1

6.2.6 Lemmas Concerning F(-)

Lemma 6.40. Consider 1 < j < num such that |%;| is even. We have 100 < F(j) <
100+ 0.2+ (Jtb;] + 1 — [LCP(A |0, 4P |0 P))).

Proof. The first inequality follows using a simple application of Definition 3.6. For the second
one, note that the function TC is online and therefore:

) 20 S— —
F(j) = T-105 A (TCWiMo), TC(W P lo])) + 20 (ILCP(willof, 7 llof)| — |ey]) + 80
20
<100+ 755 - (1951 + 1= [LCP(lle!, ¥l )])

+20 - (JLCP(y|o, o o f)| =[] — 1)
< 100+0.2+ (Jy] + 1 = [LCP(|oft, o7 [lo7)] ) -

6.2.7 Lemmas Concerning tax,(-) and tax(-)

Lemma 6.41. Let i € STARTSg and j,j° € {i} U RANGE(i) \ {num} be such that
|7Tj+1’ S |7Tj/+1| S ‘7T2'+1|. It holds that
taxi;(J) — taxii(j") < 100 - (|mjpa| — |mja]) -
Proof. We first claim that:
ILCP(m iy (1M |+ |miall, i (7| - [miga[])] (33)
— ILCP (s (I |+ Imaa ], wia (Il = Imia D] < gl = [l

Indeed, either |LCP (7L, (|mjsa] : [mial], 720 (|mjsa| = [misal])| < |mjsa] — |7j41] in which case
there is nothing to show or |LCP(m 2 (|mjs1| : [mial], 721 (7] = [mia )] > |mjrsa] — 74l
in which case Equation 33 follows by the definition of LCP().

We now show the lemma. If tax;;(j) = 0, there is nothing to show. So we assume that
tax;;(j) > 0 and derive

taxu(j) — taxu (]/)
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<900 - [LCP (s s (I = [mialls i (Il = miga D) = 800 - (|miga | = |mja])

— 900 - [LCP (773 (|mjra | - |7Tz+ 1w (Il i |])] 800 - (|| — | )
<900 - [LCP(r iy (Imj5a] = 1o ] 7 (1] [miga )]

— 900 - [LCP (7 (|| = |miga ), wly (1| = Imaga 1)) + 800 - (71| = | ])
< 900 - (| 41| = [mj4a]) + 800 - ([mjqa] = |mjrsa]) (Equation 33)
< 100 - (|| = [mj4a]) -

]

Lemma 6.42. For all0 <17’ <n and all 1 < j < num, it holds that taxo(n', j) < taxe(n,j).
Moreover, if |%;| is even and turn(j) = 1, then taxo(n, j) > min(3,1/2) - (|¢;] + 1).

Proof. 1f |%;| is odd, there is nothing to show so we assume that |%;| is even. To show the
lemma (including the “moreover” part), observe that it is sufficient to show that all terms
multiplied to 7 in Algorithm 7 are non-negative. We do this term by term. The terms |¢;|+1
and 1 - F(j) + [¢;] + 1 are clearly non-negative due to Lemma 6.40.

Next, we show that the term 2 - (%;41.last.r — Zj11.last.t) — |;| — 1 is non-negative
assuming Z;1.last.t > 0. As Z;4q.last.t > 0 and |Z;| is even, we must have that | %] is
even. If #Z;.last.t > 0, we have by item 9 and item 11 of Fact 6.5 that

2-(Zjlastr — X lastt) — || — 1 =2 (%;.last.r — Z;.last.t) — ;| —1 > 0.
On the other hand, if Z;.last.t = 0, we must have j € &(90) implying that
2- (%j+1.l&8t.r - %j+1.last.t) - |77Z)]| —1= |’¢]| + 1 Z 0.

Finally, we show that max(Z%;.last.t,Z;i1.lastt) — |mjq| > 0 assuming
max(Z%;.last.t, Z;i1.last.t) > 0. If |m;41| = 0, then there is nothing to show, so we assume
that |m;11| >0 = j ¢ €(84). Either j € €(80), in which case we get:

max(Z;.last.t, Zj1.last.t) — |wj| = Z;.last.t — |mj]
= |¢;| + 1+ Z;.last.t — #;.last.r
(Fact 6.5, item 5 and item 10)

(sl + 1) (As j € €(80))

ON)Ir—t

>

or j € &(87) implying that |#,.1| is even and max(%;.last.t, #;i1.last.t) = H;i1.last.t.
Due to our assumption that max(%;.last.t, #;+1.last.t) > 0, we get:

max(Z;.last.t, Z;p1.last.t) — 1| = Hjy1.last.t — w4
> Rjlastr — ;| — 1 —|mjp|  (Fact 6.5, item 11)
ir1last.r — [ — |7 (Fact 6.5, item 5)
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=X, last.r — || — |7 (Fact 6.5, item 9)
= 0. (Fact 6.5, item 10)

O
Corollary 6.43. For alln >0 and all 1 < j < num, it holds that 0 < taxo(n, 7).
Proof. Apply the foregoing lemma on 0 and 1 noting that taxy(0,j) > 0. O

Lemma 6.44. Consider n > 0 and 1 < j < num such that j € €(80) U €(84). We have
taxo(n, j) = min(3,7/2) - (45| +1).

Proof. We consider the definition of taxg(n, j). Note that as j € €(80) U &(84), we have that
%] is even. If w||ipt = 7P ||4P, then the lemma clearly holds. Additionally, if turn(j) = 1,
then the lemma holds due to Lemma 6.42. Therefore, for the rest of the proof, we can assume
that
Al A 4 BB N A\ A _ 1B -B
molley # wf |l and  tun(j) =0 = fllo] = oy[loy.

Under these assumptions, we claim that j € €(84) is not possible. Indeed, if j € &(84),

then |m;] =1 = ¥ = of for C' € {A, B} contradicting the foregoing equation. Thus, we

get that j € &(80) which means that %;.last.t > 0 by item 11 of Fact 6.5. Combining with
the foregoing equation, we get

taxo(n, j) = n - (%;.last.t — [mj;1])

>n- (Zj.last.t — Zjlast.r + [;] + 1) (Fact 6.5, item 5 and item 10)
> 2 ([l +1). (As j € €(80))
[

Lemma 6.45. Consider 1 < j' < j < num such that |Z;:| = |%;| is even for all j" € (5’ : j]
and turn(j") = turn(j) for all j" € [j' : j]. For all0 < z <1 and all n > 2, we have
J J
5n Z corrju > znl - Z L(turn(j) = 1V RZjn.last.t > 0) + £ (taxe(n, j) — taxe(n, j')) -
G=j"+1 Glr=j"+1
Proof. Proof by induction on j. If j = j’, then there is nothing to show. We show the result
for j > 7 by assuming it for 7 — 1. From our induction hypothesis, we have:

Jj—1 j—1

5n - Z corrjn > znl;_ - Z L(turn(j — 1) =1V Z;».last.t > 0)
=741 =441
+ é;—l (taxo(n,j - 1) - taXO(T/aj,))
j—1
>l - Z L(turn(j) = 1V Z;».last.t > 0)
=441
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+ 05y (taxo(n, j — 1) —taxo(n,j))  (As turn(j — 1) = turn(j))
j-1
>l - Z L(turn(j) =1V Z;».last.t > 0)

j//:j/_j’_l
+ é; (taXO(naj - 1) - taXO(naj/)) )

as either j — 1 = j" in which case, the right hand sides are = 0 or ¢;_;, = {; under the
assumption of the lemma. Owing to this, it is sufficient to show that:

5n - corr; > znl - 1(turn(j) = 1V Z;.last.t > 0) + £ (taxo(n, j) — taxe(n,7 — 1)) . 34
J 7 J J

To show this, assume first that Wf”@bf = 7TJB wa . Under this assumption, we claim that
taxg(n,7) — taxo(n,7 — 1) = n. Indeed, either j — 1 € STARTS in which case the fact that
|Z;| is even means that j — 1 € STARTSy = |#,;_1| is odd and we have

taxo(n, j) — taxo(n,j — 1) =n- (|5 +1) =0 (As |%;_1| is odd)
=1, (As j —1 € STARTSB)

or j —1 ¢ STARTS in which case, by item 5 of Fact 6.5, we get that 7, [, = 7P, |2,
and Algorithm 7 shows taxq(n,j) — taxe(n,j — 1) = n. Consequently, we have

znl; - A(turn(j) = 1V Zj.last.t > 0) + £ (taxo(n, j) — taxo(n, j — 1)) < nl; +nl; < 2n- L.

This means that it is sufficient to show that E;f < 2-corrj. As Theorem 6.2 promises
that j € €(52), it is enough to show that Z;'.last.o # ZPF.last.a. To this end, define
J1 < j be the largest such that |%;,| is odd. This is well defined as j; = 1 is one such
value. As |%;| is even, we have by our choice of j; that j; +1 < j and |%}| is even for all
J" € (j1: j]- Tt follows that j; € €(70) and (using item 9 of Fact 6.5) that, in order to show
M last.o # X last.o, it is sufficient to show Z2 last.a # #5 | last.a.

We now focus on showing %ﬁ+1.last.a #+ @ffﬂ.last.a. Suppose not, then we have
using ji € €(70) that (%, [hAl.r T2 0 T8 0) = (R [R]r, T8 5 TP p) and TA | #
_ "1 it 71 71 71
Fiw . Using h* to denote the common value of %y j, [h4].r and % j, [h?].r and using the

definition of I'; we get,

('%F,jl [hﬁ].?“, Fﬁ’hﬁ ) fﬁﬁﬁ) = (%F,Ji [hﬁ]'rv fﬁ,hﬁ ) Fﬁ,hﬁ)
" .
= Th # rﬁhﬁ (As r;‘hhﬁ # Fﬁ,h;;)
— TC(Wﬁ+1,>h*) # TC<7Tﬁ+1,>h*) (As j1 € €(70))

A B
= Tji4+1 # Ti41-

However, due to item 5 of Fact 6.5 (we have (j; : j) ¢ STARTS as |%;~| is even for all
4" € (j1 : j]), this means that 7 |¢# # 77 |4)P, a contradiction to our assumption. For the
rest of the proof, we assume that 7|y # 7P||¢P. We consider various cases and show
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Equation 34 in each case.

e When turn(j) = 1: As we assume that turn(j”) = turn(j) for all j” € [j' : j], we
have that turn(j — 1) = 1 as well. In particular, this means that |%;_;| is even. As
|Z;] is also even, we have j —1 ¢ STARTS and using item 5 of Fact 6.5, we get that
[t # 7P [[f . We have two subcases:

— When Z;.last.t = 0: As j —1 ¢ STARTS, we have j —1 ¢ &(80) U &(84) which,
combined with 7, |[pd | # 78[5 | gives:

o1, = 1) =3 (il + 10 (35 FG =D+ [l +1) . (39

We claim that:
Claim 6.46. taxo(n,j) < 3 - (|| +1) +n - (55-F() + [l +1) — 109 -

Proof. If #;.1.last.t > 0, then we have

taxo(n,j) = 3+ (|5 +1) + 1 (2 (Zjrlast.r — R last.t) — [ — 1)
3- (|l +1) +n- (¢ +1) (Fact 6.5, item 11)

1
<3-(|¢;| +1)+n- 0 F(j) + v, + 1) —10n.  (Lemma 6.40)

If Z;11.last.t =0 and j ¢ €(80) U &(84), then we have

5 PO Il 1))

taxo(.7) = 3 ([0, +1) + - (1

Finally, if Z;.1.last.t =0 and j € €(80) U &(84), then we have
taxo(n, j) = 3 (|t + 1)
<3-(Jv;|+1)+n- (1—10 “F(j) + [y + 1> —10n.  (Lemma 6.40)
0
Claim 6.47. F(j) —F(j — 1) = =53 - 1 (TC(¢o2') # TC(¢P||o?)) — 20.
Proof. As |%;_1| and |Z;| are both even, we have by definition that:

FG) = FGi —1)
_ % A (TCWM o), TCWE||o )

+20 - (JLCP(@ o, w20 P)] — |vy])

_1_2_30_5.“?( Lillet), TCw o))
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—20- (|LCP(¢3'4—1||‘7;1—D@Z)f—lngf—l” - |¢j—1|)
20
=7-10= 1 (TCW; o) # TC7 [lo})) — 20
+20 - [LCP (¢t lo, 97 (o )] = 20 - [LCP (L [losly, o lofy)]
(Fact 6.5, item 5)
20

=T 705 L (TC(ilosh) # TC(W?||lo?)) — 20. (As turn(j) = 1)

O
Using Equation 35 and Claim 6.46, we have

zn - L(turn(j) = 1V Z;.last.t > 0) + taxe(n, j) — taxe(n,j — 1)

< o= 3 (sl + 1) =0+ (35 F =10+l +1)

1
#3- (sl + )40 (35 FO)+ ol + 1)
— 107 - 1(Byer dast.t > 0V j € €(80) U €(84))

<34+ — - (F(j) = F( — 1))

10
—10n - 1(Z;41.last.t > 0V j € E(80) U E(84)) (Fact 6.5, item 5)
<o+ 177—0 (F(j) = F(j — 1)) = 107 - 1(Z;41.last.t > 0V j € E(80) U €(34))
(Asn > %)

<on+ 177—0 (25 1 (TCA o) # TC2[0?)) — 20)

—10n - 1(Zj41.last.t > 0V j € E(80) U &(84)) (Claim 6.47)
< 25n- 1(TC(ylof) # TC(7||o7))

— 109 - 1(Zj41.last.t > 0V j € E(80) U ¢(84))

<251 () A1) — 100 - Ly last.t > 0V j € E(80) U E(84)).
(As |Z;]| is even)

Now, if #Zji1.last.t > 0 or j € €(80) U &(84) then zn - L(turn(j) vV Z;.last.t >
0) + taxo(n, j) — taxo(n, j — 1) < 0 and Equation 34 follows. Similarly, if T = I'?,
then Equation 34 follows. It remains to argue the case, when neither of these
hold.

In this case, as j ¢ &(80) U €(84), we must have j € &(87). Furthermore, as
we have %Z;.last.t = 0 and Z#;1.last.t = 0, we must have j ¢ €(90) implying
that F;‘ = f;‘ However, as we have F;‘ #* Ff, this gives F? #+ f;‘ implying that
7 < 2-corrj and we can continue as:

corr;

zn - 1(turn(j) = 1V Z;.last.t > 0) +taxe(n, j) —taxe(n,j — 1) < 2.5n7 < 5n- T
J
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and Equation 34 follows.
— When #;.last.t > 0: In this case, as we have turn(j — 1) = 1 and 7! | [t | #
762 we get

taxo(n,7—1) = 3-(|¢j_1| + 1) +1-(2 - (#;.last.r — Z;.last.t) — ;1| — 1). (36)

We claim that:
Claim 6.48. It holds that:

taxo(n,7) < 3-(|j| +1) +n- (2 (Z;.last.r — Z;.last.t) — |¢;] —1).

Proof. If #;i1.last.t > 0, then we must have j ¢ &(80) U &(84) implying that
|Z%;+1| is even and

taxo(n,7) =3 (|| + 1) +1n- (2 (Zj1.last.r — Rjia.last.t) — ;] — 1)
=3-(J;| +1)+n- (2 (Z;last.r — Z;.last.t) — ;| — 1).
(Fact 6.5, item 9)

Otherwise, if Zji1.last.t = 0, then we must have |%;;1| is odd implying
J € €(80)UE(84) as otherwise, we have a contradiction to item 9 of Fact 6.5. We
get:

taxo(n, j) = 3~ (|51 + 1)
<3- (|| +1)+n-(2- (Z%;.last.r — Z;.last.t) — ;| —1).
(Fact 6.5, item 11)

[
Using Equation 36 and Claim 6.48, we have
zn - 1(turn(y) = 1V Z;.last.t > 0) + taxe(n, j) — taxo(n, j — 1)
<zn—=3-(|Yj_1| +1) —n- (2 (Z,.last.r — Z;.last.t) — [Y;_1| — 1)
+3- (|l +1)+n- (2 (Z;.last.r — Zj.last.t) — ;| — 1)
<3+4+zn—n (Fact 6.5, item 5)
<0, (Asn > %)

and Equation 34 follows.

e When turn(j) = 0: As we assume that turn(j”) = turn(j) for all j” € [j" : j], we have
that turn(j — 1) = 0 as well. We have two subcases:

— When Z;.last.t = 0: In this case, we claim that taxo(n,j — 1) = 0. Indeed,
either j —1 € STARTS in which case the fact that |%;| is even means that j —1 €
STARTSp = [#;_1] is odd and we have taxq(n,j —1) =0, or j — 1 ¢ STARTS
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in which case, we have that |%;_;| is even and (by item 5 of Fact 6.5) that
il # 7P ||0F . In this case, we must have %;_y.last.t = 0 as otherwise
Z;.last.t = 0 contradicts item 9 of Fact 6.5. However, if n/t [t | # 72 [[0F
and turn(j — 1) = 0 and Z;_;.last.t = %;.last.t = 0, we have taxg(n,j — 1) =0,
as desired. We claim that:

Claim 6.49. tax(n,j) = 0.

Proof. If #;.1.last.t = 0, then the claim is straightforward. Otherwise, the fact
that #;.last.t =0 and Z;;1.last.t > 0 implies that j € &(90) implying that

taxo(n,j) = n - (max(%;.last.t, Zj1.last.t) — |mj1])

=1 (Zjp1.last.t — |mj11]) (As Z;.last.t =0)
= 0. (As j € €(90) and Fact 6.5, item 10 and item 5)
O]

Using Claim 6.49 and the fact that taxg(n,j — 1) = 0, Equation 34 follows
straightforwardly.

When Z;.last.t > 0: As #;.last.t > 0, we have j — 1 ¢ STARTS and therefore
| %1 is even. Using item 5 of Fact 6.5, this means that 7, ||, # 72 |2 .
We claim that:

Kj.last.t = max(Z#;.last.t, B;i.last.t) = max(Z;_;.last.t, %;.last.t).  (37)

Indeed, if the first equality is not true, then we have %;.;.last.t > %;.last.t > 0
implying that j ¢ &(80) U &(84) which means that |#;| is even. However, if
|Z;+1| and |Z;| are both even, then %} .last.t > Z;.last.t > 0 is a contradiction
to item 9 of Fact 6.5.

Similarly, if the second equality is not true, then we have Z;_,.last.t > %Z;.last.t >
0. As we have that |%;| and |%;_1| are both even, then #,_; .last.t > %Z;.last.t > 0
is a contradiction to item 9 of Fact 6.5.

Together with 7'|[¢p? # 7P ||wP and 7, ||t # 72, |[¢P, and turn(j — 1) =
turn(j) = 0, Equation 37 allows us to conclude:

taxo(n, j) — taxo(n,j — 1) = n - (Z;.last.t — |mjn|) —n - (Z;.last.t — |m;])

=n- (Im;] = |mjzl)
= 1. (Fact 6.5, item 5)

Thus, we have that:
wnl - L(turn(j) = 1V Zj.last.t > 0) + £ (taxo(n, j) — taxe(n,j — 1)) < 2nl;.

This means that, in order to show Equation 34, it is enough to show that
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03 < 2-corrj. As Theorem 6.2 promises that j € €(52), it is enough to show
that ,%’f.last.ﬁ #+ %f.lastﬂ. To this end, define j; < j be the largest such that
Xj, last.t = 0. This is well defined as j; = 1 is one such value. As %;.last.t > 0,
we have by our choice of j; that j; +1 < j and %Z;».last.t > 0 for all 7" € (j; : j].
It follows that j; € €(90). We claim that:

Claim 6.50. We have |Z;| is even for all j” € [j1 : j].

Proof. Suppose for the sake of contradiction that there exists jo € [j; : j] such
that |%},| is odd and let jo denote the smallest such value. As |%},| is even, we
must have that |%;,_1| is even implying that jo —1 € [j; : j) N STARTS. However,
this means that #;,.last.t = 0, a contradiction to the fact that #;.last.t > 0 for
all 7" € (41 : j]- O

Using Claim 6.50 and item 9 of Fact 6.5, in order to show %’f.lastﬂ #+ %f.lastﬂ,
it is sufficient to show %3, ,.last.0 # # 1+1 last.p.

We now focus on showing %]AH last.} # %;, +1 dast.3. Suppose not, then we have
using j; € €(90) that (T4, T4) = (I, TF) and I'4 # T, Using the definition of

17771 J1°

I', we get,
A A mB 1B A
(Fl,Fh) (Fjl,l“jl) = I #F (As FA #F D)
= TC(%H%J # TC(Yjllo) (As j1 € €(90))
allos # 97 llog.

However, due to item 5 of Fact 6.5 (we have [j; : j) ¢ STARTS due to Claim 6.50),
this means that ¢ ||os* # ¢P|lof, a contradiction to the fact that turn(j) = 0.

O

Lemma 6.51. Let i € STARTSg and j € RANGE(:) \ {num} be good for i. For all n > 0,
we have:

taxo(n, j) < (1.02n + 3) - (|¢;] + 1) + 101 < (2.04n +6) - (|7ig1| — |mj41]) + 107.

Proof. We only show the first inequality as the second follows from Lemma 6.13. As
we assume that j # ¢ is good for ¢, we have by the definition of good that |%;| is
even. We consider the definition of taxy(n,j). If m|jv = «P||¢P, then we have
taxo(n,j) = n - (|¢;| + 1) and there is nothing to show. Therefore, we assume henceforth
that A0 £ 7P 0P,

If turn(j) = 1 and Z;+1.last.t > 0, then we have:

taxo(n,j) =3- (|¢]| + 1) + n- (2 . (%jﬂ.last.r — e@j_H.lCLSt.t) — "lbj| — 1)
<(m+3)- (|l +1), (Fact 6.5, item 11)
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and the lemma follows. If turn(j) = 1, %Z;11.last.t = 0, and j ¢ €(80) U &(84), then we have:

toxa(1.0) =3+ (w51 + D+ - (35 -FG) + 1]+ 1)

3-(Joj| +1) +n-(10+1.02- (J¢;] + 1)) (Lemma 6.40)
(

<
< (1.02n 4+ 3) - (|;| + 1) + 107,

and the lemma follows. If turn(j) = 1, #Z;1.last.t = 0, and j € &(80) U &(84), then we
have taxg(n,7) = 3 - (|¢;| + 1) and there is nothing to show. This completes the proof when
turn(j) = 1 and we assume henceforth that turn(j) = 0. If max(%;.last.t, Z;1.last.t) =
Hj.last.t > 0, then we have

taxo(n, j) = n - (%;.last.t — |wj11])
=n-(%;lastt —|m;| + 1) (Fact 6.5, item 5)
=n-(%;.last.t — RZjlast.r + ;| + 1) (Fact 6.5, item 10)
< () + 1), (Fact 6.5, item 11)

2

and the lemma follows. If %;.4.last.t > %;.last.t, then we must have j € €(90) = |Z%;11|
is even and we get

taxo(n, j) = 0+ (Zj1.lastt — |mjq])
=0 (Zjy1-last.r — |[Yj1| — |7541]) (As j € €(90))
=0, (Fact 6.5, item 10)

and the lemma follows. Finally, if max(%;.last.t, Z;+1.last.t) = 0, then taxy(n, j) = 0 and
the lemma follows straightforwardly.

]

Lemma 6.52. Consider i € STARTSg and j' < j € {i} URANGE(:) \ {num} such that
\Z | = |Riz1| for all j" € (5 - j|. Suppose that j € €(80). The following hold:

o [f HZjir.last.t >0, then, for all n > 6, we have

J
15 - Z corry >3- 45, - (|| +1) — €7, - taxo(n, 7).
i'=j'+1

o [ftaxy;(j) >0 and turn(j) = 1 and turn(j’) = 0, we have

J
60 3 cormy > 15 £y +2- £y - (5] + 1) + €y - (Il = [y
i'=j'+1

Proof. We prove each part in turn:
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e First, observe that due to Lemma 6.42, we can assume 1 = 6 without loss of generality.
As Rjriq.last.t > 0 and |Z;r41] is even, we have that |Z;/| is even as well. We consider
the definition of tax(-). If 7}[|¢p) = w5|[¢f, then the right hand side is at most 0
and the lemma clearly holds. Similarly, if turn(j) = 1, then the lemma holds due to
Lemma 6.42. Therefore, for the rest of the proof, we can assume that

molln # w il and turn(j’) = 0.

Under these assumptions and due to the fact that Z; 1 ;.last.t > 0, we have

iy - taxo(6, ) = 6+ €7,y - (Zyvalastt — mjiq])
Z 6 . E;k_‘_l . (%jq_l.last.t — |7Tj+1|) — 6 . é:—l—l . (|7Tj/+1| — |7Tj+1|)
> 6Ly - (Zylastt — [mjqa|) — 6 Gy - (I | = [mj4a])
(Fact 6.5, item 9)
> 6, - (Bydastd = m] + 1) 6 €,y - (= 5)
(Fact 6.5, item 5 and |%;~| is even for all 57 € (5" : j])
> 6.0, (%) last.t — Rylastr + || +1) —6- 0 - (5 — ')
(Fact 6.5, item 10 and |%}| is even)

>3- Ly (Il +1) =664, - (=) (As j € €(80))

J
>3-4 - ([l + 1) =6 > 4
i'=j'+1

(As |Bjn| = | By | for all j” € (§' : §])

Thus, it is sufficient to show that ¢, < 2. corry for all i' € (j' : j]. As Theorem 6.2
promises that i’ € &(52), it is enough to show that %7.last.3 # %F.last.3. Next,
using item 9 of Fact 6.5, it is enough to show that %ﬁﬂ.last.ﬁ #* %ﬁﬂ.lastﬂ. To this
end, define j; < j' + 1 be the largest such that %;,.last.t = 0. This is well defined as
j1 = 1 is one such value. As #;;;.last.t > 0, we have by our choice of j; that j; < j’
and Z;».last.t > 0 for all j” € (j1 : 7/ + 1]. It follows that j; € €(90). We claim that:

Claim 6.53. We have |Z;»| is even for all j” € [j1 : 7/ + 1].

Proof. Suppose for the sake of contradiction that there exists jo € [j; : j + 1] such
that |%,,| is odd and let jo denote the smallest such value. As |%;,| is even, we must
have that |%;,_1| is even implying that j, — 1 € [j; : 7/ + 1) N STARTS. However,
this means that %;,.last.t = 0, a contradiction to the fact that %;..last.t > 0 for all
j"e (7 +1]. O

Using Claim 6.53 and item 9 of Fact 6.5, in order to show %ﬁﬂ.last.ﬁ #* %ﬁ“.lastﬂ,

it is sufficient to show %ﬁﬂ.lastﬂ # R, last.f.
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We now focus on showing %2 S alast.B # %ﬁﬂ last.. Suppose not, then we have
using j; € €(90) that (I'4 FA) (TB,T'B) and ra # FA Using the definition of I,

J' TN Ji’ T
we get,
(L4, ) = (O, T) — Ty #1% (AsT4 2 P4)
— TC( Jllloyl) # TCW5 lo7)) (As j1 € €(90))
nllos # 47 llog;.

However, due to item 5 of Fact 6.5 (we have [j; : 7'+ 1) ¢ STARTS due to Claim 6.53),
this means that ¢ |lo # ¢}||o%, a contradiction to the fact that turn(j") = 0.

We start by showing the following helper claims.
Claim 6.54. For all j” € (' : j], we have that ;| — 1| = j — j". Moreover, for all
C € {A, B}, we have ¢5||05 = (V§]|0§) [ : [¢0] + 1].

Proof. Proof by backwards induction on j”. For the base case j = j, the claim is
trivial. We show the statement holds for j” € (5" : j) assuming it holds for j” + 1. As
\Z | = |R#jr 1| = |Zit1] are both even, we have that j” ¢ STARTS, implying by item 5
of Fact 6.5, that 5] — [y] = 5] — [yras] +1 = j — 7 and

VSlloSo =05y = (WS 108) [ [yl = (W5 N105) [1: (o] + 1],
by the induction hypothesis as desired. O

1

Claim 6.55. For all j" € [j' : j|, we have that |mjuq| — |7ja| =75 — 7"

Proof. Proof by backwards induction on j”. For the base case 7/ = 7, the claim is
trivial. We show the statement holds for j” € [j/ : j) assuming it holds for j” + 1.
As |Zjini1| = |Zit] is even, we have by item 5 of Fact 6.5 that |mjmq| — |mj41] =
| 2| — |Tip1] +1 = j — j” by the induction hypothesis as desired. O

Define j; € (5" : j] to be the smallest such that turn(j;) = 1. As turn(j) = 1, the value
J1 is well defined. Moreover, as turn(j’) = 0, we have that turn(j; — 1) = 0. We claim
that:

Claim 6.56. o2} # oF and |LCP(¢: |0, 0P |oB)| = |4, ].
Proof. We first show that
allos # vl and Vi =g, (38)

The former follows from turn(j;) = 1 and the definition of turn(-). For the latter, note
that either |%;,_1| is odd, which together with the fact that |%;,| is even means that
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j1—1 € STARTSy = ¢} = ¢F =¢, or |%;,_1] is even, which together with the fact

that |#;,| is even means that j; — 1 ¢ STARTS implying that:

¢}4 = ﬁ—1||‘7ﬁ_1 (Fact 6.5, item 5)
= ij;leO-ﬁfl (As turn(j; — 1) = 0 and |%;,_1| is even)
=P (Fact 6.5, item 5)

From Equation 38, we get that aﬁ #+ oﬁ . Moreover, combining Equation 38 with
Claim 6.54, we also get (Vo) [L : |5 +1] # (¢PlloP)[1 - || + 1] and
(Wi'llof) [L s Wi l] = (@Fllof) [1 + [y, ]] implying that [LCP (¢ [lof, v 0f)] = [y

and the claim follows. O

Using Claim 6.56, we have:
aﬁ -+ aﬁ — Wﬁ[[ﬂjlu =+ Wﬁ“ﬂjlu (Fact 6.5, item 5 and |%;,] is even)
= il ] # 7 ] (Corollary 6.14 and |%,| = [Zi+1])

= (Tl ma ) # 75 (Imal [, ]
(As |mj41| < |7y, | by Claim 6.55)

= [LCP(n iy (Imjsal o |mial], 7o (7] < mia D] < || = |7jsa] — 1

Next, as [#},] is even and item 5 of Fact 6.5, we have that |7;,| — 1 = |7,41]. Plugging
this in, we get

ILCP(miy (1|« il mly (Il = i D] < I ] = [ (39)

Observe that from Claim 6.54 and Claim 6.55, we can conclude that |;| — [, ]| =
J—J1=|mj41| — |mj+1|. Using this, we can continue Equation 39 as

1| = |15 | > [LCP( iy (Imja | « i ], w5y (I | = iz |])]

> 2 (il = Iy (As taxi(j) > 0)
= = (el = i) + 5 - (il = gl
= = (hmenl = Imnl) + 5 - (5] = )

(As ;] = [0, | = [mjp1| = [mja])
> 5+ 1) 5 - (]~ 10D (Lomma 613 and |48;] = |1 )

This rearranges to |1;| +1 > 5- (|¢;,| +1). In particular, together with Claim 6.54,
this means that j — j; = || — ¢, | > 4.

Define j, € (j1 : j] be the largest such that %;,.last.t = 0. We claim that js is well
defined as j; +1 is one such value. Indeed, if not, then %}, ;.last.t > 0 implying item 11
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of Fact 6.5 that [, | + 1 > %;,+1.last.r — Zj,11.last.t. Moreover, as %Z;,+1.last.t > 0,
we get from item 9 of Fact 6.5 that [¢;,| + 1 > Z;.last.r — Z;.last.t = 1 - (|[¢;] + 1) as
J € €(80). This contradicts the fact that [¢;| +1 > 5- (J¢h;,| +1). We claim that:

Claim 6.57. We have j» — ji1 > 1 - (|¢j| + 1). Moreover, for all j" € [j1 : jo], we have
Rin.lastt =0 and for all j" € (j2 : j], we have Zjn.last.t = X;.last.t.

Proof. Due to item 11 of Fact 6.5 and the fact that j € &(80), we have Z;.last.t >
0 = j2 < j. Due to our choice of j, this means that %, :.last.t > 0 implying
by item 9 of Fact 6.5 that %Z;».last.t = %;.last.t for all j” € (j2 : j]. We next show
that Z;».last.t = 0 for all j” € [j; : j2]. Suppose not and let j” € [j; : j2| be such
that Z;».last.t > 0. Then, we would get from item 9 of Fact 6.5 that Z,,.last.t > 0, a
contradiction.

It remains to show that j» — j; > 1 - (J¢;| + 1). This is because:
J2 — J1 = [¥g] — |¥;] (Claim 6.54)

= Rjyr1.last.r — Ry, last.t — (|, ] + 1)
(As Claim 6.57 implies j, € (90))

=X, last.r — X;.last.t — (|9, | + 1)
(Fact 6.5, item 9 and |%;~| is even for all 5" € (j2 : j])

= 5 (gl + 1) = (| + 1) (As j € €(0)
>3- (sl +1). (As [yl + 1> 5+ (juy | +1))
[l

Consider now the iterations € [j; : j2). As |Zjn| = |Zisa| for all j” € [jy : jo], we have
that [j1 : jo) C &(87). However, [ji : jo) C €(87) and #Z;».last.t = 0 for all j” € [jy : jo]
is only posmble if F = Fﬁ, for all j” € [j1 : j2). We next claim that:

Claim 6.58. Z],,_ﬂ (T #TH) >3- (ja — 1)

Proof. By Claim 6.57, we have j, > j; = j» — 1 > j;. Combining with Claim 6.54,
we get that [¢j,_1| > |¢;,| implying by Claim 6.56 and the definition of LCP(-)

that [LCP((¢;!{|o;")[1 - |¢yz i+ 1, (@ [lo )[ [¥5,1 + 1) = [¥5]. Next, we apply
Claim 6.54 to get [LCP(¢2_[lo 1, ¢E _||0E_,)| = |4;,| Plugging into Definition 3.6,
we have that

ATCW_illog-1), TC(s illofi_1)) = (1= 107°) - (|, 1] + 1 = [¢y,])
4
g <|wj2 1‘+1 ’wle
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4
g (j2 —71) - (Claim 6.54)
From the definition of A(-) and TC(-), we get:
4 [¥jp—1l+1
5 (j2 —J1) < Z 1 (TC ((wﬁ_llldﬁ_l) [1: Z]) #TC <(¢j3;—1||0j5;—1) [1: z])) .
z=1

For all z € [|¢;, ]], we have by Claim 6.56 that (¢2||lo') [1: z] = (¢P|loP) [1 : 2] which
implies by Claim 6.54 that (2 1|| 32 1) [1:2] = (¥F |68 _,)[1: 2] in turn implying

that TC ((¢4_4lloh_1) [L:2]) = TC((vE_4llof_1) [L: 2]). Thus, we get:
A [, —1]+1
5 (Jo —J1) < Z 1 (TC ((%2 1|| Oj,— 1) [1: Z]) #TC ((@/132 1|| Ojp— 1) [1: z]))
z=[vjy [+1
[tjg—1]+1
< Y LTl [L: ) #TC((wl0f) [1: 21))
z2=[j; [+1
(Claim 6.54)
Jo—1
< Y 1(TC(vpllog) # TC(vilofh)) (Claim 6.54)
]2_311
< Z F‘é, #T5). (Definition of I" as |#;~| is even)

]

Combined with Fﬁ, = f‘ﬁ, for all j” € [j1 : j2), Claim 6.58 gives that for at least
2. (jo— j1) values of j” € [y : j2), we have Fﬁ, # Fff, = 2-corrjy > ljn. As
\Z | = |Ziz1| for all j” € [j1 : jo|, this gives:

Jj2—1

Z corrjn > 60 - Z corr ju
J"=y'+1 7=
> 24-(ja—51) - lina
=60 ([l +1) (Claim 6.57)

25 Gy (15l + 1) + Gy - (Il = [m4al)
(Claim 6.54, Claim 6.55)

2150y + 2Oy - (1 + 1) + Gy - (] = |mjal) -
(As |¢5] +1>5- (95, +1) 2 5)

as desired.
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6.2.8 Lemmas Concerning G(-) and B(-)

Lemma 6.59. Leti € STARTSy and i’ € (i : STOP(i)) NSTARTSg be such that |Zi| = |Ri+1].
We have for all j € {i'} URANGE(#') \ {num} satisfying |%Z;| = |y +1| that:

50 - (‘7Ti/+1’ — ’7Tj+1|) S taXLi/<j> + 1000 - BZ(Z,)

Proof. For all j € {/} URANGE(Y) \ {num} = j # i satisfying |%;| = |Zi+1|, we
have that |7;11] < |my41| by Lemma 6.13. Also, j € {¢} U RANGE(¢') C RANGE(i) by
Lemma 6.7, we get |m41| = #;[|%it1|].7 using item 8 of Fact 6.5. Using Lemma 6.6, this
gives |mi11] < |mjq1]. We claim that:

ILCP (g (|misa | < | ], iy (i | = [ mosa]))]

(40)
— [LCP(m{lyy (|mjpa |« |mosal)s mi i (Imjaa ]« |7 D] < || = Imiga -

Indeed, either [LCP(mit, , (|mia] = |mosa|], 75y (|miga |« [moga|])] < |7mjga| = |misa| in which case
there is nothing to show or |LCP (i, (|miya] « [mopal], 770 ([misa| © [ |])| > 7] — |misal,
in which case Equation 40 follows by the definition of LCP(:) and the fact that |m 1| <
|Tj41| < |my41]. Equation 40 gives:
taxl,i/ (j) + 1000 - BZ(Z/)
> 900 - [LCP(rjly (7] = |moal], ity (1] = I D] = 800 - (|irsa| = |mja])
+ 1000 - B;(7") (Definition of tax(-))
> 900 - [LCP (it (|71 = |mirsa |73 (1] + i [])]
—900 - (|7Tj+1‘ — |7Ti+1’) — 800 - (’7Ti/+1| - ‘7Tj+1|) + 1000 - BZ(’L/) (Equation 40)
> 900 - [LCP(miryy (||« |mirgal], wll s (i |+ i |])]
=900 - (|mjr41| = [miga]) + 100 - (|my41] — [mjp1]) 4 1000 - By (4)
> 100 - B;(¢") + 100 - (|mir41] — |7j41]) (Definition of G(-) and B(-))
> 50 - (|myg1] = [mj4a]) -

[]

Lemma 6.60. Let i € STARTSy and ¢’ € (i : STOP(i)) N STARTSg be such that ¢’ is indirect
and | Ry | = |Ris1|. We have:

o If Gi(7') < |mMmw@r)+1| — |mita], then, for all 3 € [i' : STOP(V)], we have G;(i") = G;(j")
and B;(j') = Bi(i") + |mjr41| — |mis1|. Moreover, we have:

D;(i") — D;(MID(i")) + spare, (i) > 1.

° [f GZ(Z/) > |7TMID(1")+1| — ‘77-1'+1|; then Bi(STOP(i/)) = BI\V'IID(i’)(STOP@/)) and
Di(Min(i')) = 0 and spare,(STOP(i')) < spareyy, ;) (STOP(i')).

Proof. We prove each part separately using the following claim in both the parts:
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Claim 6.61. For all j/ € [i/ : Stopr(/')] and C € {A, B}, we have 7

+1 <|7TI\IID(7, )+1| -
o

T, .
V41, <y ity 41

Proof. As the parties only add/remove one symbol from 7 in every iteration, it is sufficient
to show that |mTyniy+1| < |74 for all j* € [/ : STOP(i')]. This follows from Lemma 6.15
and the fact that SToP(i') = STOP(MID(3')) by Lemma 6.9. O

o If G,(i') < |mvun()+1| — |mig1], then by the definition of G(-) and LCP(-), we get (using
h to denote |mi 1| + Gi(') + 1 < |Taviniry+1):
7sz31+1(|7%'+1’ th) = 7T/+1(|7rz+1‘ h) and W?ﬂ[h] = 7Tz§+1[h]-
As h < [Tvi@y+1], we get by Claim 6.61 that, for all j' € [i' : STOP(i')], we have:
wh o (mi ] B) = B (el h) and wh ] = 7B (]
It follows that by the definition of G(-) and LCP(-) that G;(j') = h—1—|m 1| = Gi(7').
By the definition of B(+), we also get:
Bi(j/) - Bi(i/) = |7Tj’+1| — || — Gi(j,) + Gi(i/) = |7Tj/+1| — |y,
as desired. Next, we claim that:

Claim 6.62. For all | € (|mip1|  |mww@)11l], i holds that latest(MID(7'),1) =
latest(7',1).

Proof. Suppose not.  Then, there is an | € (|m41] @ |Twmw@)41|] such that
latest(MiD(i'),l) € (i : Mip(i)]. By definition of latest(-), we get that
| Tatest Mo (i),0)+1| = § and [Patestvin(iry,yy| i odd implying by item 5 of Fact 6.5 that
[ Tatestvim(yy| = 1 — 1 < |Tavn@r)+1]- As latest(MID(¢'), 1) € (¢ : MiD(¢')], this is a
contradiction to Lemma 6.13. ]

Also, note that by definition of MID(-), we can apply Lemma 6.13 on ¢, MID(¢’). We
get that |mTyun)11| < |[mir41]. Using this and the definition of D(-), we get:

D,;(Min(i'))
= {lmina| <1 < |7TMID /)+1| | FIatest(MID( "),1),>depth (i 7é Flatest (MID(i'),1), >depth(i)}|

|{|7T2+1’ <l< |7TMID /)+1| | FI.a\test(z’ 1),>depth(i) 7é 1—‘Iatest i’,1),>depth(4) }|
(Claim 6.62)

< |{|7T1+1‘ <l < |7T2 | | FIatest( 7.1),>depth(i 7& FIatest(z’ 1),>depth( z)}|
(As |Tvi(ry+1] < |Tirgal)

As |Z%i| is odd, we have by item 5 of Fact 6.5 that |my 1| = |ms| + 1 and latest(i, 1) =
latest(¢’ — 1,1) for all [ € [|m|]. This gives:

DZ(Z/ - 1) = |{|7Ti+1| << |7Ti’| | I'_‘|1:11test(z”—1,l),2depth(i) 7é FIj_jtest(i’—l,l),Zdepth(i)}|
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|{|7TZ+1| <l < |7Tl | | I-‘Iatest(z’l ),>depth(i 7é Flatest i’,1),>depth(4 )}|

By definition of D(-), we also have:

D”L( ) |{|7TZ+1| <l< |7T1 +1| | 1—‘Iatest(z’ 1),>depth(i) 7& FIatest i’ ,1),>depth(i )}|

As |myq1] = |my| + 1, it follows that D;(MID(i")) < D;(¢' — 1) < D,(i"). Consequently,
we have D;(i") — D;(MiD(i")) > D;(¢') — D;(¢" — 1) > 1 (D;(¢) > D;(¢' — 1)). Using the
definition of spare(-), this gives:
Di(i") — Di(MID(i)) + spare;(i')
> 1(Di(i') > Di(i" — 1))
> 1(Di(i") > Di(i = 1))

We next use the fact that Bz(ll) = |7Ti/+1|—‘7Ti+1|—Gi<i/> Z ’ﬂ-MID(i’)—i—l’_|7Ti+1’_Gi(7:,) >0
to get

(Bi(i') > 0 A (7' ¢ €(70) V Di(¢') = D;(¢' — 1))

+1
+1(Bi() > 0 AD;(i') = Dy(i — 1))

Di(¢') — Dy(MID(i')) + spare; (i) > 1 (Dy(i') > Dy(i' — 1)) + 1 (D;(¢') = Di(i’ — 1))
> 1. (As Dy(i') > Di(i' — 1))

If Gi(7") > |mvin(iny+1] — |Tis1|, we use the definition of G(-) and Claim 6.61 to get

Wﬁ+1(|7ﬁ+1| : |7TMID(i/)+1” = 7T/+1(|7Tz+1| |7TMID /)+1|] (41)
= 7TISATOP(1")+1(|7T73+1| : |7TMID(z")+1|] = 7TsTop(i/)Jr1(|7Tz‘+1| : |7T1\f1m(z")+1|]-
Using Equation 41, we derive:
G;(STop(i))
= ILCP(mhon ey 1 (ITesa | [msrory i) Mo a (1Tesal : [msrorya )]
= |7T1\41D(i/)+1| - |7Ti+1|
+ |LCP(7T§‘TOP('f)+1(|7T1\m ")+1| : |7TST0P(")+ |]aWsBTop(w)+1(|7TMID(z")+1| : |7TST0P(i')+1|])|
= [mam@)+1] = [Tiga| + Gai () (STOP(P')).

Using the definition of B(-), this rearranges to B;(STOP(i')) = By (STOP(?')). To
show D;(MID(i')) = 0, we argue:

Gi(i') > ’ﬂ-l\hD +1’ — |7t
a— z"+1(|7Ti+1| i +1]] = 7T/+1(|7Tz+1| | T (i) 1]
= ()1 (T ]« [Tvm@)+1l] = w1 (1Tl [Taman+al]  (Claim 6.61)
= G;(MID(7')) = [maun(ery41] — |Tig1]
— B;(Mip(i')) =0 (Definition of B(-))
= D;(Mip(z')) = 0. (Lemma 6.24)
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We next prove spare;(STOP(i')) < sparey,;,(STOP(i')) If spare;,(STOP(i)) = 0,
there is nothing to show so we assume otherw1se and show sparey,,;,) (STOP(i')) =
L. By the definition of sparei(STOP(i’)), we get B;(Stopr(i')) > 0 and
(Stop(i') ¢ €(70) v D;(STOP(i')) = D;(STOP(i') — 1)). From B;(STop(i')) > 0 and
Bi(STOP(i')) = Baminir)(STOP(7')), we conclude that Byyp ) (STOP(Z")) > 0.

Now, in order to show that sparey,;(STOP(i')) = 1, all the remains to be shown
is that (STop(') ¢ €(70) V Dain(s (STOP( ")) = D@ (STOP(#') — 1)). This clearly
holds if STop(i') ¢ &(70), so we assume that DZ-(STOP( ")) = Di(STop(i') — 1). As ¢’
in indirect, we have |Zsop(iry| is odd which means (using item 5 of Fact 6.5) that

[Tsror(iny+1| = |Tsrorny| + 1 and latest(STOP(7'),l) = latest(SToP(i') — 1,1) for all
l € [|7sror@n|] and Iatest(STOP( "), ITsror@)+1]) = STOP(7"). We get from the definition
of D(+) that:

Di(STOP(i')) = Di(STOP(i') — 1) = Trop(i) depth(i) = L Sror(ir) depth)

= FSTOP(i /), >depth(Min(i')) — FSTOP(i/)72depth(1\~IID(i’))
—> Dt (STOP(7')) = Daiinir) (STOP(7') — 1),

finishing the proof.

6.2.9 Lemmas Concerning extra(-)

Lemma 6.63. Consider i € STARTSg and all j € {i} U RANGE(:) \ {num} such that
|71 < |miga|. For allm >mn >0 and ' > n) >0, we have:

extra;(n,n', j) < extra;(m1, n7,7)-
Proof. We have:
eXt"az‘(ﬁ, nlaj)

Tiv1] = [TPrev() 11 . .
=ty min (PO, 5),35 (s )~ 0(.))

[ Ti1| = |TPrev(i)+1] . :
<l m( S = taxo (. 1), 35 (| — Iy ) — taxo (7. )
(Lemma 6.42)
< extra;(1, 1y, J)-

[]

Lemma 6.64. Consider i € STARTSg and j' < j € {i} U RANGE(?) \ {num} such that
\Zjn| = |Rita| for all j" € (' : j] and turn(y”) = turn(yj) for all j” € [j' : j]. For all
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0<z<1andall 1000 >n>n > %, we have:

10*- EP (') + extrai(n, 7', ')
J
< 10* - EP(4) + extray(n, 1, j) — 200} - Z L(turn(j) = 1V Z;».last.t > 0).
=741

Proof. Note that:

T — |TTPREV(i .
extrai(n,n’,j’) < €:+1' <| +1’ ‘ PREV( )+1| . taXO(n,j/))

30
% . :
< 351 : (\7%1’ - |7TPREv(i)+1D — {5 - taxo(n, j') (As |%;| = |Zil)
4 " :
< 3—+01 : (|7T¢+1| — |7TPREv(i)+1|) — 05 - taxo(n, j)
J J
+9n Z corrjm — znl - Z L(turn(j) = 1V Zjn.last.t > 0)
j//:j/+1 j//:j/+1
(Lemma 6.45)
b ‘ :
< 3—+01 (|mia] = 1rpreviy+|) — 3 - taxo(n, j)
J J
+ 5000 Z corrj — 2t} - Z L(turn(j) = 1V Zjn.last.t > 0)
G=j'+1 G=j"+1

(As 7 <n < 1000)

% Ti+1 —|7TP v (3 1| .
N )

J J
+5000 Y corryy —zn/ly - Y A(turn(j) =1V Zju.lastt > 0).
j":j’-‘rl j”:j’-‘rl

(As [%)] = [%i11])
Similarly,

extra;(n, 1, ') < 05y - (35 (|miga| — |7 1a]) — taxo(n', 5))

< 35 07y (Imiga] = [mje]) — 6 - taxo (', ') (As |%;| = |Zil)
<3545y - (|miga| = |mjal) — €5 - taxe(n, §) (As |mj] < |mjral)
<35 £y - (Imia| = [mja]) — € - taxo (7', )

j j
+ 51 Z corrju — zn'l; - Z L(turn(j) =1V Z;».last.t > 0)
Gr=5"+1 §r=35"+1
(Lemma 6.45)

<35 L1 - (Imia| = [mj4al) — €5 - taxo (', )
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J J
+ 5000 Z corrj — 2L} - Z L(turn(j) = 1V Zjn.last.t > 0)
G=j"+1 §=j"4+1
(As ' <n <1000)
<l - (35 (Imisa| = |mj4al) — taxo(n', )
J J
+ 5000 Z corrju — 2t} - Z L(turn(j) = 1V Z;».last.t > 0).
§=4"+1 §=4"4+1

(As |Z)] = |Zis)

Combining the last two inequalities, we have that:

. " . Uy — |Tp i . .
extra;(n,n’, j') < £;,, min (’ +1 ‘30 vyl taxo(n,7), 35 (|mit1| — |mj41]) — taxO(n’,J))

J J
+ 5000 Z corrj — zn'(; - Z L(turn(j) = 1V Zjn.last.t > 0)

j=4"4+1 =441

< extra;(n, 7', j)

J J
+ 5000 Z corrj — 21/l - Z L(turn(j) = 1V Zjn.last.t > 0)
G=j4'+1 G=j'+1

(Definition of extra(-))
< extra;(n, 17, j) + 10* - EP(j) — 10" - EP(j')

J
—zn'l; - Z L(turn(j) = 1V Z;».last.t > 0). (Lemma 6.39)
=541
The lemma follows after a simple rearrangement. O]

Lemma 6.65. Let i € STARTSg and i’ € (i : STOP(i)) N &(80) be such that i’ is indirect and
| %ir| = |Ri1|. We have:

extra; (1) + 3 - £, - (|[Yw] + 1) < extra; (225,225, STOP(')) + €7, - taxo(225, STOP(7')).
Proof. By definition of extra(-), we derive:

extra;(i') = extra;(225, 10,1')

. |7Ti+1| - |7TPREv(i)+1|
= (;,, - min ( 30

)

— tax0(225, 7:/>, 35 (’ﬂ'iJrll — |7Ti/+1|) — taxo(lO, ZI)>

5 — |7 3 (1 * .
< 1y (P00 | ) ) — 610,

(Lemma 6.42)
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Ti+1| — |Tp i)+1 % .
< £, - min (’ 1 |30 Ot ’,35 (I7miga] — |7TST0P(Z")+1|)) — U7y - taxo(10, ')

(Lemma 6.10)

T — |TT 3 *
<, - min (| 1] L)OPREv( )+1|’35 (e | - |WSTOP(i,)+1|)) —3.0, - ([e] +1)
(Lemma 6.44)

< extra; (225,225, STOP(i')) + €7, - taxo(225, STOP(i)) — 3 - 41 - (|¢ow| + 1).
(Definition of extra(-))

The lemma follows after a simple rearrangement. O

Lemma 6.66. Consider i € STARTSg and j' < j € {i} URANGE(:) \ {num} such that
\Zjn| = |Riz1| for all j" € (5" : j|. Suppose that j € &(80), tax;;(j) > 0, turn(j) = 1, and
turn(j’) = 0. We have that:

10% - EP () + extra; (225,225, ) + 150 - 01,1 - (|mjr1] — |mjqa]) < 10% - EP(5) + extra; (4).

Proof. We have due to Corollary 6.43 that:

exra, (225,225, ) < £ min (0] 55 () fr)).

As |Z;n| is even for all j” € (5’ : j|, we have by item 5 of Fact 6.5 that |m;j 1| < |74
implying:

extrai(225, 295 ] ) < €l+1 min (|7Ti+1’ B |7TPREV(1')+1| , 35 (’7Ti+1‘ . |7Tj+1|>>

30
< extra;(225,225, j) + {7, - taxo(225, j) (Definition of extra(-))
< extra;(j) + 5, - tax(225, j) (Lemma 6.63)
< extra;(j) + 300 - €Z+1 (|1 +1) + 2250 - 47, (Lemma 6.51)

S extra,-(j) -+ 104 . Z corry — 150 - g:—i-l . (|7Tj/+1| — |7Tj+1|)
i'=j'+1
(Lemma 6.52)

< extray(j) + 108 - EP(j) — 10° - EP(7) — 150 £y - (1wl — [y
(Lemma 6.39)

The lemma follows after a simple rearrangement. O]

6.2.10 Proof of Lemmas 6.17, 6.18, 6.19, and 6.20

In this section, we present our proofs of Lemmas 6.17, 6.18, 6.19, and 6.20. These lemmas will
be shown together by the following indiction based approach: We shall show by induction
that for all D > 0, Lemma 6.17 and Lemma 6.18 hold for 7 —¢ = D and Lemma 6.19 and
Lemma 6.20 hold for STop(i) —i = D.
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For the base case D = 0, observe that Lemma 6.17 and Lemma 6.18 are trivial if j =1
and Lemma 6.19 and Lemma 6.20 are trivial as STOP(i) —¢ > 0 for all i € STARTS. To finish
the induction, we take an arbitrary D > 0 and, assuming the induction hypothesis holds for
all numbers < D, show that it holds for D as well.

To this end, fix D > 0. We first show that Lemma 6.19 and Lemma 6.20 hold if
STOP(i) —i = D (under the induction hypothesis).

Proof of Lemma 6.19. Let i € STARTSg be indirect and satisfy Stop(i) —i = D. By
definition of MID(-), we have |[Z\inu)| = |Zit1| and therefore MID(i) is good for i.
Furthermore, as ¢ is indirect, we have |Zsrop()| — |#it1] is odd implying that MID(i) <
STOP(i), which in turn means that MiD(i)—i < D. By the induction hypothesis, Lemma 6.17
holds for ¢, MID(7) and we have:

MID(%

Z 0, < 10*-EF depth(iy(MID(@)) + €71 - (G;(MiD(i)) + 150B;(MID(i)) — 2500 - D;(MID(3)))

<10 - ] geph(iy (MID(0)) + £, - G;(MID(7)) (Lemma 6.24)
< 10" - B} geptn(ey(MID(0)) 4 €51 - (|mamm(iy+1] — |misal) (Definition of G(-))
<10*-E; depth(i) (MID(0)) + £, - (|7T1v1m(i)+1| — |7TSTOP(1')+1|) . (Lemma 6.10)

By Lemma 6.9, we have MID(i) € STARTSg and STOP(MID(7)) = STOP(7). Furthermore,
as ¢ is indirect, we have that [Zsror(s)| — [Zyini)+1] = [Psrov@y| — [#it1] — 1 is even, and
thus STOP(7) is good for MID(7). Applying Lemma 6.18 on M1D(¢) and STOP(7) (note that
Mip(i) > i = STOP(i) — MID(i) < D), we get

STOP(%)

Z é* < 104 EMID(z (STOP(i)) + eXtraMID (STOP( )) + 3- EMID (H)+1 " (|wSTOP(i)| + 1)
¢/=MID(3)+
-2 éilm(i)+1 ) (|7TMID i +1| - |7TST0P(i)+1|)
< 10*- ENIID(’L (STOP()) + 3+ Liip(iy+1 - ([sror@)| + 1)

-2 eMID(i)-{-l ’ (|7TMID(1‘)+1| - |7TSTOP(7,')+1|) - EKIID(i)-&-l : t3Xo(225, STOP(i))

+ 30 K{m(i)ﬂ : (|7T1VIID(’L')+1| - |7TPREV(1\,1ID(Z‘))+1|) (Definition of extra(+))

< 10" EI\/IID(’L (STOP(2)) + 3 - L iy 41 (WSTOP(i)| + 1)

=2 Bppgiy41 (Imaim @iy a1l = |Tsropgiya]) — Oin@y+1 - taxo (225, STOP (7))

+ % ’ *Mm(z')+1 : (|7T1\~11D(i)+1| - |7Ti+1|) (Lemma 6.9)
< 10" - ENpin( (STOP(4)) + 3 - Lypniy41 - ([¥srorn| + 1)
59

30 @)1 (v 1] = |Tsror(iy1]) — ()1 - taxo(225, STOP(4))
(Lemma 6.10)
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< 10* - Epyp (i) (STOP(4)) + 3.3 5 - ([¢srorn] + 1)
649

~ 300 Ly (I | = [Tsrop@yaa|) — L1 €7, - taxg(225, STOP(i))
(Definition of ¢*)
, 3 349
< 10 - Egjp () (STOP(1)) + <ﬁ + @) Ly ([Ysror | +1)
649 . .
— ﬁ . gi—l—l . (|7TMID(i)+1| — |7TSTOP(i)+1|) —1.1- £i+1 . t3X0(225, STOP(Z))

. 3 .
< 104 EMID(z (STOP(Z» + ﬁ ’ £i+1 ’ (|wSTOP(i)| + 1)

= Lipr - (Imwngy1| = msrorqya]) — 1.1+ €54 - taxo(225, STOP(i))
(Lemma 6.13)

. 3 .
< 10" EMm(z (Stop(i)) + 11 i (WJSTOP(M + 1)

— @;1 . (‘WMID(i)+1’ — |7TSTOp(i)+1D — f;_l . tax0(225, STOP(i)).
(Corollary 6.43)

Adding the two equations, we get:

STOP(4
Z 0 < 10" - E; depth(z)(MID(i)) + L (Mg — |Tsror@ya)
i =i+1
3
+10% - By (STOP() + 7 £41 - ([¥svore)| + 1)
=l (Imm(y | = |msrory+a]) — €y - taxo(225, STOP(7))
< 10" Ef gepen(s) (MID(i)) + 107 - Exjyp ) (STOP (7))
3 % % -
t17 b (IWsror(p| +1) = €74y - taxo(225, STOP()),
as desired. O

Proof of Lemma 6.20. Let i € STARTSp be indirect and satisfy STOP(i) —i = D. By
definition of MID(-), we have |[Z\inu)| = |[Zit1| and therefore MID(i) is good for i.
Furthermore, as i is indirect, we have |Zsrops)| — [Zit1] is odd implying that MiD(i) <
STOP(7), which in turn means that MiD(i)—i < D. By the induction hypothesis, Lemma 6.18
holds for ¢, MID(7) and we have:

MiD(4)

> £ < 10" EP(MID(4)) + extra;(MD(6) + 3 £, - ([¥aim| + 1)

i1=it+1
=247 - (Imiga| = Iy ]) — g - 1 (MID(7) € €(80)) - taxy ;(MID(7))
< 10* - EP(MID(4)) 4 extra;(MID(i)) + 4 - 05, - (Imi1] — |1 l)
— 7, -1 (MiDp(i) € €(80)) - taxy ;(MID(7)) (Lemma 6.13)
S ]_04 . E?(MID(Z)) + extrai(MID(i)) +4- éz—l—l (|7Ti+1| — |7TMID(7Z)+1|)
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— 07, - taxy ;(MID(¢)) (Lemma 6.9)
< 10" EP(MID(2)) + 35 - £y - (Imisa] — [mam@y+1]) — €4y - taxo(10, MID(4))
+ 407 (Jmia| = |mvingy+]) — €54 - taxg ;(MID(7))  (Definition of extra(-))
< 10" EP(MID(2)) + 39 - €11 - (Imisa| — [maim@y+1]) — €4y - taxe;(MID(3)).
(Corollary 6.43)

By Lemma 6.9, we have MID(i) € STARTSF and STOP(MID(7)) = STOP(7). Furthermore,
as ¢ is indirect, we have |Zsropr(i)| — [Zriw(iy1] = [Psrori)| — |Zip1] — 1 is even, and thus
STOP(7) is good for MID(7). Applying Lemma 6.17 on MID(i) and STOP(i) (note that
MiD(i) > 7 = STOP(i) — MID(i) < D), we get

STOP(%)

D

i =MID(i)+1

< 10" - Extin (i) depth (M (i) (STOP())
+ Loy 11+ (Gatn(iy (STOP(2)) + 150Biingi) (STOP(4)) — 2500 - Dygn (i) (STOP(4)))
+ Ggiy1 - (Gaim(i) (STOP(2)) + Bann(sy (STOP(7)))

— 2500 - Lpip(iy41 * SPAr€ypn () (STOP(4))

< 10" - EXtin(s) depth (M (i) (STOP())
+ Gy 11 - (150Bamingi) (STOP(2)) — 2500 - Dypin(s) (STOP(4)))
+2. EMID(Z - (Gain(s) (STOP(4)) + Baiin(s) (STOP(4)))
— 2500 - Ly (i)+1 * SPArey(; (STOP( )

<10%- EIVIID(’L) depth(MID(4) (STOP( ) +2- Otin(iy+1 ° (’WSTOP(‘)H‘ - |7TMID(z‘)+1|)
+ Gy 11 - (150Bain(s) (STOP(2)) — 2500 - DMID )(STOP(7)))
— 2500 - 3 pp5)41 * SPAr€p(; (STOP( ) (Definition of G(-) and B(-))
< 10*- EI\/IID(z) depth(MiD(4) (STOP( ) +4- Ctin(iy+1 - (WH\ — |mip z’)+1’)
+ Gy - (150Baingi) (STOP(2)) — 2500 - DMID )(STOP(7)))
— 2500 - ng(z 11 * SPareyp ;) (STOP(7)) (Lemma 6.16)

< 10% - Exiin depth(vim (@) (STOP () +5 - L1y - (|| — [Ty +1)
+ Loy 11+ (150Banns) (STOP(7)) — 2500 - Dypingi) (STOP(4)))
— 2500 - €z+1 sparey ;) (STOP()). (Definition of £*)

Adding the two equations, we get:
STOP(1)
> £ < 10" EP(MID()) 439 - £y - (|71 | — [ty 1]) — €64y - taxyi(MID(i))

=il
+ 10" Exiin i) depth(imoi)) (STOP(4)) 4+ 5 - €1 - (|misa| — [maim(iy+1l)
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+ Uiy 1+ (150Banin(i) (STOP(4)) — 2500 - Dypin(s) (STOP(7)))
— 2500 - EZH sparey ;) (STOP(7))

< 10*- EP(MID(4)) 4 10* - EI\/IID(Z) depth(Min(i)) (STOP (7))
+ Oiniy1 - (150Banin(i) (STOP(4)) — 2500 - Dyiin(i) (STOP(4)))
+ 440y (Imia = Mgy ]) — G - taxa, (MID(i))
— 2500 - €Z+1 sparey(;) (STOP (7)),

as desired. ]

We now show that Lemma 6.17 and Lemma 6.18 hold if j —¢ = D (under the induction
hypothesis).

Proof of Lemma 6.17. Let i € STARTSF and j € {i} URANGE(i) \ {num} be such that j is
good for i and j — i = D. Recall that D > 0 and therefore, we have j > ¢ implying by the
definition of good that |%;| is odd. Define j; € [i : j) to be the largest such that j; is good
for 7. Observe that j; is well defined as i is good for 7. Also, note that j; —i < j—7 = D.
If 51 = j — 1, we have by Lemma 6.17 on i, j; that:

J J1
dlh=> i+

i'=i+1 i=it1
<O+ 10" B gepuny (1) + €11 - (Gi(jr) + 150B;(j1) — 2500 - D;(jr))
— 2500 - £7,, - spare;(j1)
<L 410" - ] gepen(iy () + iy - (Gi1) + 150B; (1) — 2500 - D;i(5))
— 2500 - £7,, - spare;(j) (Lemma 6.25)
< Ly + 10" Elaepiny (7) + €1 - (Gilgn) + 150B;(jr) — 2500 - Dy(3))
— 2500 - £7,, - spare;(j),
as the fact that both j — 1 and j are good for ¢ implies that |%;| = |#;11] in turn implying
that 5 = ¢;,,. Now, as |%| is odd, we have by item 5 of Fact 6.5 that 75, , = 7§ [o§ for

all C' € {A, B}. By definition of B(-), this means that B;(j) > B;(j — 1) = B;(j1). Also, by
definition of G(-) and B(-), we have

1+ Gi(j1) +Bi(j1) < 14| 41] — |migal

< 1 | = |miga (Asj1=j—1)
<|mjz1| = |miza] (As |#;| is odd and Fact 6.5, item 5)
< Gi(jy) + Bi(y). (Definition of G(-) and B(-))
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Plugging this in and using B;(j) > B;(j1), we get:

Z 0 < 10" E gepeniny (1) + £y - (Gi(y) + 150B,(j) — 2500 - Dy (5))

i =i+1
— 2500 - 47, - spare;(j).

The remainder of this proof deals with the case j; < 7 — 1. In this case, by our choice of
J1 we have that j; +1 < j is not good for ¢ implying that |%Z;,+1| > |Zit1| = |Z;,| (we have
| %}, 41| > |Ziv1] due to item 3 of Fact 6.5) implying that j; € €(70) C STARTSp by item 2
of Fact 6.5. As j; < j < STOP(i), we have by Lemma 6.7 that STOP(j;) < STOP(7). We
claim that:

Claim 6.67. Either j = STOP(j1) + 1 and |%;| = |#i+1| or j = STOP(ji) = STOP(7) and
\Z;| > |%i11|. In either case, we have that jy is indirect.

Proof. As STOP(j;) < STOP(7), we have the following two cases:

e When STOP(j;) < STOP(i): In this case, we first use Lemma 6.12 to get that
| Rsror(ji)+1] = |Zip1| and j; is indirect. Observe that the claim follows if we show
that j = STOP(j;) + 1. Indeed, j < STOP(j1) + 1 as otherwise [Zsrop(ji)+1| = [Zis1|
implies that STOP(j;) + 1 < j is good for ¢ contradicting the choice of j;. Also
j > STOP(j1) + 1, as either j = STOP(i) > STOP(j;) or by the definition of good,
we have |Z;| = |%i11| < |#;,+1| implying that j > STOP(j;) + 1 by the definition of
SToP(-).

e When StTOP(j;) = STOP(i): As j; < j < STOP(i) = STOP(j;), we have that
j € RANGE(j;) and therefore, using item 3 of Fact 6.5 and the fact that j is good
for i, we have that j = STOP(¢) and |%;| > |%;,+1| > |#i+1|. Using the fact that
j = STOP(i) is good for i, we have by Lemma 6.12 that j; is indirect.

As Stop(jy) € {j — 1,7} and j; is indirect, we derive:

STOoP(j1) SToP(j1)
o o= Z G+ Y
i'=i+1 i'=i+1 i'=j1+1
< 10* - E] geptnny (1) + Lry1 - (Gi(j1) + 150B;(j1) — 2500 - D;(j1))
STOP(]1)
— 2500 - 7, - spare; (j1) Z v,
i'=j1+1

(Induction hypothesis and j; < j < STOP(7))
< 10* - B} geptnny (1) + Lry1 - (Gi(j1) + 150B;(5i1) — 2500 - D;(j1))
+ 104 ’ Ei (MID<j1)) + 104 : Ellz"IID(Jl) depth(MIp(j1)) (STOP(jl))
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+ EI*VIID 41 (150 . BMID(jl)(STOP(jl)) — 2500 - DMID(jl)(STOP(jl)))
+ 44 - €*1+1 (Imj41] = Imvimgoyl) = €5, 11 - taxy 5, (MID (1))
— 2500 - €7, - spare;(j1) — 2500 - £7 1 - spareyp ;) (STOP(j1)).
(Induction hypothesis)
We continue using the definition of £* which implies that €5, = 1.1- 7, and &g, =
1.1% - ¢, ,. This gives:

SToP(j1)

> 0 10" Ef gepeni (1) + €41 - (Giljr) + 150B;(jir) — 2500 - Dy(jr))

i'=i+1
+ 10" E?I(MID(jl)) + 10" Eﬁm(gl) depth(Min(j1)) (STOP(J1))
+ €, - (200 - Banin(jy) (STOP(j1)) — 3025 - Dain(jy) (STOP(j1)))
+50 - 07y - (Imjia| = [migyl) — G - taxaj, (MID(j1))
— 2500 - €Z+1 spare;(j1) — 2500 - 7, | - spareyy;;;,) (STOP(j1)).

Next, we upper bound the term 10?- EEHD(M depth(Min(jy)) (STOP(j1)) using Lemma 6.27 on
i, MID(j1). Observe that Lemma 6.27 is applicable due to the guarantees form Lemma 6.9.
As the right hand side in Lemma 6.27 is always non-negative and Ei‘{m( i+ > 05, we get:

10* (Egm (j1),depth(i) (STOP(j1)) — EEI;IID(jl),depth(MID jl))(STOP(jl)))
> 5000 - 7, - max (0, D;(STOP(j1)) — Dy(MID(j1)) — Datingjy) (STOP (1))
> 2750 - £, - max (0, D;(STop(j1)) — D;(MID(j1)) — DMID(jl)(STOP(]l)))
> 2500 - €7, - (Ds(STOP(j1)) — Di(MID(j1)) — Datinj) (STOP(51)))
+ 250 - £7,; - max (0, D;(STOP(j1)) — D;(MID(j1)) — Daiin(jy) (STOP(j1)))
> 2500 - 07, - (Di(STOP(j1)) — Diy(MID(j1))) — 2750 - £7,; - Dain(jy) (STOP(j1))
+ 250 - £, - max (0, D;(STOP(j1)) — D;(MID(j1))) -

Using this inequality, we continue as:

SToP(j1)

D 10" Ef gepuniy (1) + £y - (Gilja) + 150B;(jr) — 2500 - Dy (j1))

i'=i+1
+10* - EJ (MID(j1)) + 10" - Exyip ;) depth(s) (STOP (1))
— 2500 - 47, - (D;(STOP(j1)) — Di(MID(41))) + 2750 - £ - Daiinjr)(STOP(j1))
— 250 - 47, - max (0, D;(STor(j1)) — D;(MiD(j1)))
+ £, - (200 - Baiin(jy) (STOP(j1)) — 3025 - Daiin(jy) (STOP(j1)))
+50 - £y (Imjaa] = [Ty +1]) = G - tax g, (MID (1))
— 2500 - €7, - spare;(j1) — 2500 - €7, ; - spareyyp(;,) (STOP(j1)).

We continue by bounding EiF,depth(i)(jl) + -EP (MID(j1)) + Egho(jl),depth(i)(STOP(jl)) using
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Lemma 6.30.
STOP(j1)

D 0 10" Ef yepun (STOP(j1)) + £ - (Gi(jr) + 150B;(j1) — 2500 - D;(j1))

i'=i+1
— 2500 - £, - (Di(STOP(j1)) — Ds(MID(j1))) + 2750 - £, - Dauingiy) (STOP(j1))
— 250 - 47, - max (0, D;(STOP(j1)) — D;(MID(j1)))
+ ;.1 - (200 - Baiin(j,) (STOP(j1)) — 3025 - Daiin(jy) (STOP(j1)))
+50 7 - (Imjusal = [ +al) = €4y - tax g, (MID(j1))
— 2500 - £7,; - spare; (j1) — 2500 - £7,; - spareyy, ;) (STOP(j1)).

Next, we upper bound 200 - By (j,) (STOP(51)) by 250 - Dapin(j,) (STOP(j1)) using Lemma 6.24
and simplify. We also swap the terms D;(j;) and D;(STOP(j1)).

SToP(j1)

Z K* < 104 zdepth (STOP(jl)) + f;.k_i_l . (Gz(jl) + 1508&]1) — 2500 - DZ<STOP(j1)))

i’ =i+1
— 2500 - £, - (Di(j1) — Di(MID(51)))
— 250 - 47, - max (0, D;(STor(j1)) — D;(MID(j1)))
+50 - 6y - (1m0 = [T l) — € - taxa g, (MID(jh))
— 2500 - €7, - spare;(ji1) — 2500 - £}, - spareyyp(;,) (STOP(j1)).

We now consider two cases based on the cases in Lemma 6.60.

e When G;(j1) < |mmw@i)+1| — |mit1]: In this case, Lemma 6.60 says that G;(j1) =
GZ‘(STOP(jl)) and Bi(STOP<j1>> = Bl(j1> + |7TSTOp(j1)+1| — |7Tj1+1|. Pluggmg these iIl, we
get:

STOoP(j1)

Z ﬁ* < 104 zdepth (STOP(jl» — 150 - g:—i-l ’ (‘WSTOP(jl)Jrl‘ - ‘Wj1+1‘)
i'=i+1

+ 07,1 - (G(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
— 2500 - 07, - (Di(j1) — Di(MID(j1)))

— 250 - £, - max (0, D;(STOP(j1)) — D;(MID(j1)))

+50 Gy (1| = mvimgal) — € - taxa, (MID(j1))

— 2500 - £, - spare;(j1) — 2500 - £}, - spareypp(;,) (STOP(j1)).

Using the fact that spare(-) and tax;(-) are non-negative, we have:

STOP(j1)

Z ; <10*-E 1depth y(STOP(j1)) — 150 - €7 ; - (Imsror(iny+1] = 7j41])

i'=i+1

+ 07,1 - (G(STOP(51)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
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— 2500 - 47,1 - (Di(j1) — Di(MID(j1)))
— 250 - €1+1 max (0, DZ‘(STOP(jl)) — DZ(MID(j1>>>
+ 50 051 (17, 41] — Imvmgo+a]) — 2500 - €5, - spare; ().

Considering two sub-cases based on Claim 6.67, we get

— When j = STOP(j1) + 1 and |%;| = |Zi+1|: In this case, the “furthermore”
part of Lemma 6.16 gives |Tsrop(j)+1] = |Tji41] = [Tj41] = [main(i)+1] and we can

simplify as:

STOP(j1)

Z g* < 104 zdepth (STOP(jl))

+ €41 - (Gi(STOP(j1)) + 150B,(STOP(j1)) — 2500 - D;(STOP(j1)))
= 2500 - £, - (Di(j1) = Ds(MID(51)))

— 250 - £, , - max (0, D;(STOP(j1)) — D;(MID(jy)))

— 2500 - €7, - spare;(j1)-

Finally, we note that the term max (0,D;(SToP(j1)) — D;(MID(j;))) is non-
negative and upper bound D;(j;)—D;(MID(j;1))+spare;(j1) by 1 using Lemma 6.60
to get:

STOoP(j1)

Z gf' < 104 ) Ezdepth(i)(STOP(jl))

i'=i+1
+0f,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))

— 2500 - 47,
(42)
— When j = Stopr(j;) = Stopr(2) and |%;| > |Zit+1|: In this case, we first
assume that 50 - (|7rj1+1\ — |7TMID(]'1)+1D < |Tsror(j)+1| — |Tit1| and derive:
Stop(j1)
D 0 10" Ef yepun (STOP(j1)) — 150 - £ - (|7svory1| — |mi11)
i=it1

+ 07,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
— 2500 - £, - (Di(j1) — Di(MID(41)))

— 250 - 4;,, - max (0, D;(STor(j1)) — D;(MiD(j1)))

+ b (|7TST0P(J’1)+1| - \m+1|) — 2500 - €7, ; - spare;(j1).

Now, note that the terms max (0, D;(STOP(j1)) — D;(MID(j1))) and |Tsrop(j)+1] —
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|7;,+1| are non-negative (using Lemma 6.16 for the latter). This gives:

StoP(j1)

Z g* < 104 zdepth (STOP(jl))

i'=i+1
+ 0,1 - (Gi(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
= 2500 - 47, - (Di(j1) = Di(MID(j1)))
+ iy - (|7TST0P(J’1)+1’ - ‘ﬂ.’iJrlD — 2500 - £7, - spare; (j1)-
We upper bound D;(j;) — D;(MI1D(j1)) + spare;(71) by 1 using Lemma 6.60 as in
the previous case to get:

STOoP(j1)

Z é;" < 104 ’ Ezdepth(i)(STOP(jl))

if=i+1
+ 07,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
+ 0 ([msvorg el = [miga]) — 2500 - 67,5

(43)
If our assumption does not hold, then we have 50 - (|7j,41| — [Tagy)+1]) >
|Tsror(i)+1| — |miy1]|.  We first use the fact that the terms spare;(j;) and
|Tsror(ji)+1] — |7j 41| are non-negative (using Lemma 6.16 for the latter) and

max (0, Di(STOP(j1>> — DZ(MID<j1))) > DZ‘(STOP(jl)) — DZ(MID<j1)> to get:
STOoP(j1)

Z E <104 zdepth (STOP<j1))

i'=it+1
+ 07, - (G4(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
—2500 - £7,; - (Di(j1) — Di(MID(51)))
— 250 - 47, - (Dy(STOP(j1)) — Ds(MID(51)))
+50- € - (Ima] = I+l -
(44)

To continue, we derive:

D;(j1) — D:(MID(j1)) 1- 0_5) B:(71) — B;(MiD(51)) (Lemma 6.24)

i(MID(j1)) = 1077+ (|7, 41| = [7i4a])
(Definition of B(+))

> Bi(jl) - Bi(MID<j1)) —107°- (|7TSTop(j1)+1| - |7Ti+1|) .
(Lemma 6.16)

AVARAY
o
N
.
—
~— =
W

Similarly, we also have:

D:(STOP(j1)) — Di(MiD(j1))
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(1 —107") - B;(STOP(j1)) — B;(MID(j1)) (Lemma 6.24)

B;(STOP(j1)) — Bi(MID(51)) — 107 - (|7sror(iyt1| — misa)
(Definition of B(+))

>
>

> Bi(j1) + |TsrorGn)+1| — [T 1| — Bi(MID(j1))
— 1075 (|msrop(iy11] — |mia]) (Lemma 6.60)
Z Bz(]l) — BZ(MID(jl)) — 10_5 . (|7TSTOP(j1)+l| — |7Ti+1|) . (Lemma 616)

Plugging these two into Equation 44, we get:

STOoP(j1)

Z é* < 104 zdepth 1)(STOP(j1))

i'=i+1

+ 07, - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
= 2750 - £, - (Bi(j1) — Bi(MD(51)) — 107° - (|mswor(in)+1| — |misal))
+50 61 - (Ims] = [mvingnyl) -

Due to Lemma 6.60, we have that B;(ji) — B;(MID(j1)) = |mj,41| — |mai(r)+1]-
Plugging in, we get:

Stop(j1)
Z 0y <10%-Ef depth(s) (STOP(jj1))
i=it1
+ 07,1 - (Gi(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
= 2750 - L34y - (|71 = Imviwgo | = 1077 (ITsvorgy 1] = [mira]))
+50- £y (Imja] = [Ty l) -
Now, we use our assumption that |Tsrop(j,)+1]| —|Tit1| < 50- (|7rj1+1| — |7T1\41D(j1)+1|)

and simplify:

SToP(j1)

Z g;k’§104 zdepth (STOP(jl))

i =1+1
+ 07,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
— 2500 £, - (Imjp 41 = [mvingoy+al) -

Finally, we use Lemma 6.13 to conclude:

SToP(j1)

Z 0 <10°- Ezdepth( (SToP(j1))

i =i+1
+ 07,1 - (G(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))
— 2500 - £7,,.
(45)
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When G;(j1) > |mviGi)+1] — |mig1]: In this case, Lemma 6.60 says that
Di(MID(j1)) = 0 and spare,(STOP(j1)) < spareypy;,)(STOP(j1)). Plugging these in,
we get:

STOP(j1)

Z < 10" Ef gepn(e) (STOP(j1)) + €541 - (Gi(j1) + 150B;(j1) — 2500 - D;(STOP(j1)))

i =i+1
— 2500 - £%,, - D;(j1)
— 250 - 47, - max (0, D;(STOP(j1)))
+50 - €1y - (Imj01] = [T l) — € - taxa j, (MID ()
— 2500 - Em spare; (j1) — 2500 - 7, - spare;(STOP(j1)).

Now, note that the terms max (0,D;(STOP(j1))) and spare;(j;) are non-negative.
Therefore, we have:

STOP(j1)

D 0 10" Ef gepun (STOP(j1)) + 4514 - (Gi(j1) + 150B;(ji) — 2500 - Dy(STOP(j1)))

i/ =i+1
— 2500 47, - Di(ji)
+50 - €51 - (|mj41] = [Taawn)+1]) — Gy - taxyj, (MID(j1))
— 2500 - £7, , - spare;(STOP(j1)).

Next, we use Lemma 6.24 to bound 2500D;(j;) > 1150 - B;(j1). Putting this in, and
simplifying, we get:

SToP(j1)

Z g:(/ < 104 . Ezdepth(i)(STOP(jl)) + €:+1 . (Gz(jl) — 2500 - Dl(STOP(jl)))

i'=it1
— 1000 - £, - Bi(j1)
+ 50 £:+1 ) (‘ﬂ-lerl’ - ‘WMID(jl)H’) - @H ~tax17j1(MID(j1))
— 2500 - 47, - spare;(STOP(j)).

To continue, we note from the definition of G(-) that

Gi(j1) < |mjg1] — |Tiga]

< ’WsTop(jl)+1| — |misa] (Lemma 6.16)
< G;(STopr(j1)) + Bi(STOP(41)) (Definition of G(-) and B(-))
< G;(STOP(j1)) + 150B;(STOP(51)). (As B(-) > 0)

Plugging in, we get:

STOP(j1)

Z 6* < 104 zdepth (STOP(.h))

i’ =i+1
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+ EH—I (GZ(STOP(]1>> + 15OBZ(STOP(]1)) — 2500 - DZ(STOP(jl)))
— 1000 - £, - Bi(j1)

+50- 65, - (Imji4] = Imwngn+l) — £ryy - taxa;, (MID(jy))

— 2500 - €7, , - spare;(STOP(j1)).

Finally, Lemma 6.59 says that 50 - (|7j,41] — |Tvw(+1]) < taxiy, (MID(j1)) 4+ 1000 -
B:(j1). This gives us:

SToP(j1)

Z g* < 104 zdepth (STOP(jl))

=it (46)
+ 07,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))

— 2500 - £7,, - spare;(STOP(j1)).

Observe that the inequalities showed in Equation 42, Equation 43, Equation 45, and
Equation 46 in the cases considered above can be summarized as:

STOP(j1)

Z g* < 104 zdepth (STOP(jl))

' =i+1
+ 07,1 - (G;(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))

+ 0 (STOP(jl) = STOP(i) A |Zsror(jr)| 7# ’%Prl‘) : (’WSTOP(jl)-H’ — |7Tz'+1D
— 2500 - 47, - spare;(STOP(j1)).

(47)
We again consider the two sub-cases given by Claim 6.67.
e When j = SToP(j1) + 1 and |%;| = |Z%i+1]: In this case, we have
STOoP(j1)
Z <Y G+ (As j = STOP(j1) + 1)
i =i+1 i =i+1
SToP(j1)
<Ga+ Y 6 (As [%)] = [%i11])
i =it1

<0, +10*-Ef depth(i) (STOP(j1))

+ 07, - (Gi(STOP(j1)) + 150B;(STOP(j1)) — 2500 - D;(STOP(j1)))

— 2500 - 47, - spare;(STOP(j1)). (Equation 47)
Now, as |%;| = |%;+1] is odd, we have by item 5 of Fact 6.5 that 7§, = 7¢||c§ for all
C € {A, B}. By definition of B(-), this means that B;(j) > B;(j — 1) = B;(STOP(j1)).
Also, by definition of G(-) and B(:), we have

1+ G;(STOP(j1)) + Bi(STOP(j1)) = 1 + |Tsror(jn)+1] — i1l
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=1+ |mj] = |misa] (As j = STOP(j1) + 1)
= |mj1| = |7

= Gi(j) +Bi(4).

Plugging this in and using B;(j) > B;(SToP(j1)), we get:

J
Z 0 < 10*- Ez'F,depth(z‘)(STOP(jl)) + 341 - (Gi(5) + 150B;(j) — 2500 - D;(STOP(j1)))
i'=i+1
— 2500 - €7, - spare;(STOP(j1)).

To finish, we use the fact that j = STOP(j;) + 1 and apply Lemma 6.25. This gives:

J
>l <10 E gepeniiy () + £41 - (Gi(4) + 150B;(j) — 2500 - D;())

i=it1
— 2500 - 47, - spare;(j).

e When j = STOP(j1) = STOP(¢) and |%;| > |Zit1|: In this case, we simply
substitute 7 = STOP(j;) in Equation 47 to get:

J
Dl <10 E gepunciy () + L1 - (Gi(j) + 150B;(j) — 2500 - Di(5))
¥ =1+1

+ iy - 1(J = STOP(i) A |Z)| # | Risal) - (I7j| — |misa])
— 2500 - £7,, - spare;(7j).

Lemma 6.17 follows by observing that |m; 1| — |mi11| = G;(j) + Bi(j) by definition.
0

Proof of Lemma 6.18. Let ¢ € STARTSg and all j € {i} U RANGE(Z) \ {num} be such that
J is good for ¢ and 5 —i = D. Recall that D > 0 and therefore, we have j > ¢ implying by
the definition of good that |%;| is even. This proof is divided into two parts. In both parts,
we make use of the following claim:

Claim 6.68. Let j; € (i : j)NE(80) be indirect and satisfy |%#},| = |#is1| and STOP(j1) < j.
We have:
SToP(j1)

> 6 <10*-EP(STOP(j1)) + extra; (225,225, STOP(j1)) + 3 €1y - ([¥srorn| + 1)
i'=i+1

=207 - (Imiga| = |Tsror(ny+1]) — €y - taxa (STOP(j1)).
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Proof. We derive:

SToP(j1) SToP(j1)
DD T S
=141 i'=i+1 i'=j1+1
< 10%-EP (1) +extrai(n) + 3+ £y - ([0 [ +1) = 2+ Gy - (17| = |5,
STOP(jl)
— 07, -1 (51 € €(80)) - taxq (1) Z 0. (Induction hypothesis)
i'=j1+1

Due to the fact that j; € &(80) and the induction hypothesis, we have:

SToP(j1)
D G <10t -EP () +extrai() + 3 Gy - ([ | +1) = 2- 64y - (Imia | = [mja)
i'=i+1
- f* +1 - taxy l<j1) + ]'O Ejl depth(]1)<MID(j1)) + ]'0 EMID (J1) (STOP(j1>>
3

+— 1 1 j1+1 (|¢STOP ]1)‘ + ) £*1+1 tax0(225 STOP(]l))

We continue using the definition of ¢* which implies that ¢; ., = 1.1 -/£7,. Due to
Corollary 6.43, this gives:

STOoP(j1)

> 6 < 10" EP () +extrag(i) + 3 45 - (05| + 1) = 2 £y, - (Imiga] — |mj011))
i'=i+1

— 0F,y - taxg(j1) + 10* - Ef depth(j1)<MID(j1)) + 10" Efm ) (STOP(j1))

We continue by bounding EP(j;) + E]1 depth(j) (MID(j1)) —+ EMID )(STOP(j1)) using
Lemma 6.34.

SToP(j1)

S 6 <104 EX(STOP(j1)) + extra () + 3 - Ly - (] +1) = 2+ €y - (1mia] — Imyial)
i'=i+1

— Oy - tax; (1) 4+ 3+ Oy - ([Ysrorginy| + 1) — £,y - taxe(225, STOP(jy)).

Now, we upper bound the terms extra;(j1) + 3 - £;; - (|¢;,| +1) by an application of
Lemma 6.65.

SToP(j1)
> 6 <10*-EP(STOP(j1)) + extra; (225,225, STOP(j1)) — 2 7,1 - (|mia| — |7, 411)
i'=i+1
=0y - taxa () 3 £y ([Ysrorgn| +1) -
Finally, we use Lemma 6.10 to get that |7, 41| = [Tsrop(j,)+1]- As taxi;(j1) is only a function
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of ¢ and |7, 11|, we also have that tax; ;(j1) = taxy;(STOP(j1)). This gives:

STOP(j1)
> 6 <10*-EP(STOP(j1)) + extra; (225,225, STOP(j1)) + 3 €1y - ([¥srorg| + 1)
il =i41
=207 - (Imiga| = [Tsrop(n)+1]) — € - taxa i (STOP(51)).

O

We now state the first part of our proof, where we show Lemma 6.18 in the case that
1 (j € €(80))-tax;;(j) > 0. Later, we show Lemma 6.18 in the case 1 (j € €(80))-taxy;(j) =
0.

When 1 (5 € €(80)) - taxy,;(j) > 0. In this case, we first claim that |%Z;| = |Zit1].
Indeed, if not, then as j > i is good for i, we must have j = STOP(7) implying by item 7 of
Fact 6.5 that j € €(84) U &(73) U &(88). However, this means that j ¢ &(80), contradicting
the fact that 1 (j € €(80)) - taxy;(j) > 0.

Define j; € [i : j) to be the largest such that |%;,| # |Zi+1]. We note that j; is well
defined as |%;| # |Zi41|. Also, as we showed that |%Z;| = |Z;+1|, we have for all j’ € (j; : j]
that

| Zjr| = |Figa . (48)

Next, we show that:

Claim 6.69. If j; > i, then j; = STOP(j2) for some js € (i : j1) N E(80) that is indirect and
satisfies |%j,| = | K1)

Proof. Define jy € (i : j1] to be the largest such that |%;,| = |Z;+1|. Observe that j, is well
defined as i + 1 € (i : ji] is one such value and that j, < j; by definition of j;. As jo < jy,
we have |%Z;,+1| # |Zi+1| by our choice of j,. Combining with item 3 of Fact 6.5 (note that
J2+ 1 € RANGE(?) as jo < j1 < j), we get that |Zj,+1| > |Zit1]| = | %}, |-

Due to item 2 of Fact 6.5, this is possible only if jo € &(80). We next show that
STOP(j2) < j. This is because, if not, then j, < j; < j implies that j € RANGE(j2) which,
with item 3 of Fact 6.5, means that |%;| > |Zj,+1| = |%),| + 1 = |Zi11]| + 1, contradicting
Equation 48. As STOP(j2) < j < STOP(7), we have by Lemma 6.12 that js is indirect and
we have [Zsrop(j)+1| = [Ziv1|.

It remains to show that j; = STOP(j). For this, note by our choice of j that
| Zsror(js)+1] = |Zita| is possible only if j; < STOP(j;). Furthermore, j; > STOP(j2), as
otherwise, by Equation 48, we have that |Zsrop(j,)| = |#it1]. This means that

|‘@STOP(]'2)’ = “%JQ‘ < |%j2+1|7
a contradiction to item 3 of Fact 6.5. O

Corollary 6.70. If j; > i, then |%;,| is even and j; ¢ STARTS.
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Proof. Let jo be as promised by Claim 6.69. We have by Claim 6.69 that

\Rj,| — |Kiv1| = |Bsror(n)| — |Zis1] (As j1 = STOP(j2))
= |Zsror(jn)| — | %), ] (As |Z),| = |Zi11])
= [Rsror(jo)| — |Zjos1] + 1, (As jp € €(80))

is even as jo is indirect. As i € STARTSp, this implies that |%},| is even. To see why
J1 ¢ STARTS, note simply that |%;, | and |%;, 11| are both even (the latter due to Equation 48
implying that j; ¢ STARTS. O

This allows us to claim that:
J1
D 0 < 10" EP(j1) + extra (225,225, 1) + 3+ 6,y - 1(j1 #14) - (|5, ] + 1)
i=it+1 (49)
=2 L7y (i = Imjal) = Gy - taxaa ()

Indeed, either j; = ¢ and Equation 49 follows because all terms are 0, or j; > ¢, in which
case, Equation 49 follows by applying Claim 6.68 on the value j; promised by Claim 6.69.
We next show that:

Claim 6.71. For all j' € (ji : j], we have |mj| — |mj1q1| =1 and
[yl +1 =10 #4) - ([ +1) =" — ji.

Proof. For the first equation, we simply observe that |%;/| is even (Equation 48) and apply
item 5 of Fact 6.5. For the second equation, we proceed by induction. The base case is
j' = j1 + 1 which holds because either j; = ¢ and |¢;/| = |[¢;+1]| = 0 or j; > ¢ in which case,
by Corollary 6.70 and item 5 of Fact 6.5, we have || +1 — (|9, | +1) =1 = j" — 71, as
desired.

We now suppose the statement holds for j° € (j; : j) and show that it holds for j" + 1.
By Equation 48, we have |Z;| and |#%; 11| are both even. This means that j° ¢ STARTS,
which when combined with item 5 of Fact 6.5 yields

[ + 1 =100 #0) - (| + 1) = [yl +2 =101 #8) - (I + 1) = 5"+ 1 = j,
using the induction hypothesis, as desired. O]

Corollary 6.72. We have:

J
STl =30y (] 41— 101 #0) - (5] + 1) =2+ G4y - (1| = i)

i'=j1+1

Proof. We simplify the right hand side using Claim 6.71. We get:

3Gy (sl +1 =00 #4) - (W5 [+ 1)) = 2- Ly - (I | = i)
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:3’@-1-1'(j_jl)_2'£:+1'<j_j1)
:€:+1'(j—j1)-

By Equation 48 and the definition of £*, we have that Y7, _ji1ty =0 (j — 1) finishing
the proof. O

Adding Corollary 6.72 and Equation 49, we get:

Z 0 < 10% - EB(j)) + extra (225,225, 1) + 3 - €5,y - (1] + 1)
i =i+1

=207 - (Imiga| = [mjgal) — iy - taxai ()

Now, apply Lemma 6.41 to get (note that the condition in Lemma 6.41 is satisfied as
|Tji+1| — |Tj41] = 7 — j1 > 0 by Claim 6.71):

Z 0, < 10* - EP(5)) 4 extra; (225,225, 51) + 3 - €5, - (JUy] + 1)

i'=i+1

(50)
=247 (i = |mjal) + 1006, - (7] = [mi0a]) — € - taxai(d).
We now show:

Claim 6.73. For all j' € [j1: j), we have turn(j') < turn(j' 4+ 1).

Proof. By Equation 48, we have that |%) 11| is even. Assume first that |%/| is also even.
This means that j* ¢ STARTS, which gives:

turn(yj ) =1 (wAH r #h|lol) (Definition of turn(-))
1 (ys Vi, # ¢j 700) (Fact 6.5, item 5 and j' ¢ STARTS)

<1 ( +1” i1 7 ijJrlHO-jUrl)
=turn(j’ + 1), (Definition of turn(-))

as desired. On the other hand, if |%}/| is odd, then j' = j; as otherwise, we have contradiction
to Equation 48. We claim that j° = j; and |#;/| is odd can happen only if j; = 4. Indeed,
suppose that j° = j; > i, we have a contradiction to Corollary 6.70. However, j' = j; =i
means that turn(j’) = turn(i) = 0 < turn(j’ + 1) and we are done.

0

Owing to Claim 6.73, we have the following sub-cases:

e When turn(j;) = turn(j): In this case, Claim 6.73 says that turn(j") = turn(j) for all
j" € [j1: j]- This together with Equation 48 means that we can apply Lemma 6.64 (on
J1,J with z = 0.98) to bound the term 10%- EP(j;) + extra;(225, 225, j;) in Equation 50.
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We get:

J
Dl < 10" EP()) + extra; (225,225, 5) + 3 7,4 - (Jy] + 1)
i'=i+1
=207 (Imia| = |mjga]) + 100 - Gy - (17,1 ] = [ ]) — G - taxai(4)
J
—0.98-225- 05+ > L(turn(j) = 1V Zjulast.t > 0).

J"=n+1

Simplifying using the observation that 0.98 - 225 > 200 and using Lemma 6.63, we get:

J
S0 <104 EP() Fextrai(f) + 3 £y - (JU] + 1) =2 £y - (i | — [mya])
i'=1+1
+ 100 - £:+1 : (|7Tj1+1| - |7Tj+1|) - 52}1 -taxu(j)
J
—200- 65+ > L(turn(j) =1V Zju last.t > 0).

Jj"=j1+1

As |7, 11| = |mj1] = 7 — j1 by Claim 6.71 and £} = /;,, by Equation 48, Lemma 6.18
now follows from the following claim:

Claim 6.74. j —j; <2- 3 1(turn(j) = 1V Zjn.last.t > 0).

"=ji1+1
Proof. If turn(j) = 1, there is nothing to show so suppose for contradiction that
tun(j) = 0 and j — j; > 2- Z?”:j1+1 1(Z;».last.t > 0). Let j3s € (ji : j] be the
smallest such that #;,.last.t > 0. Observe that js is well defined as %;.last.t > 0
due to the fact that j € €&(80) and item 11 of Fact 6.5. By item 9 of Fact 6.5
(the conditions in item 9 of Fact 6.5 are satisfied due to Equation 48) we have that
(Zj.last.r, %y last.t) = (%Z;.last.r,Z;.last.t) for all 7 € [j3 : j]. In particular, this
means that Z;,,:jlﬂ 1(Z;».last.t > 0) > j — j3 + 1 and we get:
J
=i >2- Y U RBpldastt>0)>2-(j—js+1), (51)

J"=pn+1
implying that j3 —1 > ]J% > j1. By our choice of j3, this means that %}, ;.last.t =0
which, along with %;,.last.t > 0 implies that j3 — 1 € &(90), in turn implying that
Rj, last.r — R, last.t = |1j,]|. We derive:
V.| = Xy last.r — R, last.t
= X;last.r — X;.lastt  (As (#jy.last.r, Zj,.last.t) = (%;.last.r, %;.last.t))

_ il +1

5 (As j € €(80))
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In order to continue, we invoke Claim 6.71 to get |¢;| +1 > j — j;. This gives:

[l < g +1 2 _2‘71
<[l +1—-(—Jjs+1) (Equation 51)
< sl + 1 = (1] = [yl + 1) (Claim 6.71)
= |tbsal,
a contradiction. ]

e When turn(j;) < turn(j): As turn(-) takes values in {0, 1}, we have in this case that
turn(j1) = 0 and turn(j) = 1. We continue Equation 50 using Lemma 6.66.

J
ST 0 <100 ER(G) +extra(f) + 3+ £y - (1] 4+ 1) = 2- €4, - (17| — [y
i’ =i+1

— 07, - taxy (),

and Lemma 6.18 follows.

When 1 (j € €(80)) - tax; ;(j) = 0. In this case, in order to show the lemma, we have
to show that:

j
Y G <10 EP() Fextrai(f) + 3 £y - (Juy] + 1) =2 £y - (T | = [mpal). (52)

i'=i+1

We now show Equation 52 by considering the following sub-cases:

e When |%;| > |Zit1]: As j is good for i, this can only happen if j = STOP(7). Define

J1 € (i : j] to be the largest such that |Z%;,| = |%;+1|. Observe that j; is well defined as
i+ 1 is one such value. Due to our assumption that |%;| > |Z;41|, we have that j; < j
implying by our choice of j; that |%Z;,+1| > |Zit1| = |%;,| (we have | %}, 11| > |Zit]
due to item 3 of Fact 6.5). By item 2 of Fact 6.5, it follows that j; € &(80).
We next show that STOP(j;) = j = Stopr(i). Indeed STOP(j;) < STOP(7)
due to Lemma 6.7. Moreover, STOP(j;) > STOP(i) as otherwise, we get that
| Rsror(ji)+1] = |#iga1| from Lemma 6.12 but this contradicts the choice of j;. As
STOP(j1) = j = STOP(7) is good for i, we have by Lemma 6.12 that j; is indirect.
Plugging in STOP(j;) = j in Claim 6.68, we get:

J
> 6 < 10" EP(j) + extra; (225,225, 5) + 3 67, - (J¢y] + 1)
i'=i+1

-2 ffﬂ ) (‘771'+1| - ’Wj+1|) - @H : taxl,i(j)
< 10°- EP(j) + extrai(j) + 3+ £, - (5] + 1) = 2 £, - (17| = Imyal).
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as taxy (-) is non-negative and Lemma 6.63.

For the rest of this proof, we assume that |%Z;| = |Zi1+1]|. We next deal with the sub-case
A B
oi # oy,

e When 07! # o: Define S to be the (possibly empty) set S = (i : j)N{j’ € STARTS |
\Zjr| = |Zis1|}. Let j1 < ja < --- < jjis| be the elements of S in increasing order. As
j < STOoP(i), we have by item 3 of Fact 6.5 that S C &(80) C STARTSF. We adopt
the convention that jg41 = j for notational convenience. First, observe that for all
z € [|S]], we have

% | P | = |%;.

< |%z+1|7

z+1’ =

implying by definition of STOP(-) that STOP(j,) < j.,4+1. As j.11 < j < StOoP(i) for
z € [|S]], we have by Lemma 6.12 that j. is indirect and |Zsrop(j.)+1| = |Zit1]. We
claim that:

Claim 6.75. For all z € [|S|], and all j' € (STOP(j,) : Jo41], we have |Zj| = |Hisa].
Furthermore, for all ' € (i : j1], we have |Z;/| = |Rit1|.

Proof. Proof by contradiction. Let z € [|S|] and 5 € (STOP(j,) : j.+1] be the smallest
such that |%Z)/| # |Zit1]. As j° < j, we have 7' € RANGE(7) implying by item 3 of
Fact 6.5 that |%Zj| > |Zit1]. As [Hsror(j.)+1| = |Ziy1|, we have j' > STOP(j;) + 1
implying by our choice of j' that |%Z;/| > |Zis1]| = |#;—1|. Due to item 2 of Fact 6.5, this
means that j'—1 € &(80). However, as j, < j'—1 < j,41, we have (j, : j,11) NS # 0,
a contradiction to our ordering of the elements of .S.

The proof for the furthermore part is similar, and we include it here for completeness.
Proof by contradiction. Let j' € (i : j1] be the smallest such that |%;/| # |%it1|. As
j' < j, we have 7/ € RANGE(7) implying by item 3 of Fact 6.5 that |Z;| > |Zit1].
Also, note that j* > i+ 1 implying by our choice of j' that |Z;/| > |Zi+1| = |Z#j—-1]|.
Due to item 2 of Fact 6.5, this means that j' — 1 € €(80). However, as i < j' — 1 < ji,
we have (i : 71) NS # (), a contradiction to our ordering of the elements of S.

[]

Claim 6.76. For all z € [|S|] and j' € [STOP(j.) : j.41], we have |Tsrop(j.)41|—|Tj41] =
j/ - STOP(jz) = ‘wj/‘ - W}STOP(jZ)’-

Proof. Proof by induction. The base case j' = STOP(j,) is trivial. We show the
claim for j € (STOP(j.) : j.4+1], by assuming it holds for j* — 1. First, note that as
|Z;| is even (Claim 6.75), we have by item 5 of Fact 6.5 that |Tsrop(j.)+1] — |Tjr41| =
[ Tsror()41| — |75| + 1 = j° — STOP(j.) by the induction hypothesis. We now claim
that |#;_1| is even as well. If 5 > STOP(j.) + 1, this follows from Claim 6.75.
If not, then j° = STOP(j,) + 1 and we can conclude |%Z; 4| is even from the fact
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that j, is indirect, and |#; +1| = [%;.| + 1 = |Ziz1| + 1 is odd. As |Zj_1| and
|Z;:| are both even, we have j° — 1 ¢ STARTS, and therefore, by item 5 of Fact 6.5
that (V| — |VUsror()| = [¥y—1] + 1 = [¥sror()| = §° — STOP(3.), using the induction
hypothesis as desired. O

Claim 6.77. For all 1 < z < [S| such that Xsroe(j)+1.last.t = 0, we have

WsTop(jz)! +1< \7Tj2+1\ - ’sz+1+1\~

Proof. As 1 < z < |S|, we have that j.4; € S C &(80). Due to item 11 of Fact 6.5,
this means that %;_ .last.t > 0. Let j' € (STOP(j;) : j.41] be the smallest such that
Ry last.t > 0. Observe j' is well defined as %;_,,.last.t > 0 and j' > STOP(j.) + 1
as Hsrov(j.)+1-last.t = 0. The latter together with our choice of j' implies that

Rj_q.lastt =0 = j'—1 € €(90). We derive:

[Vsror(iy] + 1 < |Yja] +1 (Claim 6.76)
= Rj.last.r — Fy.last.t (As 7' — 1 € €(90))
=%, lastr — %;_, last.t (Fact 6.5, item 9 and Claim 6.75)
]+ 1 .
= Wl 1 (AS Jop1 € €(30))
1] — |7 + |+ 1
— ‘W]z+1| ’W]z+1+12‘ |wSTOP(]2)| 7 (Lemlna 6]_0)
and the claim follows via a simple rearrangement. O]
We now analyze Z —i Ui As i < ji <STOP(j1) < jo < -+ < j, we have:
j |S| STor(j2) |S| Jet1
TS ISy 2 Gr2. 2. G
i/ =i+1 i/ =i+1 z=1 i'=j,+ 2=1 ¢/=S1oP(j,)+1

Due to Claim 6.75, we have |%j/| = |Z;+1] is even for all j' € (i : j;]. Combining with
item 5 of Fact 6.5, we get that |m41| — |7j,41] = j1 — . Also, Combining with the
definition of ¢*, we get that (7, - (|mip1| — |mj41]) = €y - (Jh —4) = X7, 4 L3 Using
this and similar results for the intervals (STOP(j,) : j.41] for z € [|S]], we get

|S| Stopr(j2) |S|
Z E* < Ez—&-l |7ri+1| |7T]1+1| + Z Z E* + Zgz—i-l |7TST0P (jz) +1| |7sz+1+1|) .
i=i+1 z=1 i'=j,+1

Invoking Lemma 6.10 and telescoping, we get:

|S| StoP(j52)

* * *

S 65 < b (el — a3 S 6
i/ =i+1 z=1 i/=j,+1
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We now apply Lemma 6.19 on j, for z € [|S]] to get:

Z Gr < Gy - (|| = i)
i/=i+1
S|

+2104 jz depth(j )(MID(]z))+1O4 EEIID )(STOP(j2))

ISI
3 .
+ 7 G (Wstor(| +1) = 6,4 - taxg (225, STOP(j:)).
z=1

We continue using the definition of ¢* which implies that ¢ ,; = 1.1 £}, ;. This with
Corollary 6.43 gives:

Z G < iy - (Imiga| = |mj4al)
i/ =i+1
[S]

+2104 P depth(j) (MID(j2)) + 10% - EF ) (STOP(5.))

|S|
+Z3 Gt ([Wsrori| + 1) = 5 - taxo(225, STOP(4.)).

We continue by bounding Ej depth(j.)(MID(J2)) + EMID )(STOP(j.)) using Lemma 6.34.

S|
Z O < Uy - (maa| = [mjal) + ) 10* - EP(STOR().)) — 10* - EP(j2)
i =i+1 z=1
S|

+23 Oy ([Wsror(iny| + 1) — €1, - taxo(225, STOP(4,)).

We continue with an application of Lemma 6.39 on the intervals (STOP(j,) : j,11] for
z € [|S]] and the interval (i : j;] (the conditions of Lemma 6.39 are satisfied due to
Claim 6.75) and noting that E2(i) = 0:

S|
Z o < Ly (mapa| = mjal) + ) 10* - EP(STOP().)) — 10" - EP(j2)
i =i+1 z=1
S|

+ZlO4 (joy1) — 10* - EP(STOP(}.))

IS]  |7srop(jz)+1] 1S| Jz+1
- 104 : E g COIMatest(i,1) 104 § § corr;
z=ll=|m; +1|+1 z=1 i’=STOP(j.)+1
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[7ital

J1
+10° - EP(j1) —10° Y corry —10' - D" corfiagest(iy)
' =1+1 l:|7rj1+1|+1

El
+ 23 Oy (Wosworiy| + 1) — €54, - taxe(225, STOP(.)).

Telescoping all the EB(-) terms, we get:

j
Z 0 <10*-EP(G) + 64y - (Jmiga| = |mjal)

i'=i+1
IS|  I7sror(iz)+1l S| Jzt1
—10*- Z Z COljatest (i) —10*- Z Z corr;
=1 l:‘”jz+1+1‘+1 z=1 i/=STOoP(j.)+1
J1 it
—10*- Z corry — 10 - Z COMatest(i 1)
i'=i+1 I=|mj 41|41
S|
23 Gt ([Usrori| + 1) — € - taxg(225, STOP(5.)).
Next, we use Lemma 6.10 to get |7, 41| = |Tsror(j.)+1]- Using this fact to combine all

the corfiatest(s,y terms and using 7', corry > 0, we have:

J |41
S <100 EPG) 4 6y - (il = I — 100 Y comaesn
i/ =i+1 l:|7rj+1|+1

‘S‘ jz+1

—10*- Z Z corry

z=1 §/=ST1oP(j.)+1
S|

+ Z 3 E ’¢STOP(jz | + 1) - €:+1 - taxo(225, STOP(j.)).

We get using Claim 6.76 that :

J 741l
>4 <10 EPG) + G - (Tl = |mia) = 10% - ) comfiaes(in
i/ =1+1 l:|7rj+1|+1

S| Jz41

—10*- Z Z corry

z=1 ¢/=S10oP(j,)+1
S|

+Z3 G (W |+ 1) — €5, - taxo(225, STOP(5.)).
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We now deal with the terms 3 - ([¢;,,,| + 1) — tax(225, STOP(j.)) for z € [|S]]. If
S = (), these terms just disappear. Otherwise, if z = |S|, we upper bound it simply by
3 - <|¢j|5\+1| —l—l) = 3 (J¢| +1). For z < |S]|, we have that j,.; € S C &(80).
If Zsrorj.y+1-last.t > 0, we apply Lemma 6.52 on STOP(j.), j.4+1 (the conditions
of Lemma 6.39 are satisfied due to Claim 6.75). If Psrop(j.)11-last.t = 0, we use
Claim 6.77 to get that 3+ (|bsrop(j.)| + 1) —taxe(225, STOP(5.)) < 3+ ([tbsropi)| + 1) <
3+ (1M1l = |71 ]). We get:

J |7it1l
D6 <100 EPG) + Gy - (1Tl = Imjal) = 10% Y corMiagest(iny
i =1+1 l:|7rj+1|+1
+ Z 3074 (\sz+1| - ’sz+1+1\)

1<z<|S|
%STOP(]'ZH—I dast.t=0

+3- G- ([ + 1)

Now, note by Lemma 6.13 that |mq1| — |m;,41] > 0. Also, by Claim 6.76 and

Lemma 6.10, we have that |7, 41| — |7, 41| = |Tsror()+1| — |7 i41] = 0. Thus,
we get
it = Tl > [, ] = [mj44]
IS
= Z|7sz+1| — 7111l
z=1
> Z |Tjo1] = [Tja ]
1<z<|S|

%ST()P(]'Z)+1 dast.t=0

Plugging this in, we get:

7
N <100 ERBG) 44 Gy - (] — Imial) + 3 iy - (5] + 1)
i =1+1

it

- 104 ’ Z COIMatest(i,1) -

I=|mj1l+1

Use Lemma 6.36 to get:

J
D <100 EPG) 4 Gy - (il = Imia ) + 3+ £ - (9] + 1) — 2250 - 47,
i'=i+1
|7Ti+1’ - ‘WPREV(i)+1|

30

+ é:—l—l - min (0, — 500 - (|7Ti+1| - |7Tj+1|)> .
Finally, note by Lemma 6.51 that taxo(10,j) < 27 - (|m1]| — |7j41]) + 100 and
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taxo(225, 7) < 470 - (|mit1] — |7j41]) +2250. Plugging these in and using the definition
of extra, we get

j
D G < 10T EP() =20 Gy - (Tl = Imgl) + 3 Gy - (il + 1)

i'=i+1
+ extra;(j),
as desired.
Owing to this result, we can now assume for the rest of the proof that |%;| = %]

and UJA = (TJB. We first claim that 034 = af implies that turn(j) = turn(j — 1). Indeed, as

aj‘ = O']-B, we have that turn(j) = 1 (wf + 1/J]B). Now, either |#,_| is odd, which means

that turn(j — 1) = 0 and, as |%;| is even, implies that j — 1 € &(70) which means that
Yt =P = ¢ and therefore, turn(j) = 0 = turn(j — 1), or |%;_1| and |%;] are both even, in
which case, we have j — 1 ¢ STARTS, and by item 5 of Fact 6.5, that

turn(j) = 1L (¢5' #¢7) = L (v llosty #¢P llof ) = turn(j —1).

Define j; € [i : j) to be the largest such that j; is good for i. Observe that j; is well
defined as i is good for 7. Also, note that j; —i < j —i = D. We have:

e When j; =7 — 1: We have by Lemma 6.18 on ¢, j; that:

XJ: 0 < i 0+ 0

¥ =1+1 o/ =1+1
< 04 10* - EP (1) + extra;(ju) + 3+ Gy - L0y #0) - ([, + 1)
=205y - (I = [ al) — €y - 1 (1 € €(80)) - taxy i (1)

As we have |%;| = |%i1|, we have that 7 = (;,,. Also, note that as |%Z;| = |%i1] is
even, we have that j — 1 = j; ¢ &(80). Using this, we get:

J
D L <+ 100 EP () +extrag(a) + 3+ £y - LG # 1) - ([, + 1)
i/ =i+1

=2y - (Imia] = |y a)-
Again using the fact that |%;| = |Zi41| is even, we have by item 5 of Fact 6.5 that

|Tj41] = |m;] — 1 = |mj,41] — 1. This yields:

J
6 <300, + 10" EP () +extrai(y) + 3 6 L0 #0) - ([, ]+ 1)
o/ =1+1

=20 (Imisa| = |mjgal).

Now, as j; < j < STOP(i) is good for i, we have that either j; =i or |%;,| = |%it1]
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is even. In the former case, we have |¢;| = [¢;11] = 0 as ¢ € STARTSg and in the
latter case, we have from the fact that |%;,| = |%,| is even that j; ¢ STARTS which,
by item 5 of Fact 6.5, means that |¢;,+1| = |¢;,| + 1. Thus, in either case, we get that

[0;] = 1(j1 # 4) - (|1b;,| + 1). Plugging this, we get:

J
D b <10"EP(G) +extrai(i) + 3+ 6y - ([ + 1) = 264 - (i | = )
i'=i+1

Finally, we use Lemma 6.64 on with j/ = j;. Note that the conditions of the lemma
are satisfies as we have |%;| = |#;11] and turn(j) = turn(j — 1). We get:

J
S7 6 <101 EBG) +extra() +3 - Gy (5] + 1) =2 Ly - (1men| = [l
i =i+1

which is exactly Equation 52.

When j; < 7 —1: In this case, by our choice of j;, we have that j; +1 < j is not good
for 4. This is possible only if i < j; < STOP(7). By definition of good, the latter implies
that |Zj, 41| > |Zina| = |%;,| (we have | %, 11| > |#it1| due to item 3 of Fact 6.5)
implying that j; € €(80) C STARTSF by item 2 of Fact 6.5. As j; < j < STOP(1), we
have by Lemma 6.7 that STOP(j;) < STOP(7). We claim that:

Claim 6.78. We have j = STOP(j1) + 1 and j; is indirect.
Proof. We have j > STOP(j;) + 1 , because otherwise j € RANGE(j;) which means
due to item 3 of Fact 6.5 that

(Zi1| = | 25| = | Zj 41| > |Kigal,

a contradiction. As STOP(i) > j > STOP(j;) + 1, we have by Lemma 6.12 that
| Rsror(iy+1] = |Ziqa| and jy is indirect. As |Zsror(ji)+1| = |Zit1], we must have
Jj < STOP(j;1) + 1, as otherwise, we have a contradiction to the choice of jj;.

]

Using Claim 6.68 (the conditions in Claim 6.68 are satisfied due to Claim 6.78), we
derive:

J STor(j1)
E % E % %
i'=i+1 i'=i+1

< 10*- EP(STOP(j1)) + extra; (225,225, STOP(j1)) + 3 - 5, - (|¥sror(n| + 1)

— 2Ly - (Imiga| = |Tsrory+1l) — Gy - taxe (STOP (1)) + 5.
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We now plug in j = STOP(j;) + 1 and use the fact that tax;(:) is non-negative and
03 = {7, along with Lemma 6.63.

J
>0 < 10" EP(j— 1) +extra(j— 1) +3- 07y - (Jihjoa| + 1)
i'=i+1

=25 - (|miga| = |my]) + 070

Next, we use Lemma 6.64 on with 7/ = 7 — 1. Note that the conditions of the lemma
are satisfies as we have |%;| = |#;11] and turn(j) = turn(j — 1). We get:

;
D £ <10 EPG) +extrai(g) 43+ Gy (a4 1) = 2y (el — l) +
i'=it1

Now, as j; € €(80) is indirect (Claim 6.78) and |%;,| = |#i+1|, we have that |Zsroe(jy)|

is even. Using this and the fact that STOP(j;) = 7 — 1 < STOP(%), we have by item 3

and item 7 of Fact 6.5 that j —1 € &(88) = j —1 ¢ STARTS. By item 5 of Fact 6.5,

this gives |¢;_1]| + 1 = |¢;]. We get:

j
D G <100 EP() +extrai(f) + 3+ Ly (93] + 1) = 2 £y - (I = [yl + 1)
=141

Finally, as |%;| = |Z%i+1] is even, we have |m;.1| +1 = |m;| by item 5 of Fact 6.5 and
we get:

i
Y G <10 EP() Fextrai(f) + 3+ 6y - (U] 1) =20 £y - (mia] = [mpal).

i =it1
O
6.2.11 Finishing the Proof of Theorem 6.4
We now finish by showing Theorem 6.4.
Finishing the proof of Theorem 6.4. To finish the proof, we have to show that:
Dl <8 Ly |LCP (7] Thn) | +10° - ) cor;. (53)

<num <num

Let a = |€(84)]. Define ip = 0 and i; < iy < --- < i, to be the elements of &(84) in
increasing order. Observe that ¢, € STARTS for all 0 < 2z < a. Also, by definition of
STOP(-), we have for 0 < z < a that STOP(i,) = i,41. Furthermore, for 0 < z < a, observe
that |Zsror(i)| — [Zios1| = | %o | — | % 1| = | %, | — 1 as i. € €(84) U {0}. Using now
that i,y € &(84), this means that [Zsrop,)| — [#i.+1| is odd implying that i, is indirect for
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all 0 < z < a. We have:

ia a iz

* *
D=2 2
i=1 z=1i=1,_1+1

a STOP(ZZ 1

=> Y ¢ (As STOP(i,) = i,41 for 0 < z < a)

z=1 i=1,_1+1

< Z 10" - Ei,l,depth(iz,l)(MID(iz—l)) + 10" EMm H(STOP(i,-1))

z=1

- 3 * * .
+) 7 G (Wstorey | 1) = 6,41 - 12x0(225, STOP(i21)).
z=1
(Lemma 6.19 as i, is indirect for 0 < z < a)

To continue, we use Lemma 6.44 noting that STOP(i,_1) =i, € €(84). We get:

Z@ < Z 10" - Efz,l,depth(iz,l)(MID(iz—l)) +10%- EMID (@)

To continue, we invoke Lemma 6.29 with ¢ =i, 1, ¢/ = MID(i,_1), and j = STOP(i, 1) =i,
(note that the condition of the lemma are satisfied due to Lemma 6.9 and the fact that
|7 +1] = 0). We get

iz

i@k < ZG:S 107 Z corry < 10° - icorri/.
i=1 z=1

=i, _1+1 =1

Thus, in order to show Equation 53, it is sufficient to show that:

num—1 num—1

4 <847 [LCP (Thhy ) | +10° - D~ corr;. (54)

i=ig+1 i=iq+1

We now focus on showing Equation 54. Note that if ¢, = num — 1, then there is nothing
to show, so we assume 7, < num — 1. Now, for b > 0 and a sequence J of b iterations
J1 < J2 < ---Jp < num, we say that J is ‘nice’ if j; = 7, and the following hold for all
1<z<b:

o If 2z is odd, we have j, € STARTSE. If z > 1 is odd, we additionally have
J» € €(80) C STARTSF. If 2 is even, we have j, € STARTSE.

o 2= |Zj | = 1%;...|.
e STOP(j,) > num — 1.

Claim 6.79. There exists a b > 1 and a nice sequence J of b iterations such that
Jp = num — 1.
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Proof. Proof by contradiction. Suppose that for all nice sequences of at least 2 iterations,
we have j, < num — 1. Pick one such sequence J with the largest value of j,. Observe that
J is well defined as the sequence J with only the iterations i,, 7, + 1 is a nice sequence (using
the fact that i, € €(84) U {0} is fixed by our choice of a).

Let 1,72, , jb—1,Jo be the iterations in J. Observe that j, < num — 1 < STOP(jp_1).
By our choice of J, the sequence j1, 72, -, Jo—1,Jp + 1 is not nice. Using the definition of
nice, this is only possible if |Z;,| = |Z;,_,+1| # |%;,+1|. Now, as j, < STOP(j,—1) implies
that j, + 1 € RANGE(j,—1) which, together with |%;, 11| # |#),+1| and item 3 of Fact 6.5
gives us that ’%jb| = “@jb—1+1| < “@jzﬁrl"

Due to item 2 of Fact 6.5, this is possible only if j, € (70)UE(80). As |Z;,| = |%),_,+1| =
b — 1, we additionally get that |%;,+1| = b and j, € €(80) C STARTSy if b is odd and j, €
STARTSg otherwise. Combining, this with the fact that the sequence j1, ja, - , Jo—1, Jo, Jo+ 1
is not nice (again due to the choice of J, we have that STOP(j,) < num — 1 < STOP(jp—1).
Due to Lemma 6.12, this means that |Zscop(j,)+1| = |%j, ,+1|- However, this means that the
sequence ji, jo, -+, Jo_1, STOP(Jp) 4+ 1 is nice, contradicting the choice of J.

0

For the rest of the proof, fix b > 1 and J to be those promised by Claim 6.79. As J is
nice, we derive:

num—1 Ib
E = E ; (As 71 =i, and j, = num — 1)
i=ia+1 i=j1+1

b—1 jz+l

:ZZE;‘ (As J, < Joqq forall 1 < z < b)
2=1 i=j+1
b—1 Jz41 b—1 Jz+1

= > D o+ > >

odd z=11i=j,+1 even z=11i=j,+1

To continue, we use Lemma 6.17 for odd z and Lemma 6.18 for even z and get (note that
the conditions in Lemma 6.17 and Lemma 6.18 are satisfied due to the definition of nice):

num—1 b—1

Z 6; < Z 10" - Egz,depth(jz)(jz—l-l) + 05,41 (Gj. (Jz+1) + 150B;, (Jize1) — 2500 - Dy (jz41))

1=iq+1 odd z=1

b—1
+ Z U1 1(Jew1 = STOP(J2) A% | # | %)) (G (Ja41) + By (J241))

odd z=1

b—1

— > 2500- €, - spare; (j.41)
odd z=1
b—1

+ > 10*E} (fag) + extray, (ogr) + 3 €5y - D(jasn #52) - (10| + 1)

even z=1
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Z 2 f] +1° |7sz+1‘ - |7sz+1+1‘)

even z=1

Z Gor1 - L(Jza1 € €(80)) - taxy . (Jz41)-

even z=1

Simplifying using the fact that |%; 11| = |#;.,,| by the definition of nice and noting that

spare(-) is non-negative and 1(j,+1 # j.) < 1, we get:

num—1
d < Z 10" B} gepen(i.) (Uz+1) + €41 (Gj (o41) + 1508y, (j41) — 2500 - Dy, (j241))
i=1q+1 odd z=1
b1
+ Y 10" ER () F extray (o) + 3 0y - (18] 1)

even z=1

Z 2-0 1 (1] = |7 1al)

even z=1

Z Gipr - L(Ja41 € €(80)) - taxyj, (Jasn)-

even z=1

Reordering the terms, and reindexing the term Eeven .1 10* - EP (jq1), we get:

num—1
Z g* < Z 104 Jz,depth Jz) ]ZJrl Z 104 ]z+1 jz+2)
1=ig+1 odd z=1 odd z=1
+ Z Gy, (jz+1) + 150By; (j41) — 2500 - Dy, (jo+1))
odd z=1
b—1
+ ) extrag (o) 4364 ([ +1) =26 40 - (Imia] = i)
even z=1
Z Ger1 - L(Jer1 € €(80)) - taxyj, (Jan)-
even z=1

This is equivalent to:

num—1
Z o< 1041 (b is even) - E]F‘b,l,depth(jb,l)(jb)

1=1q+1
b—2

+ Z 104 ’ Ei,depth(jz)<.j2+1) + 10 E?-H (jz+2)
odd z=1
b—1

+ Z 011 (G (Jz41) + 150By, (Jz41) — 2500 - Dy (f211))

odd z=1
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b1
+ Z extra, (jo41) +3- 0y - (10l +1) =26 1 - (1Ml — |7 p001])

even z=1

Z Gor1 - L (Jze1 € €(80)) - taxy . (Jz41)-
even z=1
Now, note that if b is even, then by the definition of nice and Claim 6.79, we have that

Jo—1 € STARTSF and j, = num — 1 < STOP(j,_1). This means we can use Lemma 6.28 to
bound the first term. We get:

num—1 Jb b—2
Z ¢; <10° - 1(b is even) - Z corrjr + Z 10* - Eidepth(jz)(jzﬂ) +10*- Ei+1(jz+2)
i=iqg+1 7' =gp_1+1 odd z=1

b—

Z " 1 (G (forr) + 150By. (Jaga) — 2500 - Dy (Jay1))
odd z

Z extraj_ (jz+1) +3- G (|¢jz+1‘ + 1) 205, 41 - (I 1l = [y 2al)

even z=1

Z G111 (Jo € €(80)) - taxyj, (Jzt1)-

even z=1
Again by the definition of nice, we have for odd z € [b — 2] that j. € STARTSp,
jz+1 € (]z : STOP(jZ))ﬂSTARTSB, and jz+2 < RANGE(jZ“)\{num} . As |‘@jz+1+1| = ’%]

z+2|7
we have by Lemma 6.13 that |7 ,,41| < |7j.,,+1| and we can use Lemma 6.29 to get:

num—1 b b—2 Jz+2
5 £r < 10° - 1(b is even) - E corrjr + g 10° - g corrjs
1=iq+1 7'=jp—1+1 odd z=1 j'=j.+1

Z 741 (G (Ja1) + 150By, (jo+1) — 2500 - Dy, (jz11))
odd z=1
b-1

even z=1

Z Jz+1 L (Jz41 € €(80)) - taxy,j. (jzt1)-

even z=1

This is equivalent to (note that j; =i, and j, = num — 1 by Claim 6.79):

num—1 num—1
3z e
i=ia+1 i=iatl
b—1
+ Z 0,41 (G (Jzr1) + 150B;_ (jz41) — 2500 - Dj_(j2+1))
odd z=1
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b1
+ Z extra, (jo41) +3- 0y - (10l +1) =26 1 - (1Ml — |7 p001])

even z=1

Z Gor1 - L (Jze1 € €(80)) - taxy . (Jz41)-

even z=1

By definition of extra(-), we derive:

num—1 num—1
Z 0 < 10° - Z corr; + Z o1 (G (Jzq1) + 150By, (j11) — 2500 - Dy, (j241))
1—=iq+1 i=iq+1 odd z=1
O T (-
even z=1

+ §j:3jﬁ1|%ﬂJ+n 20 o1 (|| = |51 )

even z=1

Z -1 (Jaq1 € €(80)) - taxy . (Jat1)-

even z=1

Continuing using Lemma 6.24, we have:

num—1 num—1
S oa<10oe Y com+ Z * 1 (Gj. (Jor1) — 2300By, (jor1))
i=iq+1 1=ig+1 odd z=1
ﬂ'. JE— 7"' .
+ Z jot1 (| jot1] gOPREV(JZHﬂ _tax0(225ajz+1)>
even z=1
+ §:i3&ﬁ1|%&m+> 25 11 (il = Imseia])
even z=1
Z Govr - 1 (Jo1 € €(80)) - taxyj, (Jzt1)-
even z=1

Now, we claim that for even z < b — 1 we have that PREV(j,) = j._;. For this, we need to
show that |%Z;, 11| = (J2—1: J-) N STARTS. The former
is due to the definition of nice while the latter is because 7' € (j,—1 : j.,) N STARTS —
J € (Joo1 : j.) N (E(70) U E(80)) by choice of i, = ji, which in turn implies that
\Zjra| = |Zy| +1 > | % 1l +1 = |Z;.| +1 as j/ € RANGE(j,—1) by definition of
nice and item 3 of Fact 6.5. Plugging in, we get

num—1 num—1
Z 0y < 10° - Z corr; + Z E*Z_H = ]z+1) 23OOsz(jz+1))
i=tq+1 1= za—i—l odd z=1
T 41 — T 141 .
* Z Jotl (| 2 S(l ZRE _taX0(2257]z+1>>
even z=1
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+ Z 3G (g +1) =26 11 - (Imga] = [mj.aal)

even z=1

S £ (e € €(80) -t (o)

even z=1
To continue, we need the following claim:

Claim 6.80. For all even 1 < z < b, we have

3+ (10| + 1) — taxo(225, jos1)
<6-1 (tum(]z‘H) =0Az+1=bA 7T]z+1||¢]z+1 ]z+1 ||¢Jz+1) ) (|7sz+1| - |7sz—1+1|) :

Proof. To start, note that |%;_,,
Lemma 6.42 that the left hand side is non-positive and there is nothing to show. If
it Nt =72 W) |, then by the definition of tax(225,-), we have that the left hand
side is non-positive and there is nothing to show. Also, if z+1 < b, we have by the definition
of nice that j,.; € €(80) which together with Lemma 6.44 means again that the left hand
side is non-positive and there is nothing to show.
If none of these conditions holds, we have due to Corollary 6.43 that:

3+ ([l +1) = taxo(225,5.41) <3 ([, + 1)

| = z is even. If turn(j,+1) = 1, then, we have from

Using Lemma 6.13 (the conditions in Lemma 6.13 are satisfied due to the definition of nice),
we get:

3 (19| +1) = tax0(225, jos1) <6 (Imjsa] = 7101l

implying that it is enough to show that |m; 1| < |7, 41|. To see this, we use the definition
of nice to conclude that j,;1 € RANGE(j,—1) and we have:

[T 1| = |0 — 1 (Fact 6.5, item 5 as |%;,,,| = z is even)
>R,z —1.r—1 (Lemma 6.6 as |%;_,,| = z is even)
= |m_,+1| — 1, (Fact 6.5, item 8 as j,41 € RANGE(j,_1))

and the result follows as all quantities are integers.

Using Claim 6.80, we get:

num—1 num—1
S e<10o Y comni+ Z * 1 (Gj.(jos1) — 2300B, (jos1))
i=%q+1 1= za—l-l odd 2=1
Z 1] = |y
z+1 30
even z=1
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+ Z 6- J +1° tum(jz+1> =0Az + L="bA 7T]z+1‘|w]z+l ]z+1H Jz+1)

even z=1

X (’sz+1| - |7sz71+1|)

Z 207 41 |7sz+1’ - |7sz+1+1|>

even z=1

S 01 (e € €(80) - taxa (o)

even z=1

To continue, we use the definition of G(-) and B(+) to get:

num—1 num—1
> r<10° ) corr+ Z " 1 (Gj. (Jor1) — 2300B; (jo11))
i=iq+1 1= za—‘rl odd z=1
Jz— 1<jz)+szfl(jZ)
+ Z Jz+1 ( 30
even z=1

+ Z 6 - j 41 turn(sz) =0Az+1= b/\7rjz+1||1p]z+1 JzHH sz)

even z=1

X (szf1 (jz) + szq(jz))

Z 2 j +1 |7T.]z+1| - |7sz+l+1|>

even z=1
Z O -1 (g1 € €(80)) - taxyj, (Jag1)-
even z=1
This gives:
num—1 num—1
S oa<1°e Y com+ Z * 1 (Gj. (Jor1) — 2300By, (jor1))
i=iq+1 1=ig+1 odd z=1
z— 1(]2) + B -z—l(jz) .
i Z et ( ] 0 +6-B;.,02)
even z=1

+ Z 6- EJ +1° tum(jz+1> =0Nnz+1= bA 7TJz+1Hw]z+l ]z+1H Jz+1)

even z=1

X sz,1 (jz>

Z 20, 1 (Imjesa| =m0 410)

even z=1

Z U1 1 (Jar1 € €(80)) - taxy . (Jat1)-

even z=1
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The sum in the third line is non-zero only when z = b — 1 is even. We get

num—1 num—1
Y or<10° > corr+ Z " 1 (Gy(Jor1) — 23008 (jor1))
i=iq+1 i= za—i—l odd z=1
z— l(jz) + B'z—l(jz) .
+ Z Jz+1 ( . 30 ’ +6'sz—1(JZ>
even z=1
+6- K*b 101 (turn(jb) =0ADbis odd /\7TAH¢jb #£ T Hw]b) o (Jb—1)
b—1
- 3 20 (Il = Il
even z=1

Z S (e € €(80)) - tax . (o).

even z=1

To continue, we reindex the second line and get:

num—1 num—1
S <10 Y comi+ Z " 1 (Gy(Jor1) — 23008 (jor1))
i=iq+1 i= za—i-l odd z=1
z ]Z + B‘z .]Z .
+ Z €JZ+1+1 ( j< +1)3O j( +1) +6B]z<]2+1))
odd z=1
+6- é*b 101 (turn(jb) =0Abisodd A 7rAH ﬂﬁ”ipﬁ) -Gy, (Jo1)

Z 205 1 - (1M1 ] = M1 ])

even z=1

Z Gor1 - L(Jap1 € €(80)) - taxy . (Jz41)-

even z=1
Using the definition of ¢* and nice, we have ¢ , , =1.1-¢; ., forall 1 <z <b—1. This

allows us to merge the first two lines to get:

num—1 num—1
Y <107 Y corr + Z * 1 (112 Gy (jorr) — 2280Bj, (jot1))
i=ig+1 i=ig+1 odd z=1

+6-£, 4101 (turn(jb) =0Abisodd AT} ijb #£ T Hwﬁ) - Gj,_, (p-1)

Z 205 1 - (Imjoal = [y a)

even z=1

Z fr e 1 € €(80)) - tax . (o).

even z=1
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Noting that B(-) and tax;(-) are non-negative, we get:

num—1 num—1 b—3
D <10 Y o+ Z 11265 1 Gy (esn) — Y 22806541 - By(jas1)
i=1q+1 1=ig+1 odd z=1 odd z=1
+6- f*b 411 (turn(jb) =0Abisodd A 7rA|| JB;H JBb) -Gy, (Jo1)

§j 205 1 - (1] = [T ])

even z=1

ST 0y L (fan € €(80)) - taxy . (jus).

even z=1

Separating the z = 1 term in the first line and reindexing, we get:

num—1 num—1
S <107 Y corr + 11245, - Gy (o)
i=ia+1 H““
+ Z 1.12- J +1+1 sz+1 (j2+2) - 2280 ’ gj;z—1+1 ’ BjZ*l(jz)
even z=1

+6- E*b 1L (turn(jb) =0ADbis odd /\7TAH¢Jb # T ||wjb) vy (Jb-1)

}j 205 1 (171l = |Ta])

even z=1

Z: G- L0 € €(80)) - taxa (o).

even z=1

Using the definition of ¢* and nice, we have £* =11-¢; ,, foralll <z <b—1. This

Jz41+1
allows us to get:

num—1 num—1
D rr<10°- > corr + 11245 - Gy, (jo)
i=iq+1 i*ia—l—l

+ Z 1 12 +1+1 sz+1 (j2+2) - 1500 g* +1+1 sz—l(.jz)

even z=1

+6.60 .y -1 (turn(jy) =0 Abis odd A WAH% #7202 - Gy, (1)
b—1

— Z 2€j +1 (|7sz+1| - |7sz+1+1|)

even z=1

3" 096, 1 (o € €(80)) - taxyy, (usr).

even z=1
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Next, we note by the definition of nice that j,,; € (80) for all even z < b — 2. We get:

num—1 num—1

Z o< 10° . Z corr; +1.12- é*ﬁl Gjy (J2)

imig+1 i= z‘a+1
+ Z Gt (1120 Gy (Jag2) — 1500 By, (i) — 0.9 - taxy,j. (Jas1))

even z=1

+6.605 -1 (tun(jp) = 0Abis odd A 7rA|| || ) o (J—1)

Z 205, 41 - (Imj4a] = 7041 ])-

even z=1
Now, note that
Giars L () =0 Abis odd A} # m10%) - Gy
< G 1 (o) =00 =3 A £ 7) - G
T Z gjz+1+1 Jz+1(jz+2)-
even z=1

Indeed, either b is even, in which case the left hand side is 0 and there is nothing to show,
or b = 3, in which case £} 1 -1 (turn(jb) =0Abis odd Amdepd £ 7B|0EY -G, (jo—1) =
01 (turn(jg) =0Am; H 72[W8) - Gj, (j2) and we are done or b > 3 is odd, in which
case the inequality follows by substltutlng z = b — 3 in the right hand side. This gives:

num—1 num—1
D r<10° Y corr+ 11265,y - Gy, (j2)
i=ia+1 i= ia+1
+ Z 5o (8 Gy, (aga) — 1500+ By, () — 0.9 - taxy ;. (ja41))
even z=1
+6.6 - E*lH (turn(jg) —0/\b—3/\7r || ||¢]3) Gj,(J2)

even z=1

In order to continue, we apply the Lemma 6.59 on j,_1, j,, and j,. for even z < b—2. Note
that the conditions in Lemma 6.59 are satisfied due to the definition of nice. We get:

num—1 num—1
Z 0 < 10°- Z corry + 112 05 1y - Gy, (j2)
1=1q+1 = za-‘rl
+ Z €]z+1+1 sz+1 (jZ+2) - 45 : (’sz‘i’l’ - ‘sz+l+1’))
even z=1

+6.6- 0,41+ 1 (tun(js) = 0Ab =375 [0 # 7l l[v7) - G (o)
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Z 26] +1° |7sz+1‘ - |7sz+1+1‘)'

even z=1

Next, note by the definition of G that, for even z < b — 2, we have G;_, (j.42) < |7, 41| —
|7j..141]-  Applying Lemma 6.15, gives us |7, , 41| = minjcy. :sror(,))\fnum}|Tj41] <
minje(j..j.,.]|Tj+1| by the definition of nice. Combining, we get G; ., (j.42) < |7 01| +
Minjiep, 0] [Ty+1] — 2 - |7, 41| which with Lemma 6.11 gives Gj ., (jsq2) < 2 -
(|7j.41] = |7mj.141]). Plugging in, we get:

num—1 num—1

Z 0 < 10° - Z corr; +1.12- €5 1y - G, (j2)

1=iq+1 i=1iq+1
+6.6 - £*1+1 (turn(jg,)—O/\b—3/\7r‘4|]”gb]3 7é7r | ) Gj, (J2)

Z 205, 1 - (Imja] = )

even z=1

Observe that, if b = 2, then the last term is 0. Otherwise, if b > 2, we have by the definition
of nice and Lemma 6.13 that, for all even z < b — 1, it holds that |m; 1| > |7;_,,41]. This
gives (using €5, > (7 ,, if b>2):

num—1 num—1

> rr<10° > corr + 11265, Gy (j2) — 2+ L(b > 2) - 6,y - (ITjasa| — g l)

1=iq+1 1=1iq+1
+6.6- 05, -1 (turn(jz) =0Ab =3 AmL|[wh # nl||vf) - Gy, (jo)-
(55)

We now show the following claims:

Claim 6.81. If b > 2, then for C' € {A, B}, we have 7§, (1 : |7, 1] = T5n[L « [Tyl

Proof. As the parties only add/remove one symbol from 7 in every iteration, it is sufficient
to show that |mj, 1| < |mjyq| for all j’ € [j2 : num). This follows from Lemma 6.13 if b = 3
and Lemma 6.15 if b > 3. O

Claim 6.82. 1.12- Gj,(j2) — 2 L(b > 2) - (|Tjp11] — |mjs11]) < 112+ [LCP (i 7o) |-

num > Tnum

Proof. If b = 2, then by Claim 6.79, we have j, = num — 1 and we get from the definition

of G(-) that 1.12 - Gj,(j2) = 1.12 - [LCP(m}y, (IT5i41]  [Tnuml]s T (17041 ]+ [Tum])| =
112 - |LCP(72,.. B | as j1 = i, = |m;,11| = 0. Otherwise, we have b > 2 and we

num’ num
derive:

112 -Gy, (J2) — 2~ (|mjpq1| — |Tj541)
< 112Gy, (j2) — 112 - (|mjp | — 7541 ]) (As |Tjy41] > [mj41])
< 112 [LCP(mf) oy (Il + g ] 75 iy (17| = 1D — 112+ (1mjpsa] — |mjesa)

(Definition of G(-))
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<112. |LCP(7T342+1(|7T]1+1| |7TJ3+1|]’ J2+1(|7TJ1+1| |7T]3+1|])| (AS |7Tj2+1| > |7Tj3+1|)

< 112 [LCP(my, 1 [1 ¢ mjpl], w1 gD (As ji =ia = |mTj4a] = 0)

< 112 [LCP (g [+ |y l)s a1 2 0[] (Claim 6.81)

< 1.12-|LCP(x2  xB | (Definition of LCP(-))

O]

Claim 683 If b = 3, tun(js) = 0, and mi|[¢f mollvg, we have Gj (j2) =

Proof. By definition of nice and Claim 6.79, we have j; = num — 1 and |%;,| is even. Due
to the latter, we have by the definition of turn(-) that 12|t = ¢Z||o5. This together with

item 5 of Fact 6.5 gives us that ¢} ||m i [|7;,|] = jB;HWjB;HWjSH However as m ||[vg # wl|lvE,

this is only possible if 77,1 |7T]3|) # mp[1 ¢ |mj,]) which using item 5 of Fact 6 5 and

Jjs3 = num — 1 means that 7 % 7B which when combined with Claim 6.81 gives
j“;ﬂ[ N Tnuml|] # 7rj2+1[ . | Tnum|] implying that

Gjl(jﬂ) = |LCP< 2+1(|7Tj1+1| : |7Tj2+1|]’7TjB;+1(|7Tj1+1| : |7Tj2+1|])|

= |LCP(7# T T )] (As ji =ia = |mj,11[ =0)
= |LCP(7 324—1[ | Tl ], 7 ]2+1[1 DTl ])] (As 7rj2+1[ [ Tnuml] # 7r£+1[1 | Tnuml])
= |LCP(xt,.. 75 . (Claim 6.81 and j3 = num — 1)
O
Plugging in Claim 6.82 and Claim 6.83 into Equation 55, we get:
num—1 num—1
Z 0 < 10°- Z corrj + 8- 0% ;- |LCP ( Tims M) |
i=iq+1 1=iq+1
and Equation 54 follows as j; =i, = (; ,; = {7 by definition of ¢*.
O

6.3 Proof of Theorem 6.2

This section is dedicated to proving Theorem 6.2. We will need the following definition
Definition 6.84. For C € {A,B}, i € [R/(P + 1) + 1], and j € [|SY|], define the value
last® (j) as:

last{’ (j) = max{j" € [i] | [85] = j and j' =1 € {0} U €“(52)}.

As the value of \SC| increases by at most 1 in every iteration, and increases only when
party C' executes Line 52, we have that the max(-) in the definition above is always over a
non-empty set, and is thus, well defined. We will omit the subscript ¢ when i = R/(P+1)+1.
Some properties of the function Iastic( -) are captured in the following lemma.
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Lemma 6.85. It holds for all C € {A, B} that:

1.

2.

/.

5.

For alli € [R/(P+1)4 1] and all j < j' € [|SY|], we have last® (j) < last? (5').

For all i <i € [R/(P+ 1)+ 1] and all j € |8 such that ' > last®(j), we have
871 > j and S7[j] = Sp e, il

For alli € [R/(P +1)] and all j € [min(|SY|, |S,|)], we have last{ (j) = last{, ,(5).

Foralli € [R/(P+1)+1] and all 1 < j < |8Y]|, we have 8¢ =S¢

last{ (5 last{ (j+1)—1"

For all i € [R/(P + 1) + 1], we have 8 .last = Sgst$(|s§‘\)'l@5t'

Proof. We have that:

1.

. We first show that |S¢

By Definition 6.84, we have that |Sgst? (j)| = j. Under the conditions of the lemma, this
extends to j = |S¢ oyl <7< |SY|. As |8¢] increases by at most 1 in every iteration,
125t (j << |S¢| implies that there
is an iteration 4’ such that last’(j) < i’ < i such that 1SS = 4/ and i’ — 1 € €°(52).
In particular we get that last(j") > i’ > last? ().

Iastc
and increases only if party C' executes Line 52, |S

. We first show that |SG| > j by contradiction. Suppose that |S5| < j. Under the

conditions of the lemma, this extends to |S7] < j < |8Y|. As |SY| increases by at most
1 in every iteration, and increases only if party C' executes Line 52, ]SC\ <j<|8¢
implies that there is an iteration i’ < i < i such that |8%| = j and i — 1 € €%(52).
As last®(j) < ', this contradicts Definition 6.84.

Crs c
We now show that S} [j] = S\asc (s
only way the parties can change the j'™ entry in & is by removing it in one iteration

and adding a different one in a subsequent iteration. Thus, S5[j] = Slastc 7] and

i' > last®(j) implies that there is an iteration last® () < 4" < i’ < i such that |S =7
and i — 1 € ¢9(52). However, this contradicts Definition 6.84.

)[j]. Suppose not. Observe that, in our protocol, the

. We observe from Definition 6.84 that, if last{ (j) # last{,,(j) for some j, then,

last, ,(j) = i + 1 and therefore i € QEC(52) and j = |85, = |SY| + 1. In particular,
j & [min(|S¢],|85,, )] = [|SF]] and we have a contradiction.

|aStC(j ’ ’SIastC ]+1)—1| = j Indeed’ |S|astc(j | = j is
straightforward by Definition 6.84. Also, by Definition 6.84 and the fact that j > 1,
we get that |S¢ ]+1)| =j+1and Iastz-o(j +1) — 1 € €Y(52). Together, this gives
|S¢

IastC

|S¢

last$’ j+1)| — 1 =7 as desired.

Iastc (J+1)— ‘
We now show that, for all j* € [j], we have that Slastc(j)[j’] = Sgstc(JH) '] Let

§" € [j]. Asj’ < j < j+1, we have by item 1 that last” () < last®(j) < last?(j+1) —
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last® (j/) < last®(j) < last(j + 1) — 1 as all quantities are integers. By item 2, this

gives:
Slastc(j)[ ] Slastc )[ } Slastc (J+1)— [j/]’
as desired.
5. By item 2, we get 8%.last = SY[|SY|] = IastC S [|8¢]. Due to Definition 6.84, we
have |S (189) | = |8%] and can extend to Szc.last Sgst.c(\S-CD'la’St'

With Definition 6.84 and Lemma 6.85, we can now prove Theorem 6.2.

Proof of Theorem 6.2. To start, observe that if A’ is such that VC € {A, B} : II'{ (z#, 2%) =
I1¢ (24, 2P), then we can set A” to be the adversary that does not corrupt any of the messages
by any of the parties When the protocol II’ is run with A”, the parties execute Line 52
for the first 175007 TIeKT
and exchange s afterwards. This, taking the adversary A” and setting num =
satisfies all the requirements of Theorem 6.2.

We can therefore, assume that 3C' € {A, B} : II{ (24, 2P) # 11924, 28). We assume
that C' = A without loss of generality. We define:

iterations (our choice of parameters ensures that is an integer),

S
1100K P +1

Definition 6.86. We define Sync to be the set containing all j € [min (|S*|,|S”|)] such
that last(j) = last?(j) and we have

(‘@ |‘SlastA |) (‘@IastB |‘SlastB |)

last4(5)?
Observe that 1 € Sync. Let M = max(Sync) denote the largest element in Sync. Note
that M < min (|S*|,|8”|). For 1 < j < M and C € {4, B}, define,
lo(j) = max{;j’ € Sync | j" < j}.
hi(j) = min{j’ € Sync| j' > j}.
hi(7) | #C | is odd

tlpc(j) = last® (hi(5)
1 +max{lo(j) < j" < hi(j) | |2 «C(j \ is odd} ,|%C

st (hi(j) \ is even

If the max in the definition of tip(-) is over an empty set, we define tip®(j) = lo(j). As
1, M € Sync, both lo(j) and hi(j) are well defined for all 1 < j < M and lo(j) < hi(j).

Claim 6.87. Let C € {A, B}. For all1 < j < M and tip®(j) < j' < hi(5), we have:
|¢I§stc(j’)| = |¢I(:stc(hi(j))| + ' = hi(5).

Proof. Proof by backwards induction on j'. The base case j' = hi(j) is trivial. We show the
statement holds for tipc(j) < 7/ < hi(j) by assuming it holds for j/ + 1. As we assume
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that tip®(j) < hi(j), we have by the definition of tip(-) that |'%|§st0(j")| is even for all
3" € [tip®(5) : hi())].

In particular, we get that |Z¢
Lemma 6.85, we get that |%2¢

| and |ZC
| and |Z¢

G +1)| are both even. Applying item 4 of
| are both even. As last”(j'+1)—1 €

last® (5/) last®(

IastC j'+1)— IastC j'+1)

€%(52) by Definition 6.84, we get from the fact that |§?I SO 41)— | and |2 o ,+1)| are both
even that |1/}Iastc(]’+1 | = |¢Iasto (G41) |+ 1. This gives:
|¢gstc(j,)| = |77Z)I§stc(j’+1)—1| (Lemma 6.85, item 4)
_1C
- |w|astc(j’+1)| -1 <AS ‘wlastc (J'+1) ‘ ’wlastc j'+1)— ’ + )
= |¢I§stc(hi(j))\ —hi(j)+5 +1-1 (Induction hypothesis)
= |77Z)Iastc(hi(j))| = hi(j) + 7',
and the result follows. ]

Claim 6.88. Let C € {A,B}. For all 1 < j < M such that |%Z°
tip®(j) > lo(j), we have:

st (hi() | is even and

C _
[Vrasteeipe ()| = 0-

Proof. Under the assumptions of the lemma, we have by the definition of tip(-) that

%€ 1)| is odd and |%ZC | is even. Applying item 4 of Lemma 6.85, we

Iastc(tlp IastC t|p
get that ]%’lastc (tinC _,|is odd and |‘@|astc(t.p | is even. As last®(tip®(j)) — 1 € €(52) by
Definition 6.84, we get from the fact that |%’Iast0 _,|is odd and |2 . (5 ) | is even
that |@Z)Iastc (tinC | = 0 as desired. O

Corollary 6.89. For all 1 < j < M, we have tip”(j) = tip?(4).

Proof. Suppose first that there exists a C' € {A, B} such that |9?Iastc i) | is odd. In this
case, as hi(j) € Sync by definition, we have from Definition 6.86 that |2C_ O (j))| is odd for
all C' € {A, B} as well implying that tip?(j) = tip?(j) = hi(4).

For the rest of the proof, we assume that |2¢ | is even for all C' € {A, B}. Suppose

IastC

for the sake of contradiction that t|p A(5) # tip () and assume without loss of generality
that tip?(j) < tip®(4). As lo(j) < tip”(j), we get:

WfstB(hi(j))| = WfstB(tipB(j))| +hi(j) —tip” (4) (Claim 6.87)
= hi(j) — tipB(j) (Claim 6.88)
< [Waserips )| + hil7) = tiD”(5) + 1
< |1/J|astA(hi(j))\ (Claim 6.87)
= WfstB(hi(j))L (As hi(j) € Sync and Definition 6.86)
a contradiction. ]
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Owing to Corollary 6.89, we henceforth omit the superscript C in tip®(-) and simply
write tip(j). We also note that:

Claim 6.90. If1 < j < M and j ¢ Sync, then we have lo(j) = lo(j—1) and hi(j) = hi(j —1)
and tip(j) = tip(j — 1).

Proof. Note that j ¢ Sync implies that j > 1. The first two follow straightforwardly from
the definitions. For the third, note that tip(j) is determined by lo(j) and hi(j) and therefore

tip(j) = tip(j — 1). O
Claim 6.91. For all 1 < j < M and all tip(5) < 7' < hi(j), the following hold:
1. For C € {A, B}, we have:

35" € (tip(j) : j] : last(j") — 1 € €“(90) = ZC. sy -last.t > 0.
2. We have:
(%r gy st I en o | 10en ) = (B gy last, 17| 108 0 )
3. For C € {A, B}, we have:

35" € (tip(j) : 5] : last?(5”) — 1 € €“(90)
125t (j last t =%¢
= ( - hi(4)] : last® (j )— 1 € &“(90).

= last t

Iastc

4. For C € {A, B}, we have %’I O last o= '@gstc(hl ) dast.ac and
e . last g %I € (7 dast.t # %I € (h last t '
last %gstc (hiG3) last 15 %’I S (57) dast.t = ,@I «C(h last t

Proof. Suppose first that tip(j) = hi(j). In this case, we also have tip(j) = j' = hi(j) and
the claim is straightforward due to Definition 6.86 as hi(j) € Sync. So assume throughout
that tip(j) < hi(j). By the definition of tip(-), this means that L%Iastc(
J" € [tip(j) : hi(j)] and all C' € {A, B}.

It follows that, for all j” € (tip(j) : hi(j)] and all C' € {A, B}, we have that | |astC(‘/u1)|
and |9£|a ") | are both even. Due to item 4 of Lemma 6.85, this means that |‘@|astc(g”) 1|
and “%)mstc(g”)’ are both even. As last”(;") — 1 € €%(52) by Definition 6.84, this is only
possible if last(j") — 1 € €(87) for all j” € (tip(5) : hi(5)].

For item 1, we proceed by induction on j'. The base case j' = tip(j) is trivial. We show
the claim for j" € (tip(j) : hi(y)] by assuming it holds for j'— 1. Let C' € {A, B}. We showed
that last”(j') — 1 € €°(87). If last(j") — 1 ¢ &(90), we derive:

,,)| is even for all

35" € (tip(j) : 5] : last? (") — 1 € €“(90)
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— 35" € (tip(5) : 7') : last®(5") — 1 € € (90)

= %Iastc p-last.t >0 (Induction hypothesis)
- ,%’Iastc n_1-last.t >0 (Lemma 6.85, item 4)
= %Iastc dast.t > 0. (As last(5') — 1 € €9(87) \ €(90))

Otherwise, if last? (') —1 € &(90), we get that %I e last t > 0 by Line 90 and the proof
is complete.

For the remaining parts, we proceed by backwards induction on j'. The base case
j° = hi(y) is straightforward due to Definition 6.86 as hi(j) € Sync. We show the
statement holds for tip(j) < j' < hi(j) by assuming it holds for ;' + 1. Recall that
last®(j' + 1) — 1 € €9(87). We have:

1. The fact that last”(j’ 4+ 1) — 1 € &°(87) implies that for C' € {A, B}, the tuple

<f%IastC (4'+1) lCLSt |7TIastC j'+1) | |¢Iastc (' +1)| Completely
c
determines the tuple (%Iastc(.,+1) last, |7r|astc(] 1) s |¢Iastc(j 1) 1|) for C € {A, B}.

Thus, our induction hypothesis that (%IAtA 1) last, |7rI tA]+1’ Wlast/* ’+1)’) =

<%|§St3(j 41y last, ‘7T|astB i141) E Wlastg (7' +1)’> implies

(’%IastA (J'+1)— lCLSt |7T|astA(] '+1) 1| |wlastA (G'+1)— |>
B
(ﬁlastB G'+1)— lCLSt |7T|astB(j’+1)—1|’ |1/)IastB(j’+1)—1|> ’

which using item 4 of Lemma 6.85 implies that
(glastA lCLSt |7T|astA(j | |w|ast‘4(j)|> = <%I§st3(3 l(lSt |7TlastB | |¢|astB |)’

2. If last?(j" 4+ 1) — 1 ¢ €°(90), then we have %Iastc ,H).last.t #C lastt =

g?gstc(j,).last.t by item 4 of Lemma 6.85 implying that:

IastC J'+1)—

35" € (tip(4) : §'] : last® (") — 1 € €(90)
— 35" € (tip(4) : j/ + 1] : last(j") — 1 € €“(90),

%IC r lastt AC lastt

la stC

— R° last.t = %° last t,

Iastc (J'+1) Iastc hi(j

35" € (5 - hi(4)] : last(5") — 1 € €“(90)
— " € (j' +1:hi(j)] : last?(j") — 1 € €9(90).

and the claim follows easily from the induction hypothesis. On the other hand, if

last® (5’ + 1) — 1 € €(90), then by Line 90, we have %lctc Grap_p-lastt =0 =

Q?I e lastt by item 4 of Lemma 6.85. By item 1, we get 39] € (tip(y) : J'] :
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last® (") — 1 € €°(90).
This means that it is sufficient to show that 9?0 last t + %C last t. If not,
then we have %’Iastc lastt =0 = %Iastc (G'11) lastt =+ %’Iastc hi(s last t. By the

induction hypothes1s, thls means that 35" € (tip(j) : 7/ + 1] : last®(j’ ) 1 € €9(90), a
contradiction to the assumption that last®(j’ 4+ 1) — 1 € €(90).

Iastc(h

. As last?(j' +1) — 1 € €9(87) for C € {A, B}, we have that

%gstc(j,).last.a = %Estc(] 1) last.a (Lemma 6.85, item 4)
%’Iastc (41" dlast.«
%Iastc () -last.a. (Induction hypothesis)

If lastC(j + 1) — 1 ¢ €C(90), we get (%C

last® (j/4+1)—
<=%’|§stc (Gr41) dast.t %Iastc (Gr4) lastﬂ) implying that

last.t @Iastc 1) ,last. B)

%Iastc last.f = %lastc Grin)_1-last.f (Lemma 6.85, item 4)
_ 5C
%lasto (i41): dlast.
C
_ o %Iastc(j,ﬂ dast.t # %Iastc hi(; last t
c c
%Iastc (hi()) dast.( %Iastc(j 1) dast.t = %Iastc(hl last.t

(Inductlon hypothesis)

The proof is done as we have %Iastc( ,+1).last t= %lastc( ) lastt = %Ia ( last t

by item 4 of Lemma 6.85. On the other hand, if last®(j’ —|— 1)—-1¢€ @C(QO), then

we have by Line 90 and item 3 that 0 = %Estc (r41)— lastt #* %’Iastco 1) dastt =
%gstc (W) last.t by the induction hypothesis. As %Iastc (r41)— [lastt = %’IC e lastt
by item 4 of Lemma 6.85, this means that it is sufficient to show that ‘%)| € (1)’ last b=

¢. The latter is because
%Iastc(] dast.f = %Iastc (i41)— last.p (Lemma 6.85, item 4)
= o. (As %gstc a1y -last.t =0)
O

Next, for 1 < j < |84, define the set:
{A, B} {47+ 1} S Sync
boss(j) = { {A} M < j< |8 :

{argminger s py minke[lo(j);tip(]‘)]|7T|§Stc(k)|} Aj i +1}ZSyncAl1<j< M

where the ties in argmin are broken arbitrarily. Note that boss(j) is well defined as
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j+1 € Sync = j < M and therefore, the three cases are disjoint. Also, observe
that boss(j) is singleton except when {j,j + 1} C Sync. Define boss(j) = {A, B} \ boss(j).
We have:

Claim 6.92. For all 1 < j < |8%| and C € boss(j), we have j < |S°|.

Proof. For j < M, we simply derive j < M < min (|SA|, 1S7|) < |S¢|. Otherwise, we have
j > M = boss(j) = {A} and the claim follows easily. O

Claim 6.93. For all 1 < j < |8, we have:
j ¢ Sync = boss(j) = boss(j — 1).

Proof. Suppose that j ¢ Sync implying in particular that j # M. If M < j, then M < j—1,
and therefore boss(j) = boss(j — 1) = {A}. On the other hand if j < M, then j ¢ Sync
implies due to Claim 6.90 that lo(j) = lo(j — 1) and tip(j) = tip(j — 1). We have

boss(j) = {argmin  min |7¥
)= {CG{AB} kello(4):tip(4)] | 'astc(k)|}

C .
= =b -1
{Eéi{gl;r]»lke[lo(J Hll)Htllp(J 1)] Miasec gy |} = boss(j = 1),
as desired. O
We are now ready to define the adversary A” that along with num = |S8*| shows

Theorem 6.2. To define A”, we need to define a pair of functions (A"4, A”P) where
A A XA x XB — (E*)B. We shall only define these functions for the pair of
inputs (x4, 28) as this partial definition is all that is needed for Theorem 6.2. We first
define the Values of A” Amm 1)(P+1)(37A 2P) and A”Bnum 1)(P+1)(.73A P). We do this in
num — 1 steps and after step j, for j € [num — 1], we would have defined A<J(P+1 (x4, 2P)
and A’;?(P ) (z4,2B). This partial definition is sufficient to determine the values of the
variables @f(A”),QjC,(A”),SjC/(A”) for C € {A,B} and j' € [j + 1] and whether or not
j] € €4(A”,52) N EP(A”,52). We will maintain:

Lemma 6.94. We have that:

1. For all j' € [j] and C' € boss(j'), we have SJCH(.A”) last = SC_c dast.

('+1)
2. The set [j] C €4(A",52) N EB(A”,52) and for all j' € [j + 1], we have

25(A") = 25(A") and  |SH(A")] = [ST(A")] =

3. If 1 < j < M, then, for all C € boss(j'), the following hold**:

14As usual, C' denotes the unique element in {A, B} that is different from C.
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(a) If j < tip(j), then

C " . . e . C
7T]'+1(A ) 1 ]/eglilrpl( )]|7TIastC(j )’1 o ﬂ—laStC(tiP(j)) |:1 ' Eglgpl(])] 7Tlastc(j’)@ ’

(b) If j+ 1 > tip(j), then

(‘%ﬁl(/v’) ZGSthJH(A”) J+1<AH)) (‘%)'astc laSt’Wlastc(ﬁl)’wlastc(ﬁl))

Furthermore, we have %ﬁl(A").last.a = %gstc(hi(j)).last.a and
C
+1(A//) last.3 = <& '%]-1-1 (./4 ) last.t # '%Iastc (hi(7)) dast.t
j o a o _
Rroe i 105t-B By (A").dast.t = R o last.t

4. For j' € [j+1]NSync and all C € {A, B}, we have SC(.A”) last = S, «C(jr)-last.

The definitions of AZ)(z*, %) and A (2, 27) are trivial and they satisfy Lemma 6.94
trivially. Assume that, for some 1 < j < |SA| the values of A’ Zi- 1)(P+1)($A,I’B) and
A” ZG-1)(P H)(xA 2B) have been defined and they satisfy Lemma 6.94. We now define the
values of .A] D(P+1)+57 (2, 2P) and A@Bl V(P1) 4" (x4, 28) for j/ € [P + 1] and show that
Lemma 6.94 holds also for A’} P+1)(xA xP) and AZ?(PH (x4, 2B).

As A;-’(CPH)( zh, 2B = (e@c(A”) ]S (A", F-C(.A”)) for C € {A, B} we need to define,
for C' € {A, B}, the values of szC(A”), |Sj (A", fjc(A”), and A’(’fl V(PA1)4 5 (24, 2P) for
j' € [P]. For C € {A, B}, we define:

PE(AT) = PE(A") 187 (A" =189 (A")]. (56)

For C' € boss(j), define FC(A”) =T , and for j" € [P,

Iastc( j+1)—

C A o A B
"4/(; 1) P+1)+J( ) A/Iastc(j+1)—2)(P+1)+] (%, 27). (57)

It remains to define the values fC(A’/) and .A”C D(P+1)45" [(z4,28) for j/ € [P] and C €
boss(j). For this, consider the following cases:

e 1 < j < M: If there exists a z < tip(j) such that |[7¢(A")] = |z€ .| and

Iastc(erl

|’%|§stc(z+1)—1| is odd, then, denoting by z the largest such value, define, for j' € [P]:

A A B
A/J D(P+1)+5 ( ) A(Iastc (z4+1)—2)(P+1)+j5’ ('I T ) (58)
If no such z exists, define A 1) (1) 4" (x4, 28) = L for all j/ € [P).
e M < j < |8*|: Define A’] D(P+1) 457 (x4, 28) = L for j' € [P).

It remains to define the value of FC(.A” ) for C' € boss(j). Before defining this, we note
that having defined A”C D(PA1) 45 (x4, 28) for 7/ € [P] and C € {A, B}, we have also defined
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the value of I'§(A”) for C' € {A, B}. Also, as boss(j) is always non-empty, we have also
defined the value of fjc(.A” ) where C' denotes the unique element in {4, B} that is different
from C. If F?(A”) = fjé(.A”), we define:

O c

I (A") =T5 (A"). (59)
Otherwise, let h be the smallest such that F]a’h(A” ) # ffh(A” ). Define:
F;C(A")|h<_rfh(«4”) TS (AY) = ffh(A//)
Ff(A//)’th?h(A,,) ,th(A//> £ th(A”)

In the above definition, 'S (A”)]5, denotes I'S' (A”) with coordinate h set to . In order to
show that these definitions satisfy Lemma 6.94, we will need the following claims:

DY (A") = (60)

Claim 6.95. We have for all C' € boss(j) that

SC(.A”) last = Slastc(]+1 last and |S|astc (1) =17

Proof. Note by Claim 6.92 that j < |S°|. This means that we can apply item 4 of
Lemma 6.85 on boss(j) to get Slastc Slastc (1)

From Definition 6.84, we 1mmed1ately get that |S|astc )= |S|astc (G41)
second part of the claim holds. Moreover, due to the foregomg equahty it is sufficient
to show that SjC(A”).last = 8¢ j-last in order to show the first part of the claim. If

IastC

j € Sync, this follows from item 4 of the induction hypothesis of Lemma 6.94. Otherwise,

_,| = j and the

we have j ¢ Sync implying in particular that j > 1 and C' € boss(j — 1) by Claim 6.93. We
have by item 1 of the induction hypothesis of Lemma 6.94 that SC(.A” ).last = SC «C(j)-last,
as desired. O
Claim 6.96. We have for all C € boss(j) and j' € [P + 1] that:

nc A A _B
-’4(; 1(P+1)+J( ) A(Iastc(j-H) 2)(P+1)+j" (x r )

Proof. For j' € [P], this simply follows from Equation 57. For j' = P + 1, we have

Ay (@7, 2%) = (PE(A), |87 (A", T (A7)
= (@]C(AN)J jC(A")| FC(A")> (Equatlon 56)
= (20N, IS T ey ) (As PO =TC 0 )
— <¢@]-C(.A”),j, flastc(]+1) 1) (Induction hypothesis Lemma 6.94, item 2)
= (‘@gstc(jﬂ)—l’ |Sgstc(j+1)_1|, fgstc(jﬂ)fl) . (Claim 6.95)
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By Definition 6.84 and the fact that j > 1, we get that last®(j+1) — 1 € ¢°(52). This gives:

A B nC
"4” (P+1) ( ) <gzlastc (J+1)— ‘Slastc (J+1)— | FIastc(j—f—l)—1>

<¢@|ast0 (G+1)-1 |S|astc(]+1 1| P|astC(j+1) 1> (Line 52)
_A’

(last® (j+1)—1)(P+1)"

Claim 6.97. If {j,j + 1} Z Sync, we have T'/(A”) = T'A(A") <= T'F(A") =TF(A").

Proof. Observe from the definition of boss(:) that {j,j7 + 1} € Sync implies that boss(j)
is singleton. Let C' be the unique element in boss(j) and C be the unique element not in
boss(j). If I'S(A") = fJC(A”), we have by Equation 59 that f?(A”) = F?(A”) and we
are done. Otherwise, let h be the smallest such that '), (A”) # ffh(A” ). We show that
th(.A” ) # ffh(/l” ) and the result follows. If th(.A” ) = fgh(.A” ), we have by Equation 60
that

PO, (A”) = T, (A") £ TG, (A") = IO, (A",

as desired. Otherwise, if th(A”) # Fjvh(A”), we have
[TA(A") = T3,(A") # T, (A"),
as desired. ]
We now show that these definitions satisfy Lemma 6.94.

Proof of Lemma 6.94. First, we show item 1 of Lemma 6.94. Due to the induction
hypothesis, it is sufficient to show for all C' € boss(j) that

JJrl(./él") last = 8¢ h-last. (61)

last® (j+1)

To see why Equation 61 holds, note from Claim 6.95 that SC (A").last = Slastc(j—i-l) \last.
This means that party C starts iteration j in the executlon of Il" with A” and iteration
last?(j + 1) — 1 in the execution of II' with A’ with the same values of (%, w,1,p). Due to
Claim 6.96, the symbols received by the party C' in these two iterations are also the same and
due to Equation 56 and Definition 6.84, party C' executes Line 52 in both these iterations.
It follows from Algorithm 4 that SJH(A”) last = Slastc(JJrl

Next, we show item 2 of Lemma 6.94. Due to the induction hypothesis, it is sufficient to

show that j € ¢4(A”,52) N &B(A”,52) and
Qﬁs—l(-A”) QJBH(A”) and |8j+1(>’4”)| = |Sg+1(-’4”)| =7+ 1

dast.

We have j € ¢4(A”,52) N ¢B(A” 52) due to Equation 56. It follows that for C' € {A, B},
we have |87,,(A")| = |8(A")+ 1 = j + 1 and all that remains to be shown is that
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24 (A" = 28 (A"). If {j,j + 1} C Sync, then boss(j) = {A, B} by the definition of
boss(:). Using the previous part, we get:

o@fﬂ(AN) 24 (Equation 61)

IastA (J+1)
= QlfstB(j_A,_l) (As 7 + 1 € Sync and Definition 6.86)
= Qﬁrl(A"). (Equation 61)

Now, suppose that {j,7 + 1} € Sync. Observe from Algorithm 4 that, for j € ¢4(A” 52) N
¢P (A", 52) and C € {A, B}, the value of 25 ,(A”) is determined independently of C' given
25 (A”) and whether or not ' (A") = FJC(A”) Thus, due to Claim 6.97 and the fact that
2HA") = 27 (A"), we also have 27, | (A") = 27, (A”) as desired.

Next, we show item 3 of Lemma 6.94. Observe that this is non-trivial only if 1 < j7 < M
and boss(j) is non-empty. In turn, as boss(j) is always non-empty by definition, this part
is non-trivial only if boss(j) and boss(j) are singleton, so we assume this throughout. Let
C be the unique element in boss(j) and C' be the unique element in boss(j). We first show
item 3a of Lemma 6.94. We start by claiming:

Cy oan . . C e . . C
T (A ) |:1 ’ j/eg-:ltli%(j)}‘ﬁlastc(j’)‘} o WlaStC(tiP(j)) |i1 ’ j’eg‘:ltlig(j)} 7Tlastc(j’)‘:| ’ <62)

To show Equation 62, we consider two cases. First, we assume that j ¢ Sync implying
in particular that j > 1. Additionally, 7 ¢ Sync also implies that tip(j — 1) = tip(j) by
Claim 6.90 and boss(j — 1) = boss(j) = {C} by Claim 6.93. In this case, we have by item 3a
of the induction hypothesis of Lemma 6.94 that:

" . . C _ . . C
m; (A {1 ' jelitipy-1)] W'ast%’)@  Mast® tip(j-1) {1 'jfe[jrzfil;g—1>]’ﬂ'ast%'>’} '

Using tip(j — 1) = tip(j), we get Equation 62, as desired. On the other hand, if j € Sync,
then j = lo(j) by definition and we have by item 4 of the induction hypothesis of Lemma 6.94
that 8§ (A”).last = Slastc last = 7§ (A") _Wlastc()
show a stronger statement that for all j” € [j : tip(y)], we have:

To show Equation 62, we actually

Crpn . : c _ . C . o]
i ('A ) |:1 ’ j/eg»:ltliﬂ(j)]|7rlastc(j’)|:| 7T-Iastc(j”) |:1 ’ 3 61[,]1115)1( )]|7T|astc(j )|:|

As 1§(A") = Wlastc(j)
of Contradlctlon that there is a j” € (j : tip(j)] such that the foregoing equation does not
hold for j”. Let j” be the smallest such value. We have by our choice of j” that

the foregoing equation clearly holds for j” = j. Suppose for the sake

Cy AN . : c _ . C .
T ('A ) |:1 'j/e{ﬁtli%(j)]|7rlastc(j’)|:| - Wlastc(j"—l) |:1 ) 4 efjné,r;( )]lﬂ—lastﬁ(y )‘:|

c S c
7 Mas (1) {1 'j/efﬁtli?(j)]‘ﬂlastc(jﬂq '
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] such that 7¢_ [h] # =€ [h].

It follows that there is an h € [minjfe[j:tip(j)]hr? TastC ()

(J"=1)

ast®(j/)
However, as j = lo(j) and h € [minjcjip(y |7 C [minjle[j;tip(j)]\Wgstc(j,)\] (recall that

- Iasta(j’)H
boss(j) = {C} and the definition of boss(-)) and last”(j”) — 1 € &°(52) by Definition 6.84,

we have
C C C
7Tlastc(j”)[h] - 7Tlastc(j”)—l[h] - 7Tlastc(j”—l)[h]’

by item 4 of Lemma 6.85, a contradiction. Next, we show that:

nf (A = Ime,] and (@ (A = I (63)

Iastc Iasta(j+1)|.

Indeed, we have 24(A") = 28(A”) by item 2 of induction hypothesis of Lemma 6.94
implying that:

7§ (A")] = |7 (A")]

= wgstg(jﬂ)_l] (Claim 6.95 and boss(j) = {C})

_1.C .

= Wlastg(j)]. (Lemma 6.85, item 4)
Moreover, as 24, (A”) = 27, (A”) by item 2 of Lemma 6.94, we also have:

|7T]C+1<AH)| = |7T;C+1(AH)| = |n€

Iasta(j—s—l) | ’

(Equation 61 and boss(j) = {C})

Now, recall that j € 4(A",52)NEB(A”,52) from item 2 of Lemma 6.94. Thus, we have
that either j € €“(A”,67) or j € €Y(A”,77). We have the following cases:

. C . . . C .
o If | Iastc(g)| > mlnf'e(j’tip(j)]|7T|ast5(j/)|’ In this case, as j € €“(A”,67) or j €

€Y (A", 7T), we have:
i1 (A”) [1:min (7§ (A")], 75 (AM)])] = 7§ (A”) [1 2 min (7§ (A7), 75 (A")])] -
Due to the fact that j < tip(j) and Equation 63, this gives:
c 7 : c C(gqn : c
- (A 1: — =1 (A 1: = . 64
Rl |1 i (6 | =70 [ i 5Ee ] @
The foregoing equation allows us to derive:

7TJ-C+1(A”) [1 : mm( |7r|astc( ,)‘} = 7TJC+1(A") [1 ©  min |7rgstc(j,)]}

J'€(g:tip J'€lgtip(4)]

(As |7

= mj (A") {11 min |7 o !} (Equation 64)

jrelitip()] 1ast? ()

. C
lastC )| Z mlnj’e(j:tip(j)} Iastc(] )|)

_ C . C .
- 7Tl.a\stc(tip(j)) |:]‘ J eglt1|1;}(])]|7r|35tc(j/)|:| (EquatIOIl 62)
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c . ~ c
MastC tip(j)) | 1 * ieGrtp(] Miasi® ()|

(As |7

. C
last® )| Z mlnj/e(ftip(j)}|7T|ast6(j/)|)

° Iflﬂ-lastc( )| < minj'e(j-tip(j)ﬂﬂfsté( /)| Using Equation 63, we get that |7r (A" <

c
|7T|ast6(t,p(]))|- We have by Claim 6.91 that |72

that |75 (A")] < |xC
As [r§(A")| < |m

last? (tip(5)) | - | IastB(tlp(j | which 1mphes

last€ (tip(5)) |

|astc(t|p(]))| there exists a 1 < z < tip(j) such that |r§(A")| =

gstc(z 11 .| and ]%’Iastc 1)71] is odd. Moreover, for the largest such z, we have

that:
c . |-C _ C C
7.‘-Iastc(tip(j)) L: |7T|astc(z+1)|i| Iastc(z+1) Iastc(z+1 1|| last® (z+1)—1

as |9?Iastc +1)71| is odd and last(z + 1) — 1 € €°(52) by definition. We can conclude

that:
c __C
71-Iastc(erl)fl - 7Tlastc(tip(j)) |: ’WIastC(z+1)| i| : (65>
c __C c
Ulastc(z+1)—1 - 7T|aStC(tip(j)) [lﬂlastc(z+1)|:| : (66)

From Equation 65, we can conclude that

‘Trlastc(z—&-l)’ L= ‘ﬂ.lastc(z—&-l) ’
= |r§ (A")] (As |75 (A")] = |7 e r) D)
= wgstc(j)|. (Equation 63)

This allows us to continue Equation 65 as:
c __C [
7Tlast(’v(z—l—l)—l - 7Tlastc(tip(j)) |7T|astc(z+1)| 1]

_ . C - €
= MastC (tip(j)) _1 ' 7Tlasté(j)’]

c . : C
7TlE’StC(tiP(J')) 1: j/eg-:ltli%(j)} 7T-Iastc(j’)|:|

(AS ‘ﬂ_gstg(]ﬂ < minj/e(j:tip(j)} ‘Wgstﬁ(j/) |)

= ﬂf(_A//) [1 : j/eg:ltiil;(j)] Wsstc(j,)|] (Equation 62)
= 7§(A") [1 : '/Tlfstg(j)q (As Wgstg(j)\ < minjfe(j:tip(j)}\ﬂgstg(j,)\)
= WJC(A”) [1: ’W]'C(AH)H (Equation 63)
=i (A").

Consider now iteration j in the execution of II" with A” and iteration last”(z+1) —1 in
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the execution of II' with A’ from the perspective of party C. As 7€ =7 (A",
last™ (z+1)— J

the value of 7 is the same for both these iterations. Moreover, due to Equatlon 58, the
first P symbols received by party C' in L these two iterations are the same. Finally, as

o]
125t | < minjegjip(y ¢ st () | < |n¢ T o j+1)| we have that |#| is odd in both the

iterations. It follows from Algorlthm 5 and Equation 66 that

e
(AH) = glastc(z+1) 1= Iastc(tip(j [|ﬂ-lastc(z+1)|] )
We next claim that: B
70 (AM) = min |x& o . (67)

jeip(q)] 1astC (@)
Indeed, we have |7\, (A”)| > minj(;. t,p(m| | as j < tip(j) and Equation 63. We

also have that |75, (A”)| < minje(jip(j)| Esté(j/)\ as otherwise, as both the quantities

are integers, we have

" > C -
|75 (A”)] p egggwlﬂlaﬁc@,ﬂ +1
c TP

> |7T|aStC ‘ + 1 (AS ‘ﬂ-|ast6(])| < mlnj/e(]:tlp(] | IastC ] )|)

> | Iastc (41)— J+1 (Lemma 6.85, item 4)

> |r¢ T lastC(j+1) | (As last®(j + 1) — 1 € €9(52) by Definition 6.84)

2 |7Tj+1(AH)‘7 (Equation 63)

a contradiction. Also, as |7r < )| Trlasta(j—i—l)|7 we have by Equation 63 that

(AN < |7%,(A"M] which together with the fact that j € &“(A”,52) implies
J Jj+1
7§, (A”) = nf(A")||o§ (A”) This yields:

7ch+1<"4//) 1 : mln ’ﬂ-lfsté(j’) |:|

J'€(y:tip(4)]

- 7TJC+1(A”> [1: |7ch+1(~’4”)” (Equation 67)
= 7TJ'C+1(~A”>

= mj (A")]lof (A")

= Wlfst%ﬂ BLACY (A8 Tiogeeanya = 75 (A)

C
Iastc(z+1 1|| last€ (tip(5)) |:| Iastc(z+1)|i|

_ c
(AS O' (A”) Iastc(tlp(j)) |: Iastc(z—‘rl) ’:|)
C [ C ati
= ﬂ-lastc(tip(j)) |7T|astc(z+1)| ] ||7T|astc(tip(j)) [lﬂlastc(z+1)|i| (Equation 65)

__c
= Trlastc(tip(j)) |7rlastc(z+1)|}

c 1. :
- 7Tlastc(tip(j)) e ’7T|ast0(z+1)_1‘ + 1} (Equation 65)

153



= T ip(y L1 175 (A" + 1] (As |7 (A")

| - | IastC (z+1)— 1|)

7Tlgstc(tip(] [ | +1(AH)|] (AS 7Tj+1("4”) = Trj (A//)||Uj (AH))
_ C . : c .
= MastC (tip(j)) {1 erfﬁi%(j)]'ﬂlastc(j’)q ) (Equation 67)

as desired.

Next, we show item 3b of Lemma 6.94. We first claim that, for C’, C” € {A, B}, we have:

(25 (A" dast 1L (AN 10 (AN = (B g st Ty | 8 )

(68)

Indeed, as j < hi(j), we can invoke Claim 6.91 to conclude:

_ C C
<%'astc (G+1) last, ‘Wlastc J+1)| Wlastc J+1)|> o (Q{asté(j+l)'la$t" ]+1)| Wlastc (+1) |>
(Claim 6.91)

= (#T (A dast, 75, (A" [, (A)])
(Equation 61 and boss(j) = {C})

(%;il(A//) last, |7 +1(AH)| | g+1(-’4/l)|)-
(As 24, (A") = 27, (A"))

We now break the proof in to the following cases:

e j+1 > tip(j): As both quantities are integers, we have that j > tip(j) = tip(j) <
J < hi(y) by definition of hi(-). We claim that:

(;@/C(.A”) last, T (-A//) wC(AH» <‘@Iastc last 71-Iastc wlastc J)) <69>

Indeed, either 5 € Sync, in which case Equation 69 follows due to item 4 of the
induction hypothesis of Lemma 6.94, or j ¢ Sync implying in particular that j > 1.
Additionally, 7 ¢ Sync also implies that tip(j — 1) = tip(j) by Claim 6.90 and
boss(j — 1) = boss(j) = {C} by Claim 6.93. It follows that j > tip(j — 1) and
Equation 69 follows by item 3b of the induction hypothesis of Lemma 6.94. We next
claim that:

Claim 6.98. The quantities | ZC (41)— s |‘%|§st0(j+1)| are both even. Moreover, for

C" € {A, B}, the quantities | %S (A")| and | %S, (A")| are both even.

Proof. We first show that ]%C/ e | and |Z | are both even for C" € {A, B}.

la tc'( i+1)
This is because tip(j) < hi(j), and therefore, we have by the definition of tip(-) that
]%I(:S/tc, ] is even for all j” € [tip(j) : hi(j)], as desired.

We now prove the claim. The first part of the claim follows simply from the fact that
|%C | and |ZC¢

| are both even and item 4 of Lemma 6.85. It remains to show

last® (j last® (j+1)
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the “moreover” part. Note that as we showed item 2 of Lemma 6.94, it is sufficient to
show that there exists C' € {A, B} such that |2 "(A")| is even and another (possibly
different) C’ € {A, B} such that |2/, (A")| is even.

’ ICtC (j+1)
while for the former, we may either have j € Sync in which case, we have by item 4 of
the induction hypothesis of Lemma 6.94, we have that |2 (A”)| = L%’Iastc )\ is even, or
j & Sync, in which case, we have j > 1 and boss(j — 1) = boss(j) = {C} by Claim 6.93.
We get that ]%C(.A” )| = \%gst (j)| is even by item 1 of the induction hypothesis of

Lemma 6.94 and the result follows.

For the latter, we simply note that |%; C LA = | by Equation 61 is even,

]

Consider now iteration j in the execution of II' with A” and iteration last®(j + 1) — 1
in the execution of IT" with A’ from the perspective of party C'. Due to Claim 6.98,
the value of |#Z| is even before and after both these iterations. Furthermore, as
we showed that j € ¢9(A”,52) and last®(j + 1) — 1 € €°(52) by Definition 6.84,
we can conclude that Line 87 is executed in both the iterations. It follows from
Algorithm 6 that the values of (7,) before these iterations determine the values after

these iterations. Thus, as Equation 69 says (W]C(AH)’%C(A")) = ( st () ,@Dlastc ) =

< Ifstc(j“ Y wlastc (G41)— ) by item 4 of Lemma 6.85, we must also have:
c c c
(7Tj+1 (.AH> J+1 (A”)) = (Wlastc(j+1)’ wlastc(j+1)) : (7())

Next, comparing the two iterations again, we claim that:

Claim 6.99. Z¢,(A").last.a = %Iastc .last.a.
Proof. If j € Sync, we have:
RSy (A") last.o = R (A") last.a (As j € €9(A”,87))
= %Estc dast.a (Induction hypothesis Lemma 6.94, item 4)
'%Iastc (i1)_1-last.a (Lemma 6.85, item 4)
= Ry 1) L0t (As last“(j +1) — 1 € €9(87))
%Iastc (i) last-a. (Claim 6.91)

If 7 ¢ Sync, we have in particular that j > 1. Additionally, j ¢ Sync also implies that
tip(j — 1) = tip(j) by Claim 6.90 and boss(j — 1) = boss(j) = {C} by Claim 6.93. It
follows that 7 > tip(j — 1) and we get:

,%’](il(A”)_last.a = %’JC(A”)‘last.a (As j € €C(A",8T))
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= %C
= %C

dast.a (Induction hypothesis Lemma 6.94, item 3b)
y-last.o. (Claim 6.90)

Iastc hi(j—1))
last® (hi(j

]

Claim 6.100. It holds that:

%]-C(A”).lastﬂ = A7 (A" dast.t # ‘%astc(h. M) last.t
C C c
%’Iastc (hiGi) lastﬂ K5 (A").last.t = X, € (hiC) last.t

Proof. 1t j € Sync, then j = lo(j) by definition of lo(:) and j + 1 > tip(j) = j =
lo(j) = tip(j). We have by Claim 6.91 that:

%f(A”).last.ﬁ = last 5 (Induction hypothesis Lemma 6.94, item 4)

Iastc
e % lostC () dast.t # %I € (hi(j) last.t
%Iastc last 15 ,9? last7 () dast.t = %I € (h last t
(Claim 6.91)
A VS (A").last.t # %lastc(h dast.t
%Ifstc (higiy-last-B VS (A").last.t = %gstc(hl last.t

(Induction hypothesis Lomma 6.94, item 4)

If 7 ¢ Sync, we have in particular that j > 1. Additionally, j ¢ Sync also implies that
tip(j — 1) = tip(j) by Claim 6.90 and boss(j — 1) = boss(j) = {C} by Claim 6.93. It
follows that j > tip(j — 1) and we get:

dast.t
lastt’

© RS (A").last.t # R
e@f(AI').lastﬂ = C( ) as # last® (hi(j—1))
‘%mstc(h.] ) last.3 A (A").last.t = B

last® (hi(j—1))

by item 3b of the induction hypothesis of Lemma 6.94 and the claim follows using
Claim 6.90. 0

Claim 6.101. We have:

B (A) last.t # RC
%C last.8 HG,(A”) last.t = A

last€ (hi(5))

dast.t
lastt

last® (hi(5))

%ﬁrl(A").lastﬂ =

last€ (hi(5))

Proof. Recall that j € €Y(A”,87). In the case that j ¢ &9(A”,90), we obtain
(%S (A").last.t, RS (A").last.B) = (#S, (A").last.t, ZS,,(A”).last.3) allowing us to

get:
RS (A”) dast.f = % (A”) last.B
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_ <& ’%J (A ) last.t 7é %I e (hi(5) last‘t
R iy last-B A (A").dast.t = R c o last,t
(Claim 6.100)
_ <& ’%]C:FI(AII) last t 7£ ,@l stC last t
*@gstc(h. dast. ]+1(AH) last.t = %gstc hics last t

(As Z§ (A”).last.t = ]H(.A”) last.t)

as desired. In the other case that j € €“(A”,90), we have 0 = £ (A").last.t #

%]CH(A”) last.t. Using Equation 68 and Equation 69, we get %I () dast.t #
c c
gflastc(ﬁl dastt = %lastc(ﬁl dast.t # %Iastc(ﬁl dast.t by item 4 of Lemma 6.85.

As last?(j + 1) — 1 € &°(87), thls is possible only if last?(j + 1) — 1 € €(90).

Next, we apply item 3 of Claim 6.91 to conclude that %I € 1)71.la3t.t #+

%Iastc (11) dast.t %’lastc hi(s lastt Again using Equation 68 and Equation 69,
we get Z¢(A").last.t # ]+1(~A/l) last.t = %’Iastc (hi(7)

shown item 2 of Lemma 6.94, we get that %C(.A”) last.t # ]+1(A”) last.t. Due to
Claim 6.98, the last two are possible only if j € ¢4(A”,90) N &B(A”,90).

As ZS(A") last.t = R

dast.t. Moreover, as we have

last.t, we need to show that

last® (hi(y))
Q?JCH(.A") last.f = %Iastc hi(; last 3. (71)
As %Iastc 1) dast.t = %Iastc (hiGs) last.t, we have:
%h,stC(h. dast.p = e%astc (G+1) lastﬂ (Claim 6.91, item 4)
_ 5C . .
= %Iastc(jﬂ) last. (Claim 6.91, item 2)
= %ﬁrl(/{”).lastﬂ, (Equation 61 and boss(j) = {C})

implying that Equation 71 follows once we show that %ﬁl(.ﬁl” ).last.f =
gfﬁrl(fl” ).last.3. In this proof, we assume for simplicity that C' = B as the other case is
symmetric. We need to show that Q?JAH(A” ).last.f = ZP,(A”).last.(3, or equivalently

using the definition of 8 in Line 91, that ( 4 (A7), j,l('Aﬂ)) = ( (A7), ]1(.4”))
We first show that fAl (A”) =T (A"). This is because:

D4 (A") = 2, (A" dast.B]2]

— %fstg(j+1).last.ﬁ[ ] (As %’ﬁl(fl”) last.} = %Iastc(ﬁl dast.j3)
= TC(Ygr (j 1)) (As last?(j + 1) — 1 € €°(90))
= TijBH(AH)) (Equation 70)
=7 (A"). (As j € EA(A”,90) N EE(A” 90))
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It remains to show that I} (A") = ffl(A” ). For this, we use the definition of
ij(A”) in Equation 59 and Equation 60. As j € &4(A”,90) N ¢5(A4”,90), we
have T4 (A") # T4(A") and [T4(A")| = |T4(A")| = 1 implying that Equation 60
applies with h = 1. Equation 60 gives ffl(A”) = T (A”) using the fact that
ffl (A”) = I'},(A") finishing the proof.

]

Combining Equation 68, Equation 70, Claim 6.99, and Claim 6.101 proves item 3b of
Lemma 6.94.

e 7+ 1 =tip(j): In this case, we have that lo(j) < j < tip(j) by definition of lo(-). We
have by item 3a of Lemma 6.94 that:

" C _ . C . C
J+1(‘A ) [ ) |astc(j+1)| = Mast(j+1) [1 ’ 7Tlasté(jJrl)| )
Due to Equation 68, this gives:

T (A =78 e (72)

last® (j+1)

Next, note that hi(j) € Sync implies | %]
consider the following subcases:

! = |%? )| by Definition 6.86 and

st (hi(5) lastB (hi(j

— |L@h“‘st,;(hl(g))| |9?thtB(h( ))| is odd: By definition of tip(-), this implies tip(j) =
hi(7). As 7+ 1 =tip(j) = hi(j) € Sync, we have:

’%fstc ganl =1 %1 (A)] (Equation 61 and boss(j) = {C})

= | %51 (A")], (As 27, (A7) = 27, (A"))

implying that |2, (A")| is odd as well. As [Z,,(A")| and |Z. | are both

odd, we must have:

last® (j+1)

c _
Fa1(A”) = Vo) =€

]+1(A//) last.ao = %lfstc(j+l).last.a = 0.
]H(A”) last.p = A, € (jr1)-last.B = o.

Combining the foregoing equation, Equation 68, Equation 72, and the fact that
j 4+ 1 = hi(j) proves item 3b of Lemma 6.94.
A — |B
o |‘%Iast‘4(hi(j))| - I‘%JlastB(h.
we have from the definition of tip(-) that |920 | and |2

]ad\%

(J))| is even: In this case, as lo(j) < j < j+ 1 = tip(j),
| are both odd and

las tC

| are both even. It follows by item 4 of Lemma 6.85

‘ Iastc (G+1) Iastc (J+1)

C’ /
that |%Iastcl( 1) .| 1s odd and |%’I ' 1)| is even for C" € {A, B}. We claim
that:
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Claim 6.102. For C' € {A, B}, we have that |%j0/(¢4”)| is odd and |%ﬂ1(¢4”)|
18 even.

Proof. Note that as we showed item 2 of Lemma 6.94, it is sufficient to show
that there exists C" € {A, B} such that L@]C/ (A”)| is odd and another (possibly
different) C" € {A, B} such that |#2%,(A")| is even. For the former, note that
either j € Sync in which case, we have by item 4 of the induction hypothesis of
Lemma 6.94 that |2 (A”)| = |9?Iastc( )| is odd, or j ¢ Sync implying in particular
that 7 > 1. Additionally, j ¢ Sync also implies that tip(j — 1) = tip(j) by
Claim 6.90 and boss(j — 1) = boss(j) = {C’} by Claim 6.93. We get |2 (A")| =
\%Zta(j)| is odd from item 1 of the induction hypothesis of Lemma 6.94. Finally,

by Equation 61, we have that |9?j6+1(./4")| = |%Et5(j+l)| is even. O
Consider now iteration j in the execution of II' with .A” and iteration last® (j41)—1
in the execution of IT" with A" from the perspective of party C'. Due to Claim 6.102,
the value of |Z| is odd before both the iterations and even after both the iterations.
Furthermore, as we showed that j € €°(A”,52) and last”(j +1) — 1 € €°(52) by
Definition 6.84, we can conclude that Line 70 is executed in both the iterations
and we get:

J+1 (.A”) wgstc(]ﬂrl) =¢ and ‘@jil (A//) last.} = %Iastc (G4+1) lastﬂ = .
(73)
We next claim that
%C AN last.t # %€ lastt
%ﬁrl(A").lastﬂ = . JCH< ) 7 %, st (hi(j
‘%mtc (hi(j) last B R (A")last.t = %I € (hi()) lastt
(74)
Indeed, we have:
R (A").last.p = %Iastc Gaylast.B
_)° 3?'? 1) dast.t # %’I < (h last t
C
r%Iastc hi(j laSt 6 glastc( j+1) last.t = %Iastc( lCLSt t
(Cldun 6.91)
_ o '%ﬁl(A ) last.t 75 ‘@I stC (hi(5))" dast.t
%g;tc (hi(5)) laSt'B %ﬁ'l(A ) last.t = <%Iastc hi(j laSt t

(Equatlon 68)

as desired. As j € ¢4(A” 52) N ¢B(A” 52) and we have Claim 6.102, we can
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conclude that j € ¢4(A",70) N EB(A”,70). We claim that:
RSy (A").last.o = R,

last€ (hi(5))"

last.a. (75)

Before showing Equation 75, we observe that the combination of Equation 68,
Equation 72, Equation 73 , Equation 74, and Equation 75 proves item 3b of
Lemma 6.94, and thus showing Equation 75 finishes the proof of item 3b of
Lemma 6.94. Note that:

]+1(.A”) last.cc = %’IC e last.a (Equation 61)
%lastc jiny-last.o (Claim 6.91, item 2)
%’Iastc gy -last-a, (Claim 6.91, item 4)

and therefore, Equation 75 follows once we show %5, ,(A").last.a =

i S, | (A").last.c.  Assume for simplicity that C = B as the other case is
symmetric. We have to show that 27 (A”").last.cc = %5 (A").last.a, or
equivalently, using Line 70 that

(22 (A ) T (A”), T4 (A7)
= (8 o (AP ), DB (A), T8 (A))

where, h¢"| for ' € {A, B} is the smallest such that T'¢ hC’ (A") £ T¢ hC’ (A”).

Note that hc is well defined as j € ¢4(A”,70)NEB(A”, 70) Due to Equdtlon 60,
we have h = hP = h, say, and using the fact that 27, (A") = 25 (A"), we
get:

%lé,j-&-l(A”)[hA]'T = ‘%I?,j-i-l(‘A”)[h]'r = %§j+1(v4")[h]-r = %I*?,j-i-l(A”)[hB]*ra
implying that RE (A") dlast.al] = R2,(A").last.afl]. We next show that
Fﬁh(.A”) =T7,(A”). This is because

fﬁh(A") e@ﬁrl(AH).last.a[i’)]
= %" last.a[3] (As %5, | (A") last.a = A

last? (j+1) last® (j+1)

= TC(x? (As last“(j + 1) — 1 € €°(70))

last.«)

T astB (j4+1),>%E last.a[l])

last B (j+1)

= TC(n?

T astB (j+1), >L%34+1(A”).last a[l])

(As %ﬁrl(A”).last.a = %C

Iastc(jﬂ).last.a)

_ B
- TC(T(IastB (j—i—l),>%JB+1 (A”).last.a[l])

(As 20, (A") last.al] = Z, (A”).last.a[1])
= TC((’YTJB+1 (A//))>%f+1(.A”).last.oz[1}) (Equation 72)
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=T7,(A"). (Line 70)

It remains to show that I'f} (A") = r B, (A”). For this, we use the definition
of f’JC(.A” ) in Equation 59 and Equation 60. By our choice of h, we have
that Equation 60 applies with h. Equation 60 gives ffh(A”) = I (A") as
5, (A") = f’ﬁh(/l”) finishing the proof.

Finally, we show item 4 of Lemma 6.94. Due to the induction hypothesis, it is sufficient to
show that, if j 4+ 1 € Sync, then we have S]H(A”).last Slastc (jin-last for all C € {A, B}.
Thus, we assume throughout that j + 1 € Sync. Observe that if j € Sync as well, then
boss(j) = {A, B} by the definition of boss(-) and we are done by item 1 of Lemma 6.94.
This means that we can assume j ¢ Sync implying by the definition of boss(-) that boss(j)
and boss(j) are singleton. Let C' be the unique element in boss(j) and C be the unique
element in boss(j). As we have shown Equation 61, all that remains to be shown is that

]H(.A”) last = S, «C(j1)-last. To start, observe that:

D5 (A) = 28, (A") (As 27, (A") = 27, (A"))

= Qgstg(jﬂ). (Equation 61)

As 5+ 1 € Sync, we have from Definition 6.86 that @I A gzlastB (1)’ As 2 is
determined by &, we get in turn that Qlast AG1) QﬁstB G41) implying that

g+1(~/4//) = |astc(]+1) = Qlastc (G+1) (76)

Next, we observe that the fact that j + 1 € Sync implies that hi(j) = 7 + 1 and consider the
following cases:

e When |Z tC( +1)| is odd: As hi(j) = j + 1, we have by the definition of tip(-) that

hi(j) = tlp(j) = j + 1. Due to Equation 76, we have in this case that | ]+1(A”)| and

]%gstc (41) | are also odd. Observe that when |Z| is odd, then Z is is determined by %’

and we have 1 = . This means that, in this case, 8.last is determined by (Q 7). Aswe
have already shown Equation 76, in order to show that S; C (A" dlast = S e (i -last
it is enough to show that n%,,(A") = ﬂ-gstc(j—i—l)' This is because by item 3a of

Lemma 6.94 and the fact that hi(j) = tip(j) = 7 + 1, we have:

C " . 1-C _ . C C
Ty (A7) |1 7T|ast5(hi(j))‘] = MastC(hig)) |1 IastC(hl(j))‘]

and we can conclude from hi(j) = j+1 and Equation 76 that |75}, (A")| = [7C_c ]+1)| =

] by Definition 6.86.

IastC(h| ’ | |aStC(hI )

e When |Z | is even: As j + 1 = hi(j) > tip(j), we have due to item 3b of

Iastc( j+1)

161



Lemma 6.94 that:
(‘@;il(v‘v’) la’St’ﬂ—J+1("4/l) J+1('AH)) <'@lastc (G+1) last, 7TlastC(JJrl wlastc J+1)> '

Furthermore, we have 2, ,(A").last.c. = Z< .last.a and

Iastc

VRS, (A") last.t # B stC -last.t

"
]H(A ).last.f = :
last B A (A").last.t = %lfstc(hi(j)).last.t

KE

last® (hi(5)

As hi(j) = j + 1, this simplifies to:
(%ﬁrl(fl”) last,7r]+1(-/4”) ]+1(-AH)) (f%astc (+1)° last, 7T|ast0(]+1 %astc J+1)> :

As the variable S.last is determined by (2, 7||¢, Z.last.a, Z.last.[3), the foregoing
equation and Equation 76 imply that S ¢ (A").last = S «C(j+1)-last completing the
proof.

]

Next, we define the values A’;‘?numfl)(PH)(xA B) and .A’ (s 1)(P+1)(mA,xB). For all
num < j < R/(P+1), 7 €[P],and C € {A, B}, we define:

-"%C 1)(P+1)+5 (fEAaxB) =1 and -/4” (P+1) (fEA fEB) 17 (77)

With this definition of A” and num, we show that the requirements of Theorem 6.2 are
satisfied. Observe that item 1 of Theorem 6.2 is straightforward from item 2 of Lemma 6.94.
Next, we show item 3 of Theorem 6.2. If M < |S?| = num, we have boss(num—1) = {A}
by definition of boss(-) implying using item 1 of Lemma 6.94 that 82 (A").last =
Sést/}(num last. Otherwise, as M < min (|8%],|8”|), we must have M = |S*| € Sync
num(AH) last = SlastA(num
(A").last = SlastA(num) last. Due to the “furthermore”
part of item 1 of Theorem 6.2, we have that S*(A").last = S
item 5 of Lemma 6.85, we have that S*(A”).last = 8*.last.
Finally, as the output of Alice is determined by 8%.last, the fact that S*.last =
SA(A").last implies:

implying by item 4 of Lemma 6.94 that S dast.

Thus, in either case, we have 82

last. Combining with

last? (num)

HA,,(:E ,2P) = HA,(m a:)#HA(A 2P,

and item 3 of Theorem 6.2 follows. We finish the proof by showing item 2 of Theorem 6.2

in the next subsection.
O]
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6.3.1 Proof of item 2 of Theorem 6.2

We start with some technical lemmas.

Lemma 6.103. Let C € {A, B} and j € [R/(P +1) +1]. We have for all 1 < z < |8
that Sf[z].p <2- SJC[Z +1lp=2-(¢

last§’ (2+1)—
Proof. Proof by induction on j. The base case j = 1 is trivial. We show the statement
holds for j + 1 assuming that it holds for j. Consider 1 < z < |Sjc+1| and assume first that
z < m1n(|SC| |S; ¢ 1]). For all such z observe that Algorithm 4 does not change the values
of S]C[ | and SJC [z + 1] in iteration j. Furthermore, by item 3 of Lemma 6.85, we have that
Iastfﬂ(z—i- 1) = Iastjc(z—l— 1). Combining and using the induction hypothesis the result clearly
follows.

Now consider m1n(|80| |SJ+1|) <z< |SJ+1\ When this happens, we have in particular
that |SC| < |Sj+1| implying that j € ¢9(52) and |S]+1| = |SJC| +1=2+1. We get from
Line 50 and Line 96 that

SJCH[ l.p= S]C[z] p= Sjc.last.p = pjc <2. ﬁc =2. SJCH[ +1].p.

To finish the proof, we simply note by Definition 6.84 that j = |astjc+1(z +1) -1

Lemma 6.104. For C € {A, B} and j € €% (54) U €°(56), we have

i 551
c A . B
Z g'a“c aH)-1 Z S; [2].p <22 (Ej +4 + COrrj) .
z=|8F,4| z=|8F,|+1

Proof. The equality follows simply from Lemma 6.103 as we get Z J ‘Kgstc (411 =
+1

Z\S |‘|901 | [ 1]p = le;l‘\sc 1 [z] .p. For the inequality, we upper bound the left

hand side by 22- (ﬁjo + KJC) and then use the definition of corr to upper bound CZC < ﬁja—i— corr;
to finish the proof'®. We first deal with the simple case when j € €%(54). In this case
|8]+1| +1= |S]C| and we get:

1SS
Z S]C[z].p = S]C.last.p = pjc <2- EJC,

—_1gC
2=|85,|+1

by Line 50. In the other case, when j € €%(56), we consider the value ,LLJC computed in
Line 56. If u§ = |S]C| + 1, then we have by the definition of y that:

57 59
Z S§[2]p < ZSJC[Z].p <10- (g]C +£jc> ’
Z:‘SJCJrlH—l z=1

5Recall that C denotes the unique element in {A, B} that is different from C.
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Otherwise, we we use our choice of ,ujc to conclude:

u§ —1 us
3 SSUSS|+1—2]p<10- (ef + @0) <3 8IS+ 1 2. (78)
z=1 z=1

This lets us derive:

1SS IS5 1185, 4|
Yo SEe= Y S9USY 41—z
Z:|SJC+1|+1 z=1
i
< ZSJCHSJC\ +1—z]p (As |S]C| |S]+1| < u§ by Line 56)
z=1
G
=878 1p+ ) STISS|+1 - 2].p
z=2
u —1

= SC8p+ Y ST1SS| — 21

¢
< S8§S85lp+2- #]Z SYISS|+1—2p (Lemma 6.103)

z=1
< 858S).p+120- <€jc + Zf) (Equation 78)
<2 (6 +). (As SCISC|.p = pC < 2- €€ by Line 50)
O

Lemma 6.105. It holds for C € {A, B} that:
> U§- 13 < < R/(P+1): 185, < |85]) <22 > (¢4 + €7 + corry) .

JEEC (52) FEEC (54)UEC (56)

Proof. Let J be the set of all j € €%(52) such that there exists j < j' < R/(P+1) satisfying
|S il < |SJ+1\ We start by claiming that:

Claim 6.106. For all j € J, there exists j” € €9(54) U €Y(56) and z € (|S 1 |8jcu]

such that (j",z) determines j and (§ = S]C:, [z].p.

We show Claim 6.106 later but use it to get:

D 651G < j < R/P+1): 1S5, < |8T4])

jeeC (52)

S

jeJ
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j//
< Z Z S]g, [z].p (Claim 6.106)
j" €€ (54)UeEC (56) z:\s§,+1|+1
<22 Z (fﬁ, + (5, + corrjn) . (Lemma 6.104)
" €€C (54)UEC (56)

We now show Claim 6.106.

Proof of Claim 6.106. Define j" to be the smallest j < 5/ < R/(P + 1) such that |S il <
|SJ+1| and z = |S]+1| Note that j” is well defined as j € J. By our choice of j”, we must
have |S; ol < |S]+1| < |8 <] implying that j” € €(54) U €“(56) and z € (\S 1 |8](~’:, ].

In order to show that the pair (j”, z) determines j, we show that j+1 = Iast]u( z). Suppose
not. As z = |SJCH| and j € €Y(52), this is only possible if there exists j + 1 < j” < j” such
that |Sjcm| = zand j” —1 € €Y(52). However, this means that |Sjo,,,_1| = z—1 contradicting
the choice of j”.

Finally, to show that EC S /[2].p, we use item 2 of Lemma 6.85 that says Sjcn [z].p

Slastc J[2]p = SJHHSJHH p= SJJrl last.p. The last term equals (§ as j € €°(52). O
O

Lemma 6.107. For all j € [num)], there exists C € {A, B} such that ((A") = (F(A") =

o

last® (5)

Proof. Fix j € [num]. We first show that there exists C' € {4, B} such that 2§(A") =
9¢

last® (5)°

item 4 of Lemma 6.94. On the other hand, if j ¢ Sync, we have in particular that j > 1.

If j € Sync, we let C' be an arbitrary element in {A, B} and the claim follows from

In this case, we let C' be an arbitrary element in boss(j — 1) (recall that boss(-) is always
non-empty by definition). We get by item 1 of Lemma 6.94 that QJ-C(A” ) = 2¢
desired.

Let C € {A B} be as above. Use item 2 of Lemma 6.94 to conclude that 2:'(A”) =
2P(A") =

IastC as

As 0 is determined by 2, we get:

|aStC(j

('AH> - gB(A//) = glastc )

Lemma 6.108. [t holds that:

R/(P+1)

> AT+ P(A") <300 Z corr; +50 Y > (1P,

j€[mum]\Sync Ce{A,B} jee&C (54)UEC (56)

Proof. We start by claiming that:
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Claim 6.109. For all j € [num]\ Sync, there exists a C € {A, B} and j' € [R/(P +1)] such
that (C,j") determines j and'S:

(AP (A") < 2.2-(corrp+05-1 (5 € €9(52))-1(3j < 5" < R/(P+1) 1 |85,1] < 185,41])).
We show Claim 6.109 later but assuming it for now, we get:

Z 634(./4”) _,_ng(AN)
j€lnum]\Sync
R/(P+1)
S Y 51 €€9(52) - 1(F) < j < R/(P+1):[85,4] < 1854])
Ce{A,B} j'=1
R/(P+1)
+2.2- Z Z corr
Cce{A,B} j'=1
R/(P+1)
<5 Z corry +22- > Y U513 < < R/(P+1): |85, < IS5,
Ce{A,B} jreeC(52)
R/(P+1)
<5 Z corr; +22- Y > (9-1(Fj<j < R/(P+1): |85, <|87,])
Ce{A,B} jeeC(52)

R/ P+1)
<5- Z corrj + 50 - Z Z (6;1 + 5;5 + corr;) (Lemma 6.105)
Ce{A,B} jeeC (54)U€C (56)
R/ (P+1) R/(P+1)
Z corr; 4 50 - Z Z (EJA + 6;3) + 50 - Z Z corr;
Ce{A,B} je€C (54)UeC (56) Ce{A,B} j=1
R/(P+1

< 300 - Z corr; +50 - Y S (4.

Ce{A,B} je€C (54)UEC (56)
It remains to show Claim 6.109.

Proof of Claim 6.109. Let C € {A, B} be the one promised by Lemma 6.107 and j" =
last”(j) — 1. By Definition 6.84, we have that |S§’7+1| = j and it follows that (C,j’)
determines j. Definition 6.84 also says that j* € ¢“(52). We claim that:

CHA") + L7 (A7) <2245 (79)

As (1 (A") = L7(A") = (5, by Lemma 6.107, it is sufficient to show that £5,, < 1.1-£5. In
turn, due to Line 50, it is sufficient to show that Sj,H.last.p < 1.1-€ and 500K P-1.1%7 +1‘ <
1.1- (5. For the former, note that j/ € €“(52) implies that Sj,H.last.p < (5 while for

the latter use j' € €Y(52) to conclude |%$,,| < |%5| + 1, which using Line 50 implies

16Recall that C denotes the unique element in {A, B} that is different from C.
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500K P - 1.1%5 741 <1.1-500KP - 1.1 <11- 6]9. Consider now the following cases:

e corrjs > 0: In this case, we have by definition of corr that corr; > min (6@,6?) As

j' € €9(52), we must have @C @C — EC = KC Plugging in, we get corr;, > fj,
which, together with Equatlon 79 1mphes Claun 6. 109

e corr;s = 0: In this case, we first note that:

~ 5
('@C' 1S;1) = ( jcu |5JC:|) (As corrj = 0)
~ NC y
= (25,18, (As j' € €9(52))
= (@Jga |S]C/|) (As corrj = 0)

It follows that j' € €9(52) N €9(52) and 5 = Eja,. Observe from Algorithm 6
that the former together with (2§, |S](’;]) = (2§, ]SJC/\) and corrj = 0 implies that
(25,1, ISCH\) (261, |S] +1|) which, in particular means that ]SC+1| = ]SC+1| =
by Definition 6.84. We claim that there exists j/ < j” < R/ (P + 1) such that
|SC,, al <185 bt +1’ Proving this claim suffices as we must have j° < j” implying:

(6 =105 =15-1( € €9(52)) - 1(3j < j" < R/(P+1): |85, <|85,,]),

and Equation 79 finishes the proof of Claim 6.109. Suppose for contradiction that
|S; "+1’ > |S; ,+1| for all 7/ < 5”7 < R/(P 4+ 1). Due to item 3 of Lemma 6.85, this

means that last® (|S le|) Iastj +1(|S +1D We get that:

st”(j) = 1ast”(1 ST, (As 150,11 = )
= last ’+1(|5] )

=j+1 (Definition 6.84)

= last“ (). (As 7' = last(5) — 1)

The results in this paragraph satisfy all conditions of Definition 6.86 and thus, show
that j € Sync, a contradiction.

[l
[l

Lemma 6.110. Let 1 < j < num be such that {j,j + 1} C Sync. Then, we have for
C € {A, B} that corr§ (A") = corr®

last® (j+1)—1
Proof. As j € Sync, we have using item 4 of Lemma 6.94 that SC(.A”) last = Slastc(j last
for C' € {A, B}. Applying item 4 of Lemma 6.85, we get SC(A”) last = Slastc(ﬁl last for

C e {A, B}.
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Observe from the definition of boss(+) that {j, 7+1} C Sync implies that boss(j) = { A, B}.
Thus, by Claim 6.96, we have for all C' € {A, B} and j' € [P + 1] that:

c A A B
AT (@t 2%) = Allastc(j—H) o)1)y (5527, (80)

Fix an arbitrary C' € {A, B} and consider now iteration j in the execution of II" with A"
and iteration last”(j 4 1) — 1 in the execution of IT" with A’ from the perspective of party C.
As we showed that j € €°(A”,52) in item 1 of Theorem 6.2 and last®(j + 1) — 1 € &°(52)
by Definition 6.84, we have that Line 52 is executed in both the iterations. Furthermore,
as SC(A”) last = Slastc(]—H dast for C' € {A, B}, the value of S.last is the same before
both the iterations, and due to Equation 80, the symbols received by party C are the same

in both the iterations. It follows that corr§(A”) = corrgstc (1)1 B desired. O
Lemma 6.111. [t holds that:
R/(P+1)
> corrj(A”) < 1000 - Z corrj + 150+ > > (et + 7).
j<num Ce{A,B} je€C (54)UEC (56)

Proof. Note that:

Z corr;(A") < Z corrj(A") + Z corr;(A").
j<num j<num j<num

{4,+1}CSync {47 +1}ZSync

Recall that corr;(A”) = corrt(A”) + corr?(A”) for all j € [R/(P + 1)] We bound the first

term by using Lemma 6.110 to get corr; (.A”) = corrlastA(jH) + cor rlastB(j+1)—1' This gives:
Z Corrj (A//) S Z Z Corrgstc(j-i-l)—l + Z Corrj(A//)
j<num j<num  Ce{A,B} j<num
{4,5+1}CSync {4.3+1}¢Sync
c
Z Z COM |0 (jr1y—1 T Z corr; (A”).
Ce{A,B} j<num j<num
{4,j+1}CSync {5,9+13&ZSync

As for C' € {A, B}, the value of last”(j + 1) is distinct for all 1 < j < |SY|, we get:

R/(P+1)
E corrj(A") < E E corr E corr;(A”)
j<num Ce{A,B} j=1 j<num
{3,j+1}ZSync
R/ P+1)
12
E corr; + E corr;(A").
j<num
{4,j+1}ZSync

For 1 < j < num and C' € {A, B}, we have by definition of corr that'” corr§(A") <

17C denotes the unique element in {A, B} that is different from C.
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max (KC (A", €C (A" ) As j € €4(A”52) N €B(A”,52) by item 2 of Lemma 6.94, we
must have QZC(A” = 9'?6@4”) = ﬁa(A”) = F(A/’). Combining with Lemma 6.107,
we get (S(A”) = (S(A”). This implies that corr§(A”) < ¢§(A”) in turn implying that
corr;(A”") = corr! (A”) + corrP(A”") < £ A”) + ZB(A”) Plugging in, we get:

R/(P+1)
Z corr;(A") < Z corrj + Z CHA") + €7 (A"
j<num Jj<num
{4,j+1}ZSync
R/(P+1)
> comyt S A T A0 A0
7j=1 j<num j<num
J€Sync j+1¢Sync
R/(P+1)
D comit YL LA A+ Y LAY+ L (AY),
7j=1 j<num 1<j§num
J#Sync jéSync

Next, note that, for all 1 < j < num and C € {A, B}, we have by Line 50 that
c c _ gC : A ~
(§S(A") > p§(A"))2 = 87 (A").last.p/2. As j —1 € (A", 52) N €F(A”,52) by item 2
of Lemma 6.94, we get (§'(A") > (5, (A”)/2. Plugging in, we get:

R/(P+1)
Z corr;(A") < Z corrj + Z CHA") + L7 (A" + 2 Z CA(A") + €7 (A
j<num 7=1 j<num 1<j<num
j€Sync jé¢Sync

R/(P+1)

< Z corr; + 3 - Z CHA") + 67 (A"
j€[num]\Sync
R/(P+1)
<1000- > corr;+150- > S (4.
Jj=1 Ce{A,B} je&C (54)UEC (56)

(Lemma 6.108)
[
To continue, we define, for i € [R/(P 4 1) + 1] and j € [min(|S8|, |S?])],

Okz( ) (‘@Iast“‘(j - L@HS‘ZB(J))

Also, define, for i € [R/(P+ 1)+ 1] and C € {A, B},

min(|S{[,|S7))—1
. A ;
sync; = Z mlﬂ(glastfx(jJrl glastB (j+1)— ) Okz(j + 1)

=1
|sf1-1

c_
total; Z Zlastc (1)
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i—1
Gi = 8000 - Z corrj +9 -sync, — 4 - Z total?’.
j=1 Ce{A,B}

When we omit the subscript ¢ in the above definitions, we mean i = R/(P + 1) + 1.

Lemma 6.112. Fori € [R/(P +1)], and j € [min(|S],|S7))] N [min(|S4], |SZ.])], we
have ok;(j) = ok;11(J)

Proof. Direct calculation using item 3 of Lemma 6.85:

Okl( ) (’@Iast“‘ @IastB )> = ]l(gzlast{:l(j gzlastg_l(])) - Oki+1 (]>
O
Lemma 6.113. Fori € [R/(P + 1)+ 1], we have 2 -sync; < Y ocry py total®.
Proof. We directly derive:
min(|S7],|SP )1 min(|S87,|SP))~1
2-sync; < Z glastA G+1)-1 T Z glastB(J-i-l)
j=1 j=1
S7-1 ISP1-1
< Z élastA (J+1)— + Z glastB (J+1)—
< totalf‘ + total? = Z total? .
Ce{A,B}
O
Lemma 6.114. [t holds that:
S 1
CZQ_O and C—synczz- Z (&A—l—ﬁf).

Ce{A,B} ie€C (54)UEC (56)

We prove this lemma in the next subsection, but first show that item 2 of Theorem 6.2

follows from this lemma.

Proof of item 2 of Theorem 6.2 assuming Lemma 6.114. We have:

min(|SA]|SB))-1
DA HPAY = Y A P
i<num =1

min(|84,|§5])-1

> Z min (EIastA ),Elastg ) (Lemma 6.107)
i=1

min(\SA\,|SB|)71

min (EA B

last? (i4+1)—1° “lastB (i4+1)— 1>

™

(Lemma 6.85, item 4)
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> sync (Definition of sync(+))

¢ R/(P+1)
> & — 1000 ; corr; (Definition of ¢(-))
g R/(P+1)
> {5 — 1000 ; corr, (Lemma 6.114)
S (As corrp, i (22, 2P) < 6,9)
= 500 o =
We also have:
R/(P+1)
D corrj(A") <1000~ ) corr;+ 150 > ()
j<num Jj=1 Ce{A,B} je€C (54)U€C (56)
(Lemma 6.111)
R/(P+1)
<1000- > corr; + 600 - (¢ — sync) (Lemma 6.114)
j=1
R/(P+1)
<1000- > corr;+600- {(—9-sync+4- > total®
j=1 Ce{A,B}
(Lemma 6.113)
R/(P+1) R/(P+1)
<1000- > corr; + 600 - 8000 - Z corr; (Definition of ¢(-))
j=1
S 107925 (AS COI’I’L’H/7A/<£L‘A, :IZ'B) S 925)

]

6.3.2 Proof of Lemma 6.114

We start with the following technical lemma.
Lemma 6.115. Let C € {A,B} andi € [R/(P +1)+1]. For all 1 < j < |8Y|, we have

c =(C < 20¢ <2209

last{ (j+1)— last$ () last{ (j+1) last$ (j+1)—1

Proof. The equality follows directly from item 4 of Lemma 6.85 and the fact that &
determines ¢. Next, we have by Definition 6.84 that last”(j + 1) — 1 € €°(52) implying

C
that plastc(]-i-l Slastc (J+1) |aStC(]+1) 1’

Now for the first inequality, note by Line 50 that %l SOG4 2 plastc(]H) Egst_c(jﬂ)il,

while for the second inequality, note that last®(j + 1) — 1 € &“(52) implies Kz

last.p = (€

(j+1)| <
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|%C |+ 1 giving

Iastc (J+1)—

| C

|

Iastc(j—l—l)

1% |

astO C
< 1.1-max <5OOKP~ L1 e 1,p|astf<j+1>) S L1 fge iy

]

Corollary 6.116. For C € {A, B} and i € [R/(P + 1) + 1] such that |SS| > 1, we have
2.0 _fgtc (1591 < 2. (¢,

Proof. By Lemma 6.115, we have that fgstc(|80|) <I11-: él SC(18C))-1 < 2'2'€gst§(|sic|)

item 5 of Lemma 6.85 and the fact that S.last determines £, we have that £ = (C_.. (15°1)"

and by
O

We now analyze the quantities sync and total, dedicating a lemma for each one of them.
Lemma 6.117. Let i € [R/(P +1)].
1. If corr; = 0 and i € €4(52) N ¢B(52), then

Sync,,; — sync; (€A + (5.

2. If min(|S2,|,|S2,]) > min(|S{|, |S?|), we have sync;,; > sync;.
3. If mln(|5z+1| |Sz+1 )+ 1> 8| = |87] and PP # PP, then Sync;,; = sync;.

4 If 8P| < |8 and |ST| -1 = |Sz+1’ < |51'A+1‘; we have

. B
sync;,; — sync;, > —min (2 A7, = glastA(|SB\) Lt glastB(\SBD 1) .
An analogous claim holds with the roles of Alice and Bob reversed.

5. It holds that:
sync;,, —sync;, > —22- (EZA + 08 + corri) .

Proof. To start, using the notation z = min(|S7|,|S7|, |S2 |, IS 1]), we claim that

z—1

Zmln IastA(]+1 l’glastB (J+1)— ) Okl(j+1)
B 1)

z—

=

A .
= (glastﬁrl(]-‘rl glastgl(‘ﬂ-l) 1) Oki-i—l(.] + 1)

<.
Il
—

172



Indeed, we have:

z—1

Zmln IastA(]—i—l l’glastB (J+1)— ) Okl(]+1)
7j=1
z—1
= me lastA (j+1)— 1,€|ast3 (G1)— ) okipi(j+1) (Lemma 6.112)
7=1

_ me s, (1)1 Coser o)1) " Okira (J + 1), (Lemma 6.85, item 3)

i+1

We now prove each part in turn using Equation 81 in each part.

1. As corr; = 0 and i € ¢4(52) N €5(52), we have T4 =TF I'4 =T and
~ ~A ~ ~
(20,1871 = (22.187)) = (PL.18]|) = (27, |81)).

We use (£7*,|8*|) to denote the common value of the quantities above. Observe from
Algorithm 6 that the equations above imply that (24 ,,|S,|) = (25,,|SE,|) and
85,1 = |8*|+ 1 for C € {A, B}.

Using Definition 6.84, we additionally have last",,(|S*| + 1) =i + 1 for C € {4, B}.

This gives ok;+1(|8*|+1) = ﬂ(@lastA L8714+ ‘@lfstﬁl(l«S*IH)) =124, =28)=1

and therefore:
Sync;,; — sync; = min(él’;‘s%l('s D)= 1,6{2’5&1('8*‘“) 1) okt (|8 + 1)
(Equation 81 as |85, | = |S*| + 1 for C € {4, B})
: A B *

= (o (5710 st sy 1) - (A8 ok (IS 1) =1)

= min(¢2, 07) (As last?, (|S*|+1) =i+ 1 for C € {4, B})

= 5(e;“ +07). (As 21 = 2F)

2. This part is straightforward from Equation 81 as ¢ is always non-negative.

3. If m1n(|81+1| IS2.1) > |8 = |SP|, we are done by item 2. Thus, we assume that
min(|8 4|, 185,]) + 1 = [8]] = |SF|. Let C € {A, B} be the minimizer of |S{,,|
(breaking ties arbitrarily). We have from Equation 81 that

sync;,, — sync; = — min (¢ LU0

last;* (ISF 4 14+1)—

1) oki(| S5 | + 1),

IastB(\Sl+1|+1

and it is sufficient to show that ok;(|S{,,| + 1) = 0. By definition, we have

Ok (|8H—1‘ + ) = IL('@IastA |sz+1‘+1) = ngStB SC |+1)) As ’SH—l’ + 1= ’SA‘ = ’SB‘ we
get ok (|85 |+ 1) = 122 (s = ylfstB(\SB\)) By item 5 of Lemma 6.85 and the

fact that S.last determined 2, we get that ok;(|S%,| + 1) = 1(2} = 2F) =0, as
PA #£ PP finishing the proof.
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4. We have from Equation 81 that:

Sync,,; — sync; = — min(zéstf‘ﬂS?Dfl’Eist?ﬂSZBDfl) -ok;(|SF])
. (pA B
2 —min(lga 551 basts (57 ))-1)
(A B B B
A 2
Corollary 6.116. Also, note that mln(ﬁlastfﬂSﬂ)—l’glastB ISBI) ) S 3 ﬂlastA (1spp-1 +
ElastB (187)-1 the minmum is at most a weighted average. Combining, we get:

EB

IastB(8F|)—1) )

5. Due to item 2, it is sufficient to consider the case min(|S2,|, |SZ,]) < min(|S{|, |S7).
We have due to Equation 81 that:

: B A

min(|S,|S7)) -1

sync¢; 4 —syn¢; = — Z min(éllgstf(j—&-l €|astB G+1)— ) oki(j +1).
j=min(|S2 IS5 1)

Let C' € {A, B} be the minimizer of |S{,,| (breaking ties arbitrarily). As |S,,| =
min(|S2 |, |SE2,]) < min(|S,|8F]) <S¢, we must have i € €% (54) U €°(56). We
get that:
min(|S7,|SF ()1
. A .
Sync;,, — sync; = — Z mln(€|ast;‘\(j+1 ﬁlastB(ﬁl) 1) - oki(j +1)
Jj= m1n(|31+1\ |5 1‘)
8711
. A B .
- Z mm(“glast;‘(jﬂ)—p“glastiB(jH)—l) -oki(7 +1)
j |Sz+1‘
(As |854] = min(|S, ], [SE.]) < min(|S,|S7)) < |ST])
|8¢|—1
Z Z élastc (J+1)—
] |Sz+1‘
> —22. (@;4 + (7 + corr;) . (Lemma 6.104)

v

[
Lemma 6.118. Let C € {A,B} andi € [R/(P + 1)].
1. If |S¢] < |8S,,|, then totalS — totalf, | > —¢€.
2. If 8| = |85, then total{ — total(,, = 0.

3. If |SC] > |8.,|, then total{ — totall,, > o e >3l

(Is¢h-1
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4. Ifi € €C(56) and uf < |SC| — |8 | + 1(106C < €, then

total® — totaIZJrl > 10 (ézc + EZC) .

5. If i € €9(56) and 100 < (¢ and pf > |S8Y| — \SZC| + 1, then

3
c c ¢

C _total’, > 2. 501"
total;” —totaliy, > o4 0501

Proof. Note by item 3 of Lemma 6.85 that

min(|S¢],|8F,])—1 min(|S]|8% ) -1
_ C
Z glastc G+1)-1 — Z glastf+1(j+1)71' (82>
=1 j=1

We prove each part separately using Equation 82 in each part.

1. As |SY| < |8Z,], we must have i € €°(52) implying |S{| + 1 = |S%,,| and
IastlJr1(|SlJrl ) = i+ 1 by Definition 6.84. From Equation 82, we get that total® —

= ¢

totalz glastglqsmn ) 0.

2. Straightforward from Equation 82.

3. As [SY] > |8%,|, we have from Equation 82 that total{ — total{,, > o e
Corollary 6.116 finishes the proof.

(Is¢Dh-1

4. Firstly, note that u¢ < |SY] — |S'ZC| + 1(106¢ < €)Y implies € < |8Y] as |SlC] > 1.
We get:
IS5¢]-1
totalS — total?,, > Z flastc (G+1)—
i=185]
(Equation 82 as i € €°(56) = [SY| > |S%,,|)
87|
> Z SY[5].p (Lemma 6.104)
j:|sg-1|+1
Ehl
> 870
3=I8¢ |1-pnd+1
(Line 56 as u¢ < |8 — |87 | + 1(106€ < i)

v

wy
> SCST+1—4]p

=1
> 10 <€ZC + KZC) . (Line 56 as u¢ < |8¢)
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5. As 106§ < (€ and pf > |8¢ — |SC] + 1, we have by Line 56 that |S¢| — |8, | =
S| — 85| + 1> 2. Tt follows that | S| = |87 | — 1 and |SF| > |8,,| + 2. We get
from Equation 82 that:

L+

c c
total — totale > glastc(\s - Iastc(\8%1|+2)71

> (¢ (Lemma 6.85, item 4)

Iastc(\SZ_HH-l) + glastc(\SI_HH-l)

C -

= glastc(\SZ_HH-l) £|ast0 (18S..1) (Lemma 6.115)
3 ¢ _

> 3 Elastc(|82+1\+1)—1 (Lemma 6.85, item 4)
3 ¢ oC

> 5 . glastic(|$ic\)—1' (AS |Sz+1’ - |Sz | - 1)

m
We are now ready to prove Lemma 6.114.

Proof of Lemma 6.114. To show Lemma 6.114, we show by induction that, for all j €
[R/(P + 1)+ 1], we have

-1

.

1 A | 4B 1 A yB
G > 12 (6 +¢7) and ¢ —sync; > 1 E E (G +e7).  (83)
i=1 Ce{A,B} iceC (54)UeC (56)
i<j

Then, by plugging j = R/(P+1)+1, we get C—sync > 13" e (4 5y 2icecsauec(se) (G + )
and ¢ > - Zf:/ 1(P+1) (¢4 +¢P) . Lemma 6.114 then follows as either the parties never send
a string of 1s in Line 50, in which case we have ZR/(PH (¢4 +(8) > 250RK > S by
our choice of parameters, or one of them aborts after communicating S symbols. In this
case, as S symbols have been communicated by one of the parties, say C', we again get
SSRIERD (A 4 gB) > SR (EZC + 06 — corri> > 0.95 as corr, (x4, 28) < 6,8,

Now, we focus on showing Equation 83. The base case 7 = 1 holds because all quantities
are 0. To show the induction step, it is sufficient to show that, for j € [R/(P +1)], we have:

G+ — G = (EA + () (84)

Sy (G +0P) 1 (e ey ued(56)). (85)
Ce{A,B}

Sl

(Cj+1 - syncj+1) - (C] - Syncj) >
We now break the proof into several cases.

. 1 A B). : . )
e corr; < - (Ej +¢; ) In this case, we start by showing that:

Claim 6.119. If corr! > 0, we have 10 - max(ﬁf,ﬁf) < 5. An analogous result holds

for Bob. It follows that corr >0 = corr =0.

176



Proof. We have by definition of corr that:

1
max (5;4, Ef) < corrA B (éA + €B) I <max <€]A, ﬁf) + E}B) )
Rearranging gives the result. O]

We have the following subcases:

- |8;.4| = |81.3|: We further subdivide this case:

* 9‘4 QZB As 28 = PP, we have that ({ = (7 — corr; = 0 by the

contraposﬂ:we of Claim 6.119. As corr; = 0, we have
~ ~B ~ ~A
(27185 ) = (21, 187]) = (27,187 ]) = (2;.18; ).

It follows that j € ¢4(52)N&5(52). We conclude using item 1 of Lemma 6.117
that sync;,, —sync; > 3(¢ 4+ (7). Also, by applying item 1 in Lemma 6.118
on A and B, we get that > ceian) total{ — > Ce(AB) totalf,, > — (¢4 + (F).
Combining, we have:

Ciat — g]_ (OB — 4 (0P > (e 0B,

N | —

(Gi1 —sync;yy) — (¢ —sync;) > 4(6]‘-‘ +07) - 4(8;1 +07) >0
and Equation 84 and Equation 85 follow as j € ¢4(52) N ¢5(52).

* 9”‘4 # @B We first claim that j € (’EA(54) N &8 (54). If corr; = 0, this holds
because we have ]S | = \SA| = \SB| = \S | and 93 PLF+ PE = WA
Otherwise, there exists C' € {A, B} such that corr§ > 0. Assurne Wlthout loss
of generality that C'= A. By Claim 6.119, we have that 10- Iglax(ﬁf, Zf) < (P
and corr? = 0. The former implies that &7 # 2P and 10-£F < (7 1mp1y1ng
in turn that j € GB(5~4) while the latter implies that |S;-4| = |8f| = |5';4|
and ,@JA + QZJB = @]-A implying that j € &4(54). Overall, we get that
j € &A(54) N &B(54).
It follows that |87, = |SF,| = |8} =1 = [87] — 1. By item 3 of
Lemma 6.117, this gives sync;,; > sync; while by item 3 of Lemma 6.118
on A and B, we get that >4 5y totaljc — Y ceap totalfy, > 196+ 08).
Combining, we get:

(407,

Cj+1 C] - 11

40
(G = synej) = (G = syne;) > 5+ (6 + 67),

and Equation 84 and Equation 85 follow.
- |S;.4| > |S;.3 |: We further subdivide this case.
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* 10 - 83-4 > E;-B: By the contrapositive of Claim 6.119, we have that corrjA = 0.
It follows that ¢4 = (5 —s 1078 > (5 and |8 | = |82 > |S?| implying
that j € €B(52) N EB(54) N 63(56) In turn this means that |SB| = |Sj+1|
Claim 6.120. |S7,,| < |S,| < |S]].

Proof. If 10 - EA < (¢, we must have (& # EA implying that @A # PN
Together, these mean that j € QSA(54) from Whlch we get that |S]+1\ =
|83-4| — 1 and the claim follows.

On the other hand, if 10-@3-4 > 53-4, we have by the contrapositive of Claim 6.119
that corr? = 0, implying that (F = KZA and |8;‘] > |Sf] = ISJA\ Thus, we
have j € QZA(06) and \SH1| < |S;4| follows. Moreover, we have by Line 56
that

~ A ~
(871 = 1831 < 1871 = 185 + 11067 < )

< |8H - [87+ 1(106 < €7) (As corrf = 0)
<IN ISPl (As 106> 68 and |7 = |2, )
finishing the proof. O]
As |S}9] = ]Sj+1| and we have Claim 6.120, we can apply item 2 of

Lemma 6.117 to get sync; ; > sync;, We can also apply item 3 of
Lemma 6.118 on A and item 2 of Lemma 6.118 on B get ZCE{A B} ‘co‘caljC —
ZCE{AB} totaqurl > % -534. Combining, we get:

40 1
G =Gz gy 2 G+ ),

4
(Gor = syncjn) = (G —syney) = 374 2
11

and Equation 84 and Equation 85 follow.

* 10 - £3 < £2: By the contrapositive of Claim 6.119, we have that corr? = 0.
It follows that Z;‘ = (P and |S;4| = |Sf| < |S]A|. The former implies that
1008 = 107 > ¢4 which together with the latter implies that j € ¢4(56) —
|S]+1| < |SA| We claim that:

Claim 6.121. 87| -1 =87, < |8%,].

Proof. We first claim that 10 - EB < EB Indeed, either corr > 0 and the
claim follows by Claim 6.119, or corrff =0 = [7;3 = () nnplymg in turn
that 10- (7 =10 - ¢4 < (P

A~s 10 - ﬁf < Ef, we have in particular that Ef + ﬁf implying that
@B =+ 323. Together, these mean that j € &5(54) from which we get
that |S]+1| = |8P] — 1. As j € €4(56), we also have:

~A ~
IS4 — S| <S4 — |8 |+ 1(1004 < £4)
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< |SJA| - |SB| + 11(106’4 < 7) (As corrP = 0)
<8184l (As 1064 < (% and |87 | = |SB| —1)

and the claim follows by simple rearrangement.
O

Assume for now that the value ,uJA computed by Alice in Line 56 satisfies
it < |83~4|—|3?|—|—1(1OEJ-A < [734) In this case, we apply item 4 of Lemma 6.117
to get sync; ; —sync; > —2- ff. We also apply item 4 of Lemma 6.118 on A
and item 3 of Lemma 6.118 on B get Y o4 py total{ — > Ce(AB) total,, >

10 (634 + gf) 126}9 > 10 (€A + €B) as !734 = 43. Combining, we get:

Go1 — G = —18- L7 +40 (61 + 07) > 22 (¢ + 07),

(Gi1 — syncj4y) — (¢ — sync;) > —16 - ff +40 (ff + ﬁf) >24- (EJA + Ef),

and Equation 84 and Equation 85 follovx.
On the other hand, if u]A > |SJA| —|S; |+ IL(lOEJA < Ef), we apply item 4

2 A 1. yB

of Lemma 6.117 to get sync;,; —sync; > —% .glast?(|SjB|)fl -3 .glasth(\S}B\)fl

We also apply item 5 of Lemma 6.118 on A and item 3 of Lemma 6.118 on
3

C C A
B get 2 cerapy totaly = 2oeqam totalivy 2 56451
J
3. g4

2

+ glastB(\SB\) 1=

N as ISJA\ = ]S}B\. Combining, we get:

IastA |SB|) IastB |SB|)

Cj+1 CJ 2 glastB |$BD L

(Gje1 —sync; 1) — (G —sync;) > élastB(\SB\) g

and Equation 84 and Equation 85 follow as égst3(|55|)—1
J J

using Corollary 6.116 and the fact that 10 - Ej‘ < E}B.

10 4 A
> - 2 5 (G407

- |S‘.4| < |S].3|: Symmetric to the case above.

e corr; >

=« (€8 +£2): We apply item 5 of Lemma 6.117 to get sync;,; — sync; >

—22- (634 + Kf + corr]) We also combine item 1, item 2, and item 3 of Lemma 6.118
on A and B to conclude that } ocry g totaljc — D ceian) totaIJCJrl > — (3 +07).
Equation 84 and Equation 85 follow as:

Cit1 —

(G

¢j > 8000 - corr; — 200 - (£ + £7 + corr;) — 4L + £F) > 250 - (¢4 + ¢7) .

—sync, ;) — (¢ — sync;) > 8000 - corr; — 180 - (¢4 + €5 + corr;) — 4(¢4 + (7)

> 500 (£ +£7) — 200 (¢ + £7)
> 200 (6 + (7).
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