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Abstract

In certain complexity-theoretic settings, it is notoriously difficult to prove complexity separations
which hold almost everywhere, i.e., for all but finitely many input lengths. For example, a classical
open question is whether NEXP C i.0.-NP; that is, it is open whether nondeterministic exponential time
computations can be simulated on infinitely many input lengths by NP algorithms. This difficulty also
applies to Williams’ algorithmic method for circuit lower bounds [Williams, J. ACM 2014]. In particular,
although [Murray and Williams, STOC 2018] proved NTIME[ZPO]Yk’g(”)} ¢ ACCY, it has remained an
open problem to show that ENP (29(") time with an NP oracle) is not contained in i.0.-ACCC.

In this paper, we show how many infinitely-often circuit lower bounds proved by the algorithmic
method can be adapted to establish almost-everywhere lower bounds.

* We show there is a function f € ENP such that for all sufficiently large input lengths n and
e < 0(1), f cannot be (1/2 4 2~")-approximated by 2" -size ACC? circuits on inputs of length
n, improving lower bounds in [Chen and Ren, STOC 2020] and [Viola, ECCC 2020].

* We construct rigid matrices in PNP for all but finitely many inputs, rather than infinitely often as
in [Alman and Chen, FOCS 2019] and [Bhangale et al., FOCS 2020].

* We show there are functions in ENP requiring constant-error probabilistic degree at least Q)(n/ log2 n)

for all large enough 7, improving an infinitely-often separation of [Viola, ECCC 2020].

Our key to proving almost-everywhere worst-case lower bounds is a new “constructive” proof of an
NTIME hierarchy theorem proved by [Fortnow and Santhanam, CCC 2016], where we show for every
“weak” nondeterminstic algorithm (with smaller running-time and short witness), a “refuter algorithm”
exists that can construct “bad” inputs for the hard language. We use this refuter algorithm to construct
an almost-everywhere hard function. To extend our lower bounds to the average case, we prove a new
XOR Lemma based on approximate linear sums, and combine it with the PCP-of-proximity applications
developed in [Chen and Williams, CCC 2019] and [Chen and Ren, STOC 2020]. As a byproduct of our
new XOR Lemma, we obtain a nondeterministic pseudorandom generator for poly-size ACCO circuits
with seed length polylog(#), which resolves an open question in [Chen and Ren, STOC 2020].

ISSN 1433-8092



1 Introduction

Proving unconditional circuit lower bounds for explicit functions (with the flagship problem of NP ¢
P /poly) is one of the central problems in theoretical computer science. In the 1980s, considerable progress
was made in proving lower bounds for constant-depth circuits, as first steps towards lower bounds for gen-
eral circuits. The classical works [Ajt83, FSS84, Yao85, Has89] culminated in exponential lower bounds for
ACP (constant depth circuits consisting of unbounded fan-in AND/OR gates). The works [Raz87, Smo87]
established exponential lower bounds for AC° [q] (AC circuits with MOD, gates) for prime power .

Unfortunately, the progress in the 1980s did not go much further: lower bounds for ACO[m] have been
extremely difficult to establish for composite 71, although it has been conjectured that AC° [m] cannot com-
pute the Majority function. In fact, it was a notorious open question whether NEXP (nondeterministic
exponential time) has polynomial-size ACC? circuits.! Several years ago, Williams [Wil14] finally proved
such a lower bound, via an algorithmic approach to circuit lower bounds [Wil13]. Combining many results
from classical complexity, such as the nondeterministic time hierarchy theorem [SFM78, Zak83], hardness
vs randomness [NW94], and the PCP Theorem [ALM 98, AS98], Williams’ work shows how nontrivial
circuit-analysis algorithms can be generically applied to prove circuit lower bounds.

Developments after NEXP ¢ ACC’. The separation NEXP ¢ ACC® had several drawbacks compared
to the classical lower bounds of the 80s. The most significant drawback was that NEXP is a much larger
class than our ultimate goal NP (previous lower bounds for AC? or AC° [p] usually work for functions in P).
Murray and Williams improved this state of affairs significantly by showing NQP := NTIME[ZPOIYIO%(”)] is
not contained in ACC® [MW20].2

Another drawback is that the algorithmic approach [Will4, MW20] only yielded worst-case lower
bounds, while prior lower bounds for AC? or ACO[p] can often be adapted to hold in the average case
(e.g., [HRST17]). A line of recent work [COS18, CW19, Chel9, CR20] generalizes the algorithmic ap-
proach to the average-case setting, culminating in the result that NQP cannot be (1/2 + 1/poly(n))-
approximated by (polynomial-size) ACC? circuits [CR20].

The Infinitely-Often Separation Drawback. All the aforementioned developments significantly expand
the reach of the algorithmic method. However, there has remained a subtle but important drawback of
the algorithmic method: it only achieves infinitely-often separations. For example, [MW20] shows there
is an NQP function f such that, for every polynomial-size ACC® circuit family {C,}, there are infinitely
many input lengths n such that C,, fails to compute f on n-bit inputs. This certainly implies the separation
NQP ¢ ACCY, but it could be the case that for nearly every mput length NQP is easy for ACC?, and NQP

is only hard on extremely rare input lengths n, e.g., n = 22 for k € IN. In a case where the hard input
lengths are so far apart, practically the situation is not very different from NQP C ACC®. In fact, it has
remained open whether ENP is contained infinitely-often in ACCO.

The Infinitely-Often Barrier in Complexity Theory. Ideally, we desire almost-everywhere separations:
we want a function f = {f, : {0,1}" — {0,1}} so that for all sufficiently large input lengths n, f,
cannot be computed by any ACCY circuit (in notation, we would say fé i.0.-ACC%). Most previous lower
bounds for AC® and AC[p] are almost-everywhere: they show f & i.0.-AC? or f ¢ i.0.-AC°[p] for some
f. Indeed, most combinatorial/algebraic lower bound approaches argue hardness for each input length sep-
arately, so they naturally give lower bounds for all input lengths. However, in structural complexity theory,
arguments often involve different input lengths simultaneously, and it is common that in some settings

I'This had been stressed several times as one of the most embarrasing open questions in complexity theory, see [AB09]. Note
that ACCY denotes the union of AC[m] for all constant 1.

ZNote that there is another notion of NQP [ADH97] (Nondeterministic Quantum Polynomial-Time) in the literature based on
quantum complexity, but it turns out to equal coC—P [FGHP99].



almost-everywhere separations are much harder to achieve than corresponding infinitely-often separations.
Two classical examples include:

* (An Almost-Everywhere NTIME Hiearchy is Open.) It is known that NTIME[2"] & NTIME[2" /n] [SFM7S8,
7:4k83], but it is open whether NTIME[2"] C i.0.-NTIME[n log n]. (Indeed, there is an oracle O such
that NEXP® C i.0.-NP? [BFS09].)

* (An Almost-Everywhere Super-Linear Circuit Lower Bound for MATIME[2"] is Open.) It is known
that MA /1 ¢ SIZE(n) for all k and MATIME[2"] ¢ P01, but it is open whether MATIME[2"] C
.0.-SIZE(O(n)). (Indeed, it is even open whether X, TIME[2"] C i.0.-SIZE(O(n))).

Other examples include fixed-polynomial lower bounds for the complexity classes NPNP = ¥, P [Kan82],
ZPpNP [BCG196, KWO98], S,P [Cai07, CCHOO05], PP [Vin05, Aar06], time-space trade-off for solving
SAT [FLvMVO05, Wil07], and hierarchy theorems such as [Bar02, FS04, vMP06]. All of these lower bounds
only provide an infinitely-often separation, and it is open to prove an almost-everywhere separation. There
are also interesting algorithmic results motivated by complexity concerns, which are only guaranteed to
work for infinitely many input lengths (e.g., [KabO1, Will16, OS17]).

1.1 Our Results

In this work, we achieve almost-everywhere circuit lower bounds with the algorithmic approach. To formally
discuss our results, we briefly recall two circuit-analysis problems.

1. CAPP: Given a circuit C of size S, estimate the probability that C accepts a uniformly random input
within an additive error of 1/8S.

2. Gap-UNSAT: Given a circuit C, distinguish between the case that C is unsatisfiable and the case that
C has at least 2" /3 satisfying assignments.

1.1.1 Almost-Everywhere Circuit Lower Bounds From Non-Trivial Derandomization

Our first result is that “non-trivial derandomization” for a circuit class ¢ implies almost-everywhere %-
circuit lower bounds for ENP. In the following, we say that a circuit class € is typical if € is closed under
projections and negations. (See Section 3 for a formal definition.)

Theorem 1.1. There are universal constants € € (0,1), K > 1 satisfying the following. Let € be typical,
and let s(n) be a non-decreasing time-constructible function withn < s(n) < 2°" for all n. If Gap-UNSAT
on AND o OR o ¥ circuits of size s(n)X can be solved deterministically in 2"/ 1) time, then there are
functions in ENP that do not have € circuits of size s(n/2), for every sufficiently large n.

An Extension to Average-Case Lower Bounds. Combining PCPs of Proximity and a new XOR Lemma
(see Section 1.2.2), we can extend the above theorem to prove strong average-case lower bounds. We say
that a function f: {0,1}" — {0, 1} cannot be (1/2 + €)-approximated by circuits of type C, if every circuit
from C computes f correctly on less than (1/2 + €)2" of the n-bit inputs. For a language L: {0,1}* —
{0,1}, weuse L,: {0,1}" — {0,1} to denote its restriction to n-bit inputs.

Theorem 1.2. Let € be typical. Suppose there is an € > 0 such that CAPP of 2" -size ANDy 0 € circuits

can be deterministically solved in 2"~ time. Then there is a language L € EN® and a constant § > 0 such
L k

that, for every sufficiently large n, L, cannot be (1/2+ 2" )-approximated by € circuits of size 21’

The above results have several applications to complexity lower bounds and pseudorandom generators.
We will discuss them separately.



1.1.2 Applications in Complexity Lower Bounds

Almost-Everywhere Strong Average-Case Exponential Lower Bounds for ACC® o THR. Combining
Theorem 1.2 and the corresponding #SAT algorithm from [Wil18a] for ACC? o THR, the almost-everywhere
strongly average-case lower bound for ENP against ACC? o THR follows immediately.

Recall that for a given d,m € IN, ACg [m] is the class of circuit families of depth d, with unbounded
fan-in AND, OR, MOD,, gates, and ACC° := J, ,, ACY[m].

Corollary 1.3. For every d,m € IN, there is an € = ¢,,, and a language L € ENP such that L, cannot be
(1/2 4 27")-approximated by ACY[m] o THR circuits of 2" size, for every sufficiently large n.

Corollary 1.3 compares favorably with prior circuit lower bounds for problems in ENP. Williams [Wil14,
Will8a] proved that ENP cannot be worst-case computed by 21"V gize ACC? o THR circuits. Following the
work of Rajgopal, Santhanam and Srinivasan [RSS18], Viola [Vio20] recently proved ENP cannot be (1/2+
1/n'~¢)-approximated by 2" size ACO [®] circuits. Chen and Ren [CR20] recently proved that ENP
cannot be (1/2 + g(n)~1)-approximated by g(n)-size ACC? circuits, where g is any sub-half-exponential
function.* All of these lower bounds are only infinitely-often separations, and yield strictly weaker average-
case lower bounds than Corollary 1.3.

We also remark that [FS17] devised a notion of “significant separation”, which is stronger than infinitely-
often separation while weaker than almost-everywhere separation.’ They showed a significant separation of
NEXP and ACCY. This is incomparable with almost-everywhere separation for ENP.

Almost-Everywhere Construction of Rigid Matrices with an NP Oracle. The problem of efficiently
constructing rigid matrices is a longstanding open problem in complexity theory [Val77, Lok09].

Definition 1.4. Let IF be a field. For r,n € IN and a matrix M € F"*", the r-rigidity of M, denoted as
Ra(r), is the minimum Hamming distance between M and a matrix of rank at most 7.

Alman and Chen [AC19] recently showed that rigid matrices over the field IF, (similar results hold for
all fields of constant order) with interesting parameters (considered by [Raz89] for connections to commu-
nication complexity) could be constructed infinitely often in PNP via the algorithmic method. Their proof
has been simplified and improved by Bhangale et al. [BHPT20]. Formally, [BHPT20] construct a PN al-
gorithm M which, for infinitely many n, M(1") outputs a matrix H, such that R, (2103H ") > én? over
IF,.0

Applying similar ideas from the proof of Theorem 1.1 and Theorem 1.2, we can strengthen their con-
struction to an almost-everywhere one.

Theorem 1.5. There is a & > 0 such that, for all finite fields F and € > 0, there is a PNP algorithm which
on input 1" outputs an n X n matrix H satisfying Ry (210gH m) > on? over T, for all large enough n.

Almost-Everywhere Probabilistic Degree Lower Bounds. The notion of probabilistic degree for Boolean
functions has been studied extensively for decades. Let us recall the definition.

3ACCY o THR denotes the class of constant-depth circuits comprised of AND, OR and MOD,, gates (for a constant 7 > 1),
with a bottom layer of gates computing arbitrary linear threshold functions.

“We say that g is sub-half-exponential if g(g(n)) = on,

SRoughly speaking, “significant separation” means that when the separation holds for an input length 7, there is another input
length at most polynomially larger than n such that the separation also holds. That is, the hardness cannot be very “sparsely
distributed”.

S[BHPT20] (and also [AC19]) indeed achieved a nondeterministic construction. That is, there is a nondeterministic algorithm
M such that for infinitely many 7: (1) On a computational path, M (1") either outputs a valid rigid matrix or “failed”. (2) There
exists at least one computational path that M(1") outputs a valid rigid matrix. In this paper we focus on PNP constructions since
they give a single rigid matrix.



Definition 1.6. The e-error probabilistic degree of a function f: {0,1}" — {0,1} is the minimum d such
that there is a distribution D on Fp-polynomials of degree at most d such that Prpp[P(x) # f(x)] < e.
When ¢ is not specified, it is assumed to be 1/3 by default.

Very recently, Viola [Vio20] proved an Q(n/ log2 1) probabilistic degree lower bound for ENP using
the algorithmic method. We extend his result to the almost-everywhere case.

Theorem 1.7. There is a language L: {0,1}* — {0,1} in ENP such that L, has 1/3-error probabilistic
degree at least Q(n/ log® n), for every sufficiently large .

Almost-Everywhere Exponential Correlation Bounds against n'/2~%-Degree IFo-Polynomials. Com-
bining the proof technique of the main theorem and an improved XOR Lemma (introduced in the next

subsection), we can also prove a strong inapproximability result for low-degree polynomials for a problem
in ENP.

Theorem 1.8. For all 6 > 0, there is a language L: {0,1}* — {0,1} in ENP such that L, cannot be
(1/2+ p—n )-approximated by n/2-% degree Fy-polynomials, for every sufficiently large n.

The previous best known correlation bound against 11'/2~°-degree IFp-polynomials was only 1/2 4+ n~¢
for the Majority function [Raz87, Smo87, Smo93], and this degree/approximation tradeoff is indeed tight
for Majority [Vio19].

1.1.3 Applications to Pseudorandom Generators

Following the known connection between average-case hardness and construction of PRGs [NW94], we
obtain two different constructions of PRGs for ACC’, both with the near-optimal polylog(n) seed length.
Our first PRG works for all input lengths, while is only computable in ENP. Our second construction obtains
a nondeterministic pseudorandom generator (NPRG) (see Section 3.3 for a formal definition), which is a
weaker class compared to ENP-computable PRGs. But the NPRG only works for infinitely many input
lengths.

The following
(Corollary 1.3).

ENP_computable PRG is a direct consequence of our average-case lower bound for ACC?

Theorem 1.9. For all constants d a_nd m, there is 6 = 0 (d, m) > 0 and an ENP-computable PRG which,
takes an n-bit seed and outputs a 21" _bit string, fooling ACS [m] circuits of size o’

Our proof technique can also be used to construct an infinitely-often NPRG against ACCY circuits with
polylog(n) seed length. This significantly improves upon the previous work by Chen and Ren [CR20], and
answers one of their open questions.

Theorem 1.10. For all constants d and m, there is § = 6(d,m) > 0 and an i.0.-NPRG which takes n-bit
seeds, runs in 2°) time, and outputs 2" pit strings fooling ACg[m] circuits of size 2’

Remark 1.11. We remark that our NPRG and ENP-computable PRG also work for other circuit classes €,
given non-trivial CAPP algorithms for slightly larger circuit classes ¢”. See Section 6 and Section 7 for the
details.

1.2 Two Technical Tools

To achieve our almost-everywhere strongly average-case lower bounds, we develop two new technical tools.
The first is a “constructive” proof of the almost-everywhere sublinear witness NTIME hierarchy of Fortnow



and Santhanam [FS16] which builds a PNP algorithm that can explicitly find inputs on which the weak
algorithms make mistakes. The second is an XOR Lemma based on computations by approximate linear
sums. We believe both results are interesting in their own right, and will likely have other applications in
computational complexity. In the following we state both of them informally. Check Section 2 for a more
in-depth discussion on these two new tools, and why they come up naturally in our lower bound proofs.

1.2.1 An Almost-Everywhere (Sublinear Witness) NTIME Hierarchy with Refuter

A critical piece of Williams’ proof that NEXP ¢ ACC (and later work) is the NTIME hierarchy [SEM78,
74k83]. However, as mentioned earlier, that hierarchy is only known to hold infinitely-often; consequently,
the resulting circuit lower bounds fail to be almost-everywhere, and extending the NTIME hierarchy to hold
almost-everywhere is notoriously open.

Nevertheless, Fortnow and Santhanam [FS16] managed to prove an almost-everywhere NTIME hierar-
chy for a restricted subclass of NTIME, where the “weak” nondeterministic machines (being diagonalized
against) use witnesses of length less than n bits. Let NTIMEGUESS(t(n), g(n)] be the class of languages
decided by nondeterministic algorithms running in O(¢(n)) steps and guessing at most ¢ (#) bits. Fortnow
and Santhanam proved there is a language L in nondeterministic O(T(n)) time that is not decidable, even
infinitely-often, by nondeterministic o(T (1) )-time 71/10-guess machines:

Theorem 1.12. For every time-constructible function T (1) such thatn < T(n) < 2PV NTIME[T (n)] ¢
i.0.-NTIMEGUESS|o(T (1)), n/10].

Our most important new ingredient is the construction of a “refuter” for the hierarchy of Theorem 1.12:
an algorithm with an NP oracle which can efficiently find bad inputs for any NTIMEGUESS[o(T (1)), n/10]
machine.

Theorem 1.13 (Refuter with an NP Oracle, Informal). For every time-constructible function T (n) such that
n < T(n) <2PW0) there is a language L € NTIME[T(n)] and an algorithm R such that:

1. Input. The input to R is a pair (M, 1"), with the promise that M describes a nondeterministic Turing
machine running in o(T(n)) time and guessing at most n/10 bits.

2. Output. For every fixed M and every sufficiently large n, R(M, 1") outputs a string x € {0,1}" such
that M(x) # L(x).

3. Complexity. R runs in poly(T(n)) time with adaptive access to an SAT oracle.
Since 'R can find counterexamples to any faster algorithm attempting to decide L, we call R a refuter.

Applying the above refuter construction instead of the general NTIME hierarchy in the original proof
of [Will4], we can achieve almost-everywhere circuit lower bounds.

Other Explicit Refuters for Complexity Separations. It is instructive to compare our refuter construc-
tion to other refuter constructions, such as [BTW10, GSTO07, Ats06]. They showed that, assuming certain
complexity separations (NP # P, NP ¢ BPP or NP ¢ P,,), one can construct a refuter which takes a
corresponding algorithm A claimed to solve SAT, and outputs for infinitely many # a counter-example x,,
of length n such that A fails to solve SAT on x,,. All these refuters are conditional, in the sense that they
assumed the (unproven) hypothesis such as NP # P, while our refuter is designed to witness the already
proven NTIME hierarchy theorem of [FS16].



1.2.2 An XOR Lemma Based on Approximate Linear Sums of Circuits

Our second important technical ingredient—critical to our average case lower bounds—is a new XOR
Lemma based on approximate linear sums of circuits. The XOR Lemma (originally due to Yao [GNW95])
says that if an n-bit Boolean function f cannot be weakly approximated (e.g., 0.99-approximated) by small
circuits, then the kn-bit Boolean function f® cannot be strongly approximated (e.g., (1/2 4 2-2K)-
approximated) by smaller and simpler circuits.’

It is tempting to apply the XOR Lemma directly, to try to prove strong average-case lower bounds for
ACC (or ACO[Z]) given that weak bounds are known. However, when we apply the XOR Lemma to a
restricted circuit class %, the most refined analysis of the XOR Lemma [Imp95, K1i01] still only shows that
0.99-inapproximability for MAJORITY 2 0 € computing f implies (1/2 + 1/t)-inapproximability for €
computing f @k where k = O(logt). That is, applying the XOR Lemma to show strong-average case lower
bounds for ACC?, evidently requires proving weak average-case lower bounds for MAJORITY o ACC®. But
this task seems just as hard as proving strong average-case lower bounds in the first place!

We avoid this issue by proving a new kind of XOR Lemma, based on Levin’s proof of the XOR
Lemma [Lev87]. For a circuit class 4, we define the class of linear combinations [O, 1]Sum o %, where
an n-input circuit C from the class has the form C(x) := Y; a; - C;(x), where each a; € R and C; € €,
and C satisfies the promise that C(x) € [0,1] for all x € {0, 1}". The complexity of C is defined to be the
maximum of }_; |«;| and the sum of the sizes of each C;.

Our new XOR Lemma shows that if a Boolean function f cannot be well-approximated by linear com-
binations of & circuits on average, then f @k is strongly average-case hard for % circuits. The flexibility
afforded by linear combinations allows us to improve our results to strong average-case lower bounds.

Theorem 1.14 (New XOR Lemma, Informal). For every § < 1, for every function f: {0,1}" — {0,1}, if
there is no [0, 1]Sum o ¢ circuit C: {0,1}" — [0, 1] of complexity poly(s,n,1/8) such that Eyc (g1} |C(x)
f(x)| <6, then £ cannot be (1/2 + 1/s)-approximated by s-size € circuits, for k = © (61 logs).

2 Technical Overview

In this section we provide more intuition behind our almost-everywhere lower bounds. We split the discus-
sion into two parts, one for each main technical ingredient.

* In Section 2.1, we demonstrate how to use our new refuter concept (and why it comes up naturally)
to prove almost-everywhere ENP lower bounds. With this powerful concept, we can automatically
strengthen most of the previous ENP lower bounds proved via the algorithmic method, except for the
strong average-case lower bounds in [CR20].

* In Section 2.2, we show how to use an XOR Lemma for approximate linear combinations of circuits,
to prove a strong average-case almost-everywhere lower bounds for ENP.
2.1 Almost-Everywhere Lower Bounds for ENP and the Refuter

To explain the intuition behind our almost-everywhere circuit lower bounds, it is instructive to first recall
how Williams [Will14] proved that ENP does not have 21" _ize ACCO circuits, and understand why that
approach only achieves an infinitely-often separation.

"The function fK partitions its kn-bit input into k blocks X1, Xy, . . ., xi of length 1 each, and outputs EB;“:l f(x;).



2.1.1 Review of ENP Not in ACCY

A Nondeterministic Algorithm A;r.« That Can’t Be Improved. By the NTIME hierarchy [SFM78,
7:4k83], we know there is a language L' € NTIME[2"] \ NTIME[2" /n]. Let A has be a nondeterministic
O(2")-time algorithm deciding L""d.

A “Cheating” Algorithm Apcp Trying to Speed Up A; n.ra. Assume we have non-trivial derandomization
algorithms for ACCY, i.e., there is a 2" /n“(1)-time algorithm for deciding Gap-UNSAT on ACC? circuits
of n inputs and 27" size. A key idea in [Will4, Will3] is to combine probabilistically checkable proofs
(PCPs) and non-trivial Gap-UNSAT algorithms to design a nondeterministic algorithm A4pcp that tries to
“speed up” the algorithm A hara, as follows:

* Given an input x € {0,1}", Apcp applies an efficient PCP reduction (e.g., [BV14]) to Ajhara ().
For { = n + @(logn), we obtain a verifier oracle circuit VPCP,(r): {0,1}* — {0,1} with the
following properties.

(Simplicity) VPCP, is an oracle circuit with gates for a function O: {0,1}* — {0,1}. VPCP, has
very simple structure, so that if @ is an ACCY circuit, then the composed circuit VPC P,(? is also
in ACC’.

(Completeness) If x € L2, then there is an oracle O such that Pr,c(01y [VPCPO(r) =1] = 1.

(Soundness) If x ¢ L2, then for all oracles O, Pr.co1y [VPCPY(r) =1] < 1/3.

« Next, Apcp guesses an ACC circuit C of size o, By the simplicity property, VPCPE (with oracle
C) is also an ACCY circuit of 21 size. Running the assumed Gap-UNSAT algorithm for ACC? on the
circuit D = ﬁVPCPg, we can distinguish between the case that D is unsatisfiable (which happens
for some O, if x € L") and the case that Pr,[D(x)] > 2/3 (which happens for all O, if x ¢ Lhad),
Therefore, we accept if and only if our Gap-UNSAT algorithm returns “unsatisfiable”.

Intuitively, Apcp wants to “cheat” in the computation of L' by only considering oracles of small
circuit complexity.

The ENP Lower Bound. Note that the nondeterministic algorithm Apcp indeed runs faster than 2" time:
the running time of Apcp is dominated by the running time of the non-trivial derandomization algorithm,
which is 0(2" /n). Therefore, we know that Apcp € NTIME[0(2" /)], and hence it cannot compute L2
by the NTIME hierarchy theorem.

We conclude that, for infinitely many 7, there is a “bad input” x,, € {0,1}" such that Apcp(x,) rejects
but x, € L"43 For those x,, € LM, the completeness of the PCP implies there is an oracle O such that
VPC Pfl (r) = 1 for all r, but no such oracle admits 21" gize ACCO circuit —otherwise, Apcp would have
guessed it, and Apcp(x,) would accept instead. Therefore, constructing a description of the oracle O is
tantamount to constructing a function without small ACC circuits.

We can now design the hard ENP language as follows: on an input x of length 21 + O(logn), split x
into two parts x1 and x, such that |x;| = n. Using an NP oracle, we search for the lexicographically-first
oracle O: {0,1}* — {0, 1} for the verifier VPCP,, (thatis, VF’CF’J?1 (r) = 1 for all ). Finally, we output
O(xy). If there is an x,, € {0,1}" such that Apcp(x,) rejects but x,, € L', this ENP algorithm has high
ACC? circuit complexity on input length 21 + O(log n).

8Note it is impossible that Apcp(x,) accepts but x, ¢ Lhard | ag Apcp only guesses over a proper subset of all possible
witnesses.



Input and Advice. In the above, the input x is split into two parts x1 and x,. The part x; behaves as “advice”
specifying the “bad input” on which Apcp and L2 differ. The part x, is the input to the constructed oracle
O. Luckily for us, the length of the advice is roughly the same as the input length to the oracle, so it does
not affect the hardness of the overall function. For example, a hardness result superpolynomial in |x3| is
also superpolynomial in |x1| 4 |x2], since we assumed |x1| = O(|x2])).

The NTIME Hierarchy Barrier. Let us examine the above proof outline more carefully. The analysis
shows that the language decided by our ENP algorithm is hard on inputs of length 25, provided that Apcp
and LM give different outputs when they are restricted to inputs of length 7. From the NTIME hierarchy
and the fact that Apcp € NTIME[O(2" /n)], we conclude there must be infinitely many such 7.

The above argument would yield an almost-everywhere separation, if we could show that L' and
Apcp are different on all sufficiently large input lengths. However, this would apparently require showing
NTIME[2"] ¢ i.0.-NTIME[2"/n], and such an almost-everywhere separation is a notoriously hard open
problem—it is even open whether NEXP C i.0.-NP! It seems hopeless to make progress using the above
framework, without making breakthrough progress on an almost-everywhere NTIME hierarchy.

First Observation: 4pcp Guesses Short Witnesses. Here we make an important observation that bypasses
the above barrier. For the above proof to work, L' only needs to be hard for the specific algorithm Apcp,
not necessarily all nondeterministic 0(2”/ n)-time algorithms. In other words, we do not need the full
power of an almost-everywhere NTIME hierarchy. Therefore, it is natural to examine what properties of the
specific algorithm Apcp we can exploit.

One way in which Apcp is very different from a general O(2")-time nondeterministic algorithm is that
it makes a considerably smaller number of guesses: only 27" Such restricted versions of NTIME have
been studied before, under the guise of bounded nondeterminism. We use NTIMEGUESS[t(n), g(n)] to
denote the class of languages decidable by nondeterministic algorithms using O(#(1n)) steps and guessing
at most ¢(n) witness bits. Fortnow and Santhanam [FS16] showed that when g(7) is sublinear, one can
establish an almost-everywhere NTIME hierarchy.

Reminder of Theorem 1.12. For every time-constructible function T(n) such that n < T(n) < 2poly(n),
NTIME[T(1)] ¢ i.0.-NTIMEGUESS|o(T(n)), n/10].

Trying a New Approach. A natural proposal is to apply Theorem 1.12 instead of the general NTIME
hierarchy. For that purpose, we have to choose our parameters carefully so that Apcp makes few guesses.
Let us check what happens when we rely on Fortnow and Santhanam’s almost-everywhere hierarchy instead
in our design of Apcp. Our pseudocode below will fail, but studying how to fix it will lead to a correct
lower bound proof.

1. Suppose we have a non-trivial circuit analysis algorithm (for CAPP or Gap-UNSAT) for AC CY circuits

of size 2. Setk < 1 and T(n) = 2log'n [ et Lhard be a language in NTIME[T (n)] but not
in i.0.-NTIMEGUESS[o(T(n)),n/10]. Let Ajha be an O(T(n))-time nondeterministic algorithm
deciding L.

2. Given an input x of length n, Apcp applies the PCP reduction (e.g. [BV14]) to A;jnra(x). For
¢ = log" n + O(loglog n), we obtain a verifier oracle circuit VPCP,: {0,1}¢ — {0,1}, with three
properties.

(Simplicity) VPCP, calls an oracle O: {0,1}¢ — {0,1}. VPCP, has very simple structure such
that if O is an ACCP circuit, then so is the composed circuit VPCP?.

(Completeness) If x € LM, then there is an oracle O such that Pr,c 01y [VPCPO(r) =1] = 1.



(Soundness) If x ¢ LM, then for all oracle O, Prrg{oll}z[VPCP?(r) =1]<1/3.

3. Next, Apcp guesses an ACC? circuit C of size 2 < o(n) (since k < ¢ 1). Note that VPCP% is also
an ACCO circuit of 2°() size, by the simplicity property. Then, we use our non-trivial circuit analysis
algorithm to estimate the acceptance probability of VPC Pf() and accept if and only if the estimate
is>1/2.

This new Apcp runs in o(T(n)) time, and guesses at most 7/10 bits of witness, so its language is
in NTIMEGUESS[o(T(n)),n/10]. Hence, for all large enough n, there is an x, € {0,1}" such that
x, € LM while Apcp rejects x,,. Consequently, by a similar analysis as in Section 2.1.1, we have: (1)
there is an oracle O such that VPCP (r) = 1 for all r, and (2) no such oracle has 2* size ACC? circuits.

Therefore, for all large enough 7, there is an x,, € {0,1}" such that the lexicographically-first correct
oracle O,,: {0,1}/() — {0,1} for VPCP, does not have 2¢(")° size ACCY circuits. On input x of length

/k
m, we can set 1 ~ 2" so that £(n) = m, use an NP oracle to find the O, and output O, (x).

A Problem of Input and Advice. The above plan sounds nice, but there is a major problem: we now need
a much longer advice! Following the Section 2.1.1, on an input x of length #, we must split x = x1x, such
that |x,| ~ log T(|x|) ~ log®(n), use x; as advice to specify the “bad input”, construct the oracle O for
PCP and finally outputs O(x3). In this way, we can only obtain a hardness of 212" < 11/10, which becomes
a trivial lower bound compared to the input length 7.

Solution: A ‘Refuter’ Algorithm for Theorem 1.12. As discussed above, we cannot afford appending
X, to the end of the input as in Section 2.1.1. Therefore, in order to make sense of the above proposal,
we have to generate the required x, ourselves. Our key observation is that, since we are proving lower
bounds for ENP anyway, we can also try to use an NP oracle to algorithmically find the desired x,, such that
APCP(xn) 7& Lhard (xn)’ given n.

To this end, we introduce the concept of a refuter R. For our purpose, R is a deterministic algorithm
with access to an NP oracle which takes as input the (code of) a nondeterministic algorithm .4, and 1" for
n € IN, with the promise that A runs in o(T (1)) time and guesses at most 72/10 bits of witness. For all
large enough 7, R outputs a string x, € {0,1}" such that A(x,) # L"9(x,). We call such an algorithm
a refuter for L', since it can explicitly refute any faster algorithm A attempting to decide LM,

How can we construct a refuter R? A natural idea is to enumerate all input strings of length n, then use
an NP oracle to find the first x € {0,1}" such that A(x) # L"¥9(x). This algorithm can find the required
input x, correctly since such an x, exists by Theorem 1.12. However, this method is extremely inefficient,
having running time Q)(2").

Open Up The Black Box! We observed that the hard language L"¢ established by Theorem 1.12 is quite
special. Given its structure, we can indeed design a algorithm which binary-searches over all inputs of length
n to find the desired x,,. With a careful analysis of the L""d language, we design a refuter for L""¢ that runs
in time O(T(n) -log(2")) < O(n - T(n)).

Our final ENP algorithm with a SAT oracle works as follows. On an input of ylength m, setn ~ 2" 5o
that £(n) = m, invoke the refuter to find an input x, € {0, 1}" such that Apcp(x,) # L"(x,), then use
the SAT oracle to find the lexicographically-first oracle O: {0,1}™ — {0, 1} such that VPCPxOn (r)y=1
for all 7. Finally, our algorithm outputs O(y). The running time can be bounded by O(T(n) - n) ~ 2™
with the help of the SAT oracle. It is not hard to see that the language decided by this ENP algorithm will be
almost-everywhere hard for 2" size ACCO circuits, which completes the proof.

Finally, we end this subsection by providing some intuitions on how the refuter for Theorem 1.12 is
constructed.



The A.E. NTIME Hierarchy. Before explaining our refuter, it is instructive to review the proof ideas of
Theorem 1.12.

Let A be an NTIMEGUESS[o(T (1)), n/10] machine. We define a new algorithm B based on A and
show that A fails to compute B on all large enough input lengths. Specially, B works as follows: On an
input x of length n, B rejects immediately if A rejects the witness (the 7 /10-bit prefix of) x on input 0".
Otherwise, BB simply outputs .A(x + 1). Here x + 1 denotes the lexicographically next string after x. If
there is no such x + 1 (i.e., x = 1™), B just outputs 1.

One can check that 53 runs in NTIME[T(n)]. Now we fix a large enough 7, and suppose for the sake of
contradiction that A(x) = B(x) for every x € {0,1}". (That is, A is a speed up version of 3.) There are
two cases depending on the value of A4 (0"):

1. A(0") = 1. Consequently, we also have B(0") = 1. This is only possible if B accepts every input of
length 1, which implies, by the definition of B, that A rejects every witness on the input 0”. Hence it
follows that A(0") = 0 and consequently B3(0") = 0 as well, a contradiction.

2. A(0") = 0. Since now A rejects every witness on the input 0", we have B(0") = B(0" +1) =
-+ = B(1") = 1 by the definition B3, a contradiction to the assumption that 5(0") = .4(0").

The above B is only hard for .A. To design a hard language against every NTIMEGUESS[o(T' (1)), n/10]
algorithm, we can add the description of that algorithm as part of input, which only adds a minor overhead.
That is, the new algorithm Bygrap interprets the first log 7 bits as the code of an NTIMEGUESS|[o(T (1)), n/10]
machine, and the rest being the witness mentioned in the definition of B above.

Constructing the Refuter. The above proof is nonconstructive (in the sense that it does not tell us on which
input A and B differ) since it is a proof by contradiction. Our observation here is that the definition of
the algorithm B allows us to consider a linear ordering of all inputs of length 7 (formed lexicographically,
string x is followed by x + 1). Let us focus on the second case above that A(0") = 0 (the first case can be
handled similarly, see the proof of Theorem 4.6 for details). Since A rejects every witness on input 0", we
have B(x) = A(x + 1) for every x, except for B(1") = 1.

Consider the following list of outputs .4(0"), A(0" +1),...,.A(1"), B(1"). Since the first and last
outputs differ, one can use a binary search to find two adjacent different elements with O(log(2")) < O(n)
queries to the list (see Lemma 4.4 for details). This is exactly what we want, since A(x) # A(x+1)
means A (x) # B(x). Finally, an access to the above list can be simulated by an NP query, and we obtain
the desired PNP refuter.

Generalization to Other Lower Bounds. Our refuter framework is general enough that many similar ENP
lower bound proofs (based on Williams’ algorithmic paradigm) can be adapted to the almost-everywhere
setting as well, e.g., the construction of rigid matrices in [AC19, BHPT20] and the probabilistic degree
lower bound in [Vio20]. See Section 8 for details.

2.2 Strong Average-Case Hardness Lower Bounds via a New XOR Lemma

In this subsection, we first explain why it is difficult to prove strong average-case lower bounds for ACCY,
and then show how we get around previous barriers with an improved XOR Lemma based on approximate
linear combinations of circuits.

The Hardness Amplification Barrier. The traditional approach to average-case lower bounds is through
hardness amplification, which ultimately aims to show how worst-case lower bounds imply average-case
lower bounds. The key barrier to proving stronger average-case lower bounds for ACCY (or even AC’ 2])
is the lack of an appropriate hardness amplification theorem for both classes. It is known that proving such
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an amplification theorem requires computing majority [SV10, GSV18]. That is, to establish strong average-
case lower bounds for ACC, one apparently needs to start with at least a worst-case MAJORITY o ACC?
lower bound, which seems as hard as proving strong the average-case lower bounds for ACCY itself.

In arecent work, Chen and Ren [CR20] managed to bypass the above barrier and prove a strong average-
case lower bounds for NQP against ACCY, via a sophisticated win-win argument. However, this argument
fails to achieve either almost-everywhere separations or sub-exponential hardness due to inherent limitation.
Since the knowledge of [CR20] is not required to understand our new approach, we defer the discussion on
the limitations of the techniques of [CR20] to the end of this subsection.

We show it is possible to remove the win-win argument. By directly applying a new XOR Lemma, we
can prove almost-everywhere strong average-case lower bounds of sub-exponential hardness.

Algorithms and Lower Bounds for (Approximate) Linear Sums of 4. The key concept behind the
new XOR Lemma is that of linear combinations of circuits. Here we recall their definition (from [Will8b,
CW19, CR20]). Let % be a class of functions from {0,1}" — {0,1}. Wesay L: {0,1}" — RisaSumo %
circuit, if L(x) := Y!_; a; - Ci(x), where each a; € R and each C; € €. We define the complexity of L to
be max (Y}_ |a;], Xi_q SIZE(C))).

We say f: {0,1}" — {0,1} admits a Sums o ¢ circuit, if there is a Sum o ¢ circuit L: {0,1}" — R
such that |L(x) — f(x)| < ¢ for all x. We set 6 = 1/3 by default when it is omitted. We also use the
notation Sum o ACC? to denote the class of languages which can be computed by a Sum o ACC circuit
family of polynomial complexity.

For us, the most important aspect of linear combinations of circuits is that they can preserve algorithms.
For example, if there are non-trivial algorithms solving #SAT for ¢, then we can compute [E,[L(x)] as
Yi_ja; - Ex[Ci(x)], where Ex[C;(x)] is computed by solving #SAT for C; € %. Hence, if a Boolean

function f has a Sum; o ¢ circuit L, then

E[f(x)] = E[L(x)] < max|f(x) = L(x)[ < 0. (1)

Therefore, we are able to estimate the acceptance probability of f in non-trivial time using non-trivial
#SAT algorithms for ¢". With the above observation, [CW19] applied the non-trivial #SAT algorithms for
ACC? in [Wil14] to obtain a non-trivial CAPP algorithm for Sum o ACCY, from which they proved ENP

cannot be computed by Sum o ACC? circuits of 27" complexity.

2.2.1 Our Contribution: Direct Hardness Amplification With a Non-Standard XOR Lemma

As mentioned earlier, prior win-win arguments fail to achieve almost-everywhere separations (see Sec-
tion 2.2.2 for details). Can one avoid a win-win argument and establish average-case hardness directly?

We show this is possible! Starting from a “/1-approximation lower bound” against Sum o ACCO cir-
cuits (slightly stronger than {-inapproximability), we show how strong average-case lower bounds can be
established directly by applying a new non-standard version of the XOR Lemma (recalled below).

A Non-Standard XOR Lemma: For a Boolean function f and § < 1/2, if there is no Sum o ¢ circuit
C: {0,1}" — [0, 1] of complexity poly(s, 1/, 1) such that E, g1} [C(x) — f(x)| < 4, then K cannot
be (1/2 + 1/s)-approximated by s-size ¢ circuits, for k = © (67! logs).

Note that we only consider circuits C such that C(x) € [0, 1] for all x, which is crucial in our proof. We
denote the class of such circuits as [0, 1]Sum o €.

{1 Approximation Bounds Against Sum o %. Building on prior work on Sum o € circuits ([CW19, CR20))
with modifications, we show there is a function f € ENP that cannot be approximated by [0, 1]Sum o ACC?
within a small constant ¢; distance. Applying the new XOR Lemma above, we can establish an almost-
everywhere strong average-case lower bound for ENP against ACC.
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The proof is involved, but the key insight is to see that inapproximability lower bound argument in (1)
does not require the circuit L to approximate f on every point. That is, suppose f is a Boolean function and
L: {0,1}" — Ris a Sum o % circuit satisfying Ey |L(x) — f(x)| < J. In such a case, we say that f can
be ¢1-approximated by L within distance J. Note we still have that

E[f(x)] - E[L(x)] < E|f(x) - L(x)| <.
Let us use S/uTn(; o % to denote the class of Boolean functions which can be ¢1-approximated by / a family
of Sum o ¥ circuits within distance J. By the above reasoning, non-trivial CAPP algorithms for Sums o €
still follow from non-trivial #SAT algorithms for € circuits! In spirit, this means we should be able to prove

lower bounds against S/uﬁ(; o ACCY, as we have a non-trivial CAPP algorithm for them (thanks to the #SAT
algorithm for ACCY of Williams [Will4]).

Intuition for the New XOR Lemma. Now we sketch how the new XOR Lemma is proved. It is based on
a careful examination of Levin’s proof of the XOR Lemma [Lev87]. Let ¢ = ¢ = % (1 =)k, We will
prove the contrapositive, i.e., if f @k can be (1/2 + ¢)-approximated by a & circuit C of size s, then we can
construct a [0, 1]Sum o € circuit of complexity O(s - n - =) which ¢;-approximates f within error O(6).

The proof is by induction on k. For the case k = 1, we can take the [0, 1]Sum o € circuit to be the
circuit C itself. For the case k > 1, we argue as follows. For an input x to ¥, we write x = yz such that
ly| = nand |z| = (k —1)n. Foreach y € {0,1}", we consider the quantity:

T(y) =Pr[f*(y,2) = C(y,2)] @)
=Pr[f*"V(z2) = f(y) & C(y,2)] 3)
=Prlf(y) = C(y,2) & f*EV(2)). )

That is, T(y) measures (2) how well C(y, z) approximates f“* when the first input is fixed to y; (3) how
well f(y) @ C(y, z) approximates f®(*~1); (4) how often does C(y, z) @ f®* =1 (z) correctly predict f(y),
when z is uniformly random. By (2) and our assumption on C, we have

E[T(y)] = Prlf*(y,2) = C(y,2)] = 1/2+-e

Now there are two cases.

1. Some T(y) is far from 1/2. Suppose there is a y € {0,1}" satisfying |T(y) — 1/2| > ¢/(1 — 9).
By (3), f®*=1)(z) can be computed correctly by either f(y) @ C(y,z) or by its negation on at least a
1/2+¢€;/(1 —6) = 1/2 + g4 fraction of inputs (we treat y as fixed in the circuit). That is, this case can
be reduced to the case of k — 1.

2. All T(y)’s are close to 1/2. This is the more interesting case. Suppose |T(y) —1/2| < ¢/(1 — ) for
every y. Consider the following algorithm A trying to predict f(y) for every y: take a uniformly random
sample z € {0,1}*~1" and output C(y,z) @ f®*1(z). For each y, by the interpretation (4), it follows
that A(y) predicts f(y) correctly with probability T (y).

To ease our later discussion, in the following we specify a natural bijection between functions from
{0,1}" — [0, 1] and probabilistic functions on {0, 1}" with outputs in {0,1}. For a probabilistic function
F:{0,1}* — {0,1}, we define Ir such that Ir(x) := Pr[F(x) = 1]. Conversely, for a function
f:{0,1}"" — [0, 1], we define IPf such that IP¢(x) outputs 1 with probability f(x), and 0 otherwise.

In the following, we define the correlation of two functions g, /: {0,1}" — [0,1] as

Cor(g h)i= E_[(2g(x)—1)- (2h(x) —1)]. )

x<{0,1}"
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Note that for two functions g: {0,1}" — [0,1] and hi: {0,1}" — {0, 1}, we have

Cor(g, h) = Pr[Pg(x) = h(x)] — PrPg(x) # h(x)] = 2Pr[IPg(x) = h(x)] - 1.
The following two properties of A are crucial for us:

1. The algorithm A has a non-trivial correlation with f(y). More precisely, Cor(I 4, f) > 2e since
Cor(lLy, f) = 2 Pry[A(y) = f(y)] — 1 = 2B, [T(y)] ~1 > 2.

2. On each input y, the algorithm A has little bias on its output. That is, I4(y) € [1/2 —¢/(1 —
0),1/2+¢/(1—9)] for every y.

By a random sampling and applying a Chernoff bound, we can use a sum of O((ed) =2 - n) € circuits
to approximate I 4 (x) within an additive error of &4 for every input x. We call this new Sum o € circuit D.
The following two properties of D follow from the above two properties of A.

1. The circuit D and the function f(y) have a correlation larger than 2¢ - (1 — §). That is, Cor(D, f) >
2e-(1—9).

2. Forevery inputy, D(y) € [1/2 —¢,1/2 +¢€]. (Note that e + ¢/ (1 — §) = ¢.)

Now, observe that both of the bias on every input and the total correlation are all roughly &, we can
finally scale D properly to obtain a [0, 1]Sum o & circuit D’, which has a correlation larger than (1 — §)
with f. Formally, we define D’ so that

D/(y) = L PW 12

The second property of D implies that D’ is a [0, 1]Sum o € circuit. And the first property of D implies that
D’ has a correlation (1 — &) with f (due to the definition (5)), which further implies that D’ ¢;-approximates
f with error O(6). For the precise calculation, we refer to Appendix A.

2.2.2 An Indirect Argument for Average-Case Lower Bounds and its Limits [CR20]

In the remainder of this technical overview, we discuss an indirect hardness amplification argument (from
ENP ¢ Sum o ACC? to strong average-case lower bounds for ENP against ACC®) which captures the key
insight in [CR20]. Our primary goal here is to highlight inherent barriers in this argument.

Lemma 2.1 (Win-Win Hardness Amplification). ENP cannot be (1/2 + 1/poly(n))-approximated by
ACC? circuits.

Proof Sketch. [CR20] consider a very structured NC!-hard language F € P with the following special
property: If F,, can be (% + ¢)-approximated by ¢ circuits of size S, then F, can be exactly computed by

Sum o € circuits of complexity poly(S,1/¢). Now the win-win argument goes as follows:

« Case 1: F is average-case hard. If F € P cannot be 1/2 + 1/poly(n)-approximated by ACC®
circuits, we are already done.

« Case 2: F is average-case easy. If F can be 1/2 + 1/poly(n)-approximated by ACC circuits,
then by the properties of F, NC! is contained in Sum o ACC’. Then, it must be that ENP is not
in NC!, as ENP ¢ Sum o ACCY. Applying the XOR Lemma, we conclude that ENP cannot be
(1/2 4 1/poly(n))-approximated by NC! circuits, and hence neither by ACC’. O
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Combing with the worst-case Sum o ACC? lower bounds in [CW19], the strong average-case lower
bound for ACC? follows immediately. There are two inherent barriers to this win-win approach.

An Infinitely-Often Barrier. The win-win argument can only yield infinitely-often lower bounds, even
assuming an almost-everywhere Sum o ACC? lower bound for ENP. In the first case, we only conclude that
F is average-case hard on infinitely many input lengths. To make F in the first case almost-everywhere hard,
we have to consider the cases (1) F is almost-everywhere average-case hard, and (2) F is infinitely-often
average-case easy. But case (2) only implies a collapse from NC! to Sum o ACC? on infinitely many input
lengths. We cannot hope to establish an almost-everywhere average-case lower bound from that.

A Half-Sub-Exponential Barrier. The second barrier is subtler. Suppose for a function ¢ we want to
establish a 1/2 + 1/g(n) average-case lower bound against g(n)-size ACC circuits. A careful analysis

shows that ¢(g()°M)) < 2" meaning g is half-sub-exponential.?

3 Preliminaries

3.1 Complexity Classes and Basic Definitions

We assume knowledge of basic complexity theory (see [AB09, Gol08] for excellent references). In partic-
ular, we assume familiarity with basic complexity classes such as P, NP, ENP ACO, ACO[m], ACCO, and
basic types of circuit gates AND, OR and MOD,,,. We will also use AC°[@] to denote AC°[2].

Recall that Majority, denoted as MAJ: {0,1}* — {0,1}, is the function that outputs 1 if the number
of 1s in the input is at least the number of Os, and outputs O otherwise. A linear threshold function (LTF)
is a function ®: {0,1}" — {0,1} of the form ®(x) = sign((x, w) — @) where w € R" and (x, w) is the
standard inner product over IR. We use THR to denote the class of linear threshold functions.

Let F € {AND, OR, MOD,,, MAJ} be a gate type, and € be a circuit class. We use € o F to denote the
composition of ¢ with F: every € o F circuit D can be described as D(x) = C(f1(x),..., fs(x)) where
C is a € circuit, and f; are F gates. Similarly, we use F o ¢ to denote the composition of F with ¢": every
(F o ) circuit D can be described as D(x) = f(Cy(x),...,Cs(x)) where C; are € circuits, and f is a F
gate.

We say a circuit class € is typical, if given the description of a circuit C of size s, for indices i,j < n
and a bit b, the functions

-C, C(x1,...,%i-1,X] ®b,xi11,..., %), and C(x1,...,%_1,b,Xi1,..., Xn)

all have ¢ circuits of size s, and their corresponding circuit descriptions can be constructed in poly(s) time.
That is, € is typical if it is closed under both negation and projection.
We also study linear sums of € circuits.

Definition 3.1. Sum o ¢ denotes the set of circuits: every C € Sum o % can be described as C(x) =
Y. &; - Ci(x) where each a; € R and each C;(x): {0,1}" — {0,1} is a ¢ circuit. Moreover, if C satisfies
the promise that C(x) € [0,1] for all x € {0,1}", we also say C is a ([0, 1]Sum o %) circuit.

The size of C is defined as the total size of each C;: |C| = Y;|Ci|. The complexity of C is defined
as max(|C|,Y; |a;i|). We use [0,1]Sum o €[S(n)] to denote the set of functions can be computed by
[0,1]Sum o € circuits of complexity S(n).

9 As before, consider two cases: If F cannot be (1/2 4 1/g(n))-approximated by g(1)-size ACC circuits, we are done. If F can
be 1/2+1/g(n) approximated by g(n)-size ACCY, then NC! collapses to poly(g(n)) size Sum o ACCP circuits. Recalling ENP
cannot be computed by 27" ize Sum o ACC? circuits, it follows that ENP cannot be computed by s-size NC! circuits such that
poly(g(s)) = 2" and this can be amplified to (1/2 + 1/ average-case lower bounds against s(1)-size ACC? circuits.
Since the unconditional lower bound at the end is the minimum of g(n) and s, we want s = g(n), which forces g(g(1n)°(1)) <

o(1)

20,
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3.2 Elementary Properties of Norm and Inner Product

We recall some properties of norms and inner products of functions on the Boolean cube, which will be
useful. For a function f: {0,1}" — R, we define its £,-norm as || f||, = (Ex~y, [1£(x)]P])"P. The leo-
norm of f is defined as the maximum absolute value of f: || f||c = maxycgg1}» [ f(x)]. For two functions
f,g:{0,1}" — R, we define their inner product as (f,g) := E,y, [f(x) - g(x)]. Note that the Cauchy-
Schwarz inequality implies |(f, )| < ||fl2 - ||gl|2- In particular, || f||1 = (|f|,1) < ||f||2 where 1 is the
constant-one function.

Throughout this paper, we will use the notion of approximating functions within ¢;-distance, we state
the definition below.

Definition 3.2. Given 6 € [0,1] and a function f: {0,1}" — {0,1}, we say a real-valued function
¢:{0,1}" — {0,1} (1 — ¢)-approximates f within ¢1-distance if || f — g|l1 = Excu, [|f(x) —g(x)]] < 4.
Specially, when g is Boolean function, the approximation is consistent with the usual approximation, that

is, Py, [f (%) # g(x)] = |f — gl < 0.

3.3 Pseudorandom Generators

We consider different types of Pseudorandom Generators (PRG).

Definition 3.3. Let S,/: N — N and e: N — (0,1) be functions, where S, ¢, ¢ denote size, seed length
and error respectively. Let € be a circuit class. A function G: {0,1}* — {0,1}* is a pseudorandom
generator (PRG) with seed length ¢ (n) that e-fools € circuits of size S, if for every ¢ circuit C: {0,1}" —
{0,1} of size S(n),

e e =1 P [0 =1]| < en) ®)

If (6) only holds for infinitely many lengths #, then we say G is an infinitely often PRG (i.0. PRG).
We also consider “nondeterministic pseudorandom generators” (NPRGs).

Definition 3.4. Let S,/: IN — N and e: IN — (0, 1) be functions, and € be a circuit class. Let M(x,y)
be a deterministic Turing machine. We say M is a nondeterministic pseudo-random generator (NPRG) with
seed length £(n) that e-fools € circuits of size S if following holds:

1. On every input x € {0,1} and y € {0,1}2""”, M(x,y) either rejects or outputs a string, and
whether M(x, y) rejects depends only on |x|, y (and not on x).

2. If M(x,y) does not reject, then there is a function G,: {0,1}/™) — {0,1}" such that for every €
circuit C of size S,

xe{gf}m[C(Gy(")) =1] - Zeg)ﬂ}n [C(2z) =1]| <e(n),

and M(x,y) outputs G, (x) in nondeterministic 20(¢(m) time.
3. There is at least one input y such that M(x, y) does not reject.

If the above conditions only hold for infinitely many integers #, then we say M is an infinitely often NPRG
(i.0. NPRQG).
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Although an NPRG in general does not output the same PRG in its different nondeterministic branches,
it could useful for many tasks such as derandomizing MA. The concept of NPRG is implicit in [IKW02],
and is used explictly in [CMMW 19, Chel9, CR20].

We will use two standard PRG construction from literature. The first is the famous Nisan-Wigderson(NW)
PRG ([NW94]), which uses a (presumably hard) function f in its design. Recall that Juntay is the family of
k-juntas, i.e. functions that only depend on k input bits. The key property of the NW PRG is that, given a
% circuit that breaks the NW PRG based on some hard function, the complexity of approximating that hard
function is ¢ o Junta, for some parameter a. Therefore, in order to fool ¢ circuits, the hard function f used
by the NW PRG needs to be hard to approximate by % o Junta, circuits.

Lemma 3.5 ((NW94]). Let m,{,a be integers such that a < {, and t = O({? - ml/“/a). Let € be a
typical circuit class. There is a function G: {0,1}* x {0,1}* — {0, 1}* such that the following hold. For
any function Y: {0,1}* — {0,1} represented as a length-2" truth table, if Y cannot be (1/2 + e/m)-
approximated by € o Junta, circuits (where the top € circuit has size S), then G(Y,U;) '° e-fools every €
circuit (of size S). That is, for any € circuit C (of size S),

Pr [C(G(Y, =1- Pr [C(x)=1|]|<Le
P [C(Gs) =1 = Pr [C0x) =1]| <

Moreover, the function G is computable in poly (m,2') time.

We also need the following construction of PRG from [Uma03]. Roughly speaking, it shows that if a
function f is hard against general circuits of a certain size, then f can be used to produce a powerful PRG.

Lemma 3.6 ((Uma03]). There is a universal constant § and a function G: {0,1}* x {0,1}* — {0,1}*
such that, for every s and Y: {0,1}* — {0,1}, if Y cannot be computed by (general) circuits of size s,
then G(Y, ngg) 1/s-fools (general) circuits of size s. That is, for all circuit C of size at most s, it holds:

Pr [C(Y,x)=1]— Pr [C(x)=1]|<
xe{oﬁ}@[( 0=1-_ P [Cx=1]

©» | =

Furthermore, G is computable in poly(|Y|) time.

3.4 Hardness Amplification

Hardness Amplification is crucial in our strong average-case lower bounds proof. We state our non-standard
XOR lemma below. It is a careful adaption of Levin’s proof of Yao’s XOR Lemma [Lev87, GNWO95]. The
proof is presented in Appendix A.

Definition 3.7. Let f: {0,1}" — {0,1}, and let k > 1 be an integer, define the function f*¥: {0, 1}}" —
{0,1} tobe f&*(xy, ..., xx) := @1<i<kf(x;), where x; € {0,1}" for every i € [K].

Lemma 3.8. Let f: {0,1}" — {0,1} be a boolean function. Let § < %, For any k > 1, let gy = (1 —
5kt (% — 8). If f cannot be (1 — &)-approximated in {1 distance by [0,1]Sum o € circuits of complexity'!

O (ﬁ), then f% cannot be (% + &k )-approximated by € circuits of size s.

1024,, denotes uniform distribution over {0,1}™.
URecall complexity of a Sum o € circuit C = ¥; a;C; is defined as max(Y; SIZE(C;), ¥; |a;]).
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We remark that Lemma 3.8 implies Theorem 1.14: In order to establish (1/2 4 1/s)-inapproximability
result, it suffices to set k so that g < 1/s. Since g = (1 — )" 1(1/2 — J), we can choose k <
O(log(lfé) (1/5)) < O(6 'logs).

For brevity, we also say f cannot be (1 — &)-approximated by, or is d-far from low-complexity [0, 1]Sum o
¢ circuits in ¢1-distance, if the above condition for f holds.

We also need standard worst-case to strong average-case hardness amplification. We refer to [STVO1]
for an excellent exposition.

Lemma 3.9 ([STVO1]). There is a constant ¢ > 1 such that, for any time-constructible function S(n)
and every f: {0,1}" — {0,1} that does not have (general) circuits of size S(n). There is a function
g: {0,1}°0) — {0,1} that cannot be (1/2 4 S(n)~/¢)-approximated by circuits of size S(n)'/¢. Fur-
thermore, given the 2"-length truth table of f, the truth table of g can be constructed in 2001 time.

3.5 Probabilistically Checkable Proofs
We need two probabilistically checkable proof (PCP) systems from [BV14, CW19]. We state them below.

Lemma 3.10 ([BV14]). Let M be an algorithm running in time T = T(n) > n on inputs of the form (x,y)
where |x| = n. Given x € {0,1}", one can output in poly(n,log T) time circuits Q: {0,1}" — {0,1}"
fort = poly(r) and R: {0,1}} — {0,1} such that:

* Proof length. 2" < T - polylogT.

« Completeness. Ifthere isay € {0,1}T") such that M(x, y) accepts then there is amap v {0,1}" —
{0,1} such that for all z € {0,1}, R(7t(q1),...,7t(q:)) = 1 where (q1,...,q:) = Q(z).

« Soundness. Ifnoy € {0,1}7") causes M(x,y) to accept, then for every map 7 {0,1}" — {0,1},
at most nzT’O distinct z € {0,1}" have R(7t(q1),...,7t(qt)) = 1 where (q1,...,q:) = Q(2).

o Complexity. Q is a projection, i.e., each output bit of Q is a bit of input, the negation of a bit, or a
constant. R is a 3CNF.

Note that this is an exremely efficient PCP: the 3CNF R and the projection Q collectively form the ver-
ifier for the PCP. The following lemma from [CW19, VW20] is a slight modification of the probabilistically
checkable proof of proximity (PCPP) system in [BGH ™ 06].

Lemma 3.11 ([(CW19, VW20]). There are constants 0 < Spcpp < Cpcpp < 1 and a polynomial-time
transformation that, given a circuit D on n inputs of size m > n, outputs a 2-SAT instance F on the
variable set Y U Z where || < poly(n),|Z| < poly(m), and the following hold for all x € {0,1}":

e If D(x) = 1, then F‘y:Enc(x) on variable set Z has a satisfying assignment Z, such that at least

Cpepp-fraction of the clauses are satisfied. Furthermore, there is a poly(m) time algorithm that given
X outputs Zy.

e If D(x) = 0, then there is no assignment to the Z variables in F‘y:Enc(x) satisfies more than Spcpp-
fraction of the clauses.

Moreover, the number of clauses in the 2-SAT instance F is a power of 2, and for each i € [|)
is a parity function depending on at most n /2 bits of x.

], Enci(x)
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3.6 Non-trivial #SAT Algorithms

In this paper we will make use of the following non-trivial #SAT algorithm for ACC® o THR.

Theorem 3.12 ([Will8a)). For every d,m € N, there is an ¢ = €(d,m) > 0 such that the number of
satisfying assignments to a 2" -size n-input ACS [m] o THR circuit can be counted deterministically in =
time.

4 Refuter for A.E. NTIME Hierarchy with Sublinear Witnesses

In this section we prove a key technical ingredient of this paper: an almost-everywhere sublinear witness
NTIME hierarchy with a refuter algorithm (Theorem 1.12). We begin with some notation in Section 4.1.
In Section 4.2, we define the hard language AES and prove Theorem 1.12. In Section 4.3, we construct the
corresponding refuter for Theorem 1.12. In Section 4.4, we discuss an adaptation to the “robustly often”
lower bound of [FS11], which will be useful in the construction of rigid matrices.

4.1 Preliminaries

First, we recall the definition of the class of languages decided by nondeterministic algorithms with bounded
nondeterminism.

Definition 4.1. Given two non-decreasing and time-constructible functions T(1), g(n), we define
NTIMEGUESS[T (1), ¢(1)]

to be the class of languages decidable by nondeterministic algorithms running in O(T(n)) steps and guess-
ing at most g(n) bits as witness.

We fix a natural enumeration of all (multitape) nondeterministic Turing machines. Note that the specific
model does not really matter, see the discussion in [Will3], Section 2.1. We use the integer M to denote
the M-th nondeterministic Turing machine in the enumeration. For simplicity, we assume all machines are
random-access machines in the following.

For a nondeterministic Turing machine M, an input x, and a witness z, let V(x, T, z) denote the result
of running M on the input x for at most T steps with witness z. More precisely:

J VM(x, T,z) =L if the simulation fails. That is, either (1) M does not stop after T steps, or (2) M
guesses more than |z| bits during the simulation.

¢ Otherwise, if the simulation succeeds, Vi (x, T, z) = 1if M accepts x with witness z, and Vp(x, T, z)
0 otherwise. (It is possible that M only uses a prefix of z as the witness.)

Note that for an M using o(T(n)) time and g(n) guesses, we have
M(x)=1< \/ Vu(x,Tn)w)=1.
we{0,1}8M

We also need a standard encoding of two integers and a Boolean string. Given M,n € IN and z €
{0,1}*, we encode them by
(M, n,z) = 1M1("=M=2=l)qz,

Note that we require n > M + 2 + |z| for the encoding to be valid. Observe that | (M, n,z)| = n. Given an
input x € {0,1}*, one can unambiguously determine the triple M, 1, z such that (M, n,z) = x, or that x is
not a valid encoding of any triple.

18



4.2 Almost-Everywhere NTIME Hierarchy with Sublinear Witness Length

To provide more intuition for our results, we first prove the following almost-everywhere NTIME hierarchy
theorem of Fortnow and Santhanam [FS16].

Reminder of Theorem 1.12. For every time-constructible function T(n) such that n < T(n) < 2Py(n),
NTIME[T(1)] ¢ i.0.-NTIMEGUESS[o(T(n)), /10].

An Almost-Everywhere Diagonalizing Language. We start by defining a language constructed by diag-
onalization (adapted from [FS11, FS16]), which is used as the hard language in Theorem 1.12. Later in
Section 4.3, we will construct an efficient refuter for this language as well.

Definition 4.2. For every time-constructible function T (1) such that n < T(n) < 2PV we define a
nondeterministic algorithm A;gs as follows:

* Given an input x, parse it as x = (M, n,z), and reject immediately if there is no valid parsing, or if
|z| #n/10.12

. .AES accepts x if and only if both of the following hold:

— M rejects (M, n,0"/19) in T(n) steps with witness z. That is, V1 ((M, n,0"/1%), T(n),z) = 0.

— (This condition is only required for z # 1"/10) M accepts (M, 1,z + 1) in T(n) steps while
guessing at most 71/10 bits.'3

By the construction above, it is clear that Alg is an NTIME[T ()] algorithm.

The following list of inputs {le’(n)} greatly simplifies our discussion and the proof. For clarity, let

w%n), wén), ceey wg:/)m be the list of all 2"/10-]ength binary strings, sorted in lexicographical order. We define

M)

= (M, n, wf")>.

When M is clear from the context, we omit the superscript M, and use xl.(n) to denote le’(n) . Note that

(n)

when the encoding is valid, all strings x;"* have length exactly n.

The following lemma summarizes the behavior of Afs on the strings in the list {le’(")} when M is an
NTIMEGUESS[o(T(n)),n/10] algorithm, which will be used frequently in the rest of the section.

Lemma 4.3. Suppose M runs in o(T(n)) time and guesses no more than n/10 bits of witness. For every
sufficiently large n and i € {1,...,2"1°} we have'*

(n) (n) ; 1/10
n Vum(x;/, T(n),w AN M(x; 1<i<?2
AFS(XZ-( )) = {[ ( 1 ( ) ] ( ! ) !

] i =2n/10,

Proof. Since M is an NTIMEGUESS[o(T (1)), n/10] algorithm, for every sufficiently large n, the algo-

rithm .AES can simulate M faithfully on the entire collection of inputs {xl.(”) }. The conclusion follows from
the definition of Afs. O

leere, and in the rest of this section, 7,/10 means \_n/le when 7 is not a multiple of 10.

13We use z + 1 to denote the lexicographically next string after z in {0,1}"/10,

141n the following, we use the Iverson bracket notation where for a Boolean-valued predicate P, [P] = 1 if P is true and [P] = 0
otherwise.
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Now we turn to the proof of Theorem 1.12.

Proof of Theorem 1.12. It suffices to show that L(AL) ¢ i.0.-NTIMEGUESS|o(T(n)),n/10], i.e., the
language decided by Al cannot be decided in o(T(n)) time with at most 7/10 nondeterministic guess
bits.

Let M be an NTIMEGUESS|o(T (1)), n/10] machine. We will show that for every sufficiently large 1,
the machine M and A[g cannot agree on all inputs in {0,1}".

So for the sake of contradiction, suppose for large enough n that M(x) = Ags(x) holds for all x €

{0,1}". In particular, this means for all i € [2"/10], we have Ags(xf”)) = M(xz-(")).
Consider one special input: xgn) = (M,n, w§”)>. We consider the two possible outputs of Ags(xgn)),

and show that both of them lead to a contradiction.

* Case 1 AFS(xl ) = 1. By assumption, M(x1 ) .A,:S(x1 ) = 1. We show that M(xf”)) =

Al (x; )) =1 for alli € [2”/ 10] by induction on i. The base case of i = 1 is already established.

(n)

+1) =1 as well,

Assuming Al ) ) = 1, it is easy to see from Lemma 4.3 that M(x

M(x]"
hence also AL ( ) M(x; i ) = 1 by assumption.
)

We conclude that AL ( = 1foralli € [2"/10], which in turn implies (by Lemma 4.3)

foralli € [2”/10], VM(x§”), T(”)/wl(n)) =0.

This means that M on xgn) rejects every possible witness, and hence Ags(xgn)) =M (xgn)) =0,a

contradiction.

* Case 2: A,@S(xgn)) = 0. By assumption M(xi”)) = 0. That is, M on xin) rejects every witness,
which means

foralli € 27719, Vy(x\", T(n), ") = 0. %

By Lemma 4.3, we have M(x 2n/m) = AL (x 2,1/10) = 1. By a backward induction (from i = 2""/10
)

down to i = 1) it follows that M(x Z(” = Al (x Z(n)) = 1forall i € [2"/10]. The base case of
i =210 g already established.

Assummg M( ) Al (x; (m) ) = 1, it is easy to see from (7) and Lemma 4.3 that M(xl(f)l) =
Al ( ) = 1 as well. Therefore, by a backward induction, we conclude Ags(xgn)) = 1 for all

1

i€ [2”/ 10], which contradicts our assumption that AFS(xg )) = 0.

Therefore, we conclude that for all such M and for every sufficiently large n, M fails to compute L(.AFS)
on inputs of length n. This completes the proof.
4.3 Construction of the Refuter

The proof above shows that every NTIMEGUESS|o(T (1)), n/10] machine fails to compute L(.Afs) on all
sufficiently large input lengths: for every such machine M and sufficiently large n, there is an x,, € {0,1}"
such that M(x,,) # AES (x). Now we design an algorithm to find such an x,, efficiently.

To begin with, we need the following binary search algorithm.

Lemma 4.4. There is an algorithm A satisfying the following.
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o Input. A is given an explicit integer n > 2 (written in binary form) as input, together with oracle
access to a list (ay, ...,a,) € {0,1}" such that a; # ay,.

* OQutput. An index p € [1,n — 1] such that ay # a, 1.
* Efficiency. A runs in O(logn) time, makes at most O(logn) queries to the list.

Proof. The algorithm A works as follows.

1. Initialize: We set L = 1, R = n and query ay, ag. From the promise on input we have a; # ag.

2. AslongasR—L > 2, wesetq = L#J and query a,. Since ap # ag, a; cannot equal to both of
them. If a; # ar, we update R = ¢, otherwise we update L = g. Note that the invariant a; # ag
always holds.

3. We repeat Step (2) until R — L < 1. Since a; # ag, it must be the case R = L + 1. Return L.

We need a special form of this algorithm, which we state as a corollary below.
Corollary 4.5. There is an algorithm A’ satisfying the following.

e Input. A’ is given an explicit integer n > 1 (written in binary form) as input, together with oracle
access to two lists (ay,...,a,), (b1,...,by) € {0,1}", with the promise that for every i < n, a; =
b1, as well as by # a,.

* Qutput. An index p € [1,n] such that a, # bp.
* Efficiency. A' runs in O(logn) time, makes at most O(log n) queries to the list.

Proof. A’ simulates A from Lemma 4.4 with parameter n + 1 and the list (by, ..., by, a,). Since a,, # by
from our assumption, this list satisfies the promise of Lemma 4.4, and all queries to the list can be answered
by querying the two lists (a1,...,a,) and (by,...,b,) accordingly. A’ then outputs the index p € [1,n]
reported by A. Now we can see that a, # by: If p < n, thena, = b, 1 # b, as desired, otherwise we
have a,, # b,, which is also valid. d

We are now ready to construct a refuter algorithm that explicitly witnesses the hardness of the language
AL from Theorem 4.7.

Theorem 4.6. For every time-constructible function T(n) such that n < T(n) < 2PW() there is an
algorithm RT such that:

1. Input. The input for R" is a pair (M,1"), with the promise that the M-th nondeterministic Turing
machine runs in o(T (n)) time and guesses no more than n/10 bits of witness.

2. Output. For every fixed M and all large enough n, RT(M, 1") outputs a string x € {0,1}" such that
ATL(x) # M(x).

3. Complexity. R" is a deterministic algorithm running in poly(T(n)) time with adaptive access to a
SAT oracle.

Since the output of RT can explicitly refute any o(T(n))-time nondeterministic algorithm which claims to
decide L(AES), we also call RT a refuter.
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Proof. Let (M,1") be an input to R”. Suppose M satisfies the stated promise The proof of Theorem 1.12
shows that a differing input must exist in the list {le’(”)} (that is, M(x ) # Al (x; M )) for some

j € [2/19]). In the following, we fix the machine M and write le’(n) instead of xl.( ")

consider the following two cases:

for brev1ty. We now

* Case1: M (xgn)) = (. In this case, M on xgn) rejects every witness, then Lemma 4.3 implies

ey (M) <2
Fs 1 ifi = /10,

The pair of lists (.AFS(JC1 ), AL (x 2,1/10)) and (M(xgn)), . .,M(ng;w)) satisfy the promise of
Corollary 4.5 since M(xg )=0 ;é A ( X /10) = 1. We then invoke the algorithm in Corollary 4.5
to find an index p such that ALg (xp ) # M (xp )). The query to the lists can be answered with the

help of the SAT oracle in poly(T(n)) time. Therefore, the whole algorithm runs in poly(T(n)) -
O(log2"/1%) = poly(T(n)) time.

* Case 2: M (xgn)) = 1. In this case, M on x%n) accepts at least one witness. Let j be the minimum
index from [2"/10] such that the witness w](.") is accepted by M (xgn)). By a binary search, the index
j can be found with the help of the SAT oracle in poly(T(n)) time. Now we focus on the partial list
(n) (ﬂ)) (n)

(xy7,..., x;"), given that w; ™ is the first witness accepted by M(x%”)), Lemma 4.3 implies

AL (xy = { M) i<,

0 ifi=j.
The pair of lists (A,:s(x1 ), . .,Ags(x]("))) and (M(xgn)), . .,M(x}"))) satisfy the promise of
Corollary 4.5 since M (xg ) =1 # ALs(x (n)) = 0. We can then invoke the algorithm in Corol-

lary 4.5 to find an index p such that AFS(xp ) # M(xp )). Each query to the lists can be an-
swered with the help of the SAT oracle in poly(T(n)) time. Therefore, the whole algorithm runs in

poly(T(n)) - O(log 2"/1%) = poly(T(n)) time.

In summary, the algorithm works well in both cases and the theorem is proved.

4.4 Refuter for “Robustly Often” Lower Bounds

Finally, we generalize our refuter construction to the “robustly often” NTIME hierarchy (Theorem 4.7) by
Fortnow and Santhanam [FS11].

Theorem 4.7. For any non-decreasing time-constructible function T (n) such that T(n) > n and T(n +
1) = O(T(n)), there exists a language L € NTIME[T (n)] such that, for any L' € NTIME[o(T (n))], for
all but finitely many n, there exists m € [n,n + T(n)] such that L and L' cannot agree on all inputs of
length m.

Theorem 4.7 also yields a corresponding refuter. An advantage of this refuter is that it does not have
restrictions on the size of the witness, which will be crucial later in our construction of rigid matrices. A
drawback of this refuter is it can only output a “bad” input having length in an interval [n,n + T(n)].
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Theorem 4.8. For any non-decreasing time-constructible function T (n) such that T(n) > n and T(n +
1) = O(T(n)), there is an NTIME|[T (n)] machine Akq and an algorithm R}y such that:

1. Input. The input for Rgo is a pair (M, 1") with the promise that the M-th nondeterministic Turing
machine runs in o(T(n)) time.

2. Output. For every fixed M and all large enough n, Rko(M,1") outputs a string x such that |x| €
[n,n+ T(n)] and Ako(x) # M(x).

3. Complexity. RLy is a deterministic algorithm running in poly(T (poly(T(n)))) time with adaptive
access to a SAT oracle.

The proof is similar to the proof of Theorem 1.12 and Theorem 4.6. We include it in Appendix B for
completeness.

5 Almost-Everywhere Worst-Case Lower Bounds for ENP

Given the powerful refuter, most previous infinitely-often lower bounds for ENP proved by Williams’ algo-
rithmic method can now be improved to almost-everywhere separations.

As a warm-up, we prove Theorem 1.1, showing that non-trivial Gap-UNSAT algorithm for AND o OR o
% (note that this requirement is weaker than the existence of a nontrivial CAPP algorithm) implies ENP is
almost-everywhere hard for €.

Reminder of Theorem 1.1. There are universal constants ¢ € (0,1), K > 1 satisfying the following. Let
€ be typical, and let s(n) be any non-decreasing time-constructible function withn < s(n) < 2 for every
n. If Gap-UNSAT on AND o OR o € circuits of size s(1)X can be solved deterministically in 2" /n() time,
then there are functions in ENP that do not have € circuits of size s(n/2), for every sufficiently large n.

Proof of Theorem 1.1. Let C, K € IN be two sufficiently large constants, we also set ¢ = ﬁ.

Let T(n) = n®. Our proof will follow the outline in the Section 2.1: we consider the algorithm
A;gs from Definition 4.2, define a “cheating” algorithm Apcp which tries to speed up AES, and apply the
refuter from 4.6 to efficiently construct a differing input between AES and Apcp, i.e. an input x such that
AL (x) # Apcp(x). The witness of ALg (x) will be the truth-table of the desired hard function.

Construction of Algorithm Apcp. Our proof will use Ags. We also define another nondeterministic
algorithm Apcp, which tries to simulate AES by applying the PCPs from Lemma 3.10.

* Given an input z to A;ES, Apcp first applies the PCP reduction from Lemma 3.10 to .Ags(z), to
compute an AC? oracle circuit'> VPCP,, which takes ¢(n) = log T(n) + O(loglog T(n)) =
Clogn + O(loglogn) random bits as input, and queries an oracle O which also takes ¢ bits as
input. All oracle queries in VPCP, are projections of the random bits, and VPCP, satisfies two
conditions:

- If A%s(z) = 1, there exists an oracle O: {0,1}¢ — {0, 1} such that

Pr [VPCPO(x) =1] =1. (PCP Completeness)
xe{0,1}¢

I5The top of circuit is actually AND o OR3.
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- If AL (z) = 0, for all oracles O: {0,1}* — {0,1}, it follows

Pr [VPCPY(x)=1] <1/2. (PCP Soundness)
xe{0,1}¢

* Apcp then guesses a ¢ circuit C of size s(¢) on £ bits input: note that the circuit can be described
using O(s(¢)) < O(2¢¢1°8™) < 1/10 bits for every sufficiently large n. Feeding C into the PCP
oracle circuit VPCP,, we obtain VPCPS, which is an AND o OR3 o  circuit of size poly(|C|).

* Finally, Apcp uses the non-trivial Gap-UNSAT algorithm from the assumption to distinguish between
(1) Proc 0.1y [VPCPS (x) = 1] = 1 and (2) Pr (9, [VPCPS (x) = 1] < 1/2. Apcp accepts if
case (1) holds and rejects otherwise.

Crucially, by the construction it follows that VPCPS is an AND o OR o % circuiits of size < s(£)X on
¢ input bits. The Gap-UNSAT algorithm from the assumption runs 2¢=«(1086) < o(T(n)) time.

Therefore, we can see that Apcp runs in o(T(n)) time while guessing no more than 7 /10 bits. Hence,
the refuter R” from Theorem 4.6 can be applied to find a differing input between it and AES.

The following observation is crucial in our proof. It basically says that Apcp makes only “one-sided”
errors.

Lemma 5.1. For every z, Apcp(z) < Als(z).

Proof. The statement is equivalent to Al (z) = 0 implies Apcp(z) = 0, which follows directly from the
soundness condition of the PCP. O

The Hard Language Apyarp. Now we are ready to finish the proof. We will construct a hard language in
Anarp € ENP, as follows: on an input y of length m, we first construct (in ENP) a function f,,: {0,1}" —
{0,1} (which is only related to m, but independent of y) such that f,, is hard against € circuits of size
s(m/2). Then we output fy,, (). The function f,, is constructed as follows.

1. Let n = 2"/2C_ Applying the refuter R” of Theorem 4.6, we can find in poly(T(n)) time with a
SAT oracle a string z € {0,1}" such that Als(z) # Apcp(z). By Lemma 5.1, it must be the case
that AL (z) = 1 while Apcp(z) = 0.

2. Consider the oracle circuit VPCP, constructed by the PCP reduction. Since Als(z) = 1, there
is an oracle O such that VPCP? is a tautology by the completeness of the PCP. We can find the
lexicographically first such oracle © in 20(/(")) = poly(T(n)) time: using a SAT oracle to fix the
oracle O bit by bit, each time we can check if there is a way to complete remaining bits of the oracle
O such that VF’CF’;9 is a tautology.

Note that O has ¢(n) = Clogn + O(loglogn) € [m/2,m] inputs. Since Apcp(z) = 0, it also
follows that O does not have % circuits of size s(¢) > s(m/2): otherwise, O could be guessed by
Apcp and therefore Apcp(z) would be 1, a contradiction.

3. Finally, the hard function f,,,: {0,1}" — {0,1} is defined as f,,(y) = O(y<¢), where y is the
prefix of y of length ¢. Note that f,, does not have ¢ circuits of size s(1/2).

To summarize, Anarp runs in DTIME[poly(T(n))]NF = DTIME[20(") NP "and for large enough 1,
Anarp restricted to m-length inputs does not have s(m / 2)—size % circuits, which completes the proof. [J
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6 Almost-Everywhere Strong Average-Case Lower Bounds

In this section, we prove the main theorem (Theorem 1.2) of the paper: Non-trivial CAPP algorithms for €
imply strong almost-everywhere average-case lower bounds against ¢ circuits. In addition to the refuter
construction from Theorem 4.6, the proof also carefully combines the new XOR Lemma and PCPs of
Proximity.

6.1 An Algorithm for the Average-of-Product of Sum o ¢ Circuits

First, it will be useful to define the following Average-of-Product problem, variants of which are also studied
in [Wil18b, CW19, CR20].

Definition 6.1. Given k, n € IN, the Average-of-Product problem takes as input k functions f1, f2, ..., f:
{0,1}" — {0, 1} (may be implicitly given), and the task is to compute [E ¢ 1} [T, fi(x)].

We need the following lemma showing that a non-trivial CAPP algorithm for AND4 o & circuits can be
used to solve the Average-of-Product problem for four Sum o %’ circuits.

Lemma 6.2. Let ¢ be a typical circuit class, and let S, E: IN — IN be such that S(n) < o(E(n)). Suppose
there is an algorithm solving CAPP on ANDy o € circuits of size E(n) and n inputs within an additive error
of 1/E(n), running in 2" / E(n) time. Then given four Sum o % circuits Cq,...,Cyq: {0,1}" — R, each of
complexity at most S(n), the Average-of-Product of {C;(x) };c(4) can be computed within an additive error
of S(n)*/E(n) in O (S(n)*-2"/E(n)) time.

Proof. Let C; = 2;71;1 a;; - Ci;. From the assumption, it follows that each C;; is of at most S(n) size,
m; < S(n), and Z;":"l la;j| < S(n). By adding some dummy coefficients and dummy circuits, we can
assume without loss of generality that all the m; are equal to m < S(n).

For each tuple (j1,/2,3,ja) € [m]* we run the promised CAPP algorithm Acapp on Nica Cij; to
output an estimate Acapp (/Aiecf4) Cij;) such that

4

1_[ Cirji (x)

i=1

Acare | A GCiji | — E <1/E(n).
ic[4]

Hence, we can estimate IE,[[T+_; C;(x)] by computing the quantity

4
) Acare | A Ciji | - T Twiji- ®)
i=1

(71j2,3,ja) € [m]* ic[4)

The error can be bounded by

'S

4
[1C; (x)] : 11“@;;

i=1

4
Z Acapp /\ Ci/]'z‘ 'H“l}]}‘ - Z IE
(j1of2,j3.j4) €[m]* i [4] i=1 (j1of2 f3,ja) €[m]*

4

< ) 1 |aiji| - E(n) ™

(1,j2,j3,ja) €[m]* i=

4 m
<E(n)~! H (Z{ |1Xz‘,j|>
=

i=1
< S(n)*/E(n).

25



Computing (8) can be done in O(2"/E(n) - m*) < O(2"/E(n) - S(n)*) time, which completes the proof.
O

6.2 Main Theorem

Now we are ready to prove Theorem 1.2 (restated below).

Reminder of Theorem 1.2. Ler € be typical. Suppose there is an € > 0 such that CAPP of 2" -size
ANDy o € circuits can be deterministically solved in 2" time. Then there is a language L € ENP and
a constant 6 > 0 such that, for every sufficiently large n, L, cannot be (1/2 + 2_”5)-appr0ximated by €
circuits of size o,

Combining Theorem 1.2 and the 2"~ -time #SAT algorithm for 2" -size ACY[m] o THR circuits from
Theorem 3.12, the following corollary is immediate.

Reminder of Corollary 1.3. For everyd,m € IN, thereisane = ¢4, and L € ENP such that L,, cannot
be (1/2 +27")-approximated by AC[m] o THR circuits of 2 size, for every sufficiently large n.

Proof Outline. The reminder of this subsection is devoted to proving Theorem 1.2. To make the presen-
tation clear, we will state and use several technical lemmas during the proof, and defer their proof to the end
of the section.

The proof is similar to the proof of Theorem 1.1, but is much more complicated. We again consider
the diagonalizing language Ags from Definition 4.2, and design an algorithm Apcpp which tries to speed
up Ags. Apcpp combines the PCP of Lemma 3.10 and the PCPP from Lemma 3.11. Apcpp guesses a
small circuit as proof of the PCP just as in Theorem 1.1, as well as additional [0,1]Sum o ¢ circuits as
proof for the corresponding PCPP. Then Apcpp applies the CAPP algorithm for [0, 1]Sum o % circuits
to verify the proof in o(T(n)) time. Setting the parameters carefully puts the language of Apcpp into
NTIMEGUESS[o(T(n)),n/10].

Then one can use the refuter R from Theorem 4.6 to find a conflicting input z,, between .A,?S and
Apcpp for every sufficiently large input length n. Given such z,, we show how to construct a function f
which cannot be ¢1-approximated within a small constant by low-complexity [0, 1]Sum o € circuits. Finally
we apply Lemma 3.8 to construct the required average-case hard function.

6.2.1 Construction of the Algorithm Apcpp

We now design an algorithm Apcpp which tries to speed up .AES. In the following we set k = 1/¢, and
T(n) = 2'g'n,

Given an input z to algorithm AES, Apcpp first applies the PCP reduction from Lemma 3.10 to obtain
an oracle circuit VPCP,. This step is the same as the first step of Theorem 1.1. For brevity, we just write the
oracle circuit as VPCP from now on. Let £ = log"n + O(loglog 1) be the length of the input to VPCP

and its oracle. We also set § = w, where spcpp and cpepp are the corresponding parameters in
Lemma 3.11.

Apcpp guesses a (general, fan-in 2) circuit C: {0,1}¢ — {0,1} of size at most 2L, Setting this circuit
as the oracle in VPCP, Apcpp obtains a composed circuit VPCPC: {0,1}* — {0,1}. By Lemma 3.10
and similar reasoning as in the proof of Theorem 1.1, we have the following claim.

Claim 1. The following statements hold.

1. If ALs(z) = 1, then there an oracle O such that VPCPP (x) =1 for every x € {0,1}".
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2. It Al (z) = 0, then for every oracle O, it holds that Prxe{oll}z[VPCPO(x) =1 <5 < &

Apcpp attempts to distinguish the two cases in Claim 1.

Notation, and the PCPP Reduction. Then Apcpp applies the PCPP reduction from lemma 3.11 to the
circuit VPCPC(-). The PCPP reduction gives us a 2-SAT instance over variables ) U Z with m = 20
clauses. Let {Cons;}_, be the set of clauses'®, where each clause is an OR of two variables in Y U Z or
their negations. For s € [|Y|] and t € [| Z]], we use Vs and Z; to denote the s-th variable in ) and the ¢-th
variable in Z, respectively.
To elegantly discuss the algorithm and its analysis, we introduce some useful notation. For each clause
Cons;, it extends to a degree-2 polynomial, denoted as Eam/si.”
1. By a “real-valued proof” we mean a pair of two lists of proof functions (Y, Z) for PCPP, where
Y = (Ys)sey|)» Z = (Zt)iez)) and each Y; and Z; is a function from {0,1} — R. Based on
(Y, Z), we define the following terminologies:

e Recall each clause Cons; involves two variables. We define indicators Ti(ly,z) and TZ-(ZY’Z) to

indicate the corresponding functions in (Y,Z). We also let From(TZ-(]-Y’Z)) € YU Z be the
variable it corresponds to.

7). _ e r(Y.2) y,z))

» Each clause Cons; extends to a polynomial Egﬁ/si, we define F; = Consi(Ti1 =, TZ.(2

Note that these objects all depend on the given proof (Y, Z), when the context is clear, we also omit
the superscript, and simply write them as T;; and F;.

~ ~

2. By a “Boolean-valued proof” we mean a pair of two lists of proof functions (Y = Enc(x), Z) where
Y.(x) = Encs(x) forevery x € {0,1}  ands € [|V|]. Z = (Z)fe[lzl}’ and each Z; is function from
{0,1}* — {0,1}. Recall that Enc: {0,1}* — {0,1}/?| is the fixed IF,-linear error correcting code
used in Lemma 3.11. Similar to the case of real-valued proofs, the proof (Y = Enc(x), Z) induces
F(Y,Z)

T j and I?Z-(Y’Z). When the context is clear, we omit the superscript and write them as ”.IA"ij and E

To clarify, we always use (Y, Z) to denote a real-valued proof, and (Y, Z) to denote a Boolean-valued
proof.
From Lemma 3.11, we have the following claim.

Claim 2. The following statements hold.

1. If VPCF* is a tautology, then there is a Boolean proof (17 = Enc(x), 2) such that

E E E(x)>c .
xe {01} ie[m] (%) = Cocpp

2. If VPCP* (x) =1 for at most a 2% = 0(1) fraction of x, then for every sufficiently large n, for every
Boolean proof (Y = Enc(x), Z), we have

=~ 9
E E F(x) < ¢pepp — == (Cpcpp — Spcpp ) -
ce {01} i€ ] i(x) pcpp 10( pcpp — Spcpp)

16Cons; is also called “constraints”, we use “clauses” and “constraints” interchangeably.
17We use the natural arithmetization: The Boolean 0 (false) and 1 (true) correspond to real 0 and 1, respectively. Boolean AND
corresponds to real multiplication. Boolean OR corresponds to the real polynomial OR(a,b) =1 — (1 —a) - (1 —b).
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Guessing Succinct Sum o ¢ Circuits. Then Apcpp guesses a list of proof circuits Y;(x), Z;(x) such that
Y;, Z; € (Sum 0 €)[2""*] forevery i € [|V|] and j € [| Z]].

Note that ideally we only want to consider [0, 1]Sum o € circuits, but it is not clear how to verify that
a given Sum o ¢ circuit satisfies the [0,1]Sum o ¢ promise. Therefore, Apcpp applies a certain validity
test on the guessed proof (Y, Z), and reject immediately if the test fails. Although passing the test does not
guarantee Y, Z are [0, 1]Sum o ¢ circuits, it does mean they are “close enough” to them so that our analysis
still goes through. The validity test will be described later.

Since F;(x) := E_C;_TE(TH (x), Tin(x)) is a degree-2 polynomial, evaluating IE [F(x)] reduces to Average-
of-Product problems over (Tj;, Tjz). By Lemma 6.2 and the assumed CAPP algorithm for 2¥ size ANDg o €
circuits, we can estimate IE,[F;(x)] within an additive error of 20(¢/)=Q() < o(1) in 26-¢ 01" time.

Let E, (F;) be the output of the estimation algorithm when evaluating E, [F;(x)]. Apcpp accepts if and
only if

~ 5
E Ex(F) > cpepp — 10 (Coepp — Spepp) - )

ie[m]
Putting everything together, Apcpp takes 11 - 20~ +O(%) — pl—L+O() 13 _ l=0(E) < (T (1))
time after guessing the circuits.
This completes the construction of Apcpp except for the validity test, which is described next.
6.2.2 Validity Test on Guessed Sum o € Circuits
For every T;j(x), consider the function

o T(0)?(1 = Ty(x))?,  if From(Ty) € Z,
Pile) = {(E]ncs(x) - Tz-j(x))z, if From(Ti;) = Ysfors € [|V]], (19

and Q;j(x) = T;;(x)?. We want to estimate the expectations

E E P d E  Q;x) foreachi,; 2.
i,jem)x[2] xe{0,1}" j(x) an xe{0,1}! Qijx) for cach i, € [m] x (2

It is clear that for every (i,j) € [m] x [2], Q;;(x) is a polynomial over T;;(x) of degree 4. For P;;(x), it
is also a degree-4 polynomial over T;;(x) when From(T;;) € Z. Hence, in these two cases, the evaluation
of these expectations reduces to computing Average-of-Product problems for the T; j, which can in turn be

estimated by Lemma 6.2. When From(T;;) = Vs, Encs(x) depends on at most % bits (the moreover part
of Lemma 3.11). We can then enumerate all these bits, and solve the Average-of-Product problem on the
remaining part of inputs to estimate [E {01} Pi]'(x).18 This test runs in time

2 (- HOE) | pt/2 1D~/ 4OE)) — o(T(n)).

Recall that we use [E, (D) to denote the estimation of IE[D(x)]. The proof (Y, Z) passes the test if and
only if both of the following conditions hold:

L. Ej jepmx 2 Ex(Pyj) < 26.
2. ]Ex(Qij) <1+ ¢ forevery (i,j) € [m] x [2].

Apcpp rejects immediately if (Y, Z) does not pass the test.

18 After fixing all the bits that Encs(x) depends on, Encs(x) can be replaced by a constant, so Pjj(x) becomes a degree-4
polynomial over Tj;.
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6.2.3 Analysis of the Algorithm Apcpp

Now we prove several lemmas and facts about the algorithm Apcpp.

Completeness and Soundness of the Validity Test. Recall that we have defined F;(x) := Cons; (T (x), Tia(x)),

~ ~

where Cons; is the polynomial extension of Cons;. For a Boolean-valued proof (Y = Enc(x),Z), we also

defined F;(x) := (i)\rgi (Ti(x), Tp(x)). The following lemma summarizes the properties we need from the
validity test. We defer its proof to the end of this section.

Lemma 6.3. We have the following completeness and soundness conditions on the validity test.
1. Completeness. Every (Y, Z) satisfying the following conditions passes the test:

(1.a) Forevery (s,t) € [|V|] x [|Z|] and every input x € {0,1}", Ys(x), Z:(x) € [0,1].
(1.b) There is a Boolean-valued proof (Y = Enc(x), Z(x)) such that

e oy 1T~ Till, <

2. Soundness. If (Y, Z) passes the test, the following statements hold.

(2.a) There is a Boolean-valued proof (Y (x) = Enc(x), Z(x)) such that

e T = Tilly < V126,

(2.b) For any Boolean-valued proof (Y (x) = Enc(x), Z(x)), for every i € m], it holds that

=Bl <6 B [T- Ty

]
The Running Time and Witness Length of Apcpp. Putting everything together, Apcpp runs in o(T(n))

time and guesses at most 2" + 20(%) < o(n) bits (recall that £ = logk n+O(loglogn) and k = e~ 1),
so Apcpp is an NTIMEGUESS[o(T(n)), n/10] algorithm.

Soundness of Apcpp. We also verify that for every sufficiently long input z, Apcpp never outputs 1 when
AL (z) = 0. The proof is deferred to later subsections.

Lemma 6.4. For all but finitely many z, it holds that Apcpp(z) < Als(z).

6.2.4 Average-Case Hardness from Conflicting Inputs

Since Apcpp € NTIMEGUESS|[o(T (1)), n/10], we can apply the refuter R” from Theorem 4.6 to it. That
is, for every sufficiently large 1, we can find in O(T(n) - n) time (with a SAT oracle) an input z of length n
such that Apcpp(z) # Als(z). By Lemma 6.4, it must be the case that Apcpp(z) = 0 and AL (z) = 1.

Depending on whether there is a circuit C of 2°* size such that VPC PC(x) is a tautology (this can be
checked with a call to a SAT oracle in 2°(Y) time), we consider the following two cases.
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Case 1. There is no circuit of 2°* size such that VPCPC(x) is a tautology. In this case, we simply
find the truth table of the lexicographically first oracle f: {0,1}* — {0,1} (with a SAT oracle) such that
VPCP/ (x) is a tautology. Such an f exists by Item (1) of Claim 1 and the fact that AL (z) = 1. Note that
f does not have 26" size circuits, from the assumption of Case 1.

By Lemma 3.9, we can construct from f a new function famp: {0,1}°) — {0,1}, which cannot be
(% 42— )-approximated by circuits of size 20

Case 2. There is a circuit of size 2¢”* such that VPCPS (x) is a tautology. Then given access to a SAT
oracle, in 2°() time we can find the lexicographically first such circuit C and the first Boolean proof (Y =
Enc(x), Z) such that

E E FE(x)>c .
ie[m] xe{0,1}¢ l( )_ peep

The Boolean proof (Y = Enc(x), Z) above exists by Item (1) of Claim 2. Let r = logm = £¢/3. Consider
the function f: {0,1}"*1*¢ — {0,1} defined as

fi,ju) := Ty(u) for (i,j,u) € [m] x {0,1} x {0,1}".

In the above, we identify {0, 1}" with [2"] = [m] in the natural way, so that i € [m] can also be interpreted
as a string in {0,1}". The following lemma shows that f cannot be approximated well by [0, 1]Sum o €
circuits of low complexity. We defer the proof to the next subsection, as it involves straightforward (but
heavy) calculations.

Lemma 6.5. For every sufficiently large n, in Case 2, the function f defined above is -far from every
[0,1]Sum o €[2°"] circuit. That is, for every [0,1]Sum o €[2¢"*] circuit D, it holds that |D— fll; >é.

This lemma shows that f is 6-far (in ¢1 distance) from [0, 1]Sum o €’[2¢"*] circuits. Using Lemma 3.8,
we conclude that f @d cannot be (% +(1- 5)d_1)—appr0ximated by € circuits of 204 =05(d) gize. Set-

ting d = ¢¢/3, it follows that the function 9, taking O(¢1*+¢/5) bits of input, cannot be (% + 2‘50(1)>-

approximated by ¥ circuits of size 20

6.2.5 The Hard Language A, zHARD

Finally, we are ready to design the hard language A,,gHarRD. On an input y of length m, let n = o'

Applying the refuter RT from Theorem 4.6, we can find in poly(T(n)) time with a SAT oracle a string
z € {0,1}" such that Al (z) = 1 while Apcpp(z) = 0.

Recall that £ = ¢(n) = log"n + O(loglogn). Using a SAT oracle, we can decide whether there is
a circuit C of 2¢”* size such that VPCPC is a tautology in 2°0(¥) time. From the discussion above, in both
cases we can construct an average-case hard function f on inputs of length £’ < O(max (¢, £1+¢/5)) < (%in
20(%) time with a SAT oracle, such that f cannot be (1/2 + 2~ )-approximated by 2% size € circuits.

Note that £ = logk n+ O(loglogn) < m'/2. Therefore, we can pad the input length to 7z in the natural
way. That is, we define ¢: {0,1}™ — {0,1} such that g(y) = f(y') where y’ is the first £’ bits of y. It

follows that ¢ cannot be (1 /2 + p—mM ) -approximated by ¥ circuits of size 20 = om, Therefore,

.AangARD simply outputs ¢(y) on the input y. Note that it runs in 20(0) < 200m) time with a SAT oracle,
which completes the proof of Theorem 1.2.
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6.3 Proof of Lemma 6.4 and Lemma 6.5
Now we present the proof of Lemma 6.4.

Proof of Lemma 6.4. Fix a sufficiently long input z and assume AES (z) = 0. To prove the lemma, it
suffices to show that Apcpp(z) = 0 as follows.

Consider the PCP system VPCP in Apcpp(z). Suppose that Apcpp guessed a circuit C as the oracle for
VPCP and (Y, Z) as its proof circuits. By Item (2) of Claim 1, VPCP¢ outputs 1 on at most a K% fraction of
inputs. In the following we assume (Y, Z) passes the validity test, as otherwise Apcpp immediately rejects.

~ ~

For every Boolean proof (Y = Enc(x), Z), by Item (2) of Claim 2, we have

7. 9
E [E FE 7 B '
ie[m] xe{0,1}¢ Z(x) < Cpcpp 10 (Cpcpp Spcpp)

~ ~

By Item (2.a) of Lemma 6.3, for some Boolean proof (Y = Enc(x), Z), it holds that

1Ty = Tyll, < V126,

ijelm]x[2]

By Item (2.b) of Lemma 6.3, it follows that

iem] xe{o1}¢ icm] xe{0,1}! ie[m]

E E F(x)< E E FE(x)+ E ||E-F|,

T ie[m] xe{0,1}¢ *)+ 'i,je[,],,%x[z] HTif o TinZ

7
< Cpepp — 10 (Cpepp — Spepp) - an

_ 2
The last inequality holds since we set 0= w and 6 - V125 < L (Cpepp — Spepp)-
Recall that we use E,(F;) to denote the output of the estimation algorithm on [E,[F;(x)]. Since Tj; and
Tjp are Sum o % circuits of complexity 20(”/2), by Lemma 6.2 it follows that
1

(x) — E,.(F)| < < — .
ieﬂ[im}xegEm}ze(X) l_eﬂfm]]Ex(Fz) _0(1)_10(Cpcpp Spcpp) 12)

By (11) and (12), Apcpp rejects on (Y, Z). Therefore, Apcpp(z) = 0 since it rejects every C and (Y, Z),
and the conclusion follows. L]

Next we prove Lemma 6.5.
Proof of Lemma 6.5. Suppose there is a circuit D € [0,1]Sum o €[2¢*] such that |ID = fl[; < 6. Weare

going to construct a proof (Y, Z) which makes Apcpp accept, contradicting Apcpp(z) = 0.

Construction of the Proof (Y, Z) Making Apcpp Accept. Similar to f, we also think of D as a function
on {0,1}" x {0,1} x {0,1}*, and often use i and j to denote the first two parts of input. Recall that we
identify [m] with {0,1}".

Fors € [|V|] and t € [| Z|], we define

Y, = E D(i,j, d Z = E D(i,j,x).
S(X) i,j s.t. From(T;;)=Ys (l J x) an t(X) i,j s.t. From(T;;)=Z2; (1 J X)
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Since m = 2" and for each fixed (i, ) € [m] x [2], D(i,], ) is a [0, 1]Sum o % circuit of complexity
at most 2”*. Tt is clear that for every s € [|V|] and t € [|Z]], Y5 and Z; are [0,1]Sum o € circuits of

complexity at most 20,
We will show that Apcpp(z) accepts on the proof (Y, Z) defined above (together with the circuit C as the

=

guessed oracle in VPCP®). Let T;; and T;; be the indicators for (Y, Z) and (Y = Enc(x), 7), respectively.
(Recall that Y and Z are the lexicographically first proof we constructed in Case 2 of the Section 6.2.4).

(Y, Z) Passes the Validity Test. We first apply Item (1) of Lemma 6.3 to prove that (Y, Z) passes the
validity test in Apcpp. Since Item (1.a) of Lemma 6.3 (all the Y; and Z; are [0, 1]-valued) is already
satisfied, it suffices to verify Item (1.b) of Lemma 6.3, which is

E ||T;j— T;ll <.

bjelm]x[2
We have
~ 1 ~
el g 1T = Tl = 5, i’je?n;]xm 1T = Tiflly
1 R
= 5m Y T = Tlly (13)

XeYUZ ijs.t From(T;)=X
To bound (13), we need the following simple fact.

Fact 6.6. For every (v1,02,...,v4) € [0, 1]d and b € {0,1}, it holds that

1 1
E i "Z)l—b’:‘d;’(h—b .

To verify the fact is true, note that when b = 0, it is equivalent to % Y \vi\ = !% Y i vi|, which is true
since all v; > 0. The case for b = 1 is symmetric, since all v; < 1.
By Fact 6.6, for every X € Y U Z, it follows that
E T — T;;
)

i,j s.t. From(T};

=B BT G P
=E E Tl“ - '/ ./
X qjs.t. From(Tij):X ‘ ]<X) f(l J .X')|
“E _E D(i,j,x) — f(i],
X qjs.t From(Tjj)=X| (l J X) f(l J X)|
= E IDG, ) = fG g )l - (14)

i,j s.t. FI’Om(Tl‘]'):X

The second-last equality above holds by fixing a particular x and setting v as the collection of the D(3, j, x)
for all From(T;;) = X and b = f(i, ], x) (note that b only depends on From(T;;) since x is fixed), and
applying Fact 6.6 to show

E _ DGjx) — (i) = & ¥ [or—b]

i,j s.t. From(T;;)=X

I
[es

| Tij(x) = f(i,j,x)] -

i,j s.t. From(T;;)=X
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Therefore, we have

~ 1 ~
E T —T:l| = ——. T — T
ije[m]x 2] H Y 1]“1 2m Xeézuz st FroZm(T,-]-):X H Y Z]Hl
_ N "
e G0 = DG (by (14))
- Hf_DHl
< 4. (15)

Hence, by (15) and Item (1) of Lemma 6.3, (Y, Z) passes the validity test.

Apcpp Accepts (Y,Z). Now we further argue that Apcpp accepts (Y, Z). Note that
1Ty = Tjll < 1Ty = Tyl 1T — Tllh ™ < 1Ty = Tyl ™. (16)
The first inequality above follows from the fact that IE;[a?] < max; |a;| - IE; |a;] for every real vector a, and

the second inequality is implied by || T;; — Tij o < 1.
Hence, it follows from (15), (16), and Jensen’s inequality that

1/2
T T ||1/2 T
B T Tyl <BIT - 32 < (BN - Tylh) - < V. 1)

Finally, we have

ie[m] xe{0,1}¢
>EEF(x)—6-E|T; - Ty, (Item (2.b) of Lemma 6.3)
i X ij
> Elgﬁ(x) —6Vs (by (17))
1

2 Cpepp — E(CPCPP — Spepp)-
The last inequality follows from E; Ey F;(x) > cpepp and 8 = w.
Finally, by (12), it follows that

_ 5
iEIFm] E,(F) > iEIFm] xe{]Eo,m Fi(x) =6 > Cpepp — E(CPCPP — Spepp)-

It shows that (Y, Z) and C are accepted by Apcpp(z), which implies Apcpp(z) = 1, a contradiction.

0
6.4 Proof of Lemma 6.3
Finally, we present the proof of Lemma 6.3. We need the following simple fact.
Lemma 6.7. For every sufficiently large n and every (i, ]) € [m] x [2], it holds that
E.(Py) — E pij(x)] < 3§ and )JEX(Qij) ~E Qij(x)) <.
Proof. This follows from Lemma 6.2 by setting S(¢) = 2°(“/*) and E(¢) = 22(%), O

Proof of Lemma 6.3. First we establish the completeness condition.
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Completeness. Suppose that (Y, Z) satisfies Item (1.a) and (1.b). That is, (1.a) for every s € [|)|] and
t € [|Z]|], Ys and Z; are valid [0,1]Sum o % circuits, and (1.b) there is a Boolean-valued proof (Y =

~

Enc(x), Z(x)) such that

E Tii — Tiill < 6.
i,je[m] % 2] ITij = Tyl <

Recall that Q;;(x) = Tjj(x)?, it is clear that By Q;;(x) € [0,1] since T;(x) € [0,1].
Now we consider P;;(x). Recall that

Py(x) = {Tij(x)z(l — T;i(x))2, if From(Ty) € Z, )

(Enc(x)s — T;i(x))?, if From(Tij) =) fors € [|V|].
Since T;;(x) € [0,1] and T}j(x) € {0,1}, it follows that

Tij(x) - (1= Tyj(x)) < |Ty(x) — Tyj(x)]
and
_ 2
Pi(x) < (Ty(x) = Ty(x)) " < |Ty(x) — Ty()].
Then we have R
E E Pi' X S E Ti'_Ti' §5
ijem)x[2) xe{0,1}¢ () ijelm]x 2] 15 = Tily

Hence, by Lemma 6.7,

Iﬁx(Pij) <J+ E ]EP{j(X) < 26,

ijem]x 2] ije[m]x[2] X

E(Qij) <6 +EQij(x) <1+ dforevery (i,j) € [m] x [2].
Therefore, (Y, Z) passes the validity test.

Soundness. Now, suppose (Y, Z) passes the test. That is, the following two conditions are satisfied:
E E.(P;) <26 and (19)
i,j€[m]x[2]
IEX(Qij) <1+ forevery (i,]) € [m] x [2]. (20)
In the following we prove Item (2.a) and (2.b) separately.

(2.2) We let Y be determined by Enc(x), and define Z as

Zi(x) = {O’ Zilx) < 1)

N= N|=

1, Zi(x) >

We need the following claim for the proof.
Claim 3. For every (i,j) € [m] x [2],

(Tij(x) — Tz‘j(x))z <4-Pj(x). (22)

Let us now prove the claim. Depending on whether From(T;;) = ); or From(T;;) = Z;, there are
two cases.
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1. (From(T;;) = Vs.) In this case,

Pj(x) = (Encs(x) — Tyj(x))* = ( ij(x) — Tz‘j(x))z

since Tij(x) = Y,(x) = Enc,(x).

2. (From(Tjj) = Z:.) In this case, note that | Z;(x) — (1 — Z(x))} > 1/2 by the definition of
Z;(x). Hence

|
N
—~
=
SN—
N—
=~
o .
/N
N
~~
=
S—
—~
—_
|
N
—~
~—
SN—
N—

This completes the proof of Claim 3.
It follows that

1/2
1T — Tyl < 4-pij<x>) (Claim 3)

E E < E
ije[m]x 2] ij€[m]x[2] \xe{0,1}¢

1/2
< ( E E 4-P;(x )) (Jensen’s inequality)
ije(m]x[2] xe{0,1}¢

B 1/2
< (ije[lE}: [2]4' (IEx(Pij) +5))) (Lemma 6.7)
< V123, (by (19)

(2.b) Note that by the Cauchy-Schwarz inequality, we have
T - T — Tin - Toa|, < |[(Ti = Tia) - Tia|, + | T - (T — Ti2) ||
< [[(Ta = T)ll, - 1Tzl + 1 Tall, - [1(Tiz = Te)

<2- Y ||ITy - Tyl

j=1.2
The last inequality above follows from
1/2
ITll2 = (B Qy(x) (Definition of Qj;(x))
- 1/2
< (1+E:(Qy) <2 (by 20)

Recall that F;(x) = Cons; (T (x), Tio(x)), and Ei(x) = Cons;(Tix (), T2 () ). Since Cons; is an OR
on two input bits or their negations, one can write

Consl (y1,¥2) Z us - H%/
SC[?2) i€S

such that all |ag| < 1. Therefore, it follows that

2
1Ei =Bl < ATy = Tilly + (1T T = T Tall, < 6+ B 1T =T, =
=1
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6.5 Almost-Everywhere PRG for ACCY with an NP Oracle

As an immediate consequence of the new average-case lower bound, we can construct almost-everywhere
ENP_computable PRGs for ¢ circuits given that certain non-trivial CAPP algorithms exist.

Theorem 6.8. Let ¢ be a typical circuit class. Suppose that for some ¢ > 0, CAPP of 2" _size ANDy o
€ o Juntaye circuits can be deterministically solved in O(2"~™) time. Then there is a constant 6 > 0 and
an ENP algorithm G such that, on input x of length m, outputs a 2 pit string such that for all but finitely
many m, Gy, : {0,1}"™ — {0, 1}2"10 is a PRG fooling € circuits of size 2™ .

Proof Sketch. By Theorem 1.2 and the hypothesis, there is a § > 0 (which is a function of €) and an ENP

language L such that L, cannot be (1/2 + 2*”ﬁ)-appr0ximated by € o Junta, o circuits of size onP 19

We define G as follows: On an input of length m, let n = m'/3. We first compute L,,: {0,1}" —
{0,1}. Then we feed L,, into the Nisan-Wigderson PRG (Lemma 3.5). This results in a PRG of seed length

< 13 < m, which fools ¥ circuits of size ZmQ(ﬁ). Finally we can set § > 0 so that this size is om’ O

Observe that ACS [m] o Junta, circuits of size s can be easily simulated by ACS 1o [m] circuits of size
O(a -2%-s). Therefore, for d,m € N and a constant ¢ = &(d,m) > 0, Theorem 3.12 yields a #SAT

algorithm for 2" -size ACY[m] o Junta,,/2 circuits that runs in time O(2"~""). Combining this algorithm
with Theorem 6.8, we obtain the following.

Reminder of Theorem 1.9. For all constants d and m, there is 6 = 6(d, m) > 0 and an ENP.-computable
PRG which, takes an n-bit seed and outputs a 21’ it string, fooling Acg[m] circuits of size o’

7 From Strong Average-Case Lower Bounds to an NPRG

In this section, we construct the infinitely-often nondeterministic PRG.

Theorem 7.1. For a circuit class €, if for some ¢ > 0, CAPP of 2" -size (€ o Juntaye) circuits can be

deterministically solved in 2"~ time, then there exists an i.0.-NPRG with seed length n which fools €
. , . n1) L O(n)

circuits of size 2" ", running in time 2%\,

Proof. Let L"4 € NTIME[2"] \ NTIME[2"/n] be a unary language. We define another algorithm Ag,g

which tries to compute Lhard faster. Af.q is similar to Apcpp. It runs the following four steps.

1. A rejects all non-unary inputs. On input z = 1", A applies PCP from Lemma 3.10 first,
obtaining an oracle circuit VPCPy.. For brevity, we just write it as VPCP ,,) from now on. Recall
that VPCP ;) and its oracle take input of length £ = £(n) = n + O(logn).

2. Then Afas guesses a 20" size general circuit C. Feeding C into VPCP ;) we obtain VPC P%n).

3. Afast applies the PCPP from Lemma 3.11 and guesses a list of Sum o € o Juntas proof circuits

(Y, Z), each of complexity 202, Afast runs the validity test (described in last section, see Lemma 6.3),
and rejects immediately if (Y, Z) does not pass the validity test.

4. Finally, Af,g verifies the proof circuits (Y, Z) for VPCP(H) using a fast CAPP algorithm, via Lemma 6.2.

Applying the assumed CAPP algorithm, it follows Agg € NTIME[2" /n]. Therefore, for infinitely
many 7, we have 1" € LM\ L(Afq). Let S be the set of all such integers n: S = {n : 1" € Lhard\
L(Afast) }- Depending on whether there is a succinct circuit for VPCP(n) as a correct oracle (meaning that

VPC an) (r) = 1 for all r), we will use different constructions.

19This is implicit in the proof of Theorem 1.2, as the input length increases only polynomially through the hardness amplification.
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Case 1. There are infinitely many n € & such that, there is no circuit C of size 2"* such that VPCP(CH)
is a tautology. In the following we only consider these 7, as there are infinitely many of them. Then we
construct our NPRG as follows:

1. For a given seed-length parameter m, let n = % for a large constant K. We consider the PCP oracle

circuit VPCP ,,y and guess the truth table f: {0, 1}0") — {0,1} such that VPCP{H) is a tautology

(the verification can be done in 20(/(")) time). Note that such f exists as 1" € Lhard,

2. Then, f is hard against circuits of size 2”/4, by our assumption. We plug f into Umans’ PRG con-

Q1)
struction from Lemma 3.6, and get the desired PRG Gg: {0,1}8¢ — {0,1}". Recall ¢ =
n + O(log n), we can then pad input length from g/ to m.

Case 2. For all but finitely many n € S, there exists a 2"* size circuit C such that VPC P(Cn) is a tautology.
In the following we only consider these . We construct our NPRG as follows.

1. For a given seed-length parameter m, let n = m'/3. We apply the PCP reduction to get VPCP,).

Then we guess an oracle C of size 27" guch that VPC an) is a tautology. Note that such a C exists
for the integers n we are considering, by assumption.

2. Next, we guess a list of proof functions (Y = Enc(x), Z): {0,1}¢ — {0,1} such that
HIE]E Fi(x) > Cpcpp-

Let 7 = ¢*/3 be the total amount of randomness in the PCPP. Consider the function
f:{0, 1} — {o0,1}
(i,j, u) — Tz](u)
By analogy with Lemma 6.5, f is 6-far from [0,1]Sum o € o Junta,es[2¢""] (since 1" ¢ L(Agst)).
Then we use Lemma 3.8 to apply hardness amplification with parameter k = ¢¢/16. This gives us a
function f: {0, 1}O(fl+€/16) — {0,1} which cannot be (3 + e )-approximated by & o Junta e/

circuits of size 240(1).
3. Finally, we use the Nisan-Wigderson PRG from Lemma 3.5 with function f. The resulting seed length
is bounded by 3 < m, and the obtained PRG can 240(1) -fool € circuits of size ZZQ(U.
Summary. To summarize, in both cases, we have an i.0.-NPRG construction which takes m-bit seeds and
outputs 2m™ b strings in 2°(") time, fooling 2™ _size € circuits. O

As shown in the last section, we have a CAPP algorithm for 2" -size ACY[m] o Juntay circuits running
in 2"~ time. The following is immediate.

Reminder of Theorem 1.10. For all constants d and m, there is 6 = 6(d, m) > 0 and an i.0.-NPRG which
takes n-bit seeds, runs in 2°") time, and outputs 21’ _pit strings fooling ACg [m] circuits of size 2’

8 More Applications

In this section, we apply our new refuter to strengthen several previous infinitely-often separations into
almost-everywhere separations.
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8.1 Almost-Everywhere Rigid Matrix Constructions

A recent result by Alman and Chen [AC19] gave an explicit infinitely-often PNP construction of rigid matri-
ces via Williams’ algorithmic approach. Their proof has been simplified and improved by [BHPT20]. Using
our refuter, we can improve their construction to an almost-everywhere one.

8.1.1 Preliminaries

We recall the definition of matrix rigidity.

Reminder of Definition 1.4. Let IF be a finite field. For any r,n € IN and matrix M € F"*", the r-rigidity
of M, denoted R (1), is the minimum Hamming distance between M and any matrix of rank at most r.

We need a series of technical ingredients from previous results. We start with a fast algorithm for solving
a problem called #0V,, 4-F,.

Definition 8.1. For a prime power ¢ = p’, an instance of #0V,, 4-IF; consists of two collections of vectors
from ng: A={ay,...,a,} C ]Fg and B= {by,...,b,} C IFZ. The goal is to compute the number of pairs
(ai, b;) such that (a;, bj) = 0, where the inner product is taken over IF;.

Note that the number returned by #OV,, 4-F; is an integer in {0,1,.. ., n?} (we are not computing this
quantity over IF,!).

Lemma 8.2 ([AC19, CW16]). For all fixed prime powers q = p" and d = n°W) | there is an n?~(1/log(d/logn))
time deterministic algorithm for computing #OV, 4-IF;.

In a recent improvement on rigid matrix constructions, [BHPT20] gave a PCP construction with an
“almost-rectangular” property, which will be crucial for our proof.??

Lemma 8.3 ([BHPT20, Theorem 8.2 and Remark 8.3]). Let M be an algorithm running in time T =
T(n) > n on inputs of the form (x,y) where |x| = n. For any odd constant integer m € N such that
T(n)Y/™ > n, given x € {0,1}" one can output in time poly(n, T*'™) a PCP system \'recPCP, with
proof length Ni?, randomness |r| = log T(n) + O(mloglog n), completeness 1 and soundness s such that
0 < s < 1 and the following hold.

« Shortness. N> < 2" < T - polylog(T).

* Rectangular. The randomness v can be split into three parts ¥ = (Trow, 'col, 'shared) SUcCh that
_6 . .

[row| = |Tcol| > %52 log T(n). For a given proof 1 and fixed T'shared, we view VrecPCPT (-, -, Tshared)
as a [2ml] x [2/l] matrix, where VrecPCPT (r;, Ti,Tshared) is the output of verifier given r =
(7is7js Tshared) as its randomness.
If a proof H is given by its low-rank decomposition H = A - B where A, B are N7 X R and R X
N1 matrices respectively, then VrecPCPfj (+,*, Tshared) is an R-linear combination of constant many
matrices:

J4
VreCPCP?('/ ‘y rshared) - Zci : Mir
i=1

where each of M; has Fy-rank O(R). Moreover, each M;’s low-rank decomposition and each c; can
be computed in O(2!"| - R) time.

20Here we omit the exact technical definition of almost-rectangular PCPs, and only state its desired implications for simplicity.
We will also just say rectangular PCPs instead of almost-rectangular ones for convenience.
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 Completeness. If there is a y such that M(x,y) accepts, then there is an N1 X Ny matrix H such that:

Pr[VrecPCPH (r) = 1] > 1.
T

* Soundness. If no y causes M(x,y) to accept, then for every matrix H, we have:

Pr[VrecPCPH (r) = 1] < s.
r

* Smoothness. For every pair (s,t) € [N1]| x [Ni], the quantity:
|{r : VrecPCPY (r) depends on H(s, t) }|
is the same, i.e., each H(s,t) “contributes” to the same number of clauses.

The following simple fact shows we can “pad” a rigid matrix into a larger rigid matrix with the same
rigidity measure.

Lemma 8.4 (Lemma 2.7 in [AC19]). Let 1p1 be the all-ones M X M matrix. For any field F and any matrix
A € FN*N_ we have:
Rasty (1) = Ra(r) - M2.

8.1.2 Construction of Rigid Matrices

Now we are ready to prove Theorem 1.5. In previous work, the high-level idea was to use the “non-
existence” of rigid matrices in PNP to contradict the NTIME Hierarchy. Here, we will use the PNP refuter to
construct rigid matrices directly. A subtlety is that we need to apply a refuter (with a SAT oracle) based on
the “robustly often” NTIME hierarchy (Theorem 4.8) rather than the refuter based on the almost-everywhere
sublinear witness NTIME hierarchy (Theorem 4.6). The main reason is that, when we guess a low-rank ma-
trix as a proof for a language L € NTIME[T(n)], we have to guess at least \/T(n) bits (specifying even
a rank-one matrix of size \/T (1) x /T (n) requires at least (/T (1)) bits). Hence, making the witness
length sublinear would require us to set T(1) < n?, but the PCP reduction from Lemma 8.3 may already
require more than quadratic time.

Reminder of Theorem 1.5. There is a & > 0 such that, for every finite field F and € > 0, there is a PNP
algorithm which on input 1" outputs an n X n matrix H such that Ry (210g1*5 "> on? overF, for all large
enough n.

Proof Sketch. For simplicity, we only prove the theorem for the case of IF5, but a similar construction works
for any field of constant order.
Let ¢ = 1 and s be the completeness and soundness parameters from Lemma 8.3. Fix § = CC—_ls for a

sufficiently large constant Cy. Let m be a large enough odd constant, and let T'(n) = nC for a large constant
C > m. Now, we consider the algorithm AEO from Theorem 4.8 and the following algorithm A,ectpcp
which tries to speed up AZ:

1. On aninput z of length 711, A,ectpcp applies the PCP reduction from Lemma 8.3 with the parameter m.
Then A,ectpcp guesses a pair of matrices A € ]Fé\[ 1 XR, B € IF?XNl with parameter R = Dlog 2Ny
N;o,
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2. Let H = A - B. For any fixed 7shared, consider VrecPC Pf (+, ", Tshared ). By the rectangular property,
we can write

V4
VrecPCPH (-, -, Fohared) = Y ci - M,

where each M; can be written as a product of two matrices of rank O(R) over IF,. For each M;, we
first find the corresponding decomposition M; = Q; 1 - Q; 2, then apply the fast #0V,, 4-IF, algorithm
to count the number of 1s in M;?'. Finally, by adding all the ¢ terms together, we can count the
number of 1s in VrecPCP (-, -, 7ghareq) in time

[rrow|
2‘7row‘+‘7co| | _Q(log(Rr/o\:vrow\) ) .

3. By enumerating all possible 7spared, We evaluate

p = Pr[VrecPCP!(r) = 1].

Finally, we accept if and only if p > CT“ This completes the construction of Aectpcp. When m is
large enough, the running time of this step is bounded by

2|rshared|+‘rrow|+‘7col‘_Q(log(‘[zyr/%) _ T(n) .ZO(mloglogT(n))flogQ(d T(n) < O(T(T’l)).

Note that the time to prepare the PCP system VrecPCP; is bounded by poly(n, T(n)'/™) < o(T(n))
for a sufficiently large m. It follows that A,ectpcp runs 1n nondeterministic o(T ( )) time. Hence, for

all large enough 1, by Theorem 4.8, we can find in 1 " time (with a SAT oracle) an input z of length
|z| € [n,n“"1] such that ALy (z) = 1 while Aectpcp(z) = 0.

Slightly abusing notation, we still let Ny = Nj(|z|) so that N7 is the proof length of the VrecPCP;.
Then it follows from Lemma 8.3 that there is an H € IFN1*M guch that

Pr[VrecPCPH(r) = 1] > 1.
r

Using a SAT oracle, the lexicographically first such H can be constructed in poly(Njp) time, given z.

We claim that H is §-far from any matrix of rank R = 2log' N1 I fact, let H' € FN1*Ni be any matrix
of rank at most R with low rank decomposition H = A - B. Suppose the Hamming distance between H
and H' is at most & - N;2. Then

Pr[VrecPCPH' () = 1] > Pr[VrecPCPH () = 1] — O(6) (The Smoothness Condition in Lemma 8.3)
r r

>1—-0(9)
> 1+s .
- 2
This shows that (A, B) is a correct witness for A ectpcp(2), and Ayectpcp(z) = 1, which is a contradiction.
Note that Ny € [n, n(C+t1D)?], since |z| € [, nC]. Applying Lemma 8.4, we can pad the size of H to
be Npax = n(c+1)2’ letting the new matrix be Hp,x. Then

1—¢/2

7?’leax (zlog n) Z (S : NmaXZ'

l*f/zn Z 2C73'10g175/2 Ninax 2 Zloglff Nmax.

Finally, observe that 21°8
Therefore, our final PNP algorithm can be described as follows: on input 1", set n = m!/ (C+1)? 5o that
Nmax = m, and output the matrix Hyy,x. The whole construction takes at most n < poly(m) time with a

SAT oracle, which completes the proof.
O

21 This reduces to the #0V,, 4-IF instance between row vectors of Q; 1 and column vectors of Q; 5.
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8.2 Almost-Everywhere Probabilistic Degree Lower Bounds

Next we improve Viola’s Q(n/ log2 n) probabilistic degree lower bound [Vio20] to an almost-everywhere
one. We first recall the definition of probabilistic degree.

Reminder of Definition 1.6. The e-error degree of a function f: {0,1}" — {0,1} is the minimum d such
that there is a distribution D on polynomials over IFy of degree d such that Prp..p[P(x) # f(x)] < e

We need the following fast evaluation algorithm for low degree polynomial.

Lemma 8.5 ([Will8b, Theorem 26]). Let p: {0,1}" — {0,1} be an Fy-polynomial of degree d, we can
evaluate Y c 101y p(x) in 2= Qn/d)+0(l0gn) g,

The main theorem in [Vio20] can be adapted to the almost-everywhere setting.

Reminder of Theorem 1.7. There is a language L: {0,1}* — {0,1} in EN® such that L,, has 1/3-error
probabilistic degree at least ()(n/ log2 n), for every sufficiently large n.

Proof. Let C > 0 be a large enough constant and let T(n) = n®. Recall the algorithm AL¢ from Defini-
tion 4.2, and define the following algorithm Apo|ypcp which tries to speed up .AES:

1. On an input z of length n, it applies the PCP reduction from Lemma 3.10 to ALg(z). Let £ =
Clogn + O(loglogn) be the length of the random string in the PCP, also let VPCP;, be the oracle
circuit.

2. Next, Apolypcp guesses an IFp-polynomial P: {0, 1} — {0,1} of degree at most ﬁi%[, which can
be described by ¢¢/ (2Clog ) . y < 2¢/(2C) . p < 1/10 bits. (P will be treated as the oracle in the PCP.)

3. Consider VPCPZ. We know that each query g;: {0,1}Y — {0,1} to P is a projection, which
naturally induces a polynomial Q;(x) = P(g;(x)), where deg(Q;) = deg(P). The output of VPCP,
is a 3-CNF F over {Q;}. Suppose F has m = poly({) < (9(VO) clauses. We write the j-th clause of

F as (L](i), L](.’Z), L](I;)) where each LJ(IZ) is an element of {Q;} or its negation.

Note that for each j € [m] L)

L (x)V L](-’I;) (x)V L](-,I;) (x) can be written as an IFp-polynomial of degree

o (ﬁ) By Lemma 8.5, we can evaluate
E E (LY@ vLH @) vLy 23
jelm] xe{o,l}é( i (x) jr2 (x) i3 (x)) (23)

inm - 2{—Q(Clog £)+0(logt) — »{—Q(Clogl) time.

4. Finally, we accept if and only if the expectation (23) is larger than 1 — ¢~°C. This completes the
construction of Apelpcp.

Note that Ao pcp can be implemented to run in 20-0(Clog ) < o(T(n)) time. Since Apoypcp runs in
0(T(n)) time while guessing at most n/10 bits of witness, we can apply the refuter in Theorem 4.6. We
show the following two lemmas:

Lemma 8.6. For every sufficiently large C and T(n) = n®, it holds for all but finitely many z € {0,1}*
that A(z) < Als(z).
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Proof. The lemma statement is equivalent to saying that Als(z) = 0 implies .A(z) = 0. Suppose
Al(z) = 0. Then for any oracle O, at most an n~ 10 < ¢~10C fraction of VPCP?’S assignments are
satisfying. Therefore, for any guessed polynomial P, we have:

E | A @CY@vLE @ vLE )] <o

It follows that

(P) (P) (P) —1oc , m—1 _,-5C
xG{IEM}[jEII[Em}(L]ﬂ (x) VL (x) VL5 (x) < ¢ +——<1 05C,

Therefore, A(z) rejects every possible witness. This completes the proof. O

Lemma 8.7. For every sufficiently large C and T(n) = nC, for all large enough n and input z € {0,1}", if
Als(z) = 1 and Aporypcp(z) = 0, then the correct oracle for VPCP; has 1/3-error degree Q({/ log? £).

Proof. Suppose on the contrary that some the correct oracle O for Vpcp(x) has 1/3-error degree d <
o(¢/ log2 ?). Let F be the corresponding probabilistic polynomial. Next, we reduce the error of the prob-
abilistic IFo-polynomial by composing a degree O(log ¢) IFa-poly for majority with O(log ¢) many inde-
pendently samples from JF naturally. We obtain a (1 — £719C)_error probabilistic polynomial F’ of degree
O(dlog?). Now, if we take one random polynomial P from the distribution F”, it follows that

(P) (P) (P) —10C
E E E (L L\ 1t >1_ .
x€{0,1}¢ je[m] P~]-"( i () v j2 (x) v i3 (x)) > 14

By the averaging principle, we can fix a polynomial P such that:

(P) (P) (P) oc
E E (LY@ vi®D ) vL oy
xe{o,l}éje[m]< j (%) i2 (x) i3 (x)) >

Note that the degree of P is O(dlog ¢) < o(¢/log (). Therefore, P is an acceptable witness for Aoy pcp (X)

and Ayoypcp(x) = 1. This is a contradiction.
]

Given Lemma 8.6 and 8.7, the rest of the proof is analogous to the proof of Theorem 1.1.
O

8.3 An Improved Degree-Error Trade-off

Using our improved XOR Lemma, we are also able to prove a better degree-error trade-off for correlation
bounds against [F»-polynomials.

Reminder of Theorem 1.8. For all 6 > 0, there is a language L: {0,1}* — {0,1} in EN? such that L,
cannot be (1/2 + 2 )-approximated by nY/2=9 degree Fp-polynomials, for every sufficiently large n.

Proof Sketch. Note that low-degree IF»-polynomials are just a special case of AC [@], which admits a fast
#SAT algorithm (Lemma 8.5). In the following we will mimic the proof of Theorem 1.2.

Let C > 0 to be a large enough constant and T(n) = n®. Consider Al and the following algorithm A
which tries to speed up Al.
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1. On an input z of length n, A applies the PCP of Lemma 3.10 first, obtaining the oracle circuit
VPCP;. Recall that VPCP,, and its oracle take inputs of length £ = ¢(n) = Clogn + O(loglogn).
Letd = d(¢) = £1/?279/3 be the degree parameter.

2. Next, A guesses a general circuit C of size at most 27, Note that we need a total of 20(V?) < o(n)
bits to specify C.

3. Feeding C into VPCP,, we obtain VPCPS, which can be written as a general circuit of size at most

poly(|CJ).

4. Applying the PCPP from Lemma 3.11, we obtain a 2-SAT instance with m; < poly(|C|) < 20(vD)
clauses, over the set of variables ) U Z. We guess a list of Sum of my = 2t polynomials of degree
d, as proof functions. Note that we need at most

poly(|C|) - my - 2001080 < 200VD) < o ()
bits to specify these polynomials.

5. Using the fast evaluation algorithm of Lemma 8.5, we run a similar validity test and verification as in
the proof of Theorem 1.2. The total running time is bounded by

poly(|C|) - poly (mz) -2/~ /D000 < 20D < o(T()).
This completes the construction of algorithm A.

By construction, A is an NTIMEGUESS[o(T(n)), n/10] algorithm. The analysis of .A is similar to that
for Theorem 1.2: We first prove A(z) < ALs(z) for all but finitely many z. Then, for all large enough 1, we
can use the refuter RT from Theorem 4.6 to find an input z € {0, 1}" such that A(z) = 0 and Al (z) = 1.
Using the SAT oracle, we can construct the first correct oracle O for VPCP,. Depending on whether there
is a succinct circuit computing O or not, we consider following two cases:

1. The oracle O cannot be computed by circuits of size at most Zﬂ. Then, by Lemma 3.9, from
the oracle O we can construct a function f: {0,1}°() — {0,1}, which cannot be (1/2 + -t )-
approximated by circuits of size 20V This in turn implies that f cannot be (1/2 + 2_50(1))—
approximated by polynomials of degree d(¢) = ¢1/279/3,

2. The oracle O can be computed by some circuit of size at most 2V7, Let C be the lexicographically
first such circuit. (Note that C can be constructed with access to a SAT oracle.) Feeding C into

VPCP, we obtain VPCPE .

Now consider the PCPP reduction (step 4) in A, we can first find the lexicographically first correct list
of proof functions Vs, Z;: {0,1}* — {0,1}. Based on these functions, we use similar construction
as in the proof of Theorem 1.2. It gives us a function f of input length £ + O(logmy) < 2¢, which
is &-far from every [0, 1]Sum o (degree-d-poly). Using the hardness amplification in Lemma 3.8 with
parameter k = %E‘S /3, we obtain a function of input length £1+%/3 which cannot be (1/2 + o~ )-
approximated by degree d(¢) = ¢'/>79/2 polynomials.

For both cases, we pad the input length to r = ¢1+9/3_ The final functions cannot be (1/2 + - )-

approximated by polynomials of degree d(¢) = ¢1/2=0/3 > y1/2-3 This completes the construction of the
hard function. The rest of the proof is analogous to the proof of Theorem 1.1. O
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A A Hardness Amplification Lemma

In this section, we prove our non-standard XOR Lemma. We remark that the proof is already implicit in
Levin’s proof of XOR Lemma [Lev87, GNW95].

Reminder of Lemma 3.8. Let f: {0,1}" — {0,1} be a boolean function. Let § < , For any k > 1, let
ex = (1= 0)""1 (3 = 6). If f cannot be (1 — 8)-approximated in {1 distance by [0,1]Sum o € circuits of
complexity O < ( 51?5:)2)’ then f&F cannot be (% + €1 )-approximated by € circuits of size s.

Proof. We prove the contrapositive, i.e., given a ¢ circuit C of size s approximating f @k on at least a
(% + ek)—fraction of inputs, we show how to construct a [0, 1]Sum o ¢ circuit Q approximating f with a
much better guarantee.

For an input x to ¥, we write x = yz such that |y| = n, |z| = (k — 1)n. Our proof is by induction on
k. The case k = 1 is clearly trivial. Assuming the hypothesis holds for k — 1, we now consider the following
two cases.

Case 1. Suppose for some y € {0,1}", we have

I?U”WJ)ZCWJH—;‘>1%5=(Y—®k”(;—5>=8py

Then, we can fix one such v, and note that either circuit C'(z) := C(y, z) or =C'(z) approximates f&*~1)
well enough so that we can reduce it to the case of k — 1.

Case 2. Otherwise, we have that for all y € {0,1}":

Pl w2 = C )l - 5| < 155

We define

‘T(y)—z'gl_(s. (24)

Also, since C approximates f @k on at least % + ¢ fraction of inputs, we have

ElT(y)] 21/2+e (25)

Now let Z1,7Z,,...,Zy be a sequence of i.i.d. random variables, where each Z; is uniformly random
from {0,1}"=1), We then define

T(y):= E |[Cn,2) = fy) @ f201(z)]. 26)
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Setting £ = O <( 5;()2 ) and applying a Chernoff bound, we have

~ 58](
Pr ’T - T ’>7 <271,
{z,-}[ W) ~T) _2(1—5)]_
By a union bound, we can fix an assignment Z; = z; for each of Z; such that

)~ T < 355 @

holds, for all y € {0,1}". Then from (25), (27), and (24) it follows directly that

5€k

~ 1
> - _ %k
IyE[T(y)] 25 te 21-9) (28)
and for all y,
~ 1 Ex 5€k
Ty) 2’ S1-5T20-9)
Letting r := zg’l‘if‘;ek, we define:
5 Ty) -3, 1
P(y) == ( t45
Note that P(y) € [0,1] since ‘T(y) — %‘ < 5. From (28), we have
5 Ey(Ty)] -5 1
[ By 3, 1
gwwn-( -z,
(5€k
8 —_— el
N ( k—20-9 1
- T 2
s s
& 2(1£k(5) + 125 + 2(1%5)
N r
a(l+15) 2-6 26
e - 212 276 T a2ys ! d 29

Finally, we use the samples {(z;, f*~1)(z;)}, to construct a Sum o % circuit Q as follows:

- r 2

Note that Q can be implemented as a sum of £ + 1 % circuits (one for the constant function 1), as
n-s

f B(k-1) (z;) can all be replaced by the corresponding constants. The size of Q is bounded by O (W)
The sum of absolute values of coefficients in Q is bounded by O(1/r) = O <ﬁ> Therefore, the

complexity of Q is O <ﬁ>
Finally, note that

Cly,z) = fy) & fF(Z) & fly) = Cy, Z) & 2 (Z)),
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and therefore, from (26), it follows that

Py fly)=1
Qly) = {1—%) ) =0

From the above, one can see that for all y, we have Q(y) — f = P(y) — 1. Therefore, from (29) and
note that P(y) € [0, 1], we have

lQ-fl, <E[1-P(y)] <o

Also, since P(y) € [0,1] for all y, Q(y) € [0,1] for all y as well. Putting everything together, Q is the
desired [0, 1]Sum o € circuit and this completes the proof. O

B Refuter for Robustly Often Nondeterministic Time Hierarchy Theorem

In this section, we construct a refuter for the “robustly often”” nondeterministic time hierarchy theorem. This
refuter is used in the construction of rigid matrices (Theorem 1.5).

Reminder of Theorem 4.8. For any time-constructible function T (n) such thatn < T(n) and T(n+1) <
O(T(n)). There is an NTIME[T(n)] machine Akq and an algorithm R}q such that:

1. Input. The input for Rgo is a pair (M, 1"), with the promise that M is a nondeterministic Turing
machine runs in o(T (n)) time.

2. Output. For any fixed M, for all large enough n, Rho(M,1") outputs a string x of length |x| €
[n,n + T(n)] such that Ak (x) # M(x).

3. Complexity. Rk is a deterministic algorithm, runs in poly(T(poly(T(n)))) time with adaptive
access to a SAT oracle.

Proof Sketch. Informally, the intuition behind the proof of Theorem 1.12 is as follows: We design the
algorithm .AES such that, if an algorithm M accepts a particular string x = (M, n, 0"/ 10y then by the
design of .AES and the assumption that M and AES agree on all n-bit inputs, AES (implicitly) enumerates
all possible witnesses for M(x), and forces M(x) to reject all of them. This implies that M rejects x, which
is a contradiction. The case where M rejects the string x can be handled similarly as well.

If we no longer have the restriction that M only guesses n/10 bits as the witness, then AES cannot
enumerate all witnesses on the same input length. Instead, we can first pad the input length to be sufficiently
long (i.e. n + T(n)), then follow the same approach: enumerate all possible witnesses, and force M(x) to
reject all of them.

Encoding. Recall that we fix a natural enumeration of all nondeterministic Turing machines, and associate
the integer M with the M-th such machine. In the following, we use a slightly different encoding than that
in Theorem 4.6, to deal with the fact that the witness could be longer than n. For M,n € IN such that
n>M+2andz € {0,1}*, we encode them by

(M, 1,2) 0 := 1M01""M~20z,

Note that [(M, n,z) .| = n+ |z|.
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The Algorithm Ay, AL is defined as follows.

* Given an input x, we parse it as x = (M, n,z),,. We reject immediately if there is no valid parsing,
or |z| > T(n).

o If |z| < T(n), Akq accepts x if both of the following hold:

1. z = 0 for some /.
2. M accepts X' = (M, n,017+1),in T(|x'|) steps.

« Otherwise, |z| = T(n), and AL accepts x if both of the following hold:

1. M rejects (M, n,€) o in T(n) steps with witness z.2? That is, Vy1((M, 1, &)y, T(11),z) = 0.

2. (This condition is only required when z # 17(").) M accepts x' = (M, n,z + 1), in T(|x'|)
steps.

By the construction above, the assumption T(n + 1) < O(T(n)), and the fact that nondeterminis-
tic algorithms can be simulated with only constant overhead in running time, Ago is a nondeterministic
algorithm running in O(T(n)) time.

Construction of the Refuter. Now we design the refuter R . Let M be an o(T(n))-time nondetermin-
istic machine. For every sufficiently large 7, we want to find an input x of length |x| € [n,n + T(n)] such
that M(x) # AL (x). Let L) be the list consisting of strings of the form (M, 1, z),, for all z = 0° where
¢e€{0,1,2,...,T(n)—1}and z € {0, 1}T(”), sorted in lexicographical order.

The following lemma can be proved similarly as Lemma 4.3.

Lemma B.1. If M runs in o(T(n)). For every sufficiently large n and integer 1 < i < |L£L)|, ifﬁfn) =

(M, n,z) 0, then

ML) 2| < T(n),
Al (L) = L (£, T(n),2) = 0] AM(L")  |2| = T(n) andi < [L£)],
[V (£, T(n),2) = 0] i=|Lm].

Applying Lemma B.1, one can verify that the same algorithm in the proof of Theorem 4.6 also works
given the list

e, i, e

Finally, note that REO runs in

O(log |£0]) - poly(T(poly(T(n)))) = poly(T(poly(T(n))))

time, which completes the proof.

22We use ¢ to denote empty string.
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