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Abstract

This paper shows that there exist Reed—Solomon (RS) codes, over large finite fields, that
are combinatorially list-decodable well beyond the Johnson radius, in fact almost achieving list-
decoding capacity. In particular, we show that for any € € (0, 1] there exist RS codes with rate
Q(m) that are list-decodable from radius of 1 —e. We generalize this result to obtain a
similar result on list-recoverability of RS codes. Along the way we use our techniques to give a
new proof of a result of Blackburn on optimal linear perfect hash matrices, and strengthen it to
obtain a construction of strongly perfect hash matrices.

To derive the results in this paper we show a surprising connection of the above problems
to graph theory, and in particular to the tree packing theorem of Nash-Williams and Tutte.
En route to our results on RS codes, we prove a generalization of the tree packing theorem to
hypergraphs (and we conjecture that an even stronger generalization holds). We hope that this
generalization to hypergraphs will be of independent interest.
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1 Introduction

Reed—-Solomon (RS) codes are a classical family of error correcting codes, ubiquitous in both theory
and practice. To define an RS code, let F, be the finite field of size ¢, and let 1 < k < n < g.
Fix n distinct evaluation points a1, a9, ..., oy € F,. The [n, k]-Reed-Solomon code over F, with
evaluation points (asq,. .., ) is defined as the set

{(f(ar),.... f(an)) : f € Fylz], deg(f) <k}.

RS codes attain the optimal trade-off between rate and distance. The rate of a code C C Fy
is defined as R = log,|C|/n. The rate is a number between 0 and 1, and the closer to 1 the
better. The (relative) distance of a code C C Fy is defined to be 0(C) = minezrec d(c, '), where
d(e,d) = |{i € [n] : ¢ # c;}|/n is relative Hamming distance. Again, the relative distance is a
number between 0 and 1, and the closer to 1 the better. An [n, k]-RS code has rate k/n and distance
(n — k + 1)/n, which is the best-possible trade-off, according to the Singleton bound [Sin64].

Because RS codes attain this optimal trade-off (and also because they admit efficient algo-
rithms), they have been well-studied since their introduction in the 1960’s [RS60]. However, per-
haps surprisingly, there is still much about them that we do not know. One notable example is their
(combinatorial)® list-decodability. List-decodability can be seen as a generalization of distance. For
p € (0,1) and L > 1, we say that a code C C Fy is (p, L)-list-decodable if for any y € Fy,

{eeC : dle,y) <pi| <L

In particular, (p, 1)-list-decodability is the same as having distance greater than 2p. List-decodability
was introduced by Elias and Wozencraft in the 1950’s [Eli57, Woz58]. By now it is an important
primitive in both coding theory and theoretical computer science more broadly. In general, larger
list sizes (the parameter L) allow for a larger list-decoding radius (the parameter p). In this work,
we will be interested in the case when p =1 — ¢ is large.

The list-decodability of Reed—Solomon codes is of interest for several reasons. First, both list-
decodability and Reed—Solomon codes are central notions in coding theory, and the authors believe
that question is interesting in its own right. Moreover, the list-decodability of Reed—Solomon codes
has found applications in complexity theory and pseudorandomness [CPS99, STVO01, LP20].

Until recently, the best bounds available on the list-decodability of RS codes were bounds that
hold generically for any code. The Johnson bound states that any code with minimum relative
distance 6 is (1 — /1 — d, gn?9)-list-decodable over an alphabet of size ¢ ([Joh62], see also [GRS19,
Theorem 7.3.3]). This implies that, for any ¢ € (0, 1], there are RS codes that are list-decodable up
to radius 1 —¢ (with polynomial list sizes) that have rate (¢2). The celebrated Guruswami-Sudan
algorithm [GS99] gives an efficient algorithm to list-decode RS codes up to the Johnson bound, but
it breaks down at this point. Meanwhile, the list-decoding capacity theorem implies that no code
(and in particular, no RS code) that is list-decodable up to radius 1 — € can have rate bounded
above ¢, unless the list sizes are exponential.

There have been several works over the past decade aimed at closing the gap between the
Johnson bound (rate £2) and the list-decoding capacity theorem (rate £). On the negative side,
it is known that some RS codes (that is, some way of choosing the evaluation points a1, ..., ay),
are not list-decodable substantially beyond the Johnson bound [BKR10, GR06]. On the positive
side, Rudra and Wootters [RW14] showed that a random choice of evaluation points will, with

high probability, yield a code that is list-decodable up to radius 1 — & with rate O (W).

!Throughout this paper, we will study combinatorial (rather than algorithmic) list-decodability.



Unfortunately, while the dependence on ¢ in the rate is nearly optimal (the “correct” dependence
should be linear in e, according to the list-decoding capacity theorem), the loggq term in the
denominator means that the rate necessarily goes to zero as n grows, as we must have ¢ > n for
RS codes. Working in a different parameter regime, Shangguan and Tamo showed that over a large
alphabet, there exist RS codes of rate larger than 1/9 that can also be list-decoded beyond the
Johnson bound (and in fact, optimally) [ST20a]. However, this result only holds for small list sizes
(L =2,3), and in particular, for such small list sizes one cannot hope to list-decode up to a radius
1 — ¢ that approaches 1.

Given this state of affairs, our motivating question is whether or not RS codes can be list-
decoded up to radius 1 — ¢ with rates Q(e) (in particular, with a linear dependence on € and no
dependence on ¢). As outlined below, we nearly resolve this question, obtaining this result with
rate Q(W)

1.1 Contributions

Our main result establishes the list-decodability (and more generally, the list-recoverability) of
Reed—Solomon codes up to radius 1 — ¢, representing a significant improvement over previous work.
Our techniques build on the approach of [ST20a]; the main new technical contribution is a novel
connection between list-decoding RS codes and the Nash-Williams—Tutte theorem in graph theory,
which may be of independent interest. We outline our contributions below.

Existence of RS codes that are near-optimally list-decodable. Our main theorem for
list-decoding is as follows.

Theorem 1.1 (RS codes with near-optimal list-decoding). There is a constant ¢ > 1 so that the
following statement holds. For any ¢ € (0,1] and any sufficiently large n, there exist RS codes of
rqte R> m over a large enough finite field (as a function of n and €), that are (1—¢,c/e)-
list-decodable.

As discussed above, Theorem 1.1 is stronger than the result of Rudra and Wootters [RW14],
in that the result of [RW14] requires that the rate tend to zero as n grows, while ours holds for
constant-rate codes. On the other hand, our result requires the field size g to be quite large (see
Table 1), which [RW14] did not require.

Our result also differs from the result of Shangguan and Tamo [ST20a] discussed above. Because
that work focuses on small list sizes, it does not apply to list-decoding radii approaching 1. In
contrast, we are able to list-decode up to radius 1 — . We note that [ST20a] is able to show that
RS codes are exactly optimal, while we are off by logarithmic factors. Both our work and that of
[ST20a] require large field sizes.

Generalization to list-recovery. Theorem 1.1 follows from a more general result about list-
recovery. We say that a code C C Fy is (p, £, L)-list-recoverable if for any Si, Ss,..., S, C Fy with
|Si| =,

‘{CGC : d(c,Slegx~--><Sn)§p}]§L.

Here, we extend the definition of Hamming distance to sets by denoting
L ..
d(c,S1 X -+ x Sp) = ﬁHZE n] : ¢ &S}

List-decoding is the special case of list-recovery for £ = 1. List-recovery first arose in the con-
text of list-decoding (for example, the Guruswami—Sudan algorithm mentioned above is in fact



Radius p List size L Rate R Field size ¢

List-Decoding;:

Capacity 1—¢ - <e -

Johnson bound 1—¢ poly(n) Ce? q>n
[RW14] 1—¢ CJe m q > Cnlog®(n/e)/e
[ST20a] 75(1—-R) | L=23 R q=2°"

This work (Thm. 1.1) 1—¢ Cle L g=(H)"

List-Recovery:

Capacity 1-¢ - <e -
Johnson bound 1—¢ poly(n) 0752 qg>n
[LP20] p<1—-1/V2 (@ \/Z%ogq q>Cny{-logn
This work (Thm. 1.2) l1—¢ % Wa(le) q= (g)cn

Table 1: Prior work on list-decoding and list-recovery of RS codes. Above, C refers to an absolute constant.
The “Capacity” results refer to the list-decoding and list-recovery capacity theorems, respectively, and are
impossibility results. Above, we assume that ¢ > n and that n — oo is growing relative to 1/¢ and ¢, and
that n is sufficiently large.

a list-recovery algorithm), but has since found applications beyond that, for example in pseudo-
randomness and algorithm design. Our main result is the following (see Theorem 5.1 for a more
detailed version).

Theorem 1.2 (RS codes with list-recovery beyond the Johnson bound). There is a constant

¢ > 1 such that the following statement holds. For any ¢ € (0,1], any positive integer £, and any
. . . S c

sufficiently large n, there exist RS codes with rate R > ioa(/asn Over @ large enough (as a

function of n and e,£) finite field, that are (1 — e, ¢, cl/e)-list-recoverable.

Theorem 1.2 establishes list-recoverability for RS codes beyond the Johnson bound,? and to the
best of our knowledge this is the first result to do so for radius up to 1 —e. We discuss related work
below in Section 1.2 and summarize quantitative results in Table 1.

Applications to perfect hashing. Our techniques also have an application to the construction
of strongly perfect hash matrices, as detailed below. Given a matrix and a set .S of its columns, a
row is said to separate S if, restricted to this row, these columns have distinct values. For a positive
integer t, a matrix is said to be a t-perfect hash matriz if any set of ¢ distinct columns of the matrix
is separated by at least one row. Perfect hash matrices were introduced by Mehlhorn [Meh84] in
1984 for database management, and since then they have found various applications in cryptography
[Bla03], circuit design [NW95], and the design of deterministic analogues of probabilistic algorithms
[AN96].

Let PHF(n,m,q,t) denote a g-ary t-perfect hash matrix with n rows and m columns. Given
m, q,t, determining the minimal n such that there exists a PHF (n, m, g, t) is one of the major open

*There is a version of the Johnson bound for list-recovery (see [GSO1]), which implies that an RS code of rate
O(£?/¢) is list-recoverable. Thus, the rate O(e/v/f) that appears in Theorem 1.2 is substantially larger.



questions in this field, and has received considerable attention (see, e.g., [BW98, Bla00, SG16]).
For any integers t > 2, k > 2, and sufficiently large prime power ¢, using tools from linear algebra
Blackburn [BW98] constructed a PHF (k(t—1), ¢*, ¢, t), which remains the best-known construction
for such parameters so far.

Constructing perfect hash matrices is related to list-recovery and list-decoding. Indeed, if the
columns of our matrix are codewords, then the matrix is a t-perfect hash matrix if and only if the
code is (0,t — 1,t — 1)-list-recoverable. On the way to proving our main result on list-recovery,
we prove a theorem (Theorem 3.1, which we will state later), that gives very precise bounds, but
only in a restricted setting. While this setting is too restrictive to immediately yield results on
list-recovery in general, it turns out to be enough to say something interesting about perfect ¢t-hash
matrices. In particular, we are able to recover Blackburn’s result, and extend it to a generalization
of perfect hashing where every set of ¢ columns needs to be separated not just by one row but by
many rows.

Theorem 1.3. Given integers 1 < k <n and t > 3, for a sufficiently large prime power q, there
exists an n x ¢* matriz, defined on the alphabet Fy, such that any set of t columns is separated by
at least n — k(t — 1) + 1 rows.

We call a matrix with the property given by Theorem 1.3 a strongly t-perfect hash matriz;
this can be viewed as an “error-resilient” version of perfect hash matrices. Strongly perfect hash
matrices were first introduced by the third and fourth authors of this paper for ¢ = 3, with a slightly
different definition [ST20b]. Indeed, Lemma 25 of [ST20b] implies the ¢ = 3 case of Theorem 1.3,
but it breaks down at that point. We overcome this barrier, and construct strongly t-perfect hash
matrices for all integers t > 3. The main ingredient in our proof is a surprising connection from
strongly perfect hashing to graph theory (see Section 4 for the details). Perfect hash matrices with
a similar property (i.e., every set of ¢ columns needs to be separated by more than one row) have
also been studied in [Doul9], but not to our knowledge in this parameter regime.

Theorem 1.3 recovers Blackburn’s result by taking n = k(t — 1), and it establishes the new
result for strongly perfect hash matrices. Based on a result of Blackburn [BW98], we also show
(Proposition 4.1) that the hash matrix in Theorem 1.3 is optimal for strongly perfect hashing,
among all linear hash matrices. Both Theorem 1.3 and Proposition 4.1 are proved in Section 4.

A new connection to the Nash-Williams—Tutte theorem, and a new hypergraph Nash-
Williams—Tutte conjecture. In order to derive our results, we build on the framework of
[ST20a]. That work developed a framework to view the list-decodability of Reed-Solomon codes
in terms of the singularity of intersection matrices (which we define in Section 2). The main new
technical contribution of our work is to connect the singularity of these matrices to tree-packings in
particular graphs. This connection allows us to use the Nash-Williams—Tutte theorem from graph
theory to obtain our results. The Nash-Williams—Tutte theorem gives sufficient conditions for the
existence of a large tree packing (that is, a collection of pairwise edge-disjoint spanning trees) in a
graph.

We think that this connection is a contribution in its own right, and it is our hope that it will
lead to further improvements to our results on Reed—Solomon codes. In particular, we hope that
it will help establish the following conjecture of [ST20a]:

Conjecture 1.4 (Conjecture 1.5 of [ST20a]). For any ¢ > 0 and integers 1 < k < n with en € Z,
there exist RS codes with rate R = % over a large enough (as a function of n and €) finite field,
that are list-decodable from radius 1 — R — ¢ and list size at most [I_Eﬁ]



Conjecture 1.4 is stronger than our Theorem 1.1 about list-decoding. In particular, our theo-
rem is near-optimal, but it is interesting mostly in the low-rate/high-noise parameter regime. In
contrast, Conjecture 1.4 conjectures that there exist ezxactly optimal RS codes, in any parameter
regime.

To encourage others to use our new connection and make progress on Conjecture 1.4, we propose
a method of attack in Section 6. This outline exploits our connection to the Nash-Williams—Tutte
theorem, and proceeds via a conjectured generalization of the Nash-Williams—Tutte theorem to hy-
pergraphs: we show that establishing this hypergraph conjecture (which is stated as Conjecture 6.4
in Section 6) would in fact establish Conjecture 1.4.

The proof of Theorem 1.2 on list-recovery that is presented in Section 5 uses the standard
(graph) Nash-Williams-Tutte theorem directly, without moving to hypergraphs. In particular, it
does not follow the outline set out in Section 6. Therefore, in order to demonstrate the validity
of our outline in Section 6, we actually give a second proof of Theorem 1.1 about list-decoding
that does follow the outline above. In particular, we prove (Theorem 6.3) a weaker form of our
hypergraph Nash-Williams-Tutte conjecture, and we show that this also implies Theorem 1.1.3

In addition to providing a second proof of Theorem 1.1 and giving a concept of our outline
of attack in Section 6, we hope that both our conjectured hypergraph generalization of the Nash-
Williams—Tutte Theorem (Conjecture 6.4) and our proof of a weaker version of it (Theorem 6.3)
will be of indepedent interest.

1.2 Related Work

We briefly review related work. See Table 1 for a quantitative comparison to prior work.

List-decoding of RS codes. Ever since the Guruswami-Sudan algorithm [GS99], which effi-
ciently list-decodes RS codes up to the Johnson bound, it has been open to understand the extent
to which RS codes are list-decodable beyond the Johnson bound, and in particular if there are RS
codes that are list-decodable all the way up to the list-decoding capacity theorem, matching the
performance of completely random codes. There have been negative results that show that some
RS codes are not list-decodable to capacity [BKR10], and others that show that even if they were,
in some parameter regimes we are unlikely to find an efficient list-decoding algorithm [CWO07]. The
work of Rudra and Wootters, mentioned above, showed that for any code with suitably good dis-
tance, a random puncturing of that code was likely to be near-optimally list-decodable; this implies
that an RS code with random evaluation points is likely to be list-decodable. Unfortunately, as
discussed above, this result requires a constant alphabet size ¢ in order to yield a constant-rate
code, while RS codes necessarily have ¢ > n.

Recently, Shangguan and Tamo [ST20a] studied the list-decodability of RS codes in a different
parameter regime, namely when the list size L is very small, either 2 or 3. They were able to get
extremely precise bounds on the rate (showing that there are RS codes that are exactly optimal),
but unfortunately for such small list sizes it is impossible for any code to be list-decodable up
to radius 1 — ¢ for small e, which is our parameter regime of interest. Unlike the approach of
[RW14], which applies to random puncturings of any code, the work of [ST20a] targeted RS codes
specifically and developed an approach via studying intersection matrices. The reason that their
approach stopped at L = 3 was the difficulty of analyzing these intersection matrices. We build
on their approach and use techniques from graph theory—in particular, the Nash-Williams—Tutte

3This second proof does not immediately establish list-recoverability, which is why we lead with our first proof.



theorem—to analyze the relevant intersection matrices beyond what [ST20a] were able to do. We
discuss our approach more below in Section 1.3.

List-recovery of RS codes. While the Guruswami—-Sudan algorithm is in fact a list-recovery
algorithm, much less was known about the list-recovery of RS codes beyond the Johnson bound
than was known about list-decoding. (There is a natural extension of the Johnson bound for list-
recovery, see [GS01]; for RS codes, it implies that an RS code of rate about £2/¢ is list-recoverable
up to radius 1 — ¢ with input list sizes £ and polynomial output list size). As with list-decoding, it
is known that some RS codes are not list-recoverable beyond the Johnson bound [GR06]. However,
much less was known on the positive front. In particular, neither of the works [RW14, ST20a]
discussed above work for list-recovery. In a recent work, Lund and Potuchuki [L.LP20] have proved
an analogous statement to that of [RW14]: any code of decent distance, when randomly punctured
to an appropriate length, yields with high probability a good list-recoverable code. This implies
the existence of RS codes that are list-recoverable beyond the Johnson bound. However, in [LP20]
there is again a dependence on log(q) in the rate bound, meaning that for RS codes, the rate
must be sub-constant. Further, the work of [LP20] only applies up to radius p = 1 — 1/v/2, and
in particular does not apply to radii p = 1 — ¢, as we study in this work. Our results also work
in the constant-p setting of [LP20], and in that regime we show that RS codes of rate Q(1/v/7)
are (p, £, 0(¢)) list-recoverable, which improves over the result of [LLP20] by a factor of log ¢ in the
rate. However, we do require the field size to be much larger than that is required by [LP20] (see
Table 1).

List-decoding and list-recovery of RS-like codes. There are constructions—for example, of
folded RS codes and univariate multiplicity codes [GR08, GW13, Kopl5, KRZSW18]—of codes that
are based on RS codes and that are known to achieve list-decoding (and list-recovery) capacity,
with efficient algorithms. Our goal in this work is to study Reed—Solomon codes themselves.

Perfect hash matrices and strongly perfect hash matrices. Perfect hash matrices have
been studied extensively since the 1980s. There are two parameter regimes that are studied. The
first is when the alphabet size ¢ is constant and the number of rows tends to infinity [Nil94, FK84,
KM88, Kor86, XY19]. The second is when the number of rows is viewed as a constant, while ¢
may tend to infinity [BW98, Bla00, SG16]. In both cases the strength ¢ of a perfect hash matrix
is a constant. Our work studies the second case; as mentioned above, Blackburn [Bla00] gave an
optimal construction for linear hash matrices in this parameter regime, and as a special case we
obtain a second proof of Blackburn’s result.

The study of strongly perfect hash matrices is relatively new [ST20b]. The thesis [Doul9]
collected some recent results on a closely related topic. However, the parameters considered there
are quite different from those in our paper, and to the best of our knowledge our construction is the
best known in the parameter regime we consider. Another related notion called balanced hashing
was introduced in [AG07, AG09], where, with our notation, any set of ¢ columns of a matrix needs
to be separated by at least a; and at most ao rows, for some integers a; < as. Note that in
our setting, we want every set of ¢ columns to be separated by as many rows as possible, while
in the setting of balanced hashing it cannot exceed the threshold aso; thus, the two settings are
incomparable.
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Figure 1: Let fi, fo, f3, fa € Fg4lz] have degree k — 1 and suppose that I; = {7 : f;j(e;) = g(ew)}. (In
particular, f; and f; agree on I;NI;). Then the matrix-vector product depicted above is zero, where the vector
fi refers to the k coefficients of the polynomial f;. Here, Vi(I; N1I;) € IFllIimj >k denotes the Vandermonde
matrix with (i,7) entry equal to of ™' for 1 < i < |I; N I;] and j € [k]. The notation Z; denotes the k x k
identity matrix.

1.3 Technical Overview

Intersection matrices. Our approach is centered around intersection matrices, introduced in
[ST20a]. Intersection matrices and their nonsingularity are defined formally below in Definition 2.2,
but we give a brief informal introduction here. A {-wise intersection matrix, M, is defined by a

collection of sets Iy, I>,...,I; C [n], and has entries that are monomials in Fy[z1,z2,...,zy]. It
was shown in [ST20a] that if there is a counter-example to the list-decodability of a Reed—Solomon
code with evaluation points (aq,...,ay,)—that is, if there exist polynomials fi, fo,..., fL4+1 that

all agree with some other polynomial g : F, — F, at many points o;—then there is a (L + 1)-wise
intersection matrix that becomes singular when «; is plugged in for z; for all i € [n].

The set-up (both the definition of an intersection matrix and the connection to list-decoding) is
most easily explained by an example. Suppose that we are interested in list-decoding for L = 3, and
suppose that we are interested in a RS code with evaluation points aq, asg, ..., an. Let fi, fo, fa, fa
and g be a counter-example to list-decoding, as above, and for 1 < j < 4, let I; = {i € [n]
fj(a;) = g(a;)}. Now consider the product shown in Figure 1 (see the caption for notation).

An inspection of Figure 1 shows that the matrix-vector product depicted is zero. Indeed, the
top part is zero for any choice of the f;, and the bottom part is zero since f; and f; are assumed
to agree on {a, : s € I; N I;}. The matrix shown is the 4-wise intersection matrix for the sets
I, Iy, I3, Iy, evaluated at ag,...,q,. If the f;’s agree too much with the function g (aka, if they
are a counter-example to list-decodability for some given radius), then the sets I; N I; are going to
be larger, and this matrix will have more rows. In particular, the more the f;’s agree with g, the
harder it is for this matrix to be singular. Intuitively, this sets us up for a proof by contradiction: if
f1, f2, f3, f1 agree too much with g, then this matrix is nonsingular (at least for a non-pathological
choice of «;’s); but Figure 1 displays a kernel vector!

A t-wise intersection matrix (for sets Ip,...,I;) generalizes a 4-wise intersection matrix shown
in Figure 1. The bottom part looks exactly the same—a block-diagonal matrix with Vandermonde



blocks—and the top part is an appropriate generalization that causes the analogous k& - (;)—long
vector corresponding to the f;’s to vanish.

A conjecture about t-wise intersection matrices. With the motivation in Figure 1, the
strategy of [ST20a] was to study t-wise intersection matrices M for t = L + 1, and to show that for
every appropriate choice of Iy, ..., I;, the polynomial det(M) € Fy[x1, 2, ..., zy,] is not identically
zero. The list-decodability of RS codes would then follow from the DeMillo-Lipton—Schwartz—
Zippel lemma along with a counting argument. In particular, they made the following conjecture,
and showed that it implies Conjecture 1.4 about list-decoding. Below, the weight of a family of
subsets I, ..., I; of [n] is defined to be

t t
=1

i=1
and for a set J of indices, we use the shorthand wt(l;) := wt(l; : j € J).

Conjecture 1.5 (Conjecture 5.7 of [ST20a]). Lett > 3 be an integer and Iy, ..., I C [n] be subsets
satisfying

(i) wt(Ly) < (|J| — 1)k for all nonempty J C [t],
(ii) Equality holds for J = [t], i.e., wt(Iy) = (t — 1)k.
Then the t-wise intersection matriz My, 1, . 1,y s nonsingular over any finite field.

The conditions (i) and (ii) above turn out to be the right way of quantifying “the f;’s agree
enough with g.” That is, if the f;’s agree too much with g (in the sense of going beyond Conjec-
ture 1.4 about list-decoding), then it is possible to find sets I; so that (i) and (ii) hold.

Unfortunately, the work of [ST20a] was only able to establish Conjecture 1.5 for t = 3,4
(corresponding to L = 2,3), and it seemed challenging to extend their techniques directly to much
larger values of L.

Establishing the conjecture under an additional assumption, and using that to establish
our main results. In this work, we use a novel connection to the Nash-Williams—Tutte theorem,
which establishes the existence of pairwise edge-disjoint spanning trees in a graph, to extend the
results of [ST20a] to larger L, at the cost of an additional assumption. More precisely, we are able
to show in Theorem 3.1 (stated and proved in Section 3) that Conjecture 1.5 holds, provided that
the sets I; do not have any nontrivial three-wise intersections I; N I; N Iy # 0.

The connection to the Nash-Williams—Tutte theorem is explained in Section 3. Briefly, we
consider each term in the expression

n

det(M) _ Z (_1>sgn(0) HMi,J(i)'

oc€ESnh i=1

We show that [T, M; 5y is a nonzero monomial in x1,...,z, if and only if o picks out a tree
packing of a graph* that is determined by the sets Ip,...,I;. It turns out that the requirements

4Throughout this paper, a tree packing of a graph G means a collection of pairwise edge-disjoint spanning trees

of G.



of (i) and (ii) in Conjecture 1.5 translate exactly into the requirements needed to apply the Nash-
Williams—Tutte theorem to this graph. Thus, if (i) and (ii) hold, then there exists a tree packing
in this graph and hence a nonzero term in det(M).

If the sets I; N I; and I;; N I that appear in the lower part of the t-wise intersection matrix do
not intersect (that is, if there are no three-wise intersections among the sets I;), then the reasoning
above is enough to establish the conclusion of Conjecture 1.5, because all of the terms that appear
in the expansion of the determinant are distinct monomials, and they cannot cancel. This is why
Theorem 3.1 has this assumption.

While Theorem 3.1 is not strong enough to immediately establish results for list-decoding or
list-recovery (indeed, there is no reason that there should not be three-wise intersections for the
polynomials f; discussed above), it is enough for our application to perfect hash matrices, which
we work out in Section 4.

In order to apply Theorem 3.1 to list-decoding, we back off from Conjecture 1.5 a bit. First,
we allow a factor of ©(logt) slack on the right hand sides of (i) and (ii). Second, rather than
showing that the t-wise intersection matrix My, (7, .,y is nonsingular, we show that there exists
a t'-wise intersection matrix that is nonsingular for some t’ < ¢. Following the connection of
[ST20a] illustrated in Figure 1, this turns out to be enough to establish our main theorem on
list-decoding/recovery.

We choose this smaller intersection matrix in Lemma 5.3 by carefully choosing a random subset
J of [t]. By greedily removing elements from the sets {I; : j € J}, we can obtain subsets I} C ;
with empty three-wise intersections I; N 17, N1}, = . Furthermore, by the careful random choice of
J, and since we allowed a O (logt) slack in the initial weight bounds, we can show this step does not
delete too many elements. This is the key step of Lemma 5.3. Using some of the sets {I; : j € J},
we can find a smaller intersection matrix obeying the setup of Conjecture 1.5 with the additional
guarantee that all three-wise intersections are empty. We provide a more detailed summary of the
proof in Section 5.1.

Another avenue to list-decoding: a hypergraph Nash-Williams—Tutte conjecture. As
mentioned above, we actually give a second proof of Theorem 1.1 on list-decoding. Our second proof
is inspired by the observation that a suitable hypergraph generalization of the Nash-Williams—Tutte
theorem would imply Conjecture 1.5 about the nonsingularity of intersection matrices, without any
need for an additional assumption about three-wise intersections of the sets I;.

We conjecture that such a generalization is true, and we state it in Section 6 as Conjecture 6.4
(with C = 1). It requires a bit of notation to set up, so we do that in Section 6 rather than here;
however, the reader interested in the hypergraph conjecture can at this point jump straight to
Section 6 without missing anything.

We show that if our hypergraph conjecture were true, it would imply Conjecture 1.5, on the
nonsingularity of intersection matrices. This in turn would imply Conjecture 1.4, establishing
the existence of RS codes with optimal list-decodability. This suggests a plan of attack towards
Conjecture 1.4.

While we are unable to establish this hypergraph conjecture in full, we are able to establish
a quantitative relaxation of it (Theorem 6.7). This in turn establishes a quantitative relaxation
of Conjecture 1.5 (Conjecture 6.2) about the nonsingularity of intersection matrices, which in
turn establishes a quantitative relaxation of Conjecture 1.4 (Conjecture 6.1); that is, there are
near-optimally list-decodable RS codes. This gives a second proof of Theorem 1.1, and also gives
evidence that our plan of attack is plausible. We illustrate the outline of our plan of attack, and
our two proofs of Theorem 1.1, in Figure 2.



Organization. A graphical overview of our results can be found in Figure 2. We begin in Section 2
with the needed notation and definitions, including the definition of ¢-wise intersection matrices.

In Sections 3, 4, and 5, we give our first proof of Theorem 1.1 that uses our proof of Conjec-
ture 1.5 under the additional assumption of no three-wise intersections. More precisely, in Section 3,
we show how to use the Nash-Williams—Tutte theorem from graph theory to prove Theorem 3.1,
which establishes Conjecture 1.5 under the assumption of no three-wise intersections. In Section 4
we use Theorem 3.1 to prove Theorem 1.3 about perfect hash matrices. In Section 5 we prove The-
orem 1.2 on the list-recoverability of RS codes. As list-recovery is more general than list-decoding,
this gives our first proof of Theorem 1.1 on list-decoding.

In Sections 6 and 7, we give our second proof of Theorem 1.1 that uses our hypergraph version of
the Nash-Williams—Tutte theorem. More precisely, Section 6 introduces our plan of attack and our
hypergraph conjecture. In Section 7, we prove a quantitatively weaker version of the hypergraph
conjecture, and show how this can be used to give a second proof of Theorem 1.1.

1.4 Future Directions and Open Questions

In this work, we have shown the existence of near-optimally list-decodable RS codes in the large-
radius parameter regime. To do this, we have established a connection between the intersection
matrix approach of [ST20a] and tree packings. Along the way, we also developed applications to the
construction of strongly perfect hash matrices, and we have introduced a new hypergraph version
of the Nash-Williams—Tutte theorem. We highlight a few questions that remain open.

Can RS codes achieve list-decoding capacity? In spite of the results and tools developed in
this paper, we were not able to prove Conjecture 1.4. More concretely, we showed that there exist
RS codes of rate Q(g/log(1/¢)) that are (1 —¢&,0(1/¢)) list decodable, which is away from optimal
by a logarithmic factor. We believe that the logarithmic factor can be removed, and we hope that
the avenue of attack discussed in Section 6 can do it. We note that the analogous question regarding
the limits of list-recoverability of RS codes also remains open.

Efficient list-decoding of RS codes? We remark that, using a simple idea from [ST20a] one
can convert each of the existence results of RS codes reported in this paper into an explicit code
construction, although over a much larger field size. Hence, given such an explicit code construction,
is it possible to decode it efficiently up to its guaranteed list-decoding radius? A similar question
can be asked for list-recoverability. We note that [CWO07], which shows that decoding RS codes
much beyond the Johnson bound is likely hard in certain parameter regimes, does not apply to our
parameter regime when the field size is large.

Are large finite fields really needed? We were only able to show the existence of the combi-
natorial objects we are interested in (list-decodable RS codes and perfect hash matrices) over very
large finite fields, exponential in the parameters of the combinatorial object. Do these objects exist
over smaller fields? Or can one prove that large finite fields are really needed?

Generalizing the Nash-Williams—Tutte theorem to hypergraphs. In an attempt to resolve
Conjecture 1.4, we present Conjecture 6.4, a new graph-theoretic conjecture, which can be viewed
as a generalization of the Nash-Williams—Tutte theorem to hypergraphs. In addition to being
interesting on its own, resolving this conjecture would imply the existence of optimally list-decodable
RS codes. In our work we were were able to prove this conjecture for some parameter settings
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(C = O(logt), in the language of the conjecture), and it would be very interesting to prove it for
constant C.

Theorem 3.1
Our first proof of Nonsingularity ( Theorem 1.2 )
Theorem 1.1, of intersection Main Theorem:
presented in matrices, provided List Recovery
Sections 3, 4, 5 that LNI;NI, =0 L of RS codes )
for all distinct 1, j, [.
Theorem 1.3 )
Existence of [% -
strongly perfect
__ hash matrices efliSicodes
Our second proof of
Theorem 1.1,
following the Theorem 6.7 Theorem 6.3
proposed roadmap Conjecture 6.4 holds Thm. 7.2 Conjecture 6.2 holds Lem. 738
when C' = O(logt), for C = O(logt) for C = O(logt)

|

|

. |
presented in X ‘
| |
| |
| |
| |
|

|
Section 7. l
|
| 1
| . 1
Prop;(())sﬁdtri(rfslmap Conjec‘éure 6.4 EZEJS?Etfl;?f Conjecture 6.1
) P ——— Thm. 7.2 ey Lem. 7.8 List Decoding of
list-decoding, when Hypergraph of intersection -
. , . . RS Codes with
C =1, presented in Conjecture matrices with factor-of-C' slack
Section 6. factor-of-C slack

Figure 2: A diagram of the conjectures and results presented in this work. Solid arrows represent logical
implications. (In fact, to connect Theorem 6.7 to Theorem 1.1, we prove only one theorem, Theorem 6.6.
However, that theorem follows by applying Theorem 7.2 and Lemma 7.8, so we draw it like that on the chart
to parallel the proposed roadmap.)

2 Preliminaries

The main goal of this section is to present the definition of ¢t-wise intersection matrices over an
arbitrary field F.

Let Nt = {1,2,...} and [n] = {1,2,...,n} for n € N*. Denote by logx the base-2 logarithm
of x. For a finite set X and an integer 1 < k < | X|, let ()k() ={A C X : |A| = k} be the family
of all k-subsets of X. For an integer ¢ > 3, we define the following lexicographic order on ([2}).
For distinct S1, 5 € ([g), S < S if and only if max(S;) < max(S2) or max(S1) = max(S2) and
min(S7) < min(S3). For a partition P of X, let |P| denote the number of parts of P. In the
remaining part of this paper, assume that n, k are integers satisfying 1 < k < n.

We view a polynomial f € Fy[z] of degree at most k — 1 as a vector of length k defined by its
k coefficients, where for 1 < ¢ < k, the i-th coordinate of this vector is the coefficient of 2~ Lin f.
By abuse of notation that vector is also denoted by f.
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2.1 Cycle Spaces

We need the notion of the cycle space of a graph, which is typically defined over the boolean field
[Fy (see, e.g., [Diel7]). Here we define it over an arbitrary field F. An equivalent definition can be
found in [BBNO93], where it is called the “circuit-subspace”.

Let K; be the undirected complete graph with the vertex set [t]. Denote by {i,j} the edge
connecting vertices ¢ and j. Let K7 be the oriented graph obtained by replacing {i,j} with the
directed edge (i,7) for all 1 < i < j <t. For a graph G with vertex set [t], an oriented cycle in G
is a set of directed edges of the form

C = {(io, il), (il,ig), ceey (im—l,im)}

where m > 3, dg, ..., im—1 are distinct, i,, = ip and {i;_1,7;} is an edge of G for all j =1,...,m.
Suppose C' is a union of edge-disjoint oriented cycles in G. Then C' is uniquely represented by
t
a vector u® = (u%j} {i,j} € ([é])) € IF(Z), defined for 1 <i < j <t by

1 (i,5) e C
ug,j} ={ -1 (j,9)eC,
0 else.

Hence, the sign of a nonzero coordinate ug i indicates whether the orientation of {i,j} in C

complies with its orientation in K. We further assume that the coordinates of u® are ordered by
the aforementioned lexicographic order on ([5]).

Denote by C(G) C F(2) the subspace spanned by the set of vectors
{u® : C is an oriented cycle in G}

over F. We call C(G) the cycle space of G over F. We are particularly interested in the cycle space
C(Ky) of Ky. For distinct i, j,¢ € [t], denote by A;jp the oriented cycle {(i, j), (4, £), (¢,4)} and call
it an oriented triangle. We have the following lemma, generalizing [Diel7, Theorem 1.9.5].

Lemma 2.1. The vector space C(Ky) C F(2) has dimension (tgl), and the set
B ={ufit :1<i<j<t—1}
is a basis of C(Ky).

Proof. The vectors in B; are linearly independent since u{A = 1 and u* { 7 ,} =0forl <i<j<t—1

and 1 <4 < j/ <t—1with {i,5} #{,j } Let W be the span of B; over F. Consider an arbitrary
oriented cycle C' in K;. We claim that «¢ € W, and this would imply that B; is a basis of C(K;)
and that the dimension of C'(Ky) is |B:| = (tgl).

Denote by ec the smallest {i,j} € (t) in the lexicographic order such that (i,j5) € C or
(j,i) € C. Next, we will prove the claim by a reverse induction on the lexicographic order of ec.
Note that ¢ € ec since |C| > 3, which implies that the claim is vacuously true when ec = {t —1,¢}
(which never occurs). Now assume that the claim holds for all oriented cycles C" with ecr > ec.
Let {i,j} = ec, where i < j. We may assume that (i,5) € C by flipping the orientation of C' if
necessary, which corresponds to negating u®.

Let s be the number of directed edges that C' and A;;; share. If s = 3 then it is clear by definition

that C' = Ay, and we are done. Otherwise, 1 < s < 2 and it is easy to verify that uC —uliit = @
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for a set C’ that is either an oriented cycle in G or a disjoint union of two oriented cycles Cy, Cs in
G passing through ¢. The latter case occurs when C' passes through ¢ and (¢,4), (j,t) € C. In either
case, the smallest edge (under the lexicographic order) of C’ is greater than the edge ec = {i,7}.
Hence, by the induction hypothesis and the fact that ©¢ = u©* + 12 when €’ is the disjoint union
of C and Cy, we have u® € W. So u€ = u% + ubiit € W, completing the proof of the claim. [

The basis B; is also viewed as a (tgl) X (5) matrix over F whose columns are labelled by the
edges {i,j} of K, according to the lexicographic order defined above. Moreover, the rows of B;
represent u®it for 1 < i < j < t — 1, and are labelled by {i,j} € ([t;H), also according to the
lexicographic order. For example, B3 = (1,—1,1) and

By = 1 -1 1 s
1 -1 1

where the 6 columns are labeled and ordered lexicographically by {1,2} < {1,3} < {2,3} < {1,4} <
{2,4} < {3,4}. Observe for example that the 1 entries in the first row correspond to the oriented
triangle Ajoq = {(1,2),(2,4),(4,1)}, where we have —1 on the column labelled by the edge {1,4},
since the directed edge (4, 1) in Aj94 has the opposite orientation from the orientation of the edge
in K7.

We remark that the above definition of By, is given with respect to the fixed orientation of the
edges of K?, as with the definition of u® for any oriented cycle C. One may define B; with respect
to other orientations of edges, which corresponds to changing the signs in some columns. These
definitions are all equivalent and the analysis in this paper holds for any orientation up to change
of signs.

Moreover, when the characteristic of F is two, we recover the definition of B; in [ST20a] using
the fact that 1 = —1. While working in the case char(FF) = 2 has the advantage that there is no
need to distinguish the signs, the theory holds more generally over any field.

2.2 t-Wise Intersection Matrices

We proceed to define t-wise intersection matrices, but we begin with a few preliminary definitions.

Given n variables or field elements x1, ..., z,, define the n X k& Vandermonde matrix
1 aclf_l
Vi(z1,...,zn) = . (2)
1 :En e :Efi_l

When the x;’s are understood from the context, for I C [n], we use the abbreviation Vj(I) :=
Vi(x; i € I) to denote the restriction of Vj(z1,...,x,) to the rows with indices in I.

Let Z;, denote the identity matrix of order k. Next, we give the definition of ¢-wise intersection
matrices.

Definition 2.2 (t-wise intersection matrices). For a positive integer k and t > 3 subsets I, ..., I; C
[n], the t-wise intersection matriz My (1, 1) is the ("5, + > i<icj<t i N IG|) % (2)k variable
matriz with entries in Flz1, ..., x,], defined as

13



B @ Iy,
diag (Vi(li 01 1)) : {i,j} € (1))
where ® is tensor product of matrices and

o BRI is a (tgl)k x (5)k matriz with entries in {0, £1},

9

o diag(Ve(LinI;): {i,j} € ([g)) is a block diagonal matriz with blocks Vi,(I;N1;), ordered by the
lexicographic order on {i,j} € ([g). Note that this matriz has order (32 <; i<, [1iN15]) x (;)k,

and if I; N I; =0 then Vi(I; N I;) is of order 0 x k. In other words, the {i,j} € (%]) block of
k columns is a Zl§i<j§t |I; N I;| x k zero matriz.

The reader is referred to the appendix (see Example A.1) for an example of a 4-wise intersection
matrix. We note that when ¢ = 2, B; is an empty matrix and My, (1, 1,) is simply a Vandermonde
matrix.

For a vector a € ", the evaluation of My, (1, 1,y at the vector a is denoted by My, (1, . 1,)(a),
where each variable x; is assigned the value «;. Given subsets I1,...,I; C [n], we call the variable
matrix My, (g, .. 1,) nonsingular if it contains at least one (;)k X (;)k‘ submatrix whose determinant
is a nonzero polynomial in Flxy, ..., z,].

The paper [ST20a] connects the nonsingularity of intersection matrices to the list-decodability
of RS codes. We will use this connection to prove our main result, Theorem 1.2.

However, we will first prove that certain intersection matrices are nonsingular. This will both
allow us to cleanly illustrate the connection to disjoint tree packings of graphs, and it will also yield
Theorem 1.3 about perfect hash matrices. We will do this in Theorem 3.1 in the next section.

3 Connection to Tree Packing and an Intermediate Result

In this section we prove the following theorem. We recall from (1) the definition of the weight of a
collection of sets:

t t
Wt([l, e ,It) = Z |I'L| - | U Il|?
i=1 i=1

Theorem 3.1. Let t > 2 be an integer and I,...,I; C [n]| be subsets satisfying (1) LNI; NI =0
forall 1 <i < j <<t (ii) wt(l;) < (|J| — 1)k for all nonempty J C [t]; (iii) wt(I[) = (t — 1)k.
Then the t-wise intersection matrix My, (7, . 1,) is nonsingular over any field.

As discussed above, this theorem stops short of Conjecture 1.5, due to the assumption that
I;NI;NI, = (. In the language of list-decoding Reed—Solomon codes, this only gives us a statement
about lists of potential codewords that have no three-wise intersections. However, we will build on
this statement to prove our main theorem about list-recovery (Theorem 1.2), and moreover this
is already enough to prove our result on the existence of strongly perfect hash matrices (Theorem
1.3).

The main tool of proving Theorem 3.1 is the following classical result in graph theory.

Lemma 3.2 (Nash-Williams [NW61], Tutte [Tut61], see also Theorem 2.4.1 of [Diel7]). A multi-
graph contains k edge-disjoint spanning trees if and only if for every partition P of its vertex set it
has at least (|P| — 1)k cross-edges. Here an edge is called a cross-edge for P if its two endpoints
are in different members of P.
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In order to apply the Nash-Williams—Tutte theorem, we will construct a graph G from the sets
I, I, ..., I;. We first note that the assumptions on I1,...,I; from Theorem 3.1 imply some nice
properties that will later allow us to apply Lemma 3.2.

Claim 3.3. Suppose that I, ..., I; are subsets satisfying the assumptions of Theorem 3.1. Then
the matriz My, (1, ... 1,) 95 a square matriz of order (;)k Further, for any J C [t] with |J| > 2,

wt(I)) = Y |[LNIl. (3)
{i}e(3)

Proof. By (1) (the definition of weight) and the inclusion-exclusion principle

wt(Iy) = Z’I\—\UI\_Z > 0N ol (4)

Jj= 2J€ t] e

Therefore, by assumption (i) of Theorem 3.1 we have wt(Ijy) = >, <<t |I; N I;|. Then, by

assumption (iii) the matrix My, (7, ) is in fact a square matrix of order ( )k: Similarly, (3) holds
for any J C [t] with |J| > 2. O

To prove Theorem 3.1, let us construct a multigraph GG defined on a set V of t vertices, say
V ={v1,...,u}. For 1 <i < j <t connect vertices v;,v; by [I; N I;| multiple edges.
Applying Lemma 3.2 to G leads to the following claim.

Claim 3.4. Let G be as above. Then G contains k edge-disjoint spanning trees.

Proof. Let P = {V1,...,Vs} be an arbitrary partition of V. Then it is clear that > . , |V;| = .
According to Lemma 3.2, to prove the claim it suffices to show that G has at least (s — 1)k cross-
edges with respect to P. By (3) and assumption (iii) of Theorem 3.1 it is easy to see that G
contains » o, i<, [l; N Ij| = (t — 1)k edges. Moreover, by (3) and assumption (ii) of Theorem 3.1
one can infer that for each i € [s], the induced subgraph of G on the vertex set V; has at most
wt(I; 1 j € Vi) < (|Vi] = 1)k edges. It follows that the number of cross-edges of G' (with respect to
P) is at least

s

(t =1k =Y (Vil =Dk =(t=1=)_ |Vi| + )k = (s — D)k,
i=1

=1

as needed, thereby completing the proof of the claim. ]

Below, we will relate a tree packing of this graph G to the determinant of the intersection
matrix My, g, .. 1,)- In order to do this, we first record a property of the matrix B;. Recall that the

columns of B; are indexed by ([é]).

Claim 3.5. Removing a set of columns from B will not reduce its row rank if and only if the
columns are labelled by an acyclic subgraph of K.

Proof. First we prove the if direction. Assume to the contrary that we can remove from B; some
columns labeled by an acyclic subgraph H of K; and reduce the row rank. Let B] be the submatrix
of B; after the removal of the columns labelled by H. The rows of B} are linearly dependent by
assumption. Hence, there exists a nonzero vector u € F(t;) such that - B} = 0. As u # 0 and
the rows of By are linearly independent, we have u - By # 0. Let S C ([;]) be the support of u - By,
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where the support of a vector of length n is the subset of [n] that records the indices of its nonzero
coordinates. As u-B; # 0 and u - B, =0, we have ) # S C H.
Consider the (;) x t matrix D = (Dy; j1 ) which is defined by

0 otherwise,

where 1 <1i < j <t and s € [t]. Note that the rows and columns of D are labelled by {i,j} € ([é])
and s € [t] respectively. It is easy to verify that B;- D = 0, which implies that u-B;- D = 0. Denote
u- By by w = (wgjy) € IF(;), whose support is S. As ) # S C H and H is acyclic, we can find
so € [t] whose degree in S is one, i.e., there exists a unique edge {io, jo} € S such that so € {io, jo}-
Then, the so-th entry of w - D is

> wiDiigyse = Wiiogo} Plioo}se = TWio o} 7 05
{i.ive()

which is a contradiction as w-D =u-B; - D = 0.

Now we prove the only if direction. It suffices to prove that removing from B; a set of columns
labelled by a cycle C' of K; will reduce its row rank by at least 1. Let us orient the edges of C' to
make it a oriented cycle, which by abuse of notation is also denoted by C. Since the rows of B,
form a basis of C'(K%), there is a nonzero vector u € F("2') such that u - B; = u®. Let B} be the
submatrix of B; after the removal of the columns labelled by C. Then it is not hard to check that
w - B = 0, which implies that the rows of B; are linearly dependent, as needed. O

Next we present the proof of Theorem 3.1. Recall from Claim 3.3 that under the assumptions
of Theorem 3.1, the t-wise intersection matrix

Bt ®Ik
diag(Vk(Ii NI;):{i,j} € ([S]))

My 1,,..1) =

is a square matrix of order (;)k, and is defined by exactly (¢t — 1)k variables x5, s € S, where
S C [n] is some subset of size (t —1)k. In order to prove that My (1,,...,1,) is nonsingular, we proceed
to show the nonsingularity of the following matrix, obtained by permuting the columns and rows
of My (1,,...1,):

T ® By

M| = ’
k,(I1,....I¢) (Ci 0<i<k— 1)

where C; = diag(Vk(i)(IjﬁIj/) :{4,7'} € ([g)) and V,C(i)(ljﬁ[j/) is the (i+1)-th column of Vi, (£;N1;).
Above, (Ci 0<i <k — 1) isa(t—1)k x (;)k variable matrix, which consists of the matrices C;
stacked next to each other. See Figure 3 for an illustration, and Example A.2 in the appendix for
a concrete example.

Proof of Theorem 3.1. If t = 2, then My, 1, 1,y is a k X k Vandermonde matrix, which is non-
singular, so assume ¢ > 3. For the rest of the proof, we will consider the matrix M’ = M, (
discussed above, and show that it is nonsingular.

I,....It)
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This row is indexed by x5, This row is indexed by x5,

for s € I; N I,. for s € I; N I,.
This column indexed by This column indexed by ¢ € [k]
(5,0} € (%)) and i € [k] and {j, ¢} € (¥
l l
Tk : —Tr i B: :
| |
Ti s In B |
T | I | Ik B
| |
: l
,,,,,,,,,, ,7. ’ PR —
This is T
My (1,,....10) My 1,1

Figure 3: Re-ordering the rows/columns of an intersection matrix. (In this cartoon, ¢ =4 and k = 3).

Let the graph G be as in the discussion above; recall that for distinct i,j € [t], two vertices
v;,vj in G are connected by |I; N I;| edges. By Claim 3.3, M’ is a square matrix with (;)k TOWS
and columns, and k(t — 1) “variable” rows at the bottom. Let S C [n] be the subset that records
the indices of variables x4 that appear in M’.

For 1 < i < j < t, fix an arbitrary one-to-one correspondence between the |I; N I;| edges
connecting v;,v; and the |I; N I;| variables z, € S so that s € I; N I;. Since any three distinct
subsets I;, I, Iy have empty intersection, this yields a one-to-one correspondence

¢: E(G) — {zs:5€ S5},

between the (¢t — k)k edges of G and the (¢t — 1)k variables with indices in S.

By Claim 3.4, the edges of G can be partitioned into k£ edge-disjoint spanning trees 7;, and
G=US T

Observe that for each 0 < ¢ < k — 1, C; has entries that are either zero or of the form 2% for
some x5 € S. We will show how to use the tree decomposition of G to choose nonzero entries in
each C; so that (a) every row in the bottom part of M’ is chosen exactly once, and (b) when the
columns chosen are removed from M’, the resulting submatrix of B; is nonsingular. This will mean
that the product of these non-zero entries appears in the determinant expansion of M’.

For each i, we pick ¢ — 1 non-zero elements from each C;: we choose x% for z, € {¢(e) : e € T}}.
That is, we consider all of the variables x5 corresponding to edges that appear in T;. Let m;(x)
denote the product of these entries:

zs€{p(e) : eeT;}

Let m(z) = Hf:ol m;(x). Since ¢ is a bijection, m(x) is a product of (¢t — 1)k distinct entries chosen
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from the submatrix (Ci 0<i<k— 1), and crucially, no two of them appear in the same row or
column.

To conclude the proof, it is enough to show that m(z) appears as a nonvanishing term in the
determinant expansion of M,gy( L))" Indeed, removing from M ,’C’( h,..1,) the (t — 1)k rows and
columns that correspond to m(z), the resulting submatrix is a block diagonal matrix

yer

diag(B;(i) L 0<i<k-— 1),
where for each i, B,(i) is a square submatrix of B; of order (*;'). By construction, each Bj(i) is
obtained by removing from B; a set of t —1 columns labelled by the spanning tree T;. By Claim 3.5,
this implies that B;(7) is nonsingular. Moreover, as each of the sets I; N I; are disjoint due to the
assumptions of the theorem, the monomial m(x) appears only once in the determinant expansion
of M ,’67( L))" Consequently, the “coefficient” of m(z) in the determinant expansion of M 12,( hol)
is nonvanishing, completing the proof of the theorem.

4 Application to Perfect Hashing

In this section, we apply Theorem 3.1 to perfect hashing, and we prove Theorem 1.3.

Theorem (Theorem 1.3, restated). Given integers 1 < k < n and t > 3, for a sufficiently large
prime power q, there exists an n x ¢* matriz, defined on the alphabet Fy, such that any set of t
columns is separated by at least n — k(t — 1) + 1 rows.

We will also show that Theorem 1.3 is optimal, at least within the class of linear hash matrices.
Generalizing a definition of [BW98] (with a slightly different terminology), we say that an n x ¢*
matrix M is called linear if it is defined over the field F,; and has the form M = PQ, where P is an
n x k coefficient matrix and Q is the k x ¢* matrix whose columns are formed by the ¢* distinct
vectors of IE‘]; .

With this terminology, we will prove the following proposition, which generalizes a result of
[BWIg] (see Theorem 4 of [BW98]).

Proposition 4.1. If a linear n x ¢* matriz separates any set of t columns by at least r rows, then
r<n-—k(t—1)+1.

Proposition 4.1 implies that the bound in Theorem 1.3 is tight, at least for linear constructions.

4.1 Proof of Theorem 1.3

Fix [F to be the finite field F,, and let us begin with an overview of the proof. Recall that an
evaluation vector of FZ is a vector whose coordinates are all distinct. It is well-known that an

[n, k]-RS code over F q is of size ¢*, and that any two distinct codewords agree on at most k — 1
coordinates. For our purpose we view an [n, k]-RS code as an n x ¢* matrix whose columns are the
codewords of the code. More precisely, the columns are all the vectors

{(f(en),- .. flaw))", f € Fylz], deg(f) <k}

with some arbitrary ordering, and o = (v, ..., ay) is the evaluation vector that defines the code.
We say that the evaluation vector o defines the n x ¢* matrix.

Fix an integer ¢ > 3. An evaluation vector a € Fy is called “bad” if it does not define a strongly
t-perfect hashing matrix. The main idea in the proof of Theorem 1.3 is to show that the number of
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bad evaluation vectors is at most Oy, +(¢" ), whereas there are (qfi!n)! = 0,(¢") distinct evaluation
vectors. Therefore, for sufficiently large g there must exist an evaluation vector which is not bad,
e., it defines an n x ¢* strongly t-perfect hash matrix.
The main tool used in proving the upper bound on the number of bad evaluation vectors is the
following well-known result.

Lemma 4.2 (DeMillo-Lipton-Schwartz-Zippel lemma, see, e.g., [Jukll] Lemma 16.3). A nonzero
polynomial f € Fylx1,...,xy,] of degree d has at most dg™ ! zeros in Fy.

We need two more lemmas before presenting the proof of Theorem 1.3.

Lemma 4.3. Given integers 1 < k < n, t > 3, if an evaluation vector a € F does not define

an n x ¢~ strongly t-perfect hashing matriz, then there exists an integer s € {3,...,t} and subsets
L,...,Is C [n] such that

i) NLNL=0foralll<i<j<l<s;

(i) wt(ly) < (|J| — 1)k for any nonempty subset J C [s];
(i) wh(Tg) = (s — Dk;
)

(iv) the s-wise intersection matriz M, (I,...1s) over Fy is a nonsingular square matriz of order
k(;), whose determinant is a nonzero polynomial in Fylz1,...,x,] of degree less than k2t.

Proof. If an evaluation vector a € Fy is bad, then the n x ¢" matrix it defines contains ¢ distinct
columns defined by polynomials fi,..., f;, which are separated by at most n — k(t — 1) rows.
Equivalently, there are at least k(t — 1) rows which do not separate these ¢ columns.

Next, we iteratively construct the sets Iy,...,I; C [n]. We set all of them to be the empty set,
and then for each row 7 that does not separate the ¢ columns, we add i to arbitrary two sets I;, I;
for which fj(cu) = fi(au). It is easy to verify that the sets I; satisfy the following properties

(@) LNnINnL=0forall1<i<j<i<t
(b) |I; N1I;| <k —1 for distinct 4, j € [t];

(¢) Wt(Ijg) = D o1<icjcs (L N L1 = K(t = 1).

Indeed, (a) follows from the definition of Iy,..., I, (b) follows from the property of RS codes, and
(c) follows from (4) and (a).

Let s be the smallest positive integer for which there exist a subset S C [t] of size s with
wt(Ig) > k(s —1) > 0. By (c) s is well-defined. Furthermore, as wt(Is) = 0 for any |S| = 1 and
wt(Ig) < k for any |S| = 2, we have 3 < s <t¢. Assume without loss of generality that S = [s].

By construction and the minimality of s, the sets I3, ..., I satisfy properties (i) and (ii). We
proceed to verify that also (iii) holds. Note that properties (i) and (ii) continue to hold if one
removes an element from one of the sets I;, and by doing so, the weight wt (]| [8}) can reduce by at
most one. Hence, by iteratively removing elements from the sets I, one can construct sets, which
we also denote by I, ..., I, that satisfy property (iii), while retaining properties (i) and (ii).

Since the subsets I1,...,I; C [n] satisfy the three assumptions of Theorem 3.1, it holds that
My (1,.....1,) 1s a nonsingular matrix. The claims on the order of the matrix and the degree of the
polynomial are easy to verify, thereby completing the proof of (i)-(iv) O
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Lemma 4.4. Let o be an evaluation vector that does not define an n x ¢ strongly t-perfect hashing
matriz, and let My (1, . 1,) be the s-wise intersection matriz for 3 < s <t giwen by Lemma 4.5.
Then, the matriz My, 1, . 1y(a), which is the evaluation of My, . 1,y at o, does not have full
rank.

Proof. To prove the lemma it suffices to show that the matrix My, (7, . r.)(a) has a nontrivial kernel.
Towards this end, let fi,..., fs be the s distinct polynomials that correspond to the set S = [s]
found in the proof of Lemma 4.3.

We view a polynomial of degree at most k — 1 also as a vector of length k defined by its k
coefficients, where for 1 < i < k, the i-th coordinate of the vector is the coefficient of the monomial
2! in that polynomial. Let fij=fi—fj € IF’; for1<i<j<s,andlet f=(fi;:1<i<j<

Nk
s) € F(g?) , which is the concatenation of the vectors f;; according to the lexicographic order on

([g]) defined in Section 2.
We claim that My, ;. 1,)(c) - fT = 0. Note that for any 1 <4 < j < s, we have

fij + fjs — fis = 0. (5)

Recall that the row vectors of B, correspond to the oriented triangles A;j;. Then it follows from
(5) and the definition of By that
(Bs®Ip) - f1 = (6)

Moreover, observe that by definition, for any I € I; N I; we have f;(a;) = f;j(ay), which implies that
0= filw) — filau) = (fi — fj)(aq) = fij(ay). Therefore Vi(I; N I;) - 5 = 0, which implies that

diag(Vk(IZ- NI;):{i,j} € @)) T =o. (7)

Combining (6) and (7) we conclude that My (1, . ry() - fT = 0, completing the proof of the
claim. O

We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. We give an upper bound on the number of bad evaluation vectors that
do not define a strongly ¢-perfect hash matrix.

Let M be the set of s-wise intersection matrix My, (r, .,y that satisfy conditions (i)-(iv) of
Lemma 4.3 for any s € {3,...,t}. It is clear that any s-wise intersection matrix My 1,,...,1,) 18
completely determined by the subsets I, ..., I,, therefore the size of M is at most 2".

By Lemma 4.3, for any bad evaluation vector a € Fy there exists a matrix M € M whose
determinant is a nonzero polynomial in Fy[z1, ..., z,] of degree less than k%t. However, by Lemma
4.4 det(M)(a) = 0. Therefore, the set of bad evaluation vectors is contained in the union of the
zero sets of the polynomials det(M), M € M, which by Lemma 4.2, is of size at most

M| - (K*t)g" ™ < (2"k*)q" ! = Onu(¢" ).

The result follows by observing that the number of evaluation vectors, i.e., the number of vectors
in Fy with pairwise distinct coordinates is (qfi!n), = 0,(¢"). Hence, for sufficiently large ¢ there
ex1st many evaluation vectors that are not bad, and the result follows. O
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4.2 Proof of Proposition 4.1

Next, we prove Proposition 4.1, which implies that Theorem 1.3 is tight, at least for linear hash
matrices.

Proof of Proposition 4.1. It is clear that any n x ¢* matrix M given by an [n, k]-RS code is
linear, as we may write M = Vi(aq,...,a,) - @, where a = (o, ..., ay) is the evaluation vector,
Vi(ai,...,ay) is the associated n x k Vandermonde matrix as defined in (2), and @ is the k x ¢"
matrix whose columns are formed by the ¢* distinct vectors of IF’;. The statement on the optimality
follows from Theorem 4 of [BW98] which claims that any linear N x ¢* matrix that has the property
that any set of ¢ columns is separated by at least one row, satisfies N > k(t — 1).

By this result, the restriction to the first k(t — 1) — 1 rows of an n x ¢* linear matrix, contains a
set of t columns which are not separated at all. Hence, this set of columns is separated by at most
n — k(t — 1) + 1 rows of the n x ¢* linear matrix, and the result follows. O

5 Near-Optimal List-Recovery of RS Codes: Proof of the Main
Theorem

In this section we prove our main theorem on the list-recovery of RS codes, Theorem 1.2. We will
in fact prove the following theorem, which implies Theorem 1.2.

Theorem 5.1. Let k,n,L € Nt ¢ € (0,1], and § > 0 be such that L > (1+§)¢/e — 1 and

B0 S ) tog(D) + 1085 1 1)

where ¢ > 0 is the constant in Lemma 5.3. Consider the RS code

C={(f(a),.... flan)) : f(x) € Fyfal, deg(f) < k}

where q > 2¢ (LtnlogL) for a large enough constant ¢ > 0 and aq, ...,y are chosen uniformly and
independently from Fy at random. Then with high probability, the code C has rate R = k/n and is
list-recoverable up to relative distance 1—e with input list size £ and output list size L. In particular,

by choosing & to be any positive constant, we could achieve L = O(¢/e) and R = ) <m>.

We begin with an overview of the proof.

5.1 Overview of the Proof

We give an overview of our proof of Theorem 5.1. For simplicity, let us first assume the input list
size ¢ equals one, i.e., we restrict to the case of list decoding. In this case, Theorem 5.1 states that
there exist RS codes of rate € that are list-decodable from radius 1 — ¢ with list size
O(1/e).

As discussed previously, Conjecture 1.5 about the nonsingularity of intersection matrices would
be enough to establish Theorem 5.1, and indeed an even stronger result. While we do not know
if Conjecture 1.5 holds in general, Theorem 3.1 states that it holds under an extra condition that
I; N I; 0 Lin = for distinct 4,4, € [t]. Our proof of Theorem 5.1 is based on this theorem.

As Theorem 3.1 requires the above extra condition, which does not hold in general, we cannot
simply follow the proof in [ST20a] and replace Conjecture 1.5 by Theorem 3.1. One naive way of
fixing this is removing elements from the sets I; until the condition I; N Iy N I;» = () for distinct

£
log(l/a)-i-l)
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i,i',1" € [t] is satisfied. Specifically, for each j € [n] such that there exist more than two sets
I;,,...,I;, containing j, we pick two sets (say I;; and I;,) and remove j from all the other sets.
The resulting sets I7, ..., I] satisfy the condition I/ NI, N I/, = O for distinct 7,7’," € [t] and we
can now apply Theorem 3.1 to conclude that My, ;. /) is nonsingular.

The problem with this idea, however, is that wt([, [/t]) is generally much smaller than wt(/j),
possibly by a factor of ©(t) = Q(1/¢). So in order to achieve Wt(I[/t}) > (t — 1)k as required by
Theorem 3.1,> we need to start with sets I; such that wt(Iy) > (t — 1)k. As a consequence,
implementing this idea directly only yields RS codes of rate Q(?).

To mitigate this problem, we perform a random sampling of the collection {Iy,...,I;} before
removing elements from ;. Namely, we choose a random subset J C [t] of some appropriate
cardinality to be determined later. Then, we remove elements from the sets I; just like before,
but only for ¢ € J, so that the resulting sets I} satisfy the condition I/ N I}, N I, = for distinct
i,i',i" € J. Finally, we apply Theorem 3.1 to conclude that the |J|-wise intersection matrix
., 18 nonsingular, which can still be used to prove the list-decodability of the RS code.

The advantage of replacing [t] by the random sample J C [¢] is that the condition wt (I [’t]) >
(t — 1)k is replaced by wt(I’;) > (|J| — 1)k. It turns out the conditions I/ N I/, N I}, are easier to
satisfy since |J| may be much smaller than ¢. Consequently, we are able to show that there exist
RS codes of rate Q( m) using this improved method.

Finally, we explain how to choose the cardinality of the sample J. Let j € [n] and denote by
sj the number of sets among I1,...,I; that contain j. Then for the index j, it is best to choose
|J| = ©(t/s;). However, the number s; may vary when j ranges over [n], meaning that there may
not be a single choice of |J| that works best for all j € [n] simultaneously.

We solve this problem using the following trick: Create a logarithmic number of “buckets” and
put j € [n] in the i-th bucket if 207! < s; < 2°. Then choose |J| according to the heaviest bucket.
Here, we lose a factor of O(log(1/¢)+1) in the rate because there are about log L = O(log(1/e)+1)
buckets.

My

Generalization to list recovery. In the case of list decoding, we choose each set I; to be the
subset of coordinates where a codeword c¢; and the received word y agree. In the more general
setting of list recovery, there are multiple received words y(l), el y(e) in the input list, so we need
to keep track of multiple sets IZ.(I), e ,IZ.(e) for each i € [t].

(T)) —

One way of extending our proof to list recovery is choosing r € [¢] that maximizes wt([, 0
wt(IY), .. ,It(r) ) and then proceeding as in the case of list decoding, with I,...,I; replaced by
Ifr), e 7It(r). It is not hard to show that this yields RS codes of rate Q(W) which are
list-recoverable from radius 1 — ¢ with input list size ¢ and output list size O(¢/e).

. . . c

With a more careful analysis, we show that we can achieve a better rate Q(iﬂ(log g /E)+1))’ as
stated by Theorem 1.2. Our analysis is inspired by [LP20] which proved a similar result on the
list-recoverability of randomly punctured codes with a different setting of parameters.

5.2 A Combinatorial Lemma

In this subsection, we state a combinatorial lemma (Lemma 5.3). It guarantees the existence of a
subset J C [t] and sets I] C I; for i € J that satisfy certain conditions, particularly the condition

®Theorem 3.1 requires the stronger condition wt(I[)) = (t — 1)k, but this can be achieved by further removing
elements from the sets I;.
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I'n 1, N1, =0 for distinct ¢,4',3” € J. We then use this lemma together with Theorem 3.1 to
prove Theorem 1.2. The proof of this combinatorial lemma is postponed to Subsection 5.4.
First, we need the following generalization of the weight function wt(-).

Definition 5.2 (Generalized weight function). Let n,t € N* and Iy, ..., I; C [n]. Let S; = {i €
[t] : 5 € I;} for j € [n]. For J C [t] and ¢ € N*t, define the I-th generalized weight wty(I;) of I; to
be

wte(Ly) : Zmax{\S NJ|—4¢,0}.
7=1

Note that wt(I7) = > ;c; || — |U;cs Lil = wti(Ls). Also note that

wty(Iy) > zn:(ysjmy —0) =) _|L| - tn. (8)

Jj=1 ied

The proof of Theorem 1.2 uses the following combinatorial lemma, which we prove in the next
subsection.

Lemma 5.3. Let k,n,t,{ € NT, ¢ € (0,1], § > 0, and IY),...,It(T) C [n] for r € [f]. Let
I, = Uf,zl Ii(r) fori € [t]. Supposet > (14 6)l/e, |I;| > en fori € [t], and

wte(Iy) > <c\/ <log( > + log <1§5> + 1))  tk.

where ¢ > 0 is a large enough absolute constant. Then there exist J C [t] and a collection (I])ics
of subsets of [n] indexed by J such that |J| > 2, I! C I; fori € J, and the following conditions are
satisfied:

(1) IIN I, N1, =0 for distinct i,i,i" € J.

(2) wt(I',) < (|J'| = D)k for all nonempty J' C J.

(3) wi(I}) = (|J] = k.

(4) For every j € [n], there exists rj € [¢] such that {i € J:je I} C{ieJ:je Ii(rj)}.

Remark 5.4. Condition (/) is introduced for list recovery. For the case £ = 1, which corresponds
to list decoding, Condition (4) is automatically satisfied by choosing rj = 1 for j € [n] since in this

case I! C I; = IZ.(I) forie J.
We also need the following lemma that bounds the number of pairs (J, (I])ics).

Lemma 5.5. The number of (J, (I})ics) satisfying Condition (1) of Lemma 5.3 is at most 2'(1 +
t+ ().

Proof. There are at most 2" choices of J. Now fix J C [t]. For j € [n],let Tj = {i € J : j € I}.
Note that we have |T}| < 2 for all j € [n] by Condition (1) of Lemma 5.3. So for each j € [n], the
number of choices of T} is at most 1+t + (;) Also note that the sets I] are determined by the sets
T; by Il = {j € [n] : i € T;}. So the number of choices of (J, (I});es) is at most 2{(1+¢+ (5))*. O
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5.3 Proof of Theorem 5.1

Now we are ready to prove our main theorem. For the reader’s convenience we restate it below.

Theorem (Theorem 5.1, restated). Let k,n,L € Nt ¢ € (0,1], and 6 > 0 such that L > (1 +
Nl/e —1 and

k/n < © ;
VU2 (log(L) + log(Hf2) + 1)

where ¢ > 0 is the constant in Lemma 5.3. Consider the RS code
C={(f(ar),..., flan)) : f(z) € Fy[x],deg(f) < k}

where q > 2¢ (LtnlogL) for a large enough constant ¢ > 0 and oy, . ..,y are chosen uniformly and
independently from Fy at random. Then with high probability, the code C has rate R = k/n and is
list-recoverable up to relative distance 1—e with input list size £ and output list size L. In particular,

. iy . _ _ c
by choosing § to be any positive constant, we could achieve L = O({/e) and R = (7\/2(1%(1/8)“)).

Proof. Let t = L 4+ 1. Consider the following two conditions:
(1) «; # a; for all distinct 4, j € [n].
(2) For all J C [t] and (I]);c satisfying Conditions (1)—(3) of Lemma 5.3, we have

det(Mk,(Il{)ieJ(al’ coaap)) #0,

where Mk,(fé)ieJ denotes the ('g')k X ('g')k‘ variable matrix®

BlJl ®Ik
diag(Vk(I{ NI;):{i,j} € (‘2]))

My (1),e, =

The first condition is satisfied with probability at least 1 — (g) /q. For the second condition, consider
fixed J C [t] and (I})es satisfying Conditions (1)-(3) of Lemma 5.3. We know det(Mjy 1), ,) # 0
by Theorem 3.1. Also note that det (M}, ( e ,) is a multivariate polynomial of total degree at most
(]J|—=1)k(k—1) < Lk?. So by Lemma 4.2, det(My, (1), ,) (@1, - - ., o) # 0 holds with probability at
least 1—Lk?/q for fixed J and (I});e ;. The number of choices of (J, (I]);c) is at most 2¢(1+t+ (3))"
by Lemma 5.5. By the union bound, the two conditions are simultaneously satisfied with probability

at least 1—<Z>/q—2t (1+t+<;)>nLk2/q=1—0(1)

over the random choices of aj,...,a,, where we use the assumption that ¢ > oc'(LtnlogL) 4nqd
c > 0 is a large enough constant.

Fix aq,...,a, € Fy that satisfy the above two conditions. By the first condition, the code C
has rate exactly k/n. It remains to show that C is list-recoverable up to relative distance 1 — ¢
with input list size ¢ and output list size L. Assume to the contrary that this does not hold. Then

®The number of rows of M, 11y, is (‘J‘;l)k—i—z{i’j}g(;) |I; NI}, which equals (") k+3, 11— |Use, Il =

(m{l)k + wt(I;) by Condition (1) of Lemma 5.3. This number further equals (/")k + (|J| — 1)k = ('g‘)k by
Condition (3) of Lemma 5.3.
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there exist ¢ distinct polynomials fi,..., fi € Fqlx] of degree less than k and ¢ received words
y) = (yy), .. ,y,(f)) € Fy, where r = 1,2,...,, such that for all i € [t], the cardinality of the set

I; :=={j € [n] : there exists r € [{] such that fi(o;) = y](.r)}

is at least en.
Let IZ-(T) ={j e n: filoj) = yj(r)} for ¢ € [] and r € [{], ie., Ii(r) denotes the set of
coordinates where C(f;) := (fi(o1),..., fi(ay)) and y(™) agree. So I; = Uﬁzl IZ-(T) for i € [t]. As

= > < £
t=L+1>(1+)l/e and k/n < I o) Flog (51 e also have

(®) ) 1 1496
> — > — > - lK.
wte(I[) > ten —In 535 - ten <C\/ (log <5> + log < 5 ) + 1>> tk

By Lemma 5.3, there exist J C [t] and (I})ies such that |J| > 2, I/ C I; for ¢ € J, and Condi-
tions (1)—(4) of Lemma 5.3 are satisfied.

[J]
Let u be the vector (f;; : {i,7} € (‘2]),1 < j) € IF,SQ )k, where fi; := f; — fj, as defined in the
proof of Lemma 4.4. As |J| > 2 and fi,..., f; are distinct, we have u # 0.
We claim that

Mkv(Irb{)iGJ(al’ e van) . uT == 0 (9)

To see this, first note that (B ® Zy) - u” = 0 (cf. (6) in the proof of Lemma 4.4). Now consider a
row v of the submatrix

diag(Vk(Ié N I]') {i,5} € (;))(Oq, ce ),

of My, (11y,.,(c1, ..., an), which corresponds to some {3, j} € (‘2]) with ¢ < j and s € Iy N I}. By
definition, we have v - u? = fi;(as), i.e., the row v represents the linear constraint fi;(as) = 0. By

) gTS)

Condition (4) of Lemma 5.3, we have s € Ii(TS N IJ(.TS) for some rg € [¢], which implies f;(as) =

and fj(o) = yg’“s). Sowv-ul = fij(as) = fi(as) — fi(as) = 0. This proves (9).
By (9), we have det(Mk,(I;)iej)(ala ...,ap) = 0. But this contradicts the choice of aq,..., ap,.
d

5.4 Proof of Lemma 5.3

We present the proof of Lemma 5.3 in this subsection.
Let k,n,t,0 € Nt ¢ € (0,1], 6 > 0, andthesets]i(r), I; C [n] for i € [t] and r € [{] be as in
Lemma 5.3. That is, we have t > (1 + 6)¢/e, I; = | ! 1) and |I;| > en for i € [t], and

r=1"1

wto(Iy) > (a/ (log< ) + log (1?) + 1)) - tk. (10)

where ¢ > 0 is a large enough absolute constant. We may assume without loss of generality that
IZ.(l), ey l(g) are pairwise disjoint for all i € [¢]: if an element appears in both [Z.(r) and IZ.(TI) for
r # r', we can remove it from one of them, and the set I; does not change. Thus, if we can prove
Lemma 5.3 when these pairwise disjoint conditions hold, we can prove it in general, since we can

choose the same subsets I/ C I; after removing redundant elements.
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For j € [n], S; :={i € [t] : j € I;}. By definition, we have
wte ([ ZmaxﬂS | —¢,0}. (11)

Assume for a moment that there exists an integer K € N™ such that max{|S;| — ¢, 0} equals either
K or zero for all j € [n]. Then by (11), the number of j € [n] for which max{|S;| —¢,0} = K holds
(or equivalently, [S;| = K + ¢ holds) is precisely wt([[;)/K. The next lemma extends this fact to
the general case with only logarithmic loss.

Lemma 5.6. There exists an integer K > 0 such that the number of j € [n] satisfying |S;| > K +4
wte(I[4))

0K (log(1)+log(++2)+1)”

s at least - where ¢y > 0 is some absolute constant.

Proof. By (8) and the fact that ¢t > (1 + J)¢/e, we have

9
wte(Iyy) > ten —In > s ten. (12)

For i =0,1,2,...,let B; = {j € [n] : 2! <|S;| — £ < 2"*1}. Then

[logt]—1
wto(Iy) = Zmax{m 00y = > > (IS1-0).
=0 jeB;

Let d = Uog( T5 - te/2)]. Note that d could be negative (possibly ﬁia -te/2 € (0,1)). Then

5 (12)
Z Z 1S;| =) <n 5 ten/2 < Wte(I[t])/Q-

0<i<d jeB;

Therefore
[logt]—

Z > (1S5 = 0) = we(Iiy) /2. (13)

i=max{d,0} J€B;

Let A = [logt] — max{d,0} = O(log(% )+log(%) 1). By (13), there exists an integer ig such
that max{d,0} < iy < [logt] — 1 and

wte(1y)
3 si-0> (1)

Choose K = 2. Then K < |S;| — ¢ < 2K for all j € B;,. The upper bound |S;| — ¢ < 2K for

Jj € Bi,, together with (14), implies | B;,| > WZZI((IX]). So the number of j € [n] satisfying |S;| > K +/{
. wte(Ify) Wtf([[t])
is at least —rn~ = R (log (D) Hog(T5)+1) O
Fix K satisfying Lemma 5.6. Define

A:={jen]:|S;| > K+1} C[n]

By the choice of K and Lemma 5.6, we have
wtp (1]
A > e(Iy) (15)

coK(log( )+ log( 9) +1)°
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For j € [n] and r € [{], let Sm ={itet]:j T)} So S = Uf 1S( ") for J € [n]. Note that
Sj(.l), cee SJ(-E) are pairwise disjoint for all j: if ¢ € S(r) N SJ(» ), we must have j € IZ»(T) N Iz-(r/), but we
have assumed that IZ-( ), R IZ-(K) are pairwise disjoint for all 4.

We also need the following technical lemma.

Lemma 5.7. For real numbersp €(0,3] and x > 0, we have (1—p)*(1+pz) < 1— ip?a? if v < <
and (1 — p)®(1 + px) < 2 otherwise.

Proof. Fix p and let f(y) = (1 — p)¥(1 + py). For y > 0, the derivative f’(y) satisfies

fy) =1 —=p¥(In(1 =p) - (1+py) +p)

< (1 =p)(=p(1+py) +p) (16)
= —p'y(1 - p)”.
So f'(y) < —p*y(1 —p)® for y € [0,2]. As f(0) = 1, we have f(z) < 1+ [ —p?y(1 — p)*dy =

p)* > (1= p)/P > 1/4, as (1 — p)'/? is decreasing

(1 -

5. Hence, we have f(z) < 1— $p?z? By (16), f(y) is
y = 1/p on the interval [1/p,o0), so for z > 1/p, we have
2

e’

1- %pzzxz(l —p)?. Ifzx < %, we have
with p, and thus is minimized at p =
decreasing and thus maximized a

t
fl@) < f(1/p)= (1 —-p)/P(1+1) <

The above lemma is used to prove the following statement.

O]

Lemma 5.8. Choose a random subset J C [t] by independently including each i € [t] in J with
probability p = min{v¢/(2K),1}. Let
Ay :={j € A: there exists r € [{] such that ]SJ(T) NnJ| > 2}.
Then B[4, = 2(14)).
Proof. Fix j € A. It suffices to prove that Pr[j € Aj] > ¢ for some constant c. Let
ty = max{|S(.T)| — 1,0}

forr=1,...,0. Let K’::Zf 1t;j. Since j € A and S; —UT 15() we have

14
:Zt]’Z‘Sﬂ—KZK-

r=1

Forall r =1,...,¢, we have
Prl|S N < 1) = (1= p)" (1 +trp)

This is because the probability is exactly (1 —p)fr*t + (¢, 4+ 1)p(1 —p)'r when ¢, > 1, and is exactly
1 when ¢, = 0.

As SJ(-l), e ,SJ(.Z) are disjoint, the events that ]SJ(-T) N J| > 2 are independent. Thus, the proba-
bility that j € A; is

14 14

Prjj e Aj)=1-[[Pellsi” nul <1 =1-T]0-p)" (A +tsp)
r=1 r=1
4
=1-1-p" ][O +tp).

r=1

27



We now bound this below by a constant. First consider the case K’ < . Then ¢ > K and

p > 5 f 25 F When x4, ...,z are constrained to be nonnegative integers with a fixed sum,
if there exists x; < x; — 2, we can strictly increase the product f(z1,...,xz¢) = Hf:l(l + x,p) by
replacing x; with z; +1 and z; with z; — 1. Thus, the maximum value of f(z1,...,z¢) occurs when

K’ of the x; are 1 and the rest are zero. Hence, we have

! / ’ 1 !
Prij€ Ajl 21— (1-p" (1+p)" =1-(1-p)" 21- (1 ) 21—V,
as desired.
Now suppose K’ > £. Note that p = min{v/¢/(2K), 3} > v/¢/(2K"). Aslog(1+zp) is concave for
nonnegative real numbers z, we have that f(x1,...,z/) = Hle(l—i—xrp) subject to 1+ - +xp = K’

is maximized when all the x;’s are equal. Hence,

L

! J4
Pr[j € Aj)=1-(1-p* H(l +tp)>1—(1-p¥& <1 + Izp>

(e ()

as desired. If z .= K'/¢ < 1/p, then, by Lemma 5.7, we have

K/)Q ¢ 1 4
. >1_ _ 5 ( 1 I WSS V.
Prlje Aj] > 1 (1 D VZ ) >1 (1 32€> >1—ce

where the second inequality uses the fact p > v/¢/(2K"). If > 1/p, then by Lemma 5.7, we have
Pr[j € Aj] > 1—(2/e)* > 1 —2/e. In all cases, Pr[j € A;] is bounded below by a constant, as
desired. O

Corollary 5.9. There exists J C [t] of cardinality at most c1V/It/K such that the cardinality of
the set Ay as defined in Lemma 5.8 is at least ca|A|, where ¢1,c2 > 0 are absolute constants.

Proof. Choose a random set J C [t] as in Lemma 5.8. Then E[|A|] = Q(]A4|) by Lemma 5.8. As
|As| < |A|, we have Pr[|As| > c2|A|] > ¢3 for some absolute constants cg, c3 > 0.

Observe that by Lemma 5.8 and the linearity of expectation we have E[|.J|] = pt = O(V/t/K).
Moreover, by Markov’s inequality we have Pr[|.J| > ¢;v/t/K] < c3/2 for some sufficiently large
constant ¢; > 0. By the union bound, we know the conditions |J| < ¢;vV/t/K and |Aj| > ca|A]
are simultaneously satisfied with probability at least ¢3/2 > 0, so there exists J C [t] that satisfies
these two conditions. O

Fix J C [t] as in Corollary 5.9, so that |J| < ¢;v/t/K and |Aj| > ca|A|. As the constant c in
(10) is large enough, we may assume ¢ > coc1/c2, where ¢p is as in (15). Then we have
th(f[ ])
K(log( ) + log(%) +1)
For each j € Aj, choose a subset T; C S; NJ and an index r; € [¢] such that |T;| = 2 and

T; C SJ(.Tj). This is possible by the definition of A; in Lemma 5.8. For j € [n] \ Ay, let T; = 0. So
for j € [n], we have

2 (e Kk > (] - Dk, (7)

(15)
|As| > c2lAl >




Let I ={j € [n] : i € T}} C I; for i € J. We have
, - (17)
wi(Ih) = 3 max{|T5] — 1,0} = |4, '3 (1] - Dk.
j=1

Moreover, the fact |Tj| < 2 for j € [n] implies that I} N I/, NI}, = ( for distinct i,7',¢" € J, by
noting that T; = {i € J : j € I'}.
For j € A;, we have

lied:jely=TC8" ni={ies:jeIl"}.
And for j € [n] \ As, we have
{ieJ:jel}=Tj=0C{icJ:jeI"} for any r € [£].

Finally, we have |J| > 2 as |A;| > ¢2|A] > 0. To summarize, we have proved the following weaker
version of Lemma 5.3.

Lemma 5.10. Under the assumption of Lemma 5.3, there exist J C [t] and a collection (I])ics of
subsets of [n] such that |J| > 2, I! C I; fori € J, and the following conditions are satisfied:

(1) I’LI N I{/ N I{// = @ f07" d'LStZTLCt i,i/, i,/ e J

(2) wi(I5) > (1] Dk,

(3) For every j € [n], there exists rj € [¢] such that {ie J:je I} C{ieJ:je Ii(rj)}.
Now we are ready to prove Lemma 5.3.

Proof of Lemma 5.3. Choose the sets J and (I]);es satisfying Lemma 5.10 such that |J| > 2 is
minimized. Note that removing one element from I] for some ¢ € J preserves (1) and (3) of
Lemma 5.10 and reduces wt(I’;) by at most one. Removing elements from the sets in (I});c; one
by one until wt(’;) = (]J| — 1)k holds. Then J and (I});c; satisfy (1), (3) and (4) of Lemma 5.3.

The minimality of |J| guarantees that wt(I’,) < (|J'| — 1)k for all nonempty J' C J. (When
|J'| = 1, this holds since wt(I’,) = 0.) So J and (I});c; satisfy (2) of Lemma 5.3 as well. O

6 Towards Conjecture 1.4: A Hypergraph Nash-Williams—Tutte
Conjecture

Recall that Conjecture 1.4 states that RS codes of rate R are list-decodable from radius 1 — R — ¢
with list size at most (%R_E] As discussed in the introduction, it was shown in [ST20a, Theorem
5.8] that resolving Conjecture 1.5 (about the non-singularity of intersection matrices) would resolve
Conjecture 1.4 (about list-decoding).

Our approach above was to show in Theorem 3.1 that a version of Conjecture 1.5 holds under
the additional assumption that I; N I; NI, = 0 for all 1 < i < j < £ < ¢, and then use that to
conclude our main result about list-recovery.

However, there is another road that one might take. We explore this other road in this section.
This will result in a second proof of Theorem 1.1 about list-decoding, although it will not yield
a result about list-recovery. We include this second proof because we believe that it may inspire
future work to resolve Conjecture 1.4 (optimal list-decoding of RS codes), and further because it
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involves a hypergraph version of the Nash-Williams—Tutte theorem that may be of independent
interest.

Our second approach follows by relaxing Conjecture 1.4 by adding a constant C' of slack. This
results in the following conjecture about list-decoding:

Conjecture 6.1. For any integer L > 1 and any real C' > 1, there exist RS codes with rate R =

over a large enough (as a function of n and L) finite field, that are (LLH(I —CR), L)-list decodabl

k
n
e.

Following a parallel line of argument as in [ST20a], it can be seen that the following conjecture
about intersection matrices—where we have just added a factor-of-C-slack to Conjecture 1.5—

implies Conjecture 6.1.

Conjecture 6.2. Let C > 1 be a real number, let t > 3 be a positive integer, and let k be a
positive integer. Let Ir,...,I; C [n] be subsets such that (i) wt(I;) < Ck(|J| — 1) for all J C [t]
(i) wt(Iy) > Ck(t — 1). Then the t-wise intersection matriz My, y, . 1) i nonsingular over any
finite field.

We are able to establish Conjecture 6.2 for C' > [6logt]:

Theorem 6.3. Let t > 3 be an integer, C = [6logt], and Iy,...,I; C [n] be subsets satisfying (i)
wt(Zy) < C(|J|—1)k for all nonempty J C [t]; (ii) wt(I[y) = C(¢t—1)k. Then the t-wise intersection
matrix My, 7, . 1,) is nonsingular over any field.

Plugging Theorem 6.3 into the polynomial method from [ST20a] gives us our second proof
of Theorem 1.1 on list-decoding. In Section 6.1 below, we describe our approach to establishing
Theorem 6.3. We prove it, and show why it implies Theorem 1.1, in Section 7.

6.1 A Hypergraph Conjecture

In this section we state a conjecture (Conjecture 6.4 below), that, if resolved with C' = 1, will imply
our main goal Conjecture 1.4. We are not able to prove Conjecture 6.4 with C' = 1, but we are
able to resolve it with C' = O(logt). This in turn establishes Conjecture 6.1 (the relaxed version
of 1.4) with the same C, and this provides a second proof of Theorem 1.1 (our main theorem for
list-decoding).

Conjecture 6.4 can be viewed as a hypergraph version of the Nash-Williams—Tutte theorem [NW61,
Tut61]. This theorem has been instrumental in proving several of the results in this paper, including
Theorem 1.1, Theorem 1.2, Theorem 3.1, and Theorem 1.3. Hence, in order to obtain a proof for
Conjecture 1.5 and thereby resolve also Conjecture 1.4, a natural approach is to try to generalize
the theorem to hypergraphs. This is indeed the path we take, and we conjecture a generalization
of the Nash-Williams—Tutte theorem that would imply Conjecture 1.5 in full. We do this by devel-
oping a correspondence between intersection matrices and hypergraphs partitions. In this section,
we outline the correspondence, and we state our main results along these lines. The proofs are
deferred to Section 7 below.

Throughout, we use t as the number of vertices in a (hyper)graph. This variable corresponds
to the same ¢ used in t-wise intersection matrices. A (multi)graph G is called k-partition-connected
if every partition P of the vertex set has at least k(|P| — 1) edges crossing the partition. By the
Nash-Williams—Tutte theorem, this is equivalent to the graph having k edge-disjoint spanning trees.
The parameter k here is the same k used as the dimension of the Reed—Solomon code and the same
k used for the Vandermonde matrix degrees in the intersection matrices.
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We say a hypergraph is k-weakly-partition-connected” if, for every partition P of the vertices of
H, we have

Y (Ple) = 1) = k(P - 1), (18)

ecE(H)

where P(e) is the number of parts of P that e intersects. For example, any k-partition-connected
graph is k-weakly-partition-connected as a hypergraph. As another example, k copies of the t-edge
covering all ¢ vertices of H is also k-weakly partition-connected.

An edge-labeled graph is a graph G where each edge is assigned a label from some set E. Let H
be a hypergraph. A tree-assignment of H is an edge-labeled graph G obtained by replacing each
edge e of H with a graph F, on |e| — 1 edges on the vertices of e. Furthermore, each edge of the
graph F, is labeled with e. The graph G is thus the union of the graphs F, for e € H. We call G
a tree-assignment because it is helpful to think of each F, as a tree, though it does not need to be
one.

A k-tree-decomposition of a graph on k(t—1) edges is a partition of its edges into k edge-disjoint

spanning trees Ty, ..., Tr_1. We say tree-decomposition when k is understood. In an edge-labeled
graph T with edge-labels from some set E, let vI € N¥ be the vector counting the edge-labels in
T. Specifically, v is the number of edges of label e in T. For a tree-decomposition (Tp, -, Tk_1)
of an edge-labeled graph, define its signature v(ToTk=1) by
k—1
o0 Th1) . Zz -oli, (19)
i=0
An edge-labeled graph G on t vertices is called k-distinguishable if G has k(t — 1) edges and there
exists a tree-decomposition Ty,...,T;_1 of G with a unique signature. That is, for any tree-
decomposition 7§, ..., T} _, with the same signature pTorTi1) = 4(TorTi-1) | we have T! =T, for

1=0,....,k—1
With these definitions, we can now conjecture a hypergraph version of the Nash-Williams—Tutte
theorem.

Conjecture 6.4. Let C > 1 be a real number and t be a positive integer. For all positive integers
k and Ck-weakly-partition-connected hypergraphs H on t vertices, there exists a tree-assignment of
H with o k-distinguishable subgraph.

We think of C' as a parameter of the conjecture, with the strongest version being when C = 1.
Moreover, one should convince themselves that indeed the conjecture (if true) is a generalization
of the Nash-Williams—Tutte theorem: for C' =1 and H a graph, the conjecture boils down to the
Nash-Williams—Tutte theorem.

Example 6.5. Let C = 1,t =4, and k = 2. Below, H is a 2-weakly-partition-connected hypergraph.
We take a tree assignment of H to obtain an edge-labeled graph G on 6 edges, where each edge is
labeled by its color. The tree-decomposition Ty U Ty demonstrates that G is 2-distinguishable: We
have v™® = (2,1,0) and v™ = (0, 1,2) so the signature is v(T0T1) = 0.0T0 +1.0T0 = (0, 1,2). One can
check that any other tree decomposition (T, T]) of G has a different signature oo T £ (0,1,2).
Thus, G is 2-distinguishable. Hence, H is a 2-weakly partition-connected hypergraph with a 2-
distinguishable tree-assignment, satisfying Conjecture 6.4 when C = 1.

"There is also a notion of “k-partition-connected” for hypergraphs which uses min{P(e) — 1,1} in the sum. In
other words, a hypergraph is k-partition-connected if any partition P has at least |P| — 1 crossing edges. This
notion admits a Nash-Williams—Tutte type theorem: any k-partition-connected hypergraph can be decomposed into
k 1-partition-connected hypergraphs [FKKO03]
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The following result says that proving Conjecture 6.4 for some value of C' yields a correspond-
ingly relaxation of Conjecture 1.4. In particular, Conjecture 6.4 for C' = 1 implies Conjecture 1.4.

Theorem 6.6. Let L be a positive integer and C' > 1 be a positive real such that Conjecture 6.4
holds for this C and allt < L + 1. Then, Conjecture 6.1 holds with the same L and C'.

We prove Theorem 6.6 in Section 7.1 below. It follows from combining Theorem 7.2 and Lemma
7.8 as depicted in Figure 2.

As evidence towards Conjecture 6.4—and, given Theorem 6.6, as a way of giving a second proof
of Theorem 1.1—we will prove Theorem 6.3, which establishes Conjecture 6.4 for C = O(logt).

Theorem 6.7. Conjecture 6.4 is true for C > 6logt.

We prove Theorem 6.7 in Section 7.2. Combining this with Theorem 6.6 for L = O(1/e),
C =0O(log L) and R = 1/CL, we have that rate Q(m) codes are (1 —¢,0(1/e))-list decodable.
This gives our second proof of Theorem 1.1 on the list-decodability of RS codes.

Remark 6.8. Some remarks about Conjecture 6.4 when C' = 1.

1. If H is a (non-hyper) graph on k(t — 1) edges, then there is only one tree-assignment G of
H, namely H itself with each edge labeled by itself. By the Nash-Williams—Tutte theorem,
the graph G has a k-tree-decomposition. All edges have distinct edge-labels, so for any tree-
decomposition Ty, . . ., Ts_1, the signature vT0--Ts=1) js unique, and thus G is distinguishable.
Hence, when H is a graph, Conjecture 6.4 is true for C = 1. In the correspondence between
hypergraph partitions and intersection matrices, this special case when H is a graph corre-
sponds to Theorem 5.1.

2. Not every tree-assignment of a k-weakly-partition-connected hypergraph is necessarily a k-
partition-connected graph. Consider H on t = 4 vertices with one edge {1,2,3,4} and k = 1.
H is 1-weakly-partition-connected, but if you assign a 3-cycle to the single edge, one of the
vertices is isolated and the resulting graph is not a I1-partition-connected graph.

On the other hand, in a tree-assignment of a k-weakly-partition-connected hypergraph, if each
edge of e is required to be assigned to a tree on the vertices of e, rather than |e| — 1 arbitrary
edges, then in fact the result must always be k-partition-connected.

7 A Second Proof of Our Main List-Decoding Theorem

In this section, we give a second proof of Theorem 1.1, following the approach described in Section 6
above. We begin in Section 7.1 by proving Theorem 6.6, which implies that if the relaxed inter-
section matrix conjecture, Conjecture 6.4, holds with C' = O(logt), then the relaxed list-decoding
conjecture, Conjecture 6.1, holds with C' = O(log L). Then we prove Theorem 6.7 (that Conjec-
ture 6.4 indeed holds for C' = O(logt)) in Section 7.2, and this gives a second proof of Theorem 1.1.
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7.1 Proof of Theorem 6.6

Theorem 6.6 establishes the connection between hypergraph partitions and intersection matrices
outlined in Section 6.1. We first derive a sufficient condition for a hypergraph being k-weakly-
partition-connected.

Lemma 7.1. Let C > 1 and H be hypergraph on the vertex set [t] where for all J C [t],

> max(0,lenJ|—-1) < Ck(lJ]—1)
ecE(H)

and > (le|—1) > Ck(t—1). (20)
e€E(H)
Then H is Ck-weakly-partition-connected.

Proof. According to (18) it suffices to show that for any partition P of the vertices of H, 3 c gy (P(€)—
1) > CEk(|P| — 1). To see this, assume that P = {Vi,...,Vi}. Then ) 7 ,|V;| =t, and for each
ec E(H), le| =>_7_; lenVi|]. By the last equality, it is not hard to check that

S
le| = Ple) + > max{0, e N V;| — 1}.
=1
It follows that

Y P -1n=Y (]e[—ZmaX{O,\eﬂ%\—l}—l)

ccE(H) ccE(H) i=1
= Z (le] — 1) Z Z max{0,|leNV;| — 1}
e€E(H) i=1 ecE(H)

> Ck(t—1) ZCk: Vi| —1) = Ck(s — 1),

where the last inequality follows from (20). O]

We next prove that Conjecture 6.4 implies Conjecture 6.2. We later prove that Conjecture 6.2
implies our desired list decoding result, giving Theorem 6.6.

Theorem 7.2. Let L be a positive integer and C > 1 be a positive real number. If Conjecture 6.4
holds for parameters C, k, and allt < L+ 1, then so does Conjecture 6.2.

We need several lemmas before presenting the proof of Theorem 7.2. For i € [n], let ¢; = {j €
[t] :i € I;}. Let H be a (multi)hypergraph with vertex set [t| and edge set E(H) = {e; : i € [n]}.

Lemma 7.3. Let H be the hypergraph defined as above. Then, for all subsets J C [t], we have
> eep(mymax(0,lenJ| —1) =wt(l; : j € J).

Proof. It is not hard to see that

> max{0,le; N -1} =Y leinJ| = || L =D 15— | L] =wt(Iy),

i€[n] i€[n] jeJ jeJ jeJ

where the first equality follows from the fact Ujc;I; = {i € [n] : |e; N J| > 1}, the second equality
follows from easy double-counting, and the last equality follows from (1). O
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The following result is an easy consequence of Lemmas 7.1 and 7.3.

Lemma 7.4. Let H be the hypergraph defined as above. If the subsets Ir,...,I; C [n] satisfy the
conditions of Conjecture 6.2 for parameters C, t, and k, then H is Ck-weakly-partitioned-connected.

Proof. By Lemma 7.3 and the setup of Conjecture 6.2, it is clear that for each J C [¢]

> max{0,lenJ| -1} = wt(I;) < Ck(|J|-1)
ecE(H)

and > max{0,|e| -1} = wt(ly) > Ck(t—1).
e€FE(H)

It follows by Lemma 7.1 that H is C'k-weakly-partition-connected. O
We are now in a position to present the proof of Theorem 7.2.

Proof of Theorem 7.2. Let I, ...,I; C [n] be subsets satisfying the conditions of Conjecture 6.2,

and H be the hypergraph defined as above. It follows by Lemma 7.4 that H is C'k-weakly-partition-

connected. As we assumed the correctness of Conjecture 6.4, there exists a tree-assignment of H

with a k-distinguishable subgraph G. Note that by definition G has k(¢ — 1) edges, which are

labelled by the hyperedges of H. Let S C [n] be the subset so that {es; : s € S} forms the set of

those labels. Then, an edge {7, '} of G has label e for some s € S if and only if s € I; N I},
Recall that

Bt ®Ik
diag(Vk(Ij NIi):{j,j'} € ([S])>

Mk7(117~~~v1t) =

and that the (;)k columns are labeled by the pairs {7, j'} € ([g), according to the (é) Vandermonde
matrices in the bottom diagonal. Our goal is to show that My, r, . ;) is nonsingular. As in the
proof of Theorem 3.1, it suffices to show the nonsingularity of

T ® By
(Ci:0<i<k-1)

/ .
Mk,(h,mJt) T

where C; = diag(Vk(i)(IjﬁIj/) {4, 4'  e ([g)) and Vk(i)(ljﬁfj/) is the (i+1)-th column of Vi, (£;NI;).
Note that M,g7(117_”71t) is obtained by permuting the columns of My, (1, . 1,), with the column labels
remaining unchanged.

The following fact is easy to verify by definition.

Fact 7.5. Each row of (Ci 0< i< k- 1) has exactly k nonzero entries, which has the form
29, ! ...,x’;*l for some s € S. Moreover, there is {j,j'} € (%]) so that s € I; N Iy, and those k

s dgy
nonzero entries are all contained in {3, j'}-labeled columns.

Let us consider (;)k X (;)k submatrix M’ of M!

k(T T2) obtained as follows:

1. Keep the top (tgl)k X (;)k submatrix Z; ® B;.

2. For every edge {j,7'} in G of label e, keep the row in (Ci 0< 1< k— 1) with nonzero

entries ¥, ... 2~ in {4, j'}-labeled columns (this is well-defined according to Fact 7.5).

34



3. Remove all other rows.

As G has k(t—1) edges, precisely k(t—1) rows are kept in step 2. Therefore, M’ has (tgl)k:—}—k(t—l) =
(t)k rows and is thus square.

Below we show that M’ has nonzero determinant, thereby implying that M (T I2) and hence
My, (1,.....1,) are nonsingular, which is the claim of Conjecture 6.2, and thus estabhshmg Theorem 7.2.
For that purpose, it is enough to show that there is a monomial that appears as a nonvanishing
term in the determinant expansion of M’. To find such a monomial, we use the fact that G is
k-distinguishable.

Recall that for a subgraph F of G, we use v € N¥ to denote the vector that counts the edge
labels in F, where for s € S, v!" is the number of edges with label e,. Note that v is a vector of

length |S| whose coordinates are indexed by elements in S. For spanning trees T, Ty, ..., T—1 of
G, define
- k—1
Ti=T[2 and 20T = TT(2™)" (21)
ses 1=0

Observe that, by the definition in (19), we have p{TorTi-1) Zf:_oli -vli for all s € S. Hence, it
follows from (21) that

(To s Th—1)
2(T05The1) — H zls . (22)

ses
Since G is k-distinguishable, there exists a tree decomposition Tg,...,Tr_1 such that for any
other tree-assignment T, ..., T} _;, we have that the signatures vTorTim1) £ pToTe-1) | Thus,

it follows by (22) that the monomials (To:Ts-1) £ g TorTie)

Claim 7.6. Let Ty, ..., Ts_1 be spanning trees as defined above. Then, x(To-Te-1) gppears as a
nonvanishing term in the determinant expansion of M'.

Proving Claim 7.6 establishes the nonsingularity of M’ and thus, as discussed above, Theo-
rem 7.2. For that purpose, we identify the nonzero entries in the bottom (¢ — 1)k rows of M’ by
tuples (s, {j,j'},4), where s € SN (I; N 1y), {j,5'} € (%]), and 0 < i < k — 1. Indeed, such a tuple
corresponds to the entry x% in the {j, j'}-labeled column of C;. It is worth mentioning that we used
two types of labelling here: first, each column of 7, ® B; and (C; : 0 < i < k — 1) is labeled by
some edge {j,7'} € ([g); second, each edge of G is labelled by some variable x,, s € S.

Let U denote the set of all (t — 1)k? nonzero entries in the bottom (t — 1)k rows of M’. For
@ C U, let Mg denote the submatrix of M’ obtained by removing all of the rows and columns that
contain some entry in Q). We say Q is a partial transversal if it contains exactly one element in each
of the bottom (¢t — 1)k rows of M’ and no two share a column. By the definition of determinant,

det(M') = > tdet(Mg)- ] =l (23)

Q partial transversal (8,4, })eQ

For a partial transversal Q and 0 < i < k — 1, let Q; be the subgraph of G that corresponds to
the tuples (s,{j,7'},i) € @, namely,

Qi = {{j,j’} € @) : (s,{4,5'},9) € Q for some s € I; N Ij,} :
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Note that we view each ); as a labelled subgraph that preserves the labelling of G. Moreover, as
Q@ forms a partial transversal, each @; is a simple graph with no multiple edges, while G could be
a multigraph.

We have the following claim.

Claim 7.7. Let Q C U be a partial transversal. Then, det(Mg) # 0 if and only if Qo, ..., Qr—1
form pairwise edge-disjoint spanning trees of G.

Proof of Claim 7.7. For the “only if” part, note, that by the definition of a partial transversal,
Mg is a (tgl)k X (tgl)k square matrix with k diagonal blocks, where for each 0 < i < k — 1, the
(i + 1)-th diagonal block is obtained by removing from B; all of the columns that are labelled by
the edges of Q;. As B, has full row rank, det(Mg) # 0 if and only if each of the k diagonal blocks
also has full row rank. By Claim 3.5, the (i 4+ 1)-th block has full row rank if and only if the labels
of the removed columns form an acyclic graph on the vertices [t], namely, Q; is acyclic.

Since k(t — 1) columns are removed in total, and an acyclic subgraph on ¢ vertices can have at
most t —1 edges, det(Mg) # 0 can only happen if each Q); is a spanning tree. Moreover, as elements
in @ form a partial transversal, we never have (s, {7,7, },4) and (s,{7,7'},4') both in Q, for i # 7.
It follows that the @;’s are also pairwise edge disjoint, completing the proof of the “only if” part.

According to the discussions above, it is not hard to see that the “if” part follows fairly straight-
forwardly from Claim 3.5. Therefore, we omit its proof.

We are now in a position to present the proof of Claim 7.6.

Proof of Claim 7.6. With the notation above, it is not hard to check by definition that for a partial
transversal Q C U with det(Mg) # 0,

k—1
. Qi . (Qo»--Qk—1)

M w=TIIey = 7 caee.

(s,{5.5'19)€Q s€5 =0 ses

It thus follows from (23), (24), and Claim 7.7 that

det(M') = > + det(Mg) - x(@0Qr=1),
Qo,.--,Qk_1 edge-disj. spanning trees of G

It is clear that by the definition of Ty, ..., Tk_1, in the above summation the monomial (70 Tk-1)
appears exactly once, and hence appears as a nonvanishing term in the determinant expansion,
completing the proof of Claim 7.6 and thus the proof of Theorem 7.2. ]

Having established a correspondence between hypergraph partitions and intersection matrices,
we now finish the proof of Theorem 6.6. The following lemma is the same polynomial method
argument seen in [ST20a, Theorem 5.8] (see also the proof of Theorem 1.3 in this paper), but we
provide a proof for completeness.

Lemma 7.8. Let L > 2 be a positive integer and C' > 1 be a positive real such that Conjecture 6.2
holds for this C and all t < L + 1. Then, Conjecture 6.1 holds with the same L and C'.

Proof. For distinct a1,...,a, € Fg, call an evaluation vector o = (avq,..., ) € Fy bad if the
[n, k]-RS code defined by « is not (Liﬂ(l - %), L)-list decodable. Given a bad «, by definition
there exist distinct codewords cy, ..., cr+1 € Fy, defined by polynomials fi,..., fr+1 € Fy [x] with
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degree at most k — 1, and a vector y € Fy such that dg(cj,y) < LLH(n— Ck) forall1 <j<L+1.

Let I; C [n] be the set of coordinates where c¢; agrees with y. We have

L+1 L+1 L
wt(I[r11) = ; 11| - JL:Jl Ij| > (L+1) (n I (n— Ck:)) —n = CkL.

Thus there exists a J such that
wt(1y) > Ck(|J| — 1),

namely J = [L + 1], so there exists a minimal such J (where sets are ordered by inclusion). Let
s = |J|. As wt(I;,1;) < k < Ck, we have s > 3. Assume without loss of generality that J = [s].
By the construction of J, we have

1. wt(Iyp) < Ck(|J'] = 1) for all J" C [s]
2. Wt(I[S]) > Ck‘(S — 1).
As we assumed the correctness of Conjecture 6.2, My, (;, . ) is nonsingular.

Let f;;r = fj — [y GF’; for1<j<yj <sandlet f=(f;s:1<75<j <) EFSQ)k. We claim
that

)k
My 1y, (@, s an) - f7 =0 ¢ B, (25)
On one hand, for any 1 < j < j" <'s, we have f;; + fjrs — fjs = 0, s0
(Bs ®T) - fT =0. (26)

On the other hand, by definition, for any ¢ € I; NI/, we have y; = fj(a;) = fj(ay), so fj(a;) = 0.

Thus, we have Vi (I; N I;r) - f;»‘g, = 0, which implies that

diag (Vk(lj NIy : {4} e <[Z]>> T . (27)

Combining (26) and (27), we have that (25) indeed holds.

As My, (1,,...,1,) is nonsingular, by definition it contains a square submatrix M " of order (;)k
whose determinant det(M’) is a nonzero polynomial in Fy[z1,...,z,]. As M'(«) is a submatrix of
My (1,.....1,) (), it follows by (25) that M'(a) - fT =0, and hence the kernel of M’(a) is nonempty.
Therefore, it follows that

det(M")(a) = 0.

We conclude that for any bad evaluation vector a, there is a square submatrix M’ of My 1,,...1,)
such that the nonzero polynomial det(M’) vanishes at . Moreover, it is not hard to check that
the degree of det(M’) is bounded from above by some function aj(n, L), and hence by Lemma 4.2
it has at most aj(n, L)q" ! zeros.

To conclude the proof of the lemma, it suffices to derive an upper bound on the number of bad
evaluation vectors in Fy. As My (g, . 1,) is completed determined by Iy,...,Is and s < L+1, there
are at most 2(LTD" choices of My (1,,..1,)- Since My, (r, 1) is a ((551)k+21§i<3‘§s ILNI]) % (5)k
matrix and |[I; N I;| < k — 1, it is not hard to observe that the number of (5)k x (5)k square
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submatrix of My, (7, . ,) can also be bounded from above by some function as(n, L). Therefore,
the number of bad evaluation vectors is at most

> X > {a: det(M')(@) = 0}] < ai(n, L)az(n, )2+,

Thus, for ¢ > ai(n, L)az(n, L)2(L+1)”, there exists a good set of evaluation points (aq, ..., ). O

Combining Lemma 7.8% with Theorem 7.2° gives Theorem 6.6'°. Theorem 1.1 follows by com-
bining Theorem 6.6 with Theorem 6.7'', which we prove next in Section 7.2.

7.2 Proof of Theorem 6.7

In this section, we prove Theorem 6.7, namely that Conjecture 6.4 holds when C' = O(logt).

In a hypergraph H, we say a sequence of vertices v!,. .., v form a path if v* and v*t! share an
edge for all i. We say two vertices are connected if there is a path with the two vertices as endpoints.
We say H is connected if every pair of vertices are connected. It is easy to check that connectivity
is an equivalence relation. The connected components of H are the equivalence classes under this
relation. We let m(H) denote the number of connected components of H. If P is a partition of the
vertices of H and e is an edge, we say P(e) is the number of parts of P that e intersects. We note
that if H is connected, then if a graph G is a tree assignment of H that replaces each edge e with
a tree on the vertices of e, then G is connected.

We start with a sufficient condition for graph distinguishability.

Lemma 7.9. If G is an edge-labeled graph with k(t—1) edges and there exists a tree-decomposition
To,...,Tx—1 such that, for any edge label e, the edges of label e appear in only one T;, then G is
k-distinguishable.

Proof. We claim that v(Z0-Tk-1) ig unique over all tree-decompositions of G. Take an ordering on
the edge labels such that e < €’ if e appears in T; and €’ appears in Ty with i < ¢/, and breaking ties

arbitrarily. Suppose we have another tree decomposition Ty, ..., T} _,, different from Ty, ..., Tj_1.
Let e be the smallest label such that vgf = Uz} foralle’ >eand i =0,...,k — 1. Such an e exists

or else we have T; = T} for all i.
Suppose there are n. edges of label e in G. Suppose that among Ty, ...,T;_1, all the edges of

label e are in T; (i exists by assumption). Then, all the edges in T;11,...,T) have label greater

4 T'/ . .
than e, by definition of the ordering. As v;fpf =, forall e >eand i =i+ 1,...,k—1, we

must have Ty = T}, for i/ =i+ 1,...,k — 1. Hence, all edges of label e among T, ...,T}_, are in
T4, ..., T!. Furthermore, at least one edge of label e is not in 77, or else we have v1i = vz =,

, T, . . .. .. .
and veT " =" =0 for all i/ # i, contradicting the minimality of e. Thus,

k k
Toye. T . T, . . T 75,1 )
pifor o) ) il ve = iine >0 it = T
i'=1 =1
/ / . . . . .
so v(TorTh-1) £ vTorTi-1) ag desired. We conclude that G is k-distinguishable. O

8which claims that Conjecture 6.2 implies Conjecture 6.1
9which claims that Conjecture 6.4 implies Conjecture 6.2
Owhich claims that Conjecture 6.4 implies Conjecture 6.1
"which proves Conjecture 6.4 for C' > 6logt
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Remark 7.10. Note that Lemma 7.9 is not a necessary condition for being k-distinguishable. For
example, consider the hypergraph H and the edge-labeled graph G depicted in Example 6.5, with
t =4, k=2, and three edge labels appearing two times each. If we split the edges of G into two
spanning trees, each with three edges, then one of the edge-labels must appear in both trees.

The following is a consequence of the Martingale Stopping Lemma. We expect this is known
but include a proof for completeness.

Lemma 7.11. Let a > 8 > 0. Let Xy, X1,..., be random variables such that
1. Xo=aq,
2. X;1 > X; >0 always, and
3. if Xi—1 >0, we have X;—1 > B and E[X;| X;-1] < X;—1 — 5,

Then, for all m > 2a/3, Pr[X,, = 0] > %

Proof. By the assumptions of the lemma and law of total expectation, we have that for all X; 1 > 0,
B < E[X;—1 — Xi] < a. So there exists an absolute constant ¢ > 0 such that for all X;_; > 0,
Pr[X;,_1 — X; > /2] > ¢. Thus, almost surely, there exists an integer 7 > 0 such that X; > 0
fori < 7, and X; =0 fori > 7. For i < 7,let Y; = X; + B4, and for i > 7 let Y; = 87 (note
that the definitions coincide for ¢ = 7). Note that X; is also a function of Y;: if Y; — 8¢ > 0, then
X, =Y, — Bi, otherwise, X; = 0.

Note that Y; satisfies the following properties.

1. Yo =q,
2. Y; > 0 for all 4,
3. For any fixed Y;_1, E[Y;|Y;—1] < Y;_;.

For the third property, on one hand, if ;1 — 8(i — 1) < 0, then X;_1 = 0 so X; = 0. If follows
that E[Y;|Y;—1] = B7 = Yi_1, as needed. On the other hand, if ¢ < 7, then Y;_; = X;_1 + (i — 1)
and Y; = X; + £, which implies that

Yioi=Xio1 +8(i—1) > B+ E[X;|X;1] + 8(i — 1) = E[Y;]| X, 1] = E[Y;|Y;4].

The expectation uses that Y; and X; uniquely determine each other. Then Y; is a supermartingale.
By the martingale stopping theorem with stopping time 7, we have E[Y;] < Yy = a. As Y, >0
always, Markov’s inequality gives Pr[Y; > 2a] < 1/2. Thus,

DN |

2
Pr [T < 5(1 > Pr[X; + 7 < 2a] = Pr[Y; < 2a] >
as desired. The first inequality used that X, > 0 and the equality used that Y, = X, + 87 be
definition of 7. ]

We now prove that random subgraphs of a Ck-weakly-partition-connected H are likely con-
nected. We note that, when H is a graph, this result was proved by Karger [Kar94].

Lemma 7.12. Let K > 1 and H be K -weakly-partition-connected hypergraph ont vertices. Let m >
w be an integer. Then H,,, the graph obtained by selecting m edges of H independently at
random (with or without replacement), is connected with probability at least 1/2.

39



Proof. It suffices to prove when we sample with replacement, since if H,, is sampled without
replacement, we can first subsample H,, to obtain a subhypergraph H/, distributed as a hypergraph
sampled with replacement. As H/ is connected with probability at least 1/2, so is Hy,.

Let Hy, Hy,...,H,, be a sequence of subgraphs where Hj is the empty graph and for i > 0,
H; is obtained by adding a uniformly random edge of H to H;_1, so that H,, has the desired
distribution. Recall 7(H;) denotes the number of connected components of H;. For positive integers
x, let f(x) = Zz;i % denote the x — 1’st harmonic number, so that f(1) =0, f(2) = 1,.... Define
the following potential function:

X; = f(r(Hy)).

Clearly, m(H;) is nonincreasing, so X; is nonincreasing. We claim that, for any fixed H;_1, E[X,;_1 —
Xi|Hi—1] > % Let P be the partition consisting of the connected components of H; 1. As H
is K-weakly-partition-connected,

> (Ple)—1) = K(IP| - 1) = K(n(Hi—1) — 1). (28)
e€E(H)

Note that if edge e € E(H) is added to H;, then e joins P(e) connected components of H;_; into
a single connected component, in which case w(H;) = w(H;—1) — (P(e) — 1). Thus, by (28)

1
|E(H)|

> (Ple)-1) > K(ngég))fl) (29)

ecFE(H)

E[m(Hi-1) - m(H;)|Hi-1] =

Thus, we have, for any fixed H;_1 with 7(H;—1) > 2,

E[Xi|H;—1] = E[f(r(H;))]

= ios = BUx(Hicn) = (1)
< X = gy Bln(Hi) = w(H)
: X@"“w(Hi_ll)—l K(ngfl_;))r_l)

The first inequality used that 7(H;—1) > 2 and that, for positive integers x > 2’/ with z > 2, we
have f(x) — f(2') = Zz;; % > a;%ai’ The second inequality used (29). As X;_; is a function of
H,;_1, we have, for any fixed X;_1 > 0,

K

E[X;|Xi_1] BT

< Xi1—
By above, X;_1 > X; > 0 and Xy = f(t), so X; obeys the setup of Lemma 7.11 with a = f(¢) and
8= % Thus, for m > 2logt'l|<E(H)| > Q'f(t)'ILE(H)l, we have that X,,, = 0 with probability at least
1/2. Note that X,, = 0 implies that m(H,,) = 1, in which case H,, has one connected component.
Thus, H,, is connected with probability at least 1/2, as desired. ]

Corollary 7.13. Let C' > 6logt and k be a positive integer. Fvery Ck-weakly-partition-connected
hypergraph with vertex set [t] has k edge-disjoint connected subhypergraphs on vertex set [t].
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Proof. Let H be a Ck-weakly-partition-connected hypergraph. Let m = L%J Then,

2logt - |[E(H)| _ |E(H)|

<m.

Ck 3k~
The last inequality uses that |[E(H)| > Ck > 6k. Partition the edges of H into subhypergraphs
Hy, Hy, ..., Ho, where Hy, ..., Hy, have disjoint sets of m edges each, uniformly at random over all

possible partitions, and Hy takes the leftover edges. Then, each H; is distributed as H,, sampled
without replacement in Lemma 7.12. By Lemma 7.12, in expectation at least 3-(2k) = k of the H,’s
are connected, so some instantiation of the randomness allows k subhypergraphs to be connected.
Therefore we conclude that H contains k£ edge-disjoint connected subhypergraphs, as needed. [

Remark 7.14. Corollary 7.13 is not true for C < 2: consider t sufficiently large and H contains
2(k—1)/t many (t —1)-edges of the set [t]/{i} for each i. One can check that H is (k—1)- 2(;:12) R~
k(2 fO(%))—partition—connected, but each connected subhypergraph of H needs at least 2-hyperedges,
so there can be at most k — 1 edge-disjoint connected subhypergraphs. Thus, we cannot expect a
result like Corollary 7.13 to be used to prove Conjecture 6.4 in full, i.e., for C = 1.

We now prove Theorem 6.7, that Conjecture 6.4 is true for C' > 6logt.

Proof of Theorem 6.7. Let H be a Ck-weakly-partition-connected hypergraph. By Corollary 7.13,
there exist pairwise edge-disjoint connected subhypergraphs Fi,..., F; of H. Let G1,...,G} be
arbitrary tree-assignments of Fi,..., F; such that any hyperedge e is replaced with a spanning
tree on the vertices of e, and let 171, ..., T} be arbitrary spanning trees of Gy, ...,Gg (G; is guar-
anteed to be connected because F; is connected). Then, G = Ty U --- U T} is a subgraph of a
tree-assignment of H with k(¢ — 1) edges. The graphs G1, ..., G} have pairwise disjoint edge-label
sets, so the trees T1,..., T} have pairwise disjoint edge-label sets as well. Thus, by Lemma 7.9, G
is k-distinguishable. O

Combining Theorem 6.7 with Theorem 7.2, we have that Conjecture 6.2 holds for C > 6logt,
and thus Theorem 6.3 holds. Combining Theorem 6.7 with Theorem 6.6 for C' = 6log(L + 1) and
R =1/CL, we have that RS codes of rate R are (f—ﬂ, L)-list decodable. Setting L = 1/e, we have

that RS codes of rate Q(W) are (1 — 2e,1/¢)-list decodable, yielding Theorem 1.2 for £ = 1

again.
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A Appendix

Example A.1 (4-wise intersection matrices). Given four subsets Iy, I, 13,1y C [n], the 4-wise

intersection matriz My, (1, 1, 15,1,) @ the (3k + >_1<; <y [1i N Ij|) x 6k variable matriz

o —1y Iy
I -1 Iy
Tk —TIy Tk
Vi(I, N I)
Vi (Iy N 13)
Vie(Ia N I3)
Vie(I1 N 1y)
Vie(I2 N 1)
Vie(I3 N 1y)

Example A.2. For k =2, instead of considering the following 4-wise intersection matriz

By ® I

diag(Vi(I; N 1;) : {4, 5} € (13)

1 -1 1
1 -1 1
1 -1
1 -1 1
1 -1
B 1 -1 1
a 1 x
1 a9
1 z3
1 x4
1 x5
T6
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we turn to prove the nonsingularity of

T ® By

(Cloglgl)

1 -1 1
-1 1
-1 1
1 -1 1
1 -1 1
1 -1 1
1 Z1
Z2
T3
1 T4
1 s
1 Tg
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