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Abstract

We present an explicit and efficient algebraic construction of capacity-achieving list decodable codes
with both constant alphabet and constant list sizes. More specifically, for any R € (0,1) and € > 0,
we give an algebraic construction of an infinite family of error-correcting codes of rate R, over an
alphabet of size (1/¢)0(2/<"), that can be list decoded from a (1 — R — ¢)-fraction of errors with list
size at most exp(poly(1/€)). Moreover, the codes can be encoded in time poly(1/e,n), the output
list is contained in a linear subspace of dimension at most poly(1/¢), and a basis for this subspace
can be found in time poly(1/e,n). Thus, both encoding and list decoding can be performed in fully
polynomial-time poly(1/e,n), except for pruning the subspace and outputting the final list which takes
time exp(poly(1/€))-poly(n). In contrast, prior explicit and efficient constructions of capacity-achieving
list decodable codes either required a much higher complexity in terms of 1/e (and were additionally
much less structured), or had super-constant alphabet or list sizes.

Our codes are quite natural and structured. Specifically, we use algebraic-geometric (AG) codes with
evaluation points restricted to a subfield, and with the message space restricted to a (carefully chosen)
linear subspace. Our main observation is that the output list of AG codes with subfield evaluation points
is contained in an affine shift of the image of a block-triangular-Toeplitz (BTT) matrix, and that the list
size can potentially be reduced to a constant by restricting the message space to a BTT evasive subspace,
which is a large subspace that intersects the image of any BTT matrix in a constant number of points.
We further show how to explicitly construct such BT'T evasive subspaces, based on the explicit subspace
designs of Guruswami and Kopparty (Combinatorica, 2016), and composition.

1 Introduction

An error-correcting code is a map C' : ¥ — ¥, which encodes a k-symbol message over an alphabet %
into an n-symbol codeword over .. One main parameter of interest of an error-correcting code is the rate
R = k/n, which measures the amount of redundancy in the encoding. Naturally, it is desirable that the
rate R is as large as possible to minimize the overhead in encoding. Another important parameter is the
(relative) distance 0, defined as the smallest (relative) Hamming distance dist(C(z), C(y)) between the
encodings of any pair of distinct messages x,y € 2*. The importance of the distance parameter arises from
the following observation: if we are given w € X" such that dist(w, C(x)) < % for some message = € X,
then this x is uniquely determined. Thus, a large distance allows one to unambiguously retrieve the original

*Research supported in part by ISF grant 735/20.
'The (relative) Hamming distance dist(z, w) between a pair of strings z, w € X" is the fraction of coordinates on which z and
w differ.
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message in the presence of some error or corruption. Other desirable properties of an error-correcting code
are that its alphabet size would be small (ideally, a constant, independent of the codeword length), and that
it admits efficient (poly(n)-time) encoding and decoding algorithms.

Clearly, there is a qualitative trade-off between the above parameters: the largest the distance 9 is, the
smallest the rate R must be. Quantitatively, the Singleton bound states that any code must satisfy that
9 <1 — R. This bound is precisely matched by the classical family of Reed-Solomon (RS) codes [RS60].
Given a finite field [, and n distinct elements o, o, ..., o, € Fy, the Reed-Solomon code RS, (n, k)
with evaluation points ay, . .., «, maps a message (fo, f1,... fx—1) € ]F’;, viewed as the coefficients of a
polynomial f = Zf;ol X" € Fy[X]<p, to the evaluation table (f (), ..., f(on)) € Fp.

A disadvantage of RS codes is that by definition, their alphabet size ¢ must be at least the codeword length
n. To match the Singelton bound over a constant-size alphabet, independent of the codeword length n, one
can resort to algebraic-geometric (AG) codes that achieve a distance of 6 = 1 — R — € over a constant-size
alphabet (depending on ¢) [Sti09]. Moreover, both RS and AG codes can be efficiently encoded and decoded
up to half their minimum distance [Pet60, BW87, JLJ*89].

List decoding. In list decoding, the fraction of errors « is large enough so that unique recovery of
the message x is impossible (that is, o > g). Instead, the goal is, given a received word w, to return
a short list £ with the guarantee that x € L for any message = with dist(w,C(z)) < «. Besides
being a fundamental concept in coding theory, list decoding has found diverse applications in theoretical
computer science, for example in cryptography [GL8&9], learning theory [KM93], average-to-worst-case
reductions [CPS99, GRS00], hardness amplification [BFNW93, STVO01, Tre03], and pseudo-randomness
[TZ04, GUV09, DKSS13, TU12, GRX18].

The list-decoding capacity theorem states that the maximal fraction of errors for which list decoding with
non-trivial list sizes is possible is « < 1 — R. Moreover, it is not hard to show that a random code of rate R
and alphabet-size exp(1/¢) is with high probability list decodable from a (1 — R — €)-fraction of errors with
list size as small as O(1/¢). So in principle, by allowing a small (constant-size) list, one can correct twice
as many errors than in the unique decoding setting! However, matching these bounds with an explicit and
efficient construction (ideally, encodable and list decodable in fully polynomial-time? poly(1/e,n)) turned
out to be more challenging than in the unique decoding setting.

Capacity-achieving list decodable codes. The celebrated work of Guruswami and Sudan [Sud97, GS99]
showed that RS codes can be efficiently list decoded beyond half their minimum distance (up to the so-called
Johnson bound), which gave the first family of error-correcting codes that are efficiently list decodable beyond
the unique decoding radius. Only a decade later, the seminal work of Guruswami and Rudra [GRO8] showed
that folded Reed-Solomon (FRS) codes — a remarkably simple variant of RS codes — can be efficiently
list decoded up to list-decoding capacity. FRS codes are obtained from RS codes (with the evaluation
points ordered according to their power in the multiplicative group of the field) by dividing the codewords
coordinates in the latter code into consecutive blocks of length m = ©(1/¢?), and then viewing each such
block of coordinates as a single symbol over a larger alphabet.

Once more, a disadvantage of FRS codes is their large alphabet — on the order of n — which is
even larger than that of the corresponding RS codes. Moreover, the list size obtained by the algorithm of
Guruswami and Rudra was also a very large polynomial on the order of n®(/9) and this also dictated a
similar running time for the list decoding algorithm. Starting with the breakthrough result of Guruswami

O(1/€%)

2Note that in the list decoding setting, at least 2(n/€) time is required to output the list. Moreover, the alphabet size must be at
least exp(§2(1/€)), and so the bit-length of the input is at least (n/€).



and Rudra [GRO8], there has been a long line of work attempting to construct explicit and efficient capacity-
achieving list decodable codes with smaller alphabet and list sizes. Next, we briefly describe the main results
of this line of work, and we refer the reader to Table 1 below for a summary of parameters.

Reducing list size. Towards reducing the list size, Guruswami and Wang [GW13] devised a new “linear-
algebraic” list decoding algorithm for FRS codes, with the surprising property that the output list is contained
in a low-dimensional subspace of constant dimension O(1/¢). In the same work, Guruswami and Wang
further observed that, utilizing this property, one can potentially reduce the list size to a constant by restricting
the message space of FRS codes to a subspace evasive set, which is a large set that intersects any constant
dimensional subspace in a constant number of points. Guruswami and Wang showed that such objects exist
probabilistically, and raised the question of searching for an explicit construction.

The above program was subsequently carried out by Dvir and Lovet [DL12], who gave an algebraic
construction of subspace evasive sets with the required properties. Combined with the linear-algebraic list
decoding algorithm of [GW13], this resulted in a subcode of FRS codes that can be efficiently encoded (in
time poly(1/e,n)), and efficiently list decoded up to capacity with constant list size L = (1/¢)°(1/€) (in
time poly (L, n)). Lastly, Kopparty, Ron-Zewi, Saraf, and Wootters [KRSW18] have recently shown that in
fact any linear? code of constant distance ¢ that is list decodable from a (§ — ¢)-fraction of errors with output
list of constant dimension d has constant list sizes (depending on d, J, and €). This shows that, perhaps
surprisingly, FRS codes themselves have constant list size (in fact the same list size of L = (1/¢)9(1/9),
without the need to pass to a subcode (list decoding can be performed probabilistically in time poly(L, n)).

Reducing alphabet size. Similarly to the unique decoding setting, one can reduce the alphabet size to a
constant (depending on €) by considering suitable versions of “folded” AG codes [Gur09, GX12, GX14,
GX15]. However, in this setting, the dimension of the output list was too large to apply the above subspace
evasive machinery and obtain small list sizes. To overcome this, Guruswami and Xing [GX13] came-up with
an alternative approach for constructing capacity-achieving list decodable codes that is based on restricting
the evaluation points of “plain” (unfolded) versions of RS or AG codes to a subfield.*

Specifically, Guruswami and Xing first observed that while RS codes are generally not list decodable
up to capacity with non-trivial list sizes [BKR10], for the special case of RS codes with evaluation points
restricted to a subfield, it is possible to obtain slightly non-trivial list sizes, and furthermore, the lists satisfy a
certain periodic structure. In more detail, consider the RS code RS, ,,,(n, k), defined over a large extension
field Fym, with evaluation points coming from a small subfield Iy, for m = O(1/€?). Guruswami and
Xing showed that in this setting, there exists an Fy-linear subspace V' C F,m of constant dimension O(1/e)
so that any message (fo, f1,... fk—1) € F’;m in the output list satisfies that once the first ¢ coeflicients

fos f1,--, fiz1 € Fym are fixed, the next coefficient f; belongs to an affine shift of V.

Note that, indeed, the above structure does not a priori guarantee a small list size. In fact, the only bound
on the list size that is implied by the above structure is qOk/e) = ¢Olemk) "which is only slightly smaller than
the number of possible messages which is ¢*”. However, Guruswami and Xing noticed that, interestingly,
the above periodic structure can lead to a list of constant dimension (which also leads in turn to constant list
sizes using the machinery of [DL12] or [KRSW18] described above) when the message space is restricted
to a subspace design, and once more, suggested to construct such objects explicitly. In a follow-up work
[GK16], Guruswami and Kopparty explicitly constructed such objects, and combined with the approach of

3A code C': =% — X" is linear if = = F, for some finite field Fy, and the map C' : F¥ — F7! is linear.
4Guruswami and Xing first came-up with a similar approach in the folded setting [GX12], and only later observed in [GX13]
that it also applies to unfolded versions. For simplicity, we only discuss the latter more basic approach.



Guruswami and Xing, this had the surprising consequence that a subcode of “plain” RS codes (with subfield
evaluation points) is list decodable up to capacity, with constant list sizes (see Table 1 for exact parameters).

Guruswami and Xing further observed that a similar periodic structure occurs in the AG code setting.
However, over constant-size fields, it is impossible to construct subspace designs that lead to constant list
sizes.> Nevertheless, Guruswami and Xing showed that one can iteratively compose together subspace
designs of exponentially increasing lengths to obtain extremely slowly growing list sizes (depending on
log™ n) over constant-size alphabets (see more discussion in Section 2 below). This led in turn to capacity-
achieving list decodable codes with constant alphabet size (1/ 6)0(1/ ), extremely slowly growing list size
exp(poly(1/e)) - exp exp exp(log* n), and efficient encoding and list decoding algorithms (running in time
poly(1/e,n) and poly(L, n), respectively).

Finally, we mention that in [KRSW18], a different approach was given for obtaining both constant
list and constant alphabet sizes, based on multi-level concatenation of FRS codes, and expander-based
amplification. However, the resulting code is arguably more complicated and less natural and structured than
the aforementioned algebraic constructions, and moreover, has a much higher complexity in terms of 1/e.
Specifically, the list size was quadruply-exponential in poly(1/¢), which also dictated a similar running time
for list decoding,®, and the encoding time was also pretty large exp(poly(1/¢)) - poly(n) due to the need to
brute-force search for the inner codes.

1.1 Our results

A main question left open by the above line of work is whether one can come up with constructions of
capacity-achieving list decodable codes with both constant alphabet and constant list sizes, and admitting
fully polynomial-time poly(1/e,n) encoding and list-decoding. Our main result (almost) answers this
question in the affirmative.

Theorem 1.1. For any R € (0,1) and € > 0, there is an infinite family of error-correcting codes of rate
at least R over an alphabet of size (1/€)°/<") that can be encoded in time poly(1/e,n), and can be list
decoded from a (1 — R — €)-fraction of errors with list size at most L = exp(poly(1/e)) in time poly(L,n).
Moreover, the codes, defined over an alphabet ¥ ym, are IF-linear, the output list is contained in an F ;-linear
subspace of dimension at most poly(1/¢€), and a basis for this subspace can be found in time poly(1/e,n).

Note that our codes achieve list-decoding capacity with both constant alphabet and constant list sizes, and
both encoding and list decoding can be performed in fully polynomial-time poly(1/e,n), except for pruning
the subspace and outputting the final list which takes time exp(poly(1/¢)) - poly(n). Our codes are quite
natural and structured, specifically, we use AG codes with evaluation points restricted to a subfield, and with
the message space restricted to a (carefully chosen) F,-linear subspace. It is our hope that this relatively
natural and simple structure will prove useful in future applications.

A barrier to improving the general running time of list-decoding to poly(1/e,n) is the exponential
dependency of the list size on 1/ since, at the very least, such amount of time is required to output the whole
list. However, currently the smallest known list size for explicit capacity-achieving list decodable codes is

5In [GX12], Guruswami and Xing suggested alternatively using hierarchical subspace evasive sets and showed that utilizing
the above periodic structure, these could potentially lead to constant list sizes over constant-size alphabets. However, it is currently
unknown how to explicitly construct such objects.

6The reason for the large list size is that the construction roughly uses four levels of encodings, two of these via FRS codes,
and two other via random linear codes, and for both codes, the best-known list size is exponential in 1/e. It may be possible to
reduce the list size by replacing the random linear codes with other codes of smaller list size and succinct representation, e.g., the
pseudo-linear codes of [GI01]. However, the list size would still be at least doubly-exponential in 1/e.



(1/ 6)0(1/ ©), achieved by FRS codes [KRSW18]. We leave it as an interesting open problem to search for
explicit capacity-achieving list decodable codes (even over large super-constant alphabet) with optimal list
size O(1/e), or even poly(1/e). We further mention that the alphabet size we obtain, on the other hand, is
not much worse than the lower bound of exp(§2(1/¢)), and is generally the smallest known alphabet size for
explicit capacity-achieving list decodable codes [GX12, GX13, GX14, GX15].

Finally, we note that using the machinery of [HRW20, KRR 21] (specifically, taking a high-order tensor
product of the codes given by Theorem 1.1, combined with an expander-based amplification), it is possible to
bring down the dependency on n in the running time of both encoding and list-decoding to nearly-linear, say
n'-01, However, similarly to the multi-level construction of [KRSW18] mentioned above, the resulting codes
become more complicated and less natural and structured, and also have a much higher complexity in terms
of 1/e. Obtaining a truly-linear dependency on n in the running time of either encoding or list-decoding
for capacity-achieving list decodable codes seems to require, as in the unique decoding setting, completely
different non-algebraic techniques.

Table 1 below summarizes the above discussion. In the next section, we shall give an overview of our
techniques.

2 Techniques

The starting point for our construction is the aforementioned work of Guruswami of Xing [GX13]. As
described above, in this work it was observed that the output list of RS or AG codes with subfield evaluation
points satisfy a special periodic structure. Namely, there exists an [F;-linear subspace vV C Fym of constant
dimension r = O(1/¢) so that any message (fo, f1,-.. fr—1) € Flgm in the output list satisfies that given the

first 7 coefficients fo, f1,..., fi—1 € Fgm, the next coefficient f; belongs to an affine shift of V. Moreover, it
was shown that one can exploit this structure and reduce the output list size by restricting the message space
to a subspace design.

An (r, s)-subspace design over Fqm of cardinality k is a collection of k F-linear subspaces H1, ..., Hj, C
Fym so that Zle dim(V N H;) < s for any F-linear subspace vV C Fym of dimension at most r. It follows
by definition that, assuming the above periodic structure, when restricting each coefficient f; to the subspace
H;, the resulting output list has dimension at most Zle dim(V N H;) < s. It can be shown, using the
probabilistic method, that there exists an (r, s)-subspace design Hy, ..., Hj over Fym with k = ¢ and
s = O(r/e), where each subspace H; has co-dimension at most em in Fym. In [GK16], Guruswami and
Kopparty gave an explicit construction of a subspace design with similar parameters.

Theorem 2.1 (Explicit subspace design, [GK16], Theorem 6). There exists an absolute constant ¢ > 1,

so that for every € > 0, positive integers k,m,r with r < <, and a prime power q satisfying q™ >
. 2 . . 2

max {k:c"/e, (2%) T/E}, there exists an (r, s)-subspace design Hy, ..., Hy over Fgm for s = 2%, where

each H; has co-dimension at most em in Fgn. Moreover, bases for Hi, ..., H), can be found in time

poly(gq, k, m).

Thus, by restricting the message coefficients in RS codes with subfield evaluation points to the subspace
design given by the above theorem, one can reduce the dimension of the output list to O(1/€3) (and by
[KRSW18], this in fact implies that the list is of constant size). Note however that the above theorem could
not be applied to AG codes, as it requires the number of subspaces k to be smaller than ¢™, whereas for
AG codes the number of message coordinates k£ (which grows to infinity) is much larger than ¢"* (which is
constant in the AG setting).



| Code | Alphabet size || | List size L | Notes ‘

’ Random codes ‘ 2001/¢) ‘ O(1/e) ‘ Non-constructive ‘
FRS codes [GR0O8, GW13] nO0/e) n00/e)
Previous codes [KRSW 18] nO/e) (%)O(l/ © Randomized

list-decoding

Previous codes + subspace nO(1/e) (l)O(l/E)
evasive set [DL12]

Multi-level concatenation of
previous codes + expander gpoly(1/€)
amplification [KRSW18]

RS codes with subsfield eval-
uation points + subspace de- nO/€) nO1/e)
sign [GX13, GK16]

€

2222P°1Y<1/ ©) Encoding time
2P01}’(1/5) . poly(n)

nO/e) (1)0(1/64) Randomized

Previous codes [KRSW18] ¢ list-decoding

Previous codes + subspace n0/%) ( 1 )0(1 /€%)
evasive set [DL12]

AG codes with subfield eval- )
uation points + subspace de- (%)O(l/E ) gpoly(1/e) . 92
sign [GX13, GK16]

€

QO(log* n)

Encoding time

Tensor product of previous poly(1/e) ,20008™ ) | gpoly(1/e) . 101

2
codes + expander amplifica- gpoly(1/e) 92° .22

tion [HRW20, KRR*21] list-decoding time

poly(L) - "%
Basis for subspace
(%)0(1/52) gpoly(1/e) containing .list ‘can
be found in time
poly(1/e,n)

This work: AG codes with
subfield evaluation points +
BTT evasive subspace

Table 1: Capacity-achieving list decodable codes C' : ¥¥ — " of rate R that are list decodable from a
(1— R—e¢)-fraction of errors with list size L. All codes can be deterministically encoded in time poly(1/e,n)
and deterministically list decoded in time poly (L, n) unless otherwise noted.



To overcome this, Guruswami and Xing suggested the following iterative construction. Suppose that the
message space has the periodic structure described above, and that £ > ¢™. Then Guruswami and Xing
suggested to first divide the k coordinates into % blocks of k1 coordinates each, where k1 ~ ¢", and restrict
each such block separately to an identical (7, s)-subspace design over F,m of cardinality k; that is guaranteed
by the above Theorem 2.1. The main observation is that, when viewing each block of length k; as a single
coordinate, the resulting subspace also has a periodic structure, however, with exponentially larger alphabet
size g1,

Thus, one can once more divide the resulting k—kl coordinates into ﬁ blocks of length ks each, where
now ko = ¢™*1, and restrict to an identical subspace design on each block separately. Continuing this way,
and noting that the alphabet size increases exponentially in each iteration, after ~ log™ k iterations, we arrive
at alphabet size k, which is sufficiently large for restricting to a single subspace design. Since the dimension
squares on each invocation of Theorem 2.1, the final dimension is doubly-exponential in log* &, and the
resulting output list size is triply-exponential log™ k.

Our main observation that allows us to obtain both constant alphabet and constant list sizes is that AG (or
RS) codes with subfield evaluation points satisfy yet an even more refined structure, namely, the output list
is contained in an affine shift of the image of a block-triangular-Toeplitz (BTT) matrix. We further observe
that this structure can potentially lead to constant list sizes over a constant-size alphabet if the message space
is restricted to an appropriate pseudo-random object that we call a BTT evasive subspace. In what follows
we elaborate on these two ingredients.

2.1 Block-triangular-Toeplitz matrix

We start by formally defining the notion of a block-triangular-Toeplitz matrix (see Figure 1 below for an
illustration).

Definition 2.2 (Block-triangular-Toeplitz (BTT) matrix). A (k, m,r)-block-triangular-Toeplitz (BTT) ma-
trix over 'y is a (km) x (kr) matrix M over Fy so that M = (M, ;); je(x), as a (k x k)-block matrix with
m X 1 blocks M; ;, satisfies the following conditions:

1. M is block-lower-triangular, i.e., M; ; = 0 for i, j € [k] with i < j.
2. M is block-Toeplitz, i.e., M; j = My ji fori, 5,1, 5" € [k] withi — j =i — j.

3. M has maximal rank. By the two conditions above, this is equivalent to the statement that M 1 has
rank min{r, m}.

We say that M is (k, m,r)-periodic if only blocks on the main diagonal are required to be identical, i.e., the
second condition above is weakened to M; ; = M; ;s for all i,i € [k].

We say that V C F™ is a (k, m, r)-BTT subspace if V = Image(M) for some (k,m,r)-BTT matrix
M (where M is viewed as a linear map from F’;T to F'gm, and Image(M) denotes its image). Similarly, we
say that V' C F’;m is a (k, m,r)-periodic subspace if V.= Image(M) for some (k,m, r)-periodic matrix
M. Note that in this terminology, the periodic structure described above corresponds to the special case of
a (k, m, r)-periodic subspace, where V = Image(M;). Our first main observation is that the output list of
AG (or RS) codes with subfield evaluation points is in fact contained in an affine shift of a (k, m,r)-BTT
subspace for 7 = O(1/¢) (under a suitable linear map).
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Figure 1: A (k, m,r)-BTT matrix, where each M; is an m x r matrix and M, has maximal rank.

Theorem 2.3 (Output list contained in a BTT subspace). There exists an absolute constant ¢ > 1 so that
the following holds for any R € (0,1), € > 0, ¢ > 1/¢° that is an even power of a prime, and m > 1/¢€>.
There is an infinite family of error-correcting codes {C\, },, where C,, satisfies the following properties:

1. C, IF' . — Fym is a linear code of rate at least R that can be encoded in time poly(log ¢, m, n).

2. There exists an injective I ,-linear map ¢ : IF"/’ — IE‘km, where k < n, so that C, can be list decoded
froma (1 — R — e) fractton of errors, pinning down the images of the candidate messages under ¢
(viewed as length km vectors over Fy) to an affine shift of a (k: m, em)-BTT subspace V over I,,.
Moreover, the map ¢, a basis for V, and the affine shift can be computed in time poly (log ¢, m,n).

We prove the above theorem in Section 6 using AG codes with subfield evaluation points. As a warm-up,
we first prove, in Section 4, that this theorem holds in the more basic setting of RS codes with subfield
evaluation points. In the RS setting, the linear-algebraic approach of [GX13] gives a functional equation of
the form

Ao(X) + AL(X) F(X) + Ao (X) f7(X) + -+ Af(X)f7 (X) =0

that any low-degree polynomial f that has large agreement with a received word y must satisfy, where o
denotes the Frobenius automorphism mapping f = Z?;S fiX7tof = Z?;é f]q X7, and the coefficients of
Ap, ..., A depend on the received word y.

We observe that the above functional equation quite naturally gives a (k, m, (1 — €)m)-BTT matrix, so
that the solution set is contained in an affine shift of the kernel of this matrix.” We then show that the kernel
of a (k, m,r)-BTT matrix is in fact a (k, m, m — r)-BTT subspace (i.e., the image of a (k, m,m —r)-BTT
matrix), which gives the claimed (k, m, em)-BTT subspace containing the list (in this setting, ¢ is just the
identity map). We further show that a similar reasoning can be applied in the AG code setting.

2.2 BTT evasive subspace

We say that a subspace W C F¥™ is a (k,m,r,s)-BTT evasive subspace if dim(V N'W) < s for every
(k,m,r)-BTT subspace V C F’;m. Similarly, we say that a subspace W C F’;m is a (k,m,r, s)-periodic
evasive subspace if dim(V N W) < s for every (k,m,r)-periodic subspace V C ]F’;m. Note that any
(r, s)-subspace design over Fym of cardinality k is a (k, m,r, s)-periodic evasive subspace (see Corollary
3.1). We first observe, using the probabilistic method, that there exists a (k, m,r, s)-BTT evasive subspace

"The fact that the solution set is contained in an affine shift of the kernel of a BT'T matrix was also commented (but not exploited)
in [GX20, Definition 3]. Here we provide a formal proof for this fact, show that the solution set can be equivalently defined as the
image of a BTT matrix, and show that this property can be exploited to obtain improved list sizes.



W C IF’q“m of co-dimension at most ekm and s = O (r/€). Notably, the lemma holds for any field size ¢ and
block length m!

Lemma 2.4. For every € > 0, positive integers k, m,r with v < <5*, and a prime power q, there exists a

(k,m,r,s)-BTT evasive subspace W C IF];”” of co-dimension at most ekm for s = 2?

Moreover, we are able to explicitly construct BT'T evasive subspaces with similar parameters over a field
of considerably smaller size than the one required in Theorem 2.1.

Theorem 2.5 (Explicit BT'T evasive subspace). There exists an absolute constant ¢ > 1, so that for every
€ > 0, positive integers k, m,r with r < $¢, and a prime power q satisfying that ¢ > m¢, there exists a
(k,m,r,s)-BTT evasive subspace W C F’;m of co-dimension at most ekm for s = poly(r/€). Moreover,
a basis for W can be found in time poly(q, k, m).

We prove the above theorem in Section 3. To this end, we first observe that the iterative construction of
[GX13], described above, implicitly gives the following composition lemma for periodic evasive subspaces.
In what follows, for a subspace W C 7, and a positive integer k, let W* C F’;” be the subspace containing
all vectors (wq,...,wg) € IF’;” where w; € W for all 1 < ¢ < k. For a pair of subspaces W C IFg and
W' C F’;”, welet WoW' .= Wk W',

Lemma 2.6 (Implicit in [GX13]). Suppose that W is an “inner” (k, m,r, s)-periodic evasive subspace over
Fy, and W' is an “outer” (K, km, s, s')-periodic evasive subspace over Fy. Then W o W' = W*NW' is a
(K'k,m,r, s')-periodic evasive subspace over I,

Roughly speaking, the above lemma gives a way to combine together an “inner” periodic evasive subspace
W with a short block length m (but a relatively small number of blocks k) with an “outer” periodic evasive
subspace W’ with a large number of blocks &’ (but a long block length m/), to obtain a periodic evasive
subspace W o W’ of both short block length m and large number of blocks ~ &’ (see Figure 2 below for
an illustration). Applying this lemma iteratively for log* k times, using the explicit subspace design given
by Theorem 2.1 (which is in particular a periodic evasive subspace), gives the main result of [GX13] which
reduces the list size of AG codes with subfield evaluation points to triply-exponential in log* n.

reW
k blocks
m
xeWw
k" blocks
km
reEWoW
e e ey 72
m

Figure 2: Illustration of the first two parameters in composition.

We further observe that essentially the same composition lemma holds when replacing the inner periodic
evasive subspace with a BT'T evasive subspace, in which case the resulting composed subspace is a BTT
evasive subspace as well.



Lemma 2.7. Suppose that W is an “inner” (k, m,r, s)-BTT evasive subspace overF,, and W' is an “outer”
(K', km, s, ')-periodic evasive subspace over F,. Then WoW' = W¥ W' isa (k'k,m,r, s')-BTT evasive
subspace over IF,.

To prove Theorem 2.5, we first apply the above composition lemma with the inner subspace being the
non-explicit (k1,m,r, s1)-BTT evasive subspace, given by Lemma 2.4, for k1 = loglog k (which can be
found efficiently via brute-force search in this setting of parameters), and the outer subspace being the explicit
(k2, k1m, s1, s2)-periodic evasive subspace, given by Theorem 2.1, for ky = logk ~ exp(k1). Then we
apply the above composition lemma once more with the inner subspace being the resulting (koky1, m, r, s2)-
BTT evasive subspace, and the outer subspace being yet another explicit (ks, k1 kam, s2, s3)-periodic evasive
subspace, given by Theorem 2.1, for k3 ~ k ~ exp(k2). As we apply the composition step only twice, this
results in a (k, m,r, s3)-BTT evasive subspace for s3 = poly(r/e). A careful choice of parameters gives
the explicit BTT evasive subspace claimed in Theorem 2.5.

Finally, we note that the above composition method is reminiscent of the classical technique of code
concatenation [For66]. Roughly speaking, code concatenation is a technique for reducing the alphabet size
of a code, where one starts with a long outer code over a large alphabet, and then reduces the alphabet size
by encoding each large alphabet symbol with a short inner code over a smaller alphabet. Curiously, the
parameters obtained by concatenation are very similar to those obtained by the above Composition Lemma
2.7, when viewing k as the codeword length and ¢ as the alphabet size of the code.

In particular, a well-known method for constructing asymptotically good codes (i.e., codes with constant
rate and distance) over small alphabets (e.g., the binary alphabet) is to first concatenate an inner asymptotically
good code over a small alphabet of length k1 ~ loglog k (which can be found via brute-force search) with
an outer RS code of alphabet size ~ exp(k;) and length k2 ~ logk ~ exp(ki), and then concatenate
the resulting code with another outer RS code of alphabet size ~ k =~ exp(ks) and length ~ k. Our
construction of BTT evasive subspaces uses the same two-level construction, with the explicit subspace
design of Theorem 2.1 playing the role of the RS code over a large alphabet, and the non-explicit BT'T
evasive subspace of Lemma 2.4 playing the role of the non-explicit asymptotically good code over a small
alphabet. However, despite the technical resemblance, we could not find any formal connection between
code concatenation and the above composition method for evasive subspaces. We further note that a similar
two-step composition approach was also used in other settings in theoretical computer science such as the
original proof of the PCP theorem [ALM™98].

2.3 Proof of Main Theorem 1.1

Our main Theorem 1.1 follows as an immediate corollary of the above Theorems 2.3 and 2.5.

Proof of Theorem 1.1. Let € = 5 and R’ = R + 25¢. Let m = 1/(€')?, and let ¢ = poly(1/€) be an even
power of a prime so that ¢ > m¢, where ¢ > 1 is a sufficiently large constant for which both Theorems 2.3
and 2.5 hold. Let {C,}, be the infinite family of codes, guaranteed by Theorem 2.3, with the following
properties for each C,,:

1. Cp: Flgm — [y is a linear code of rate at least R’ that can be encoded in time poly(1/¢, n).

2. There exists an injective linear map ¢ : F’q“m — F’;m, where k& < n, so that C,, can be list decoded
from a (1 — R’ — €)-fraction of errors, pinning down the images of the candidate messages under ¢
(viewed as length km vectors over [Fy) to an affine shift of a (l:c, m, €m)-BTT subspace V over F,.
Moreover, the map ¢, a basis for V, and the affine shift can be computed in time poly(1/e, n).
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Fix a code C,, as above, and let ¢’ = 25¢’. By Theorem 2.5, there exists a (12:, m, e€'m, s)-BTT evasive

subspace W C I fjm of co-dimension at most €’km for s = poly(1/e), and a basis for W can be found in
time poly(1/e,n). Let C’, be the code obtained from C,, by restricting the message space to ¢~ (). We
claim that C), satisfies Theorem 1.1.

Note first that C", is an F,-linear code of rate at least R’ — ¢"k/n > R’ — ¢’ = R, and alphabet size
g™ = (1/€)°/<*) that can be encoded in time poly(1/e, n). Moreover,as 1 — R — ¢ = 1 — R — ¢, the
code C), can be list decoded from a (1 — R — ¢)-fraction of errors, pinning down the images of the candidate
messages under ¢ (viewed as length km vectors over [F,) to an affine shift u of a (/:J, m, €'m)-BTT subspace
V over F,. This means that the candidate messages of the code C,, are contained in ¢~ (u + V).

As C! is obtained from C,, by restricting the message space to ¢~ (W), the candidate messages of C,
are contained in

6w+ V) N (W) = 67 ((u+ V)N W),
which is an affine shift of ¢=!(V N W) (or empty). We can find a basis B for ¢—!(V N W) and a vector
v € ¢~ ((u+ V)N W) (f such exists) in time poly(1/e,n) given the received word. Then the list of
candidate messages of C}, is contained in the subspace spanned by B and u’ over F,, whose dimension is
bounded by dim(V N W) +1 < s+ 1 = poly(1/e), and a basis for this subspace can be found in time
poly(1/e,n). Consequently, the output list size is exp(poly(1/e)) and the entire list can be output in time
exp(poly(1/e)) - poly(n), as claimed. O

Open problems. We end this section with a couple of intriguing open problems.

1. Is it possible to explicitly construct capacity-achieving list decodable codes with list size poly(1/e)
(even over a large super-constant alphabet)? As mentioned above, the smallest known list size for
explicit capacity-achieving list decodable codes is (1/ )91/ achieved by FRS codes [KRSW18],
while potentially the list size could be as small as O(1/¢), as is the case for random codes. Such a
construction could also potentially lead to fully polynomial-time poly(1/e, n) list-decoding algorithms.

2. Is it possible to obtain capacity-achieving list decodable codes with truly linear-time encoding or list
decoding algorithms? As in the unique decoding setting, this seems to require completely different
techniques, e.g., graph-based constructions [MRR 20, RWZ20].

3. A question that is still widely open is to explicitly construct capacity-achieving list decodable codes over
small fixed-size alphabets, e.g., the binary alphabet. Over a g-ary alphabet, the list-decoding capacity
is known to be i ! (1 — R), where hy(x) = xlog,(q— 1) +zlog,(1/x) + (1 —x)log,(1/(1—x)) is
the g-ary entropy function. Once more, this question seems to require completely different techniques
such as graph-based constructions [Ta-17, GQST20].

4. Can our methods be used to construct other pseudo-random objects? In particular, an intriguing
question is whether these techniques could be used to construct lossless dimension expanders over
constant-size fields, whose state-of-the-art constructions [GRX18] are based on the list-decoding
machinery of [GX13].

Organization. In Section 3 we present our explicit construction of BTT evasive subspaces (Theorem 2.5).
In Section 4 we first show, as a warm-up, that the output list of RS codes with subfield evaluation points is
contained in an affine shift of a BTT subspace. Then in Section 6, after providing the required AG code
preliminaries in Section 5, we show how to extend the analysis to AG codes with subfield evaluation points
(Theorem 2.3).
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3 Explicit BTT evasive subspace

In this section, we prove Theorem 2.5, which is restated below.

Theorem 2.5 (Explicit BT'T evasive subspace). There exists an absolute constant ¢ > 1, so that for every
€ > 0, positive integers k, m,r with r < 3, and a prime power q satisfying that ¢ > m*, there exists a
(k,m,r,s)-BTT evasive subspace W C ]F];m of co-dimension at most ekm for s = poly(r/e). Moreover,
a basis for W can be found in time poly(q, k,m).

The first ingredient in our proof is Lemma 2.4, restated below, which shows the existence of a (non-
explicit) (k,m,r,s)-BTT evasive subspace W C F’;m of co-dimension at most ekm and s = O (r/e).
Notably, the lemma holds for any field size ¢ and block length m.

Lemma 2.4. For every € > 0, positive integers k, m,r with r < % and a prime power q, there exists a

(k,m,r,s)-BTT evasive subspace W C qu“m of co-dimension at most ekm for s = 2{

Proof. Let W C F’;m be a random linear subspace of co-dimension ekm. Fix a (k,m,r)-BTT subspace
V C IF’;"‘. We first bound the probability that dim(V N W) > s. Fix a subspace V* C V of dimension s.
Since W is a random subspace of co-dimension ekm, the probability that V* is contained in W is at most

s—1 g(l—km_ i ek . . * : krs ;
L= W < g~ "5, As the number of s-dimensional subspaces V* C V' is at most ¢*"*, by a union
bound, we have that TV contains some s-dimensional subspace V* C V' with probability at most ¢("—<"™)*s,
So dim(V N W) > s with probability at most ¢("—¢™)ks,

Next, we observe that the number of (k, m, r)-BTT subspaces is at most ¢"*"™, as each such subspace is
determined by the first r columns of a (k, m,r)-BTT matrix. Consequently, by a union bound, we get that
dim(V N W) > s for some (k, m, r)-BTT subspace V, with probability at most ¢"*™+("=¢m)ks This latter

probability is smaller than 1 since

rkm

2k 2
rkm—f—(r—em)ks:rk‘m—i-(r—em)~—r:rk <r—m> <0,
€ €
where the first equality is by our choice of s = 2r /¢, and the last inequality is by our choice of r < <5*. We
conclude that there exists a (k, m, r, %)—BTT evasive subspace W of co-dimension at most ekm. ]

Remark 1. We further note that to find a BTT evasive subspace as above, one can enumerate over all
subspaces W C F’;m of co-dimension at most ekm, and over all (k, m,r)-BTT subspaces V, and compute

the dimension of their intersection, which takes time qo((km)z).

Our second ingredient is Theorem 2.1 from [GK16], restated below, which gives an explicit construction
of an (7, s)-subspace design over F,= of cardinality k£, where each subspace has co-dimension at most em

and s = O (é) as long as ¢™ is sufficiently larger than k.

Theorem 2.1 (Explicit subspace design, [GK16], Theorem 6). There exists an absolute constant ¢ > 1,

so that for every € > 0, positive integers k,m,r with r < <f*, and a prime power q satisfying q" >

. 2r/e . . 2
max {kc r/e, (2{) / }, there exists an (r, s)-subspace design Hy, ..., Hy over Fgm for s = 2%, where
each H; has co-dimension at most em in Fym. Moreover, bases for Hy, ..., H} can be found in time

poly(q, k, m).

For completeness, we sketch the proof of the above theorem in Appendix A. Note that the above theorem
in particular gives an explicit periodic evasive subspace with the same parameters.
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Corollary 3.1 (Explicit periodic evasive subspace) There exists an absolute constant ¢ > 1, so that for every

€ > 0, positive integers k, m,r with r < <, and a prime power q satisfying ¢ > max {k:c r/e (2:)210/5}’

. . 2
there exists a (k, m,r, s)-periodic evasive subspace W CF ’;m of co-dimension at most ekm for s = 2%

Moreover, a basis for W can be found in time poly(q, k, m).

Proof. Let Hy, Ho, ..., Hj, be the (r, s)-subspace design over [F;m guaranteed by Theorem 2.1 for the same
choice of parameters, and let W = H; x Hy X --- X Hy. Then by Theorem 2.1, we clearly have that a basis
for W is a subspace of F’;m of co-dimension at most ekm, and that W can be found in time poly(q, k, m).
It remains to show that W is a (k, m, r, s)-periodic evasive subspace. Let M be a (k, m, r)-periodic matrix,
and let V' = Image(M ), we would like to show that dim(V N W) < s

By definition, M is a block-lower-triangular matrix with k copies of an m X r matrix M on the main
diagonal, and M has full column rank r. Let V = Image(M ), which is a subspace of IFy* of dimension 7.
For i € [k], choose an m x m matrix R; such that H; = ker(R;), and let R € Flgmka be a (k x k)-block
diagonal matrix with blocks Ry, Ra, . . ., Ry on the main diagonal. Note that W = ker(R), and furthermore,
RM € F’;mxm is a (k x k)-block-lower-triangular matrix with blocks R; M, RoM, ..., RiM on the main

diagonal.
So we have
dim(V N W) = dim(V Nker(R))
k
= dim(ker(RM)) < ) _ dim(ker(R;M))
i=1
—ZdlmVﬂker Zdlm (VNH) <
=1 =1

where the last inequality follows since Hi, ..., Hy, is an (7, s)-subspace design. O

Our last ingredient is Lemma 2.7, restated below, which gives a composition lemma for BTT evasive
subspaces.

Lemma 2.7. Suppose that W is an “inner” (k, m,r, s)-BTT evasive subspace overF,, and W' is an “outer”
(K', km, s, s')-periodic evasive subspace over Fq. Then W oW' = W W' isa (K'k,m,r,s')-BTT evasive
subspace over IF,.

Proof. Let V be a (k'k, m, r)-BTT subspace. Our goal is to show that dim(V N (W* N W’)) < . Since
W'is a (K, km, s, s')-periodic evasive subspace, it suffices to show that V' := V N W* is contained in a
(k', km, s)-periodic subspace U, and consequently

dim(V N (WF n W) = dim((V n W¥) n W) < dim(U N W') < o

Since V' is a (k'k, m, r)-BTT subspace, there exists a (k'k, m,r)-BTT matrix M whose image equals
V. Asak' x k' block matrix, M has k" copies of a (km) x (kr) block M on its main diagonal. Next
observe that M itself is a (k, m,r)-BTT matrix, and so if we let V := Image(M), then V is a (k, m, 7)-
BTT subspace. Recalling our assumption that W is a (k, m,r, s)-BTT evasive subspace, this implies in
turn that dim(V NW) <s. Let HC F’;m be a subspace of dimension s containing VN W, and let

1 s km :
{6y C IF,;™ be a basis for H.
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Next, we introduce a bit of notation. We write a vector z € F’;/km as ¢ = (x1,x9,...,x)) Where
z; € F’;m, andfori =1,... k', we let m;(x) = z;. For a subspace X C F’;/km, andi =0,1,..., k' welet

Xl':{(:L‘l,:L‘g,...,SL'k/)EX|:L’1:{L‘2:"'::EZ':O}.

In particular, we have Xy = X and X} = {0}.

Claim 3.2. For all i = 1,...,k, there exist vectors btV . b9 ¢ Fig’km satisfying the following
conditions:
1. Forallj =1,...,s, it holds that (b)) = ... = (b(7)), | = 0 and (b"7)); = b9,

2. (VAWF) 1 € (VW) +span{d®D ... b9},
Proof. Fix i € [k], and let H' = m;((V N W*);_1). Note that
H Cm(Vie) Nm((WH)Z) =V W C H.

Let t = dim H'. Fix a basis {v"),...,v®)} for H" and extend it to a basis {v(}) ... v(*)} for H. For
j=1,...,t choose u¥) € (V N W*),_; such that (u()); = vU), which is possible since v\9) € H' =
m(VOWH);_1). For j = t+1,...,s,choose ul?) € FFF™ with (u()); = -+ = (u1));_1 = 0 such that
(u¥)); = v19). Then we have

VW) i_1 = (VW) +spanfu?, ... u®} C (VA WH); +span{u®, ... u®Y. (1)

As {6, ... b} and {v™), ... v(*)} are both bases of H, there exists a unique invertible s x s matrix
A= (a]g)ﬂe[s] overIF suchthatbj) S ajw® for j € [s]. Forj € [s], let b)) = 375 a; ul®),
and note that (b)) = .. = (b(#));_; = 0 and

(B0, Za () =3 a0 ® = b,
(=1

So the first condition of the claim is satisfied. As A is invertible, we have span{b(®1) ... b5} =
Span{u(l), ... ,u(s)}. Combining this with (1) proves the second condition.

Now recall that our goal is to exhibit a (k, km, s)-periodic matrix M so that VO W* C Image(M). We
construct M as follows. Fori = 1,..., k", let M, be a (k'km) x s matrix whose columns are bl plis),
Let B

M= (M My -+ My).

By the first condition of Claim 3.2, we have that M is a (K', km, s)-periodic matrix. By the second condition
of Claim 3.2, we further have that (V' N WkY);_1 € (VA WH*); + Image(M;) forall i = 1,... k', and so
VWY = (V W)y C Image(M), as claimed. This completes the proof of the lemma. O

Next, we prove Theorem 2.5 based on the ingredients above.

Proof of Theorem 2.5. Our goal is to construct a (k, m, r, s)-BTT evasive subspace W of co-dimension at
most ekm for s = poly(r/€). We shall construct W by applying two composition steps. In the first step, we
shall compose an inner BT'T evasive subspace W1, given by Lemma 2.4, which can be found via brute-force
search, with an outer explicit periodic evasive subspace W5, given by Corollary 3.1, to obtain a BT'T evasive
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subspace W o Ws. In the second step, we shall compose the resulting BTT evasive subspace W o Wy with
yet another outer explicit periodic evasive subspace W3, given by Corollary 3.1, to obtain our final BTT
evasive subspace W := (W; o W3) o W3. One technical issue is that the desired number of blocks k& may
not be a multiple of the number of blocks of the inner subspace. This is solved by first constructing a BTT
evasive subspace W’ in a slightly larger ambient space F’;/m ) F’;m and then letting W = W/ NTF ’;m (where
F’;m is identified with a subspace of F’;/m via the map (z1,...,Zgm) = (0,...,0,21,..., Zgm)).

In the following, assume ¢ > 1 is a large enough constant. Let ¢ = ¢/6. By assumption, we have
r <em/24 =€¢'m/4and ¢ > m°.

BTT evasive subspace W;: Let W be a (k1,m,r, s1)-BTT evasive subspace of co-dimension at most
e'kym for k; = 2m? - [%1 and s; = QEL,Q > 2 Note that such a subspace exists by Lemma 2.4.
We further claim that a basis for 1 can be found in time poly(q, k,m). To see this, first note that if

mlogq < (c®loglog k + c?)T!, then by Remark 1, a basis for W, can be found in time
gO(krm)?) = 90(kim* 108 ) < exp(poly (loglog k)) < poly (k). )

On the other hand, if m log ¢ > (c? log log k + c¢?)¢*1, then either m > c?loglog k + c¢? or ¢ > log q >
(c?loglog k + c?)¢. In either case, we have ¢ > (c?loglog k + ¢2) since ¢ > m®. This implies

¢ > gV AmE/e 5 (szg_ FoglongC/ el
- log q

Therefore,

€

cm cr/e 2 /e
¢ > max{k; /4,mm} > max {k:l / , (T) } 3)

where we use the facts r < ¢’m/4 and ¢ > m® > m. Consequently, by Corollary 3.1, there exists
a (ki, ,2:,2)-peri0dic evasive subspace W7 of co-dimension at most €' kim, which is in particular
a BTT evasive subspace with the same parameters. Moreover, a basis for W7 can be found in time
poly(g, k1,m) = poly(q, k, m).

Periodic evasive subspace W5: Let W5 be a (k2, klm s1, s2)-periodic evasive subspace of co-dimension

at most €'kakym for ky = [log k] and sg = @ = (6 ) Note that such a subspace exists by Corollary 3.1 as
272 - c2e'm? < e€kim
8§51 = —
YT 4 = 4
qk:1m > |'10g k-|c2m2 > ﬂOg k~|2c(7’/e’)2 _ ]{:581/6/7 (4)
and 102
/(e 2s1 /€
2s !
kim > > 7“ — “°1
e () () (3
where the inequalities hold by the choice of k1 = c?m?- [log 10671 and the assumptions r < <2 and ¢ > m¢

Moreover, a basis for W5 can be found in time poly(q, k2, k1m) = poly(q, k, m).
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BTT evasive subspace W;0Ws: By Lemma 2.7, we have that W1 o Wy = W{” NWayisa (k1ka, m,r, s2)-
BTT evasive subspace for so = %. Note furthermore that W, o W5 has co-dimension at most 2¢’k; kom,
and a basis for W7 o W5 can be found in time poly(q, k, m).

Periodic evasive subspace W5:  Let Wy bea (ks, k1kam, sa, s3)-periodic evasive subspace of co-dimension

2
at most €'k koksm for kg = (ﬁ} and s3 = 2% = 1(?)28 . Note that such a subspace exists by Corollary 3.1
as
8rt - 2dm*  dkikam
So = ,
2T (@) 4 -4
qk1kz2m > k02m4 N kSc(r/e’)4 > k§~$2/e'7

and

4/16 1674 /()4 9 ,
. m74 m*/ y 1674 16r/(<) _ 255 s2/e
—\ 16 (€)% €

%1 and ko = [log k] together with

the assumptions < €'m/4 and ¢ > m¢°. Moreover, a basis for W3 can be found in time poly (g, ks, k1 kem) =
poly(g, k,m).

where the inequalities hold once more by the choice of k; = ¢?m? - [

BTT evasive subspace W' = (W o W5) o W3: By Lemma 2.7, we have that W/ := (W} o W5) o W3
is a (k1koks, m,r, s3)-BTT evasive subspace for s3 = 12687"8 = poly(r/e). Note furthermore that W' has

co-dimension at most 3¢’ k1 kaksm, and a basis for W’ can be found in time poly(q, k,m).

BTT evasive subspace W: If k is a multiple of kiko, then k1koks = k and we may choose W = W as
the desired BT'T evasive subspace. Next, we explain how to extend it to arbitrary k.

1. First assume k& > kiky so that k' := k1koks = kiko [ﬁ} satisfies k¥’ < 2k. Then W' C F’;/m is
a (K',m,r, s3)-BTT evasive subspace of co-dimension at most 3¢'k'm < 6¢'km = ekm. Identify

F’;m with a subspace of F’;/m via the map (1, ..., Zgm) — (0,...,0,21,. .., Tgm). Welet W :=
w’'n F’;m, whose co-dimension in F’q“m is at most ekm since the co-dimension of W’ in F’q“/m is at
most ekm.

Consider any (k, m,r)-BTT subspace V' C ]F]q“m. Note that there exists a (k’,m,r)-BTT subspace
V' C F’;'m such that V = V' N F’;m. As W'is a (K',m,r,s3)-BTT evasive subspace, we have
dim(V' N W’) < s3, which implies dim(V N W) < s3. So W C F’;m isa (k,m,r,s)-BTT evasive
subspace of co-dimension at most ekm for s = s3 = poly(r/e).

2. Now assume k1 < k < kiko. Let k) := (k—kl] < ko so that kbk; < 2k. By replacing ko with
K% in the construction of Wy, we may construct a (k5, kym, s1, s2)-periodic evasive subspace W2/ of
co-dimension at most €'k, k1 m. This is because replacing ko by k) < ko preserves (4). Composing W7,
with W7 gives a (ki1kb, m,r, s2)-BTT evasive subspace W7 o W C Fl;lkém of co-dimension at most
2¢'khkym < 4€’km < ekm. Similarly to the previous case, restricting to the subspace F ’;m yields the
desired (k,m,r, s)-BTT evasive subspace W of co-dimension at most ekm for s = s = poly(r/e).

3. Finally, assume k < k1. By replacing k; with & in the construction of W7, we may construct the desired
(k,m,r, s)-BTT evasive subspace W of co-dimension at most € km < ekm for s = s; = poly(r/e).
This is because replacing k; by k < k; preserves (2) and (3).
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4 Reed-Solomon codes with subfield evaluation points

We first show, as a warm-up, that RS codes with evaluation points over a subfield are list decodable up to
capacity with the output list contained in an affine shift of a BTT subspace. Later, in Section 6, we shall
show how the analysis can be extended to AG codes over constant-size alphabets, thus proving Theorem 2.3.
We start with the formal definition of RS codes with subfield evaluation points.

Definition 4.1 (RS codes with subfield evaluation points). Let n,k,m € NT be such that k < n, and let
q > n be a prime power. The Reed—Solomon code RS, ,,,(n, k) over F = with evaluation points in F, maps
a polynomial f € Fm|[X] of degree at most k — 1 (viewed as a length k vector of coefficients over Fym) to
the codeword Cy := (f(an), f(ow), ..., f(an)) € (Fgm)™, where aq, aa, . .., ay are n distinct elements in
F,.

Note that RS, ,,(n, k) is a linear code over the alphabet Fy» with codeword length n, rate k/n, and
minimum distance n — k 4 1. In this section, we show that this code is also list decodable up to its minimum
distance with the output list being contained in an affine shift of a BT'T subspace.

Theorem 4.2. Let ¢ > 0, let n,k,m € Nt be such that k < n and m > 1/€2, and let ¢ > n be a prime
power. Then RSy p,(n, k) can be list decoded from up to (1 — €)(n — k) errors, pinning down the candidate
messages (viewed as length km vectors of coefficients over Fy) to an affine shift of a (k,m,em)-BTT
subspace V over F,. Moreover, a basis for V and the affine shift can be found in time poly(log ¢, m,n).

The above theorem is a consequence of the following lemma.

Lemma 4.3. Let n,k,m € N be such that k < n, and let ¢ > n be a prime power. Let s € [m] and
t,d € Nt be parameters, satisfying that

(s+1)d+1)+k—-1>n Q)
and
t>d+k—1. (6)

Then RSy (n, k) can be list decoded from agreement at least t, pinning down the candidate messages
(viewed as length km vectors of coefficients over F,) to an affine shift of a (k,m,s — 1)-BTT subspace V
over F,. Moreover, a basis for V and the affine shift can be found in time poly(log ¢, m,n).

Before we prove the above lemma, we show how it implies Theorem 4.2.

Proof of Theorem 4.2. Let s = % + 1, letd = ”;ka — 1 so that (5) is satisfied, and let ¢ = d + k so that
(6) is satisfied. Then with this setting of parameters, RS, ,,(n, k) can be list decoded from agreement ¢, or

equivalently, from up to

n—k+2 n—k

=(1—¢€)(n—k).

errors. Moreover, by choice of m > 1/€2, we have that V is a (k, m, s — 1)-BTT subspace for s —1 = 1

<
em. O
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The rest of this section is devoted to the proof of Lemma 4.3. To prove this lemma, we follow the
linear-algebraic approach of [GX13]. Suppose thaty = (y1,¥2,...,yn) € (Fgm)" is a received word. Our
goal is to show that all polynomials f € Fym[X]., that have large agreement with y are contained in an
affine shift of a BTT subspace. To this end, following [GX13], we first show in Section 4.1 the existence
of a nonzero polynomial () (depending on the received word y) that gives a functional equation that any
polynomial f that has large agreement with y must satisfy. Then we show in Section 4.2 that this functional
equation induces a special structure on the solution set, specifically, the solution set is contained in an affine
shift of the kernel of a BT'T matrix. Finally, in Section 4.3 we show that the kernel of a BTT matrix is a
BT'T subspace, which implies that the solution set is contained in an affine shift of a BTT subspace. We
further show that the polynomial (), a basis for the BTT subspace V, and the affine shift could be found
efficiently.

4.1 The polynomial @)

In what follows, let o € Gal(IF,m /F,) be the Frobenius automorphism a +— a? of F,m over F,. It extends
to an automorphism of Fyn[X] over F, by acting on the coefficients, which we also denote by o by a slight
abuse of notation. For f € Fyn[X], denote by f“ the element o(f).

Suppose that y = (y1,y2,...,yn) € (Fgm)™ is a received word. We let () be a nonzero multivariate
polynomial in (Fy= [X])[Y7, Y52, ..., Y] of the form

Q=Ao+ A1Y1 + AYo + - - + AYS,

where Ag, Ai,...,As € Fgm[X], deg(Ap) < d+ k — 1, and deg(A;) < dfori =1,2,...,s. We also
require the polynomials A; to satisfy the constraint

s—1

Ao(ai) + Ax(ew)yi + Ag(i)yi + -+ + As(ai)y] =0 ™

forall: =1,...,n, where ay, ..., oy are the evaluation points.

We first claim that such a nonzero polynomial () exists and can be computed efficiently. To see this, think
of the coefficients of the polynomials A; as unknowns. This givesd+k+s(d+1) = (s+1)(d+1)+k—1
unknowns in total, while (7) gives n homogeneous linear constraints over Fy=. By (5), the number of
unknowns is greater than the number of linear constraints which guarantees the existence of a nonzero
solution (). Moreover, we can find ) in time poly(log ¢, m,n) by solving the system of linear equations
represented by (7).

Next, we show that () gives a functional equation that any f that has sufficiently large agreement with
the received word y needs to satisfy.

Claim 4.4. Let f € Fyn[X] . Suppose that'y agrees with the codeword Cy = (f(on), f(o2), ..., f(an))
in at least t coordinates. Then f satisfies the functional equation

QUE 7o [ ) = Ao+ ALf + Aof + -+ A f7 =0 )

Proof. Define B
QF = Ao+ Aif + Asf7 + -+ A f7 € Fgm[X].

We want to prove that @Q* = 0. As deg(f) < k — 1, deg(4p) < d+ k — 1, and deg(4;) < d for
i=1,2,...,s, we know that deg(Q*) < d+k — 1.
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Suppose that y agrees with C'y in the i-th symbol for some i € [n], i.e., y; = f(a;). By (7), we have

—1

0= Ao(a;) + Ar(ai)yi + Aa(ei)y? + -+ + As(e)yf”
Ao(i) + Ar(ai) f (i) + Az(aq) (f ()7 + - + As(as) (f(4))”
0(0) + Av(a)f (o) + Aa(a) f7 (@) + -+ As(ai) 7 (@)
= (Ao + ALf + Ao f7 + oo+ Af7 ) ()
= Q" ().
The third equality uses the fact that (f(a;))? = f7(af) = f7(«a;), which holds since o; € F, is fixed by o.
As 'y and Cy agree in at least ¢ symbols, the above argument shows that Q* has at least ¢ zeros. On the
other hand, the degree of Q)* is at most d + k& — 1, which is less than ¢ by (6). This implies @* = 0. O

s—1

4.2 The BTT subspace /

Next, we show that the functional equation (8), given by Claim 4.4 above, implies that the list of candidate
messages is contained in an affine shift of the kernel of a BT'T subspace. We start by expanding the functional
equation (8) in terms of the coefficients of the polynomial f and Ay, Ay, ..., As.

As f € Fym[X] <y, we may write

k—1 '
F= 15X
j=0

where the coefficients f; are in Fgm. Also write

d+k—1
A[:: EE: agi)(ﬁ 51230,1w..,8,
i=0
where the coefficients a; are in Fym and ay; = 0 for £ € [s] and ¢ > d. Choose the largest integer v > 0
such that X" divides Ay for £ = 0,1, ...,s. By replacing @ with /X", we may assume that u = 0. So
ago # 0 forsome ¢ € {0,1,...,s}. By (8), we actually have ag # 0 for some ¢ € [s].
With the notations above, (8) becomes

d+k—1 s d k—1
. . e_l .
=S w1 35 (L) (S
=0 (=1 \:i=0 7=0
d+k—1 s )
-1 .
= 2 |aos+ 2D ety | XY
i=0 =1 j=0

where we let f; = 0 for ¢ > k. So we obtain the equations

i s
-1 )
Zzae,i—jff = —ao,, i=0,1,...,k—1. )
§=0 £=1
Next, we show that the solution set of all f = (fo, f1, ..., fr—1) satisfying (9) is contained in an affine

shift of the kernel of a BT'T matrix. In what follows, fix an arbitrary F-linear bijection ¢ : Fgm — F".
For an element a € Fym, let a := ¢(a) € Fy', and for a vector £ = (fo, f1,..., fk—1) € (Fym )k, let
f.= (f07f17 o 7fk71) S ]ank
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Claim 4.5. Let S be the set of all vectors f = (fo, f1,-- -, fx_1) € (Fgm )" satisfying that

7 s
SN aniff =0, i=01,.. k-1, (10)

=0 ¢=1

where ag;—; € Fym, and agg # 0 for some { € [s]. Let S := {f | f € S} C Fg”k. Then S C ker(M) for
a (k,r,m)-BTT matrix M over Fq withm — s +1 < r < m. Moreover, M can be constructed in time
poly(log g, m,n).

Proof. First note that both the multiplication map my, : Fgn — Fym, given by a + b - a for a,b € Fym,
and the Frobenius automorphism o : Fgm — qu, given by a — a? for a € Fym, are F,-linear operations

over Fym. Consequently, forall © = 0,1,...,k — 1, there exists an m X m matrix M over [F, so that
> req Qi = M, - b for every b € F m. In this notation, we can rewrite (10) as M - f = 0, where
My 0 0 - 0
M,y My 0 o 0
M=| My My My --- O
M1 Myg_o M3 --- My

Then we have that M is a block lower-triangular Toeplitz matrix with blocks of size m x m. To obtain a
BTT matrix, we need to further ensure that all matrices M have full rank. For this, we let r := rank(Mj),
and choose a subset B of r linearly independent rows of My. Then in the matrix M, we only keep the
rows whose projection on the block M belongs to B. This clearly gives a (k,r, m)-BTT matrix M so that
S C ker(M). Moreover, M can clearly be constructed in time poly(log ¢, m,n). To conclude the proof of
the claim, it remains to show that r = rank(Mp) > m — s + 1.

To see that rank(Mjy) > m — s + 1, we show that dim(ker(Mp)) < s — 1. Recall that M represents
the F-linear map b — S5_, ago - b°" ' for b € Fym. Recalling our assumption that agg # 0 for some
¢ € [s], we know that B(z) 1= ;4 ago - 27" is a nonzero polynomial of degree at most ¢*~! over Fym,
and consequently, it has at most ¢*~! zeros in Fym. Since the map B(z) is F-linear, we conclude that the
kernel is an F -linear subspace of dimension at most s — 1, and so dlm(ker(Mo)) s — 1. O

By (9) and Claim 4.5 above, we have that all polynomials f = (fo, f1,..., fr—1) that agree with y on at
least ¢ points are contained in an affine shift of the kernel of a (k, , m)-BTT matrix over F, forr > m—s+1.
In the next section, we prove that the kernel of a (k, r, m)-BTT matrix is a (k, m, m — r)-BTT subspace.
Finally, noting that in our setting m — r < s — 1, and that a basis for the kernel of M, as well as the desired
affine shift (which is any valid solution to (9)), can be found in time poly(log ¢, m,n), concludes the proof
of Lemma 4.3.

4.3 The kernel of a BTT matrix is a BTT subspace
In this section, we prove the following lemma.

Lemma 4.6. Suppose that M is a (k,r,m)-BTT matrix over Fq, where 1 < m. Then ker(M) is a
(k,m,m — r)-BTT subspace over F,.
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To prove the above lemma, let V' := ker(M ), where

M, 0 0 - 0
My M 0 .- 0
M= |Ms DM My -+ 0
Mk Mk,1 Mk,Q M1

is a (k,r,m)-BTT matrix. Our goal is to show that V' is a (k, m, m — r)-BTT subspace, and for this we
need to exhibit a (k, m, m — r)-BTT matrix M so that V = Image(M).

We start by introducing some notation. We write a vector v € F’;m as v = (v1,v9,...,v;) where
v; € Fg'. Fori=0,1,...,k, we let

Vi={(v1,v9,...,05) EV vy =v92 =+ =v; =0}.
In particular, we have Vo = V and Vj, = {0}. Finally, define o : F:™ — FA™ by
o(vy,va,...,v5) = (0,v1,v2,...,05_1).
Claim4.7. Foralli=1,...,k o(Vi-1) CV; C V1.

Proof. The right-hand containment clearly holds by the definition of V;. To see that the left-hand containment

holds, let v = (v1,...,v;) € Vi_1, and let u = o(v) = (0,v1,...,v5—1). Our goal is to show that u € V;.

First note that since v € V;_1, we have that vy = -+ = v;_1 = 0, and so u = (uq, ..., uy) satisfies that

uy; = -+ = u; = 0. Thus to show that v € V;, it remains to show that v € V', or equivalently that M - u = 0.
To this end, note that by the structure of M,

M, 0 0 - 0

M2 M1 0 0 1? %1 ]\2 8 (%
Mou=|Ms My M - 0].] "= 2 N . 1 s | =0,
L S ‘ s k1
Vi M1 Mp_o --- M

where the last equality follows since v € V, and so

My 0 0 - 0
M2 Ml 0 . 0 (%1
M.-v= | M3 DM My -+ 0 |. : | =o.
: : : o Vg
My Mgy Mgo --- M

O

We also note the following claim which follows by counting the number of linearly-independent con-
straints defining V;.

Claim4.8. Foralli =0,1,...,k dim(V;) = (k—i)(m—r). Inparticular, dim(V;_1) = dim(V;)+(m—r)
foralli=1,... k.
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The above two claims imply the following.

Claim 4.9. The following holds for alli = 1,. ..,k — 1. Suppose that bV, ... b(™=") gre m — r linearly
independent vectors in Flgm so that

Viey = Vi 4+ span{d®, ... pm =}, (11)

Then
V; = Vi1 + span {a(b<1>), .. ,a(b<m*r>)} . (12)
Proof. First note that by our assumption (11), we have that b(l), e b(Mm=7) are contained in V;_. By Claim

4.7, this implies in turn that (b)), ..., a(b(™~")) € V; and V;11 C V;, and consequently we have that the
right-hand side of (12) is contained in the left-hand side.

To see the containment in the other direction, recall that by Claim 4.8, dim(V;) —dim(Vj4+1) = m—r, and
so it suffices to show that there is no non-trivial linear combination of o(b(1)), ..., (b(™=7)) that belongs
to V;11. Suppose in contradiction that there exists a non-trivial linear combination a := «; - a(b(l)) 4+t
Oy - a(b(m_r)) € Vi11. By the definition of V;, 1, this implies in turn that a;,1 1 = 0. But in this case, the
non-trivial linear combination @’ := «aq - b + -+ + . - ™7 satisfies that a; = 0. Consequently, we
have that o’ € V;, contradicting our assumption (11). 0

Now we prove Lemma 4.6 using the above claim.

Proof of Lemma 4.6. Recall that our goal is to exhibit a (k,m,m — 7)-BTT matrix M so that V =
Image(M). We construct M as follows. Since dim(Vp) = dim(V;) + (m — ), there exist m — r linearly
independent vectors b1, ..., b("=") € FA™ 5o that Vo = Vi + span{b), ..., 6"~} Fori=1,... k,
let M; be a (km) x (m — ) matrix whose columns are o1 (b(1)), ... o= (p(m=7)) Let

M= (M My, - My).

Then we clearly have that M is a (k, m,m — r)-BTT matrix. Moreover, by Claim 4.9 we further have that

Vi1 = Vi + Image(M;) for alli = 1,...k, and so V' = V = Image(M). This concludes the proof of
Lemma 4.6. O

S Preliminaries on function fields and algebraic-geometric codes

We first give preliminaries and notations about function fields and algebraic-geometric codes. The reader
may refer to, e.g., [Sti09] for detailed background.

Function fields. Let [F, be a finite field. An extension field F' of [, is called a function field in one
variable or simply a function field over F if F is a finite extension of F(x) for some element x € F that is
transcendental over F,. The field of constants of I is the algebraic closure of I, in F'.

In the rest of this section, let F' be a function field over I, such that its field of constants is [y, i.e, the
algebraic closure of Fy in F' is [F itself.
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Discrete valuations and places. A (normalized) discrete valuation of F' isamap v : F' — Z U {400}
with the following properties:

* v(a) = +ooiffa = 0.

*v

(ab) = v(a) + v(b) fora,b € F.
* v(a+b) > min{v(a),v(b)} fora,b € F.
s v(F*) =

For a discrete valuation v of F', we associate a pair P = (O,,, m,) where O, is thering {a € F' : v(a) >
0} and m, is the ideal {a € O, : v(a) > 0} of O,. Call P a place of F.8 Denote by P(F) the set of all
places of F', i.e.,
P(F) := {(Oy, m,) : v is a discrete valuation of F'}.

We may recover the discrete valuation v from a place P = (O, m) as follows. Let v(0) = +oc. For
0 # a € O, v(a) is the largest k € N such that a € m*, where we let m* = O. Fora € F* \ O, let
v(a) = —v(a~1). This gives a one-to-one correspondence between the set P(F) of all places of F and the
set of all discrete valuations of F'. For a place P € P(F'), denote by vp the discrete valuation corresponding
to P.

Intuitively, vp(f) indicates the order of zeros or poles of a function f € F at the place P: If vp(f) > 0,
then vp(f) is the order of zeros of f € F' at P. Otherwise —vp(f) is the order of poles of f at P.

It can be shown that for a place P = (O, m) of F, the quotient ring kp := O/m is a finite field extension
of Fy, called the residue class field or residue field of P. If [kp : Fy] = 1, we say the place P is Fy-rational
or simply rational. In this case, we identify [, with x p via the field isomorphism F, — xp sending a € F,
toa +m.

For f € O and a rational place P of F, define

F(P):=f+m¢np

which we view as an element of I, by identifying IF, with xp as above.

Local power series and Laurent series expansion. Let P = (O, m) be a rational place of F'. An element
u € O is called a uniformizing parameter or uniformizer of P if vp(u) = 1, or equivalently, u generates the
ideal m.

Fix u € O to be a uniformizer of P. We may write any f € O as a power series in u over I,

f:co+61u—i—czu2—|—---

where the coefficients ¢; € F, may be found as follows: Let fy = f. Fori =0,1,2,...,let¢; = f;(P) and
let fit1=(fi —ci)/uecO.

A Laurent series is a generalization of a power series, where we allow finitely many terms of negative
degree. Generalizing the above representation by power series, we may write any element of F' as a
Laurent series in u over F,. Namely, for f € F*, let e = vp(f) and f* = f/u® € O. Suppose
f*=co+ cru+ cou® + - --. Then

f=ulf* = cou® + cru + cuét? 4 ... .

8t is common in the literature to define a place to be just the ideal m,, associated with a discrete valuation v instead of (O, m,)
(see, e.g., [Sti09]). This is equivalent to our definition since O, is determined by m, via O, = {a € F* :a™' € m,} U {0}.
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Thus, for a rational place P = (O, m) and a uniformizer u of P, we have a local expansion of every
element of O or F' as a power series or a Laurent series in u over I, respectively.

Divisors. A divisor of F' is a formal sum ), npP of finitely many places P € P(F'), where np € Z.
The set of all divisors of I forms an abelian group Div(F'), called the divisor group of F'.

The degree of a divisor D = ) ,npP is deg(D) := > pnplsp : Fy]. The support of D, denoted
by Supp(D), is the set of places P for which np # 0. If np > 0 for all P € Supp(D), we write D > 0
and call D an effective divisor. Note that D > 0 implies deg(D) > 0. Let Divo(F') := {D € Div(F) :
deg(D) = 0}, which is a subgroup of Div(F).

Let f € F*. It can be shown that vp(f) = 0 holds for all but finitely many places P € P(F). So
div(f) := > pep(r) vP(f)P is a well-defined divisor. Divisors of the form div(f) are called principal
divisors of F'. The degree of a principal divisor is always zero, i.e., div(f) € Divo(F) for f € F*.

Riemann-Roch spaces. For a divisor D of F, the Riemann—Roch space associated with D is
L(D):={f e F*:div(f)+ D >0}u{0}

which is a finite-dimensional vector space over F,. Let /(D) := dimg, L(D).

By definition, for D = ), npP, the condition div(f) + D > 0 is equivalent to vp(f) > —np for
P € P(F). So L(D) is the space of functions in ' whose prescribed zeros and allowed poles are specified
by D: Ata place P, if np < 0, then any f € L(D) must have a zero of order at least —np at P. On the
other hand, if np > 0, then f € L(D) is allowed to have a pole of order at most np at P.

Note that if L(D) contains a nonzero element f, then div(f) + D > 0, which implies

deg(D) = deg(div(f)) + deg(D) = deg(div(f) + D) > 0.

So for any divisor D with deg(D) < 0, we have L(D) = {0} and ¢(D) = 0.

The Riemann—Roch theorem. The Riemann—Roch theorem states that
UD)—4(K —D)=deg(D)—g+1

holds for any divisor D of F', where K is a certain divisor of F' called a canonical divisor, and g is a
nonnegative integer depending only on F’ called the genus of F'.
In fact, we only need the following corollary of the Riemann—Roch theorem.

Theorem 5.1 (Riemann’s inequality). ¢(D) > deg(D) — g + 1.

Algebraic-geometric codes. Let D be a divisor of F and let S = {P, P, ..., P,} be a set of n distinct
rational places of F' such that Supp(D) NS = (). Define the algebraic-geometric (AG) code

C(S, D) == A{(f(7), f(P2), ..., f(Pn)) : f € L(D)} C Iy, (13)

which is an [F-linear code of block length n.
Let Dg = > pcg P € Div(F'). We have the following theorem.

Theorem 5.2 ([Sti09, Theorem 2.2.2]). The dimension of C(S, D) is {(D)—¥¢(D — Dyg), which equals {(D)
if deg(D) < deg(Dg) = n. The minimum distance of C(S, D) is at least n — deg(D).
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5.1 Constant field extensions of function fields

Let F m /F, be a finite field extension of degree m € N*. Denote by F (™) the compositum FFym of F' and
F,m. Then F(™) is a function field over F,m. Recall that we assume the field of constants of F' is F,. This
implies that the field of constants of F(m) jg Fym [Sti09, Proposition 3.6.1].

Places and divisors of F("), Let P = (O, m) be a rational place of F' and vp the corresponding discrete
valuation of F'. It can be shown that there exists a unique discrete valuation v}, of F (m) that extends vp.
We denote the corresponding place of F("™) by P(™) — (O(m) , m(m)), which is an [F;m-rational place. As
v, extends vp, we have O C O™ and m € m(™). So f(P™) = f(P) forany f € © C O™, And a
uniformizer v € m of P is also a uniformizer of P(™).

Let D = ), npP be adivisor of F such that every P € Supp(D) is rational. Then we define

DM .= Z in(m),
PeSupp(D)

which is a divisor of F(™). The Riemann-Roch space L(D(™)) and its dimension £(D{™) are defined as
before, except that the base field is changed to F . That is,

L(D'™) = {f € (F™)* : div(f) + D" > 0} U {0}

and ((D™)) = dimg,,, L(D™).
The following lemma is a special case of [Sti09, Theorem 3.6.3 (d)].

Lemma 5.3. Let D be as above. If f1, ..., fi € F form a basis of L(D) over I, then they form a basis of
L(D"™) over Fym. In particular, /(D™) = ¢(D).

Remark 2. We only need the definition of D" for the special case that every P € Supp(D) is rational, but
it can also be defined for a general divisor D. See [Sti09, Definition 3.1.8] for the general definition, where
it s called the conorm of D and denoted by Con g(m) (D).

We also note that P("™) and D™ above are simply denoted by P and D respectively in [GX13] by a
slight abuse of notation.

The Frobenius automorphism. Let o be the Frobenius automorphism a +— a? of Fym over F,. As [,
is the field of constants of F', we have F'NF,m = F,. This implies that Gal(F(™ /F) is isomorphic
to Gal(Fym /) via the restriction map 7 ~ 7|p, . (see [Lan02, Theorem 1.12]). So o € Gal(F;m /Fy)
uniquely extends to an automorphism of F("™) that fixes F', which we also call o by an abuse of notation.

As o is an automorphism of (™) it permutes the places of F(™). Let P be any rational place of F'. As
o fixes F, it also fixes P. So o also fixes pm),

5.2 The Garcia-Stichtenoth tower
We need the following tower of function fields introduced by Garcia and Stichtenoth in [GS96].

Definition 5.4 (Garcia—Stichtenoth tower [GS96)). Letr > 1 be a prime powerand q = r2. Fori=1,2, ...,
let Ki = Fy(z1,x2,...,x;), where 1 is transcendental over F, and x; satisfies the following recursive

equation for 1 > 1.
xT:

3

-1
T+ T = —— .
r,_, +1

=
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The Garcia—Stichtenoth tower over I is the infinite tower of function fields K1 C Ko C ---.

For each e € N*, we have [K, : K1] = r*~! and the field of constants of K is F,.

Rational places. Let e € NT. The field K, has at least r*(r — 1) + 1 rational places. One of them
is the place P,, “at the infinity,” which is totally ramified over K; and is the unique pole of z, i.e.,
vp (1) = —[K, : K1] = —r¢~!. More generally, we have vp,_(x;) = —r¢ " for i € [e]. In particular,
vp, (re) = —1 and hence x_ ! is a uniformizer of Ps..

In addition, define S, to be the set of all tuples o = (a1, g, ..., 0¢) € I such that af + a1 # 0 and

s
Xi—1

ap +o; = fori = 2,3,...,e. For each o € S, there exists a corresponding rational place P, of

r—1
o, _;+1

K. It is the unique rational place P satisfying vp(x;) > 0 and z;(P) = o fori = 1,2, ... e.
There are precisely 7¢(r — 1) elements in Se, corresponding to r¢(r — 1) rational places P, of K.

Genus. For e € N7, the genus g(K,) of K, is given by

re/2 —1)2 e is even,
g(Ke) = ( ( _1)/2) (e+1)/2 .
(rle —1)(r'e —1) eisodd.

In particular, we have g(K,) < r°.

Explicitness. To construct AG codes using the Garcia—Stichtenoth tower, we need to construct bases for
Riemann—Roch spaces of K. An efficient algorithm of computing such bases was given in [SAKT01] for
one-point divisors k Py.

Theorem 5.5 (([SAK'01]). For k € Nand e € N*, a basis B of the Riemann—Roch space L(kPx,) of K.
over F, = F 2 can be found in time poly(k,r®). Moreover, given o € S, and f € L(kPx,) (represented in
the basis B), the evaluation f(P,,) can also be found in time poly (k,r°).

In addition, it was shown in [GX12] that the Laurent series expansion of f € L(kPx) at the place Py,
in the uniformizer ! can be computed efficiently.

Lemma 5.6 (|GX12]). Given f € L(kPx) and N € N7, the first N coefficients co,c1,...,cn—1 € Fy of
the Laurent series expansion

f= coT ™% + ey T e F+2 4 ..

at the place Ps in the uniformizer T = x_ ' can be found in time poly(k,r¢, N).

6 Algebraic-geometric codes with subfield evaluation points

In this section, we present the proof of Theorem 2.3, which is restated below.

Theorem 2.3 (Output list contained in a BTT subspace). There exists an absolute constant ¢ > 1 so that
the following holds for any R € (0,1), € > 0, ¢ > 1/¢° that is an even power of a prime, and m > 1/¢€>.
There is an infinite family of error-correcting codes {Cy, }, where C,, satisfies the following properties:

1. C, : F’q“m — Fym is a linear code of rate at least R that can be encoded in time poly(log ¢, m,n).
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2. There exists an injective F-linear map ¢ : Fk — ka, where k < n, so that C,, can be list decoded
froma (1 — R — 6) fractlon of errors, pinning down the images of the candidate messages under ¢
(viewed as length km vectors over IFy) to an affine shift of a (k m, em)-BTT subspace V over F,.
Moreover, the map ¢, a basis for V, and the affine shift can be computed in time poly (log g, m,n).

It is based on AG codes with subfield evaluation points and closely follows [GX13]. Specifically, we use
the Garcia—Stichtenoth tower of function fields discussed in Subsection 5.2. We note that this framework
is generic and can be adapted to work for other families of function fields as well. For more details, see
Remark 3 at the end of this section.

Our construction is given below as Definition 6.1. It uses the constant field extension ém) of K., where
K. is the eth field in the Garcia—Stichtenoth tower over I, = IF,.2. Recall that K, has a rational place Py,
and r¢(r — 1) rational places P, for a € S.. And for each rational place P of K., there is a corresponding

Fm-rational place P(™) of K, m),

Definition 6.1 (AG codes with subfield evaluation points from the Garcia—Stichtenoth tower). Let r > 1 be
a prime power and q = 2. Let n,k,m,e € NT be such that k < nandn < r¢(r —1). Let oy, ..., ap €

Se C Ty be distinct and let P; = Po(ti for i € [n]. The code GSqm c(n, k) over Fym with evaluation

points Py, ..., P, maps f € L((k— 1)P§om)) c K™ 10 the codeword Cy := (f(P1), f(P2), ..., f(Pn)) €
(qu)n-

Explicitness. By Theorem 5.5, a basis B of L((k — 1) Py, ) over F; can be computed in time poly (k, r¢) =
poly(r€). Suppose B = {51, 52,..., 0}, where b = £((k — 1)P,). By Lemma 5.3, B is also a basis of

L((k—1)Px pim )) over Fym. So we may write f € L((k — l)P( )) uniquely as a linear combination of j3;
over Fym:

b
f = Zciﬂi, where ¢; € qu. (14)
i=1
We represent f by the coeflicients ¢y, . . ., ¢ in the basis B. Note

b b
= (Z Ciﬁi) (PU) = "cipy(P
i=1 =1

for any rational place P of K.. So by Theorem 5.5, the encoding map Enc : L((k— 1)P§om)) — (Fgm)™ send-
ing f to Cy = (f(P1), f(FP2),..., f(Py)) can be computed in time poly(k, ¢, n, mlogq) = poly(r¢,m).

Rate and minimum distance. Denote by g the genus of K. The following theorem bounds the rate and
the minimum distance of the code GSg 1, (1, k).

Theorem 6.2. GS, ,,, .(n, k) is a linear code over the alphabet Fn with block length n. Its rate is at least
(k — g)/n and its minimum distance is at least n — k + 1.

Proof. LetS ={Py,...,P,}and D = (k—1)Px P{™. Then GSy,m.e(n, k) is simply the linear code C'(S, D)
defined in (13) with the base field replaced by F ;. By Theorem 5.2, its dimension is £((k — )P(m)) and its

minimum distance is at least n — deg((k — 1)P(m) ) =n —k+ 1. By Lemma 5.3 and Riemann’s inequality
(Theorem 5.1), we have ¢((k — 1)P£Om)) =l((k— 1)Poo) > k — g. So the rate of GS; ,,, c(n, k) is at least
(k—g)/n. O
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The embedding ¢. To list-decode the code GS, , (1, k), we need an embedding (i.e., injective linear
map)

¢: L((k — 1)P{Y) — F,..
It is defined to be the IFym-linear map that outputs the first k& coefficients of the Laurent series expansion at
the place P\ in the uniformizer T := 2!, That s, if the Laurent series expansion of f € L((k— 1)P2")

at Po(om) in 7T is
f= fOT—(k—l) + flT—(k—l)Jr1 + f2T—(k’—1)+2 4o,

with the coefficients f; € Fym, then ¢(f) = (fo, f1,. .., fu—1)-
The kernel of ¢ is L(—Péom)) = {0}. So ¢ is indeed an embedding. Representing a function f €
L((k— 1)Péom)) in the form (14), we can compute ¢(f) from f in time poly(r¢, m) by Lemma 5.6.

List decoding. Next, we show that for properly chosen parameters, the code GS, ,, (1, k) is list decodable
up to the relative distance 1 — R — € and that the image of the output list under the embedding ¢ is contained
in an affine shift of a low-dimensional BTT subspace.

Theorem 6.3. Let ¢ > 0 and R € (0,1 —€). Let e € N be a growing parameter. Let v > 4/e + 1
be a prime power and q¢ = r2. Choose n,m,k € NT such that m > 4/€2, 4r¢Je < n < (r — 1)r° and
k = [Rn+r°] < n. Then GSy . c(n,k) has rate at least R. And it can be list decoded from up to a
(1 — R — €)-fraction of errors with a list of candidate messages whose images under ¢ (viewed as length
km vectors over F,) are contained in an affine shift of a (k, m, em)-BTT subspace V over F,. Moreover, a
basis for V and the affine shift can be found in time poly(n, m) given the received word.

The above theorem is a consequence of the following lemma.

Lemma 6.4. Let n,k,m,e,r,q € Nt and GS, ,, . (n, k) be as in Definition 6.1. Let s € [m| and t,d € N*
be parameters, satisfying that
(s+1)d—g+1)+k—-1>n (15)

and
t>d+k—1 (16)

where g is the genus of K. Then GSg , (n, k) can be list decoded from agreement at least t with a list of
candidate messages whose images under ¢ (viewed as length km vectors over F ;) are contained in an affine
shift of a (k,m, s — 1)-BTT subspace V over F,. Moreover, a basis for V and the affine shift can be found
in time poly(r€, m).

Before we prove the above lemma, we show how it implies Theorem 6.3.

Proof of Theorem 6.3. We know g < r¢. Sothe rate of GS ,,, c(n, k) isatleast (k—g)/n > (k—r°)/n > R
by Theorem 6.2.

Let € = ¢/4. By assumption, we have 7¢/n < ¢’. Let s = & +1,1letd = ";fkf + g — 1 so that (15)
is satisfied, and let £ = d 4 k so that (16) is satisfied. Then with this setting of parameters, we know from
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Lemma 6.4 that GS, ,,, (1, k) can be list decoded from agreement ¢, or equivalently, from up to

n—t:n—d—k:n—k—kl—g—wz <1— s+1)(n_k+1)_g_341rl
>(1—€)Yn—Rn—1r°) —r°—¢
>(1—R—4)n
=(1-R—¢e)n
errors. Moreover, as m > 4/€2 = 1/(e - €), we have that V is a (k,m,s — 1)-BTT subspace for
s—1= ;1, < em. And abasis for V as well as the affine shift can be found in time poly(r¢, m) = poly(n, m)
by Lemma 6.4. 0

Theorem 2.3 follows easily from Theorem 6.3.

Proof of Theorem 2.3. Fix a prime power » = O(1/¢) such that 7 > 4/e + 1. Let ¢ = r? and m = [4/€?].
Choose the family of codes to be

{GSyme(n, k) :e € Nt 4r¢/e <n < (r — 1)r, k = [Rn + r°]}.
Then Theorem 2.3 follows from Theorem 6.3. O]

So it remains to prove Lemma 6.4. We prove this lemma in the next two subsections.

6.1 The polynomial ()

In what follows, let o be the Frobenius automorphism a + a9 of F,m over F,. It uniquely extends to an
automorphism of Kém) that fixes K, which we also call ¢ by an abuse of notation. The automorphism o

fixes P("™) for any rational place P of K. For f € K, (™) denote by f7 the element o(f).
Suppose that y = (y1,y2,...,yn) € (Fgm)™ is a received word. We let () be a nonzero multivariate

polynomial in Kém) [Y1,Y2,..., Y]] of the form
Q=A0+ A1+ AYo + -+ AY,

where Ay, A1,..., A5 € K™, Ay € L((d+ Kk — 1)P£Om)), and A; € L(dPCEOm)) fori =1,2,...,s. We
also require the coefficients A; to satisfy the constraint
s—1

Ao(B) + Au(Py)yi + Ao (Bi)yi + -+ As(P)y] =0 (17

foralli =1,...,n, where Pi,..., P, are the evaluation points.
We first claim that such a nonzero polynomial () exists and can be computed efficiently. To see this,

write Ay as a vector over Fym with £((d + k — 1)Po(om)) coordinates, and write A; as a vector over [Fgm with
L (dPéom)) coordinates for ¢z = 1, ..., n. Think of the coordinates of these vectors as unknowns. This gives
U d+k—=1D)PM) 45 0(dPU) > (d+k—1)—g+1+s(d—g+1)
=B+1)(d-—g+1)+(k-1)

unknowns in total, where the first inequality above follows from Riemann’s inequality (Theorem 5.1). On the
other hand, (17) gives n homogeneous linear constraints in these unknowns over [Fgm. By (15), the number
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of unknowns is greater than the number of linear constraints which guarantees the existence of a nonzero
solution (). Moreover, we can find ) in time poly(r¢, m) by constructing and then solving the system of
linear equations represented by (17). (Note d is polynomial in 7¢ since d < ¢ by (16) and the agreement ¢ is
bounded by n < (r — 1)r¢.)

Next, we show that () gives a functional equation that any f that has sufficiently large agreement with
the received word y needs to satisfy.

Claim 6.5. Let f € L((k— l)Péom)). Suppose 'y agrees with the codeword Cy = (f(P1), f(P2), ..., f(Pyn))
in at least t coordinates. Then f satisfies the functional equation

QU for e 7 ) = Ao+ Arf + Aof7 4+ Af7 =0 (18)

Proof. Define B
Q' = Ao+ Arf + Aof + -+ A f7 € K™,
We want to prove that Q* = 0. As f € L((k — 1)chom)), Ap e L((d+ Kk — 1)Po(om)), A; € L(dPo(Om)) for
i=1,2,...,s,and o fixes P, we know Qe L((d+Fk— 1)P<§om)).
Suppose that y agrees with C'y in the i-th symbol for some i € [n], i.e., y; = f(F;). By (17), we have

s—1

0=A0(R) + AL(P)y; + A2 (P)yd + -+ + As(Py)y!
Ao(Py) + AL(P)F(P) + As(P)(F(P)) + - + A(P)(F(P))°
Ao(Py) + AL(P)f(P) + As(P)f(P) + -+ A(P)F7 (P)
= (Ao + ALf + Aof” + -+ At (R

= Q" (P).

s—1

The third equality uses the fact that (f(P;))? = f?(P;), which holds since P; = Pc(y:n) is fixed by o.
Asy and C agree in at least ¢t symbols, the above argument shows that there exist i1, ... ,%; € [n] such

that Q* vanishes at P;,,..., P;,. Let D = Zézl P;;. Then Q* € L((d + k — 1)P£Om) — D). On the other
hand, the degree of the divisor (d + k — 1)Péom) — Disd+ k — 1 —t, which is less than zero by (16). So
L((d+k —1)PY — D) = {0}. This implies Q* = 0. 0

6.2 The BTT subspace V/

Next, we show that the functional equation (18), given by Claim 6.5 above, implies that the image of the
list of candidate messages under the embedding ¢ is contained in an affine shift of a low-dimensional BTT
subspace. We start by expanding the functional equation (18) in terms of the coefficients of the polynomials
f and Ao,Al, ce ,As.

Suppose that f € L((k — 1)P£om)) agrees with y in at least ¢ coordinates. Consider the Laurent series

expansion of f at Péom) in the uniformizer 7' = x_ !:

f — Z fin(kfl)+i
=0

where the coefficients f; are in Fym. As T’ € K, is fixed by o, we have f"j =32 f{’j T—(k=1)+i for any
integer j. By definition, ¢(f) = (fo, f1,- -, fk—1)-
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Similarly, expand A9 € L((d + k — 1) Px Py )) and Ay,..., A € L(chgom)) as Laurent series at PA™") in
the uniformizer 7"

oo
Aozzao’iT_(d+k_l)+i and A, = Zah A =1, (19)
=0

where the coefficients ay; are in Fym for £ = 0,1,...,s and ¢ € N. Choose the largest integer u > 0 such
that there exists /o € {0,1,...,s} satisfying ay, , 7# 0. By (18), we may assume ¢y € [s]. (Otherwise,
we have ag,, # 0 and a1, = --- = as, = 0. Then the LHS of (18), which we denote by Q*, satisfies
Upcﬁom)(Q*) = —(d—k+1) 4+ u < 400, contradicting (18).) Then we have 0 # Ay, € L((d — u)Po(om)),
which implies u < d.

Let ay; = apiqqy for £ =0,1,...,sand i € N. So dy, 0 = agy,, 7 0. We may rewrite (19) as

00
Ay = E a(), —(dth—1)Futi and A, = E (Alg,iTid+u+i, £=1,...,s.

With the notations above, (18) becomes

O—Zam —(d+k— 1+u+1+z<zahT d+u+l> (Zfl T (k—1)+ )

/=1 \i=0

s A
. R 0—1 _ _ .
— ao.; + § : § :aé,if‘jf]‘? T (d+k 1)+u+z'

i=0 ¢=1 j=0

So we obtain the equations

dgi i f7 = —ao;,  i=0,1,...k—1 (20)
=0 ¢=1

where o # 0 for some ¢ € [s].

By Claim 4.5, the solution set of all ¢(f) = (fo, f1,..., fx—1) satisfying (20) is contained in an affine
shift of the kernel of a (k, 7, m)-BTT matrix M over [, for some » > m — s+ 1, and M can be constructed
in time poly (log ¢, m, n) given the coefficients d¢ ;. By Lemma 4.6, the kernel of M is a (k, m, m —r)-BTT
subspace. It is a subspace of a (k, m,s — 1)-BTT subspace sincem —r < s — 1.

To compute ap; for ¢ = 0,1,...,s and i = 0,1,...,k — 1, we first find @ in time poly(r®,m),
which determines Ay, A1, ..., A;. Then we compute the coefficients G, ; = a4, of the Laurent series of
Ap, Ay, ..., Ag in time poly(r€, m).

Finally, noting that a basis for the kernel of M, as well as the desired affine shift (which is any valid
solution to (20)), can be found in time poly(r¢, m), concludes the proof of Lemma 6.4.

Remarks. We conclude this section with some remarks:

Remark 3. For ease of presentation, we only present the construction from the Garcia—Stichtenoth tower,
but this framework is generic and also works for other families of function fields, e.g., the Hermitian tower
considered in [She93, GX12]. Besides bounds for the genus and the number of evaluation points, we need
the function fields to be explicit in the sense that there should be efficient algorithms for the following
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subroutines: computing a basis of the Riemann—Roch space L(D) used in the code, evaluating a function
f € L(D) at any evaluation point, and computing the Laurent series expansion of f € L(D) at a fixed
rational place P in a uniformizer that is fixed by the Frobenius automorphism.

In particular, if we replace K by the rational function field IF,(X'), choose the divisor D to be (k—1)Px,
where P,, denotes the unique pole of X, and choose the rational place P for Laurent series expansions to
be the unique zero of X, then we recover the Reed—Solomon codes with subfield evaluation points that have
been discussed in Section 4.

Remark 4. We have defined two I, -linear maps, the encoding map Enc : L((k — 1)Po(om)) — Fym and the
embedding ¢ : L((k — 1)P§om)) — F’;m that outputs the first & coefficients of the Laurent series expansion

at chom) in 2 1. See Figure 3. Both of these two maps are efficiently computable.

L((k — 1)P{y —Ency o

qm
x

k
Fgm
Figure 3: The linear maps Enc and ¢.

As explained in the proof of Theorem 1.1, the final code is defined to be Enc(¢~!(W)) for some BTT
evasive subspace W C F'gm. That is, we restrict the message space to ¢~ (W).

We note that [GX13] used a different idea: In [GX13], the map ¢ was defined on the Riemann-
Roch space L(k' Po(om)) with ¥ = k — 14 2g > k — 1. This choice of larger k&’ guarantees that the
map ¢ : L(K Po(om)) — ]F’q“m is surjective (instead of being injective). Then [GX13] chose a subspace
V C L(K Péom)) such that the restriction of ¢ to V' is an isomorphism between V' and F’q“m. In this way, IF’;m
may be identified with the message space V. This space V' was further replaced by an evasive subspace in
[GX13] to reduce the list size.

This way of restricting the message space in [GX13] may be used to replace ours. Nevertheless, we feel
that our method is somewhat simpler. In particular, we only need Riemann’s inequality (D) > deg(D)—g+1
in the analysis, while [GX13] uses the fact that /(D) = deg(D) — g + 1 when deg(D) > 2¢g — 1, which is
derived from the full Riemann—Roch theorem.

Acknowledgement. We thank Venkatesan Guruswami for bringing our attention to [GX20].
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A The Guruswami—Kopparty explicit subspace design

In this section, for completeness, we review the proof of Theorem 2.1, restated below, that gives an explicit
construction of a subspace design.
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Theorem 2.1 (Explicit subspace design, [GK16], Theorem 6). There exists an absolute constant ¢ > 1,
and a prime power q satisfying q" >

so that for every € > 0, positive integers k,m,r with r < <,

) 2 . . 2
max {kc r/e, (2{) T/E}, there exists an (r, s)-subspace design Hy, ..., Hy over Fym for s = 2% where
each H; has co-dimension at most em in Fym. Moreover, bases for Hi, ..., H), can be found in time

poly(q, k,m).
First, we recall the definition of a subspace design.

Definition A.1 (subspace design). An (r, s)-subspace design over Fym of cardinality k is a collection of k
[F,-linear subspaces Hy, Hs, ..., H, C Fyn so that Zle dim(V N H;) < s for any Fy-linear subspace
vV C Fym of dimension at most r.

Next, we sketch the construction of subspace designs in [GK16]. Let 7, t,m, q,d € N* be such that q is
a prime power and r < ¢ < m < q. Let y be a generator of the multiplicative group IF;¥. For a € [Fa, define

So={a¥~y:0<j<d0<i<t}.
Lemma A.2. There exists a set F C Fa of cardinality at least qu_tl that satisfies the following conditions:
1. Fy(a) = Fpa fora € F.
2. So N Sp =0 for distinct o, f € F.
3. |Sa|l =dt fora e F.
Moreover, F can be computed in time polynomial in q°.

Let V = {f(X) € F,[X] : deg(f) < m} = Fym. For a € F 4, define
H,:={P(X)eV:Pla-y)=0forj=0,1,...,t —1}

which is a subspace of V. As shown in [GK16], Theorem 2.1 follows as a consequence of the following
theorem.

Theorem A.3 ([GK16]). Let F be as in Lemma A.2. Then the collection (Hy)aer is an (1, s)-subspace
(m—1)r

designin V.= [Fyn for s = A=ty

such that every subspace H,, has co-dimension at most dt.

Note that Theorem A.3 requires the field size ¢ to be greater than m while Theorem 2.1 does not, so the
latter does not directly follow from the former. The idea in [GK16] is first using Theorem A.3 to construct
a subspace design in Fg‘/ over an extension field Fg, where m’ = m/[Fq : Fy] and Q > m’. (Assume m
is a multiple of [Fq : ] for simplicity.) Then [GK16] showed that, by identifying Fgl with [Fi, this also
yields a subspace design in ;" with somewhat worse parameters, thereby proving Theorem 2.1. We refer
the reader to [GK16] for details.
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A.1 Proof of Lemma A.2

In [GK16], the set ' C F 4 is chosen in the following way: For simplicity, assume d is a prime. For
a,BeF qxd, writta ~ Bif S =a -6 forsome 0 <i < dandd € F o - Then ~ is an equivalence relation
on F;d. For each equivalence class O C F qxd, choose a representative ag € O. For a € O, add « to F if and
only if & = Y™ for some integer i satisfying 0 < i < |(¢ — 1)/t].

However, we note that this construction of F does not always satisfy the conditions in Lemma A.2 when
d > 1. For example, suppose d is a prime and g — 1 is divisible by d, so that IF ¥ contains all the dth roots
of unity. In this case, F 4 is a Kummer extension Fy(c) over F, where a’ =y for some u € F 7\ (F;)d.
Then we have that ¢~ is a d-th root of unity as (a9~1)% = (a?)4~! = 44~! = 1. By assumption that Fx
contains all dth roots of unity, this implies in turn that a4~! € Fy.

Let ag = ' - 6 be the representative that we chose for the equivalence class of o, where 0 < ¢ < d and
0 € F*. Then we claim that agfl eF; as al™h = (e )7 el = a1 € [F7. Consequently, we have
that aj = agy"*7 for some integers 7 and j with 0 < i < [(¢—1)/t]and 0 < j < t. If0 <4 < [(¢—1)/t],
then ag and agy* are distinct and both added to F. This violates the second condition in Lemma A.2 since
we have of € Sy, and af = agy""™7 € S, . ir, which implies So, N Sy, # 0. Similarly, if ¢ = 0, then
the third condition |S,| = dt does not hold. _

One way of fixing this problem is ignoring those elements o € qud satisfying a4 ! € [F7 for some
0 < % < d. The next lemma gives an upper bound for the number of those elements.

Lemma A4. Let B={a € IE‘qu cad "t e F for some 0 < i < d}. Then |B| < (¢* —1)/2.°

Proof. If d =1, then |B| = 0 < (¢¢ —1)/2. So assume d > 2. Consider a« € B. We have a? ~! = § for
some 0 < i < dand ¢ € F;. Note a? 1 = (1/8)7" = 1/6. So by replacing (i, §) with (d — ,1/6) if
necessary, we may assume ¢ < d/2. ,

For any o/ € IFqu satisfying (/)7 ~! = §, we have (o//a)? = o'/« and hence o/ /a € ]qui. So the

X

s the number of

number of o/ € IFqu satisfying (a/)? 1 = § is at most ¢¢ — 1. Therefore, for fixed § € F

« € X, for which there exists an integer 0 < 7 < d/2 satisfying a4 ~1 = § is bounded by
q

ld/2)
Ni=3 (¢ —1)= (g —q)/(g—1) - |d/2].
=1

There are g — 1 choices of § € F*. So we have
|B] < (¢ — )N = ¢l2 1+ —g —[d/2|(g - ).

When d > 3, we have ¢l%/2+1 < ¢4=1 < ¢?/2 and hence | B| < (¢% — 1)/2, as desired.
Now assume d = 2. We need a more careful analysis in this case. Note that if § € F;* can be written as

a? 1 then 6771 = e~ D(@tD) = o°~1 =1 je., §is a (¢ + 1)th root of unity. The number of such § € Fx
equals ged(q+ 1, — 1) = ged(q + 1, 2). So we have

|B| < ged(g+1,2)N =ged(g+1,2) - (¢ — 1). 1)

It is easy to see that the RHS of (21) is at most (¢ — 1)/2. So |B| < (¢*> — 1)/2 = (¢* — 1)/2. O

9This bound is attained when ¢ = 3 and d = 2 but not tight in general. We have made no attempt to optimize the bound.
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We now give a complete proof of Lemma A.2.

Proof of Lemma A.2. Let B be as in Lemma A.4. For o, 5 € F;d, write  ~ fif § € ati; for some

0 < i < d. Then ~ is an equivalence relation on F*,. Note thatif « ~ S and « € B, then 8 € B. So ]F;d \B
is a disjoint union of equivalence classes under the relation ~. Moreover, the definition of B implies that for
every o € F;d \ B, the equivalence class O, = {a?~" : 0 < j < d,0 < i < q — 1} of « has cardinality

¢'—1-|B]  ¢-1
d(g—1) = 2d(g—1

exactly d(q — 1). So the number of equivalence classes contained in F;d \ Bis

we use the bound |B| < (¢% — 1)/2 given by Lemma A 4.
Construct F as follows: For each equivalence class O C ]F;d \ B, fix a representative oy € O, and add

agyt to Ffori=0,1,...,[(qg—1)/t] — 1. We have

¢’ =1 Jg-1]_ ¢'=-1 ¢-1_ ¢'-1
d(g—1) t ’

L where

>
#1123 “2(qg—1) 2t Adt

Clearly, F can be computed in time polynomial in ]qu\ = q¢%
We have S, N Sz = 0 for distinct o, B € F and |S,| = dt for o € F. This follows from the fact that

every equivalence class O = {ag] 7 0<j<d0<i<q—1}CF qxd \ B has cardinality exactly d(q—1),

i.e., the d(q — 1) elements agj 7 are distinct. '
Finally, we also have Fg(cr) = Fa for v € F. This follows from the fact that o'~ # 1 for o € IFqu \ B
and 0 < ¢ < d, which holds by the definition of B. 0
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