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Abstract

In a recent work, O’Donnell, Servedio and Tan (STOC 2019) gave explicit pseudorandom gen-
erators (PRGs) for arbitrary m-facet polytopes in n variables with seed length poly-logarithmic
in m,n, concluding a sequence of works in the last decade, that was started by Diakonikolas,
Gopalan, Jaiswal, Servedio, Viola (SICOMP 2010) and Meka, Zuckerman (SICOMP 2013) for
fooling linear and polynomial threshold functions, respectively. In this work, we consider a
natural extension of PRGs for intersections of positive spectrahedrons. A positive spectrahe-
dron is a Boolean function f(z) = [z1A + -+ + 2, A" =< B] where the A’s are k x k posi-
tive semidefinite matrices. We construct explicit PRGs that d-fool “regular” width-M positive
spectrahedrons (i.e., when none of the A’s are dominant) over the Boolean space with seed
length poly(log k,logn, M,1/9).

Our main technical contributions are the following: We first prove an invariance principle
for positive spectrahedrons via the well-known Lindeberg method. As far as we are aware such
a generalization of the Lindeberg method was unknown. Second, we prove various geometric
properties of positive spectrahedrons such as their noise sensitivity, Gaussian surface area and a
Littlewood-Offord theorem for positive spectrahedrons. Using these results, we give applications
for constructing PRGs for positive spectrahedrons, learning theory, discrepancy sets for positive
spectrahedrons (over the Boolean cube) and PRGs for intersections of structured polynomial
threshold functions.
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1 Introduction

Constructing explicit pseudorandom generators (PRG) for a class of interesting Boolean func-
tions has received tremendous attention in the last few decades. Ome particular class of func-
tions that has seen a flurry of works is the class of halfspaces. A halfspace is a Boolean function
f:{-1,1}" — {0,1} that can be expressed as f(x) = sign(a;z1 + - - + apz, — b) for some real
values a1, ...,a,,b € R. Halfspaces arise naturally in a many areas of theoretical computer science
including machine learning, communication complexity, circuit complexity and pseudorandomness.
A successful line of work [Ser06, DHK*10, MZ13, KM15, GKM18] resulted in PRGs that e-fool
halfspaces with seed length poly-logarithmic in (n/e) over the Boolean space.

Given the success in designing PRGs for single halfspaces (or linear threshold function), two
alternate lines of work received a lot of attention, polynomial threshold functions and intersec-
tions of halfspaces. A degree-d polynomial threshold function (PTF) is simply a function f(z) =
sign(p(z)) where p is a degree-d polynomial. In this direction, there have been a sequence of
works [DGJT10, DHK"10, Kan10, Kanlla, Kanllb, Kanllc, Kanl4b, OST20] that produced
PRGs with seed length exponential in d over the Boolean space and quasi-polynomial in d over
the Gaussian space. Alternatively, another line of work considered intersections of halfspaces (i.e.,
a polytope). In this direction, a sequence of works [GOWZ10, HKM13, ST17, CDS19, OST19]
produced a PRG for m-facet polytopes in n variables with seed length poly-logarithmic in m,n.!

In this work, we initiate the construction of PRGs for spectrahedrons: a natural generalization
of halfspaces, polytopes and PTFs in one framework. A spectrahedron S C R™ is a feasible region
of a semidefinite program. Namely,

S:{xeR”:inAijB}

for some symmetric matrices A',..., A", B, where < is the standard Léwner ordering.? We say S
is a positive spectrahedron if either all A’s are positive semidefinite (PSD) or all A’s are neg-
ative semidefinite. Spectrahedrons are important basic objects in polynomial optimization and
algebraic geometry [BPT12, Sch18]. Mathematically, spectrahedrons have rich and complicated
structures and include well-known geometric objects like polytopes, cylinders, polyhedrons, ellip-
topes. Computationally, semidefinite programming has found many applications in theoretical
computer science in the field of optimization [AK07], approximation theory [GW95, GM12], algo-
rithms [AHKO05, JLL"20], SoS hierarchy [BHK*19], extension complexity [FMP*15, LRS15]. The
class of semidefinite programs that consists of only PSD matrices is an important class of SDPs,
termed as positive semidefinite programs, which has been used to characterize various quantum
interactive proof systems [JUWO09, JJUWI11, GW13]. Their computational complexity has also
received a lot of attention in the past decade [JY11, PT12, AZLO16, JLL"20]. But in several ways,
our understanding of spectrahedrons is at an early stage and seriously lags behind our understand-
ing of polytopes. Many basic geometric properties of spetrahedrons, such as dimensions, numbers of
connected components, matrix ranks [Viz17] are not well understood, even basic properties such as
proving the membership of spetrahedrons for some geometric objects is highly non-trivial [NPS08].

Our main result in this work is PRGs for regular positive spectrahedrons, which we define in
Section 1.2. Before stating our main results, we briefly discuss the techniques developed by prior
works to construct PRGs for polytopes before discussing the challenges we need to handle here.

!We remark that there is still room for improvement in the seed length of the PRG in [OST19].
2In this ordering, we say A < B if B — A is positive semidefinite, i.e., all the eigenvalues of B — A are non-negative.



1.1 Prior work and conceptual challenges
1.1.1 Prior work

One of the earliest works that considered fooling threshold functions was by Meka-Zuckerman [MZ13]
and [DGJT10]. A powerful technique that Meka-Zuckerman introduced was a general recipe to con-
struct PRGs for functions f via invariance principles. Roughly speaking, an invariance principle
for a function f : {—1,1}" — {0,1} states that, the expected value of f(U") (where the input
is uniformly random in {—1,1}") is close to the expected value of f(G") (where the input is a
standard G"™ = N(0,1)™ Gaussian). Invariance theorems are generalizations of the classic Berry-
Esseen central limit theorem, generally proven using the well-known Lindeberg method [Lin22].
The versatile framework of [MZ13] allows one to use invariance principles along with a few more
ingredients to construct PRGs, so the technical challenge is in establishing invariance principles.

Using this framework, Harsha, Klivans and Meka [HKM13| proved an invariance principle for
regular polytopes (i.e., when the coefficients in (all) the halfspaces are “regular”). The main novelty
in their work was the poly-logarithmic (in the input parameters) error dependence. In order to
prove this, they first proved a general invariance principle for smooth functions (over polytopes).
Subsequently they instantiate their invariance principle for the so-called Bentkus mollifier [Ben90],*
crucially relying on the fact that the mollifier has derivatives that scale poly-logarithmic in the input
size. Finally in order to go from invariance principles (for the mollifier) to fooling regular polytopes,
they need to prove an anti-concentration of polytopes in the Gaussian space. For this, they use (as
a black-box) a well-known result of Nazarov [Naz03, KOS08], which bounds the Gaussian surface
area (GSA) of polytopes. Putting together the invariance principle for smooth functions, Bentkus
mollifier and Nazarov’s bound on GSA, [HKM13] obtained their main results for regular polytopes.
We discuss this proof idea in more detail in Section 1.3.

Subsequently, Servedio and Tan [ST17] improved the results of [HKM13] by considering “low-
weight” polytopes, which removes the regularity condition (albeit, with the seed length of the PRG
in [ST17] depending on the weight). Finally, O’'Donnell, Servedio and Tan [OST19] showed how
to fool arbitrary polytopes. In [OST19] they still proved a “Boolean-invariance principle” for the
Bentkus mollifier, however they bypass the entire Gaussian space (in fact it is a necessity to avoid
this Gaussian space since standard invariance principles do not hold for non-regular polytopes).
Although they bypass the Gaussian intermediate (which is standard in invariance principles), their
proof techniques still use the Lindeberg method. Additionally, a crucial tool introduced by them
was the Boolean anti-concentration of polytopes, since they can no longer use the GSA bound of
Nazarov which used by [HKM13, ST17, CDS19] for Gaussian anti-concentration.

1.1.2 PRGs for spectrahedrons: Conceptual challenges

There are two straightforward approaches to constructing PRGs for positive spectrahedrons. The
first is to write a spectrahedron as a linear program. Naturally one can approximate a positive-
semidefinite constraint X > 0 of a k x k symmetric matrix with exponentially many constraints
2T X 2 >0 for z € R¥. However the results of [HKM13, OST19] would be moot here since the seed-
lengths of their PRGs are poly-logarithmic in the number of constraints, which are polynomial in
the dimension k, while our goal it to have seed lengths poly-logarithmic in k. The second approach
is to use Sylvester’s criterion to write out k polynomials of degree at most k (corresponding to the

3The Bentkus mollifier is a function which provides a “smooth” continuous approximation to the the discrete
multivariate indicator function (also referred to as orthant functions).



k determinantal representation of the k& minors) and one could potentially use PRGs for polynomial
threshold functions (PTF). However, finding optimal PRGs for PTFs has remained open for years
and the best-known PRGs we have for degree-k PTFs over the Boolean space depends exponentially
in k [MZ13]. This naturally motivates us to use the “eigenstructure” of X > 0 crucially in un-
derstanding spectrahedrons. The next line of approach is to use the existing invariance-principle
framework of [MZ13] which we overviewed in the previous section, but this opens up a few chal-
lenges:

1. Invariance principles: Since a spectrahedron naturally deals with eigenvalues of matrices,
it is unclear if we could use known invariance principles for spectrahedrons. In fact, we are
not even aware of a generalization of the Lindeberg-type argument to show an invariance
principle for spectral functions (i.e., functions that act on the eigenspectrum of matrices).

2. Geometric properties: Prior works of [KOS08, HKM13, ST17, CDS19] crucially used the
work of Nazarov [Naz03] which bounds the Gaussian surface area of polytopes in order to prove
their anti-concentration. However, spectrahedrons are very poorly understood, and even more
basic questions about their average sensitivity, noise sensitivity, surface area are unknown.

3. Anti-concentration: An important technique for constructing PRGs using invariance prin-
ciples requires one to prove anti-concentration, i.e., when moving from the smooth mollifier
to the orthant functions a crucial ingredient is anti-concentration. It is far from clear if
spectrahedrons enjoy such nice properties in either Boolean spaces or Gaussian spaces.

As far as we are aware, none of these questions have been considered for any class of spectrahedrons
except polytopes. Our main contribution is to make significant progress in all these questions for
the class of positive spectrahedrons.

1.2 Our main result

In order to state our main result we first define PRGs and (7, M )-regular spectrahedrons. A pseu-
dorandom generator is a function G : {—1,1}" — {—1,1}" and is said to e-fool a class of functions
F CA{f:{-1,1}" — {0,1}} with seed length r if it satisfies the following: for every f € F, we have

Pr (@) =1 = Pr[7(Gy) =1]| <=

where U,, (resp. U,) corresponds to uniform distribution over {—1,1}" (resp. {—1,1}"). We next
define the class of regular positive spectrahedrons. Given 7, M > 0, we say a sequence of k X k

positive semidefinite matrices (Al, e A”) is (7, M)-regular if
]IjZ(AZ) < M-I and A'=<7-Iforeveryi€ [n]. (1)
i=1

This regularity assumption is a very natural assumption, it says that the width of a semidefinite
program defined by these matrices is bounded. We remark that our regularity condition naturally
extends (and is in fact less restrictive) the regularity condition that was used in prior works on
fooling halfspaces and polytopes [GOWZ10, DGJT10, MZ13, HKM13]. In Section 1.5.2 we discuss
more about why this notion of regularity is necessary and sufficient for our proof techniques.



A spectrahedron S C R™ is a feasible region of the convex set S = {x eER™: Y 4 AT < B}.4
We say S is a positive spectreheron if either all A's are positive semidefinite (PSD) or all A's
are negative semidefinite. We say S is a (7, M)-regular positive spectrahedron if (A',...  A™) are
(1, M) regular. It is also natural to consider an intersection of positive spectrahedrons Sy, ..., S;.
However, without loss of generality one can assume that ¢ = 2 since one can “pack” all the S;s with
PSD matrices into a larger block diagonal matrix with dimension ¢ -k and similarly all the negative
semidefinite matrices, so we can always assume we are working with an intersection of two positive
spectrahedrons.” For simplicity, in the introduction we assume that we are working with a single
regular positive spectrahedron here and state our main theorem.

Result 1 (PRG for positive spectrahedrons). There exists a PRG G : {0,1}" — {—1,1}" with
seed length
r=0(logn-logk-M-1/0)

that 0-fools (T, M)-regular positive spectrahedrons for T < poly(d/(M -logk)).

Typically, handling the “regular case” is the first step towards obtaining optimal results in
pseudorandom generators for geometric objects and we have accomplished that here for the first
time. To prove this theorem, we follow the well-known three-step approach and prove the following:

1. An invariance principle for the Bentkus mollifier of arbitrary regular spectrahedrons.
2. Boolean and Gaussian anti-concentration for positive regular spectrahedrons.

3. An invariance principle for positive regular spectrahedrons

Before proving these statements, we first overview the [HKM13, OST19] approach to proving in-
variance principles (since our high-level ideas are inspired by their works).

1.3 Sketch of the [HKM13] invariance principle for polytopes

First recall that a polytope is the feasible region of the set {z € R™ : Wxa < b} for a fixed
W € R™™ b € R".5 We say a polytope is T-regular if each row W' satisfies ||[W?||2 = 1 and
|[Wi||l4 < 7. At a high-level the [HKM13] invariance principle states the following:

Pr Wz <b]— Pr [Wg <b]| <poly(logn,T). (2)
x~Un g~gn

To show this, they first express the orthant function above (which we denote O : R" — {0,1}),
as [Wx < b = [Wlz < by]--- [W"x < b,]. Given this structure, they now use the well-known
Lindeberg method [Lin22] (see [0’D14, Taol0] for a detailed exposition) to move from the uniform
distribution over a Boolean space to the Gaussian space. To establish Eq. (2), they follow a three-
step approach: (1) First, they prove a version of Eq. (2) for smooth functions O : R" — R (i.e.,
functions who have bounded multivariate derivatives). In particular, they use the Lindeberg method
to show that the expected value of O(Wx) for x ~ Uy, is “close” to the expected value of O(Wg) for
g ~ G". To understand this closeness, they write out O(W z) using the standard multivariate Taylor

*For simplicity in exposition, we assume here that [[B|| < M (our main theorems depend on the norm of B).

5Crucially we remark that the seed length of our PRG has dependence only logarithmic in k, so even with an
intersection of ¢ positive spectrahedrons, the dependence would be logarithmic in ¢ as well.

SFor simplicity, we assume that the number of constraints and variables are equal. Their analysis is more general.



expansion and bound the distance between O(Wx) and O(Wg) by the higher-order derivatives of
the smooth function O. (2) Second, they observe that a result of Bentkus [Ben90] provides exactly
an approximator O : R” — R (which we refer to as the Bentkus mollifier) which serves as a
smooth approximation to the {0, 1}-valued orthant function O(x) = [Wa < b]. Additionally this
mollifier crucially satisfies the property that [|[O)||; < O (log®n).” (3) So far they established that
the Bentkus mollifier (which served as a proxy for [Wa < b]) satisfies an approximate version of
Eq. (2). In order to go from being close with respect to this Bentkus mollifier to multidimensional
CDF closeness, they prove Gaussian anti-concentration of polytopes. For this, they use a result
of Nazarov [Naz03] (as a black-box) which shows that the Gaussian surface area of a polytope is
O(+/logn). These three steps allow them to prove Eq. (2).

1.4 First contribution: Invariance principle for Bentkus mollifier

We begin by defining spectral functions. Let f : R¥ — R, we say ¢ : Sym;, — R is a spectral
function if (M) = f(AM(M)) for all M € Sym,; where \(M) = (A1,...,A\x) are the k eigenvalues
of M. In other words, a spectral function ¢(-) depends on a function v applied to the eigenvalues
of its argument. We say f satisfies an invariance principle if

() - s e

for symmetric matrices A1,..., A,, B. A conceptual challenge in proving an invariance principle
even for smooth spectral functions is that standard Lindeberg-style proofs of invariance theorems
use multivariate Taylor series of the mollifier function cannot be used here, since our functions act
on the eigenvalues of matrices. In the past, there have been various invariance principles [MOO05,
Mos08, HKM13, Yaol9] but none of them apply here; as far as we are aware invariance principles
with non-diagonal A, B have not been studied. In this work, we overcome this challenge and
adapt the Lindeberg-style proofs of probabilistic invariance principles to prove its analogue for
spectral functions.

E

x~Uy,

~
)

E
€ g~Gn

To this end, recall that we are concerned with spectrahedrons whose feasible regions are given
by {z € R" : 3, 2;A* < B}, which can alternatively be written as {z : Amax (3_; ziA* — B) < 0}.
So we let our spectral function f : R¥ — R to be f(A) = [max; \; < 0] (recall that although
our spectrahedron acts on n bits on which we want to prove an invariance principle, our spectral
function acts only on the k eigenvalues). For this function, we can still use the Bentkus mollifier
O : R* = R as a smooth approximation to f.® So our first main contribution is to prove an
invariance principle for the Bentkus mollifier applied to the spectrum of matrices. We remark that
in contrast to [HKM13], we do not prove a general invariance principle for spectral functions, instead
our spectral function is tailored for the Bentkus mollifier (which is also the case for [OST19]).

Fréchet derivatives. Since our Bentkus mollifier is acting on the eigenspectrum of matrices,
instead of multivariate Taylor expansion, we adopt Fréchet derivatives, a notion of derivatives that is
studied in Banach spaces. Unfortunately, Fréchet series (in contrast to standard multivariate series)
are still not well understood. In fact even basic properties such as continuity, Lipschitz continuity,
differentiability, continuous differentiability, were only proven in the last three decades [BSS98,
Lew96, BS99, CQT03], which have been well-known for centuries in standard calculus. In particular,

"Here ||f“|)1 is the 1-norm of the coefficients in the f-th derivative. In [HKM13], they care about |[f™* |, =
maxz ., . |0p0g0r0s f(z)|.

81n fact our analysis can allow arbitrary orthant functions which can be approximated by a Bentkus mollifier.



even a succinct representation of high-order Fréchet derivatives [Sen07, AS10, AS12, AS16] for
spectral functions only appeared in the last decade.

Fortunately for us, Sendov [Sen07] provided a tensorial representation of high-order Fréchet
series for spectral functions which we employ to analyze the Fréchet derivatives of the Bentkus
mollifier. The challenge is in bounding the 3-tensors that appears in Sendov’s theorem, which
produce 6 terms corresponding to different permutations of the tensors after simplification. Three
of these 6 terms can simply be upper bounded by ||O®)||; which we know to be small for the Bentkus
mollifier. We remark that these are exactly, and the only, terms that appear in the standard
invariance principle proofs for linear forms. Intuitively this is not surprising since the first three
terms simply correspond to the case when the A%, B are diagonal which reduces a spectrahedron to
a polytope. However, bounding the remaining terms is highly non-trivial and one of our technical
contributions is in showing these remaining terms are bounded for the Bentkus mollifier.

Bounding derivatives and obtaining invariance principle. Bounding these last three terms
of the 3-tensors significantly deviates from the analysis of [HKM13] since we need to deal with off-
diagonal entries of matrices which is unique to the matrix-spectrahedron case and is not faced
in [HKM13, ST17, OST19]. To bound this, we use several properties of Fréchet derivatives such
as, mean value theorems for Fréchet derivatives, divided differences representations of Fréchet
derivatives [BLZ05], and Dyson’s theorem [Bhal3] which provides a useful integral expression for
Fréchet derivatives (using the structure of the mollifier). More importantly, since we work with the
Bentkus mollifier [Ben90], we completely open up the Bentkus black-box and show various analytic
properties of this mollifier O in order to prove that our Fréchet derivatives are bounded.

In order to go from bounded third-order Fréchet derivatives to a final invariance principle,
we still need to borrow some results from random matrix theory to upper bound the moments of
> x;A'. Although, the concentration of > x; A’ for uniformly random = ~ U, is well-studied
by standard matrix Chernoff bounds [Trol5], we need better concentration of this random matrix
variable at higher Schatten norms. For the diagonal polytope case [HKM13] used the standard
hypercontractivity and [OST19] used Rosenthal’s inequality. Fortunately for us, a matrix-version
of Rosenthal’s inequality [MJC™14] was proven a few years back and we use it to conclude our proof
(in fact we also crucially rely on this inequality to construct our PRG). Putting everything together
we obtain our main invariance principle for the Bentkus mollifier applied as a spectral function

=1 =1

We remark that the invariance principle above does not assume the positivity of the matrices. We
believe this is a necessity for future work on fooling arbitrary spectrahedrons.

E

x~Uny,

- E

3 < poly(logk, M, 7). (3)
gN n

1.5 Second contribution: Geometric properties of positive spectrahedrons

Even with an invariance principle in hand, we are faced with the same challenges as [HKM13, ST17,
OST19] to show an anti-concentration statement. Recall that our goal is to show that for a (7, M)-
regular positive spectrahedron S, the expected value of the indicator function [z € S] for x ~ U, is
close to the expected value of [g € S] for g ~ G". This is “almost” what we showed in the previous
section except that the Bentkus mollifier O in Eq. (3) is replaced by the orthant indicator function
f(z) = [max; z; < 0]. In order to move from the smooth function distance to CDF distance, one
particular approach taken by [HKM13, ST17, CDS19] is to use geometric properties of polytopes,
and as far as we are aware this is widely open for spectrahedrons.



1.5.1 Geometric properties

A well-known theorem of Ball [Bal93] shows an upper bound of O(n'/4) on the Gaussian surface area
(GSA) of arbitrary n-dimensional convex object. Crucially in the works of [HKM13, ST17] they used
an improvement of Ball’s theorem by Nazarov [Naz03] who showed that the GSA of k-facet polytopes
is O(y/logk). This logarithmic-upper bound on GSA allows [KOS08, HKM13, ST17, CDS19] to
obtain invariance principles, learning algorithms and pseudorandom generators that depend poly-
logarithmic in k. In contrast, for our setting it is unclear what is the GSA of spectrahedrons. Clearly,
Ball’s theorem gives an upper bound of O(nl/ 4) on GSA for us. Apart from that, spectrahedrons are
poorly understood. Below we prove an upper bound of O(1) on the GSA of positive spectrahedrons.

Result 2 (Geometric properties of positive spectrahedrons). Let S be a positive spectrahedron and
consider F: {—1,1}" — {0,1} defined as F(x) = [x € S]|. The average sensitivity of F is O(y/n),
the -Boolean noise sensitivity of F is O(y/€), and the Gaussian surface area is O(1).

We remark that the noise-sensitivity statement we have above can be viewed as a “positive-
matrix-analogue” version of the well-known Peres’s theorem [Per04]. In order to prove this state-
ment, we first observe that the average sensitivity of F' being O(y/n) immediately follows by the
observation that positive spectrahedrons correspond to unate functions and Kane [Kanl4a] showed
AS(f) < O(y/n) if f is unate (and a similar statement is known to be false for noise sensitivity).
One issue we need to handle when translating between noise sensitivity and average sensitivity
is the following: in the standard technique of [Per04, DGJ*10, Kanl4a], one upper bounds the
e-noise sensitivity of a function f by “bucketing” the input variables into m = O(1/e) buckets
By, ..., B, and reduces the function f:{—1,1}" — {—1,1} to a function g : {—1,1}"* — {—1,1}
defined as g(b) = >7)%, bi Y e, z; A" (for uniformly random z). One then upper bounds NS.(f)
using AS(g) (up to a factor €). Clearly when using this technique to bound e-noise sensitivity of
halfspaces, both f, g are intersections of halfspaces and one can upper bound the average sensitivity
of g using Kane’s result [Kanl4a] to be O(y/m). However in our setting if f is an indicator of a
positive spectrahedron, then g no longer needs to be an indicator of a positive spectrahedron since
Y ic B, z;A* need not even be either a positive semidefinite matrix or a negative semidefinite matrix.
We overcome this by modifying the bucketing procedure of [DGJ*10] to ensure g is an indicator of
a unate function. However, in the process case we end up upper bounding NS.(f) by the “average
2-sensitivity” of g. We extend the results of Kane [Kanl4a] by showing that even the “average 2-
sensitivity” of g is small for our setting. Finally, to move from an upper bound on e-noise sensitivity
to Gaussian surface area, we use standard folklore results [DHK ' 10, Kanlla, Ball3].

1.5.2 Boolean anti-concentration

Gaussian anti-concentration of polytopes directly follows from the fact that the Gaussian surface
area of polytopes is bounded since its surface has only finite normed vectors. This is crucially used
in [HKM13, ST17, CDS19]. However, it is not clear how to obtain Gaussian anti-concentration
of positive spectrahedrons even with bounded Gaussian surface area (as proven in Result 2) due
to its complicated geometric structures. Here, to move from mollifier-closeness to CDF closeness,
we prove a Boolean anti-concentration for positive spectrahedrons, which is in fact stronger than
Gaussian anti-concentration, inspired by the Boolean anti-concentration for polytopes in [OST19].

Regularity condition. Before explaining the Boolean anti-concentration, we need to revisit the
regularity condition, which is also used for polytopes. In [HKM13, ST17], it is assumed that every



halfspace (or row in the matrix W) satisfies |[W?||2 = 1 and ||[W?¢||4 < 7. One important question is:
what is a regularity assumption for spectrahedrons and for which assumptions can we show anti-
concentration? A natural possibility is to see if Nazarov’s result [Naz03] holds for spectrahedrons
(i.e., show anti-concentration in the weaker Gaussian setting). To the best of our knowledge, this
has firstly not been studied in literature. Moreover, it is not hard to see that, in order for the
proof of Nazarov to work for spectrahedrons, one can make a very strong assumption that every A’
satisfies )\min(Ai) > 1. However, this seems to significantly restrict the class of spectrahedrons.

In order to resolve this, we propose (7, M )-regularity as defined in Eq. (1) and prove a stronger
statement, i.e., Boolean anti-concentration for (7, M)-regular positive spectrahedrons. We use this
statement to go from closeness between the mollifier O (3°, €; A" — B) and O (3, g; A" — B) (which
we already established in Eq. (3)) to closeness between [, ;A" < B] and [Y", g;A" < B]. In this

direction, we prove a Littlewood-Offord type theorem for positive spectrahedrons.
Result 3 (Littlewood-Offord for positive spectrahedrons). If (A, ..., A™) are (7, M)-regular. Then

every A, we have
Pr [Amax (Z x; A — B) e [-A,A]| <O(A).

x~Uyp,

The classic Littlewood-Offord theorem [LO39, Erd45] anti-concentration inequality for a half-
space w € R™ (satisfying |w;| > 1) and o € R proves a bound on the probability that ), w;x; €
[, o + 2] (where @ ~ U,,). In [OST19] they generalized this for intersections of halfspaces and in
the result above we show a matrix-version of Littlewood-Offord theorem. Intuitively, our statement
shows the largest eigenvalue of a positive spectrahedron cannot all be very-concentrated in a small
region (i.e., small eigenvalue regions have small measure over the Boolean cube).

The proof of our result is similar to the proofs in [Kanl4a, OST19] which show anti-concentration
for intersections of unate functions (which is the case for positive spectrahedrons). There are a
couple of subtleties for us: in [OST19], they perform random “bucketing” of the coordinates in a
polytope and show that with high probability, each bucket has “significant” weight, which follows
immediately from the Paley-Zygmund inequality. However, for us, firstly random bucketing does
not produce a positive spectrahedron (the same issue which we faced in Theorem 2), so instead
we need to bucket in a non-standard way to go from a positive spectrahedron to a bucket which
corresponds to a unate function. Next, to show that each bucket has significant weight (which in
our case corresponds to large smallest eigenvalue), we invoke the matrix Chernoff bound for nega-
tively correlated variables. We remark that higher-dimensional extensions of the Littlewood-Offord
theorem [FF88, TV12] do not talk of eigenspectrum of matrices and differs from our result.

Using the standard bits-to-Gaussians trick, this also gives us Gaussian anti-concentration (i.e.,
the positive spectrahedrons analogue of Nazarov’s result [Naz03] which is unknown as far as we are
aware). Putting this together with our invariance principle statement we obtain our main result.

Result 4 (Fooling positive spectrahedrons). For every (1, M)-regular positive spectrahedron S,

| E [zeS]— E [geS]|<poly(M,logk,). (4)
r~Up QNQ"

Apart from the applications of constructing pseudorandom generators (which we discuss in the
next section) we believe that our invariance principle for the Bentkus mollifier of arbitrary spectra-
hedrons, opening up the Bentkus mollifier (i.e., understanding the Bentkus functions which were
almost used as a black-box in [HKM13, ST17, OST19]), the Littlewood-Offord theorem for positive
spectrahedrons, Gaussian surface area of positive spectrahedrons, could be of independent interest.



1.6 Applications
1.6.1 Pseudorandom generators

We now briefly discuss how to use the invariance principle to obtain our pseudorandom generator.
Our construction is based on the Meka-Zuckerman [MZ13] PRG construction for fooling halfspaces.
We note in the passing that this same PRG (with different parameters) was also used by [HKM13,
ST17] and slight modification of it by [OST19]. We omit the details of the PRG construction here
referring the interested reader to Section 6.3 for an explicit construction.

One subtlety in order to go from invariance principle to fooling the MZ-generator is the follow-
ing: recall that our invariance principles showed that expected value under the uniform distribution
was close to the expected value under the Gaussian distribution. However, in order to fool the MZ-
generator one needs to show that the invariance principle proofs holds also for k-wise independent
distributions. In this direction, we use a neat trick from [OST19] that shows that in order to
show invariance principles for k-wise independent distributions, it suffices to show just Boolean
anti-concentration, and second we crucially use the fact that the matrix Rosenthal inequality can
be derandomized by analyzing its the original proof. Put together, this shows that our invariance
principle proof holds for k-wise independent distributions and gives us our main PRG result.

Result 5 (PRG for positive spectrahedrons). Let S be a (7, M)-regular positive spectrahedron.
There exists a PRG G : {0,1}" — {—1,1}" with r = (logn) - poly(log k, M, 1/9) that §-fools S with
respect to the uniform distribution for every T < poly(d/(logk - M)).

1.6.2 Learning theory

Learning geometric objects is a fundamental problem in computational learning theory. An applica-
tion of upper bounding noise sensitivity or Gaussian surface area of spectrahedrons (in Theorem 2)
is in agnostic learning. The agnostic learning framework introduced by [KSS94, Hau92] is the fol-
lowing: let C C {c: {—1,1}" — {0,1}} be a concept class and D : {—1,1}" x {0,1} — [0,1] be a
distribution. Define opt(C) = mincec Pr(,p)~plc(z) # b, i.e., what is the best approximation to D
from within the concept class. The goal of an agnostic learner is the following: given many samples
(z,b) ~ D, the goal of a learner is to produce a hypothesis h : {—1,1}" — {0, 1} which satisfies
(IE)rND[h(x) # b < opt(C) +e.

Note that if opt(C) = 0, this is the standard PAC learning framework and agnostic learning models
learnability under adversarial noise. A natural restriction of this model is when the marginal of D
on the first n bits is the uniform distribution on {0,1}". It is a folklore result [KOS04] that a func-
tion f having low noise sensitivity can be approximated by low-degree polynomials (see [HKM13,
Lemma 2.7] for an explicit statement). Furthermore, the well-known L1-polynomial regression al-
gorithm [KKMSO08] shows how to learn low-degree polynomials in the agnostic framework. Putting
these two connections together gives us the following theorem:.

Result 6 (Learning positive spectrahedrons). The concept class of positive spectrahedrons (in n
variables with k X k symmetric matrices) can be agnostically learned under the uniform distribution
in time nOUogk) for every constant error parameter.

The previous best known result [KOS08] for learning positive spectrahedrons even in the PAC
model was 20(*"/*) (as far as we are aware); our result provides a substantially better complexity.



1.6.3 Discrepancy sets for spectrahedrons

Understanding discrepancy sets for convex objects is a fundamentally important problem in the
fields of convex geometry, optimization, and a range of other areas. Prior works of [HKM13, ST17,
OST19] constructed such discrepancy sets for polytopes, but a natural question is to extend their
construction to spectrahedrons. In our context, one application of our main result can be viewed
as the following: consider the set of all possible positive spectrahedrons (over the Boolean cube)
S ={x e {-1,1}" : 3, 2;A" < B}, then can we construct a small subset of the Boolean cube
{—=1,1}" such that this set d-approximates the {—1,1}"-volume of every positive spectrahedron?
One way to construct such a set is to construct a PRG for the class of functions. So an immediate
corollary of our PRG for positive spectrahedrons is the following theorem.”

Result 7 (Discrepancy set for positive spectrahedrons). There is a deterministic algorithm which,
given a (1, M )-reqular positive spectrahedron S, runs in time exp(logn,logk, M,1/§) and outputs a
d-approximation of the number of points in {—1,1}" contained in S as long as T < poly(d/(M logk)).

1.6.4 Intersection of (structured) polynomial threshold functions

Constructing PRGs for PTFs has received a lot of attention. However, the best known seed length
for fooling a degree-k PTF on n bits scales as O(logn - 2¥) (over the Boolean space). A simple
observation we make is that fooling spectrahedrons (on n bits with k& x k matrices) can be in fact
be viewed as the more challenging task of fooling an intersection of k many degree-k PTFs.

Recall that a spectrahedron is given by S = {x € R" : B — Y, 2;A" = 0}. Without loss
of generality, we may assume that the measure of z satisfying det (ZlB — xiAi) = 0 is zero.
Sylvester’s criterion implies that a matrix M (which in our case is B — ), 2;A") is positive definite
if and only if the determinant of the k principle minors of M are positive. Hence, an alternate
characterization of S is the set of € R™ for which

k
S = /\ det (B — Z:cl-Ai>
r=1 ) r

modulo a zero-measure set, where M., means the top left » x r principle minor of M. Clearly each
determinantal expression produces a polynomial p, of degree at most r. So, our main result about
fooling S, shows that there is a structured class of intersections of degree-k PTFs (i.e., the class of
polynomials which can be written as in terms of the above) which can be fooled by a PRG with
seed length O(logn -log k- M /0), which is exponentially better than using existing PRGs for PTFs.

k
>0( = /\ signlp(x)]
r=1

Xr

We remark that apriori, it is not even clear why should an arbitrary polynomial even correspond
to a spectrahedron as above? However, a well-known result of [HMV06, GM12] states that an
arbitrary degree-d polynomial p € R[z1,. .., x,] with real coefficients has a symmetric determinantal

representation,'” i.e., there exists symmetric A%, A, ..., A" such that

p(z1,...,x,) = det (AO + szAZ> .
n+d

where A’ € Sym( P ) So, if we could fool arbitrary spectrahedrons that might be a promising
avenue to fool PTFs and intersections of PTFs.

9We remark that counting integer solutions to positive spectrahedrons is not as naturally motivated as that for
polytopes, but nevertheless understanding discrepancy sets for geometric objects is a fundamental question.
10See [Qual2] for a simple linear algebraic proof of this statement.
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1.7 Future work

Our work opens this new line of research into understanding PRGs for spectrahedrons with several
novel techniques. This raises several questions for future work.

1. Can we remove regularity for positive spectrahedrons? One of the crucial techniques that
Servedio and Tan [ST17] introduced (inspired by a prior work of Servedio [Ser06]) was decomposing
a polytope into head and tail variables (i.e., tail coordinates in a halfspace which satisfy regularity
and head coordinates are the dominant variables). They express the head variables as CNF, use
the result of Bazzi [Baz09] to fool the head variables and invariance principles for tail variables.
However, in our setting breaking up a single spectrahedron into head and tail variables is unclear
and even if possible, what is the analogue of the CNF for our setting?

2. Can we fool arbitrary spectrahedrons? Besides the difficulty in removing the regularity
condition, another fundamental barrier we face here is, anti-concentration. What is the Gaussian
surface area of a spectrahedron, even this is unknown (as far as we are aware). Our techniques such
as bucketing, using Kane’s result [Kanl4a], and Boolean anti-concentration [OST19] crucially use
the assumption of positivity. Going beyond this, might require new understanding on the geometric
structures (like average sensitivity, noise sensitivity) about arbitrary spectrahedrons.

3. A general invariance principle for spectral functions? Here, we showed our invariance prin-
ciple specifically for the Bentkus mollifier. However, like the result of [HKM13] can we prove a
general invariance principle for arbitrary smooth spectral functions? Given the applications of in-
variance principles, they are now considered to be powerful techniques in computational complexity
theory. Having an invariance principle for spectral functions could find more applications such as
deciding noisy entangled quantum games [Yao19].

4. Can we fool spectrahedral caps? Let S,—1 = {x € R : ||z||2 = 1} denote the n-dimensional
sphere, then a spectrahedral cap is the set of S,,_1 that is “cut” by a spectrahedron, i.e., for a
spectrahedron S, we define the spectrahedral cap Cg as C's = S,—1 N S. In the polytope-setting,
fooling spherical caps has received a lot of attention classically [HKM13, KM15] (with almost
optimal seed length PRGs). Can we similarly fool spectrahedral caps?

5. Fooling polynomial threshold functions? Can we make progress in finding better PRGs for
PTFs using techniques we developed here for fooling arbitrary spectrahedrons?
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Organization. In Section 2 we introduce all the mathematical aspects which we use in this
paper as well as state various lemmas in random matrix theory and multidimensional calculus.
In Section 3, we introduce the Bentkus mollifier and discuss various properties. In Section 4 we
state our main theorem regarding spectral derivatives of smooth functions and go on to bound
the spectral derivatives for the Bentkus function (proving a technical lemma in Appendix A). In

11



Section 5 we prove an upper bound on the Gaussian surface area of positive spectrahedrons as well
as our Littlewood-Offord theorem for this class. In Section 6 we prove our invariance principle
theorem and go on to construct a pseudorandom generator for the class of positive spectrahedrons.

2 Preliminaries

For an integer n > 1, let [n] represent the sets {1,...,n}. Given a finite set X and a natural number
k, let X* be the set X x --- x X, the Cartesian product of X, k times. Given a = (ay,...,az)
and a set S C [k], we write ag and a_g to represent the projections of a to the coordinates
specified in S and the on coordinates outside S, respectively. For any ¢ € [k|, a_; represents
at,...,Qi—1,Gi41,--.,0ay and a<; represents ai,...,a;—1. a<;i,a>;,a>; are defined similarly. Let p
be a probability distribution on X', and p (x) represent the probability of x € X according to .
Let X be a random variable distributed according to pu. We use the same symbol to represent a
random variable and its distribution whenever it is clear from the context. The expectation of a
function f on & is defined as E[f(X)] = Ezx [f(2)] = > ,cx Pr[X =2]- f(x) = >, pu(2) - f (),
where x ~ X represents that @ is drawn according to X. For any event &, on z, [€ (x)] represents
the indicator function of £. In this paper, the lower-cased letters in bold «,y,z--- are reserved
for random variables.

Distributions. Throughout, we denote G (where G = N(0,1)) to be the standard univariate
spherical Gaussian distribution over R with mean 0 and variance 1. We denote U, to be the
uniform distribution on {—1,1}". We say a sequence of random variables X = (x1,...,®,) is
t-wise uniform if any subset of X of size ¢ is uniformly distributed (observe that the uniform
distribution is clearly t-wise independent for every ¢ > 1). A distribution H on functions [n] — [m]
is said to be an r-wise uniform hash family if for h ~ H, (h(1),...,h(n)) is r-wise uniform.

2.1 Derivatives and multidimensional Taylor expansion

For any f : R — R in C%, which is the set of all real functions that are d-time differentiable, we
use (@ to denote the d-th derivative of f. Given a function F : R¥ — R and a k-dimensional
multi-index & = (g, ..., ) € N¥, 9, F denotes the mixed partial derivative taken a; times in the
i-th coordinate.

Fact 1. Let k € N and f : R¥ = R be a C* function. Then for all z,y € R¥,

flaty) = ), 0at (2] [Ty +err(z.y),
i=1

al
aeNk:|a|<d—1

where a! = a1l oy, || =, o and

lerr(z,9)| < sup > [0af (v)| max |y
vERK P 4
aeNF:|al=d

For a t-time differentiable function f : R¥ — R and s < t, define

||f(S)H1:maX{ Z ’aplapsf(l’)’ Z.'L'G]Rk}

P1,02,--,Ps €[K]
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Definition 2. Let f : R — R. For any distinct inputs x1,...,x, € R, the divided difference is
defined recursively as follows.

M=
f[’L] (5131 iU'+1) _ f[Z] (331, sy Ti—1, xl) — fm (1'1, (ERE! xi—hmi-‘rl)
PIIEIIPR( 7 = .
Ti — Tit+1
For other values of x1, ..., xit1, f1 is defined by continuous extension.

Fact 3 (Mean value theorem for divided difference [Boo05]). For any f € C™ and any x1,...,Tnt1,

there exists & € (min{x1,...,Tnt1}, max{x1,...,2ny1}) such that
(n)
f[n] (xlv cee 7$n+1) = fn|(£)

2.2 Combinatorial properties of Boolean functions

Let f: {0,1}" — {0,1}, g : R — {0,1} and S be a Borel set in R”. We define the following
combinatorial properties of Boolean-valued functions f,g.

1. Average sensitivity: AS(f) = > | Prg[f(x) # f(x @ e;)], where the probability is taken
uniformly in {0, 1}".

2. e-Noise sensitivity: NS.(f) = Prg y[f(x) # f(y)] where the probability is taken according to
the distribution: @ is uniformly random in {0, 1}" and y is obtained from x by independently
flipping each x; with probability e.

3. Gaussian noise sensitivity: GNS.(¢g) = Prg .[g(x) # g(y)] where x, z are independent and
random Gaussian vectors in G", and y = (1 — &)z + V2¢ — £2z.

4. Gaussian surface area: GSA (S) = liminfs_,( w where S5 = {z : dist (z, S) < §} denotes
the d-neighborhood of S under Euclidean distance.

We refer interested readers to [O’D14] for more on these parameters and their applications to
analysis of Boolean functions.

2.3 Matrix analysis and Random matrices

For any integer k > 0, we use Mat; and Sym,, to represent the set of k x k real matrices and
symmetric matrices, respectively. For any matrix X, || X]| , represents the Schattern p-norm of X
and || X || represents the spectral norm of X. I represents a k x k identity matrix. The subscript k
may be omitted whenever the dimension is clear from the context. We need the following results
in matrix analysis.

Fact 4. [Bha00] For any k x k real symmetric matriz A, let B be its upper triangle part of A.
Namely B; j = A;; if i < j and is 0 otherwise. Then ||B|| < 2| A4]|.

Fact 5. [Tro12, Theorem 1.1] Let n,k > 1 be integers and X1, ..., X,, be independent random k x k
real symmetric matrices satisfy 0 X X; X R fori € [n]. Set

=1
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Then
n 675 /R
Pr[mm< XZ>< (1-9) ]gk'<(1—<5)1‘5>

Fact 6. For every integer m > 1 and Ay,..., A, € Symy it holds that

for every 6 € [0,1).

E [ 9:4°™] < (1+2m[log k)™ - |[3,(40)2™

and

E [, @A) < (1+ 2mlog k)™ - ||, (4™,

where the expectations are taken over x ~ U, and g ~ G". Additionally, the second inequality still
holds if x is 2m|[log k|-wise uniform.

Proof. 1t suffices to prove the second inequality as the first one follows by the standard bits-to-
Gaussians tricks [0’D14, Chapter 11]. Let B = Y. x; A* where @ ~ U,. The proof closely follows
the argument in [Trol6], where Tropp proved the case that m = 1. For any integer p > 1, it is
proved in [Trol6, Eqgs. (4.9,4.11)] that

2 1
B (1 5] < k- (22 ey,
Thus
1/2p 2pm + 1 m/2 o2
E(IB|™ < E[Tr B#"] /™ < kY2 () 12 (A
e
Setting p = [log k|, we conclude the result. O

Fact 7 (Matrix Rosenthal inequality [MJC*14, Corollary 7.4]). Let X1, ..., X, be centered, inde-
pendent random real symmetric matrices. Then

+ 1
(B (IS X)) ™ < VA = TI(ZE [X2]) 2, + (4p — 1) (ZE [Rel })
This inequality still holds if X1, ..., X, are 4p-wise independent.

2.4 Matrix functions, spectral functions and Fréchet derivatives

Let f:R¥ — R and X : Sym; — R¥ where A\(X) = (A1(X),..., \(X)) are the eigenvalues of M
sorted in a non-increasing order. We refer to Apax = A1 interchangeably. Let F' = fo\: Sym, — R.

If f: R — R is an analytic function in R, namely its Taylor series converges in R, we define
f(X) for general matrices using its Taylor expansion. It is not hard to see that the Taylor series
still converges with matrix inputs. If X is symmetric with a spectral decomposition X = UDUT,
where D = diag (A1 (X), ..., A\ (X)), then f(X) = Udiag (f (A1 (X)),..., \ (X)) UT.

The Fréchet derivatives are a notion of derivatives defined in Banach space. In this paper, we
only concern about the Fréchet derivatives on matrix spaces. Readers may refer to [Coll2] for a
more thorough treatment. The Fréchet derivatives are the maps that are defined as follows.
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Definition 8. Given integers m,n > 1, a map F : Mat,, — Mat,, and P,Q € Mat,,, the Fréchet
derivative of F' at P with respect to Q) is defined to be

d
DF (P)[Q] = 5.F (P +1Q) li=o.
The k-th order Fréchet derivative of F' at P with respect to (Q1,...,Qx) is defined to be
d _4_
D*F (P)[Qu,-,Qk] = 2D 'F (P +1Q1) [Qu, -, Q1] li=o.

Fréchet derivatives share many common properties with the derivatives in Euclidean spaces,
such as linearity, composition rules, Taylor expansions, etc. We refer the interested reader to [Col12]
for more. Some basic properties of Fréchet derivatives are summarized in the following fact.

Fact 9. [Bhal3, Chapter X.4] Given F,G : Mat,, — Mat,, and P,Q1,...,Qx € Mat,, it holds that
1. D(F+G)(P)[Q] = DF (P)[Q] + DG (P) (@]
2. D(F-G)(P)[Q=DF(P)[Q]-G(P)+F(P)-DG(P)[Q].
5 Ifm=n, D(FoG)(P)[Q) = (D(GoF)(P)oDF (P))[Q.
4. D*F (P)[Q1,...,Qk] = D*F (P) [Qg(l), e Qg(k)] for every k > 0 and permutation o € Sk.

The following fact states that Fréchet derivatives can be expressed as divided differences.

Fact 10. [BLZ05] Let f : R — R be an analytical function and X = diag (z1,...,z) be a diagonal
matriz whose spectrum is in R. For any matriz A, B, the following holds''

1.
Df (X) [A] = (f[l] (:Uil?xlé) Ai1,i2>1<2,1 i<k (5)
2.
k
D*f (X)[A,B] = | > f® (@i, 5, 3i,) Aiy jBj, : (6)
j=1

1<iy,io<k

Fact 11 (Dyson’s expansion [Bhal3, Chapter X.4]). Let f(x) = e*. For any X € Sym, and
A, B € Maty, it holds

1
Df (X)[A] = /0 du 170X geu X

Lemma 12. Let f (z) = ¢~*/2. It holds that
D*f(X)[A, B

1 1 1
= 4/ du/ dv (1 —u) e—(l—u)(l—’u)X2/2 (XB + BX) e—(l—u)vX2/2 (XA+ AX) e—uX2/2
0 0
1 1 1
‘1‘4/ du/ dv ue_(l_“)X2/2 (XA + AX) e—u(l—’U)XQ/2 (XB + BX) e—qu2/2
0 0

1
—;/ du e~ (1-wX?/2 (AB+ BA) e uX?/2,
0

"1n [BLZ05, Lemma 3.8] this fact is proven when A = B is a symmetric matrix and it is not hard to generalize
their proof to obtain Egs. (5), (6).
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In particular, if A= B = H is a symmetric matriz ,then
D*f (X) [H, H]
1 /1 1
= 4/ du/ dv (1 —u)e T00=0X2 x4 gX) e -weX*2 (X 4 HX) e X/2
0 0

1 1 1
+4/ du/ dv (u) 67(17“))(2/2 (XH + HX) e*“(lfv)X2/2 (XH + HX) efqu2/2
0 0
1
_/ du ef(lfu)X2/2H267uX2/2'
0
Note that f (z) = e=*/2 ig analytical in R. Thus it is valid to define f on arbitrary matrices.

Proof. For any t € (0,1), we define g (z) = e~***. By the definition of Fréchet derivative

Dg (X)[A] = lim 1 (e_t(X+£A)2_etA2)

_ liml (eft(X2+s(XA+AX)+z-:2A2) _ e—tX2>
e—0 ¢

~ lim i <eft(X2+e(XA+AX)) L0(2) - e—tX2>
e—0 ¢

1
= —t / du e (X (XA 4 AX) e X7,
0

where the second equality is from the fact that ||eX+¢Y — eX|| = O (¢) and the last equality is from
Fact 11. Setting ¢t = %, we have

1 1
Df (X)[4] = —3 / du e =X 2 (X A4 AX) e " X7/2,
0
Taking one more derivative on X with respect to B, we conclude the result. O

2.5 Spectrahedrons and Positive spectrahedrons

Definition 13. Given 7,M > 0, we say a sequence of k X k positive semidefinite matrices
(Ay,...,Ay) is (1, M)-regular if

]IjZ(Aiij']IandAijT-Hforeveryie[m] (7)
i=1

A spectrahedron S C RF is a feasible region of a semidefinite program. Namely, the set
S = {x eR™: >, r;A' < B} for some symmetric matrices Ai,...,A,, B. We say S is a posi-
tive spectrahedron if either all A's are positive semidefinite or all A's are negative semidefinite
(NSD). Moreover, it is (7, M )-regular if either (A,...,A,) or (—Ai,...,—A,) is (7, M)-regular.

We say S is an intersection of positive spetrahedrons if S = S1MN.Sy where S and S5 are positive
spectrahedrons whose matrices are all positive semidefinite and negative semidefinite, respectively.
Note that it suffices to consider the intersections of two spetrahedrons as one can pack all PSD
matrices into one large block-diagonal matrix (looking ahead this will only affect the parameters
in our main results by a logarithmic factor). Packing the corresponding B;s, one get a positive
spectrahedron. Same for all negative semidefinite matrices.
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2.6 Pseudorandomness

Definition 14. A function g : {—1,1}" — {—1,1}" with seed length r, is said to §-fool a function
f:A{-1,1}" >R f

E [flg)] - E f(u) <d

s~U, u~Up,

The function g is said to be a efficient pseudorandom generator (PRG) that §-fools a class F of
n-variable functions if g is computable by a deterministic uniform poly(n)-time algorithm and g
fools all function f € F.

2.7 Tensors

For £ > 1, let T* be an (-tensor, i.e., T* : (R*)*¢ — R. Note that a /-tensor is defined uniquely by the
coefficients {T;, ., : i1,...,% € [k]}. Below we abuse notation by letting T'(i1,... i) = Tj,.. i,-
Often we will use the natural bijection between 2/-tensors acting on R¥ and /-tensors acting on
Maty, i.e., for a 2/-tensor T : (RF)*?¢ — R defined as

1 20 : . o1 2
T(x,...,x*") = Z T(ity - yiey 041y -5 020)T5, - T,
11,,020€[K]

we can also view T as T" : (Maty)*¢ — R defined by rearranging the terms above to obtain:

T/(Xl,...,XK): Z Z Z T(ila'--7ifaj17"'7jf)Xi11,j1"'ng,jg

i1,1€[n] i2,j2€[k]  ig,je€[K]

Finally, we define “permutation folding” operator which takes a (2¢)-tensor on R¥ as defined
above and produces a permutation to produce an ¢-tensor on Maty.

Definition 15 (Definition of diag®T). Let T : (R*)** — R be a k-tensor and o € S;. Then we
define diag”T : (Maty,)*! — R as the following map

(diag®T) ((i1,41) - - -, (i, i) = T(in, . ..,ix)  iff i =0}, (8)

and 0 otherwise.

3 Bentkus mollifier

In this paper, we are interested in smooth approximators of the function ) : R¥ — R defined as
V() = [maxa:i < O] . 9)
7

To this end, we introduce the Bentkus mollifier defined by Bentkus in [Ben90] and establish several
new properties. Readers may refer to [Ben90, FK20] for a more thorough treatment.

Definition 16. [Ben90] Let g(x) = [*__ \/%—We*ﬂ/th. For every integer k > 1, define G :
RF — R as

G(xl,...,xk):Hg(mi).



3.1 Properties of the mollifier and its derivatives

It is easy to calculate that

/ 1 —x2/2
_ 10
g (2) = —=e (10)
" T 2
T)=— exp (—x°/2 11
' (2) = ——=exp (~a*/2) (1)
1
"(z) = — (2% — 1) exp (—22/2) . 12
§" (2) = <= (a* = 1) exp (~a*/2) (12)
In order to simplify many calculations, we introduce the function
_ g (x)
g(x)= 13
(@)=25 (13)

Fact 17. [FK20] It holds that

7 (u)=—(u+g(u) g
7' (u) = (u*—1)g(u)

Also g is positive and monotone decreasing in R. g’ is negative and monotone increasing in R.

(w);
+ 3ug (u)? + 27 (u)®. (15)

Fact 18. [Fel68, Section 7.1] For any x > 0, it holds that

2
e~ /2

e 2 (11 |
<1 = ) < ————.
V2T (l’ $3) o 9(@) < /27
The following lemma immediately follows from Fact 17 and Fact 18.

Lemma 19. For any A > 1 and x € R with |z| < A, it holds that

7 (z)| <24, |7 (z)] < 3Ag ()],

7" ()] < 15A% g (2)].

3.2 Properties of the spectral norm of the mollifier
Fact 20. [Ben90] It holds that for any integer t,k > 1

sup |G (z)], < Cilog"?(k + 1) (16)
zeRkF

for some constant Cy only depending on t.

Lemma 21. For any x € RF, if there exist more than 3logk indices satisfying x; < 0, then
IGM (@)l < O ()
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Proof. Note that g (z) < 3 if 2 <0. Let T = {i : 2; < 0}. Then

k
IGD @), = > |d (@) [[9=))
i=1 i
= > g @) o)+ D d @) ]9
ieT i i¢T i
|T| |T| 2v/2logk
S QT zm 29 @) ] o) < oIt =1t om
i¢T J#u

j¢T
where the equality used that the terms are all positive and the second inequality is from Fact 20.
The upper bound is O (z) if |T| > 3log k. O

Claim 22. For any x >y, it holds that

) d —d (x 2
'9( )9 (yi_z( )g(y)‘ < (1+|a|) exp <_y2> = (1+|z]) ¢ (y) - V2r. (17)
Proof.
9(x)g' (y) =g () g ()
-y
1| 0 exp (—% (yQ +(t —I-:B)Q)) — exp (—% (562 +(t +y)2)) 0
2, ,2 0 2 —tu) — _
< 1exp<—x +y )/ exp( t) exp (—ty) — exp (—tx) @t
o 2 oo 2 Ty
2,2 0 2 _ —t(y —
= iexp <x ty )/ exp (ttx) L~ exp (—Hy x))’dt
2 2 —so 2 Yy—
1 2+ (O t?
< _ L _
< 27Texp< > )/_Ooexp< 5 t:v)tdt
B 1 yQ 0 1
= - exp (—2> /Oo exp< 5(75—}—:5) > 'dt
= iexp —y—Q exp —2 +v2 az—x/ “*2q4
2T 2 2
y?
< lahewn(-%).
where the second inequality used |1 —e™?| < |z|. O

For every 6 > 0, € R, we define the Bentkus mollifier as follows.

Go () = Pry gi [v +a+0g < 0 (18)
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It is not hard to verify that

D O B N T
Ge(x)—}_[l/w Ee 2_G<—?7...7—?>.

The following fact states that Gy (- + ) /Gg (- — ) is a good approximator of i defined in
Eq. (9) except a small inner/outer region near the “boundary” which is made precise below.

Fact 23 (Lemma 6.7 and Fact 6.8 in [OST19]). For any 6,0 € (0,1), x € R¥ there ewists A =
© <9 : \/log(k/é)) and o = O (0 . \/log(k/5)> such that the following holds.

1. |Gy (x 4+ o) — ¢ (z)] <6 if max; z; < —A.

2. |G (x — a) — ¢ (z)] < if max; z; > A.

3. Go(x+a)—0 <9 (x)<Gy(r—a)+6 for all v € RF.

where z + o = (1 + @, ...,z + @)

Let A" = diag (A%,A’é) and D = diag(D;, D2) be block diagonal matrices. To keep the
notations succinct, we set A (z) =Y, ;A" — D.

Fact 24. [OST19, Lemma 6.9] Let k, 5,0, A, « be the parameters satisfying Fact 23. Let U, Wy :
Sym;, — R be the functions defined as V (M) = (A (M)), Wg (M) = Gy (A (M)), where 1 is defined
in Eq. (9) and Gy is defined in Eq. (18), & and x' be two random variables in R satisfying that

[E[Wo (A () + BD)] - E [¥y (A (2') + BI)]| <,
for both B = a and B = —«. Then, it holds that

|E[W (A ()] —E[¥ (A(x'))]| <n+ 36+ Pr[Amax (A (z)) € (=A, A]] .

4 Computing spectral derivatives

4.1 Formulas for spectral derivatives

Before we describe the main theorem of this section, we need the following notation introduced by
Sendov in [Sen07] to calculate the high-order Fréchet derivatives of spectral functions.

Definition 25. [Sen07] Lett > 1 and x € R, Let T : (RF)*t — R be a t-tensor. For every,
¢ € [t], define a (t + 1)-tensor T, : (R¥)*H1) 5 R as follows

, , 0 g = 41
(Togut)(217 N 7Zt+1) = {T(il,...,’i[1,’L't+1,ig+1,...,it)T(il,...,ie1,ie,ig+1,...,it) i # i
Tipp1 Ty ¢ -
Finally, for every ¢ € [t], define
Vi)  f=10=()
To(z) = § (T(2))g L <t—1
VT,(z) (=t,



where o() is defined as follows: let o be a permutation of [k] given in the cycle decomposition,
then o(€) is a permutation of [k + 1] elements whose cycle representation is the same as o except
that the element k+ 1 is inserted after the (th element and before the (£ + 1)th element in the cycle
representation of o2

We are now ready to state the main theorem for computing spectral derivatives.

Theorem 26. [Sen07] Let X € Sym, be such that the eigenvalues of X are all distinct. Let
F : Sym, — R be a spectral function (i.e., F = fo )\ for f : RF — R). Then F is t-times
differentiable at X if and only if f is t-times differentiable at \(X).

Moreover, for every o € Si,x € R¥ let Ty(x) : (RF)** — R be a t-tensor as defined in
Definition 25 (which depends on the function f).'* Then, for every Uy,...,Us € Sym,., we have

D'F(X)[Uy,...,U;] = <Z diag"Ta()\(X))> vTuwv,... . vTuv),

TgESt

where V satisfies X = V (diag(A(X)) VT and diag®T : (Maty,)! — R is a t-tensor on the set Sym,
(as defined in Definition 15).

4.2 Understanding spectral derivatives for smooth functions

In this section, we first understand the relevant quantities to compute the spectral derivatives of
smooth functions.

Theorem 27. Let k,n > 1. Let f : R — R be a 3-times differentiable symmetric function and
A : Symy — RF be the map \(M) = (A (M), ..., \e(M)) for every M € Symy. Let F : Sym, — R
be defined as F(M) = (f o \)(M) for all M € Sym. Then, for every P € Sym; with distinct
eigenvalues and H € Sym,, let P = V (diag (A (P))) VT be a spectral decomposition of P and
H=VQVT. Then D3F (P)[Q, Q, Q] is the summation of the following terms.

1. Z’Ll unu ()Hin

2' 27,17&7,2 vldl,’tz,llf( )H7121 11Hi27i2

3
3. Zil#iz#ig(vil,iz,igf( )) H'Ll 11H127Z2HZ3 13
vzzz,iz_vzzl,iz Vie—Viy 2
4- Zi17£i2 Tip—Tiy - (Tig—Tiy )? f( )le,%Qsz i1
V2

9. Ziﬁﬁiﬁéls 12@«12 —w: - f ( )H’Ll Ji2 HZ3 i3

Vi,—Vi Viy—Vi
3 21 _ 22 21 .. . PR
Ziﬁﬁlé#is <(xi3*$iz)(7ci3 —4p) (wig —Tiy) (@i 7:62‘1)) f (x) HZ1712HZ2,Z3HZ37%1

S

Vi —Vi vi _vi
7. Zilyﬁz‘g;«éig ((zi3—z:)(mi23—:ci3) o (:ri3—xi?)(mi21—zi1)> f( )Hll,lsle llHZ:a 129

12For more intuition, consider a simple example: let o = (12)(3) be a permutation on [3], then o(-) is a permutation
on [4] defined as follows: o (1) is (142)(3), similarly o(2) = (124)(3), o(3) = (12)(34), o(4) = (12)(3)(4).
Y Think of 2 € R* as the eigenvalues of X € Sym,, i.e., z = A(X).
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where x = (A (P), ..., At (P)).

Proof. To prove this theorem, we first apply Theorem 26 for ¢ = 3 to obtain

D’F(P)[Q,Q,Q) = | > diag’T,(A(P)) | (H,H, H). (19)
o€S3

We next carefully express each quantity in the summation using the definition of these tensors and
upper bound each term. To this end, we break down all the six elements of S3 and analyze them
separately as follows.

Case 1: o = (1)(2)(3). Then T,(x) = V3f(x).

Case 2: o = (12)(3). First note that we have for o = (12) and

(T ( )) 0 i1 = 19
x)). . = . .
A2)8) ), o %1% (Viy — Vi) f(z) iy # iy
Now, in order to compute T(;2y(3), we need to compute V1{ig) () which can be written as follows
(T(12)(3) (x))’il,iz,ig
0 i1 =12
. x%ixll : vl?g,’ig - vzzl,ig f (.’E) - (misjmzlf (vl3 - VZI) f (I‘) 19 = 13 7é 11
%i% : V?Ng - V3323 f(x)+ W “(Viy = Vi) f(x) i1 =13 # iy
L (V3,., —Vi.,)f(@) i1 7 i2 # 13

Tig =iy 12,13

Case 3: o = (13)(2). First note that for ¢ = (1)(2), we have T(1y2) = V2f and o(1) = (13)(2).
So, we need to compute (V2f) f (:c)tl)ut and we get

(T ( )) 0 11 =13
x)). . . =
(13)(2) 11,12,13 7%3 Exil . (VZZ?,J:Z _ szl,ig) f (1;) 1 7& i3
Case 4: o = (1)(23). First note that for ¢ = (1)(2), we have T(1yo) = V2f and o(2) = (1)(23).
So, we need to compute (V2f) f (az)gut and we get

0
T, L =
(Tes) (x))“@% {Z_3 L. (V2 - V%,n) f(z) 2 #i3

Tig—Tig 13,11

Case 5: 0 = (123). Let o = (12), then ¢(2) = (123). So we need to compute (T{12)) f (:z)iut and
we obtain

(Th2s) (), 1o,
e (Vo = Vi) f (@) ip # i3 =i
W'(vlé_vh)f(x) i1 =1y # 13
(zig _xiQ)l(gcig_f%) (Vi = Vi) f(2) - (xi:s_l’iz)l(l’iz —zi) (Vi, = Vi) f(x) i1 #i3 # 2

0 otherwise
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Case 6: o = (132). Let 0 = (12), then o7(1) = (132). So we need to compute (T{12)) f ()}, and
we obtain.

(T(132) (w))il,ig,i:;

_m'(v@_vil)f@) i1 7 i3 = iz
e (Vs = Vi) £ (2) ip =14y # i3
I ; ; (vl2_vzs)f(x>_ R 1 T (sz—vzl)f(l') Z'17§Z'37éi2

(xi3 7$i1)(122 75513) (123 5011)(9312 xll)

0 otherwise

Using the above cases we can now rewrite Eq. (19) as

M To(@)(HHH) = > (To(®))iy 1065 Hinion His iy His g

0€ES3 O 11,i2,i3

Let’s write this out as follows: by T;, we mean Ty (;) above

E (Tl)ilﬂé Z31{11 21H22 %2H23 i3 (T2)i1,i27Z3H21712H12 i1 HZ3 i3 (T3)i1,i2,i3Hi1,i3Hi2,i2Hi3,i1
11,12,13

+ (T4)i1:i27743H21711H12713H13712 (T5)i1,iz,lsHll,ZQHmﬂsHls,h + (T6)i17i2713H11,lsHZQ,ZlHl&%Q

and in particular, assuming H is symmetric the above simplifies to

2 2
E (Tl)il71'2713H11,11H12J2H13723 (TZ)il,iQ,l:stl ngis,is + (TS)i17i2713Hzl 13Hi27i2
11,9213 (20)
+ (T4)i1,i2,23H11711H (T5)i17i2713H11,12H12 z3];123 i1 (Tﬁ)ihiz,lsHu 13H12,11 Hls 2

12,13

Now, we will break up this sum into 5 cases as follows which we need to upper bound

Case (i): i1 = i3 # i2. Then Eq. (20) reduces to the following

> H i Hiyiy (Ty+ Ts) + Hiy i HY, 5, (To + Ty + T + To) (21)

12,11
11,12

Note that when we say T; above, we mean (13);, iy.is = (14)i1,in,i; (since i3 =141). Let us now plug
in the values of the corresponding 7;s into the formula and rewrite the above as follows

Z 7,1 1 7/2712 v?l,lg Zlf (ﬁ) + O) +

11712
+ H H2 v12,’01 B v121 i1 + viQ - vil + v221 i1 v122 i1 + Viz — vi1 f (.CL‘)
i Lig — Ty (miQ - xil)Z Tiy — Ty (xiQ - xi1)2 (22)

V2. —V? V. — V.
Z 11,21 7/2712 v’?l,lz Zlf (x)) + 2H21711H’L22 i1 ( 2 i + =2 “2 f (x)

i17#i9 Lig — iy (ain - xil)
Case (ii): i3 =iy # i3. Then Eq. (20) reduces to

N H} , Higuy (Ty+To) + Hiy iy Hyy ) (Ts + Ty + Ts + Tp) (23)

13,01
11,13
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The above simplies to the following

Z 91,01 Z3:743 v?l )1, Z3f (x) + 0) +

+ Hi, i H;,

3,81

2 2 2
vls,ll B vll i1 vls i1 vh i1 + ViS - vil + vi?» - vz% f (JU)
Lig — Ty Tig — Ty (xis - xil)Z (mis - xll)Q (24)

v2 . —V? V. —V,
Z 11 i1 13,13 V?l g1, 23f (l‘)) + QHZMIHES i ( 13,11 11,81 + i3 i1 f (1:)

i1is Lizg — Liy (xis - xi1)2
Case (iii): io = i3 # i1. Then Eq. (20) reduces to

> HY i Hiviy (Tv+Ty) + Hiy i HY, 3 (To + T + Ts + Tp) (25)
i1,i2
The above simplifies to the following

Z 12,12 Zl 11 vf’l,lz ng ('CC) + O) +
11712

+ H; ; H?

12,12 199,11

2 2 2
vlz,m — Visio _ Vi, = Vi + Visis = Vivia _ Vi, — Vi, f(2)
Liyg — Ly (@iy — $i1)2 Tiyg — Tiy (ziy — xi1)2 (26)

v, —V? Vi, — V;
E : ’LQ 12 7417741 v’?l,lz ZQf (.’IJ)) HZQuZQH’LQQ 21 ( 2,12 2 - = T Z;Q f (.’IJ)
11

Ty — Xy Ty —
i1742 2 1 ( 2

Case (i)4 Case (ii)+ Case (iii). We first upper bound these three cases to get the desired
upper bound in the theorem statement. First summing the three cases, we have

3 3
Z 11,81 Z2712 7,1 19,81 + V’Ll 19,12 + vlg,ll,ll) f (.CU)

11712
Vi i — Vi Vi, — Vi (27)
+ 6 Hz i HZ2 : 12,12 11,12 _ 12 11 f (a,:)
i§2 piTRn < Liy — Tiy (332‘2 - wi1)2
*)

We now bound (%) using the following claim.

Case (iv): 79 =43 =141. Then Eq. (20) reduces to

Z 11,01 T1+T2+T3+T4+T5+T6 Z 11,11 lelzlf (28)
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Case (Vv): ig # i3 # i1. Then Eq. (20) stays the same and we get

3
Z (V’il,iz,izf) ’ Hil,ilHi277:2H7;37i3

i1,i2,i3
V- ViL o Vi-ViL .o v, -V
+ Wf (@) H, iy His iz + Wf (@) Hy, i, Higin + Wf () Hiy iy
Vi, — Vi Vi, — Vi,
_ H; ;. H; . H;
+ T5n — 23 ) (o — g Ton — 23 ) (@s0 — T [ (@) Hiy iy Hig iy Hig iy
3 2 3 1 3 2 2 1
Vis — Vi, Vie — Vi,
- f(l‘) Hil,isHiz,ilHi:hiz
iz — Tiy )(Tiy — T4 iz — Tiy J(Tiy — T4
(e e R v 3 e
(29)
This concludes the proof of the theorem statement. O

4.3 Main theorem: spectral derivatives for Bentkus function

We now state the main theorem we prove using the theorem above. Let G : R¥ — R be the Bentkus
function given in Definition 16.

Theorem 28. Let k > 1 be an integer and ¢ : Sym, — R be a function defined as ¥ (M) =
(GoX) (M) where G is given in Definition 16. Given A > 1 X € Sym,, with eigenvalues X\ (X) =
(z1,...,xk) satisfying that || X|| < A, it holds that

|D* (X) [H,H,H]| <O (A* log’k - [|H|?).

The following corollary simply follows from the definition of Gy in Eq. 18 and the chain rule
of Fréchet derivatives in Fact 9.

Corollary 29. Let k > 1 be an integer and 6 > 0, € R and ¥y : Sym, — R be a function defined

as Yo (M) = (Ggo X) (M + all), where Gy is given in Eq. (18). Given A > 1, X € Sym;, with

eigenvalues A (X) = (x1,...,x) satisfying that || X|| < A, it holds that

A? 4+ a?
3

|D?Wg (X + ol) [H,H, H]| < O( ~log3k-HHHB>.

In order to prove the theorem above, We upper bound all the terms listed in Theorem 27
individually in the following sections (in increasing order of difficulty). Given the calculations are
fairly technical we break down the analysis in the following sections for modularity and reader
convenience. In Section 4.4.1 we bound the first three terms in Theorem 27 (this is the easy case
since the analysis is very similar to what happens in [HKM13] and requires new properties of the
Bentkus function), in Section 4.4.2 and 4.4.3 we bound the fourth and fifth term (this already
deviates from the analysis of [HKM13]) and finally in Section 4.5 we bound the sixth and seventh
term (this calculation is fairly involved and deviates significantly from prior works, since we need
to deal with properties of Fréchet derivatives, new properties of Bentkus function and the non-
diagonal entries of the matrices H which is unique to the matrix-spectrahedron case and is not
faced in [HKM13, ST17, OST19]).

H?

2

2,13

As spectral functions and spectral norms are unitary invariant, we assume that X = diag (z1, ..., zx)

is diagonal without loss of generality. To adopt Theorem 27, we assume that all the x4, ..., z, are
distinct. We further conclude the result by continuity.
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4.4 Bounding terms (1)-(5) in Theorem 27 for Bentkus function

Let G : R¥ — R be the Bentkus function given in Definition 16. Recall that G(z) = [, g(z:),

where g (z) = ﬁf—oo e~t/2dt. Recall the notation ¢’ (z) = \/% e /2 and g (z) = ¢'(z)/g(x).

4.4.1 Bounding terms (1,2,3) in Theorem 27

Lemma 30 (Bounding terms (1,2,3)). The following three terms

(2) H}

11,81

’ vzl,zz,zl 11 11H12,22 ’ Vi17i27i2G( ) Hll 11HZ2,22HZ3 i3
1742 11742 #i3

7/1 721 77'1

can be upper bound by O(log'® k - || H||?).

Proof. The first upper bound is straightforward. Observe that

H3

11,11,l1 11,01

< max]H”|3 Z |v?

i1

G (2)] < max [Hii*-|G®) (2) | < | H]|*log!* .

741711711

where the second inequality follows by definition of |G(®)||; and the last mequahty used max; j |H; ;| <
|H|| (the latter being the spectral norm of H) and Fact 20 to conclude ||G®)|; < O (log'* k).
Similarly, the remaining two terms can also be bounded exactly as above (by observing that
D iy i A G and Eil#i#ig(V%@@G} appear in the expression of ||G®)||;. O

11,12,11

4.4.2 Bounding term (4) in Theorem 27

In order to bound the remaining terms in Theorem 27, we need the following claim.

Claim 31. It holds that
1. 2117&22 (le)
2 Z’Ll;ﬁlz ('1:22)

G (z) Hy, i, H?

12,12 11,12

<0 (Viogk-||1H]*).
<0 (Viogk-||1H]*).

G (z) H,, ;, H?

12,12 11,82

(xlz) g (5523) G ( ) H121 ’LQHZ'?MZ's

8. iy iz |0 < 0 (logh- |[H|*).

Proof. For Item 1, we have

> G(wn) |G (@) Hiy i HY, 4| < Zﬁ(ﬂfn)G(m)‘mﬁXZ |Hiyin Hy, 4y | < 1GO ()], 1H?
11#£12 i1 72

where the last inequality is because

oo < I, (30)

H%?X%:}H’LQJQHZ ‘ < ||HHH13,X (H2)

using the fact that max;; |H;;| < |H||. Using Fact 20 shows the first inequality. Item 2 follows by
the same reason.
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For Item 3, we have

Z ‘g (3’312) g (1‘13) G (SL‘) Hi21,i2Hi3,i3| = Z |§ (xzz) g (xl3) G (:L‘)| IZHE:X Z ‘Hi217i2Hi3:i3
il;ﬁ’ig#ig ig#’ig 2 i1
< 0 (logh- | H|*)
where the inequality is from Fact 20 and the fact that
S |HE  Hiyio| < IH] - (H?),,,, < IH]. (31)
i1

Lemma 32 (Bounding terms (4) in Theorem 27). We have

Vi G- ViuG  ViG-ViG
S Hi o HE ( 2.2 TR, ) <o (a7 ik H|P).

i10n Tijg — iy (xlé - xil)

Proof. First observe that

and similarly we have
VQ@G(HJ) = g(xiQ)VQG(JJ)-FG((E)V@?(QEQ) = (g(xm)Q - (xiz +g(x22))§(x12)) G(x) = —:CZ'2§($Z‘2)G($),

where we used Fact 17. Now, let us start upper bounding the lemma statement as follows

2 : 2
HiQ,iQ HiQ,i1

<v122,i2G - vzzl,igG _ vi2G — V,’lG>

i1 o Tiy — T4y (mi2 - xi1)2
<> |- g(xil)gf”)_?”g(%) - g((q;?)__ﬁ(g;?) |G(x) - Hiyiy HZ |
i1 ig i1 i i1
(2 Va(z) + 2 a(s a(E
_ Z - g( 21)9( '22) ' Zzg( 22) _ g'<€Z1,Z2') . |G($) . Hig,izHiQQ,il|
i1ia Lijy — Ty Ljy — Ty
— Z ?(IL‘“)E(IL‘Q) +$i2§($i2) B (filin +§(£i1,i2))§(§i17i2) . ’G(l‘) CHe . H2 ’
- Ti — T T — s 12,12""19,17
i1ia i2 i1 i2 i1
(s ) — £ (L - Gl Valr: ) — a(&: - )2
< Z %29(%2)‘ 511’2.29(5“712) ’ |G(l’) : Hi2,i2Hi22,i1| + ‘g($ll )g(?”) 9(511712) ’ |G('T) : HiQ,iQHiQQ,hL
. X xlg - le xl? - xll
11#12 _
:=(1) =(2)

where the first equality used the mean-value theorem to obtain a &;, 4, € [z, z4,], second equality
used Eq. (14). We now bound both these terms separately as follows.
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Term 1 upper bound. Note that ;, ;, is between x;; and x;,. The first term is upper bounded by

Z ‘33129 SCZQ fil,igg(gil,lé) . |G( ) Hz 7 H2 |
2,024 49,41
el —&iyia
_ 2
= Z ‘ 1_7711,12 7711722) Ni1,i29 (771'1,2'2) "G( ) HZ? ’2H1227“
1742
< 2A* Z 9 (Miy iz) ‘G sz,leZQQ Z1|
1742

for some n;, ;, between z;, and &, ;,, where we apply a mean value theorem for the function zg ()
for the equality and Lemma 19 for the inequality. Note that g (-) is nonnegative and monotone
decreasing by Fact 17. Thus the first term is upper bounded by

2A2 Z max {y (le) vg(xm)} |G( H127Z2H122,11‘
1510

which, in turn, is upper bounded by O (A4 -/logk - ||HH3> from Fact 20 and Egs (30), (31).

Term 2 upper bound. By triangle inequality we upper bound the second term by

Z ‘g ‘Tll xlz _(£i1,2'2)2‘ . |G( ) H: H2 |
12,12

_ 12,51
11#12 Liy
— 2
ziy)g(ziy) — g(z; X ,
Z ‘g 11 2_:U g( 21) ‘|G( ) Hl2’12HZ2221|—|— Z ‘g 11 _:Cgu lz) |G( ) H12’12H12221|.
11#12 n 11712 n
(32)
We first upper bound the first quantity in Eq. (32) first as follows.
— 2
9(zi)g(xsy) — g(x;
> ‘ i1)9(%i;) — 9(ziy) ‘-|G( ) Hiy iy H2 |
— x’Ll
11#12
(zi,) —g(z
= > PR 2@ ) g, )| - B
— le
11#£12
= 17 Gl - G @) - [G(@i,)| - [Hiy iy H 4, | (33)
i15i2
< 6A%. Z |G(2)] - [9(zi,)| - |H12,12H12211|

11712
<6A%|GW| | H].

<0 (A% Viegk- |H*),

where (;, i, between z;, and z;,, first inequality uses Fact 19, the second inequality uses Egs. (30), (31)
and the last inequality is from Fact 20.

We now bound the second term in Eq. (32) as follows
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S [Hens =Sl ) a0

_ 12,11
11712 Tin
< Z 9(0)” = (i)’ ‘ -|G(z) - Hyy 5, H 4| (for & is between z;, and x;,)
511,12 - i ’
11712
=2 Z ’g nll,u 7711,12 ’ ’ |G(£C)| |H22,12H122,11} (fOI“ SOINE 7}y iy between Ly and £i17i2)
11712

< 128% 37 (g ()l - |G ()] - [Hiyn HE | (Fact 19)
11712

<12A% > max {7 (2:,),7 (xi,)} - |G ()] - |Hiin H 5, - (Fact 17 and Lemma 19)
11712

Further applying Fact 20 and putting together Egs. (31)(30), we conclude that it can be upper
bounded by O (AQ\/ilog kHHH3>. O
4.4.3 Bounding term (5) in Theorem 27

Lemma 33 (Bounding terms (5) in Theorem 27). We have

V2,.,G (2) = V3 .G ()
S, b MBI  Hiy| <O (A logk- ).

i1A92713 2 = T
Proof.
vzzz,i;gG (ZE) - vz21,13G( ) 2
Z T — xs Hh zzH’i3,i3
11742743 2 "
g T; Tiy) — G (X5
— Z 13 Z_Q)x ( ll))G( )H121 12H1'3,i3
171273 i
= Z G (&i1,i5) 9 (233) G (2 )Hf1 io Hig i (for some &;, 4, between z;, and z;,)
11 #12F£13
<3A Z ’max {g (xll) g ($12)}§ (5513) G ( ) Hz21 zzHiBJ'B‘
i17127#13
<0 (A -1ogk-|1H|*),
where the last inequality is from Fact 20 and Egs. (30)(31). O

4.5 Bounding terms (6,7) in Theorem 27 for Bentkus function

Let G : R¥ — R be the Bentkus function given in Definition 16. Recall that G(z) = [[; g(z:)
= x

where g (z) = ﬁf:w e~/2dt. Recall the notation ¢ (z) = \/% e/2 and g (z) = ¢'(z)/g(x)
Restating the terms for convenience.

)
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Lemma 34 (Bounding terms (6,7) in Theorem 27).

g(“l)‘ﬂ“s) _ g(fcil)_g(ﬂciz)
>, e 2 G (@) Higia Higio Higis| < O (Alog KIHIP)  (34)

L~ Tig — T4
i1 #1073 3 2

This is the most involved part. Note that the left hand side is unchanged if we zero out all
diagonal entries of H. And further note that ||H — diag (H)|| < 2||H|| where diag (H) is a diagonal
matrix obtained by diagonalizing H. Thus, we may assume that the diagonal elements in H are
zero without loss of generality. We break down the analysis into two cases (the first one being the
simpler case).

4.5.1 Case 1: Many negative z;s.

The simpler case is when the number of negative x;s is “large”.

Lemma 35. If|{i: z; < 0}| > 3logk, then the quantity in Eq. (34) is upper bounded by O (A2 ngk

Proof. Applying Fact 3 a mean value theorem of divided difference and Lemma 19, the term in
Eq. (34) is upper bounded by

O Az Z §(<i1,12,i3) G(x) Hil,izHi2,i3Hi37i1‘
i17#i2 703

< O0(A% > max{g(xi),7(@n),9 @)} | G @) | Hiy i, Hiis Hig i |

i1Ai27#13
< O A2HG(I)HI maxz |Hi1,i2Hi27i3Hi3,i1’
" s
< 0 (AQ k- HG(l) (x)Hl 'maXZ Hi17i2Hi2,i3Hi3,i1|>
i1,02 =
3
< 0(a%k-I6W @), - | H*)
A% /logk
< oS )

where the first inequality is from the positivity and monotonicity of g (-) due to Fact 17 to conclude
that [G(Ciyinsis)| < max{|g(zi,)|, |g(zi,)|, [g(xis)|}; the second last inequality is from the follow-
ing fact

> |Hiy iy Hiy i Hig iy | < || H]| (Z H12113> <Z wa,) < | H|% (35)
13 i3 i3

the last inequality is from Lemma 21 (which uses that the number of negative x;s is < 3logk). [
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4.5.2 Case 2: A few negative z;s

We now assume that |[{i : z; < 0}| < 3log k and this case the most complicated and upper bounding
it is the most technical. We push this proof to Appendix A.

Proof of Theorem 28. Combining Theorem 27 and Lemmas 30, 32, 33, 34, we obtain our result. [

5 Geometric properties of positive spectrahedrons

5.1 Noise sensitivity and Gaussian surface area

In this section we prove certain combinatorial and geometric properties of positive spectrahedrons.
Understanding the surface area of a convex object is a fundamental question in convex geometry.
In the context of theoretical computer science, one of the earliest works Klivans, O’Donnell and
Servedio [KOS04] related learnability of geometric convex objects (in the PAC and agnostic setting)
to a natural complexity measure of of Gaussian surface area (GSA). Recall that for a convex object
S C R", we have

GSA (S) = liminf g" (% 5)
0—0 )

where S5 = {x : dist (z,5) <} denotes the d-neighborhood of S under Euclidean distance.

In some sense the work of [KOS04] showed that, GSA of convex objects characterizes learnability
of these objects under the Gaussian distribution. This remarkable connection has provided further
motivation to understand what is the GSA of basic well-studied convex sets. In this direction, a
well-known result of Ball gives an upper bound on the surface area of arbitrary convex objects.

Theorem 36. [Bal93] The surface area of every convex set on n coordinates is at most O(n'/*).1*

For our setting it is unclear what the Gaussian surface area of spectrahedrons is. Clearly, since
spectrahedrons are convex objects, one can use Theorem 36 to show an upper bound of O(nl/ 4,
Below we show that one can in fact prove an upper bound of O(1) on the Gaussian surface area of
positive spectrahedrons. We make this formal in the theorem below.

Theorem 37 (Matrix version of Peres theorem). Let S be a positive spectrahedron defined as

S = {xER" : inAi < B, A',..., A" B € Sym,, and A is PSD fori € [n]}

Then the Gaussian surface area of S is O(1) (independent of k,n). Let f(z) = [x € S] for
x € {—1,1}". Then the e-noise sensitivity of f is NSz(f) = O(/e).

Corollary 38. Let S', 52 be 2 distinct positive spectrahedrons specified by {A}, e ,A?,Bj}je[z]
respectively, where A% = 0 and A4 <0 for all i. Let

2

F(z)= /\

Jj=1

)

be an intersection of positive spectrahedrons. Then

AS(F) < O(v/n), GSA(S' N $?) = 0(1)

14Subsequently it was shown that this bound was optimal for a convex body formed by exp(nl/ 4) randomly
intersecting halfspaces.
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The proof of this theorem follows closely the proof of Kane [Kanl4a] who showed that polytopes
have Gaussian surface area O(y/logk) (thereby reproving Nazarov [Naz03]). Before stating the
Kane’s result, we need to introduce the following notion.

Definition 39 (Unate function). A function f : {—1,1}" — {0,1} is unate if it satisfies the
following: for every i € [n], f is either increasing or decreasing with respect to the ith coordinate,
i.e., for every i € [n], either f(z1,...,%i—1,—1,Ziy1, ..., 2n) < f(T1,.. . i1, L, Tix1,...,Tpn) for
all x or f(x1,...,xi—1,— L, @ig1, ... xn) > fla1, .o x-1, Lmigq, ...y xy) for all x.

In particular, Kane proved the following stronger statement.

Theorem 40. [Kanlja] Let fi,...,fr : {—1,1}" — {0,1} be unate functions and let F :
{—1,1}" — {0,1} be defined as F(x) = A, fi(xr). Then the average sensitivity of F satisfies

AS(F) < O(y/nlog(k +1))."

It is not hard to see that a positive spectrahedron is a unate function so Theorem 40 holds for
us as well for kK = 1. To be precise we have

Corollary 41. Let S be as defined in Theorem 37. Let F': {—1,1}" — {0, 1} be defined as F(z) =1
if and only if v € S. Then AS(F) < O(y/n).

In order to translate Theorem 40 to obtain the corollary above: for a positive spectrahedron S,
let F(x) = [z € S] for z € {—1,1}", then one can rewrite F' as F(z) = /\;?:1 [\ (3, A" = B) > 0]
which is an AND of k unate functions by the Weyl’s inequality [Bhal3, Theorem III 2.1](the inner

functions f; are unate since all the A’s are promised to be PSD ).

Recall that we are interested in the Gaussian surface area of such bodies (not just the average
sensitivity) which is closely related to the noise sensitivity of positive spectrahedrons. In the same
paper, Kane [Kanl4a] adapts the well-known techniques of [DGJ*10] to show that the e-noise
sensitivity of intersections of halfspaces is at most O(y/elogk) and remarks that such a bound
does not hold for the intersections of unate functions. Below, we show that one can modify the
proof of [DGJT10] to also show that the noise sensitivity of positive spectrahedrons is can be
bounded by a the “average 2-sensitivity” of positive spectrahedrons which we show is O(y/¢) by
modifying Kane’s proof in Theorem 40. This proves our Theorem 37.

Proof of Theorem 37. In order to prove the theorem, we first show that for a function f : {—1,1}" —
{0, 1} defined as

f(z) = [Z ;A" < B
i=1

for A',... A", B € Sym, and A’ is PSD for i € [n], the e-noise sensitivity of f satisfies

NS.(f) = o [f () # f(y)] < O(Ve).
e—correlated

For simplicity let us assume that ¢ = 1/m, for some integer m which divides n (since NS; is a
non-decreasing function in &, we can even round € down to satisfy this condition).

In order to analyze NS.(f) we first observe that one can generate an e-correlated pair of strings
(z,y) € {—1,1}" as follows:

5 There is a +1 compared to Kane’s result to ensure that the result is valid for k = 1.
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1. Pick a uniformly random string z ~ U,.

2. Randomly partition [n] into m disjoint buckets Ci,...,Cy C [n] such that U;C; = [n].
Furthermore, for z € {—1,1}" (picked in step 1), split each bucket as follows: for every
¢ € [m], split Cy into Cy; and Cy,_; such that Cy; corresponds to the positive coordinates in
zp, and Cy 1 corresponds to the negative coordinates in z¢,. So overall there are 2m disjoint
buckets {Cp : £ € [m],s € {—1,1}} such that Uy ,Cp, = [n]. Set Cy = Cy; if £ < n and
ég = Cg_m_l if £ > n.

3. Corresponding to each bucket Cy, pick a uniformly random bit by ~ U;.

4. Obtain x as follows: for every ¢ € [2m], obtain @ from z by multiplying all the bits in zg,
by by. '

5. We obtain y as follows: pick a uniformly random ¢ € [m] and flip the signs of x; (obtained
in step 4) for all the indices i in Cy, i.e., y; = —a; if i € Cy and y; = x; otherwise.

Observe that the the (x,y) obtained in step (4,5) are uniform and e-correlated. To see this,
first observe that the probability of obtaining x € {—1,1}" is given by

Pr [t =2x]= Pr [z¢, b1 =2¢y,...20,, - bm =120,]
ZNUn7 Z,C,b
{Ck}beMm

I
INgE

z%;b [zC b = xCi‘zCQ‘ bai = xc<i]

=1

m

I
INgE

Pr [z¢, - bi =x¢c,] =
lz,Cb[ —

%

where the third equality is because z, b are uniformly random and final equality is because UpCy, = [n].
In order to see (x,y) are e-correlated, observe that for a fixed i € [n] the probability x; differs from
y; is exactly the probability ¢ lies in the bucket C, = Cy; U Cy_1 picked in Step (5) above. The
probability of picking a bucket Cy is exactly 1/m = . This event happens independently over all
the coordinates i € [m], hence y is e-correlated with z.

~ Now that we have shown (z, y) are e-correlated, we next observe that for a fixed 2 and buckets
C1,...,Com, we can write f: {—1,1}" — {0,1} as a function g : {—1,1}*™ — {0,1} defined as

2m
> by > zA 2B, (36)

q=1 jeCyq
Similarly, one can define f(y) as g(b') where b’ is obtained from b by picking a uniformly random
¢ ~ [m] and flipping by, by, where Cy is the bucket chosen in Step (5). Furthermore, observe that

NS.(f)=  Pr [f(x)# f(y)]= Pr [g(b) #g(6**+™)],
e—cf)flzgl)ated bZVL[{,Qg]I ’

where b%/ is obtained by flipping the i, jth coordinates in b and £ are chosen uniformly random
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in [m]. We can further upper bound the quantity above by

NSe(f) =, Pr [g(b) # g(®“em)]

2~[m)

<, Prolg(b) # 969+, Pr [g(bf) # g(6"™)] 37
£~[m)] £~[m]

_ ¢ fimyg L

= b;Pu[gT[g(b) # g(b°)] + b;’[{g?’[g(b) # 96" = —AS(g),

where the second equality used the fact that b, £ are uniform over their respective domains and the
last equality used the definition of AS(g) to obtain

2m m 2m
AS(g) =Y Prlg(m) # g(a')] = Y Prlg(m) £ g(@")]+ > Prg() # g(a")].
/=1 /=1 {=m+1

We now finally upper bound the average sensitivity of g. Observe that > jec, zjAJ is either PSD

or NSD (since all the z; in the bucket C, have the same sign and A’s are all PSD by definition).
From Eq. (36), it is not hard to verify that g is a unate function. Hence, we have

NS-(f) < - AS(g) < O (ﬂ) — O(V2), (38)

where the first inequality is by Eq. (37), second inequality uses Theorem 40 and the last equality
used the definition of m = 1/e.

In order to conclude the proof, we use the following two well-known results. Using the standard
bits-to-Gaussians tricks [0’D14, Chapte 11], observe that

GNS-(f) < NSc(f). (39)

For an explicit proof of this statement, see [DGJ*10, Proposition 9.2].'° The second result we use
is by Ball [Bal13]'” who showed that: if a Boolean function f is an indicator function of a convex
set S, i.e., f~1(1) = S and if S has a smooth boundary, then the Gaussian surface area of S can
be bounded as

GSA(S) < lim CNSe(f)

e—0 \/g (40)

Putting together Eq. (40) and Eq. (39), we get

where the final inequality used the upper bound we derived earlier in Eq. (38). This concludes the
proof of the theorem. ]

16We note that [DGJT 10, Proposition 9.2] shows this statement with equality asymptotically (i.e., when we taken
k Bernoulli’s to approximate a Gaussian for kK — oo) for f being a degree-d polynomial threshold function, and the
same proof holds true when f is an intersection of spectrahedrons.

1"We remark that one can also obtain this bound [Kanlla, Section 3].
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We now prove Corollary 38 which bounds the Gaussian surface area of intersections of positive
spectrahedrons.

Proof of Corollary 38. The proof is very similar to the proof of the theorem above. Let m = [1/¢].
We follow the same bucketing steps (1) — (5) in Theorem 37 to obtain a ¢ : {—1,1}?>" — {0,1}
given by

2m 2m
g(b) = qu Z ZlA{ j Bl . qu Z ZlAJQ j Bg
q=1 jeCy qg=1 jeCy

Observe that g is an intersection of positive spectrahedrons and by definition each positive spec-
trahedron is a unate function. So, by Theorem 40, we have

AS(g) < O(vm) = \/1/e.

Repeating the same steps after Eq. (38), we get that

. GNS.(F) _ .. NS.(F) _ .
1 2 .
GSA(S' N 8%) < lim NG < lim NG s;%\/s AS(g) <O(1).

This concludes the proof of the corollary. O

5.2 Boolean Anti-concentration: Littlewood Offord for spectrahedrons

We now prove the main lemma which shows that the largest eigenvalues of positive spectrahedrons
cannot be very concentrated. In particular, we show that for a uniformly random x ~ U,,, suppose
we consider a spectrahedron D = Y. x;A* — B then the measure (over the Boolean cube) that D
has largest eigenvalue in a small interval is fairly small. This anti-concentration statement will
be crucial in our invariance principle proof when we move from the Bentkus mollifier to our CDF
function. In the passing we remark that, prior to this work, we aren’t even aware if the weaker
Gaussian analogue of this statement was known (in particular, the results of [HKM13, ST17] only
require Gaussian anti-concentration for which they use a result of Nazarov [Naz03] as a black-box).

We remark that the proof of our main theorem (stated below) follows the result of [OST19,
Kanl4a] closely since they are able to handle intersections of unate functions which is the case for
positive spectrahedrons. However, there are two subtleties.

(7) In [OST19] they bucket the set of halfspaces (which form the polytope) and show that each
bucket has significant weight. Crucially for them, they use the fact that intersections of
halfspaces are still unate functions. But this is not the case for positive spectrahedrons.
For this, we need to modify the bucketing procedure (akin to what happens in the proof of
Theorem 37) so that this bucketing of positive spectrahedrons still results in a unate function.

(74) In [OST19] they prove an analogue of Lemma 46 which shows that each bucket has “significant
weight”. However our proof deviates significantly from the proof in [OST19]. For them,
proving the statement in the lemma (for diagonal matrices), follows directly from Paley-
Zygmund inequality, but as far as we are aware, we do not have a matrix-version of this
inequality. Due to this difficulty, we modify their proof and use the matrix Chernoff bound
to prove the statement above.
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Theorem 42. Let k > 0 be an integer and 7 < W\}@' Let {B1, B2} C Symy, {Al}iepn) and

{Aé}ig[n] be sequences of PSD and NSD matrices, respectively. They satisfy that for alli € [n], j €
2], Ay =7 -1, A4 = —7I and Z?:1(A})2 > 1. Then for every A > 207 logk, we have

Pr [Elj € 2] 5.t. Amax (Z x; Al —Bj> € (A, A]| <O(A).

x~Uny,

Again using the standard bits-to-Gaussians trick, we have the following corollary.

Corollary 43. Let k > 0 be an integer and 7 < @. Let {B1, Bo} C Symy, {Al}icpn) and {AS} e
be sequences of PSD and NSD matrices, respectively. They satisfy that for all i € [n],j € [2],
AL =71, AL = —71 and 21,(14;)2 =1 . Then for every A > 207 logk, we have

Pr

< O(A).
g~Gn < O(A)

3] € [2] 8.t. Amax (Z ng; — BJ> € (—A,A]

In order to prove this theorem we will use the following two lemmas by [OST19]. Before
stating these lemmas, we introduce a few definitions from [OST19] (adapted to our setting of
positive spectrahedrons). For the rest of the section, we let F': {—1,1}" — {0,1} be the indicator

of an intersection of positive spectrahedrons, i.e., for every j € [2], let Fj(z) = [Z?:l sz; =< Bj|,
where {A;}z satisfy Eq. (7) and

2 2 n
F(z)= \ File)= \ [inA;l < B;

j=1 j=1 Li=1

(41)

1. For aset S C {—1,1}", let £(S) be the fraction of n-2"~! edges which have one endpoint in
S and one endpoint in S€¢ (i.e., complement of .S).

2. We let H; C {—1,1}" be the indicator-set for Fj, i.e., x € Hj if and only if Fj(z) = 1.
Additionally, suppose we have sets {H;, Ha} such that H; C Hj such that H; are also the
indicator-sets of unate functions. Let 0H; = H;\H;.

3. For a € [0,1], we say 0H; is a-semi thin if for every x € Hj, at least an a-fraction of its
hypercube-neighbours (i.e., set of y € {—1,1}" for which d(z,y) = 1) are outside 0H;.

4. We now define a few sets: let

F = H; N H,, F° = Hy N Ho, OF = F\F°

With this terminology, we have the following lemma that bounds the number of edges that cross F.

Lemma 44 ([OST19, Theorem 7.18]). For j € [2], let H; be as defined above. Suppose H; is
a-semi thin, then
1
wior) <o (1)

ayn

Using this lemma, we get the following theorem (which is the analogue of [OST19, Theo-
rem 7.19]).
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Theorem 45. Let A > 0,a € [0,1],{B1, B2} C Sym;. Let {Aé‘}ie[n],jem C Sym;, satisfy that
AL = 0,45 <0 for alli € [n]. At least a-fraction of i € [n] satisfy that A} = X\-T and Ay < —\-1.
Then, we have

Pr

x~Un,

3j € [2] 5.t Amax (Z z; Al —Bj> € (—zx,o]] <0 (a\l/ﬁ> :

Proof. Let {A;}, {Bj;} be as in the theorem statement. Let

H, = {x € {~1,1}" : Amax <Z Al — Bj> < —2)\}7 Hy = {z € {~1,1}" : Ao (Z Al — Bj) <o}.

Clearly we then have that

8Hj = {I’ € {—1, 1}n : Amax (Z :BZA; — B]> S (—2)\,0]}

and
OF = {a: e {—-1,1}":3j € [2] s.t. Amax (Z xZA; - Bj> € (—2)\,0]} .

Since we assumed that at least an a-fraction of is satisfied A% = X\ - T and Ay < —\ -1, it follows
that H; is a-semi thin, hence we can apply Lemma 44 to obtain the theorem statement. ]

Using this theorem, we are now ready to prove our main technical lemma which says that
we can always “randomly bucket” our positive spectrahedron so that many of these buckets have
“pretty large” smallest eigenvalue.

Lemma 46. Let {A'};cp,) C Symy, be a sequence of positive semidefinite matrices which is (7, M)-
reqular with 7 < W\}@' Let m > m

independently assigns each i € [n] to a uniformly random bucket in [m]. For c € [m], let

Oc = Z AJ

jer—1(c)

and w : [n] = [m] be a random hash function that

and we say the bucket c € C' is good if o, = ﬁ -1I. Then,

Pr [at most 3m /4 buckets c € [m] are good | < exp (—m/4).

Proof. Let z; € {0,1} be a random variable satisfying Pr[z; = 1] = 1/m. Let Z; = z; - A*, hence
one can write o, = ), Z;. In particular, this implies

1 S a2 1
Eloe = 1) 2 A= 0 (A0 =

Applying Fact 5 (for 6 =1/2, p=1/mm, R = 7) we have
1 2\ % _ 9
274m
Y Ziz —I| 21—k (= > —
- 2m™m e 10
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For j € [n] and ¢ € [m] define random variables

1if w(g) =
Yc,jZ{ ifm(j) =c and

0 otherwise,

“ 1

S Vo H] |
2™m

c=1

Using the Claim 47 below, X1, ..., X, are negatively associated. Thus we may apply the Chernoff
bound to >, X; which has mean at least 3m/4, which gives us the lemma statement.

Claim 47. The random variables X1, ..., X,, are negatively associated.

Proof. From [DP09, Page 35, Example 3.1 |, the set of random variables {Y;},_ ., are neg-
atively associated for j € [n]. Note that {Y1,,...,Yn }J e[n) ar€ 1 independent families of ran-
dom variables. By [DP09, Page 35], {)/;vj}cé[m},je[n
[Zznzl Yejo. = ﬁﬂ] is a monotone non-decreasing function of Y, i,...,Y.,. Thus from [DP09,
Page 35|, X1,...,X,, are negatively associated. O

| are negatlvely associated. Given oq,...,0m,,

The proof of this claim concludes the proof of the lemma. ]
We are now ready to proof our main theorem.

Proof of Theorem 42. For j € [2], let fi(x) = >, xlA; Let m : [n] — [2m] be a random
hash function that independently assigns each i € [n] to uniformly random bucket in [2m]. Let
Ci,...,Coy C [n] be the buckets and z € {—1,1}*"™ be uniformly random. Consider the function
g; : {—1,1}** — Sym,, defined as

S
i€Cy
For ¢ € [2m], define Ag = Yiec, Aé-, so g;j(2) = >, qug. Observe that distribution of f; and g;
are the same, i.e., for every D € Sym;, we have
P i(z)=D]= P D]. 42
P [0 = D)= Py [7(@) = D) (42)
In order to see this we argue that the n-bit string w € {—1,1}" defined as w; = 2, iff i € C, is
uniformly random. To show this, we first prove the following: for z € {—1,1}?™,let S = {q € [2m] :
zqg = 1} and T' = UgesCy. Then, observe that for every T' C [n], we have Pr, (¢ [T =T] = 27"
(for every i € [n], the probability of i € Cy is 1/(2m) and the probability Cj is included in T
is 1/2 since 2z, is a uniformly random bit, hence for every i € [n], we have Pr, (¢ y[i € T] =
S22™ (1/2m) - (1/2) = 1/2 and this is independent for every i € [n] by construction). It is now easy
to see that w is uniformly random because

Pr (W =uw|= Pr[T=T] - Pr[W =w|T=T] = Pr[W =w|T=T]=2"",
z’{cj}[ =) Prf ] - Pr(W = w Z | ]

where the last equality used the fact that once we fix T, then all the bits of w which are 1 are fixed.

For m = let 7 : [n] — [2m] be a random hash that buckets these n variables (jointly

1
2072 logk’
for j € [2]). By Lemma 46, we argued that, with probability at least 1 —e~""/2, at least 9m/5 of the
2m buckets are good for j = 1, i.e., a good bucket g € [2m] for j = 1 satisfies Z A - -1

ier—1( - 4Tm
For the same reason, with probability at least 1 —e~™/2, at least 9m/5 of the 2m buckets are good
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ien—1(q) Al < —ﬁ -I. Applying a union
—-m/2

bound, at least 8m /5 of 2m buckets are good for every j € [2] with probability at least 1 —2-¢

for j = 2, i.e., a good bucket ¢ € [2m)] for j = 2 satisfies )

By the argument in the start of the proof, we know that after bucketing, we can convert each
f; into a function g; : {—1,1}*™ — Sym,, such that f; and g; have the same distribution. Now we
can invoke Theorem 45 as follows: we know that a 4/5-fraction of ¢ € [2m] satisfy AY = ﬁ -I'and
A} < — LT, so we have

Pr |37 € [2] s.t. Amax qu/_l? —Bj | € (—-1/2rm,0]| <O (\/ 1) +2e7/2,
m

z~Um
q=1
We now prove the main theorem statement. In order to do so, first observe that, we can partition

the bound on the LHS into [2A7m] intervals as A > 1/27m from our choice of parameters.'® and
by a union bound we have

R EC 2] $.t. Amax (Z Al —Bj> € (—A A

< 0 (A rm (@ +exp<—ﬂ<m/2>>>>

From the choice of the parameters, the first term above dominates. And thus

Pr

x~Unp

3j € [2] 8.t Amax (Z w; Al — Bj> €[-A,0]| <O(A).

Similarly one can also show when the LHS of the equation above is replaced with (0, A]. Hence we
get our theorem statement. O

6 Invariance principle for positive spectrahedrons

In this section, we establish our main invariance principles.

6.1 Invariance principle for smooth spectral functions

We now prove our main lemma which is an invariance principle for the Bentkus mollifier. We remark
that our analysis is the standard Lindeberg-style argument for proving invariance principles, but
when applied to the spectral Bentkus mollifier. We first write out the Fréchet series for the Bentkus
mollifier, which we then upper bound using our main Theorem 28. In order to understand the error
terms in the Fréchet series, we use the matrix Rosenthal inequality (in Fact 7) in order to understand
the moments of random matrices (we remark that this inequality will also be useful in our PRG
construction). Superficially, our proof techniques resemble the previous invariance principle proofs
used in [HKM13, ST17, OST19], but the quantities we need to bound are very different from
their analysis.

18To be precise, for a vector v € R¥, observe that the event [Vi € [k] : v; < b; + A, and 3j € [k] : v; > b; — A] can
be broken down into the intersections of A/27m events given by A227™ '[Vi € [k] : v; < b; + A — £/2rm, and 3j €

[Z]Z’Uj > bj —A—(£+1)/2Tm]
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Lemma 48. Let k> 1,0,7 € (0,1) and ¥y : Sym;, — R be defined as g (M) = (Ggo \) (M) where
Gy is the Bentkus mollifier defined in Eq. (18). Let S1,S2 be (17, M)-regular positive spectrahedrons
specified by matrices {AL,... A}, B1} and {AL, ... A%, Bo} respectively. Let A' = diag (Ail,Aé)
and B = diag (B, B2) be block diagonal matrices. Then

N

This inequality holds if x is (10log k)-wise uniform.

o 7
<o (M5 e ipp)0r0)).

m’\’un QNQ”

Proof. Let t = [1/7]. Let H = {h : [n] — [t]} be a family of (10log k)-wise uniform hashing
functions, i.e., for every subset I C [n] of size at most 10logk, and b € [t]/, we have
) 1
P, 0 =1 = gy

where the probability is taken over a uniformly random function h € H. Fix an h € H (think of
h as a partition of [n] into ¢ blocks S1,...,S; C [n], where S; = h=1(i) for all i € [t]). For & ~ U,
and y ~ G" let us divide x,y into blocks =!, ..., 2! and y',...,y" according to h. It is not hard
to see that &' ~uniform {—1, 1}|h71(i)| and y' ~ G @l We now upper bound the quantity

ofge]] - (g

by the standard hybrid argument. Let {Z° ..., Z!} be a set of random variable on n coordinates
such that Z9 is the uniform distribution on {—1,1}" and Z' is uniform in G". To this end, define
Z* as follows: for j € [¢], let Z|h 1) = =y’ and for £ < j <t let Z| 1) = = 7. It is easy to see that

7% ~ U, and Z' ~ G". We now can upper bound Eq. (43) as

(S]] oo

(43)

mNUn yEg"

a:NZ/{n yNQ"
t r n T r n T
= v ZtA - B | - v ZE1A - B
=ly~gn L =1 i y~Ggn L =1 _
t r n ) T M n ‘ T
<D E |V (Y ZA-B||- E |Ug|> Z'A-B
= |2Un i=1 Uy, i=1
y~g" - - y~gt - -

We now upper bound each of the ¢ quantities on the RHS of Eq. (44). Fix ¢ € [t] and let us
assume for simplicity that h=!(¢) = [m]. By definition of Z* we observe that Ze Zz'H for all
je{m+1,...,n} and in fact we have

Z8= (a1, .. @y Zong1s -3 Zn)s 2 = (Y1, Yy Dt - - -y T,

where x; ~ U and y; € G is uniform in their respective domains. Crucially note that Z,,11,...,Z,
is independent of the x;s or y;s by definition of Z¢, Z“*1. Rewriting the (-th term in Eq. (44),
we get

E |V Al Z;AY — — v A Z;A" — 45
5 [wo[Teas 5 (W[ Swas 3 1)
y~G" =m-+1 yNgn i=m-+1

Q P R P
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Let us analyze both these quantities separately. We can first write the Fréchet series for both these
expressions as

Wo(Q + P) = Wy(P) + DUy (P)[Q] + L D"y (P)[Q.Q) + £ D*Wy (P)[Q.Q.Q  (46)

where P’ = P + £Q for some ¢ € [0,1].1
Wy(R + P) = Wy(P) + Dy (P)[R] + 3 D*Wy (P)[R, R + (D™ (P") [R, R R, (47)

where P” = P 4 &R for some £ € [0, 1].

Now, observe that since the first moment and the second moment of  match with the standard
normal distributions. Thus we have that

E [DVy (P)[R] = E [DUy(P)[Q]]

y~g" y~g" (48)
E [D*W,;(P)[R,R]] = E [D*¥,(P)[Q,Q]].
Yy~ y~

So by taking the difference of Eq. (47) and Eq. (46), only the third order spectral derivatives remain
to be bounded. For this, we now use the Corollary 29 and obtain

A2
Dy (7)Q.Q.Q)| <0G e’ k- [l (49)
|D*Wy (P")[R,R,R]| <O <?§ log® k - ||RH3> : (50)

where Ay = || P’|| and Ag = || P”|.
Thus, the absolute value of Eq. (45) is upper bounded by

o8 L a (sl + a311°] < 5 (m [1P11) 7k e & [1p1] R 1mie] )

93 3
(51)
where the inequality is by Cauchy-Schwarz inequality.
Using Fact 6 and the fact that >°.(A%)? < M -1, we have
E[IP'] <0 (10g2k- M2+ |BI*), E[IP"|'] <O (log?k- M2+ |BI')  (52)

We now upper bound the last term in Eq. (51) using the following claim.
Claim 49. It holds that E [||Q|ﬂ <O (loghk - M%), E [HRHﬂ <O (loghk - - M.

Before proving this claim, observe that combining Claim 49 with Eq. (52), (51), we can upper
bound Eq. (51) (and in turn Eq. (45)) by

log” k
93

(MBI - (M - ﬂ“’)

log® k
0 < °§3 - (Mlogk + ||B]]*) - (log” k- 717 M1'5)> <0 (

19This follows directly from the mean value theorem for Fréchet derivatives [AP95].
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Putting together this inequality with Eq. (44), we finally get

() [ (5

concluding the theorem proof. We now prove the claim above.

:pNZx[n

log” k
<0 (S5E ar 181 - 0r-7?).

yNG"

Proof of Claim /9. Note that @ = > o, x; A", where (z1,...,x,) is iid. with Prlz; =1] =
Pr[z; = —1] = 5. and Pr[@; = 0] = 1 — 1/¢t. Then using Fact 7, we have

1/2 1/8p
/ .
slio]™ < vt (), eon (FE )
_ 1/8
< m.ﬁ.kgzﬂgp_l)(W) P

where the second inequality used ), (Ai)2 < M -1 for both terms and 0 < A* < 71 for upper
bounding the second term. Setting p = 10logk, t = 1/7 we have

E [||Q|\§ﬂ 0 (\/1ng; T VM +logh -7 (M/T)l/(SOIng)> 0 <logk 3 m) |

Thus, we have
3
E[IQI°] <E[IQI%] ™ < 0 (tog®k - 7* - M?),

where in the first inequality note that the LHS is the spectral norm and the RHS is the (8p)-
Schatten norm. This proves the first inequality in the claim statement. The second inequality in
the claim follows by the exact same argument (since Fact 7 applies to even ), g:AY). ]

The proof of this claim concludes the proof of the theorem. O

6.2 Invariance principle for positive spectrahedrons

We are now ready to prove our main theorem now, which involves combining our anti-concentration
Theorem 42 and our invariance principle for Bentkus mollifier in Lemma 48.%°

Theorem 50. Letk > 1, M > 1,v> 1,7 € [0,1],d € [0,1]. Let S1,S2 be (1, M)-regular positive
spectrahedrons specified by matrices {Al,..., A% B} € Sym; and {AL,... A%, By} € Sym, respec-
tively satisfying ||Bi||, || B2l < . Let S = S1 N0 Sy. If pis a (10log k)-wise uniform distribution
over {—1,1}", then

EfxeS]- E [ges]|<C: (M+72)1/5-10g7/5k-M3/10-73/10,

T g~Gg

for some universal constant C > 0.

29We remark that our theorem statements should also hold true for a larger class of proper distributions as considered
in [HKM13], which requires one to extend our main Theorem 19 to show that even the 4th order spectral derivatives
can be bounded by || f||1. We believe this should be possible and leave this to be made rigorous for future work.
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Proof. Again for notational simplicity, let A’ = diag (A’i,Aé) and B = diag (B, B2) be block
diagonal matrices. We conclude the result by combining Fact 24, Lemma 48 and Corollary 42 as

follows: first Lemma 48 implies

(]

In particular, using Fact 24 (for D = B — -1 and D = B + §-1), the “if” condition of Fact 24 is
satisfied with

m~u QNg 03

<0 (1"” OB - 01 )

7
n=0 (1023 C MR 7)1'5)

where f = O(0 - y/logk/d). In particular, Fact 24 and Corollary 43 now together imply that

(St n)| -l (B )|
Amax (ZgiAi—B> e [-A, A
—0<IO§;k <M+(7+6 W)) (M - 715+5+A>

7
go(l‘)ggk <M+<7+\/10gk:/5)) 15+5+A>

(BNM gwg"

<y+30+ Pr
g~gr

Let us fix

o\ 1/5
06, 0« A, <(M~7')1'5-10g7k:-(M+(’y+\/logk) )) — 9.

This gives us

(]

6.3 Application: Pseudorandom generators for positive spectrahedrons.

< ((M-7)" log" k- (M +~2))"°.

mN,LL gwgn

We are now ready to describe our pseudorandom generator for fooling positive spectrahedrons.
Our PRG is based on the well-known construction of Meka and Zuckerman [MZ13] which we de-
scribe now. We remark that the same PRG (with minor modifications and different parameter
settings) was used in [MZ13, HKM13, ST17] in order to obtain PRGs for polytopes.

Meka-Zuckerman PRG. We begin by describing the Meka-Zuckerman PRG. Let us fix the
parameters § € (0,1), 7 = Q(6'%3/(log” k- M - (M ++?))) so that we have (M + 72)1/5 1og™ k-
MB/A0 . 73/10 — § (where the LHS of this equality is the upper bound obtained in our invariable
principle proof). Let t = [1/7] and consider the family of (2 log k)-wise uniform functions H = {h :
[n] — [t]}, i.e., for every for every subset I C [n] of size at most 5logk, and b € [t]!, we have

, 1
Lo [h(i) =bi] = o,
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where the probability is taken over a uniformly random function h € H. Efficient constructions
of such hash function families are known with || = O(n®°8¥). For simplicity (as in the proof
of [MZ13, HKM13]), we also assume that for every j € [t], we have |h=1(j)| = n/t. Let m = n/t
and Gg : {0,1}° — {—1,1}"™ generate a (10log k)-wise uniform distribution over {—1, 1}, i.e., for
every I C [n] of size at most 5logk and b € {—1,1}!, we have

) 1
zeﬁ)ﬂ}s[mi =b; foralliecl]= STk
x=Go(2z)

where the probability is taken over uniformly random z € {0,1}*. It is well-known by [NN93] that
efficient constructions of generators Gy are known for s = O(log klogn). Finally, we are ready to
describe the Meka-Zuckerman generator: for a given hash function family H and generator Gy,
define G : H x ({0,1}%)t — {—1,1}" by

G(h,z',.... 2 ==z, where z,-1¢;) = Go(2') for i € [t].

Clearly the seed length of this generator is

0 <(log n)(log k) + (logn)(log k:)71_> = O((logn)(logk)/7) = (logn) - poly(log k, M,1/§,7),

where the first term is the logarithm of the number of elements of the hash function family |H]|,
the second term because we have s = O((logn)(logk)) and recall that we picked ¢t = O(1/7) and
the final equality used the bound on 7 we fixed at the start of the proof.

We now restate our main theorem and prove it.

Theorem 51. Let§ € (0,1), k,n, M > 1 and 7 < §'%/3 /(log® k- M -(M +~2)). Let Sy, S5 be (1, M)-
regular positive spectrahedrons specified by matrices {Al, ..., A% By} € Symy and {AL, ... A}, Bs} €
Symy, with ||B1||,||Bz|| <~. Let S = S1 N Sy. There exists a PRG G : {0,1}" — {—1,1}" with

r= (log n) ’ pOly(lOg k, M, 1/67 7)
that §-fools S with respect to the uniform distribution.

The proof of this theorem is a generic statement that allows one to go from invariance principles
proven using the proof techniques to construct PRGs. The proof uses the same proof ideas of
Harsha, Klivans and Meka [HKM13, Section 7.2] (except that now we directly proved Boolean
anti-concentration instead of the weaker Gaussian anti-concentration as proven by [HKM13]). We
provide the proof below for completeness.

Proof. Again for notational simplicity, let A’ = diag (AQ,AQ) and B = diag (B, B2) be block
diagonal matrices. The PRG G will be the Meka-Zuckerman PRG defined above, so the seed length
r = (logn) - poly(log k, M, 1/4,~) immediately follows.

Wy (Z (G(x)), A" — B) Wy (Z giAl — B)
=1

i=1

E

x~U,

— E
g~gn

log” k
<o (M55 0B 01-71).

(53)
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where we used the fact that G(x) for uniformly random x € {0,1}" generates a (10log k)-wise uni-
form distribution and Lemma 48 holds for every (10 log k)-wise uniform distribution . Repeating
the same calculation that we did in the proof of Theorem 50, we get

E

x~Uy

- E
g~gn

o <Z (G(x)), A® — B)

=1
S ’Y+35+ Pé [)‘max (A (g)) € (*A, AH
g~ n

NG <Zn: gi Al — B)
=1

log” k
:O< R -(M+HBH2)-(M-T)1~5+6+A>,

and using our assumption on 7 (and the same parameters as in Theorem 50), this implies that

E [Gz) eS| — E [ges]|<s,
JE 6@ es]- Elges] <

hence proving our theorem statement. O
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A Proof of Lemma 34: Case 2

Recall that the goal is to prove the following inequality
g(l’il)_§<xi3> _ g(mil)_g(xiz)
> e 2 G (@) Higia Higio i | < O (Alog? KIHIP)  (54)

= Tiz — X4
i1 £ia i3 3 2
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First observe that the LHS of the inequality above can be rephrased as follows.

(i) =g(wiy) _ g(wi)-9(wiy)

Z T3 —Tiq . . Tig —Tiq G (.’L‘) Hil,iQHiZ,iSHi37i1
i1 F#i2 713 Fia T
g’(zil)g(%‘g)*g(xh)9/(‘“3)9 (I'z ) . g/(:m’l )g(xiz)fg(xil )g’(xiz)g (Qf'z )
Ljo —T; 2 S ’
=12 Z i3~ Tig - S G (x—{h,iz,i:s}) Hi, iy Hiy i3 Hiy i,
i1 #ig#i3 o T
951',3>95i2

(55)

Providing an upper bound on this consists of several lemmas and the result is concluded by combing
all of them via triangle inequalities. To keep the expressions short, we use the following notations
to represent Eq. (54), which are clear in the context.

(i1)" (i3)—(i1) (i3)’ (iz) — (1) (in) = (i1)(i2)’ (i3)

9 Z [i3—i1] [i2—i1]
11712713

Tiz >Tig

i3 — 2] ’ (56)

where we implicitly hide the G (a:_{,-l,iz,i?)}) H;, i, Hi, i, Hi, 4, term. We first give a sketch of how we
are going to upper bound this inequality and break it into subsections.

S NN i N SN (i) (ia)' = (i1)"(ia) _ (i) ()" =(i1)" (i2)
(56) = (i1)(i3)' — (i)' (i3) (ia) — (ia) lia—i1] ] (i)

[i5 — 1] [ig — 2] [i5 — i2]

Section A.1, Lemma 52 (%) Section A.1, Remark 1

We now break up Remark 1 into two cases

(x) = Remark 1 -I[min{x;,, i} > zi,| + Remark 1-I[z;, < xi, < T4y] .

(t) (i)

Note that there are the only two cases we need to handle since by symmetry between i, and i3, we
can assume x;, > T;,, without loss of generality. Now we bound these two terms, separately.

(ia)' = ()" _ (2)'=(i1)’ (i3)=(i1) _ (i2)=(i1)

() = [237“%2'3 — 2'2512721] (1) (i3) — [’37“&3 — iZ[TﬂI} (i1)"(is) .
Section A.2, Lemma 57 Section A.2, Lemma 58
and (in)(is)' —(is)(is)" _ (i1)(i2)'—(iz)(i2)’ (i3)'—(i1)’ (ig)'—(i1)’
R = i R W B i =N AR
[i3 — o] [i3 — o]
Section A.:{Lemma 59 (9) Section A.3, Remark 2
and

e {is)! —{in) _ {in)/ = (ir)’
(€) = (i3)" — (i1)" (is) — (i) . = =l o )

i — 11] [ig — 2] (fs) + [i5 — 2]

Section A.4, Lemma 60 Section A.4, Lemma 61

Finally in order to upper bound Eq. (56), we simply bound each of these terms by O (A log? k||HH3>

in the respective sections (as underbraced by the terms).

51



A.1 Case 2.1

Lemma 52.

(i) (iz) — (i1)"(i3)  (i3) — (ia) ) ) ,
11;;&3; [7/3 - ’ll] . [13 — 12] =0 (A ' 10g k- HHH ) .

Remark 1. Using the triangle inequality, it suffices to upper bound

(i1)(is) —(41)" (i3) _ (i1)(i2)'—(i1) (i)

>, —= -
i1 AigAiz: [ig — i2]
Ii3>zi2

Proof of Lemma 52. We apply Claim 22 to the first sum and obtain O (Amax{¢' (z;,),q (zi;)})
(note that we have max{-, -} to compensate for the fact that x;, > z;, or x;; > z;,). Therefore, the
left hand side in Lemma 52 can be upper bounded by

9 (wiz) — g (wiy)
O Z A ’max {gl (xh 1313 } ;3 ey .G (m—{il,ig,ig}) Hllﬂzle,lsHls,ll
iy #igAis: 2
zi3>z7;2

IA
)

Z () + Z () + Z () + Z (-+)

i1 F#ig7#i3: 1] #i#13: i1 #i7#13: 11 #i27#13:
>xi220,xi1 >0 xi3>xi220,zi1 <0 Tjg >Tjy Ty <O,aci1 >0 Tjg >Tig,Tiy <0,zi2<0

(57)

First term in Eq. (57). Note that g (z) > § if # > 0. Since ¢’ is monotone decreasing in the
interval [0, 00), the first summation is upper bounded by

O Z A ’max {g/ (w4,) g/ (z1,) G (33—1'3) ,Q/ (5513) g (zi,) G (2—i } Hi, iy Hig iy Hiy, 11|
i1 FigAiz:
zi3>zi220,zi1 >0
< 0 (A ’ HG(2)||1 ’ maXZ ‘H11,12H22713H3 i1 ’) (58)
21,22 is
< 0 (A log k - maxZ\ 1o ,Q,ZSHiS,m) <O (A-logk- |H?|) (59)
i1,02 “

where the first inequality used that |¢'((i,.i,)| < max{|¢'(x:,)|, |9 (zi,)|}) and the last inequality
follows by Eq. (35).

Second term in Eq. (57). The second summation is upper bounded as follows, again by the
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mean value theorem observe that

@ > Almax {g' (zi,) g’ (€iy) 9 (wi5) ¢ (€iy) } G (€—iy) Hiy iy Hiy i Hig iy |

i1 #igF#ig:
Tijg >y 20,931-1 <0

< olAa > NG (@y)|ly max Y |Hiy iy Hiy i Hig iy | + |G (24, ||y max | Hi, o Hiy i Hig i, |
2 12,13
i1:xi1<0 13
< O0(A-log k- ||H|*),

where the last inequality is from Fact 20 and the assumption that |{i : z; < 0}| < 3logk.

Third term in Eq. (57). Using the fact that ¢’(-) is bounded by a constant, the third
summation is upper bounded by

O Z A ‘ma‘x {g/ (ZIZ“) 79/ (xl3)} : G (‘Tf{iz,ig}) Hi1,i2Hi2,i3Hi3,i1‘

i1 Fip#13:
Tig >zi2 T <0,z7;1 >0

= 0 > () + > () |- (60)

i1 FigFiz: i1 FigFAig:
Tig >zi2 Tiq 20,1i2 <0,z7;3 >0 zi3>z7;2 1Tiq 20,11-2 <0,aci3 <0

For the first summation in Eq. (60), using the fact that g (x) > 5 when x > 0, it is upper bounded by

1
2

oA > imax {g' (2i,), 9" (2i5) } - G (£_gi5}) Hiy o Hi ig Hig i |
i1 FigFAig:

zi3>xi2 Ty 20,961-2 <O,a:i3 >0

IN
Q

A Z HG(l)HlH%?XZ|Hi1,i2Hi2,i3Hi3,i1‘
23

ig:x¢2 <0

IN

ola > Vlogklni?xz’Hi1,i2Hi2,i3Hi3,i1|
13

7:2::137;2 <0

O (A-1og k- ||H]*),

IN

where the second inequality is from Fact 20, and the last inequality used Eq. (35) and the assumption
that |{i: z; <0}| < 3logk.

In order to upper bound the second summation in Eq. (60), first observe that both ¢ (-) and
G (-) are positive and upper bounded by 1. Thus, Eq. (60) can be bounded as

ola Z Z HilvizHi27i3Hi3,i1| <0 (A ) long' ||H||3) :

igFig: i
Tig <O,mi3 <0
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where we again use Eq. (35) and the assumption that [{i : z; < 0}| < 3logk.
Fourth term in Eq. (57). The last summation is upper bounded by O (A log?k - ||H||3>

using the same arguments to upper bound the second summation in Eq. (60). O

A.2 Case 2.2

We upper bound the quantity in Remark 1 in two cases that x;, > z;, and z;, > z;,. In order to
prove this lemma we need the following lemmas and claims.

Claim 53. For integer k > 1, X € Sym;, and H € Maty, it holds that

|(XH+HX)e < 2 X |- | He X2

=,

Proof. As the Schattern norm is unitarily invariant, we assume that X = diag(z1,...,x,) is
diagonal without loss of generality. Then

|(XH + HX) e X2 ZH (i 4 2)* e < 4|XIP D0 HZ e = AN?| He X2,
?:7.j
O

1, ui,uo,ug > 0 satisfying u; + ue +us = 1 and X €
then it holds that

Lemma 54. Given an integer k

>
Symy, Hy, Hy, H3 € Maty, if uq,uz <

1
5
[T [ B Hae X | < [y - e 3 - | i |

Proof. Using the inequality |TrABC| < ||Al|5 - [|B]|5 - |C|| (where || - ||2 is the standard Frobenius
norm and || - || is the spectral norm), we have

‘rﬁ" [6_“1)(2H1e_“2x2H2€_u3X2H3] ‘
e Helvs )X e ppevs 20 | g |

_1lx2 —1x2
< | Hyem 2|, - | Hae 22X ||, - || Hs

IN

The last inequality is from Lemma 55 O

Lemma 55. Given diagonal matrices A = diag (a1, ...,ax), B = diag (b1,...,b;) with ay > --- >
ar >0 and by > --- > b > 0 and an arbitrary matriz H, it holds that

IAH By < ||[HABl,.

Proof. Note that

a2b? + a?b? — a2b? — ajzb2

ADIE AR = 5 (65— ot) 3, (F

i?j
1 2\ (12 _ 12
i7j
where the first equality is from the symmetry. O
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Lemma 56. Given an integer k > 1, matrices A, B,C € Maty, and X € Sym;, with || X|| < A, it
holds that

‘ﬂ [D2 <e_X2/2> A, B] C} ‘

2 2 2 2
< 4A. e {HAe XLy |Be X2y - |, [ Ae X2 - [Ce X P2 ||B|}

1Be X2, ||Cem X2, - || A
Proof. Combining Lemma 12, Lemma 54 and the inequality that
I(XA + AX) X2, < 2| A=y, | XA+ AX|| < 2A]|4],

we conclude the result. O

Lemma 57.

(i3) —(i1)" _ (i2)' —(31)’

3 il )iy < 0 (A% 1o K| HIP)
et [i3 — i2)]
i1 F19F13:

Ziq >Ii2 ,zis >zi2

Proof of Lemma 57. We break the summation into two summations

)DIECDIES NS DS (61)

i1 Fi27#13 i1 #9273
Ziq >Zi3>zi2 zi3>mi1 >Ii2

For the first summation, we define

o Hi’j, if r; < Z;j
I 0, otherwise.

and Then [|A| < logk - ||[H|| by Fact 4 (without loss of generality, we may assume that x;s are
sorted in increasing order. Further notice that all the diagonal entries of H are zeros. Thus A is
the upper triangle part of H). We first bound the first term in Eq. (61). In this direction, we first
rewrite it as

MZG i, <(02 (e72) [A,AT]H>i27i2> W S

12<0

where X = diag (z1,. .., ) and we implicitly used that we are summing over terms with z;, < ;.
For the first summation in Eq. (62),

T (D7 (e°02) (4, AT HE, )

2 2  y2  y2
18%10g k- max { | Ae= X2 - | H iy, [ Ae™X 2]y - | He X 2]y | AB, | |

IN

A

40 log k|| He=X>/2|[; - || H]|. (63)
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where the first inequality is by Lemma 56 and the second inequality is because X and Fj,;, are
diagonal and A is a submatrix of H. Thus, the first summation in Eq. (62) is upper bounded by

A? - logk

2
T 2 Glaw) [He P | H]

722::1:1-2 <0

2
= A?logk - Z G(x—i2)ze Z3H12”3HHH

i2:$1‘2<0 21,83

< [ Az 1og2k;.miax > g (miy) - G(aiy) - HY | H||
? 11743
< 0(a%0g k|H]*)., (64)

where the first inequality is from the assumption that |[{i:z; < 0}| < 3logk and the second in-
equality is from Fact 20.

For the second summation in Eq. (62), we define

Hij e
fiiy = ey 17520
’ 0, otherwise.

Then ||H| < 2||H| as g (z;) > 2 if 2; > 0. It is easy to verify that the second summation in
Eq. (62) is equal to

' 1 G ( A?log k
V2 V2

where the first inequality is from Lemma 56 and the second inequality is from Fact 20.

T D () [ A1) | < SR (o) e ] < 0 (a7 108 k).

Finally, the second summation in Eq. (61) can be upper bounded using the verbatim same
arguments by O <A2 log?? k - ||H||3) This proves the lemma statement. O

Lemma 58.

(i3)—(i1) _ (i2)—(i1)

5 [ig—il[ig_iQ[aQ—ill (i) (is)| < O (A log" k- |1
i) FigFig:
T >Tjy iy >y

Proof.
(i3)=(i1) _ (i2)=(i1)
Z [743—’51[]‘ — [32—21} <Zl>/<13> _ Z ( . ) + Z ( . ) (65)
i1 Ain#is: 312 i1 Aig#is: i1 Aig#is:
Tjg >Tjy iy > T, Tja >Tig,Tiy >y, >0 Tjg >y Tiy >0,:ci2<0
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To upper bound the first summation in Eq. (65), we apply Fact 3 and upper bound the first
summation by

O Z }g// (&171'272'3) g/ (xll) G (x—{il,iz}) Hi1,i2Hi2,i3Hi3,i1
i1 Figis:

37T Tiy > Ty >0

wi3

IN

oflA- > 9 (i) ¢’ (1) G (2131 i0y) Hiin Hig is Hig i1

i1 Fi713:
Tig >z,L'2 1T4q >z7;2 >0

< 0<||G(2) ()], max > |Hi1,z'2Hz'2,ist‘3,i1|>
11,22 ~
13

< 0 (A-logk-HHH?’>

where the last inequality is from Fact 20 and Eq. (35). Note that |¢” (§)] < A for any & €
[iy, max {zi,, iy }] by Eq. (11). Applying Fact 3, the second summation in Eq. (65) is upper
bounded by

OlA Z Z gl (le) G (377{2'1,@'2}) ’HihizHiz,i:sHig,il‘

i2:(Ei2 <0141,i3
< O (A -log k - max HG(I) (@—ig)l; - maXZ |Hi1,i2Hi2,i3Hi3,i1‘>
iz u -
< 0(a 10g" k- |[H|)

where the first inequality is from the assumption that [{i : z; < 0}| < 3logk and the second in-
equality is from Fact 20 and Eq. (35). O

A.3 Case 2.3

We now bound the second case of Remark 1 when z;, > x;, > x;,. Recall that the goal is to upper
bound the following lemma.

Lemma 59.

(i1)(ia) = (ia)(is)" _ (i1)(in)’ = (iz) (i)’
Z [i3—i1] : : [i2—1i1] (i5)| <O (A . 10g1.5 k- ||HH3)
i1 FigFis: [23 - 7'2]
zi3>zi2>li1

Remark 2. Combining with Remark 1, it suffices to upper bound

(i3) —(i1)’ (ig) — (i2) —(i1)’ (i2)

Z [is—i1] [i2—i1]

i1 Fi713:
Zi3 >Zi2 >zi1

[i5 — i) (i2)
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Proof of Lemma 59.

<i1><iT}’*§iT><i3>’ _ (i1><izE}’*{iT><i2>'

13—11 G9—11 .
— i

Z [i5 — i2) {is)

i1 Fig7#13:
Tig >Ii2 >cc,L-1

<i1><i2[}’—{i7><i2)’ _ (i1><i2[?’—{iT><i2>' <i1)(iai}'—{i7><i3>' _ <i1><iT?’—{iT><i2>’
< i3—11 ‘ ‘ G9—11 ig + 13—11 ' . i3—11
ilqz;éig; [Z3 - ZQ] < > il#"bzz;fisi [23 - 22]
xi3>xi2>xi1 wi3>xi2>$i1

(i) =(ia) _ (i1)=(i2)

Z liz—11] lia—t1] /. \r/- Z
i1 Fig#ig: 3 2 i1 AigFAiz:
.7,‘2-3>.'ci2>$i1 mi3>mi2 >.’E.L'1

(i) = () {ig) = o)

[ig — 1] lig — i2]

The first term is upper bounded by O <A log'? k- ||H||3) using the same argument in Lemma 58.

The second term can be rephrased as

2 : g( 11) g( 13) X g ( 13) g ( 12)9(1‘1'3) G(xfil)Hil,izHig,igHig,’L'l
i1 FigAis: Lizg — Liy Lig — Lig
Ii3>zi2>zil

< PR OD L D DI S (67)
i1 AigFAiz: i1 AigFiz:
Tig > Ty >Ti Tiy >0 Tig >y > Ty Ty <0

For the first summation in Eq. (67), we apply the mean value theorem for both g and ¢’. From
Eq. (11) it is upper bounded by

Z A ‘g/ (z4,) g (iy) 9 (Tig) G (2—iy) Hiy iy Hig ig Hig iy
i1 AigFig:
mi3>zi2>acil,:ci1 >0
< 0(a-16? @), |H|P)
< 0 (A logk - HH||3) .

For the second term in Eq. (67), it is not hard to verify that

g/ (3713) - g/ (xu)
:Ui3 — Ty

< Amax {g (zi) g (xi,) } (68)

Further notice that |¢’ (-)| < 1. Applying the mean value theorem to g, we upper bound the second
summation in 67 by

oA > max {g' (zi,) , 9’ (2iy) } 9 (€iy) G (x-i;) [Hiy iy Hiy iy Hig i, |

i1Fi27#13:
Iig >Z7;2 >zi1 iy <0

IN

O <A . logk . HlZaX”G(l) (x_il)”l . Il’;aX E |Hi1,i2Hi27i3Hi3,i1|>
1 2 -
13

IN

0 (A loglSk - HHH3>

o8



where the first inequality is from the assumption that [{i : z; < 0}| < 3logk and the second in-
equality is from Fact 20 Eq. (35). O

A.4 Case 24

In this section, we want to upper bound Remark 2. To do so we write it as the sum of two terms
(the first one is easy to bound).

Lemma 60.

VRV TR
3 () = ()" {ia) = () 5001 < g (A tog?k - H|)

Tig>Tip >Tiy
Proof of Lemma 60. We split the summation into two cases that x;, > 0 and z;, < 0. For the
case that x;, > 0, we apply the mean value theorem to ¢ (-) and Eq. (68), it is upper bounded by
0 (A -logk - HHH?’> For the case that z;, < 0, we have x;; < 0. Note that |¢/ (-)| < 1. Thus it is

upper bounded by

0O Z Z Hi1,i2Hi2,i3Hi3,i1| <O (10g2 k- ||H||3> :

iAo i3
Ty <z,L'2 <0

O]

Next, our goal is to prove the following lemma which upper bounds the Remark 2 statement.

Lemma 61.
(i)' =(i1) _ (i2)' —(i1)’

Z [ig—il]. . [i2—i1] (ig)(i3)| <O (@ ||H||3) .
i1 Fig#ig: [Z3 B 22]
Ty > T >Tgy

Before we prove this lemma, we first prove a “simpler” proposition which will be crucial in
upper bound the above.

Proposition 62.
(1) =(is)" (i) —(i2)’

D 2 =] go(AQ-\/@-IIHH?’)

117412713 [23 B 22]

Proof. Using Fact 10,

g (xis)_gl(gjil ) _ 9/(’“2 )_9/ (111)

Tig—Tiy Tiog —Tiy . 1
> S G (2) Hiyio Hiy iy Hig i, | = Nir
i1 F£i07F 13 ' ‘2 g

Tr {D2 (ex22) [H, H] H] ‘ G (z),
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where X = diag(z1,...,zy). Using Lemma 12, it suffices to upper bound

'u(lfu)X2

ux? (1—v)(1—u) X2
G (x)|Tr |:6_2 (XH+HX)ee 2 (XH+HX)e™ 2 HH (69)

and
uX2

(u—1)Xx2
Tr [e 5 H% 2 H}

G (z) (70)

Note that u+v (1 —u) + (1 —v) (1 — u)=1. At least two of these three quantities are at most 3.
We upper bound Eq. 69 in the following three cases.

Ifu<3and (1—u)(l—v) <3,

using Claim 53 and Lemma 54, Eq. (69) is upper bounded by
X202 2| b7 —X2/2)2
|(XH + HX)e = ||| H|| < A%||He g - I1H |
Ifu< % and v (1 —u) < %, then the Eq. (69) is upper bounded by

2 2
[(XH + HX)e % |, |He T || XH + HX|| < 2A|He X*/2|; | XH + HX||
AN He= /2|3 - || H].

A

where the second last inequality is by Claim 53. The case that u (1 —v) < % and v (1 —u) < %
follows similarly.

Also Eq. (70) can be upper bounded with similar arguments. Thus
z) - jTr VX222 —uX? 2 | < 4N2G (z) || H| - [|He X725 (71)

Therefore,

9/(%3)79/ (xll) _ gl(xi2)7gl(xi1 )

Y e G (@) Hiyy Hi s B (72)
i1 is ‘3 ‘2
2
< (G(x)-Tr [D2 <e—Xz>[H,H}-HD (73)
< 0(A%G (@) |1H| [ He 25
_ oY a2 o) )
1,12
< 0(AY ¢ i) Gy HE 1|
11,12
< O AQZQI($i2)G<1’_i2) 11,2 ”HH
i1,i2
- ofstavin (sesit) )
< 0 (a6 @)l max (1), ,, - 1)
12 ’
< O(Az'\/logk-\\H\\?’), (74)
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where the second inequality used e~%/2 < 1, third inequality used g(z) € [0,1] and the last
inequality is from Fact 20. O

We are now ready to prove the main lemma. Note that end of the day we need to bound the
case (in Remark 2) when the quantity in Lemma 60 contains G(z—;,) instead of G(7_g;, 4y.i5})-
Observe that the inequality in Lemma 61 can be written as

9'(wiy)=9'(zi5) _ 9'(wiy)=9' (1)

§ : e —2 G ($—{i1}) Hil:iQHi27i3HiSai1 <0 (AQ ’ 10g2.5 k- HH”3)
i Aig i Lig — Lig
i1 FigFig
11 <19,11 <13
(75)

Observe that in this section we are concerned with x;, < z;, < z;, so the summation in this
lemma and the equation above are over the same indices.

Proof of Lemma 61. By the paragraph above, proving this lemma is equivalent to proving Eq. (75).
For the first summation above, let

(an), =

2y

{Hi7i17 lfj = il and 1 > ’1:1

0, otherwise.

The left hand side of the claim statement can be expressed as

\/12?;(}(3:_@-1) (Tr D2 (e*X2/2) [Ail’(Ail)Ti| H)‘ - \/127 3 (...)+\/127TA GD

ilzmil <0 ’Lllliilzo

(76)

Using the same arguments in Lemma 62 and the fact that ||flile_X2/2\|2 < ||He_X2/2||2, | A% <
||H||, we can upper bound the first summation in Eq. (76) by
1

2
= Y Gl e ] £ 0 (8 10g k).

ilza:il <0

where the inequality follows from the argument in Eq. (64).

For the second summation, define

L2 ifax;, >0
g(mil)

0, otherwise.

B

i1,d2 —

Note that ||Be=X*/2||, < v2||He X*/2||, and || B|| < v2||H|| (since g(x) > 1/2 for 2 > 0). Then
the second summation in Eq. (76) is equal to

G (z)

1 e 1 .
=T D? (e X /2) (B, B"] A’ < =G o) |[He XER2|LH| < 0 (A2-1og1-5k- |yH\|3)

where the inequality follows from the argument in Eq. (64). O
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