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Hitting Sets and Reconstruction for Dense Orbits in VP, and XI1X

Circuits
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Abstract

In this paper we study polynomials in VP, (polynomial-sized formulas) and in XIIY (polynomial-size
depth-3 circuits) whose orbits, under the action of the affine group GLf”ff(IF'),1 are dense in their ambient
class. We construct hitting sets and interpolating sets for these orbits as well as give reconstruction
algorithms. Specifically, we obtain the following results:

1. For C,, (41(x),...,L,(x)) = Trace ((61 (1:1:) (1)) o (En(lac) (1))), where the ¢;s are linearly indepen-

dent linear functions, we construct a polynomial-sized interpolating set, and give a polynomial-time
reconstruction algorithm. By a result of Bringmann, Tkenmeyer and Zuiddam, the set of all such
polynomials is dense in VP, [BIZ18], thus our construction gives the first polynomial-size interpo-
lating set for a dense subclass of VP,.

2. For polynomials of the form ANFa (¢1(x),...,la(x)), where ANFa () is the canonical read-once
formula in alternating normal form, of depth 2A, and the ¢;s are linearly independent linear func-
tions, we provide a quasipolynomial-size interpolating set. We also observe that the reconstruction
algorithm of [GKQ14] works for all polynomials in this class. This class is also dense in VP,.

3. Similarly, we give a quasipolynomial-sized hitting set for read-once formulas (not necessarily in
alternating normal form) composed with a set of linearly independent linear functions. This gives
another dense class in VPe.

4. We give a quasipolynomial-sized hitting set for polynomials of the form f (¢1(x),...,ln(2)), where
f is an m-variate s-sparse polynomial and the ¢;s are linearly independent linear functions in n > m
variables. This class is dense in XII3.

5. For polynomials of the form Y7 ; 1'[?:1 ¢; j(x), where the ¢; ;s are linearly independent linear func-
tions, we construct a polynomial-sized interpolating set. We also observe that the reconstruction
algorithm of [KNS19] works for every polynomial in the class. This class is dense in XIIX.

As VP = VNC?, our results for VP, translate immediately to VP with a quasipolynomial blow up in
parameters.

If any of our hitting or interpolating sets could be made robust then this would immediately yield a
hitting set for the superclass in which the relevant class is dense, and as a consequence also a lower bound
for the superclass. Unfortunately, we also prove that the kind of constructions that we have found (which
are defined in terms of k-independent polynomial maps) do not necessarily yield robust hitting sets.

*Department of Computer Science, Tel Aviv University, Tel Aviv, Israel, E-mail: dorimedini@gmail.com,
shpilka@tauex.tau.ac.il. The research leading to these results has received funding from the Israel Science Foundation
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'The action of (4,b) e GL2*(F) on a polynomial f € F[x] is defined as (A4,b) o f = f(ATx + b).
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1 Introduction

Proving lower bounds on the size of algebraic circuits (also called arithmetic circuits), is an outstanding
open problem in algebraic complexity. In spite of much effort, only a handful of lower bounds are known (a
detailed account of most known lower bounds can be found in the excellent survey of Saptharishi [Sap15]).
One common theme of most known lower bounds is that they are proved using algebraic arguments. That is,
a proof of a lower bound for a class of circuits C, usually has the following structure: one comes up with a set
of (nonzero) polynomials Fy,...,F,, in N = (";d) many variables, such that the coefficient vector of every
n-variate, degree-d polynomial that can be computed in C, is a common zero of all the F;s (such F;s are called
separating polynomials). Then, one exhibits a polynomial f whose coefficient vector is not a common zero,
thus proving f ¢ C. As an example one can immediately see that the well known partial derivative technique,
and its predecessor, shifted partial derivative technique, are algebraic. Grochow [Grol5] demonstrated this
for most of the known lower bound proofs. As the set of common zeros of a set of polynomials is closed,? this
immediately implies that if we prove that f ¢ C using an algebraic argument, then the same argument also
implies that f ¢ C, the closure of C. Recall that, in characteristic zero, the closure of a class C is the set of all
polynomials that are limit points of sequences of polynomials from C, where convergence is coefficient-wise
(see Definition 1.5 for a general definition over arbitrary characteristic). As most known techniques are
algebraic, we see that for proving a lower bound for a class C one actually has to consider the larger, and

less structured class, C.

Geometric Complexity Theory (GCT for short), which was initiated by Mulmuley and Sohoni [MS01, MS08],
approaches the lower bound question from a different angle. GCT also looks for an algebraic lower bound
proof, but rather than exhibiting an algebraic argument, it aims to prove the existence of a separating poly-
nomial. Specifically, GCT attempts to prove Valiant’s hypothesis, that VP+VNP, over C, via representation
theory. Valiant’s hypothesis is, more or less, equivalent to showing that the permanent of a symbolic n xn
matrix is not a projection of the symbolic mxm determinant for any m = m(n) polynomial in n.> Recall that
a projection of a polynomial is a restriction of the polynomial to an affine subspace of its inputs. Observe
that a restriction of an n-variate polynomial f(x) to a subspace of its inputs, is equivalent to considering the
polynomial f(Ax + b), where A is an n x n matrix and b € C". As any matrix is a limit point of a sequence
of invertible matrices, an algebraic proof that the permanent is not a projection of the m x m determinant,
over C, is equivalent to an algebraic proof showing that the permanent is not in the closure of the set of
polynomials {Det(AX +b) | A e GL,,,(C), b e C™}, where GL,,(C) is the group of invertible m x m matrices
(this is true for every field of characteristic # 2). The set {Det(AX +b) | A € GL,,(C), b e C™} is called
the orbit of the determinant under the action of the affine group (we denote the affine group over C™ with
GLA(C)). GCT considers the linear space of polynomials that vanish on every coefficient vector in the orbit
of the determinant, and similarly the linear space of polynomials that vanish on every coefficient vector in
the orbit of the permanent. There is a natural action of GLf‘f((C) on those linear spaces, thus defining two
representations of GL?,?(C). GCT wishes to find a separating polynomial by showing that some irreducible
representation of GLﬁf((C) has strictly larger multiplicity when considering the representation corresponding
to the determinant. This approach bypasses the barrier given in [FSV18, GKSS17] as it does not exhibit
any efficiently computable separating polynomial but rather just proves the existence of one. However, the
representation theory questions arising in this program are quite difficult, even when considering the analog

It is closed in the Zariski topology. Over R or C this is the same as being closed in the Euclidean topology.
3A super-quasipolynomial lower bound would imply that VP£VNP whereas a super-polynomial lower bound would imply
that permanent does not have polynomial-size algebraic formulas or algebraic branching programs.



questions for restricted classes. For an introduction to GCT see the lecture notes of Blaser and Tkenmeyer
[BI19].

Another possible approach for proving lower bounds against a class of polynomials C, is via the construction
of a hitting set for C. Recall that a hitting set H for a class C is a set of points such that for any nonzero
polynomial f, that can be computed by a circuit from C, there is v € H such that f(v) # 0. In [HS80] Heintz
and Schnorr observed that if we have such a hitting set H then any nonzero polynomial g that vanishes on
‘H cannot be computed in C. It is also not hard to see that this way of obtaining lower bounds also bypasses
the natural proof barrier of [FSV18, GKSS17]. The problem is that in most cases we obtained a hitting set
for a class only after proving a lower bound for it.

In [FS18] Forbes and Shpilka defined the notion of a robust hitting set for a circuit class C. Over fields of
characteristic zero, a hitting set H for a class C is c-robust if it also satisfies that for every f € C there is
v € H such that |f(v)| > ¢- | f|, where |-| is some fixed norm on C[x] (see Definition 1.9 for a definition
over arbitrary fields). It is not hard to see that if H is a robust hitting set for a class C then it also hits the

closure of C.

In this work we focus on depth-3 algebraic circuits, known as XII3, and on VP, the class of algebraic
formulas, two classes for which we lack strong lower bounds, and in particular we do not have hitting sets
for them. For XIIY circuits the best lower bound is the near cubic lower bound of Kayal, Saha and Tavenas
[KST16], and for VP, the best lower bound is the quadratic lower bound of Kalarkoti [Kal85]. Recall
that by the result of Valiant et al. [VSBR&3|, a super-quasipolynomial lower bound against VP, implies
a super-polynomial lower bound against VP. Similarly, a hitting set for VP, implies a hitting set for VP.
We also note that by a result of Gupta et al. [GKKS16], a strong enough lower bound or a hitting set
for XIIY imply both a lower bound for general circuits and a hitting set for them. This result also implies
that a polynomial-time reconstruction algorithm for XII¥ circuits would give rise to a sub-exponential time
reconstruction algorithm for general circuits. Recall that a reconstruction algorithm for a class C is an
algorithm that, given black-box access to a circuit from C, outputs a circuit in C that computes the same

polynomial.

Instead of viewing robust hitting sets as a way to obtain hitting sets for the closure of circuit classes, we
suggest to find subclasses of interesting classes, C c C, such that C is contained in the closure of C, and aim
to construct a robust hitting set for the subclass C. This offers a new approach for constructing hitting sets
for known classes and for obtaining lower bounds. Specifically, we consider subclasses of XII¥ and VP, that
are dense in their superclasses. Each of these subclasses is the orbit of some simple polynomial under the

group of invertible affine transformations.

For VP, we first consider a subclass that was defined by Bringmann, Ikenmeyer and Zuiddam [BIZ18]-the
orbit of the so called continuant polynomial (see Definition 1.16). We give a polynomial-sized interpolating
set? for this subclass as well as a polynomial-time deterministic reconstruction algorithm that uses as oracle a
root-finding algorithm.” In particular, this implies a polynomial-time randomized reconstruction algorithm,
and, in some cases, a polynomial-time deterministic algorithm.

In addition, we exhibit two other subclasses that are dense in VP.. The first class is defined as the orbit of

read-once formulas (ROF for short, see Definition 5.1) and the second as the orbit of read-once formulas in
alternating normal form (ROANF for short, see Definition 5.3). We obtain hitting sets for both classes and

4Recall that an interpolating set for a class C of polynomials in n variables, over a field F, is a set of points  c F™ such that
for every f €C, the list of values f(#) uniquely determines f. See Definition 1.11.

A root-finding algorithm, over a field F, when given black-box access to a univariate polynomial, outputs a root of that
polynomial in F, if such a root exists.



an interpolating set for the second. We also observe that the reconstruction algorithm of [GKQ14] works
for the polynomials in the orbit of ROANFs. Although the results that we obtain for the subclass defined
by the continuant polynomial are stronger, we think that every such dense subclass can shed more light on
VP, and may eventually be used in order to obtain new lower bounds.

For YIIY we consider two subclasses. One is based on orbits of sparse polynomials (polynomials having
polynomially many monomials) and the other on orbits of diagonal tensors (see Definition 1.29). We give a
hitting set for the first, an interpolation set for the second, and we also observe that a slight modification of
the randomized reconstruction algorithm of [KNS19] applies for the second class.

In particular, our results give the first dense subclasses inside VP, and XIIY for which a polynomial-size
interpolating set is known as well as a polynomial-time reconstruction algorithm. By [VSBR83| our result
immediately translate to VP, giving a dense subclass of for which a quasipolynomial-sized interpolating set

is known as well as a quasipolynomial-time reconstruction algorithm.

If we could transform the interpolating sets that we have found to robust hitting sets for the orbits, then
this will immediately give hitting sets for the closure of the orbits, i.e. for XII¥ and VP, which, by [HS80]

gives a lower bound for the class. Thus, our work raises an intriguing problem:

Problem 1.1. Given an interpolating set for a class C construct a robust hitting set for C.

We stress that by our results, solving this problem would lead to hitting sets, and lower bounds, for VP,
and VP.

Another advantage for having small interpolating sets for dense subclasses is the following: One approach
for searching for separating polynomials for a class, is by considering the map from circuits in the class to
the coefficient vectors of the polynomials that they compute. That is, once we fix a computation graph,
an assignment to the constants appearing in the circuit determines the output polynomial. Each coefficient
is a polynomial in those constants, and as there are “few” constants (polynomially many for polynomially
sized circuits), and there are exponentially many coefficients, there should be many polynomials vanishing
on the closure of the image of this map. If we could get a good understanding of this map then perhaps
we could use it to construct a polynomial that vanishes on all such coefficient vectors. This polynomial will
vanish on all coefficient vectors of the superclass in which the subclass is dense. A different approach is to
find a coefficient vector that is not in the closure of the image of this map (this is the approach of Raz in
[Raz10]). Now, assume that # is an interpolating set for a dense subclass C c C. We know that the map
f=rf "H is one-to-one on C. Thus, the list of values f |H can be viewed as an efficient encoding that is given
in terms of values of the computed polynomial. This provides a different encoding of a circuit — instead of
the constants in it, use the evaluations on H. Thus, by studying the closure of this map (i.e. the closure
of the set of points on FI® that can be obtained as evaluation vectors of polynomials in the subclass) we
may be able to find a separating polynomial, or, as in Raz’s approach, find an evaluation vector that is not
obtained by any polynomial in the superclass. It is clear that one can also try this approach even if H is not
an interpolating set, however, as interpolating sets “preserve information” of a dense set, we believe that

such sets are better suited for this approach.

To conclude, focusing on dense subclasses and studying their properties could lead to better understanding
of their superclasses and perhaps to breakthrough results in algebraic complexity.

To formally state our results we need some definitions that we give next.



1.1 Basic definitions
1.1.1 Circuit classes

Definition 1.2. An algebraic formula (also called arithmetic formula) over a field F, is a rooted tree whose
leaves are labeled with either variable or scalars from F, and whose root and internal nodes (called gates) are
labeled with either “+7 (addition) or “x” (multiplication). An algebraic formula computes a polynomial in
the natural way. Fach leaf computes the polynomial that labels it, and each gate computes either the sum or
product of its children, depending on its label. The output of the formula is the polynomial computed at its
root. The size of a formula is the number of wires in it. The depth of a formula is the length of the longest
stmple leaf-root path in it. The formula size of a polynomial f is defined as the smallest size of a formula
that outputs f.

A sequence m(n) of natural numbers is called polynomially bounded if there exists a univariate polynomial
g such that m(n) < g(n) for all n.

The complexity class VP, is defined as the set of all families of polynomials (f,,),, with f, € F[z1,...,2,],
whose formula size is polynomially bounded.

Definition 1.3. An arithmetic circuit ® is a S circuit if it is a layered graph of depth-2, has a top
gate labeled + with fan-in < s and its second layer is comprised entirely of x gates with fan-in < d. In other

words, L1 compute polynomials of degree d with at most s monomials.

Definition 1.4. An arithmetic circuit ® in n variables is a SIS circuit if it is a layered graph of
depth-3, has a top gate labeled + with fan-in < s, its second layer is comprised entirely of x gates with fan-in
< d, and its bottom layer is comprised of linear functions in x1,...,xy. In other words, SEIAY circuit

compute polynomials of the form

d n

f(x) = in(%,j,o + )G kTE) -

j=1 k=1

Given a family of circuits C, we will sometime denote it as C(IF) to stress that we allow coefficients to come
from the field F. Observe that the definitions of the classes above do not depend on the field and so we can
define them over any field of our choice.

1.1.2 Approximate complexity

The following definition gives sense to the notion of approximation over arbitrary fields. In what follows we
let £ be a new formal variable.5 For a field F we denote with F[e] the ring of polynomial expressions in &

over F, and with F(e) the fraction field of F[e], i.e. the field of rational expressions in €.

Definition 1.5. Let C(F) be a circuit class over a field F. The closure of C, denoted m, is defined as
follows: A family of functions (fn)n, where fn, € Fla1,...,2,], is in W if there is a polynomially bounded
function m : N - N, and a family of functions (gm(n))n € C(F(€)), with gy ny € Fle][z1,...,Tpmm)], such
that for alln e N,

Imn) (@15 Tny) = fu(T1, - 20) € Gno(@1, - Tny) (1)

SIntuitively, one should think of € as an infinitesimal quantity.



for some polynomial gno € Fle][x1,...,Tmn)]. Whenever an equality as in (1) holds we say that

Im(n) = Jnt O(E) or  fn= Im(n) T O(E) .

In that case we think of gm(n) as an “approzimation” of fy, and we say that the family (g, n))n approzimates
the family (fn)n-

Alder [Ald84] have shown that over C it holds that (f,,) € C(C), in the sense of Definition 1.5, if and only if
it is in the closure of C(C) in the usual sense. That is, if for every n there exists a sequence of polynomials
gn.k € C(C) such that limy_co gnk = fn, Where convergence is taken coeflicient wise. This result holds over R
as well, see [LL89, Biir04].

Finally, we note that every matrix is approximable (in the sense of Definition 1.5) by a non-singular matrix
(which is equivalent to being a limit of a sequence of non-singular matrices, in characteristic zero).

Observation 1.6. For every A € ™" there exists a non-singular matriz B € F(e)™" such that A = B+O(¢).

1.1.3 Hitting and interpolating sets

Definition 1.7. A set of points H € F" is called a hitting set for a circuit class C (we also say that H hits
C) if for every circuit ® € C, computing a non-zero polynomial, there exists some a € H such that ®(a) # 0.

We next give the definition of a robust hitting set, a notion first defined in [FS18]. Here we extend the
definition for arbitrary characteristic. We start by giving the definition of [FS18], over characteristic zero

(and focus on C) and then the more general definition.

Definition 1.8 (Following Definition 5.1 of [FS18]). Let ||-| be some norm on Clx]. A hitting set H for
a circuit class C ¢ C[x] is called robust if there exists some constant ¢ > 0 such that, for every 0 + f € c,’
there exists some a € H such that |f(a)|>c-|f|.

For arbitrary characteristic we use the same approach as in Definition 1.5.

Definition 1.9. Let F be a field of arbitrary characteristic. A hitting set H c F"™ for a circuit class C(IF)
is called robust if for every circuit ® € C(F(¢)) computing a polynomial f(x) = h(x) + ¢ - g(x), where
h(x) e Flx] and g(x) € Fle][x], there exists some a € H such that f(a) ¢ e-F[e].

It is not hard to prove using the result of [Ald84] that for F = C, Definitions 1.8 and 1.9 are equivalent.

Observation 1.10. If H is a finite robust hitting set for C(IF), then H hits C(F) as well.

Proof. Consider 0 # f € C(IF). By Definition 1.5 there is g € C(F(¢)), such that f =g+ O(e). Clearly g # 0.
Let a € H be such that g(a) ¢ - F[e]. It follows that f(a) ¢ - F[e]. In particular, f(a) # 0. O

We next define the notion of an interpolating set.

Definition 1.11. Let C be a class of n-variate polynomials. A set H € F" is called an interpolating set for
C if, for every f €C, the evaluations of f on H uniquely determine f.

"We abuse notation and write f € C when f is the output of some circuit from C.



Observation 1.12. If H is a hitting set for C(F) + C(F) 2 {af + Bg : f,g € C,a,3 € F}, then H is an
interpolating set for C.

A common method for designing hitting and interpolating sets is via hitting set generators.

Definition 1.13. A polynomial mapping G : F¥ — F™ is called a hitting set generator (or simply a generator)
for a circuit class C(F) if for any non-zero n-variate polynomial f € C, the k-variate polynomial f o G is
NnON-z€ro.

Similarly, we call G : F* - F™ an interpolating set generator for a circuit class C (F) if for any two different

n-variate polynomials f1, fo € C, the k-variate polynomial (fi1 — f2) oG is non-zero.

Generators immediately give rise to hitting sets.

Observation 1.14. Let G : F* - F™ be a generator for C(F) such that the individual degree of each coordinate
of G is at most r. Let W c F be any set of size |W|=d-r+1. Let H=G (Wk) Then H hits every n-variate
polynomial f € C of degree at most d.

Proof. As G is a generator, the k-variate polynomial f oG is nonzero. As its individual degrees are bounded
by d-r it follows that at least one of the values in (f o G) (W*) = f (H) is not zero. O

1.1.4 k-independent maps

Our constructions rely on polynomial mappings G, parameterized by some integer k < n, with the property
that the image of f o G, contains all projections of f to k variables. We call such a map a k-independent

map.

Definition 1.15. We call a polynomial mapping G(y1,...,ys, z1) : F©*1 - F" g 1-independent polynomial map
if for every index i € [n] there exists an assignment a; € F' toyy, ...,y such that the ith coordinate of G(a;, z1)
is z1, and the rest of the coordinates are 0. For k > 1, a polynomial mapping G(Y1, .-, Ytks 21, - -+ 2k) -
FF+D) S B s called a k-independent polynomial map (or a k-independent map) if G is a sum of k variable-
disjoint 1-independent polynomial maps. We denote k-independent polynomial maps as G(y,z) when k.t

are implicit. The y variables are called control variables.

A k-independent polynomial map G is called uniform if all n coordinates of G are homogeneous polynomials

of the same degree.

1.1.5 The linear and affine groups and their actions

Given a matrix A € F*" and a tuple of variables « = (z1,...,x,), we denote

n n n
Ax = (Z Al,ixi7 Z Agﬂ'xi, ceey Z An,zxz) .
i=1 i=1 i=1

Let n > m e N. For an m-variate polynomial f(z1,...,2m) € F[21,...,2m], a matrix A = (4;;)}';; e F™"
and a vector b= (by,...,b,) € F", we define the n-variate polynomial f (Ax + b) to be

f (A:IZ + b) = f (Z Al,iafi + bl, Z AQJ‘.'I:Z‘ + bQ, cey Z Amﬂmi + bm) . (2)

i=1 i=1 i=1



Note that we ignored the last n —m coordinates of Ax + b.

We denote with GL,(F) the group of invertible n x n matrices over F, and with GL%E(IF') the group of
invertible affine transformation, i.e. all the maps @ - Az + b, where A € GL,,(F) and b € F".

For an m-variate polynomial f over F, and n > m we denote with fGL?F(F) the orbit of f under the natural
action of GLA(FF):8
FOUE) 2 £ f( Az +b) | A e GL,(F), beF"} .

We similarly define f GLn(F)  More generally, for a class of m-variate polynomials C(F), we denote the orbit
of C under GLA(F) by
COU () = (f(Az +b) | feC, AeGLy(F), beF"} .

We similarly define C¢%() When we want to speak about orbits of families of polynomials from C (F),

with arbitrary number of variables, we use the notation CE“() or COL™(®),

1.2 Our results

We first give our results for the class VP, and then for the class of depth-3 circuits, for which it may be
easier to obtain a robust hitting set, or prove super-polynomial lower bounds.

1.2.1 The continuant polynomial

Bringmann, Ikenmeyer and Zuiddam [BIZ18] defined the following polynomial (in Remark 3.14 of their
paper), which they called the continuant polynomial:

Definition 1.16. The continuant polynomial on n variables, Cy(x1,...,xy,), is defined as the trace of the

following matrix product:

. ry 1 o 1 Tn 1
Cn(acl,...,xn):Tmce((l 0)-(1 O)(l 0)) (3)

We denote with CPL"® the class of families of polynomials (fpn)n such that f, € F[z1,...,2,] and for some

GLY (F
m<n, foeCom @,

A result of Allender and Wang implies that the polynomial z; - y; + - + g - ys is not in oL (E) [AW16].
Thus, as a computational class it is very weak. However, Theorem 3.12 of [BIZ18] states that for every field
[F of characteristic different than 2, it holds that

CGL* () _ yp, . (4)

We give a polynomial-size interpolating set for the class COL™(F) a5 well as a polynomial-time reconstruction
algorithm for it. We first state a simple result that gives a hitting set for the class.

aff
Theorem 1.17. Let f(x1,...,1,) € CgL" (F), for m < n, and arbitrary F. Then, for any uniform 1-

independent polynomial map G over F, foG +0.

8To be precise, the action is ((A4,b) o f) (&) = f(ATx + b). This is required in order to make the action a homomorphism,
however, for the groups that we consider it does not change the orbit.



As immediate corollary we get a hitting set for the class.

Corollary 1.18. For every field F, there is an explicit hitting set H c F™, of size |H| = O(nﬁ), that hits
aff,
every 0+ f € CgL" ®, If|F| < n? then H is defined over a polynomial-sized extension field of F, K such that
K| > n?.
Theorem 1.19. For every field F, there is an explicit interpolating set H c F", of size [H| = O (nm), for
aff
Ur -1 CﬁL" ), If |F| < n? then H is defined over a polynomial-sized extension field of F, K such that |K| > n?.

Theorem 1.20. There is a deterministic algorithm that given F, an integer n, oracle access to a root-finding
aff

algorithm over F, and black-box access to a polynomial f(x1,...,2,) € CgL" () (for any m < mn), runs in

polynomial-time and outputs linear functions (¢1(x1,...,2n),. -, m(21,...,@y)) such that

f(xla'- -axn) = Cn (61(113), 7£m(w)) .

If |F| < n? then the algorithm will make queries from a polynomial-sized extension field of F, K, such that

IK| > n3, and it also requires oracle access to a root-finding algorithm over K.

1.2.2 Orbits of read-once formulas

Roughly, a read-once formula (ROF) is a formula in which every variable labels at most one leaf. However,
following [SV15, SV14] we also allow gates of the formula to pass on their output wire a linear function of
their polynomial (see Definition 5.1). We denote with ROFSH(F) the class of families of polynomials (f,)n,
such that for every n there exists a ROF ®, on m < n variables, such that f,(x1,...,z,) € PGLn ()

A ROF is in alternating normal form (ROANF) if it is a full binary tree of depth 2A with alternating layers
of addition and multiplication gates. In particular, it is a ROF on 4® many variables (see Definition 5.3).

We denote with ANF A the canonical ROANF of depth 2A in which the leaves are labeled with the variables

Z1,...,Tya according to their order (see Definition 5.4). We denote with ANFOL[F] the class of families of

aff
polynomials (fy,)n, such that for every n there exists A such that 42 <n and fa(xy,. .. xn) € ANFiL” ),
We first make the following simple observation.

Theorem 1.21. For every field F, it holds that

ANFOLI®) ¢ ROFCLE) ¢ yp,(F) . (5)
However, when taking closures we get

ANFCLE) - RopGLE) = VP (F) . (6)

Our main results for ROFs and ROANFs are a construction of a hitting set for the orbit of ROFs, and an
interpolating set for the orbit of ROANFs. Both constructions are obtained using independent polynomial
maps (Definition 1.15).

Theorem 1.22. Let 0 # f € ROFGLZﬁ(F) where the underlying ROF depends on 2! variables, for 2t < n.
Then, for any (t + 1)-independent polynomial map G, over F, foG #0.



Corollary 1.23. For every field F, there is a hitting set H c F", of size |H| = nCUogn) " ihat hits every
0+ fe ROFGLZﬁ(]F). If [F| < n? then H is defined over a polynomial-sized extension field of F, K such that
K| > n?.

Since a hitting set for all polynomials of the form g — h where g, h € C is the same as an interpolating set for
C, the following theorem gives an interpolating set for the orbit of ROANFs.

Theorem 1.24. Let f; = ANFa, (A1 + b1), fo = ANFa,(Aox + by) € ANFEE'® and £ = f — fo. Set
k = 2max{A1,As} + 7 and let G be any uniform k-independent polynomial map, over F. If f + 0 then
foG=#0.

aff
Corollary 1.25. For any field F, the class ANFXLn (F), for 4% < n, admits an interpolating set H c F",
of size [H| = nP®) . If |F| < n? then H is defined over a polynomial-sized extension field of F, K, such that
K| > n?.

Finally, we observe that the randomized algorithm of Gupta, Kayal And Qiao [GKQ14], for reconstructing
random algebraic formula (for a natural definition of a random formula), yields a randomized reconstruction
algorithm for ANF GL*(O) Naturally, the reconstruction is up to the symmetry group of ROANFs.

Theorem 1.26 (A special case of Theorem 1.1 of [GKQ14]). Let T be a finite subset of C. Let n,A > 1
be integers such that s = 4™ <n. Giwen black-box access to the output f of a circuit ® € ANFGLZﬁ(C), with
probability at least 1 — ”2]";)'(1) (on internal randomness), Algorithm 6.9 of [GKQ14] successfully computes a
tuple of s linearly independent linear functions L = ({1, ...,4s) € (C[x])® such that f = ANFA(41,...,¢s), and
the ;s are identical to the labels of the leaves of ® up to TS, (C)-equivalence (see Definition 2.3). Moreover,

the running time of the algorithm is poly(n,s,log(|T))).

Remark 1.27. Theorem 1.1 of [GKQ14] is stated only for characteristic zero fields. However, in Remark
6.10 they explain how to make the algorithm work over any characteristic, for a large enough field. Thus,
Theorem 1.26 also holds over large enough fields in arbitrary characteristic.

Remark 1.28. As a direct implication of Theorem 1.24, the reconstruction algorithm of Theorem 1.26 can
be converted into a zero-error algorithm, with expected quasipolynomial running time: Given black-box access
to some f1 € ANFGLaﬁ(F), we define fo to be the output of the algorithm of Theorem 1.26 on input f1, and
then verify f1 = fo using Corollary 1.25.

1.2.3 Dense subclasses of XIIY

We start by defining the canonical diagonal tensor of degree d and rank s, Ty 4 € F[z11,...,254], and the
resulting class of polynomials TOL(E)

Definition 1.29. Let Ts4 % Y74 H;-lzl x;j. Le., it is a sum of s variable-disjoint monomials. For n>s-d,

aff
we denote with Tfﬁ" ) the orbit of Tsq over F, under the action of the affine group. Finally, we denote
with T ®) the class of families of polynomials (fn)n, such that for every n there exist s and d such that
aff
n>s-dand fp(x1,...,2,) € TSGC?” ()

aff
Clearly, TSCI;" ) ¢ 2lI11ld)y. We next define the class consisting of orbits of sparse polynomials.



Definition 1.30. Let SIICE®) genote the class of families of polynomials that are computed by orbits of
depth-2 circuits, of polynomially bounded size, over F. ILe., it is all families (fn)n, of polynomially bounded

degree, such that for some polynomially bounded m(n), there exist s rdes(fn) circuits @, in k < n,

aff
many variables, such that f, € <I>,,G1L" )

As before we first give the basic observation connecting all three classes.
Theorem 1.31. For every field F it holds that
TELYE) ¢ wCLY () ¢ yIs(F)

and for fields of size |F|>n+1 )
S E ¢ Sy (F)

In addition,

TGLI(F) = RIIGLY(F) = SIS (F) . (7)

Our main results for this section are a quasipolynomial-size hitting set for the class EHGL&H(F), and a
polynomial-size interpolating set for O,

Theorem 1.32. Let 0 # g € F[x] have sparsity < 2t. Let (A,b) € GLY(F), and f(x) = g(Az +b). Then,
for any (t + 1)-independent polynomial map G, foG +0.

Corollary 1.33. For any integers s,d,n, there exists an explicit hitting set H c F", of size [H| = (nd)o(logs),

aff
such that ‘H hits every nonzero polynomial f € (E[S]H[d])GL" (F). If |F| < n-d then we let H be defined over
an extension field K of F of size K| >n-d.

We next state our result concerning an interpolating set for TOLM(E),

Theorem 1.34. Let n,si1,5s2,d1,ds € N be such that n > sy -dy,sa-da. Forie{1,2} let f; € TGL”(F)

sids and let

f=fi—fo. If f+0, then any uniform 6-independent polynomial map G satisfies fo G # 0.

Finally we note that the randomized reconstruction algorithm of Kayal and Saha [KS19a], which works for
(as it is termed in their paper) “non-degenerate” homogeneous depth-3 circuits, works for TGL&H(F). This
follows from the observation that 7" circuits are always non-degenerate.

Theorem 1.35 (special case of Theorem 1 of [KS19a]). Let n,d,s €N, n > (3d)? and s < (%)% Let F be a
field of characteristic zero or greater than ds®. There is a randomized poly(n,d,s) = poly(n, s) time algorithm

aff,
which takes as input black-box access to a polynomial f that is computable by a TSGC?" (E) circuit, and outputs a

aff
ng” ) circuit ® computing f with high probability. Furthermore, ® is unique up to TPSs q(F)-equivalence

(see Definition 2.6).

Remark 1.36. As in remark 1.28, Theorem 1.34 enables us to convert the reconstruction algorithm of
Theorem 1.835 to a zero-error algorithm, with expected polynomial running time. Given black-box access to
some f1 € 'TGLaﬁ(]F), we define fa to be the output of the algorithm of Theorem 1.35 on input fi1, and then

verify f1 = fo by applying Theorem 1.34 to f = f1 - fo.
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1.2.4 Robust hitting sets?

As we showed in Observation 1.10, if a hitting set H for a circuit class C is robust, then H hits C as well.
It is thus natural to ask whether our interpolating sets are already robust. Our next result shows that the
property of being a t-independent map, which was sufficient for the constructions in Theorems 1.17, 1.19,
1.22,1.24, 1.32 and 1.34 (for the appropriate values of t), by itself is not sufficient for obtaining robust hitting
sets. We prove this by constructing an independent polynomial map which gives rise to a provably non-
robust hitting set. Our construction is the same as the one given by Forbes et al. [FSTW16] (Construction

6.3 in the full version).

Theorem 1.37. Let F be of characteristic zero. For everyt, there exists a uniform t-independent polynomial
map G and a nonzero polynomial f such that foG =0, and f can be computed by a XLIIX formula of size
OV | IfF has a positive characteristic then f can be computed by a XIIY formula of size t', or by a general
formula of size t°0°8Y)  Furthermore, for a certain arrangement of the variables in a Vn x /n matriz, f

can be taken to be the determinant of any (t+1) x (t + 1) minor.

1.3 Polynomial Identity Testing

So far we discussed our work from the perspective of dense subclasses of classes for which no strong lower
bounds are known. Here we put our work in the context of the polynomial identity testing problem.

Polynomial Identity Testing (PIT for short) is the problem of designing efficient deterministic algorithms
for deciding whether a given arithmetic circuit computes the identically zero polynomial. PIT has many
applications, e.g. deciding primality [AKS02], finding a perfect matching in parallel [FGT19, ST17] etc.,
and strong connection to circuit lower bounds [KI04, DSY09, CKS18, GKSS19]. See [SY10, Sax09, Sax14]
for surveys on PIT and [KS19b] for a survey of algebraic hardness-randomness tradeoffs.

PIT is considered both in the white-box model, in which we get access to the graph of computation of the
circuit, and in the black-box model in which we only get query access to the polynomial computed by the
circuit. Clearly, a deterministic PIT algorithm in the black-box model is equivalent to a hitting set for the

circuit class. In this work we only focus on the black-box model.

The continuant polynomial and algebraic branching programs: The continuant polynomial is
trivially computed by width-2 Algebraic Branching Programs (ABPs). Recall that an ABP of depth-d and
width-w computes polynomials of the form Trace (Mi(x)-...- My(x)), where each M; is a w x w matrix
whose entries contain variables or field elements. Ben-Or and Cleve proved that every polynomial in VP,
can be computed by a width-3 ABP of polynomial-size [BC92].

Raz and Shpilka gave the first polynomial-time white-box PIT algorithm for read-once ABPs (ABPs in which
every variable can appear in at most one matrix) [RS05]. Forbes, Saptharishi and Shpilka gave the first
quasipolynomial-sized hitting set for read-once ABPs (ROABPs) [FSS14]. This result was slightly improved
in [GG20] for the case where the width of the ROABP is small. Anderson et al. gave a subexponential
hitting set for read-k ABPs [AFS*18]. We note that none of these models is strong enough to contain the
orbit CCL""(F) For ABPs that are not constant-read we do not have sub-exponential time PIT algorithms.
Thus, the following is an interesting open problem (recall that by the result of Ben-Or and Cleve a PIT
algorithm for width-3 ABPs works for VP, as well).

Problem 1.38. Give a sub-exponential time PIT algorithm for ABPs of width-2.

11



Although we do not have a PIT algorithm for general branching programs, in [KNST18] Kayal et al. gave
an average-case reconstruction algorithm for low width ABPs. Kayal, Nair and Saha obtained a significantly
better algorithm in [KNS19]. Their algorithm succeeds w.h.p, provided the ABP satisfies four non-degeneracy
conditions (these conditions are defined in Section 4.3 of [KNS19]). However, the ABP computing the
continuant polynomial does not satisfy the non-degeneracy conditions that are required for their algorithm
to work. Thus, Theorem 1.20 does not follow from [KNS19].

To the best of our knowledge, COL"(E) j5 the first natural® computational class that is dense in VP, for

which a polynomial (or even sub-exponential)-sized interpolating set (or a hitting set) is known.

Read-Once formulas: Hitting sets for read-once formulas were first constructed by Volkovich and Shpilka
[SV15], who gave quasipolynomial-sized hitting set for the model, as well as a deterministic reconstruction
algorithm of the same running time (earlier randomized reconstruction algorithms were known [BHH95,
BB98]). Minahan and Volkovich obtained a polynomial-sized hitting set for the class, which led to a similar
improvement in the running time of the reconstruction algorithm [MV18]. Anderson, van Melkebeek and
Volkovich constructed a hitting set of size k7 +0(klogn) fo1 read-k formulas [AvMV15]. All these results
work in a slightly stronger model in which we allow to label leaves with univariate polynomials, of polynomial
degree, such that every variable appears in at most one polynomial, or with sparse polynomials on disjoint

sets of variables.

The read-once models that we consider here, ANFCLY(®) ang ROFGL(F), can be viewed as read-once formulas
composed with a layer of addition gates with the restriction that the bottom layer of additions computes
linearly independent linear functions. We note that these models do not fall into any of the previously
studied models, as a variable can appear in all the linear functions.

As is the case with CGLaﬂ(F), our hitting sets for AN FOL™(®) and ROFCU®) are the first sub-exponential-
sized hitting sets for natural dense subclasses of VP,.

Small depth circuits: The class of XII circuits was considered in many works, see e.g. [BT88, KS01] and
polynomial-sized hitting sets were constructed. The class of XIIX circuits also received a lot of attention but
with lesser success. Dvir and Shpilka [DS07] and Karnin and Shpilka [KS08] gave the first quasipolynomial-
time white-box and black-box PIT algorithms for ykldy, circuits, respectively. Currently, the best result
is by Saxena and Seshadhri who gave a hitting set of size (nd)®®) for such circuits [$S12]. In [dOSV16] a
subexponential-size hitting set for multilinear XIIY circuits was given. In [ASSS16], Agrawal et al. gave a
hitting set of size n®() . (k‘d)o(r) for LTI circuits, where r is an upper bound on the algebraic rank
of the multiplication gates in the circuit. Thus, known quasipolynomial-size hitting sets for subclasses of
YIIX circuits are known when the fan-in of the top gate is poly-logarithmic, or when the algebraic rank
of the set of multiplication gates is poly-logarithmic. In contrast, polynomials in TOL(E) and EHGL&H(F),
when viewed as XIIY circuits, can have polynomially many multiplication gates and their algebraic rank
can be n. On the other hand, the corresponding >IIY circuits are such that the different linear functions
that are computed at their bottom layer are linearly independent (when we view linear functions that are a
constant multiple of each other as the same function). Thus, our Corollary 1.33 provides a hitting set for a
new subclass of XIIY circuits.

°It is hard to define what a natural class means, but, for example the set of all polynomials in VP, with a nonzero free term
has a trivial hitting set, but is not a “computational” subclass.
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To the best of our knowledge, our results for TELM(E) and RO E) give the first sub-exponential size

hitting sets for natural subclasses that are dense in XIIX.

1.4 More related work

Approximations in algebraic complexity were first studied by Bini et al. in the context of algorithms
for matrix multiplication [BCRL79]. For more on the history of border rank in the context of matrix
multiplication see notes of chapter 15 in [BCS13]. More recently, influenced by the GCT program, a lot
of research was invested in trying to find polynomials characterizing tensors of small rank. See [Lanl7]
for a discussion on this approach. More recently, Kumar proved that every polynomial over C can be

approximated by a SIIY circuit (of exponential degree) [Kum20].

Very little is known about the closure of circuit classes. Forbes observed that the class of ROABPs is
closed [Forl6]. I.e. ROABP = ROABP. We are not aware of other collapses or separation between general
“natural” classes and their closures.

Beside the reconstruction algorithms mentioned earlier, reconstruction algorithms are known for XII circuits
[BT88, KS01]; for random depth three powering circuits [Kay12]; for set-multilinear 3II¥ and ROABPs
[BBB*00, KS06]; for XIIY circuits with bounded top fan-in [Shp09, KS09, Sinl6]; and for multilinear depth-
4 circuits with a constant top fan-in [GKL12, BSV20].

In general, we do not expect the reconstruction problem to be solvable efficiently, as the problem of finding
the minimal circuit computing a given polynomial is a notoriously hard problem. A detailed discussion on
the hardness of reconstruction can be found in [KNS19].

1.5 Proof technique

Our proofs are based on the following simple yet important, and as far as we know novel, observations
concerning k-independent polynomial maps. Specifically, our proofs are based on the following two claims:
of

1. If we have a hitting-set generator H for nonzero polynomials of the form FTTR for feC, and if G is a

1-independent map then H + G hits every nonzero f € C. This is proved in Lemma 3.9.

2. Similarly, we prove that if we have a hitting-set generator H for nonzero polynomials of the form
f ‘ Z:O(A:r; +b), for f €C, a linear function ¢, and an invertible affine transformation (A,b), and if G is
a l-independent map then H + G hits every nonzero f € C. This follows from Lemma 3.10.

By applying these claims k + r times we get that composition with a (k + r)-independent map allows to

reduce the problem of hitting a class C to hitting polynomials of the form # . Thus, if

i) Oy 0Ty, 1= t,=0
we could prove that for a class C, there is such a sequence of derivatives and restrictions that simplifies the

polynomials in it to a degree that they can be easily hit by some map H, then we conclude that H + Gi,,,
for a (k + r)-independent map Gy, is a hitting set generator for C.

It seems that all that is left to do is prove that for each of the orbits that we consider in Section 1.2
that is such small £ and r. However, a potential problem is that a partial derivative of the polynomial
g(x) = f(Ax + b) gives 59—51 = Yin g—i : gﬁi’ where ¢; is the ith coordinate of Ax +b. Thus, it is no longer
a derivative composed with an affine transformation but rather a sum of such derivatives, which could lead

to polynomials outside of our class. For example, it is not hard ot prove that if we compose the ROF
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y1-Y2-y3 with (21,21 + 22,21 +x3) and then take a derivative according to x1, then the resulting polynomial,

8(11'(3‘“”;;3'(“”3)) = 322 +221 - (z2+x3) + T2+ 23, is not in the orbit of any ROF. The solution to this problem
is to take a directional derivative in a direction coming from a dual basis. For example if ¢;(v;) = 0; ; then
g—i = g—fl (Ax +b) (see Lemma 3.8). Now, comes another important observation: If H is a hitting-set
generator for nonzero polynomials of the form g—i, for f € C and a direction v, and if G is a 1-independent
map then H + G hits every nonzero f € C. The point is that if % o H # 0 then for some i, g—é oH %0

and the claim follows from the first claim above. Thus, composition with (k + r)-independent maps allows
us to reduce the problem of hitting a class C to finding a generator for polynomials that are obtained as a
restriction to a subspace of co-dimension r of a directional partial derivative of order k of polynomials in C.

Let us demonstrate this idea for the case of orbits of sparse polynomials. I.e. to polynomials of the form
g(z) = f(Azx + b), where the number of monomials in f is at most 2°. It is not hard to see that there is a
variable x; such that if we consider f ‘:c1-=0 and 88—3{1_ then one of these polynomials has at most 2!~ monomials.'®
Thus, after a a sequence of at most ¢ partial derivatives and restrictions, we get to a polynomial with only one
monomial that we can easily hit. Hence after at most ¢ directional derivatives and restrictions to a subspace,
we get that g is a product of linear forms, which we can easily hit. This proves that any (¢+ 1)-independent
map hits such nonzero polynomials g.

To obtain interpolating sets for our classes (and also a reconstruction algorithm for the orbit of the continuant
polynomial), we prove that if two polynomials in the orbit, of any of the classes that we consider, are different,
then there is a sequence of a few (directional) partial derivatives and restrictions that makes one of them
zero while keeping the other nonzero. Using this and the ideas from above we construct our interpolating
sets.

1.6 Discussion

As Theorem 1.37 shows, our hitting sets are not necessarily robust. It is thus an outstanding open problem
to find a way to convert a hitting set to a robust one (recall Problem 1.1).

The following toy example demonstrates that converting a hitting set for a class C to a robust hitting set for
C, cannot be done in a black-box manner and one has to use information about C for that: let C(F) be the
class of all polynomials with non-zero free term. A trivial hitting set for C would simply be the singleton
set H = {0}. On the other hand, it is clear that C = F[x], so making H robust would yield a hitting set for
all polynomials. Note, however, that this is not a “computational class.”

Another potential approach for obtaining robust hitting sets follows from the observation that the set
of queries made by a non-adaptive deterministic black-box reconstruction algorithm, A, for C, which is
continuous at 0 (i.e. at the identically zero polynomial) is a robust hitting set for C. The reason is, that if
0% feC and {fx}2; < C converges to f, then for large enough k: | fx|, > % Ifll5 > 0. As the fi sequence
converges and polynomial evaluation is continuous (and their evaluation vectors are bounded), the sequence
v = fk|7-[ c C*Ml must also converge to some vector v = f‘?—t e CMI. If v = 0 then the continuity of A at
0 implies the coefficients of the polynomials fx(2) must also converge to zero, as A(0) = 0. This would
contradict | fx|, > % | £l > 0 for large enough k, so v # 0 and thus # hits C.

Thus, an interesting challenge is to derandomize the reconstruction algorithms given in Theorems 1.20, 1.26
and 1.35, hoping that the resulting algorithms are continuous at 0. We note however, that currently we do

'OThis is not exactly accurate — it only holds if f is not divisible by some variable z;. However, the case where there is a
monomial dividing f is also quite easy to handle as it is enough to hit the polynomial obtained after dividing by that monomial
(since a composition with a 1-independent map keeps any nonzero linear function nonzero).
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not even have efficient deterministic root-finding algorithms over C. It is also known that in general, finding
the minimal circuit for a polynomial can be very difficult. E.g., in [Has90, Swel8] it was shown that the

question of computing, or even approximating, tensor rank, for degree 3 tensors, is NP hard, over any field.

Remark 1.39. In Theorem 1.34, we have seen that any uniform O(log(sn))-independent polynomial map
G is an interpolating set generator for TGLaﬁ((C); i.e, G induces an interpolating set H for TELY©)  On
the other hand, in Theorem 1.37, we constructed such a map G, with the additional property that G is
not a hitting set generator for XIIX circuits. In particular, this implies that the induced (non-efficient)
reconstruction map A (that takes f(H) and returns a circuit computing f) is not continuous at 0.

We conclude this section with a somewhat vague question.

Problem 1.40. Find a “computational” class of polynomials C with a known hitting set H, such that C +C,

and convert H to a robust hitting set.

We note that the closure of ¥ A Y circuits (i.e. circuits computing polynomials of the form ¥, ¢;(z)?, for
linear functions ¢;) is contained in the class of commutative read-once algebraic branching programs (see
[FSS14]). Thus, the hitting set for the latter class gives a robust hitting set for the former [FSS14]. However,

we seek an example in which there is an “interesting” conversion of a hitting set to a robust one.

1.7 Organization

The paper is organized as follows. Section 2 contains some more basic notations and definitions as well
as characterization of the groups of symmetries of ANFA and of T4, In Section 3 we give properties
and constructions of k-independent polynomial maps and prove Theorem 1.37. In Section 4 we study the
continuant polynomial and prove Theorems 1.17, 1.19 and 1.20. In Section 5 we study orbits of ROFs and
ROANFSs and prove Theorems 1.21, 1.22, 1.24 and 1.26. Section 6 contains our results for subclasses of X113
circuits (Theorems 1.31, 1.32, 1.34 and 1.35). The appendix contains missing definitions that are required
for explaining the reconstruction algorithm of [GKQ14].

2 Preliminaries

2.1 Notation

For k € N, we denote [k] ={1,2,3,...,k} and [k]o 2{0,1,2,...,k—1}. We use boldface lowercase letters to
denote tuples of variables or vectors, as in « = (z1,...,%,), @ = (a1,...,a;,), when the dimension is clear
from the context. For any two elements ¢, j coming from some set S (usually ¢ and j will be numbers), J; ;
equals 1 when ¢ = j and 0 otherwise. For every m € N we denote with I,;, the m x m identity matrix. When
we wish to treat the entries of a matrix A as formal variables, we use boldface A. We will note use capital
bold face letters other than to denote such matrices.

a

For an exponent vector a = (a1,...,a,) € N", we denote x® = [T;L; 27". In some cases we shall consider
“monomials” with respect to set of linear functions {¢;};": for an exponent vector e = (eq,...,e,) € N™ we
denote £ = [Ti%; £ and refer to it as an {{;}-monomial. For a polynomial f(x) we define the monomial
support of f, denoted mon(f), as the set of monomials with non-zero coefficient in f. The variable set of
f, denoted var(f), is the set of variables that f depends on. Le., all variables that appear in mon(f). The
individual degree of a variable x; in f(x) is the degree of f as a polynomial in z;. A polynomial f € F[x]
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of deg(f) <1 is called a linear function, and if f is homogeneous then it is called a linear form. For a
polynomial f € F[z] and an integer k € N we denote by f[*¥! the degree-k homogeneous part of f(x),i.e. the
sum of all monomials of f of degree exactly k. In particular,

(@) = fO@) + fU (@) + ...+ flOED) (@) |

Note that for a linear function f, ! is a linear form. We say that a polynomial f is homogeneous of
degree k or that f is k-homogeneous if f = fI¥. We say a set of linear functions {1 (), ..., ¢, (x)} c F[x] is
linearly independent if the set {Kz[l]} is linearly independent.'? Given a polynomial f(z), a subset of variables

y<{x1,...,x,} and an assignment to those variables a € FI¥l, we denote by f‘y:a € F[x \ y] the polynomial
resulting from assigning the values of a to the variables of y in f(x). We sometimes abuse notation and
write y C [n] to indicate the indices of the assigned variables instead of the variables themselves.

Given an arithmetic circuit ®, we frequently denote by ®(x) or, abusing notation, by ®, the polynomial
computed at the output node of ®. Given a class of arithmetic circuits C and a polynomial f € F[x], we say
f eCif f can be computed by some circuit from C. For a circuit class C(IF) we denote by C(FF) the closure
of C(F), as in Definition 1.5.

2.2 Groups of matrices and their action

We first list some simple properties of composition with a linear (or affine) transformation that we shall use
implicitly.

Observation 2.1. For any m variate polynomial f(x1,...,%m) and n > m:
o For any A€ GL,(F) and d e N, fld(Ax) is the d-homogeneous part of f(Ax).
e For any A e GLY(F), f(x) is irreducible if and only if f (Ax) is irreducible.

e The set of matrices A for which f(x) = f(Ax) forms a multiplicative subgroup of GL,(F) and a similar
claim holds for GLI(F).

We next define some special groups that serve as group of symmetries of some of the models that we consider.
We first define the group of symmetries of ANFx ().

Definition 2.2. For m,A € N such that m = 22, the tree-symmetry group TR,,(F) denotes the automor-
phisms of a rooted complete binary tree of depth A. It is defined recursively as follows.

e Form=1, TRi(F) consists only of the identity matriz.

e For m>0, TR,,(F) is generated by matrices of the form
A 0 0 Im
and 2
(0 B ) (f 2 0 )

"Note that by our definition, z and « + 1 are linearly dependent.

where A, B € TRz (F).
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Definition 2.3. For anym = 42, the tree-scale group T'S,,(F) is the group generated by elements of TR, (F)
and matrices of the form

alm 0 0 0
0 allm 0 0
0 0  flm 0
0 0 0 f'm

where 0 # o, S € FF.

The importance of the group TS,,(F) stems from the fact that it is the symmetry group of ANFA. To
intuitively see why this is the case, notice that in any representation of an ANF one may swap children of
any node without changing the output polynomial. We call such symmetries “tree-symmetries” and they are
captured by the group TR, (F). A second source of ambiguity comes from the fact that we can rescale the
formula. Recall that the output polynomial is of the form fi- fo+ f3- f4 (Definition 5.3). Clearly, the output
does not change if we replace f1 by, say, 2f1 and fs by f2/2. Such rescaling symmetries are captured by the
group TS, (F). Finally, another source for ambiguity comes from the fact that the quadratic polynomials
computed at the bottom two layers of the ANF may have different representations. For example,

doy+dwz=(x+y+w-2)-(r+y-w+2)+(w+z+x-y) - (w+z-x+7).

As there is an infinite number of representations for each quadratic polynomial (over infinite fields), we can
expect to characterize the symmetries in term of the quadratics computed at the bottom two layers of the
ANF.

Fact 2.4 (Special case of Theorem 5.43(iii) of [GKQ14]). Let m,A,n € N such that m = 4>71 < n/4.

Let f = ANFA(l1,...,lym) € ANFng‘ﬁ(F). Let Q = (qu,---,qm) be the list of quadratic polynomials that are
computed at the bottom two layers of the formula ANFA (L1, ..., 0yy). In particular, f = ANFA_1(q1,---,qm)-
If Q" =(qi,...,4q,,) is any other m-tuple of quadratic polynomials for which f = ANFa_1(q],.-.,q,,) then Q
is TSy, (F)-equivalent to Q'.

Next, we define the group of symmetries of T 4(x).

Definition 2.5. For any n € N the permutation-scale group, denoted PS,(F), is the set of all matrices
A € GL,(F) which are row-permutations of non-singular diagonal matrices with determinant one.

0 -2 0
For example, | 0 0 -1]|ePS3(C).
12 0 0

Definition 2.6. Let s,d,n € N such that n = s-d. A matrizc A € GL,(F) is a member of the tensor
permutation-scale group, denoted TPS, q(F), if A= (P ® 1;)- B, where P is an s x s permutation matriz

B, 0 ... 0
0 By ... 0]. . , :
and B=| ' | is a block diagonal matriz such that each block B; of B satisfies B; € PS;(FF).
0 ... 0 By
0 0 2
1/2 1
For example, for s = d = 2 the matrix A = 00 1/2°0 is in TPS22(C), as for P = 0 and
-1 0 0 0 ’ 10
0 -1 0 O



-1 0 0 0
0O -1 0 O o

b= o o o =2l we have A= (P ® I3) - B, and clearly each block of B is in PSy(C).
0 0 1/2 0

Another way of defining the group is as follows: index rows and columns of A with pairs (i,7) € [s] x [d].
Then, A € TPS; 4(FF) if and only if there exists a permutation 7 : [s] — [s], and for all i € [s] permutations
0; : [d] - [d] and constants «; ; satisfying H?=1 i =1, such that A j) v jry = Ox(i),ir 06, (j),57 - i for all 4, 5.
We next prove that TPS; 4(F) is the group of symmetries of T 4(x). In other words, we show that T 4(x) =
Ts q(Ax) if and only if A € TPS; 4(F). Intuitively, Ts 4 admits no symmetries other than the trivial ones:
permutations on the product gates, and internal permutation-scale of each product gate such that the
product of the scale coefficients is 1. This is exactly captured by the group TPS; 4(F), which is therefore
contained in the group of symmetries of T 4(x).

Lemma 2.7. Let s,d,n €N, such that d>2 and n=s-d. If Ae GL,(F) satisfies Tsq(x) = Ts 4(Ax), then
Ac TPSs’d(F).

Proof of Lemma 2.7. Fix linear forms 11, ..., ¢, q such that the (7, j)th coordinate of Az (using the indexing
[n] = [s] x [d]) is 4; j(x), and T, 4(Ax) = X5, H?zl ¢; j(x). By the discussion above, our goal is to prove
that there exists a permutation 7 : [s] — [s], and for all i € [s] permutations 6; : [d] - [d] and constants «; ;
satisfying ]'I?zl @ j =1, such that £; j(z) = a;j - T3 9,;) for all i,5. Fix some i € [s] and take a derivative
of the equation Ty 4(x) = T 4(Ax) by x;1:

0 oo Poa®) _OTuatiz)
jef2,..dy " 0w O

(Hf ,J(w)) (8)

For r € [s], denote h;,(x) £ 332,1 (H?zl 6 ;(z)). As d > 2, the LHS of Equation (8) is a reducible poly-
nomial, so Y;_; hi,(x) is also reducible. Composition with a non-singular matrix preserves reducibility,
so Y51 hir(A7 ) is also reducible. However, h; 1(A™'2),..., h; (A7 x) are s variable-disjoint, multilin-
ear polynomials, each of which is either (d — 1)-homogeneous or zero. Thus, by Observation 2.8 below, at
most one h; T(A_lx) can be non-zero. Accordingly, for every variable z; ; there exists a unique i’ such that
Tij € Var( e lir g (:I:)) Thus, for some ' we have

o d
[T @ij= o (q&',j(w)) - (9)
1, Jj=

je{2,...,d}

For any j > 1, if we take a derivative of (9) by w;; then the LHS is clearly non-zero. Thus, both z;; and
x;; exist in V&I‘(H;-lle &-rhjr(zc)), proving variables in the same product gate of T 4(x) are mapped to the
same product gate of T, q(Ax). A similar argument shows that variables from distinct product gates of
Ts q(x) are mapped to different product gates of T, q(Ax). It follows that product gates of T, q(Ax) are
variable-disjoint and that there exists a permutation 7 : [s] — [s] satisfying

d
Vie [S] : (H %, 33)) = {xw(i),la oo 7:I:7r(i),d} .

In particular, there can be no cancellations between different product gates of T, q(Ax). Therefore, by
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multilinearity, for every i € [s], the linear forms ¢; 1(x),...,¥; ¢(x) must be variable-disjoint. Exactly d
variables appear in H;lzl ?; j(x), so for every i € [s] and j € [d] there exists a permutation §; : [d] — [d] and
a non-zero constant «; j € F such that ¢; j(x) = Qi i Tr(i),0,(j)- AS H;lzl o ; is the coefficient of H?ZI Tr(s),j N
Ts q4(Ax), this product must be 1, which completes the proof. O

Observation 2.8. If f,g are non-constant, variable-disjoint, multilinear polynomials, then for every c e F

the polynomial f(x)+ g(x) + ¢ is irreducible.

3 k-independent polynomial maps and their properties

All the hitting and interpolating sets that we construct are based on k-independent polynomial maps (Defi-
nition 1.15). We next give some simple properties of independent polynomial maps, that follow immediately
from the definition.

Observation 3.1. It holds that

1. If G(y, z) is a (k+ 1)-independent polynomial map, then there exists a subset of variables S and an

assignment o € F8! such that Q|S=a s a k-independent polynomial map.
2. For any k > 1, the n coordinates of any k-independent polynomial map are F-linearly independent.

3. Let 1(x) and ly(x) be linearly independent linear functions in F[x]. Let G(y,z1,22) be any 2-
independent polynomial map. Consider {1 0G and ls 0 G as polynomials in z1,zo over F(y). Then,
(410 g)[l] and (L 0 g)[” are linearly independent, as linear forms in z1,z2 over F(y).

We next give the construction of [SV15] of a k-independent polynomial map (denoted Gy, in [SV15]).

Definition 3.2. Fiz n and a set of n distinct field elements A = {a1,...,an} € F.12 For every i € [n] let
Li(w) :F - T be the ith Lagrange Interpolation polynomial for the set A. That is, each L;(w) is polynomial
of degree n -1 that satisfies Li(aj) = 6; ;. We define GIV(y1,21) : F? - "™ as:

G V(y1,21) 2 (La(y1) - 21, Layn) - 21, - -+ L (1) - 21)

and for any k > 1, we define Q/,fV:IFQ”C - F"™ as:

k k k
GeV(y.2) =07V (1, 21) + 67 V(yo, 22) + oo+ GV (Yo 21) = (ZLl(yj) ~zjy 3 Layi) - 2,y ) L) - Zj) :
j=1 j=1 j=1

Observation 3.3. g,f‘/ s a k-independent polynomial map, in which each variable has degree at most n—1.

The generator QEV can be converted to a uniform k-independent polynomial map by adding another &

control variables Y41, ..., y2k, and swapping out the L;(y;)s for their homogenizations y;?;lei (yyi - ):
J

Definition 3.4. With the notation used in Definition 3.2, define the uniform SV-generator with k indepen-
dence g,f‘”wm (F3F > " gs:

d . n— Y1 - Y2 - Yk
g]thom(ylw"7y2k‘7217"°72k):y?+é'gfv( ’Zl)+yg+kl?'glsv( ’22)+."+y3k1'glsv(_,Zk)
Yi+k Yo+k Y2k

121¢ |F| < n» then we take these elements from an appropriate extension field of F.
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k
Yi -1
Yy Zjy ), Yk L2 : Yy “zj |-
(Z ]+k (yj+k) ’ Z Jrk (y]+k’) z:: J+k (yg+k:) J)

Observation 3.5. gg"-hom is a uniform k-independent polynomial map, with individual degrees at most
n—1.

We next show how we can use k-independent polynomial maps in order to, roughly, simulate a kth order
directional derivative or, project a polynomial to a subspace of co-dimension k. We first need to define the

notion of a directional derivative.

Definition 3.6. For an n-variate polynomial f € F{x] and v = (v1,...,v,) € F", the derivative of f(x) in
the direction v is defined as:

; 3@

If F has positive characteristic then by gTF we refer to the formal derivative (which in the case of fields of
characteristic zero is equal to the analytical definition). Observe that we still have that

*f _ Pf  9(fg) _9of 9y Af (g1(2), .-, gm(®)) & Of 391
= ’ =5 a_ d : : <y Ym
Oydx  Oxdy oz Oz g Oz J an Oxy, ZZ; (91(33) gm(@)) -
where in the last expression f is an m variate polynomial, and g1, ..., g, are n variate polynomials.

We shall often take derivatives according to a dual set to a set of linearly independent linear functions:

Definition 3.7. A dual set for m linearly independent linear functions (recall that we say that linear func-

tions are linearly independent if and only if their degree-1 homogeneous parts are linearly independent) in

n >m variables, {1(x),...,ln(x) is a set of m vectors {v;} c F™ such that E (vj) i j-
Lemma 3.8. Let {1,... 4y, € Fl21,...,2,], forn >m, be linearly independent linear functions. Let {v;} c F"
be a dual set. Let g € Fly1,...,ym] be a polynomial. Then, for f(x) =g (l1(x),...,ln(x)) it holds that
of g
= coinlm .
Proof.
@)= S g @)= ey G (@) @)
8'01 a 8 Iy 7 0z 0
dg
=S (vi)‘—(ﬁl(m),...,fm(:c)): () . O
zk: k 8yk 63/2
Lemma 3.9. Let f € F[x] where = (71,...,7,). Let H(w) : F* - F" be a polynomial map in variables
w, and let G(y,z) be a k-independent polynomial map such that var(H) nvar(G) = @. Then, for any
v1,...,0, €F":
_ M gio o fo(G+H)+#0
6@18v2---8'vk i

Proof. By definition of k-independent polynomial maps, G = G1(y1,21) + ... + Gk(yYk, 2 ) for some variable-
disjoint 1-independent polynomial maps Gi,...,Gk. It is therefore enough to prove the lemma for k =1, as
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—8’;, H with H+Gs +...+G; and G with Gy; by iterative application of the result
for k£ =1, we will get the general result for an arbltrary keN.

we can replace f with

Denote H = (Hy,Hs,...,H,). By Definition 3.6, the condition g—i o H # 0 implies that there exists some
i € [n] such that % o H #0. Assume, WLOG, g—j{; o H #0. As G is a 1-independent polynomial map, there

exists some a € F¥1l such that fo (G +H)‘y1:a = f(z1 + H1,Hs,...,Hy); denote g = fo (G + H)‘ylza. As
no coordinate of H depends on 2z1:
H
@ M af (21+H1,H2, Hn)=1-(ﬁ)(z1+H1,HQ,...,Hn)
021 021 oxy 0y
and therefore: 5 of of
g
-2 =1- 0+ Hy,Hs,...,Hy,) = oH #0.
921 |20 (8:61)( b ) (8:61)
As g is a projection of fo (G + H), it follows that fo (G+ H) # 0. O

The next lemma shows how to use k-independent maps in order to project a polynomial to a subset of its

coordinates.

Lemma 3.10. Let m < n € N and g(w) € Flwy,...,wy]. Let f(x) = g(t1(x),...,ln(x)) for linearly
independent linear functions 1(x),...,{n(x). Let G(y,z) be a k-independent polynomial map. For a set
S ¢ [n] of size k denote by g(x; : i € [m]~\S) = g|S:0 the projection of g to the variables outside of S.
Then, there exist linearly independent linear functions {{;(x) : i € [m] \ S}, additional linear functions
L(z) = (Li(x),...,Ly(x)) and an assignment o € F¥ such that:

f(x+G(er, L(x))) = §(li(x) i € [m] N S) .

Proof. Tt is enough to prove the lemma for the case k = 1, as we may then define f(x) £ flx+G(a,Li(x))) =
G(01(x),... ly-1(x)) and apply the result iteratively. Thus, assume k = 1, and WLOG assume S = {z1}
(thus, g(wa,...,wy) =g(0,wa,...,wpy)).

Let x; be some variable with a non-zero coefficient in ¢;(x). Such a variable exists as the ¢;s are linearly
independent. For j € [m], denote 3; = %, i.e. B; is the coefficient of z; in ¢;. By our choice of i, 81 # 0.
Choose some o € FI¥! such that G (e, z1) has 21 in the ith coordinate, and 0 in all other coordinates. Define
L(x) = 51( , SO we get:

61 (33)

f(z+ 6o L(=)) - f(a:a:x _h(@)
5

7$i+1,...,$n).

Observe that for every 1,

B1 b1

In particular, 41 (x + G(a, L(x)) =0. For i =2,...,m, define:

bi(z+G(a, L(z)) = 4; (3?1,3?27---7331‘—1,931' - M7£i+17---axn) =li(z) - b ()

li(x) é&(w)—%-ﬂl(w).
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As lq,..., 0y, are linearly independent, it follows that ly,... Uy, are also linearly independent. We get that
f(@+G(a, L())) = g(0,2(2), ..., L(@)) = §(l2(), .., b () . O

3.1 Proof of Theorem 1.37

We next prove that there are k-independent maps that are provably not robust. The proof is by giving a
different construction of such maps that, for an appropriate arrangement of the n variables in a matrix, is
guaranteed to output matrices of rank at most k. Thus, a determinant of any (k + 1) x (k + 1) minor, a
polynomial that has small formulas for small values of k, vanishes on the output of any such map.

The fact that such a construction exists was already noticed in [FSTW16] (Construction 6.3 of the full
version of the paper). For completeness we repeat the construction here.

Proof. (of Theorem 1.37) Fix the number of variables n and assume WLOG n is a perfect square, i.e., n = m?.

We index the variables as z; ; for i,j € [m]. We let f = Dets1. By [GKKS16], over fields of characteristic
zero, f has a tO(VD = O(n) sized SIIY formula, which is polynomial in n for ¢ = O ((logn/loglog n)Q) Over
fields of positive characteristic the formula size is quasipolynomial in ¢, and the XII¥ complexity is at most
t!, which is polynomial in n for ¢t = O (logn/loglogn).

Denote by M the (¢ +1) x (¢ + 1) symbolic matrix of variables M; ; = x; ;. We first construct a uniform
1-independent polynomial map G; such that M o Gy is of rank 1, and define G to be a sum of ¢ variable-
disjoint copies of Gy. As rank(M o Gy) = 1, we have rank(M oG) <t so Dety1(M o G) =0, as required. We
now focus on Gj.

Fix n distinct field elements {ai,j}?fj:l ¢ F and let w, y, z be new variables. Define two vectors of polynomials
of degree n—1, R=(Ry,...,Rp),C =(C1,...,Cy) € Fly]™, such that for every k € [m] Ry and Cj satisfy

Ri(a;j) =61 and Ci(as;) = djk-

Define Gy (w,y, z) as the mxm matrix z-(w**?R(£)-C(£)T) (the (i,7) entry of Gy is z-w**2-R;(£)-C;(£)).
As every coordinate of G; is a homogeneous polynomial of degree 2n — 1, G; is a uniform polynomial map.

For any i,j € [m] we have that
gl(l,ai,j, z) =z- (Ri'(ai,j) 'Cj’(ai,j))i’,j’e[m] =z (5i,z"5j,j’)i',j'e[m] .

The above matrix has z in entry (4,7) and 0 everywhere else, so G; is a uniform 1-independent polynomial
map. The resulting matrix M oG; is of rank 1 since it is a product of vectors R-C7, so the variable-disjoint
sum G = ¥ Gy (w;, ys, %) is a uniform ¢-independent polynomial map satisfying f o G = 0. O

4 Interpolation and reconstruction for orbits of the continuant polyno-
mial
We start by proving that any uniform 1-independent map hits CGL™ (E) (Theorem 1.17).

Proof of Theorem 1.17. Let f(x1,...,x,) = Cp (01(x) + b1, ..., €y () + by ), where the ¢;s are linear forms.

Observe that C,,(y1,...,Ym) is a multilinear polynomial that has a unique monomial of degree m and all
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other monomials are of smaller degree. Thus,

m
Con(Y1s--sym) = [T vi + Conc1 (Y15 - Ym)
=1

where deg (Cm_l) <m - 1. Hence,
(@) = Con (G1(2) + b1,y o () + b)) =[] i+ F U1y lm)
=1

where deg (f) <m-1.

Let G1 be a uniform 1-independent polynomial map into F™. Let d be the degree of the different components
of Gi. Observation 3.1(2) implies that (IT;%; ¢;) o G1 # 0 and hence it is a nonzero homogeneous polynomial
of degree m -d. As deg (fo G1) < (m-1)-d<deg ((TT{%, 4;) o G1), we have that

foGi= (Hﬂi)°g1+f°gl #0
i=1
and the claim follows. O

Corollary 1.18 follows immediately from Theorem 1.17, Observation 1.14 and the construction of a uniform
generator in Definition 3.4.

Remark 4.1. A similar argument would show that G(y,z) = (y”_l, y" 2z, ,zn_l) s a hitting set generator

aff
for CﬁL” (F), which leads to a hitting set of size n*.

aff
We now turn to giving a reconstruction algorithm for CS (F) We start by proving some simple lemmas
that will be used for constructing an interpolating set.

Definition 4.2. We call an ordered triplet (i,j, k) € Z3 a consecutive triplet if j =i+ 1 and k =i+ 2, or

j=k+1 andi=Fk+2, where all equalities are taken modulo m.

Lemma 4.3. Let m > 3. Then (i,7,k) is a consecutive triplet if and only if every monomial in Cy,(xo, ..., Tm-1)

that contains both x; and xy, also contains x;.

Proof. Observe that a polynomial f(x) has a monomial containing x; and zj but not z;, if and only if this
is also the case when we set z; = 0. Assume that (7,7, k) is a consecutive triplet. Then,

i) 1 xI; 1 0 1 Ti4+2 1 Tm-1 1
Cm ooy iy 0,2409, 0 Tpo1) = T : .
et (O[O0 )
zo 1 Ti—1 1 T+ Tizo 1 Tiez 1 Tm-1 1
= Trace . . .
1 0 1 0 1 0 1 0 1 0

It immediately follows that no monomial of C,,(xq,...,2;,0,2Zi+2,...,Tm-1) contains both x; and z;,2.

We now prove the second direction in the claim. Since C,, is a trace of a matrix product, by properties of
trace we can assume WLOG that i < j < k, by first rotating the order of the matrices until we have i < j < k
or k < j <i (where a < b means that the matrix corresponding to a comes before that of b). As both cases
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are equivalent we can assume that ¢ < j < k. We next handle this case. Assume WLOG that j —¢ > 1. Set
zy =0 for every 1 +2 <r <k, to 0. We get that the new polynomial has the form

k—i-2
o 1 ZT; 1 Ti+1 1 01 Tl 1 Tm-1 1
Trace . . .
1 0 1 0 1 0 10 1 0 1 0

) Cokriv2 (T0y 5 Ty Tig 1, Ty - -+, T 1) for k —i even
= . M
Cr—kris1 (Z0, - .- Tic1, Ti, Tis1 + Thy - - -, 1), for k—i odd

and a monomial of maximal degree in this polynomial contains both z; and xj (when k —i is even there is

a unique monomial of maximal degree, and when k -1 is odd there are two such monomials). O

9?Crm

Corollary 4.4. Let m >3. Then (i,j, k) is a consecutive triplet if and only if rE =0.

:Bj=0
For every list of three distinct indices (i, j,k) € [m]3 denote

0°C,,
8$laxk 2:=0 .
J

Cl? () =

Lemma 4.5. Let n > m > 3 and t be integers. Assume H(w) : F' — F™ is a hitting-set generator for

i) L) . o , _
¥y , for every list of three distinct indices (i,7,k) € [m];. Let G3(y,z) be a 3-independent poly-

nomial map (into F™) that each of its coordinates is a homogeneous linear function in z, over F(y) (for

example, ng,f" has this pro%erty, for every k). Then, for every mi,ms and n and every two polynomials
Fre CSF® and e G5 ) it holds that f1 = fo if and only if fi o (H +Gs) = fa o (H +Gs).

Roughly, what the lemma claims is that if Gs is a 3-independent map and H hits C% , then H +Gs

is an interpolating-set generator.

Proof. Denote f1 = Cpyy (01,05, 01,m;-1) and fa = Cpy (L2,0,- .., ¢2,my-1). The proof has three steps. We
first prove that if f1 o (H +Gs) = foo (H +Gs) then my = my and there exists a permutation 7 : [m]o > [m]o,
and constants «;, such that for every j it holds that ¢1; = a; - €5 7(;). We then show that, possibly after
rotating the order and taking a transpose, we can assume WLOG that 7 is the identity permutation. At
the last step we prove that either o; = 1 for every j, or that m is even, ag-aq = 1 and for every j, ag; = ag
and anji1 = o.

Step 1: As in the proof of Theorem 1.17, deg( f;) = m; and the homogeneous part of degree m; in f; is given
by

mifl
fi[mi] = 41] :

Observe that since fl.[mi] o (H + G3) is nonzero (e.g. by Observation 3.1(2)), and its degree, as a polynomial
in z, is exactly m; (and every other term in f;o (H +Gs) has degree strictly smaller as a polynomial in z), it
must hold that m; = mo. To simplify the notation let m = my = ms. Again by comparing terms of maximal

degree in z we see that

m—1 1 m—1 1
(Hf&,})ogs=(m£,})ogs. (10)
j=0 J=0
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As both {¢;;} and {f3;} are linearly independent sets, we get from unique factorization and from Observa-
tion 3.1(3), that there exists a permutation 7 : [m]o - [m]o and constants {a;} so that {1 = a;ly 1 (;y, for
every j. This completes the first step.

Step 2: We wish to show that the permutation 7 is an “ordered” cycle of length m. That is, that it either
has the form (é,i+1,...,m-1,0,...,i—1),0or (i,i—1,...,0,m—1,...,i+1), for some i. Indeed, assume for
a contradiction that this is not the case. Then, there must be an index i such that (7w (i), 7(i+1),7(i +2))
is not a consecutive triplet. Let {v;}; be a dual set to {¢3;},. Corollary 4.4 and Lemma 3.8 imply that

9 2
0 fl =0 and & +0.
Ov;0v;42 £2 41 (x)=0 v;0vis2 £2 541 (2)=0
In particular
2
_ng(i),ﬂ-(i+1),7r(i+2)) (lag, ... lom-1) = M 0.
Dv;0V;42 {2,541 (2)=0

By the assumption on H we get that

2
_o@)m(ir)miv2) o gy - [ 9 (1= f2)
" 0v;0v;42

2
)OH:—(M )OH¢O
l2 41 (2)=0 0v;0v;12

Applying Lemma 3.9 for k = 2 and Lemma 3.10 for k£ = 1 we get that (f1—f2)o(H +G3) # 0, in contradiction.
Step 3: To simplify notation, assume, WLOG, that 7 is the identity permutation. Observe that H;Zal Egli] °
Gs = H?ial ai~H§’=‘51 Zgli] 0Gs. Hence, Equation (10) implies that Hgﬁ{)l o; = 1. If there is 7 such that ;-1 # 1

then use G3 to restrict to the subspace ¢1; = £1+1 = 0 (using Lemma 3.10). Denote with G5, the map Gs after

L3541 (2)=0

we used two of the z;s for the restriction (G is a 1-independent map). As Cp,(zo, ..., Zi-1,0,0,Zis2, ..., Tm-1) =
Cm-2(x0y -+, Tio1, Tis2, ..., Tm-1), We get a contradiction by considering the terms of maximal degrees (as
polynomials in the remaining z) in fi o Gg and fa o G3 as follows:

(0 O ) R (O QO

je[m]o~{ii+1} je[m]o~{i,i+1} je[m]o~n{ii+1}

S0 Y 0 1
je[m]on{ii+1} je[mlo~n{ii+1}
1

- . ) ogr 4 (Megr,
Q- sl (Je[m]n 1,]) 3 H 1,7 3

o~{iyi+1} je[mlo~{ii+1}

where the first equality follows from the assumption that fi o G3 = fs o G3 and the last inequality uses the
assumption «; - ;41 # 1. Consequently, either for every i, o; = 1, which means that f; = fo, as we wanted to
prove, or m is even and for every %, aa; = ap and ap ;11 = 1, and that ag-aq = 1. We next show that in this

1 0 1 0 10
case as well the polynomials are equal. Indeed, observe that . = . Hence,
0 Q) 0 a1 01

f1 = Trace ((51,0 1) . (Zl’1 1) . (gl’ml 1))
1 0 1 0 1 0
1 0 l1o0 1 1 0 1 0 f11 1 1 0 1 0
= Trace . ’ . . . ’ . .
0 ag 1 0 0 ag 0 o 1 0 0 o 0 agp
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te 1) (1 0) (1 0 1 0\ (1 o) (tima 1) (1 O
1 0] \0 ag) \0 a1) " \0 ay) \O o 1 0)\0 o
_ Trace lio ao) [lir 1)  [lim1 a1 (11)
(67 0 (05} 0 (03] 0
_ Trace ag-lro ao) [oa-f2y a1 foar-lomor o
(7)) 0 aq 0 a1 0
4 1 Y4 1 by -1 1
(5 (5 (e )

This concludes the proof of the lemma. O

aff
From Lemma 4.5 we see that all that we have to do in order to construct an interpolating set for cGl (F),

is to find a map H as in the statement of the lemma.

Lemma 4.6. Letn >m be integers. Let Go(y, z) be a 2-independent polynomial map into F™, that is linear in
z. Then, For every list of three distinct indices (i, j, k) € [m]g and for every m n-variate linearly independent
linear functions lo(x),. .., ln-1(x) € Flx] it holds that if ek (Lo, .-y lm-1) # 0 then k) (Lo, . lm-1)0
g2 +0.

Proof. As CS};J"’“) (Yo, - -, lm-1) # 0 it follows that (i, j, k) is not a consecutive triplet. Assume WLOG that
i<j-1<j<k. UseGy to further restrict the polynomial to the subspace ¢;_; = 0 (using Lemma 3.10).
Let G} denote Gy after the restriction. Lemma 3.10 guarantees that G} is 1-independent. Observe that

the homogeneous term of maximal degree in C,(j{j’k) (o, .-y lm-1) £y (@)= is equal to TTe[m]on{i,j-1.5.k} EE].
j-1(x)=
It follows that the term of maximal degree, as a polynomial in z, in Cfﬁ’]’k) (Yo, lm-1) . o Gl is
j-1(2)=
(Hte[m]o\{ﬁj_l,j’k} 41]) o G4, which is nonzero by Observation 3.1(2). O

Combining Lemmas 4.5 and 4.6 we get the following corollary:

Corollary 4.7. Let G5(y,z) : F* - F" be a 5-independent polynomial map that is linear in z. Then, for

. GLA(F) GLeiy . o
every mi,mg <n and every two polynomials fi € Cy,, and fa € Cp, , it holds that f1 = fo if and only

if f1oGs=f200s.
Theorem 1.19 follows immediately from Corollary 4.7 and Observation 1.14.

4.1 Reconstruction algorithm for CGL™(F)

The reconstruction algorithm is given in Page 27.

Analysis of Algorithm 1:

Claim 4.8. Step 1 can be executed in polynomial-time.

Proof. Let G1(y, z) be a 1-independent map. Let w be a new variable and consider G = w-G;. Le., we multiply
each coordinate of G; with w. Observe that the degree of w and of z in (f o G) is exactly deg(f) = m. As
in the proof of Theorem 1.17, we see that the m-homogeneous component of (foG), when viewed as a
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aff
input : Integer n, black-box access to f = CS’nL” () ~ 3
output: Linear functions ¢y, ..., 0,1 € F[x] such that f = C,, (Zo, ... ,Em_l)

Compute m using interpolation and the hitting set constructed in Theorem 1.17 ;

Factor fl™ ; /* Using univariate root-finding */

CIRI e

/* We found linear functions LO gL ” s

scalars oy, «; -Lz[l] = 67[3(]2.)

Compute a dual set {v;}, to {LZ[»I]},;
/* Next we compute the free terms
fori=0tom-1do
Define f/(x) = %(m);
Set gi() = f(x) - L' (@) f{(@) ;
Compute deg (g;);
if deg(g;) =m -2 then
‘ set A\; =0
else
Find w € F” such that fl"(w) #0;
Set A = (L1 (w) - gl (w)) /£1m) (w);
end
Set L; = LM + \;;
end
/* There is a permutation 7 and scalars «; such that «o;-L; = Eﬂ(i)

such that for some permutation 7w and

/* We can simulate queries to g¢;

Find all consecutive triplets and recover the permutation 7w ;
/* WLOG 7 is the identity permutation
Find {u;} such that L;(u;) =9;; ;

/* We now recover the ;s

if m is odd then
fori=0tom-1do
‘ Set gl = f(uz) . Li;
end
else
Set By = apg =1 and EO = Ly;
fori=1tom-1do
‘ Set B; = (f(wi-1 +w;) —2) /Bi—1 and &; = B; - Ly;
end
end
return 570, el ,Zm_l;

*/

Algorithm 1: reconstruction algorithm for QL™ (F)
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polynomial in w, is (I‘I?Zal El[l]) oGy # 0. As we know that m < n, using interpolation (over w) we get

black-box access to (f oG )[k], for every 0 < k <n. We look for the first k, starting from n and going down,
such that (f o g)[’“] # 0. This can be done, for example, by interpolation (over vy, z). O

Claim 4.9. Step 2 can be done with polynomially many queries to a root-finding algorithm over F (assuming
IF| >n3).

We assume some knowledge with known factoring algorithms. For good a reference see [vzGGO03] (the lecture
notes of Madhu Sudan are also a great resource on the subject [Sud99]).

Proof sketch. Observe that f[™ = i 51[1]7 and all its linear factors are linearly independent. Known
factoring algorithms require that we reduce the polynomial that we wish to factor to a square-free, bivariate
polynomial. This can be easily done using 2-independent maps. Let Ga(y, 21, 22) be a 2-independent map
that is a linear form in z; and z (e.g., G5V). Observation 3.1(3) shows that composing fI"™ with Go(y, 2),
keeps all factors linearly independent, when viewed as linear polynomials in z. Each assignment to y gives
a different polynomial whose factors are homogeneous linear functions in z1,29. Observe that there is an
assignment to y from the set [n3]|y|, that maintains the property that the factors are linearly independent.
Indeed, for every two factors we need the assignment to be a nonzero of the determinant of the coefficient-
matrix of the two factors. There are (ZL) such determinant, each has degree 2(n — 1) as a polynomial in y
(hence the requirement for a field of size n®). By going over all such assignments to y, we are guaranteed to
find one that maintains this property.

Once we reduced to the square-free, bivariate case, factoring algorithms proceed by reducing to factoring of
univariate polynomials. In our case the univariate completely splits as a product of linear factors, hence the
univariate factorization step only need oracle access to a root-finding algorithm. O

] (1]

w(3)’

Observe that we have found irreducible linear functions Ll[l , each is a scalar product of some /¢ for some

(1] _ 1]
L = éw(i).
Claim 4.10. For every i, the for-loop in Step 6 returns L; such that ;- Li = £y ;.

permutation 7. Let {«;} be such that «; -

Proof. For i€ [m]o, denote Crri (Y0, - - -, Ym-1) = Yr(i) Fi1 (YN Yn(i)) + Fi0(Y N Yr(i)). Observe that deg(F; 1) =
m —1 (since it contains the product of all y; except y.(;)) and that deg (F; o) = m - 2. Indeed,

Fi,U(y) = Cm(yo, oo 7ym—1)‘yw(i):0
= Trace | [ 7 1. I Rl DY ) (vr@a 1) o R !
1 0 1 0 1 0 1 0 1 0
_ Trace ((?JO 1) o (yn(i)—z 1) . (yﬂ'(i)—l + Yr(i)+1 1) . (yn(i)+2 1) o (Z/m—l 1))
1 0 1 0 1 0 1 0 1 0

= Cm-2 (y07 s Yr(@)-2> Yr (@)1 Yn(i)+1 Yn(i)+25 - - - ,ym—l) .

We now note that

, Ol (i)
filloy - lm-1) = o, (BN Lry) =i Fin(EN Lrgyy) -
Asgi=f- Ll[l] - f], we get that
g; = (Eﬂ'(’l) . Fi,l(e N ET((’L)) + FL()(E N Eﬂ‘(’b))) - Ll[l] . (oz@- . Fi71(£ AN Ew(z)))
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= (fﬂ.(z) — Q- Ll[l]) . Fi’l(ﬁ N gﬂ,(z)) + Fi’o(f N €ﬂ,(l)) .

Thus, deg(gi) = m -2 if and only if £y - a; - Ll[l] = 0. In other words, deg(g;) = m — 2 if and only if
Cx(iy is homogeneous and L; = Ll[l]. As égrl(]l.) =y - Ll[.l], it holds that (ﬁﬂ(i) - ai-Ll[l]) € F. Therefore, if

deg(g;) =m - 1 we get that

" = (Lgay — i L) - By (B0 D1 = (0 ) - 0 1Y) .j}}i) A (12)
Hence,

= 21 o™ D 7w = - (o - L) T /T4

(90 ) 0= sy ) o
It follows that
(o7 Li = Q5 (Ll[l] + )\z) = Q4 Ll[l] + o )\i =0y Ll[l] + (gﬂ(z) — Oy Ll[l]) = eﬂ.(z)

as claimed.

An important point to notice is that we can check whether deg(g;) = m —1 in the same manner in which we
computed deg(f) (thanks to Equation (12)). O

Note that Step 19 can be executed using Corollary 4.4 and Lemma 4.6. Indeed, as £(;) = a; Ly, it follows that

{vi/a;} is a dual set for {Egrl(]i)}. That is, Egrl(]i) (vj/a;) = 6; 5. Therefore, W 05720 =0 if and only
m(7)~
i 81?-28]; o= 0. Hence, with the help of Lemma 4.6 and interpolation, we can find all consecutive triplets.
i =

Once we have that information, construction of 7 (up to reversal, which does not change the resulting

polynomial) is immediate. Since we know 7 we can assume WLOG that 7 is the identity permutation.

Step 21 is possible as the L;s are linearly independent. Note that Egrl(]i) (uj) =6 ;- aj.
Claim 4.11. The linear functions 0; that were computed in Steps 23-31 satisfy Cp, ((70, e ,Em_l) = f.

Proof. First, observe that ¢;(u;) = o; - 0; ;. Assume first that m is odd. Then

_ ﬁo(’u,z) 1 ) El(ul) 1 ) ] Em,l(ui) 1
f(ui)—Trace(( ) O) ( ) 0) ( ) O))

- 0 1) far 1) {0 1))

- o) L1 o) a0 )

=Trace| ° J=o.

In this case we get that l; = f(u;) - L; = a;L; = ¢;. In particular, we recovered the original ¢;s.

Next, assume that m is even. Observe that since m is even we can replace each fy; with fo9;/cy and each
loi1 with lo9;41 - ag and still get the same f (recall Equation (11)). Therefore, we may assume WLOG that
Qo = 1.
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The first iteration gives

f(ug +uy) = Trace ((fo(uolJr u1) (1)) ) (51(u01+ uy) (:;) ol (ﬁm—l(ulo +up) (1)))

m—2
11 1 01 11
= Trace A . = Trace art =qp+2.
10 1 0 10 o 1

Hence, 81 = (f(ug+u1) —2) /g = @1/1 = a1, and therefore, 01 = 01. We proceed to show by induction that

for every i, 8; = ;.

f(’LL‘-f-U' ):Trace 01 ) ) Ei(ui+ui+1) 1 ) £i+1(ui+ui+1) 1 ) ) 0 1
pr 1 0f 1 0 1 o] " \1 o

i m—i—2
01 (67 1 (o795} 1 01
= Trace . . .
1 0 1 0 1 0 1 0

o; a1 +1 oy
= Trace| = ! Nz i +2,
Qiy1 1
and we conclude, from the induction hypothesis, that £8;11 = a;+1 and that Zi+1 =l O

Thus, algorithm 1 correctly outputs linear functions {ZZ} so that Cm(go, . ,Zm_l) = f.

The claim regarding the running time is also obvious given the analysis above. We thus see that Theorem 1.20
holds.

Remark 4.12. As Theorem 1.37 shows that t-independent maps do not necessarily lead to robust hitting
sets, our reconstruction algorithm is not continuous at 0 (recall the discussion in section 1.6): Intuitively,
around 0, there is no way to break the tie between the different polynomials C(T,{’l’k)(az) and decide which are

the comsecutive triplets.

5 Orbits of read-once formulas

In this section we discuss the circuit classes ANFCL" (®) and ROFCHE) (see Definitions 5.1 and 5.3 below),
which are dense in VP,. We construct a hitting set for ROFSE(®) and an interpolating set for ANFOL(E),
Finally we observe that the randomized reconstruction algorithm of [GKQ14] works for every polynomial in
ANFOL(©),

We start with basic definitions concerning ROFs and ROANFs and prove Theorem 1.21.

Definition 5.1. An arithmetic read-once formula (ROF for short) ® over a field F in the variables x =
(x1,...,2n) is a binary tree T whose leaves are labeled with input variables and a pairs of field elements
(o, B) € F2, and whose internal nodes are labeled with the arithmetic operations {+,x} and a field element
a €F. Each input variable can label at most one leaf. The computation is performed in the following way:
A leaf labeled with the variable x; and with («, 8), computes the polynomial ax; + 5. If a node v is labeled
with the operation * € {+,x} and with o € F, and its children compute the polynomials ®,, and .., then the
polynomial computed at v is @, = Py, * Py, + . A polynomial f(x) is called a read-once polynomial (ROP
for short) if f(x) can be computed by a ROF.
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Observation 5.2. Read-once polynomials are always multilinear polynomials.

We next define formulas in alternating normal form, as was first defined in [GKQ14].

Definition 5.3 (Section 3.2 in [GKQ14]). We say that an arithmetic formula ®, over F, is in alternating
normal form (® is called an ANF for short) if:

1. The underlying tree of ® is a complete rooted binary tree (the root node is called the output node). In
particular, size(®) = 24P+ _1 yhere size(D) is the number of nodes in the tree of ® and depth(®)

is the mazimum distance of a leaf node from the output node of ®.

2. The internal nodes consist of alternating layers of + and x gates. In particular, the label of an internal
node at distance d from the closest leaf node is + if d is even and x otherwise. So if the root node is a

+ node, its children are all x nodes, its grandchildren are all + etc.

3. The leaves of the tree are labeled with linear functions. That is, each leaf is labeled with ((x) =

ap + Yivq a;x;, where each a; € F is a scalar.

The product depth A of ® is the number of layers of product gates. The number of leaves of ® is therefore
always 42 if the top gate is +, and % 42 if the top gate is x.

The class ANFCU"®) mentioned in section 1.2.2 is defined in terms of the following canonical read-once
ANF formula (ROANF for short):

Definition 5.4 (Notation from Fact 3.4 of [GKQ14]). We denote the canonical ROANF polynomial, of
product depth A on 42 variables, as ANFA(x). It is defined recursively as follows:

ANFQ(%) =T
ANFp (@) = ANFa (2)) ANF, (@) + ANFA (22)) ANF, (29)

where £ is the 4™ -tuple of variables {T(c1yadirs - Tiga }

For example, ANF; (x) = 2122 + 2324.

aff
Observe that any polynomial in ANFiL" ) is an ANF according to Definition 5.3, but not vice versa.

Next we give some basic definitions concerning the underlying tree of a ROF, or of a ROANF.

Definition 5.5. Let ® be a ROF and v;,vj nodes of ®. The first common gate of v;,v; (denoted fcg(v;,v;))
is the first gate in ® common to all the paths from v; and v; to the root of the formula.

Definition 5.6. Let T' be the computation tree of some ROP polynomial g € F[a]. For a node v eT that is
not the root, we denote by sib(v) € T the unique sibling of v in T. When clear from context, sib(v) € F[x]

denotes the polynomial computed at node sib(v).

We may characterize mon(ANFa(x)) by the first common gates of pairs of variables appearing in the

monomials:

Observation 5.7. ¢ € mon(ANFa(x)) if and only if ® is multilinear of degree 2%, and for every x; +

xj € var(x®) it holds that fcg(xi, x;) is a product gate.
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Observation 5.8. Let n = 4%. Let T be the computation tree of ANFa(x) (from Definition 5.4 above).
Fiz some variable x; € x and let {v1,...,va} €T be the addition gates on the path from x; to the root of T,
where va s the root. Denote with vy €T the leaf labeled x;. Then, recalling Definition 5.6,

A-1

Corollary 5.9. For any set of variables S ¢ «x, 8‘48% s either zero, or a product of variable-disjoint

ROANFs.

18 MON-Zero.

Corollary 5.10. For any 0 + u € IF4A, —aAaNFA
u

OANF A

Proof. Denote u = (u1,...,un). By Observation 5.8, every monomial of 2 =gz, s divisible by sib(x;) and

is not divisible by x;. Furthermore, for every j # ¢, any monomial of aAaﬂ that contains sib(z;), must
Tj

also contain x;. Thus, in any linear combination BAQ% =3 U 8%1\; A no cancellations can occur as the

monomial sets in the summed polynomials are disjoint. O

We first give the simple proof of Theorem 1.21, that separates ANF GL&H(F), ROFSM(E) and VP, and that

shows that their closures are equal.

Proof of Theorem 1.21. From the definition it is obvious that ANFCEL™(®) ¢ ROFCL(®) | It is also clear that
the classes are different as the degree of every polynomial in ANFGL(®) g always a power of 2, which is not
necessarily the case for polynomials in ROFGE(E) - Ag polynomials in ROFCL() are multilinear with respect
to some basis, it is also clear that ROFGL() ¢ VP,, as the example f(z) = 22 shows. It is also not hard to
demonstrate a multilinear polynomial in VP, that is not in ROFCE(E) | The next claim follows example 3.8
of [SV14].

Claim 5.11. f(m) = T1T9 + Tox3 + T3T1 ¢ ROFGL(]F),

Proof. Assume for a contradiction that there is some ROF formula containing f in its orbit. As f is
irreducible, the top gate of ® is an addition gate. As there cannot be any cancellations in ®, the children of
the root must compute homogeneous degree 2 polynomials. It is not hard to see that this means that the
polynomial computed cannot be written as a ROF in only three linear functions, as one child of the root

must compute a linear function. ]

To show that the closures are equal, we note that Proposition 3.2 of [GKQ14] states that any polynomial
that is computed by a size s formula, can be computed by an ANF formula of size O(s*). As the leaves of
an ANF formula are labeled with linear functions, we can approximate these linear functions with linearly

FGLaﬂ(F)_

independent linear functions and thus conclude that VP, ¢ AN The claim about the closures

immediately follows. ]

5.1 A hitting set generator for orbits of read-once formulas

In this section we prove Theorem 1.22 that gives a hitting set for ROFCL(®) | Our proof follows the proof
of [SV15], who constructed such a generator for ROFs. We note that Minahan and Volkovich significantly
improved upon the result of [SV15], namely, they achieved a polynomial-sized hitting set for ROFs. However,
we do not know how to adapt their approach to orbits of ROFs and instead use the method of [SV15] that
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is based on taking partial derivatives, an operation that works well when composing the ROF with a k-
independent map (recall Lemma 3.9). We now turn to proving Theorem 1.22.

Proof of Theorem 1.22. The proof of the theorem is by induction on the number of variables in the underlying
ROF, which we denote by m. In fact, we claim something stronger:

Let ® be a ROF on m < 2! many variables that computes a non-constant polynomial. Then, for f € PCLA(E)
and any (¢ + 1)-independent polynomial map G, over F, f oG is a non-constant polynomial.

For m < 2 the claim follows from Observation 3.1.

Let f € F[x1,...,2,] be in the orbit of some ROF, on m many variables, ®(w1,...,w;,). Let t be the
smallest integer such that m < 2°. By definition, for some linearly independent n-variate linear functions
Oy, f() =P (li(x),...,ln(x)) (Where we abuse notation and identify ® with the polynomial that
it computes). Let {v;} be a dual set to {/;}.

As in the proof of Lemma 5.1 of [SV15], we split the proof into cases depending on the top gate of ®.
Let G1,G; be a 1-independent polynomial map and a t-independent polynomial map, respectively, such that
G=G1+G;.

Case ® = &+ Py+a: As & and &, are variable disjoint, we can assume, WLOG that |[var (®1) | < m/2 < 2071,
Assume further, WLOG, that % + 0. As ¥, does not depend on wy, we get from Lemma 3.8 that
88—51 = % (41,...,4m) #0. By our induction hypothesis, (g—gl) oG = (g—ffl) oGy is a non-constant polynomial.
Lemma 3.9 implies that foG = fo (G +G;) # 0, and it is clearly not a constant polynomial.

Case ¢ = ®; x Py + a: As we can assume that both ®; and ®, are non-constant (there is always such
formula computing ®(w) if it is not the constant polynomial), they both contain less than m variables.
Denote f; = ®; ({1,...,4m), so that f = f1 - fo + @. The induction hypothesis implies that f; o Gy11 and
f2 0 Giq are both non-constant. Hence, f o Gi1 = (f10Gi1) - (fooGii1) + o is also non-constant, as we
wanted to prove. O

As before, Corollary 1.23 follows immediately from Theorem 1.22 and Observation 1.14.

aff
5.2 An interpolating set generator for ANF& ()
In this section, we construct an interpolating set generator for ANFGL&H(F), thus proving Theorem 1.24. We
restate the theorem to ease the reading.

Theorem 1.24. Let f; = ANFA,(A1x + b1), fo = ANFaA,(Asx + ba) € ANFGLZﬁ(F) and f = f1 — fa. Set
k £ 2max{A1,A2} + 7 and let G be any uniform k-independent polynomial map, over F. If f # O then
foG=+0.

The first step in the proof is a reduction to the case where f; and fy are “almost the same”. Recall that by
Fact 2.4, f; and fo can be equal and still compute different linear functions at their bottom layer. The next
lemma (roughly) shows that composing ANFa (x) with an O(A)-independent map, preserves equivalence

of different ANF's while not introducing any new equivalences.

Lemma 5.12. Let fi = ANFa, (A1z+b1), f = ANFa, (Asz +bs) € ANFCET® qnd f= 1~ fo. Fori=1,2,
denote by h; = xgeg(fi)fi(i—;,...,i—g) the homogenization of f;, and let A; be an extension of A; such that

A; e GLp1(F) and h; = ANFAZ.(AZ-:L'). Set k = 2max{A1,Aq} +7 and let G be any uniform k-independent
polynomial map. If f +0 then at least one of the following holds:
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1. foG#0.

2. A1 =As, and there is a 1 — 1 map between the quadratic forms of hQ(AI]'m) and those of ANFa, (),
such that any two quadratics that were matched have the same monomials, possibly with different coeffi-

cients.'® Furthermore, the map between the quadratics is a TRya,-1(F) symmetry (see Definition 2.2).

Observe that if {¢; ;} are linear functions such that f; = ANFa, (¢;1(z),... ,£i74Ai), then the condition “the
monomials appearing in the quadratic forms of ho ((Al)’lw) are identical to the monomials of the quadratic
forms of ANFa, (x), up to TRya, (F) symmetry” is equivalent to saying that there exists a permutation

m € TR a,-1(F), matching quadratics in fo to those of fi, such that when we represent the ith quadratic

qi(Q) of fo according to the linear functions {61,1, sy gag }, then qi(Q) has the same set of {El,h . ,6174A1}_

(1)
(i)’
we mean that there exists a permutation m € TR a,-1 (IF) such that the statement holds when we apply 7 to

monomials as ¢ the m(i)th quadratic in f;. In general, whenever we say “up to TR a,-1 (F) symmetry”

the quadratics computed at the bottom layers.

Once we have this in mind we can see that the only “bad” case is when, for every i, {2 ; = ;- {1 ;, for scalars
a; € F (possibly after applying some TRy a,-1(IF) symmetry). Thus, the proof of Theorem 1.24 would follow

from the next lemma.

Lemma 5.13. Let ¢1(x),...,¢,(x) be linearly independent linear forms, and let aq,...,a, € F be non-zero
constants. Let f = ANFA(l1,...,0,) and g = ANFa(a1l1,...,anly), and let G be a (2A + 2)-independent
polynomial map. It holds that if f —g+0 then (f-—g)oG #0.

We first give the formal proof of the theorem and then prove the main lemmas.

Proof of Theorem 1.24. Let hi,hs be the homogenizations of fi, fo as in the premise of Lemma 5.12. As-
sume Case 2 of Lemma 5.12 holds, as otherwise we are done. Then, for n = 421, this assumption im-

plies that for some linearly independent linear forms /¢i,...,¢, and non-zero constants ai,...,a, € F,
hi = ANFa, (¢1,...,¢,) and hg = ANFA, (a1f1,...,axt,). By Lemma 5.13, if f # 0 then (hy — h2) o G # 0;
and by the following lemma (Lemma 5.14), we may conclude f oG # 0. O

In
2 70

Lemma 5.14. Let © = (x1,...,x,) and f € F[x] be a polynomial of degree d. Let g(xo,x) = ng(i—é, ..
be the homogenization of f, and let G : Ft — F™1 be a polynomial map such that the coordinates of G are
homogeneous polynomials of identical degree. Let H : F* — F™ be the restriction of G to the coordinates in
[n] (i.e., we ignore the Oth coordinate). If go G 0 then fo H #0.

Proof. Write g(xg,x) = Y%,z fl4 (), and denote by Gy the 0th coordinate of G (such that G = (Go, H)).
We get:

d - .

90G=2(Go)" - (/1" o ).

i=0
Fix i € [d+1]o to be the minimal index such that fl¢lo H # 0. Such an index must exist, because go G # 0.
As all coordinates of G are homogeneous and of identical degree, for any i < i’ € [d] such that fl4¥1o H
is non-zero, we must have deg(fl% " o H) > deg(f[%1o H). Thus, nothing can cancel fl* 1o H in foH,
proving fo H +0. O

13Thus, composition with G does not exactly preserve equivalence.
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5.2.1 Proof of Lemma 5.12

The high-level strategy for proving Lemma 5.12 is as follows: first, we show that if Case 2 of the lemma

88:5; = gjgb # 0. This is proven in Lemma 5.16, based on2the
0°f1

structural result of Lemma 5.15. After that, we prove that (k — 2)-independent polynomial maps hit Sobn

is false, then there are v,u € F™ such that

in Lemma 5.18.

To prove Lemma 5.12, we first set out to prove that inclusion of monomial sets is enough to deduce that
Case 2 of Lemma 5.12 holds:

Lemma 5.15. Let g(x) = ANFA(Ax +b) for some (A,b) € GLY(F). Let qu,...,qua-1 denote the quadratic
forms of ANFa such that g = ANFa_1(q1(Ax +b),...,qua-1(Ax +b)). If mon(g) € mon(ANFa(x)), then
b =0 andmon(¢;(Axz)) = mon(qg;(x)), up to TRya-1(F) symmetry. In particular, mon(g) = mon(ANFa(x)).

Proof. The proof is by induction on A.
For A =1, we know mon(g) € {z1x2,z324}. ANF;() is irreducible, so mon(g) # {z1x2} or {x3x4}, and
g is non-constant so mon(g) = {x122,x324}. Now, let ¢1(x),...,l4(x) denote linearly independent linear
functions such that g = ¢1(x)la(x) + l3(x)ly4(x), and denote a; = £;(0). The 1-homogeneous part of g is
given by:

g = oM (@) + aolM (@) + astM () + asl ().

As g is 2-homogeneous, g[l] = 0. As the Ez[l]s are linearly independent, this implies a1 = ... = a4 = 0, and
therefore b = 0, proving the base case.

Assume A > 1 and denote ANFa(x) = FyFs + F5Fy, where Fy,...,Fy are the grandchildren of the root of
ANFA. In particular, each F; is an ANFa_;j(x) formula (on one quarter of the variables). We note that
g is 2 homogeneous because mon(g) € mon(ANFA), so g = ANFa(Ax) (because ANFa (Ax + b)[QA] =
ANFA(Ax)). Denote g = g192 + g3g4 where g;(x) = F;(Ax).

First, note that var(g) = var(ANFa (x)): we already know var(g) ¢ var(ANFa(x)), and g must depend on
at least 42 variables, or the 42 linear functions on the leaves cannot be linearly independent.

Next, observe that g1 g2 and gsgs must be variable disjoint: if z; € var(gig2) nvar(gsgs), then (%) (A lx)

is a sum of non-constant, variable-disjoint, multilinear polynomials, and (g—ai) () is therefore irreducible
(recall Observation 2.8). However, if we denote by x; the sibling of z; in ANFa(x), the fact that mon(g) ¢
mon(ANFa (x)) implies that every monomial of %(az) is divisible by z;. As A > 1, we have deg (g—i) > 3,
and therefore g—xgi must be reducible, in contradiction. Thus, var(gig2) nvar(gsgs) = @, and in particular

mon(g1g2), mon(gsgs) € mon(ANFA).

Next, assume, WLOG, there exist some monomial &€ € mon(F;F5) such that ¢ € mon(g1g2). If gi192
contains a monomial of F3F}y, then g1gs can be partitioned into a sum of two variable-disjoint, non-constant,
multilinear polynomials; which would contradict reducibility of g1g2. Thus, mon(gig2) € mon(F; Fy). As we
showed that var(g) = var(ANFa(x)), the conditions on the monomials implies that there must exist some
monomial of F3Fy in g, so we may conclude mon(gsgs4) € mon(F3Fy), and in addition, var(g;g2) = var(Fy Fy)
and var(gsgs) = var(F3Fy).

To apply induction, it remains to prove that mon(g;) € mon(F;) for i € [4] (up to TR(F)); focus on g1g2
and WLOG assume var(g;) nvar(F) # @.

As all monomials of g;g2 are multilinear, var(g;) nvar(ge) = @. As A > 1, we may denote by p1,p2,ps,pa
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the variable-disjoint polynomials such that F} = p; + ps and F = p3 + p4:
F1Fy = (p1+p2)(p3 +pa) = p1ps + p1pa + pap3 + papa -

We now show that g; cannot contain variables from both F} and F5. Assume there exist monomials x€!, 22 €
mon(g;) such that &€ contains variables from var(F;) and x® contains variables from var(Fy) (' and
2 may be the same monomial). WLOG assume var(z®')nvar(p;) # @, and likewise var(x®?)nvar(p3) # .
Let € € mon(g2), and let a;|x®. If z; € var(pz), then x° - ¢ € mon(g;g2) is a monomial involving variables
from both p; and po, in contradiction; by a symmetric argument, we cannot have x; € var(ps). Thus, all
monomials of go may involve only variables of p; and ps, i.e., var(ge2) < var(p; ) uvar(ps). Therefore, the only
way to get monomials involving variables of ps or p4 is via monomials of g1, so g; must contain monomials
e’

T ,:1:‘32, containing variables of py and py4, respectively (here we use the fact that var(gi1g2) = var(F1 F3)).

As before, we get var(gs) < var(ps) uvar(py), in contradiction.
We can therefore conclude that var(g;) € var(F1). Using var(gig2) = var(FiFz), we deduce var(gz) N

var(Fy) # @, and repeating the argument of the previous paragraph we conclude var(gs) € var(F»), which
implies var(g;) = var(F;) for i =1,2.

As mon(g1g2) € mon(F; Fy), we may conclude mon(g;) € mon(F;) (for ¢ =1,2):
mon(F;) = {a:e|(m\var(ﬂ)):1 cx® emon(F1Fy)} 2 {aze‘(wwar(gi)):l :x® e mon(gig2)} = mon(g;).

Finally, we may apply the induction hypothesis and conclude b = 0 and mon(g;(Ax)) = mon(g¢;(x)), up to
TRya-1(F) symmetry. Le., there is a permutation 7 € TRya-1(F) such that mon(g;(Ax)) = mon(g,:;(x))
(TRya-1(F) symmetry enters every time we use “WLOG” in the proof). O

The next step is showing that, if Case 2 of Lemma 5.12 does not hold, then we may choose a pair of vectors by
which to take a derivative of f = f; — f2 such that Pho_ =0 and 0> # 0. This is formalized in Lemma 5.16

ovivo ovivg

below, and is proved by applying Lemma 5.15.

Lemma 5.16. Let f = ANFA(A1x) and g = ANFA(Aox), for some Ay, Ag € GL, (IF) Denote § = g(A7'x).

If mon(g) # mon(ANFA(x)), then there exist v,u € F" such that 5 8 f =0 and aiagu = 0.

Proof. Let ¢1(x),...,l,(x) be linearly independent linear forms such that f = ANFa(¢1(x),...,lua(x)),
and let {v1,...,v4a} be a dual set.

By Lemma 5.15, the fact that mon(g) # mon(ANFa(x)) implies mon(g) ¢ mon(ANFa(x)). Fix some
monomial € € mon(g) \ mon(ANFA(x)), and choose v, u as follows:

e If € is not a multilinear monomial, let z; be such that 1’12|$e Set v = u = v;. In this case, we get from

Lemma 3.8 that = 62ANFA (41,...,44n) =0, as ANF A is multilinear. Clearly 8‘1& 0.

81} 8u

o If ¢ is multilinear, then let z;, x; € var(x®) be such that fcg(x;, x;) is an addition gate (all monomials
of § are of degree exactly 22, so Observation 5.7 implies the existence of such a pair of variables). Set

v = v, u *v;. Lemma 3.8 again implies that -2 = ZANFA _ ) jecause fe (zi,xj) is an addition
=0, U = 7. : g p ovou ~  Ox;0x; 84T, T

gate in ANFA. As before, it is clear that a g 0. O

Looking back at Lemma 5.12, Lemma 5.16 allows us to separate fi1 from fo, provided Case 2 of Lemma 5.12

where v, u are arbitrary, and satisfy Ph L),

does not hold. We still need to provide a hitting set for 2 oy

8v8u ’
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2
To do so, we reduce gvgh to a single, non-zero product of variable-disjoint ROPs composed with affine

transformations (Lemma 5.18). For simplicity, we first reduce to a product of ROPs in the standard basis
in Lemma 5.17, and subsequently extend the result to affine orbits in Lemma 5.18.

2
Lemma 5.17. Let A>2, and let f(x) =%, ; aij%gﬁ(w) be some non-zero linear combination of second
9, 2. s J

derivatives of ANFa(z). Then, there exist variables x;,x;, sets D,Z € x such that |D| <2 and |Z| =2, and

a constant (3; ; such that
ol f
(%5
O?ANF A ()

Proof. First, assume there exist some ¢, j such that «; i omoa; 70 and z; # sib(z;). Set D = {sib(z;),sib(z;)}.

By Observation 5.8, % #+ 0 and is a product of variable-disjoint ROPs that do not depend on x; nor
10T

#0.

e [OFIPIANFA(2)
P Oz;0x;0D

Z=0

on xj.
92ANF 4 ()
Oz, 0z 1

or by x; (or both, if {i,j} n{',j'} = @). If we set Z = {z;,x;}, then (%) |Z—O = 0. This is true for any

4
{i',7'}y #{i,7}, and as % does not depend on x; nor on x; we get

>’f [ 9*ANF4
oD )|,., \Oxi0z;0D}|,_,

0?ANF A (x . . . .
Next, assume all non-zero summands of f, o ijj()’ satisfy x; = sib(x;). Note that if z;x; + xyxj is a

P’ANEA(x) _ O°ANFA(2) (Observation 5.8). Therefore,

Consider any pair {i’,j'} # {4,j} and set h = . Note that if 8 h # 0 then M is divisible by z;

#0.

quadratic form of ANFa(x), then

Ox;0x; Oz 10z 5
O*ANFa(z)
f= > (v + i jr) = ——— .
T Ty TjiS a 8xlax]

quadratic of ANF A

As A > has a siblin 82—3N,I6A,(m)¢0.
A Tg :L‘J

i 22 q s a sibling quadratic form; denote it by g2 = Sib(Ql) =TTy kT and set 2 {mk:} Note

that by Observation 5.8, (ai,j + )8 ANFA(m) +x d D

0x;0x;0D
variable-disjoint ROPs.

Set Z {z;,z;}. Consider any pair {s,¢} such that {s,t} ¢ {{i,7},{i,7'}} and x5 =sib(x;). Set h = %.

If % # 0 then it is divisible by the quadratic form ¢ = z;x; + zyxj (by Observation 5.8), and thus

( )|Z o = 0. Hence,
of A, . (0°ANFa(x)
(8D) ‘Z:O - ((am raiy) 0x;0x;0D

Fix some 14, 7,7, j' such that ¢ = z;x; + xyxj is a quadratic of ANFa(x), and (o ; + ayr jv)

# 0, does not depend on z;,z;,zy, 2, and is a product of

0. O
Z=0

Lemma 5.18. Let A > 2, let f = ANFa(Ax +b) for some (A,b) € GLY(F), and let w,w € F*. Then, for
f G=+0
owou :

any (2A + 5)-independent polynomial map G, if % 0 then

Proof. Let £1(x),...,l4a(x) be linearly independent linear functions such that f = ANFa(41,...,04a). Let
{v1,...,v4a} be a dual set. There exist constants «; ; such that:

O?>ANF
9 e A(Aa;+b).

88
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Denote g(x) = awau(A x - A7lb) = i 7] 86$1;FA (x), and let z;,,zj,, D = {zk, 2}, Z = {xr,z} and

Biojo be as promised by Lemma 5.17. Thus,

829 (9ANFA
GRS ()

Biado 04,02 ;,0D
From Lemma 3.8 and Equation (13) we deduce that

92 9?ANF A
A
A (8D( “b)) - (@mav aw( 20z, (4 “’”’)))

Let G = G1+G2+Gon11 be a (2A+5)-independent map where Gy, G, are 2-independent polynomial maps, Goas1l

0. (13)

Tpr=Tp,=0

#0.
Lr=Lm=0

Bwauavkaw v

is a (2A+1)-independent polynomial map, and Gy, Ga, Goa 41 are variable-disjoint. As ( 5% au avk o, (x )) P
is a non-zero product of ROPs composed with an affine transformation, where the underlying ROPs depend

) Goar1 #0. Lemma 3.10

on at most 42 variables, we get from Theorem 1.22 that (ﬁﬁfnﬁw(w)) et

W(QQ&J +Gy) # 0. Finally, from Lemma 3.9 it follows that 8wau(g2A+1 +G2+Gy1) #0,

as required. O

implies that

We are now ready to prove Lemma 5.12.

Proof of Lemma 5.12. First, assume Ay # Ay. WLOG assume A; > Ag. Let /4q,...,¢,a, be linearly inde-
pendent linear functions such that f; = ANFa, (41,...,¢4a;). There must exist some ¢ such that ¢; is not
spanned by the linear functions at the leaves of f2 le some vector v such that /[*)(v) = 0 for every linear
function /¢ labeling a leaf of fo, and such that E (v) = 1. By Lemma 3.8 and Corollary 5.10, % =0 and
8f L +0; thus 0+ gi = 8f o+ From Lemma 5.18 it follows that any (2A1 +5)-independent polynormal map G’
satlsﬁes (% oG +0; and therefore, using Lemma 3.9, we get foG =0, so Case 1 of the lemma holds.

Next, assume A; = Ay and denote h £ hy — hy (recall that h; is the homogenization of f;). As G is uniform,
Lemma 5.14 implies that it suffices to prove that either ho G # 0 (where we extend G to n + 1 coordinates
such that G is still a uniform k-independent polynomial map) or that Case 2 of the lemma holds.

Assume that hoG =0. Lemmas 5.16 and 5.18 imply that ANF () and hs (Al_l(a;)) have the same set of
monomials. From Lemma 5.15 we conclude that Case 2 holds.

O

5.2.2 Proof of Lemma 5.13

Finally, we conclude the proof of Theorem 1.24 by proving Lemma 5.13 that gives a hitting set for the

GLa ()

difference of two polynomials in ANF ¢ that, up to constant factors, have the same linear functions on

the leaves.

Proof of Lemma 5.13. First, if f = ag for some o € F, then f—g ¢ ANFCL(®) and the lemma follows from
Theorem 1.22. We therefore assume that f is not a multiple of g, and denote that by f & g.

For any node u in the complete binary tree of depth 2A, denote by uy the polynomial computed at node u
in ANFA(41,...,4,), and by u,4 the polynomial computed at node u in ANFa(a14y,...,0,¢,). Fix a node
u satisfying us(x) & ug(x), such that u is a deepest node with that property. In particular, each child of

Note that by Lemma 5.17 we may have |D| =1, but we may add some other variable z; to simplify the notation.
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uy is a multiple of the corresponding child of u,. Note that, as f & g, such a node v must exist; and by the
premise of the lemma, u; and u, are not leaves. In addition, uy and u, must be addition gates, otherwise
we may choose a child v’ of u such that u’s(z) & ug(z).

Let {v1,...,v,} be a dual set to {{1,...,0,}. Denote us = fifo+ f3fs and ug = gi1g2 + g394, where the fs
are the grandchildren of uy and the g;s are the grandchildren of u,. By choice of u, there exist constants
a, 3 € F such that fifo=a-gi1g2 and f3f4 = - g3g94, and o # 3 (otherwise us = a-ugy). WLOG, assume fi, g1
are ancestors of the leaf labeled ¢ (or ayfy), and f3, g3 are ancestors of the leaf labeled ¢3 (or asfls). By
Observation 5.8, there exist polynomials F'(x),G(x) such that:

L F@p@f@. L ren@ e,
B - G@n@R@) ad 2= Ge)n) f (@)
Observe that
_3%”—19) - F(z) fg(w>§—£<x> - G<x>g2<x>g—g<x> = (a-F(@) - a<x>>g2<x>§—g<x> SRS
and
3(({;1]‘39) F(a)fy (m) (m) G(m)g4(:1:) (m) (8- F(x) - G(m))g4(w) (iv) (15)

Let G1,Goa41 be a 1-independent polynomlal map and a (2A+ 1)-independent polynomial map, respectively,
such that G = G; + Goay1. Theorem 1.22 and Observation 5.8 imply that (gg(w)g—gll(a:)) 0Gons1 % 0, so if
a- F(Goar1) # G(Gaas1) then we get from Equation (14) that 8(5;_19) 0Gons1 # 0 and thus (f—g)oG #0
(using Lemma 3.9). On the other hand, if - F(Gaat+1) = G(Gaay1), then, since o # 3, a similar argument,
relying on Equation (15), shows that a(af—;ag) 0 Gons1 # 0 and thus (f —g) oG # 0, as claimed. O

5.3 Reconstruction for ANFEL(©

In this section, we argue that the reconstruction algorithm of Gupta et al. [GKQ14], when given oracle access
to a polynomial f € ANFGL&H((C)7 w.h.p. successfully reconstructs an ANFEE©) formula computing f. We
do so by explaining why the different steps of their algorithm succeed w.h.p. on any input f € ANFCL™(©)
ease the reading we give their algorithm (AFR) and its main subroutine (LDR) in the appendix (Algorithms 2
and 3). We remind that their result, with minor changes, can be adapted to any large enough field, see
remark 1.27.

Before quoting the original result, we define the distribution on ANF formulas used in [GKQ14]. To this
end, we define the universal ANF:

Definition 5.19. Let A,neN. Let © = (x1,...,2,) and y ={y; j: i = 1,...,4%,5=1,...,n+1} be formal
variables. The universal A,n ANF, denoted Up »(x,y), is an ANF formula of product depth A in which
leaf i is labeled Y7 1 Tjyij + Yin+1-

Trivially, for any ANF formula f(x) of product depth A on n variables, there exists an assignment v €
C(+*1)4% ¢4 the y variables of Ua n(z,y) such that f(x) = Ua n(x,v). Given the number of variables n,
the size s = 2-4® — 1 of the ANF we wish to sample, and a finite set of field elements S ¢ C, we define the
distribution D(n, s, S) on ANF formulas by uniformly sampling an assignment v from S4(n+1) | This is the
distribution used in the main result of [GKQ14]:
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Theorem 5.20 (Theorem 1.1 of [GKQ14]). Let F be a field of characteristic 0 and S be a finite subset of F.
Assume there is a black box holding an ANF formula ® of size s sampled from D(n,s,S), and ® computes
a polynomial f € F[x1,...,2,]. There is a randomized algorithm that, given this black box, either outputs an
ANF formula ® of size < s computing f, or outputs Fail. The algorithm succeeds for a (1- ”2'|‘iqo|(l)) fraction

of the ANF formulas from D(n,s,S). Moreover, the running time of the algorithm is at most (ns)o(l).

We note that, although it is not mentioned in their main theorem, the output formula is unique up to TS,,(C)-
equivalence, and this fact is stated when needed in intermediate results of [GKQ14] (recall Fact 2.4). We
prove Theorem 1.26 by going over the different steps of Algorithm 2. We do not repeat all the arguments
and claims of [GKQ14], but rather give high level explanations, referring to theorems, algorithms and tools
of [GKQ14].

Sketch of proof of Theorem 1.26. We shall use the following notation in the proof. We wish to reconstruct
fe ANFEL(©) that is computed by the ANF formula ®. We define the homogenization of f, f*, as usual:
M (zo,...,xn) = xgeg(f) < f(x1/z0,. .., x0/20). Denote by A an (n+1) x (n+1) matrix of formal variables
a;j. Fori#je{r+1,r+2,...,n} we denote by A}7 the matrix A where all columns except those indexed
by {0,1,2,...,7}u{i,j} are set to zero (generic projection matrix to the variables zo,z1,..., 2, z;, z;). We
denote by A € C™*" an assignment to A, and likewise Afij would be an assignment to the n-(r+3) variables of
A% Note that ANFA (A% z) is a universal homogeneous (r +3)-variate ANF (in {zo,z1,...,2r,2;,2;}) in
the sense that for every (r+3)-variate homogeneous ANF f(zo, 21, ..., 2, x;, x;), of depth 2A, there exists an
assignment A%’ such that f(z) = ANFa (A% 2). Finally, following [GKQ14], we denote 0,3 (f)= (AR )
(where now we think of @ as = (zg,...,zy,)). '

Looking at Algorithm 2, it is clear that except for Step AFR3, the rest of the algorithm works without any
assumptions on the input ANF. Hence, the proof of correctness boils down to proving that Step AFR3 works
w.h.p.; and more importantly, proving that the LDR algorithm (Algorithm 3, the subroutine invoked in Step
AFR3) succeeds w.h.p. on random projections of any ANFCL(©) jnstance. Specifically, we need to prove
that for any f € ANFGL?LH(C), step AFR3 succeeds with probability > 1 - |¢|‘;T1)

to r + 3 = 128 variables (see remark A.1) of the homogenization of f, f" (where the coefficients of the

on a random linear projection

projection are sampled from T ¢ C).

Gupta et al. define two conditions on internal nodes of an ANF Un ,,(x,v): formulaic independence (FI, see
Definition A.5) and pairwise singular independence (PSI, see Definition A.7). These conditions are defined
in terms of dimensions of certain algebraic varieties Vi,...,V;. In Lemmas 5.10, 5.11, 5.16 and 5.26 of their
paper, they show that if every node of ® satisfies FI, then the LDR algorithm correctly reconstructs the
polynomial computed at each node of ® (up to an appropriate group of symmetries). Moreover, part (2) of
their Lemma 5.16 shows that when a node u of ® satisfies FI and PSI, then the polynomials computed at
the grandchildren of u are computed up to TS, (C) equivalence. Overall, this means that all the quadratic

forms are computed correctly up to TS,,(C)-equivalence.
Thus, if the projected polynomials o ,:.;(f) that we compute in Step AFR3 satisfy FI and PSI, then the
algorithm will correctly reconstruct our ANFEL©) formula.

To prove that (w.h.p.) o ,:;(f) satisfies FI and PSI, Gupta et al. prove that these conditions are captured
by a set of polynomial equations. Intuitively, this is not a surprising result as FI and PSI are algebraic

conditions.

Observation 5.21. For every i,j € {r + 1,r + 2,...,n} there exists a set of nonzero polynomials
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Dlyee. s Pk € (C[Ai’j] with the property that ANFA(A,Z;’j:B) satisfies FI and PSI if A s not a point on the
variety V (pl(Al’J), . ,pk(Af!J)) S {AZT’] | p1(A7) =...=pp(A4)7) = 0}. Furthermore, the degree of each p;

is 2002) which is polynomial in the size of the formula.

This observation is not stated as is in [GKQ14] but it can be immediately deduced from the proofs of
Corollaries 5.31 and 5.32 of [GKQ14].

Thus, we wish to show that a random A% does not belong to the variety defined in Observation 5.21. For
this we follow the same approach as Gupta et al. We prove that there exist good projections A;’ that do
not belong to the variety, and then using DeMillo-Lipton-Schwartz-Zippel lemma we conclude that such a

random projection is not on the variety.

aff
Claim 5.22. Let r > 125 and n > r. For any n-variate f € ANF&In ©), computed by the ANF formula @,
and any i,7 € {r+1,7+2,...,n}, there exists some projection A;’ such that o 4 (f) satisfies FI and PSI at
every internal node of .
Proof. To prove the existence of a “good” projection for an arbitrary f € ANFGL%H((C)7 we use an explicit
ANF g, on 128 variables, that can be described as a projection of any f € ANFCLY(©) (more accurately, of

f1). The definition of g comes from the proof of Lemma 5.30 of [GKQ14]:

Vi,je[4]: gij(®) 2(2550 1y48(5-1) T T52(-1)+8(-1)+1) " (T3a(-1)48(-1)+2 T T52(i-1)+8(j-1)+3)
+ ($§2(i—1)+8(]‘—1)+4 + x§2(i—1)+8(j—1)+5) ) ($§2(i—1)+8(j—1)+6 + $§2(i—1)+8(j—1)+7)
Vie[d]: gi(x) 2gi1(2)gi2(x) + gi3()gia() (16)
9(x) 2g1(x)g2(x) + g3()ga(x). (17)

The exponent e € N is chosen such that the degree of g is 22 for the given A, i.e. e = 2273

. Gupta et al.
prove that g satisfies PSI in Lemma 5.30. In Lemma 5.29, the FI condition is proven to hold for a slightly
different polynomial (specifically, they prove g; as defined in equation (16) satisfies FI), but the proof for
formulaic independence of g itself works exactly the same (relies on variable-disjointness of g1, ..., g4), SO we

get:

Fact 5.23. The polynomial g defined in Equation (17) satisfies FI and PSI (and so does g(x 0y, - - -, Tr(127)),
for any permutation 7).

Let g(x) be as defined in equation (17) above. Our goal here is, given an unknown f € ANFCOLA(©) and
indices ¢,j € [n], to prove there exists some projection A% guch that O'Ai,j(f) = g(x) (possibly up to a
permutation of the variables); as we only care about projections up to permutations of the variables, we can
WLOG assume i =7+ 1,5 =7+ 2. The correctness of Algorithm 3 is proven for a number of variables > 128
and g is a 128-variate polynomial, so for sake of simplicity we may assume 7 = 125 such that projections of
f" have the same number of variables as g.

For an ANF ¥ computing g such that each leaf is labeled by a single variable from {z1,..., 2128} (times some
constant), denote by ¥ a new formula constructed as follows: for every i € [42], if leaf number 7 in W is labeled
a; x4, relabel it to a;-xj+¢;(x), where ¢; is some linear form depending on the variables x99, ..., 2,. Choose
the coefficients of the ¢;s so that all the leaves of ¥ are linearly independent (thus, ¥(z) € ANFGL?F(C)).
As f* and ¥ are two polynomials in the GL,.;(C)-orbit of ANFa, there exists some B € GLy.1(C) such
that f"(Bx) = ¥(x), and by construction \f/| n_o(ac) = U(zx) = g(x). By defining A% to be

7129=0,2130=0,...,xn=
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the matrix B with columns 129,...,n set to zero, we get 0 ,i;(f) = \il‘ _O(m) = g(x). Since

o 2129=0,2130=0,...,Tn=
Ay’ is a projection, this is what we wanted to prove. O

Thus, by applying the DeMillo-Lipton-Schwartz-Zippel lemma, we can conclude that a random projection
(sampled from a set T' ¢ C) of the homogenization of any f € ANFOLA(©) gatisfies FT and PSI with probability

o(@)
at least (1 - @IT‘I ), thanks to the upper bound on the degree of the p;s of Observation 5.21. For Step AFR3

to work, we need all n? projections to yield “good” polynomials, and by a simple application of the union

2 1510(1)
bound we deduce that AFR3 succeeds with probability at least (1 - = ?T" )

This completes the proof of Theorem 1.26 0

Remark 5.24. The original theorem of [GKQ14] uses two sets of field elements: the set S, used to sample
random ANFs from the distribution D(n,s,S), and the set T, used to sample random projections Ay of the
input ANF. As their algorithm works for any f € ANFGL%ﬁ(C), we do not need the set S. Thus,we only use

T, and we add run-time dependence on log(|T|) so we can sample the uniform distribution on T .

6 Dense orbits for XII> circuits

In this section we prove our claims regarding dense orbits in XII3. We start by proving Theorem 1.31
regarding the relation between TGL&H(F), STCL () and SIIY.

Proof of Theorem 1.31. The claim regarding the closures follows immediately from the fact that every matrix

can be approximated by invertible matrices and from the simple observation that for any n-variate polynomial
f(x) e 2B (), there exist A € ™™ b e F" such that T, q(Az +b) = f(x).

To prove the separation we first note that the polynomial f(z) = 27 is in XII, but not in TOLME), i
flx) € TOL(F) | then there exists (A,b) € GLE(F) such that f(Az +b) = T, 4, for some s and d (as we
compose with invertible affine maps). However, f(Ax +b) = (£(x))? for some non-constant linear function
¢(x), which is obviously not a multilinear polynomial. The second separation will follow from the next

simple claim.

Claim 6.1. If f ¢ SIIGLYE) s d-homogeneous, then it is in the GL,(IF) orbit of some d-homogeneous 11

circuit (i.e. no affine translation is needed).

Proof. Let (A,b) e GLA(F) and let ¥ be a XII circuit such that f(x) = ¥(Ax +b). Observe that for every
i it holds that W(x)[] # 0 if and only if ¥(Ax)l] 0, since A is invertible. In particular, if ¥(x) had a
monomial of degree larger than d then the degree of f(x) = W(Ax + b) would have been larger than d in
contradiction. Thus, all gates in ¥ have degree at most d. Similarly, we now see that f(x) = (V(Az + b))[d] =
(T (2))! (Az). Thus, T[4 is the claimed XII circuit. O

Let o4(x) be the nth elementary symmetric polynomial. I.e. the sum over all degree-d multilinear monomials
in n-variables. Theorem 0 of [NW97] shows that any homogeneous XIIY circuit computing o4 must have
size Q(%)d. As any homogeneous polynomial in SHGE () can be computed by a homogeneous XIIX
circuit of the same complexity, we get an exponential lower bound on the sparsity of any STICL®) cipeuit
computing oy, over any field. To get an upper bound on the XII¥ complexity, note that, over any field
of size |[F| > n+ 1, g4 has a XIIY circuit of size O (n?) (see [SWO01]), that is obtained by interpolating the
polynomial f(Y) =TT, (Y +z;). O
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We devote the rest of this section to proving Theorems 1.32, 1.34 and 1.35.

6.1 A hitting-set generator for SIIGL*"(®) circuits

In this section, we prove Theorem 1.32. The main idea is that given some f € EHGL&H(F), where f(x) =
g(Ax+b) = g({1(x),...,L,(x)) for an s-sparse polynomial g, composing f with a 1-independent polynomial
map allows us to “halve” the number of monomials appearing in the underlying 31T circuit g(z). Depending
on the structure of g, this can be done by either taking a derivative of f at the direction of an appropriately
chosen dual vector, or by restricting f to a linear subspace in which some ¢;(2) = 0 and other linear functions
remain linearly independent. By Lemmas 3.9 and 3.10, both tasks can be simulated using a 1-independent

generator.

As a reminder, we restate Theorem 1.32 before giving its proof.

Theorem 1.32. Let 0 # g € F[x] have sparsity < 2'. Let (A,b) € GLY(F), and f(x) = g(Ax +b). Then,
for any (t + 1)-independent polynomial map G, foG #0.

Proof. By induction on t. For t =0, 0 # f(x) is either a non-zero constant, or a product of non-zero linear
functions. A non-zero linear function composed with a 1-independent polynomial map G is non-zero because
the n entries of G are linearly independent (Observation 3.1(2)), so foG # 0.

Let t >0 and let G1(y1,21) and G¢(y2, 22, - . ., 2t41) be a 1-independent polynomial map and a t-independent
polynomial map, respectively, such that G = G; + G;. Let £1,..., ¢, be linear functions such that the ith
coordinate of Ax is ¢;(x), and let b= (by,...,by).

First, we note that WLOG we can assume that no variable x; divides g; otherwise we can take some g € F[x]
such that g(x) = 2¥§(x), ; does not divide § and both g and § have the same sparsity. By the base case
(sparsity 1), (4;(x) +b;)¥ oG #0, s0 foG #0 if and only if (§(Ax +b)) oG #0.
Now that we know g() is not divisible by any variable, we consider two cases:

Case 1: There exists a variable z; € var(g) that appears in < 2!~! monomials of g(a). Choose v € F" such
that ¢;(v) =1, and for all j # ¢, £;(v) = 0. By Lemma 3.8, g—i(m) = (g—ai) (Ax + b). By choice of z;, g—:fi is
non-zero and of sparsity < 27!, so by induction: (%) (G¢) #0. Lemma 3.9 implies that foG = fo(G1+G;) # 0.
Case 2: Every variable x; € var(g) appears in at least 2!=1 monomials of g. Assume, WLOG, that 1 € var(g),
and define §(zx) £ g(0, 22, x3,...,2,). As z; does not divide g, § # 0 and is of sparsity < 2°-'. By Lemma 3.10,
there exist linearly independent linear functions Zg, e ,Zn, an assignment o € Fl¥1l and some linear function
L(x) such that f (x +Gi (a, L(x))) = § (la(x), ..., ¢, (x)) 0. As § is non-zero and has sparsity < 271, we
get from the induction hypothesis that f (x + G1 (a0, L(x))) oG # 0, and therefore f (x + Gy (y1,21)) oG # 0.
Hence, foG=fo(G:+G1)=f(x+G1(y1,21)) oG # 0. O

Corollary 1.33 follows immediately from Theorem 1.32 and Observation 1.14.

6.2 An interpolating set generator for 7" GL27(F)

To construct an interpolating set generator for TOL(E) & TGLA(E) NF[x1,...,2,] we need a generator that
hits the difference of two polynomials of TGLZH(F ). As this class is closed under multiplication by scalars,
such a generator hits every nonzero sum of two TGLA () polynomials. The main idea can be described as
follows: the tensor Ty 4 on variables {x1,1,...,254} has the property that for any two variables in distinct
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= 0. We prove that for a sum of distinct TG ()
polynomials, there is always a pair of “dual” vectors such that if we take a derivative in their direction then

2
product gates, x; ; and zy j (i #14'), it holds that 8gj+;j],
one of the 7GLA"(F) polynomials of the sum vanishes. Once we prove this, all that is left is to hit the

remaining polynomial (or actually, its derivative).

If fe TOLY () and v e F" is arbitrary, then g—i need not be in T7CL" ) We thus begin by constructing a
hitting set generator for directional derivatives of TOLA(E) polynomials.

Lemma 6.2. Let f € TGLzﬁ(F), k €N and vy,...,vx € F*. Then, for any (k + 2)-independent polynomial
map G:
orf oFf

—#0=> ———— 0.
8018’02“'8’Uk 0= 8’1]18’02---avk Og ?

Proof. Let gf),gf), Gi. be a pair of 1-independent polynomial maps and a k-independent polynomial map,
respectively, such that G = gfl) + gfz) +G. Let {¢11,...,454} be linearly independent linear functions such
that f(x) =7, H?:l ?; ;. Let {u;;} be a dual set to {Ez[lj]} Le., g[l](ui,J,) =84 6.

2
k . . . .
Set g(x) = m(m). For every i, let Q;(wj 1, ..., w; ) be a polynomial satisfying Q;(¢;1(x),. .., a(x)) =
A% (1%, 4.5 . . . .
8&5}#--;]852))‘ In particular, g(x) = X.5_; Qi(4i1,...,% q4). Fix some ¢ € [s] such that @; is non-constant
(if no such i exists, then ¢ is a non-zero constant and thus go G # 0). Assume, WLOG, that Q; depends

non-trivially on w; 1 and consider the derivative in direction u;;. From Lemma 3.8 We get

0Qi(li1(x), ..., Lia(x)) _0Q;
3ui,1 8’[1)1',1

(&J(CC), . ,Ei,d(az)) +0 s

and for i’ 14
0Qir(Lia(x),.... L a(x)) _ 0Qw

Oou; 1 ow; 1

(&‘71(212), ce ,Ei,d(a:)) =0.

Thus
dg  0Q;

8'111@'71 (911)2'71

(lbin(z),...,lia(x)) #0.

As Qi(4ii(x),..., ¢ q(x)) is a kth order directional derivative of the product ¢; 1(@)---¢; 4(x) we have that

Qi(lin(x),... . Lia(x))= > Oés( I1 @,j(w)),

Sc[d] jie[d]~S
|S|=k
for some constants ag € F. Thus,
0
P i) O‘S( [1 ﬁm-(a:)) :
Uil gcf2...d} je{2,....d}\S

IS|=k

Assume, WLOG, that for T'= {2,...,k+1}, ap # 0. Observe that except for the term ayp (Hje{z,...,d}\T &-J(:c)),
every other term is divisible by one of the functions ¢; ;, for j € T. Let V = {v | {; j(v) =0, Vj e T}. It
follows that 22

Ou; 1

| V2 Sl G A
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Li(x),...,Li(x) and an assignment 8 such that for L = (Ly,..., Lg):

9g
8ui71

(w+gk(ﬂ,L(m)))=0¢T( [I ei,j(fﬂ+gk(ﬂ71)($))))¢0-

je{2,....,d}\T

As the right term is a product of linear functions, we get from Observation 3.1(2) that

869 (z+Gi(B, L(x))) 06?2 0.
Wi,1

Therefore, 82? -0 (ng) +Gy) #0. The claim now follows from Lemma 3.9. O

It is not hard to see that the proof above implies the following hitting set generator for L),

Corollary 6.3. If0# f ¢ TGL%W(F), then for any 2-independent polynomial map G: fo G #0.

We are now prepared to a construct hitting set generator for TOLY(E) L 7CLY(E) | We recall the statement
of Theorem 1.34.

Theorem 1.34. Let n,s1,82,d1,da € N be such that n > s1-dy,se-ds. Forie{1,2} let f; € TSG,I;(F), and let
f=15—fo. If f+0, then any uniform 6-independent polynomial map G satisfies fo G # 0.

Proof. Let Gg be a uniform 6-independent polynomial map and let {Emﬁk} be linear functions such that
fi=Toia; (ignseslisid)-

We first prove that if f o Gg = 0 then d; = dy. Assume for a contradiction that dy > ds. Observe that
fl[dl] =T, .4, (6%%71, e ) (recall that ¢ is the degree 1 homogeneous part of ?). As the EEZ»],]-S are

' 71,81,d1
linearly independent, it follows that fl[dl] #+ 0. Corollary 6.3 implies that fl[dl] 0Gg % 0, and as Gg is uniform,
we get that deg (f10Gg) = dy - deg(Gg). On the other hand, deg (f20Gs) < do-deg(Gg) < deg(f10Gs). It
follows that f o Gg # 0, in contradiction. From now on we denote d = dy = ds.

Next, we note that we can assume that f is homogeneous. Let szk = x0 - 4; j(x/r0) be the homogeniza-
tion of /; ;. Observe that the homogenization of f is f(xo,:c) S ng(m/xo) =Ts .4 (5171,1,...,571751@1) +
T, d (572,171, e ,!72’52,(12), which is a homogeneous polynomial in TCLna (F) 4 7 GLna (F) By Lemma 5.14, it

F™*1. Hence, to simplify

is enough to prove that f oG} # 0, where G is a uniform 6-independent map into
notation and WLOG, we assume from now on that f is homogeneous and that /; ; = Ez[lj] - Next, we handle

the case s1 # ss.

Assume, WLOG, that s; > s3. As the s; - d linear functions {gl,z}j}z‘,j are linearly independent, there must
exist a linear form, WLOG, /; ; 1, such that ¢ 1 ¢ span({égm}i’j). As before, fix a vector v such that
l11,1(v) =1and €y j(v) =0 for all 4, j € [s2] x[d]. Lemma 3.8 implies that % =0. On the other hand, from

. . A, 11,5 .
linear independence we get that W #+ 0 and, the same argument also gives % # (0. Thus g—fj # 0.

From Lemmas 6.2 and 3.9 we conclude that any uniform 4-independent polynomial map hits f. Observe
that the proof above also shows that it must be the case that span ({gl,i,j}i j) = span ({ng-}i j), or else any
uniform 4-independent polynomial map hits f.

From this point on, we assume that s, = s5 = s and that span ({gl,i,j}ij) = span ({5271'73'}1']')'

As span ({6172-7]-}”) = span({fgﬂ-’j}ij), we can represent fy as a polynomial in {£17iaj}ij (recall this notion
from Section 2.1). We split the proof into two cases, depending on the {f1;;}, ;-monomials appearing in fa:
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1. The set of {Elji,j}ij—monomials appearing in fo is a subset of the {él,i,j}ij—monomials in f1. Le.,

2(2) = Y5 ;- T1%, ¢1.5 ;. This means that f = Y5 (1+ ;) 1% (1.4 € TGL"(F), and the theorem
i=1 g=1%12 i=1 g=1%117 s,d

follows from Corollary 6.3.

;5
Z"j
be a dual set to {f1;;}. We proceed to show we can choose two vectors uw,w € {vi1,...,Vs4} such

2. There exists an {¢1;;}, -monomial [], ;¢;'7" in f; that is not an {¢1;;}, -monomial of fi. Let {v;;}

2 92
that 8‘1511” =0 and aigfu # 0. We again consider two cases:

e There exists some a;; > 2: Let u = w = v; ;. By Lemma 3.8:

0% f1 0T, 4
= 2 E e é s = 0
Sub () 821:@,]-( 11,155 01,5,d)
and o
P
Oudw ()0,

@i, j

as the {/1;;}-monomial [T, ; Eij exists in fo.

e a;; <1 for every ¢,j: In this case, since fo is homogeneous, there must be some 7 # i’ such that
for some j and j’, a; j,ay 5 #0. Now choose u = v; j and w = vy jr. As before, it is easy to verify

that o o
1 2
= d .
oudw ()=0 an Ooudw (z)#0
Thus, in either cases, there exist u,w such that
82 2
[0 L0,
oudw OJudw

By Lemma 6.2, any 4-independent polynomial map hits %; so by Lemma 3.9, any uniform 6-
independent polynomial map hits f.

6.3 Reconstruction of 7GL*(0) circuits

In [KS19a], Kayal and Saha gave a polynomial-time, randomized reconstruction algorithm that, given black-
box access to a homogeneous XIIY. circuits satisfying a non-degeneracy condition (Definition 6.5), recon-
structs the circuit with high probability. To prove Theorem 1.35 all we have to do is show that any
homogeneous polynomial f € TEL(F) gatisfies the non-degeneracy condition of Definition 6.5.

To explain the condition we first need to define the partial derivative space of a polynomial:

Definition 6.4. For an n-variate polynomial f(x) € F[x], of degree d, and for any k € [d], the partial
derivative space of order k of f (PDj, space for short), denoted O f, is the F-span of all partial derivatives
of f of order k:

k
ﬁkfzspanF{ o°f 'il,...,ike[n]}.

8$i1 8$i2- : 8%

Definition 6.5 (Non-degeneracy condition [KS19a]). Let f(x) = fi(x) + ... + fs(x), where f; = H;l:l i
for some linear forms {; j, be an n-variate d-homogeneous polynomial, which can be computed by a depth-3
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circuit of top fan-in s. Fix k = [lcl;;g(i))], where e is the base of the natural logarithm. We say f(x) is
ed
non-degenerate if dim(9¥f) = s- d , and for every i € [s] there exist 2k +1 linear forms €; ., ..., 0; such
k ,T'1 sT2k+1

that:

dim (ak(' [;{ }fj) mod spanc{zi,h,...,zi,%l}) - (5_1).(2)
Jels|N {2

Theorem 6.6 (Theorem 1 of [KS19a]). Let n,d,s € N, n > (3d)? and s < (%)% Let F be a field of
characteristic zero or greater than ds®.*> There is a randomized, poly(n,d,s) = poly(n,s) time algorithm
which takes as input black-box access to an n-variate d-homogeneous polynomial f that can be computed
by a non-degenerate (Definition 6.5) XIIX circuit of top fan-in s, and outputs a non-degenerate, n-variate,

d-homogeneous XIIY circuit of top fan-in s computing f.

For our proof we will need the following simple fact.

Fact 6.7. Let f(x) be a polynomial of degree d and (A,b) € GLY(F). Then, for any k € [d]:
O f(Az +b) = {g(Ax+b): g 0" f(z)} .

Proof of Theorem 1.35. As given a non-homogeneous TELY () circuit we can easily get query access to its
homogenization, f" = :cg f( ﬁ—é, e, i—g), which is a homogeneous polynomial in TELn1(E) " we can assume
WLOG that the black-box polynomial is homogeneous. It should also be clear that a polynomial satisfies
the condition in Definition 6.5 if and only if its homogenization does.

It is clear that dim (8’“Ts7d) = S(Z), and since composing with an invertible linear transformation does not
affect the dimension of the PDy space (Fact 6.7), it follows that dim (3]"’ f ) = s(i) for any d-homogeneous,
s-sparse f € TCL(F) Tt is also clear that T, q satisfies the second condition and that this condition too is
invariant under invertible linear transformations.

We still need to argue that the output of the algorithm of Theorem 6.6 is a TGELE) circuit. Theorem 6.6
guarantees that the output circuit ® = }7 H‘li ¢; ; is a non-degenerate d-homogeneous, XII¥ circuit computing
f. We claim the linear forms /; ; on the leaves are linearly independent, and conclude that it is indeed a
TELE) circuit. Indeed, as f(z) is GLy,(F)-equivalent to T 4(x) and 01T, 4(x) = spang{z11,...,2sq}, it
follows that 94" '® has dimension s-d. The space %' ® is contained in spanp{?1,1,...,¢s 4}, so by dimension
argument the set {{11,...,%; 4} must be linearly independent.

Finally, we note that by Lemma 2.7 the representation that was found is unique up to TPS; 4(IF)-equivalence.

This concludes the proof of Theorem 1.35. O
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A The reconstruction algorithm of [GKQ14]

For Algorithm 2 we introduce the following notation. Given integers 0 < r < i < j < n we denote x,;; =

(zo,...,2r,0,...,0,24,0,...,0,24,0,...,0) a vector of variables of length n + 1. To be consistent with the

notation of [GKQ14] we also use the following notation: given an (n+1) x(n+1) matrix A and a polynomial
f(z1,...,z,) we denote o4(f) £ f"(Ax), where f is the homogenization of f. Finally, we define the
rank of a homogeneous quadratic polynomial ¢ to be the minimal k£ such that for some linear forms {Ei}le,

q=0+. .+ G -0 .. -

input : Black-box access to an n-variate polynomial f € F[x] of degree at most d = 22
output: Either a set of 42 linear functions f1,...,44a such that f = ANFA(fy,...,44a) or Fail

AFR1 If A =0 then f is a linear function. Compute f via interpolation and return the linear function;

AFR2 Homogenization. Homogenize f (i.e. obtain query access to fh);

AFR3 Reduction to LDR. Pick (n + 1) vectors ay,...,a,, each of whose coordinates are chosen
uniformly at random from a large enough subset T'C F. Let 7 = 127 and m = 427, For
r<i<j<n,let AY be the (n+1) x (n+ 1) matrix whose kth column (k € [n+1]o) is Oijk - Q)
where 0;;, is 1 if k€ {0,1,...,r} u{i,j} and 0 otherwise. For each A% invoke the LDR
algorithm on o Ai,j( f) (which is an r + 3-variate polynomial) to obtain an m-tuple,

Qi =(¢ij1,---14,;m), of quadratic polynomials satisfying

° O'Ai,j(f) = ANFA—I(Qi,j)

AFR4 Patchwork. Invoke the algorithm of Lemma 6.6 of [GKQ14] on input

((@o,-..,an), (4ij)r<icj<n) and obtain an m-tuple of quadratic forms @ = (q1,¢2,...,qm);
AFRs5 For each i € [m], find linear forms ¢; 1,¢; 2,0; 3,¢; 4 such that ¢; =¢;1-4io+ ;3 l; 4;
AFR6 return (5171, . ,6174,£271, . ,€m73, fm74);

Algorithm 2: ANF Formula Reconstruction AFR(f(x),A) (Algorithm 6.9 of [GKQ14])

Remark A.1. We note that in Algorithm 5.1 of [GKQ14] (Algorithm 3) they treat f as an (r + 1)-variate
polynomial. However the r in their Algorithm 6.9 (Algorithm 2) is not the same r as in Algorithm 3,

specifically, rarr = rpr + 2. Hence, to avoid confusion, we decided to denote the number of variables in

Algorithm 8 with r + 3.
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LDR1
LDR2

LDR3

LDR4

LDR5

LDR6

LDR7

input : An r + 3-variate homogeneous polynomial f € F[Y ] of degree d = 22 given as a list of
coefficients

output: Either a tuple of m = quadratic forms (q1,...,qm), each of rank 4, such that
f=ANFa_1(q1,...,9m), or Fail

If A =1 then return f itself;
Let Sing(f) be the ideal generated by the first order derivatives of f - i.e., the ideal

(ﬁ af of )
oYy oY1 0Y,ual

4A71

Use Proposition 4.8 of [GKQ14] to determine the dimension of Sing(f). If codimension of
Sing(f) is not 4, output Fail. Else, compute a set of generators g1, go,...,g for the top
dimensional component (of codimension 4) of Sing(f) using the algorithm of Theorem 4.14 of
[GKQ14];

Compute a basis {g1,..., g} for the vector space V € F[Y'] consisting of all the homogeneous
components of degree g of each g; above. If ¢t = dim (V') # 4, output Fail;

By solving an appropriate system of polynomial equations in 4 unknowns, compute another
basis {hi1, ha, h3,hs} of V such that the singularities of each h; has a component of
codimension 4;

By going over all permutations 7 : [4] — [4], find one such that f is an F-linear combination of
iLﬂ.(l) : hﬂ.(2) a~nd hﬂ.(g) : hjr(4)- Compu~te Oé,,@ such that f = Oéhﬂ.(l)hﬂ.(Q) + 5hﬂ.(3)hﬂ(4). Let
hi = ahr1y, he = he(2)s ha = Bhr(sy, ha = ha(a);

For each i € [4], make a recursive call to LDR(h;, A —1) and obtain Q; = (¢i,1,Gi2, - - -5 Qian-2)
such that ilz = ANFA—2(Q7L,1, qi,25 - - - ,qi’4A—2) 5

return Q = Q1 o Q2 0 Q3 o 4, where ‘o’ denotes list concatenation ;

Algorithm 3: Low-dimensional formula reconstruction LDR(f(Y'),A) (Algorithm 5.1 of
(GKQL4)
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A.1 Definition of Formulaic Independence and Pairwise Singular Independence

In [GKQ14] Gupta et al. characterize “bad” inputs to their average-case, randomized algorithm in terms of
points in a specific variety. As we only stated their algorithm over the complex numbers, we define varieties
only over C. However, all definitions can be easily extended to other fields as well.

For any set of n-variate polynomials F ¢ C[x], we define the zero set of F as:
V(F)2{aecC"|VfeF: f(a)=0}.

Any set V' ¢ C" that can be defined as a zero set V = V(F) for some set of polynomials F ¢ C[x] is called
a variety, or an algebraic set.

The notions “Formulaic Independence” and “Pairwise Singular Independence” are defined in terms of di-
mensions of projective varieties, as the polynomials in question are always homogeneous.

Let r € N. The r-dimensional projective space P is the space C"™*! \ {0} with the equivalence relation ~,
where v,u € C™! \ {0} satisfy v ~u if and only if there exists some ) € C such that \v = u.

If V=V(fi,...,fx) is a variety where every f; is an r + l-variate homogeneous polynomial, and if v e C"*!
satisfies fi(v) =... = fr(v) =0, then for every A e C: fi(A-v)=...= fr(A-v) =0. Thus, the set V \ {0} can
be viewed as a subset of P". In this case we call V a projective variety, and define its dimension as follows:

Definition A.2 (Proposition 11.4 in [Harl3]). The dimension of a projective variety V' < P", denoted
dim(V), is the largest integer k such that any linear space of dimension >r —k intersects V' nontrivially.

The definition of formulaic independence involves the algebraic set of singularities of a polynomial f, and
the Jacobian matriz of a tuple of polynomials: For a polynomial f € C[x], the set of singularities of f is the

set of points v € C" such that f(v) = (88_9{1) (v) = (%) (v)=...= (%) (v) =0. In other words,
. 0 0
Slng(f) = V(f, 6_1{1" cey %) .

Given a tuple of polynomials f = (f1,..., fm) € C[x]™, the Jacobian of f is the following matrix of partial

derivatives of fi,..., fm:
9h  Ofh .. Ofr
ox1 Oxo OTn
8fa 0f2 ... Of2
J(fw)y=| om0 g
Ofm  Ofm ... Ofm
o1 Oxo OTn

Definition A.3 (Definition from Section 3.1 of [GKQ14]). Let M(x) € C[x]**" be a matriz whose entries
are polynomials in x, and let t € N. We denote by Minors(M (x),t) € Clx] the set of determinants of all
t xt submatrices of M (x).

Definition A.4 (Definition 5.2 of [GKQ14]). Let g = (g1(x),...,g9x(x)) € C[x] be a k-tuple of homogeneous
polynomials. The algebraic set Vi(g1,...,9k) (Vi(g) for short) is defined to be the set of common zeroes of
polynomials in Minors(J(g,x),k). In other words, Vj(g) consists of all points v € P" for which the rank of
the Jacobian matriz J(g,x) is less than k.

Definition A.5 (Formulaic Independence, Definition 5.3 of [GKQ14]). Let © = (xg,z1,...,2,) and let
fof1, f2, f3: fa € Cla] such that f = fi- fa+ f3- fa. Denote f = (f1, f2, f3, f4). We say that fi, fa, f3, fa are
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formulaically independent if dim(V (f)) = r—4 and dim(Sing(f)nV;(f)) < r—4. We say that a homogeneous
ANF formula ® satisfies formulaic independence at node v if v is a + gate, and the four polynomials computed

at the grandchildren of v are formulaically independent.

To define pairwise singular independence, we must first define the iterated Jacobian matriz:

Definition A.6 (The Iterated Jacobian and the variety V7, Definition 5.19 of [GKQ14]). Let x = (o, z1,...,2;),
and let g1,...,9k € (Clx])™ be m-tuples of homogeneous, (r+1)-variate polynomials: g; = gi1,--.,Gim- The
iterated Jacobian of (g1,...,9k), denoted 1(g1,-..,gk), is defined to be the following matriz: I(g1,...,gk) €

r+1

(C[:I;]( R MY has its rows indeed by k-sized subsets of indices of variables {j1,...,jk} € ([”kl]o) and its

columns indexed by tuples (i1, .. i) € [m]¥. The ({j1,..., 5k}, (i1, ..., ix))th entry of I(g1,. .., gk, ) is the
polynomial

O9viy 09245 kg

835]-1 8Ij1 8:Ej1

Oy 0925y kg

Det 8xj2 ij2 aij
991, 0925 99k,
8ccjk (%:jk 6acjk

The algebraic set Vi(gi, ..., gx) is defined to be the common zeroes of the polynomials in Minors(I(g1, ..., gk),¢%).

Definition A.7 (Pairwise Singular Independence, Definition 5.20 of [GKQ14]). Let {fi,j}ijzl c Clz] be
sizteen homogeneous, (r+1)-variate polynomials of the same degree. For everyi e [4], let f; = fi1-fio+fi3-fia
and fz = (f@l, f@g, f@g, fi’4). For a set S = {il, R Zk} c [4], denote: WS z Vj(fil, RN flk) N V[(fil, ey ka)

We say that (f1, f2, fs, fa) are pairwise singularly independent if
1. for all 1 <i<j<4: dim(Sing(f;) nSing(f;)) <r -6, and

2. for all S € [4] such that |S|>2: dim(Wg) <r—6.

We say that a homogeneous ANF formula ® satisfies pairwise singular independence at a node v if the node
vis a + gate, and (foy, foz, fos, fva) are pairwise singularly independent, where v1,v2,vs,vs are nodes which
are the grandchildren of v and f,, is the 4-tuple of polynomials computed at the grandchildren of the node

V.
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