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Improved Maximally Recoverable LRCs using Skew Polynomials
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Abstract

An (n,r, h,a,q)-Local Reconstruction Code is a linear code over F, of length n, whose
codeword symbols are partitioned into n/r local groups each of size r. Each local group satisfies
‘a’ local parity checks to recover from ‘a’ erasures in that local group and there are further
h global parity checks to provide fault tolerance from more global erasure patterns. Such an
LRC is Maximally Recoverable (MR), if it offers the best blend of locality and global erasure
resilience—namely it can correct all erasure patterns whose recovery is information-theoretically
feasible given the locality structure (these are precisely patterns with up to ‘a’ erasures in each
local group and an additional h erasures anywhere in the codeword).

Random constructions can easily show the existence of MR LRCs over very large fields,
but a major algebraic challenge is to construct MR LRCs, or even show their existence, over
smaller fields, as well as understand inherent lower bounds on their field size. We give an explicit
construction of (n, r, h, a, ¢)-MR LRCs with field size ¢ bounded by (O (max{r, n/r}))™"{"r=e},
This improves upon known constructions in many relevant parameter ranges.

Moreover, it matches the lower bound from [GGY20] in an interesting range of parameters
where r = O(y/n), r —a = O(y/n) and h is a fixed constant with h < a + 2, achieving the
optimal field size of Oy, (n"/?).

Our construction is based on the theory of skew polynomials. We believe skew polynomials
should have further applications in coding and complexity theory; as a small illustration we show
how to capture algebraic results underlying list decoding folded Reed-Solomon and multiplicity
codes in a unified way within this theory.
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1 Introduction

In this work, we present a construction of Maximally Recoverable Local Reconstruction Codes (MR
LRCs) based on the theory of skew polynomials. Our construction matches or improves the field
size of MR LRCs for most parameter regimes. We now describe the motivation of MR LRCs in the
context of coding for distributed storage, and then formally define them and describe our results.

In distributed storage such as in data centers, data is partitioned and stored in individual
servers; each with a small storage capacity of a few terabytes. A server can crash any time losing
all the data it contains. More often than a crash, a server might become temporarily unavailable
either due to system updates, network bottlenecks or it might be busy serving requests of some
other user. Thus there are two design objectives for a distributed storage system. The first one
is to never lose user data in the event of crashes (or at least make it highly improbable). The
second is to service user requests with low latency despite some servers becoming temporarily
unavailable. Instead of just replicating data which is wasteful, distributed storage systems use
erasure codes. Using a Reed-Solomon code, if we add n — k parity check servers to k data servers,
we can recover user data from any k available servers. But as k gets larger, this doesn’t satisfy our
second objective of servicing user requests with low latency. Local Reconstruction Codes (LRCs)
were invented precisely for achieving both the objectives while still maintaining storage efficiency
and have been implemented in several large scale systems such as Microsoft Azure [HSX"12] and
Hadoop [SAPT13]. These codes have locality which means that they can recover quickly from a
small number of erasures by reading only a small number of available servers. But at the same
time, they can also recover from the unlikely event of a large number of erasures (but can do so
less efficiently). Locality in distributed storage was first introduced in [HCL07, [CHLO7], but LRCs
were first formally defined and studied in [GHSY12] and [PD14]. We will now define them formally.

An (n,7,h,a,q)-LRC is a linear code over F, of length n, whose codeword symbols are parti-
tioned into n/r local groups each of size r. The coordinates in each local group satisfy ‘a’ local
parity checks and there are further A global parity checks that all the n coordinates satisfy. The
local parity checks are used to recover from up to ‘a’ erasures in a local group by reading at most
r — a symbols in that local group. The h global parities are used to correct more global erasure
patterns which involve more than a erasures in each local group. The parity check matrix H of an
(n,r, h,a,q)-LRC has the structure shown in Equation
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Here g = n/r is the number of local groups. Aj, As,..., Ay are a x r matrices over F, which
correspond to the local parity checks that each local group satisfies. Bi,Ba,...,By are h x r

matrices over [, and together they represent the h global parity checks that the codewords should
satisfy.

Equivalently, from an encoding point of view, an (n, 7, h,a,q)-LRC is obtained by adding h
global parity checks to k data symbols, partitioning these k + h symbols into local groups of size 7,
and then adding ‘a’ local parity checks for each local group. As a result we haven = k+h-+a- @
codeword symbols. This is shown in Figure [I]

Information-theoretically, one can show that we can at best hope to correct an additional h
erasures distributed across global groups on top of the ‘a’ erasures in each local group. LRCs



r =size of each local group h = number of heavy parities

- a wm
‘“

Local group

5

Local group

1
1
|
|
|
1
1
|
|
1
1
1
1
1
1
|
1
1
|
|
|
1
1
1
1
1
1
1
|
|
|
|
1
1
1
1

a = number of local parities per local group

Figure 1: An LRC with k data symbols, h heavy parities and ‘a’ local parities per local group. The
length of the coden=k+h+a- #

which can correct all such erasure patterns which are information-theoretically possible to correct
are called Mazimally Recoverable (MR) LRCs. The notion of maximal recoverability was first
introduced by [CHLOT, HCLO07] and extended to more general settings in [GHJY14]. But MR LRCs
were specifically studied first by [BHHI13|, Blal3] where they are called Partial-MDS (Maximum
Distance Separable) codes.

Definition 1.1. Let C be an arbitrary (n,r, h,a,q)-local reconstruction code. We say that C is
maximally recoverable if:

1. Any set of ‘a’ erasures in a local group can be corrected by reading the rest of the r —a symbols
in that local group.

2. Any erasure pattern E C [n], |E| = ga + h, where E is obtained by selecting a symbols from
each of g local groups and h additional symbols arbitrarily, is correctable by the code C.

For a code C' with parity check matrix H, an erasure pattern F is correctable iff the submatrix
of H formed by columns corresponding the coordinates in £ has full column rank. Therefore, we
have the following characterization of an MR LRC in terms of its parity check matrix.

Proposition 1.2. An (n,r, h,a,q)-LRC with parity check matriz given by H from Equation 18
mazximally recoverable iff:

1. Fach of the local parity check matrices A; are the parity check matrices of an MDS code, i.e.,
any a columns of A; are linearly independent.

2. Any submatrixz of H which can be formed by selecting a columns in each local group and an
additional h columns has full column rank.

It is known that MR-LRCs exist over exponentially large fields . This can be seen by
instantiating the parity check matrix H from Equation [[]randomly from an exponentially large field



and verifying that the condition in Proposition is satisfied with high probability by Schwartz-
Zippel lemma. But codes deployed in practice require small fields for computational efficiency,
typically fields such as Fqs or Fqi6 are preferred. Therefore a lot of prior work focused on explicit
constructions of MR LRCs over small fields.

1.1 Prior Work

Upper Bounds. There are several known constructions of MR LRCs which are incomparable to
each other in terms of the field size [GHIJY14, [GYBS17, [GJX20, MK19, [GGY20, Blal3, TPD16),
HY16, (GHK ™17, [CK17, BPSY16]. Some constructions are better than others based on the range
of parameters. A few of the important ones are shown in Table [I.I] The table is divided into two
parts. The first part shows constructions which work for all ranges of parameters and the second
part shows constructions which work for some special cases. The first bound by [GYBS17] is good
when r is close to n. The second bound by [GJX20] is better when h < r < n. The bound
by [MK19] is better when r —a < h. The construction in [MK19] is also significantly different from
the previous constructions and our construction is inspired by the construction in [MK19]. Finally,
the bound in [GHJY14] is best when a = 1 and h < r = O(1) are constants (we note that the
implicit constant hidden in O,(-) has an exponential dependence in 7). In the special case when
h = 2, a construction over linear sized fields for all ranges of other parameters is given in [GGY20].

Field size ¢

O(r - nlathh=1) [GYBS17]
max(O(n/r), O(rymin{rhta}ymint} [GIX20]
(O(max{n/r,r}))" " * [MK19]

O, (nf(h_l)(l_l/yﬂ) when a =1 and r = O(1) | [GHJIY14]

O(r) when h=0or h=1 [BHH13]
O(n) when h =2 IGGY20]
O(n) when h =3,a=1,r =3 [GGY20]

Table 1: Table showing the best known upper bounds on the field size of (n,r, h,a,q)-MR LRCs.

Lower Bounds. The best known lower bounds on the field size required for (n,r,h,a,q)-MR
LRCs (with g = n/r local groups) is from [GGY20] who show that for h > 2,

min {a,h —2[h/g]|}
[h/g] '

q =2 Qpq(n-rY) where a =

(2)

The lower bound simplifies to
q> Qh,a (nrmin{a,h72}) (3)

when g = n/r > h. When 2 < h < min{a + 2, g}, we have:
n(r —a)h=1
q=Q <(r) : (4)

Note that the hidden constant in only depends on h.



1.2 Our Results

We are now ready to present our main result.

Theorem 1.3 (Main). Let go > max{g + 1,r — 1} be any prime power where g = n/r is the
min{h,r—a}

number of local groups. Then there exists an explicit (n,r, h,a,q)-MR LRC with q = q .
Asymptotically, the field size satisfies

q < (O(max{r, n/r}))min{hm*a} ) (5)

Our construction is better than (or matches) the first three bounds in Table for all parameter
ranges. Moreover when h is a fixed constant with h < a + 2 and r = O(y/n) and r — a = O(y/n),
our construction matches the lower bound , achieving the optimal field size of @h(nh/ 2). This
is first non-trivial case (other than when h = 2 [GGY20]) where we know the optimal field size for
MR LRCs.

Corollary 1.4. Suppose r = ©(y/n), r —a = O(y/n) and h is a fized constant independent of n
such that h < a + 2. Then the optimal field size of an (n,r,h,a,q)-LRC is ¢ = O (n"/?).

We note that our construction is worse compared to the constructions in the second part of
Table [I.1] which work for some special setting of parameters.

MR LRCs used in practice typically have only 2 or 3 local groups i.e. g = n/r is typically a
constant [HSXT12]. We can further improve the construction from Theorem in this regime, in
the special case when the number of local parities a = 1.

Theorem 1.5. Suppose the number of local groups g = n/r is some fized constant and the number
of local parities a = 1. Let qo > g+ 1 be any prime power and let s be such that q5 > r. Then there
exists an explicit (n,r,h,a = 1,q)-LRC with field size q = qg(mm{hm*l}(lfl/qoﬂ. Asymptotically, the
field size satisfies .

q < (O(n)) [mln{hvr_l}(l_l/QOﬂ .

Our Techniques. Our constructions are based on the theory of skew polynomials and is inspired
by the construction from [MKI9]. Skew polynomials are a non-commutative generalization of
polynomials, but they retain many of the familiar and important properties of polynomials. Just
as Reed-Solomon codes are constructed using the fact that a degree d polynomial can have at
most d roots, our codes will use an analogous theorem that a degree d skew polynomial can have
at most d roots when counted appropriately (see Theorem . Unlike the roots of the usual
degree d polynomials which do not have any structure, the roots of degree d skew polynomials have
an interesting linear-algebraic structure which we exploit in our constructions. The construction
from [MK19] is also implicitly based on skew polynomials. In this paper, we make this connection
explicit in the hope that the theory of skew polynomials will lead to further developments in the
constructions of MR LRCs and coding theory more broadly. As an illustration, in Appendix [C| we
show how skew polynomials can give an explanation of algebraic results concerning (generalizations
of) Wronskian and Moore matrices that have recently been used in the context of list decoding
algorithms [GW13], rank condensers [FS12, [FSS14, [FG15], and subspace designs [GK16, [GXY18].
We also reproduce a construction of maximum sum-rank distance (MSRD) codes due to [MP18]
using the framework of skew polynomials in Appendix [D] Readers familiar with the theory of skew
polynomials or who directly want to get to the construction can skip most of the preliminaries in
Section [2] except for Section [2.4]



Related Work. Shortly before we published our results, we learned that |[CMST20] have in-
dependently obtained a result analogous to Theorem with a very similar construction. They
construct (n,r, h,a,q)-MR LRCs with a field size of

q = (O(max{r, n/r}))h (6)

Compared to this, we have a min{h,r — a} in the exponent in our field size bound .
Soon after [CMST20], two more constructions of MR LRCs were published by [Mar20] with the
following field sizes:

min{h,g/r]}
q< (max{(Qr)ra, g}) ; (7)

o< (|2 +1) ®)

r

The constructions in and (8) are incomparable to our construction in (). For example when
r = O(1), the constructlon (8) achieves O(n)"~! field size, whereas our construction achieves
O(n)™in{hr=a} field size. In the regime when r = ©(y/n) and r—a = O(y/n) and h < a+2 is a fixed
constant, our construction achieves the optimal field size of ©(n"/?), whereas the constructions
from [Mar20] require fields of size n®(vVm),

Despite all these constructions, a particularly interesting setting of parameters, which remains
challenging is the case when h = O(1) and r — a = n°1) . The lower bound only shows that
q = Q(n'T°M) whereas all the existing constructions need g >, n~1=°(),

Open Question 1.6. When h = O(1) and r = n°Y, do there exist MR LRCs with field size
g < nplto(1) 2

Skew polynomials have been used directly and indirectly in coding theory before. As discussed
in Appendix [C], folded Reed-Solomon codes and multiplicity codes can be thought of as special
cases of skew polynomial based codes. [BUI4] used skew polynomials explicitly to define skew
Reed-Solomon codes. [MP18] used skew Reed-Solomon codes to construct maximum sum-rank
codes, see Appendix [D| for the construction.

2 Preliminaries

2.1 Skew polynomial ring

Skew polynomials generalize polynomials while inheriting many of the nice properties of polyno-
mials. Skew polynomials can be defined over division ring{" and most of the results about skew
polynomials are true in this more general setting. It is known that every finite division ring is a field.
Since we will only work with skew polynomial rings defined over fields, we will only define them over
fields for simplicity. Most of the theory of skew polynomials presented here is from [LL88| [Lam85],
but we reprove the main results in a more accessible way. Skew polynomials were first defined by
Ore [Ore33] in 1933 where it was shown that they are the unique non-commutative generalization
of polynomials which satisfy (1) associativity (2) distributivity on both sides and (3) the fact that
the degree of product of two polynomials is the sum of their degrees.

Let K be a field. We will first define the key concepts of ‘endomorphism’ and ‘derivation’.

Definition 2.1 (Endomorphism). 4 map o : K — K is called an endomorphism if:

*Rings where every non-zero element has a multiplicative inverse, but multiplication may not be commutative.



1. o is a linear map i.e. o(a+b) = o(a) + o(b) for all a,b € K and
2. o(ab) = o(a)o(b) for all a,b € K.
Example 2.2. 1. If K=Fgm, then o(x) = 27 is an endomorphism.

2. If K = F(x) is the field of rational functions and v € F*, then o(f(z)) = f(yz) is an
endomorphism.

Definition 2.3 (Derivation). A map 0 : K — K is called a o-derivation if:
1. ¢ is a linear map i.e. §(a+b) = 0(a) + 6(b) for all a,b € K and
2. §(ab) = o(a)d(b) + d(a)b for all a,b € K.
We will now define the skew polynomial ring.

Definition 2.4 (Skew polynomial ring). Let o be an endomorphism of K and § be a o-derivation.
The skew polynomial ring in variable t, denoted by K[t;o,d], is a non-commutative ring of skew
polynomials in t of the form {Zg:o ait’ :d > 0,a; € K} (where we always write the coefficients to the
left). Degree of a polynomial f(t) =Y, a;it', denoted by deg(f), is the largest d such that ay # 0
Addition in K[t; 0,0] is component wise. But multiplication is distributive and done according to

the following rule:
ForaeXK, t-a=o(a)t+d(a). (9)

To multiply f(t)g(t), we can first use distributivity to get f(t)g(t) = >, fit" - gt/ where
fi,g; € K are coefficients of f, g respectively. Then we use the rule @D for ¢ times to move the
coefficient g; to the left of ¢*. This multiplication turns out to be associative, but may not be
commutative. Also deg(f -g) = deg(f) + deg(g). Therefore the skew polynomial ring has no zero
divisors. We will now give some examples of skew-polynomials.

Example 2.5 (Skew Polynomial Rings). 1. The simplest example of a skew polynomial ring is
when o is the identity map and 0 is the zero map. In this case, skew polynomials coincide
with the usual notion of polynomials.

2. The simplest derivation is the zero map i.e. §(a) = 0 for all a € K. In this case, the skew ring
is denoted by K[t; o] and is said to be of endomorphism type. Skew polynomials are interesting
even in this case, and in fact the constructions in this paper only use skew polynomials with
0 = 0. So the reader can imagine that the derivation is the zero map on « first reading. We
include the general case in the hope that skew polynomial rings with non-zero derivations will
find applications in future.

3. Let K be any field and let o : K — K be an endomorphism. Then for any A € K, é(a) =
Mo(a) —a) is a a-derivationm These are called inner-derivations and the skew polynomial
ring defined using such a derivation is isomorphic to the skew polynomial ring over K with
the same o and § = OH The concept of q-derivatives [BSCT12] is a special case of this for
K =TF(z). For some fizred q € F, the q-derivative f € F(x) is defined as (f(qz)—f(x))/(qz—1).
This is a derivation w.r.t to the endomorphism o : f(x) — f(qx).

*We will define the degree of the zero polynomial to be oo.
If K is a division ring, then §(a) = o(a)\ — Aa is a o-derivation.
#The isomorphism is ¢ : K[t; o, 8] — K[f; 0] defined as ¢(t) = — A and ¢|x = Id.



4. Let K = F(x) and o be the identity map. Then 6(f(x)) defined as the formal derivate of f(x)
is a o-derivation. This can be extended to rational functions in a consistent way using power
series. When o is the identity map, the skew ring is denoted by K[t; 0] and is said to be of
derivation type.

We remark that when K is a field (as opposed to being a division ring), up to isomorphisms,
the only possible skew polynomial rings are either of endomorphism type (i.e., § = 0) or derivation
type (i.e., 0 = Id). This is because if o # Id, then there exists some element ay € K such that
o(ap) # ap. Now using commutativity of K, we have §(aag) = d(apa) for any a € K. Expanding
both sides, we get that for any a € K, §(a) = A(o(a) — a) where A\ = d(ap)/(0(ag) — ag) is a
fixed constant, i.e., d is an inner-derivation. As we discussed above, this skew polynomial ring is
isomorphic to the the skew polynomial ring with § = 0 and the same endomorphism o.

We will now collect some simple facts about skew polynomials rings. Let K[t; 0, 0] be a skew
polynomial ring.

Lemma 2.6 ([LL88]). t"a = 31", f*(a)t! where f =", f7 = 6" Lo+d" 206+ - -+od" L. ., f1 =
o™ are linear maps.

It turns out that the skew polynomial ring has Euclidean algorithm for right division.

Lemma 2.7 (Euclidean algorithm for right division [LL88]). For every two polynomial f,g €
K[t; 0,0], there exist unique polynomials q(t),r(t) such that f = q- g+ r where deg(r) < deg(g) or
r=0.

This brings us to the most important definition about skew polynomial rings. In the usual
polynomial world, we can define the evaluation of a polynomial f(t) = 3, fit' at t = a as 3, fia’.
With this definition, it is true that f(t) = q(t)(t — a) + f(a). But for skew polynomials, these two
notions of evaluation differ with each other. And the right definition is the second one.

Definition 2.8 (Evaluation). The evaluation of a polynomial f € K[t;0,0] at a point a € K,
denoted by f(a), is defined as the remainder obtained when we divide f by t — a on the right i.e.

f(t) =q(®)(t —a) + f(a).

Note that evaluation is a linear map i.e. (f + g)(a) = f(a) + g(a). But it is not always true
that (fg)(a) = f(a)g(a). We will see shortly how to compute (fg)(a). The evaluation map can be
expressed using “power functions”, which are the evaluations of monomials of the form ¢'.

Definition 2.9 (Power functions). The power functions are defined inductively as follows. For
every a € K

1. No(a) =1 and
2. Ni+1(a) = U(N,‘(Cl))a + 5(Nz(a))
When § = 0, we have N;(a) = 0*"1(a)o'"2(a) - - - 0(a)a. Additionally if o = Id, then N;(a) = a*

which explains the terms “power functions”.
Lemma 2.10. Let f =, fit'. Then f(a) =Y, fiNi(a).

Proof. Tt is easy to prove by induction that evaluation of ¢ at a is N;(a). The general claims follows
by linearity of evaluation. O

We now come to the problem of evaluating (fg¢)(a). For this, it is useful to define the notion of
conjugates, which play a big role in this theory.



2.2 Conjugation and Product Rule

Definition 2.11 (Conjugation). Let a € K and ¢ € K*. We define the c-conjugate of a, denoted
by “a, as
‘a =o(c)ac™t +8(c)c L.

We say that b is a conjugate of a if there exists some ¢ € K* such that b = “a.

We have the following lemma which shows that conjugacy is an equivalence relation, the proof
of which is in Appendix [A]

Lemma 2.12. 1. %(%a) = %q

2. Conjugacy is an equivalence relation, i.e., we can partition K into conjugacy classes where
elements in each part are conjugates of each other, but elements in different parts are not
conjugates.

So K will get partitioned into conjugacy classes. To understand the structure of each conjugacy
class, we need the notion of centralizer.

Definition 2.13 (Centralizer). The centralizer of a € K is defined as:
Ko ={ceK":%=a}U{0}.

The following lemma shows that centralizers are subfields, the proof of which appears in Ap-
pendix [A]
Lemma 2.14. 1. K, is a subfield of K[|

2. If a,b € K are conjugates, then K, = Kp. |f|

Because of the above lemma, we can associate a centralizer subfield to each conjugacy class.
Example 2.15. Let K =Fym, o(a) = a? and 6 = 0. Then ‘a = c?la. Suppose v is a generator for
Fym. There are q equivalence classes, E_y, Fo, E1, ..., Eq—2, where Ey = {#:i=¢ mod (¢ —1).}
and E_1 = {0}. The centralizer of an element a € K* is

Ko ={c: " ta=a}u{0} ={c: "' =1}u{0} =F,.

Therefore the centralizer of every non-zero element is F, and the the centralizer of 0 is Ko = K.

We will now show how to evaluate (fg)(a). And conjugates play a key role. The proof of this
really important lemma is given in Appendix [A]

Lemma 2.16 (Product evaluation rule). If g(a) =0, then (fg)(a) =0. If g(a) # 0 then
(F9)(a@) = f (*“a) g(a).

Using the product rule, one can prove an interpolation theorem for skew polynomials just like
ordinary polynomials. For any A C K be of size n, there exists a non-zero degree < n skew
polynomial f € KJt; 0, d] which vanishes on A [LL88|. We will later need the following lemma.

Lemma 2.17. Let f be any skew polynomial. Fiz some a € K. Then Dys,(y) = f(Ya)y is an
Kg-linear map from K — K.

Proof. Linearity follows since f(Ya)y is equal to the evaluation of the polynomial f(t)y at a by
Lemma [2.16] And clearly the evaluation is linear in y. K,-linearity follows since Ve € K,

Dya(ye) = f(*“a)yc = f(Y(“a))yc = f(Ya)yc = Dyo(y)e. O
*When K is a division ring, K, will be a sub-division ring of K.
"When K is a division ring and not a field, we have K<xa> = 2K,z .




2.3 Roots of skew polynomials

The most important and useful fact about usual polynomials is that a degree d non-zero polynomial
can have at most d roots. It turns out that this statement is false for skew polynomials! A skew
polynomial can have many more roots than its degree. But when counted in the right way, we can
recover an analogous statement for skew polynomials. In this section, we will prove the “funda-
mental theorem” about roots of skew polynomials which shows that a degree d skew polynomial
cannot have more than d roots when counted the right way. We will begin with showing that any
non-zero degree d skew polynomial can have at most d roots in distinct conjugacy classes.

Lemma 2.18. Let f € K[t;0,0] be a degree d non-zero polynomial. Then f can have at most d
roots in distinct conjugacy classes.

Proof. We will prove it using induction on the degree. For the base case, it is clear that a degree
0 polynomial which is a non-zero constant cannot have any roots. Suppose ag,a,...,aq € K be
roots of f in distinct conjugacy classes. Since f(ag) = 0, we can write f(t) = h(t)(t — ap) where
deg(h) = d—1. By Lemmal2.16] f(a;) = h(%~%a;)(a;—ao). Therefore b; = %~%q, fori € {1,...,d}
are d roots of h and they lie in distinct conjugacy classes because a; lie in distinct conjugacy classes.
Thus by induction A = 0 and therefore f = 0 which is a contradiction. g

Now let us try to understand, the roots of a skew polynomial in the same conjugacy class. The
following lemma shows that they form a vector space over a subfield of K.

Lemma 2.19. Let f € K[t;0,0] be a non-zero polynomial and fix some a € K and let F = K, be
the centralizer of a (which is a subfield of K). Define Vi(a) = {y € K* : f(Ya) = 0} U {0}. Then
Vi(a) is a vector space over F.

Proof. For any A € F and y € Vy(a), f(*a) = f(¥(*a)) = f(Ya) = 0. Therefore \y € Vy(a). If
y1,y2 € Vy(a) where y; +ys # 0, then by Lemma|2.17, f(¥**%2a) = 0. Therefore y1 +y2 € Vi(a). O

The next lemma shows that the dimension of Vy(a) can be at most deg(f).

Lemma 2.20. Let f € K[t;0,0] be a degree d non-zero polynomial and fix some a € K and let
F =K, be the centralizer subfield of a. Define Vi(a) = {y € K*: f(Ya) =0} U {0}. Then Vi(a) is
a vector space over F of dimension at most d.

Proof. We will use induction on the degree. For the base case, it is clear that for a degree 0
polynomial, which is a non-zero constant, dimp(Vy(a)) = 0. Suppose for contradiction that there
exists yo,y1,...,yd € V¢(a) which are linearly independent over F. WLOG, we can assume that
yo = 1 (by redefining a to be equal to Ya). Since f(a) =0, we can write f(¢) = h(t)(t — a) where
deg(h) = d — 1. By Lemma f(¥a) = h(¥(""e=9)q)(¥a — a). Since yop = 1 and y; is linearly
independent from yg over F, y; ¢ F. Therefore Yia — a # 0, and so b; = vi("la=a)g for i € {1,...,d}
are d roots of h. If we show that y;(Y"a —a) for i € {1,...,d} are linearly independent over F, then
we are done by induction.

Suppose they are not independent. Then there exists ci,...,cq € F s.t. Zle ciyi(Yia —a) = 0.



Therefore,

d d
a) cyi=y cyi-Ya
=1 =1

(2
d
— Z ciyi - “Yia (Ci celF= Ka)
i=1
d d
= (Z Ci%) (Zi:l clyl)a (*Ma(z + y) = Tax + Yay for all z,y € K¥)
i=1

. . d o (Z?zl Cz'yi) o . d o
Since y1, ..., yq are independent over F, Y7, c;y; # 0. Therefore a=aie )i ¢y €
K, = F. But this contradicts the fact that {yo = 1,41, ...,yq} are linearly independent over F. [

The following theorem is the “fundamental theorem” about roots of skew polynomials. It
immediately implies Lemma [2.18 and Lemma [2.20] as corollaries. But we have proved them before,
just to convey some intuition.

Theorem 2.21. Let f € K[t;0,0] be a degree d non-zero polynomial. Let A be the set of roots of f
in K and let A = U; A; be a partition of A into conjugacy classes. Fixz some representatives a; € A;.
Let V; ={y : Ya; € A;} U{0} which is a linear subspace over F; = K,. by Lemma . Then

> dimp, (Vi) < d.
The proof of Theorem [2.21] is given in Appendix [B]

2.4 Vandermonde matrix

Definition 2.22 (Vandermonde matrix). Let A = {a,...,a,} C K. The Vandermonde matriz
formed by A, denoted by V(a,...,a,), is defined as:

No(a1)  No(az) -+ No(an)
Ni(a1)  Ni(az) -+ Ni(an)
Valai, ... ap) = : : :
Na-1(a1) Ng-1(a2) -+ Ng-1(an)
If f(t) = f;ol ;' is a skew polynomial of degree at most d — 1, then by Lemma
[f07 flu ey fd—l] : Vd(al)a27 ey an) = [f(a1)7 f(a2)7 veey f(GN)] (10)
Lemma 2.23. Let ay,...,aq € K be in distinct conjugacy classes. Then Vy(aq,...,aq) is full-rank.

Proof. If not, then there exists a non-zero vector (fo, f1,..., fa—1) € K% such that [fo, f1,..., fi—1]-
Va(ay,...,aq) = 0. By Equation , this implies that the skew polynomial f(t) = Z?:_ol ;" has
d roots in distinct conjugacy classes. This is a contradiction by Lemma [2.18 (|

Corollary 2.24. Let v € Fym be a generator of the multiplicative group. Let d < q — 1 and
O, ..., 05 €{0,1,2,...,q — 2} be distinct. Then the following matriz M is full rank.

1 1 . 1
,.Yfl ,)/62 e f-)/‘ed
M — A (1+9) At2(1+9) e ~ta(lta)
A Atgttgt ™) (gt la(l gt T?)

10



Proof. Let K = Fym, o0(a) = a? and § = 0. Then Nj(a) = a't0t¢*++¢"" By Lemma it is
enough to show that /1, ..., ¢4 fall in distinct conjugacy classes. This is shown in Example[2.15] [

Note that when m = 1, the matrix in the above corollary reduces to the usual Vandermonde
matrix one is familiar with.

In general we would want to compute the rank of V,,(ay,...,a,) for any given ay,...,a,. The
following lemma generalizes Lemma [2.23

Lemma 2.25. Let A = {ay,...,a,} CK. Let A= Aj UAyU---UA, be the partition of A into
conjugacy classes. Then rank(V,,(A)) = >, rank(V,,(4;)).

Proof. Follows from Theorem [2.21] O

By the above lemmas, we reduced the problem to computing rank(V},(A)) when all elements of
A belong to the same conjugacy class. The following lemma shows how to compute this.

Lemma 2.26. Let a € K and F = K, which is a subfield of K. Then for any {ci,...,c,} C K¥,

we have
rank(V,(“a,...,"a)) = dimy spang{ci,...,cp}.
In particular, Vo, (“a, ..., a) is full-rank iff {c1,...,cn} are linearly independent over FF.
Proof. Follows from Lemma [2:20] a

Corollary 2.27. Lety € Fym be a generator of the multiplicative group and let £ € {0,1,...,9—2}.
Let B1,. .., Bm € Fgn be linearly independent over Fy. Then the following matriz M is full rank.

1 1 . 1
-1 -1 .
VB V8 VBt
_ — 2_
M= AU(1+a) g1 AU(1+a) gg7 1 AH(1+q) ga*—1

mfl_l

2(1 m—2 qul_l 2(1 m—2 q /(1 m—2 m—1_1
|yttt ?) g AUt +g™ ) g AH(Fat+g™ %) gg" |

Proof. Let K = Fym, o(a) = a and § = 0. Then Nj(a) = o'ttt 07" Let a = 4¢ then
M =V, (Pra,...,Pma). Therefore M is full rank by Lemma O

3 Skew polynomials based MR LRC constructions

Let us recall that an (n,r, h,a,q)-LRC admits a parity check matrix H of the following form

Al o]0
0 A -~ ] 0
H=| | |~ || (11)
0014,
By | By |- | B,
Here Ay, Ag, - -+, A4 are axr matrices over I, which represent the local parity checks, B, Ba,--- , B,

are h X r matrices over F, which together represent the h global parity checks. The rest of the
matrix is filled with zeros. By Proposition C is an MR LRC iff (1) any ‘a’ columns of each
matrix A; are linearly independent and (2) any submatrix of H formed by selecting a columns in
each local group and any h additional columns is full rank.

11



3.1 Construction: Proof of Theorem [1.3]

In this section, we will prove Theorem [[.3| by presenting a construction of MR LRCs over fields of
size ¢ = O (max(g, )™ =% The construction presented here is inspired from [MK19], where
they achieve a field size of O (max(g, r))r_a

Let go > max{g + 1,7} be a prime power. Choose aq,as,...,a, € Fy to be distinct. Define
1 1 .. 1
aq a9 (679
Y I S
™t ag! a~!
Note that A = Ap = --- = A;. Let m = min{r —a, h} and let v be a generator for F;‘Sn. Our codes

will be defined over the field Fy = Fgm. Define Sy, B2, .., 8, € Fgn as

q—l—m—l

where we are expressing f; in some basis for Fgm (which is a g -vector space of dimension m).
Define

[ b B2 . By T
VB Ve s Ve
By = fyf(1+¢J0)5i10 75(1+QO)530 . 74(14-!10)5;10

1 1

h—1 h— h—
o1 g 2) n (1 g2 50 (1 g 2) nlo
Ly (I+qo++q; )ﬁ1 y (I+qo++q; )52 ~ (14-qo+--+q )5r

To prove that the above construction is an MR LRC, we will use properties of the skew field
Fym [; 0] where o(a) = a%. We know that Fgm will get partitioned into go — 1 conjugacy classes as
shown in Example Ifve IF;;gz is a generator of FZS”’ then {1,7,72,...,7%72} fall in distinct
conjugacy classes. Intuitively, in the construction each local group corresponds to one conjugacy
class. This is possible since we chose qg > g + 1. The stabilizer subfield of each conjugacy class is
Fy, as shown in Example Therefore we choose the matrices B; for local group ¢ as a (skew)
Vandermonde matrix where the evaluation points 51, - - - , 5, are from the conjugacy class of 4*, but
are linearly independent over the stabilizer subfield [Fy, .

Claim 3.1. The above construction is an MR LRC over fields of size ¢ = qglin{h’r_a}.

Proof. Given an erasure pattern E of size |E| = ag + h, composed of a erasures in each local group
and h additional erasures, we want to argue that the submatrix H(E), H restricted columns in F,
is full rank. WLOG, assume that the h additional erasures happen in local groups 1,2,...,t € [g]
for t < h. Let E; be the set of erasures that happen in the i** local group. Let S; C E; be an
arbitrary subset of size |S;| = a and let T; = E; \ S;. Note that |T;| < m for all <. For a matrix M

*The improvement comes from choosing 1, ..., 3y carefully in our construction. Moreover [MK19] constructs a
generator matrix for the code, whereas we construct a parity check matrix.
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and a subset X of its columns, we will use M (X) to denote the submatrix of M formed by columns
in X. We need to show that H(F) (which is an (ag + h) x (ag + h) matrix) is full rank where

Al(Sl U Tl) 0 cee 0
0 AQ(SQ U TQ) s 0
H(E) = : : . :
0 0 e | Ag(Sy U T)
Bl(Sl U Tl) BQ(SQ U TQ) <. Bg(Sg U Tg)
Note that A;(S1), A2(S2), -+, Ag(Sy) are a x a matrices of full rank. By doing column operations

on H(E), in each local group we can use the columns of A;(.S;) to remove the columns of A;(7;).
This results in the lower block B;(7;) to change into a Schur complement as follows:

[ Ai(Si) | Al(Ty) ] . l Ai(Si) | 0 1 _

Bi(Si) | Bi(Ty) Bi(Si) | Bi(Ty) — Bi(Si)Ai(Si) 1 Ai(Ty)

Note that T; = ¢ for i > t. So by doing row and column operations on H(F), we can set it in a
block diagonal form, where the diagonal blocks are given by A1(S1), A2(S2),...,A4(Sy) and one
additional h x h block given by

C = [ Bi(Th) — Bi(S1)A1(S1) P AL(Ty) | -+ | Bo(Th) — Be(Se) Au(Sy) " Au(Ty) } .

Note that all the entries in A(S;)"1A4;(T;) are in the base field Fy,. Also column operations on
B; with Fy, coefficients retain its structure with ’s replaced by their corresponding F,,-linear
combinations. Therefore by Lemma [2.25] and Lemma [2.26] it is enough to show that the following
t matrices D1, D, ..., D; are full rank:

D; = [B(Ty) = B(S)Ai(S:) ™ Ai(T3)]

where 8 = [f1,..., 0] is a m X r matrix over Fy,. Note that [D1|Da|...|Dy] is just the first row of
C (with entries in Iﬁ‘q6n) expressed as a matrix over [F, . Consider following matrices given by

o | AilS) | Ai(Ty)
’ B(Si) | B(T)
where each Fj is of size (a + m) x (a + |T;|). Each Fj is a Vandermonde matrix by construction.

Since |T;| < m, each F; is full rank. Now if we do column operations to get F; into block diagonal
form we get:

Ai(Sh) | 0 ]_ [ Ai(S) | 0 ]
B(S:) | B(T:) = B(Si)Ai(S:)TA(Ty) | | B(Sy) [ Di |

This implies that D1, Ds, ..., D; are full rank over [Fy, which completes the proof. ([l

A slightly better construction which only requires gy > max{g + 1,7 — 1} can be obtained by
choosing

m—+a—1 m—+a—1 m4a—1
1 a5 o o3 i o) )
m-+a— m-—+a— m-ta—
0 ag fa%4 oo
A= : :
0 Ong'l agﬁ-l a7m+1
m m m
0 %! of fa%



and S, B2, ..., 0, € Fy as:

0 am!

Pr= || and Bi=| * | forie{2,3,... r}
0 (o7}
0 1

3.2 Construction: Proof of Theorem [1.5]

When a =1 and g is a fixed constant, we can improve the construction from the previous section
using ideas from BCH codes. Let ¢y > g + 1 be a prime power. Define

m:p 1~-4-

Note that A; = Ay = --- = A;. We will construct 31, 32,..., 5, similarly as in the previous
construction, but since we will only need Iy, linear independence of 3’s, we can improve the
construction by using BCH codes. Let g1 = q§ where s = [log, (r)], note that r < ¢1 < qor =
O(gr) = O(n). Let a1, 0, ..., 0p € Fy be distinct. Let m = min{r—1,h} and let m' = m—[m/qo]|
and define 8y, fs,...,0, € Fqi"/ as

where we are expressing ; in some basis for qu/ (which is a F,-vector space of dimension m’).

1
Note that we are skipping powers of «; which are divisible by gg. Therefore the dimension of 5;

with entries in Fy, is m' = m — [m/qo|. Let v be a generator of IF;m, = IF;SW. Define
1 0

I Bl 62 <o Br 1
%%02 %@“2 - %WOZ
B, = 73(1+q0)5‘110 7€(1+qo)5‘210 - fyf(l+q0)ﬁ7?0

h—1 h—1
(1 g2y 04 o1 g2 04
Ly (I+go+--+qq ),810 ~ (1+qgo+-+qq )520

1

g2y p00
7((1+q0+ +q, )ﬁro

Claim 3.2. The above construction is an MR LRC over fields of size
q=q" < (0 (n))mlm/ol
where qo = g + 1 is any prime power and m = min{r — 1, h}.

Proof. The proof is analogous to the proof of Theorem @ We only need [y, -linear independence
of any m + 1 columns of

1 1 - 1

B B2 - Bl
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This follows from the properties of the BCH code construction. Since we only care about F,-linear
independence, it is enough to show linear independence of any m + 1 columns of the (m + 1) x r
matrix over F,, given by

1 1 1
a1 a oy
2 2 2
of o
m m m

o' oy o

where we added back all the rows where the powers are multiples of ¢y. This follows trivially, since
this is a Vandermonde matrix. ]
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A Missing Proofs
Lemma A.1 (Lemma.12). 1. %(‘a) = %a

2. Conjugacy is an equivalence relation, i.e., we can partition K into conjugacy classes where
elements in each part are conjugates of each other, but elements in different parts are not
conjugates.

Proof. (1) follows easily from the definition of conjugation and the using the fact that d(ed) =
o(c)d(d) + d(c)d.
i) = o(d)-a-d~' +6(d)d™!

o(c)ac t +6(c)eHd™t + 5(d)d!
)

We now prove (2). Suppose a is a conjugate of b, i.e., a = *b for some z € K*. Then ey =
fl(""’b) = @7 '2) — . Therefore b is a conjugate of a. Suppose a is a conjugate of b, with a = *b,
and c is a conjugate of b, with b = Yc. Then a = *b = *(Yc) = *Yc. So a is a conjugate of c. O

Lemma A.2 (Lemma2.14). 1. K, is a subfield of K[
2. If a,b € K are conjugates, then K, = K. |f|
Proof. (1) Let z,y € K, \ {0} i.e. "a =Ya = a. Then
a(r +y) = o(c+d)a+ §(c+d)
=o(c)a+o(d)a+ d(c) + (d)

= ‘ac+ %ad
=ac+ad = a(c+d).

Therefore “t¥a = a. Also ¥a = ¥(*a) = a. And finally © a = ' (%a) =% %q = a.
(2) Suppose b = %a and let ¢ € K,.Then b = ¢(%a) = “la = *a = 4(°a) = %a = b. Therefore
Ky C Kp. By symmetry, K C K,. O

Lemma A.3 (Product evaluation rule (Lemma [2.16)). If g(a) = 0, then (fg)(a) = 0. If g(a) #0

then
(F9)(a) = £ ("“a) g(a).

*When K is a division ring, K, will be a sub-division ring of K.
fWhen K is a division ring and not a field, we have Koy = Kozt
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Proof. 1f g(a) = 0, then g(t) = b(t)(t—a) for some b(t) € K[t;0,0]. Therefore f(t)g(t) = f(¢)b(t)(t—
9(a)

a), and so (fg)(a) = 0. Suppose g(a) # 0. Let g(t) = b(t)(t —a) +g(a) and f(t) = a(t) (t - a) +
f (9<a>a). Then
F(©)g(t) = f(£) - (b(O)(t = a) + g(a))
= J(B)b(t)(t — a) + f(H)g(a)
= FOb(E)(t - a) + (a(t) (t = *a) + f (““a)) g(a)
= FOb@)( = a) + a(t) (tg(a) = *Wa- g(a)) + f (*“)a) g(a)
= FBb@)(E — a) + a(t) (0(g(a))t + 6(g(a)) — a(g(a))a — d(g(a)) + f (*“a) g(a)
= FObE)(t = a) + a()o(g(a)(t — a) + £ ("“a) g(a)
= (F(Ob(E) + a(t)o(g(a)) (¢ = a) + f (““a) g(a).
Therefore (fg)(a) = f (*“a) g(a). O

B Roots of Skew Polynomials: Proof of Theorem [2.21

We restate Theorem [2.21] for convenience.

Theorem B.1. Let f € K[t;0,6] be a degree d non-zero polynomial. Let A be the set of roots of f
in K and let A = U; A; be a partition of A into conjugacy classes. Fix some representatives a; € A;.
Let V; = {y : Ya; € A;} U{0} which is a linear subspace over F; = K, by Lemma . Then

> dimg, (V;) < d.

Proof. We will use induction on the degree. For the base case, it is clear that for a degree 0
polynomial, which is a non-zero constant, dimg,(V;) = 0 for every i. We will now show the
induction step.

For each i, let d; = dimp,(V;). Fix some basis y(i,1),y(7,2),...,y(i,d;) € K* which span V;
with coefficients in F; = K,,. WLOG, we can assume that y(i,1) = 1 for every ¢, by reassigning
a; = Y@lgq,.

Fix some conjugacy class i* s.t. d;x > 1. Since f(a;x) = 0, we can write f(t) = h(t)(t—a;+) where
deg(h) = d — 1. Now let A’ be the roots of h in conjugacy class i and V/ = {y : Ya; € A, U{0}. We
claim that dimg, (V") > dimg, (V;) for every i # i* and dimg,, (V;.) > dimg,, (V;+) — 1. By induction
>, dimp, (V/) < d — 1. Therefore we have >, dimp,(V;) < d. We will now prove the claim in two
parts.

Claim B.2. dimy,(V/) > dimg,(V;) for every i # i*.

Proof. Fix some conjugacy class ¢ # ¢*. By Lemma [2.16
f (y(ivj)ai) —h (y(ivj)(y(i’”ai*ai*)ai) (y(iyj)ai _ ai*) .

Since a;,a;+ are in different conjugacy classes, ¥“)a; — a;+ # 0. So bj = y(i’j)(y“’j)“i_“i*)ai for
j €{1,...,d;} are d; roots of h in the i** conjugacy class A}. If we show that y(i, j) (Y@ a; — az)

for j € {1,...,d;} are linearly independent over FF;, then this proves the claim.
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Suppose they are not independent. Then there exists c1, ..., cq, € F; s.t. Z?Ll ij(i,j)(y(i’j)ai—
a;+) = 0. Therefore,

d; d;
Qg+ Z ij(la]) = Z ij(l .7) (z’])ai
J=1 j=1
= ij(i,j) : ij(i’j)ai (Cj el = Kai)
=1

=1
: : : : ds - (Zj;l cjy(z',j))
Since y(i,1),...,y(i,d;) are independent over F;, >t cjy(i,j) # 0. Therefore a; =
a;+. This is a contradiction because a;, a;+ are in different conjugate classes. ]

Claim B.3. dimp,. (V;.) > dimg,, (Vi) — 1.

Proof. The proof is exactly similar to that of the previous claim, up until the last. Let j €

{2,3,...,d;+}. By Lemma
f (y(z*ﬂ)az*> =h (y(Z*J) (y(i*’”ai* _ai*)ai*> (y(i*’j)ai* _ a’i*) X

Since y(i*,1) = 1 and y(i*, j) are linearly independent over Fy, y(i*, j) ¢ Fy. Therefore Y09 g . —
ax #0. Sobj = Y@ ) Dag —@i*) ;e for j € {2,...,d} are di= — 1 roots of h in the i*'" conjugacy
class Al.. If we show that y(i*, j) (Y0 Dag — ap) for j € {2,...,d} are linearly independent over
IF;«, then this proves the claim.

Suppose they are not independent. Then there exists ca, ..., cq,. € Fi= s.t.

dx
> e, ) ais —aie) = 0.
j=2

Therefore,
d dx
ai Yy ey(i*,5) = > ey, 5) -V ae
j=2 =2
dyx
= > cui”.3) -9 a. (¢j € Fir = Clazr))
=2

d,-* d;* couli* i
= (Z cjy(i*,j)) (Zj:2 it ’])) apx (*TYa(x +y) = *ax +Yay for all z,y € K*)
=2

Since y(i*,1),...,y(i*,d;) are independent over F«, 2?22 c;y(i*, j) # 0. Therefore

(g i)

Qi+ = Qg
and thus Z;-ZZQ c;y(i*,j) € C(as) = Fi=. But this contradicts the fact that

are linearly independent over F;«. U
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The above two claims finish the proof of Theorem [2:21] O

C Skew Polynomial Wronskian and Moore matrices

In this section, we will discuss generalizations of Wronskian and Moore matrices using skew polyno-
mials. The non-singularity of special cases of these matrices has been instrumental in work on list
decoding [GW11),[GW13] and algebraic pseudorandomness such as constructions of rank condensers
and subspace designs [FG15, IGK16, [GXY18]. We will need the following simple lemmas.

Lemma C.1. Let F(z) be the field of rational functions in x and let L = F(x") which is a subfield of
F(w) Let 1,92, ..., 9m € Flx]<" be polynomials of degree strictly less than r. Then g1,g2, .., gm
are L-linearly independent iff they are F-linearly independent.

Proof. One direction is obvious since I is a subfield of .. To prove the other direction, suppose
91,92, --.,9m are L-linearly dependent, i.e., > c;i(2")gi(z) = 0 for some ¢; € F(x). WLOG, by
clearing denominators and common factors, we can assume that ¢; are also polynomials (i.e., ¢; €
F[z]) with no common factor. By comparing the coefficients of powers of x between 0 and r — 1,
we immediately get that >, ¢;(0)g;(x) = 0. Note that all ¢;(0) cannot be zero simultaneously since
then x would be a common factor for all ¢;. Therefore we get a non-trivial F-linear dependency for

91,9255 9m- U

Lemma C.2. Let K[z;0,4] be a skew polynomial ring. For a € K, define ¢4 : K — K as ¢,(y) =
o(y)a+9(y). Then

1. ¢! (y) = N;(Ya)y where ¢., is ¢po composed with itself i times and
2. ¢q s a linear map over the subfield K,.

Proof. (1) This can be proved by induction, it is true for i = 1.

= o(Ni(Ya)y)a+ o(Ni(Ya))3(y) + 6(Ni(Ya))y
= o(N;(Ya)y)a + §(N;(Ya)y)
= pa(Ni(Ya)y) = ¢a(¢}(y)) = ¢ ()

(2) Kg-linearity follows since Ve € K,

¢a(yc) = Ni(*a)yec = Ni(“(“a))yc = Ni(Ya)yc = da(y)c . O

Using Lemma one can linearize the evaluation of skew-polynomials on any conjugacy class.
This gives a bijection between evaluation of skew-polynomials on a particular conjugacy class
and linearized polynomials which found several applications in coding theory and linear-algebraic
pseudorandomness [MV13] [GRXTS8| Berl5]. In fact this is a ring isomorphism and the product
operation denoted by ® in [MV13] is equivalent to the product operation for skew polynomials in
the appropriate skew polynomial ring.

*F(z") is the set of rational functions of the form f(z") for f € F(x) i.e. rational functions which only have terms
whose powers are multiples of 7.
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C.1 Wronskian matrix

The theory of skew polynomials allows us to calculate rank of Wronskian matrices. Let K]z; d] be
a skew-polynomial of derivation type i.e. ¢ =1Id is the identity map.

Definition C.3 (Wronskian). Let ci, ..., ¢, € K*. Define the Wronskian

c1 Cs Cn
d(er) 0(ca) -+ d(en)
Waler,... cn) = | 02(c1)  8*(ca) -+ 0%(cn)
5n_i(61) 6n_i(02) 5n—1.(cn)

Corollary C.4. Wy (c1,...,¢) is full-rank iff c1, ..., ¢, are linearly independent over F = Ky, the
centralizer of 0.

Proof. By Lemma §%(c) = N;(°0)c. Thus the claim follows from Lemma O

Note that when ¢ is the formal derivative of polynomials, the above is the usual Wronskian of
polynomials. Applying the above corollary in this special case, we can relate the non-singularity of
the Wronskian to the linear independence of the polynomials.

Proposition C.5. Let fi, fo,. .., fs € F[x] be polynomials of degree at most d. Suppose 67 (f;) is
the j*" derivative of f;. Define

fi(x) falx) o fi(@)

M=| 8@ SR .. F(f))

() T () (@) . T H(fs)(2)]
Then the following are true:
1. If char(F) = p therf’], det(M) # O iff f1, f2, ..., f2 are linearly independent over F(zP).

2. If char(F) > d or char(FF) = 0 then, det(M) # 0 iff f1, fa,- .., [s are linearly independent over
IF.

Proof. 1t is clear that if f1, fo, ..., fq are linearly dependent over F, then det M = 0. Now we will
prove the converse.

Consider the skew polynomial ring defined in Example where K = F(z),0 = Id and 6(p) is
the derivative of p. By Corollary det(M) is zero iff fi, fo,..., fs are linearly independent over
Ko, the centralizer of 0. We have

Ko ={g:90 =0} U{0} ={g:4(g9) =0}

If char(F) = 0, then Ko = F and we are done. If char(F) = p for some prime p, then we claim below
that Ko = F(2P), which finishes the proof using Lemma O

Claim C.6. If char(F) = p, then Ko = F(aP).

*char () is the characteristic of F.
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Proof. Ko = {g € F(x) : §(g) = 0}. If g € Flz], then it is easy to see that 6(g) = 0 iff g € F[zP].
Now suppose g is a rational function of the form g = a/b where a, b € F[z] do not have any common
factors. By product rule, §(g) =0 <= d(a)b = ad(b). Since a, b do not have any common factors,
this implies that a divides d(a) and b divides d(b). Since degree of d(a) is smaller than a, this is not
possible unless d(a) = 0 and similarly we can conclude that §(b) = 0. Therefore a,b € F[zP] and so
g € F(aP). O

Using the above, we can now deduce the following result which is the basis of list-size bound
for list decoding univariate multiplicity codes [GW11] and the analysis of the associated subspace
design constructed in [GK16].

Proposition C.7. Let char(F) = p. Let ¢ be the derivative operator on polynomials in Flz| and
§%(+) be the it derivative of a polynomial. Let Q(x,yo,y1,...,ys—1) = A(z) + Zf;& Ai(x)y; where
A(x), Ai(x) € Flz] and not all A; are zero. The set of all f € F[x] of degree less than p, such that

Q(z, f(x),6(f)(x),...,8° 1 (f)(x)) =0, (12)
form an F-affine subspace of F[z| of dimension at most s — 1.

Proof. Equation can be rewritten as A + Zf;& A;8'(f) = 0. Suppose that the set of solutions
to this equation in F[x]<P form an F-affine subspace of F[z] of dimension at least s. Then there
exist solutions fo, f1,...,fs € F[z]<P where f1 — fo,..., fs — fo are F-linearly independent. Let
gi = fi — fo. Then for j € [s] we have, Zf; A;6"(g;) = 0. Therefore the determinant of the matrix
[ (9))ij is zero. Therefore by Proposition g1, 92, - - -, gs should be F-linearly dependent, which
is a contradiction. O

We also remark that solving equation when A = 0 is equivalent to finding roots of a
skew polynomial of degree s — 1 in a conjugacy class. This also intuitively explains why the set of
solutions is an affine subspace of dimension at most s —1. Consider the skew polynomial ring K[t; J]
of derivation type where K = F(z), 0 = Id and ¢ is the derivative operator. Then by Lemma
N;(10)f = 6°(f). Therefore the Equation , when A = 0, can be rewritten as:

s—1 s—1
Y TAS(f) =0 <= > AN(J0)f=0.
=0 1=0

Define G(t) € K[t; 6] as G(t) = Y525 Ait’ which is a skew polynomial of degree at most s — 1. Then
G(0N)f = S50 A;N;(70) f. Therefore the solutions of when A = 0 are precisely {0} U {f :
G(0/) = 0}.

C.2 Moore matrix

The theory of skew polynomials also allows us to calculate the rank of Moore matrices. Let K[¢; o]
be a skew polynomial ring of endomorphism type i.e. § = 0. This is completely analogous to
Wronskian matrices (Section |C.1)) once we use the skew polynomial framework.

Definition C.8 (Moore matrix). Let ¢1,...,c, € K*. Define the Moore matrix

c1 Co Cn
o(er) o(ca) o(cn)
Ma(er,. o) = | 02e)  o2(er) o2 (en)
O'"_l(cl) o™ i(CQ) O_n—l(cn)



Corollary C.9. M,(c1,...,cn) is full-rank iff c1, ..., cn are linearly independent over F = K, the
centralizer of 1.

Proof. By Lemma o'(c) = N;(°1)c. Thus the claim follows from Lemma m O

We now apply the above to the case when K = F,(z) and ¢ is the automorphism which maps
f(z) € Fy(x) to f(yr) for a generator v of F;. In this case, the Moore matrix was called the folded
Wronskian in [GK16]. Analogous Moore matrices for function fields were studied in [GXY1§].

Proposition C.10. Let fi, fa, ..., fs € Fy[z] be polynomials of degree at most d. Let v be generator
for F. Define

fi(x) falx) o [fs(2)

M=| h(vz)  f(ie) ... f)

A(re) fa ) . ()

Then the following are true:
1. det(M) # 0 iff f1, f2, ..., fa are linearly independent over F,(x?71).

2. If g — 1> d then, det(M) # 0 iff f1, fa2,..., fs are linearly independent over F,.

Proof. 1t is clear that if fq, fa,..., fq are linearly dependent over F, then det M = 0. Now we will
prove the converse.

Consider the skew polynomial ring defined in Example where K = F(z),0(g(z)) = g(yz)
and § = 0. By Corollary det(M) is zero iff fi, fo, ..., fs are linearly independent over Ky, the
centralizer of 1. We have

Ki={g:71=11U{0} = {g: g(r2) = g(x)}.
We now claim that K; = F(297!) and the rest follows from Lemma O
Claim C.11. K; = F (2971).

Proof. K1 = {g € F(x) : g(yz) = g(x)}. If g € F[x], then it is easy to see that g(yz) = g(x)
iff g € F[z97!]. Now suppose g is a rational function of the form g = a/b where a,b € F[z] do
not have any common factors and we can assume that the constant term of a or b is 1. g(vyx) =
g(x) <= a(yx)b(z) = a(x)b(~x). Since a,b do not have any common factors, this implies that a
divides a(yz) and b divides b(yx). Since degree of a(yx) is the same as that of a(z) and the degree
of b(yx) is the same as that of b(x), this implies that a(yz) = Aa(x) and b(yz) = Ab(x) for some
A € F,. Since we assumed that a or b has constant term 1, we can conclude that A = 1. Therefore
a,b € Fylz?71] and so g € Fy(z771). O

Using the above, we can now deduce the following result which is the basis of list-size bound for
list decoding folded Reed-Solomon codes [Gurlll [GWI3|] and the analysis of the subspace design
constructed using folded Reed-Solomon codes |[GK16].

Lemma C.12. Lety be a generator for Fy. Let Q(x,yo,y1,-..,ys—1) = A(z) +Zf;& Ai(x)y; where
A(z), Ai(z) € Fy[z]. The set of all f € Fy[z] of degree less than q — 1, such that

Q(z, f(x), f(ya),.... f(y* lx)) =0, (13)

form an Fy-affine subspace of Fylx] of dimension at most s — 1.
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Proof. Equation can be rewritten as A+ Zf;& A;f(yiz) = 0. Suppose that the set of solutions
to this equation in F,[z]<¢"! form an F,-affine subspace of F,[z] of dimension at least s. Then there
exist solutions fo, f1,. .., fs € Fq[2]<9"1 where f1 — fo,..., fs — fo are Fy-linearly independent. Let
gi = fi— fo. Then for j € [s] we have, Zf;& A;gj(v'z) = 0. Therefore the determinant of the matrix
[9; (’yzx)]w is zero. Therefore by Proposition 91,92, - - -, 9gs should be F,-linearly dependent,

which is a contradiction. OJ

Just as we did in Section we remark that solving Equation , when A = 0, is equivalent
to finding roots of the degree s — 1 skew polynomial G(t) = Zf;& A;t" in the conjugacy class of 1,
where the underlying skew polynomial ring is K[¢; o] where K = F(z) and o(f(z)) = f(yx).

D Maximum sum rank distance codes

In this section, we will present a construction of Maximum Sum-Rank Distance (MSRD) codes due
to [MP18] using the skew polynomial framework. We will first define sum-rank distance codes.
Fix some basis B for Fyn as vector space over F,. Given z = (21, 22,...,2,) € Fym, we can think
of z as an m X r matrix with entries in Fy by expressing each coordinate z; as a Fy* vector using
basis B; define rankp, (2) to be the Fy-rank of that matrix. Let P = A; LIAoU---L A be a partition
of [n] into s parts. Given z € Fym, let x = (z1,x2,...,2s) be the partition of of x according to P

where z; € Ffrfl. Define sum-rankp(z) = > ;_; rankg, (z;).

Definition D.1 (sum-rank distance). Fiz some partition P = AjUAsU---UAs of [n] into s parts.
An Fgm-linear subspace C' of Fym is said to have sum-rank distance d (w.r.t. partition P) if every
non-zero codeword ¢ € C, sum-rankp(c) > d.

Note that the sum-rank distance generalizes both Hamming metric (by choosing P = {1} U
{2} U--- U {n}) and rank metric (by choosing P = [n]). Moreover for any partition P and any
v € Fym, sum-rankp(z) is most the Hamming weight of 2 (as rank is upper bounded by the number
of non-zero columns). Therefore by the Singleton bound, any k-dimensional code of Fym, can have
sum-rank distance at most n — k + 1. A code achieving this bound is called an MSRD code.
Therefore MSRD codes generalize both MDS codes and Gabidulin codes. Sum-rank distance was
introduced by [NUF10] for applications in network coding. We will now present the construction
of MSRD codes.

Theorem D.2 (Construction of maximum sum rank distance codes [MP18]). Let v be a generator
for Fgm and let B1,...,Bm € Fgn be linearly independent over Fy. Let n = (¢ — 1)m. For k < n,
define a k x n matriz M = [Mo|M|...|My—2] where

B Ba Brm
vl v 76y,
2
M, = ,ye(uq)ﬁtli 7€(1+q)5‘21 . 78(1+q)5gn

k—1

2(1 e g®=2) gt 2(1 g 2) pg 2(1 et qFT2) pgkt
_,y(+q+ +q )31 7(+q+ +q )52 ,y(+q+ +q )/Bgn |

Then M is the generator matriz of a mazximum sum rank distance code, i.e., for every non-zero
vector A € ]F];m, Zz;g rankp, (AT M) >n —k+ 1

“Here we are interpreting a row vector ¢ € Fgm as an m x r matrix over Fy. rankp,(c) is the Fy-rank of this
matrix. We will also use kerg, (c) in the proof to denote the kernel of the matrix.
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Proof. Suppose A € Flgm is a non-zero vector such that Zg;g rankpq()\TMg) < n — k. This is
equivalent to Zz;g dimg, (kerg, (AT My)) > k.

Let K=Fgm, 0(a) = a? and 0 = 0. See Examplefor the conjugation relation and conjugacy
classes in this case. Define f(t) = Zf;ol \it" which is a non-zero skew polynomial of degree at most
k—1 in Fym[t;o]. We will find many roots for f which would violate Theorem to get a
contradiction.

Fix some ¢ € {0,1,...,q — 2}. Suppose diqu(kerFq()\TMg)) = dy. Let pa,...,pa, € FJ be
a basis for the kernel. Let 8 = (B81,52,...,0m) € Fyn. Now A Myp; = 0 implies that 87y, is
root of f. Moreover the d; roots T, ..., 5Tﬂd¢ € Fym are linearly independent over IF, since
rankg, (3) = m.

Thus we get Z(g;g dy > k roots for f. And the roots in each conjugacy class are linearly
independent over F, (which is the centralizer). Therefore by Theorem we get a contradiction.

O

It is easy to see that the above construction can be easily modified to work for any partition
P of [n] into at most (¢ — 1) parts, where each part has size at most m. In [MPK19|, an efficient
decoding algorithm for these codes is given.
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