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Approximability of all finite CSPs in the dynamic streaming setting

Chi-Ning Chou*  Alexander Golovnev!  Madhu Sudan? Santhoshini Velusamy?®

Abstract

A constraint satisfaction problem (CSP), Max-CSP(F), is specified by a finite set of con-
straints F C {[q]*¥ — {0,1}} for positive integers ¢ and k. An instance of the problem on n
variables is given by m applications of constraints from F to subsequences of the n variables,
and the goal is to find an assignment to the variables that satisfies the maximum number of
constraints. In the (v, 8)-approximation version of the problem for parameters 0 < § < v < 1,
the goal is to distinguish instances where at least v fraction of the constraints can be satisfied
from instances where at most 3 fraction of the constraints can be satisfied.

In this work we consider the approximability of this problem in the context of streaming al-
gorithms and give a dichotomy result in the dynamic setting, where constraints can be inserted
or deleted. Specifically, for every family F and every 8 < 7, we show that either the approxi-
mation problem is solvable with polylogarithmic space in the dynamic setting, or not solvable
with o(y/n) space. We also establish tight inapproximability results for a broad subclass in the
streaming insertion-only setting. Our work builds on, and significantly extends previous work
by the authors who consider the special case of Boolean variables (¢ = 2), singleton families
(|F| = 1) and where constraints may be placed on variables or their negations. Our framework
extends non-trivially the previous work allowing us to appeal to richer norm estimation algo-
rithms to get our algorithmic results. For our negative results we introduce new variants of the
communication problems studied in the previous work, build new reductions for these problems,
and extend the technical parts of previous works. In particular, previous works used Fourier
analysis over the Boolean cube to prove their results and the results seemed particularly tailored
to functions on Boolean literals (i.e., with negations). Our techniques surprisingly allow us to
get to general g-ary CSPs without negations by appealing to the same Fourier analytic starting
point over Boolean hypercubes.
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1 Introduction

In this work we explore the approximability of general (finite) constraint satisfaction problems in
the setting of streaming algorithms. We introduce the terms below.

For positive integers ¢ and k, a g-ary constraint satisfaction problem (CSP) is given by a (finite)
set of constraints F C {f : [¢]* — {0,1}}. A constraint C on z1,...,x, is given by a pair (f,j),
with f € F and j = (j1,...,j%) € [n]*¥ where the coordinates of j are all distinct. An assignment
b € [¢]" satisfies C' = (f,]) if f(bj,,...,b;,) = 1. An instance ¥ of Max-CSP(F) consists of m con-
straints C1, ..., Cy, applied to n variables x1, xs,...,x, along with m non-negative integer weights
W1, ..., Wn. The value of an assignment b € [¢]" on an instance ¥ = (C1,...,Cpwi, ..., W), de-
noted valy(b), is the fraction of weight of constraints satisfied by b. The goal of the ezact problem
is to compute the maximum, over all assignments, of the value of the assignment on the input in-
stance, i.e., to compute, given ¥, the quantity valy = maxyc(gn{valy(b)}. In this work we consider
the complexity of the (v, 8)-approzimation version of this problem for parameters 0 < 8 < v < 1,
denoted (v, 8)-Max-CSP(F), defined as follows: Given an instance ¥ with the promise that valy >~y
or valy < 8 determine which of the two conditions holds.

We study the complexity of (v, 5)-Max-CSP(F) in the setting of randomized streaming algo-
rithms in both the insertion-only setting and the dynamic setting. In the insertion-only setting
an instance ¥ = (C1,...,C,,) is presented as a stream o1, 09,...,0, where o; = (f(i),j(i)) repre-
sents adding a unit weight to the constraint given by the pair (f(),j(¢)). In the dynamic setting
constraints are allowed to be inserted or deleted subject to the constraint that at the end every
constraint appears a non-negative number of times. Thus the input in the dynamic setting is a
stream o1, ...,0, where o; = (f(4),j(i),w;) with w; € {—1,1} representing the addition of w; to
the weight of the constraint given by the pair (f(i),j(7)). (We note that our negative results work
even in the restrictive strict turnstile setting where the weight of every constraint is non-negative at
all intermediate stages. In contrast our algorithmic results work in a more general turnstile setting
which allows the weight of constraints to be negative mid-stream but must be non-negative at the

end.) In both settings we study the space required to solve the (v, 3)-approximation version of
Max-CSP(F).

1.1 Results

Our main theorem is a decidable dichotomy theorem for (v, 3)-Max-CSP(F) in the dynamic setting.

Theorem 1.1 (Succinct version). For every ¢,k € N,0< 3 <~y <1 and F C {f:[q]* — {0,1}},
one of the following two conditions hold: Either (v, 3)-Max-CSP(F) can be solved with O(log®n)
space in the dynamic setting, or for everye > 0, (v —¢, 5+ ¢)-Max-CSP(F) in the dynamic setting
requires Q2(y/n)-space. Furthermore there is a polynomial space algorithm that decides which of the
two conditions holds, given v, and F.

Theorem 1.1 combines the more detailed Theorem 2.3 with decidability coming from Theo-
rem 2.4. In the insertion-only setting we do not get a complete characterization, but we do get
some sufficient conditions that allow us to pin down the approximability of some families F. To
describe our result in this setting, we need some notions.

Given a constraint family F consider the quantity pmin(F) = infy{valy} where the infimum is
taken over all instances ¥ of Max-CSP(F). By definition for every ¥ we have valy € [pmin(F), 1],
and consequently (v, 3)-Max-CSP(F) is trivially solvable for 8 < pmin(F) < 7 (since the NO set is



empty). Informally we say that Max-CSP(F) is approximation-resistant if no non-trivial algorithm
(i.e., for pmin < 8 < 7y < 1) exists. (See Definition 2.11 for a formal definition.) Our next theorem
shows that a broad class of functions is approximation-resistant.

We say that f supports one-wise independence if there exists a distribution D supported on
f71(1) whose marginals are uniform on [q]. We say that F supports one-wise independence if every
f € F supports one-wise independence.

Theorem 1.2 (Informal). If F C {f : [¢]* — {0,1}} supports one-wise independence then it is
approximation-resistant.

Theorem 1.2 is formalized as Theorem 2.17 in Section 2.3. We also give theorems capturing
hardness in the insertion-only setting beyond the 1-wise independent case. Stating the full theorem
requires more notions (see Section 2.3), but as a consequence we get the following extension of
theorems of [CGV20] and [CGSV21].

Theorem 1.3. Let ¢ = k = 2. Then, for every family F C {f : [q)*> — {0,1}}, and for every
0 < B <~v<1, at least one of the following always holds:

1. (v, B)-Max-CSP(F) has a O(log®n)-space dynamic streaming algorithm.

2. For everye > 0, (y—¢, f+¢)-Max-CSP(F) in the insertion-only setting requires Q(y/n) space.
If v =1, then (1,8 + ¢)-Max-CSP(F) in the insertion-only setting requires (y/n) space.

Furthermore, for every £ € N, there is an algorithm using space poly({) that decides which of the
two conditions holds given the truth-tables of functions in F, and v and B as £-bit rationals.

Theorem 1.3 is proved in Section 2.3. [CGV20] study the setting where constraints are applied
to literals, F contains a single function and get a tight characterization of the approximability of
Max-CSP(F)!. Theorem 1.4 in [CGSV21] extends the study to classify all choices of 3 < . Our
work extends both of their works by allowing constraints to be applied only to variables, and by
allowing families of constraint functions.

For the sake of completeness we also give a simple characterization of the Max-CSP(F) problems
that are solvable exactly in polylogarithmic space.

Theorem 1.4 (Succinct version). For every ¢,k € N and F C {f : [q]* — {0,1}}, the Max-CSP(F)
problem is solvable exactly in deterministic logarithmic space if and only if there is a constant o € [q]
such that every satisfiable function in F is satisfied by the all o-assignment. All remaining families
F require (n) space to solve exactly.

The proof of this theorem is by elementary reductions from standard communication complexity
problems and included in Section 9.

1.2 Comparison with previous works

Theorems 1.1, 1.3 and 2.17 significantly extend similar theorems by the authors [CGSV21] and
we compare the results shortly. First we discuss work prior to theirs. Prior to [CGSV21], there
were a few works where individual problems were explored — specifically the Max-CUT problem

!By approximability of Max-CSP(F) we refer to the quantity infs sup,{{B/7}} over polylog space solvable (v, 5)-
Max-CSP(F) problems.



was explored in [KKS15, KKSV17, KK19, CGV20], Max-DICUT in [GVV17, CGV20], and Unique
Games (which is really a family of problems) was analyzed in [GT19]. The most extensive prior
work is from Chou, Golovnev, and Velusamy [CGV20], which gives a classification along the lines
of Theorem 1.3 in the special case where ¢ = 2 and k = 2, but they only study the approximability
of Max-CSP(F) where constraints are applied to literals and F contains a single function. Note
that in this case, the number of different F’s is finite. Indeed their classification is fully explicit
in that case! Modulo the explicitness and the exact polynomial in the space lower bound, all the
previous results are subsumed by the prior work [CGSV21].

Turning to the previous work [CGSV21], the main theorems there are restrictions of Theo-
rems 1.1, 1.3 and 2.17 to the special case where (1) F contains a single function f, (2) ¢ =2 and
(3) Constraints are placed on “literals” rather than variables. We discuss the technical differences
shortly, but start by explaining why even in terms of expressiveness the difference is significant.
Indeed, due to restriction (1), their work does not capture the Max-3SAT problem which requires
different constraints for clauses of length 1, 2, and 3. This is a quantitatively significant restriction
in that the approximability in this case is “smaller” than that of Max-CSP(f) for any of the con-
stituent functions. So hard instances do involve a mix of constraints! The lack of expressiveness
induced by the second restriction of Boolean variables is perhaps more obvious. Natural examples
of CSPs that require larger alphabets are Max-¢-Coloring and Unique Games. Finally we turn to
restriction (3) — the inability to capture CSP problems over variables. This restriction prevents
previous works from capturing some very basic problems including Max-CUT and Max-DICUT. Fur-
thermore, the notion of “literals” is natural only in the setting of Boolean variables — so overcoming
this restriction seems crucial to eliminating the restriction of Booleanity of the variables.

We repeat some folklore knowledge about Max-CSP(F). By expanding the study to allow
multiple functions in F, the class of Max-CSP(F)’s becomes more robust and complete. First
we note that the requirement that all constraint functions in F have the same arity k£ is not a
restriction. Given a family F’ containing functions of varying arity, we can pad the functions
with dummy variables that the functions do no depend on, to create a family F of functions of
the same arity. Similarly the requirement that the variables in a constraint be distinct is not a
restriction. Rather it enhances the expressive power of Max-CSP(F). For instance it allows the
study of Max-3SAT (where clauses have length at most 3) as well as Max-E3SAT (where clauses have
length exactly 3) — a difference that would not be captured without the distinctness requirement.
The distinctness requirement can be dropped by changing the family F to include the functions
on a smaller number of distinct variables obtained by repeating variables explicitly in a constraint.
Finally we note the use of “variables” only and not “literals” also enriches the study. On the one
hand, one can always build in the ability to apply functions to literals by adding new functions
to the class F that explicitly negate chosen variables. On the other hand, this requirement to
work with functions on variables, and not literals, allows for distinctions between problems such
as Max-CUT and Max-2LIN. In the former the constraint requires that two variables not be equal
whereas the latter allows arbitrary Fa-linear equations on 2 distinct variables.

In terms of technical challenges in extending the previous work, we will get into the specifics
more in Section 1.3, but here we highlight some of the hurdles. We note that restriction (1) is
not very significant and indeed it is easy to extend the techniques from the previous work to this
case, so we focus on the other two. On the algorithmic side, a key ingredient in previous works is
the use of a space efficient estimator for the ¢; norm of a vector (in the “turnstile” model). Note
that the ¢; norm of a vector y € R" is the result of the following Boolean optimization problem



[yllh = maxyeq_113n D iy Tiyi- Using the ability to solve this optimization problem naturally
helps with other Boolean optimization problems including some Max-CSP(F) problems as well, but
extending to the non-Boolean setting seems to need new algorithms (and of course new reductions
to these algorithms). Turning to the negative results, Booleanity seems deeply embedded in the
techniques of the previous work. The core machinery is Fourier analysis over the Boolean hypercube.
Also central to their hardness result is the ability to negate variables. Roughly the hardness result
creates “hard instances” by creating a random instance of a CSP that is satisfied by the all 1’s
assignment, and then complementing a random subset of variables to hide the planted assignment.
The entire methodology seems to fail when complementation is not allowed. In Section 1.3 we
describe how we overcome these hurdles to get our result.

1.3 Technical contributions

Our proof of Theorem 1.1 follows the same main steps as the proof of the analogous theorem from
[CGSV21]. Given F, v and 3, we start by defining two convex sets K and K*V in finite dimension
that aims to determine efficient solvability of (7, 3)-Max-CSP(F). We then show that if K and
KN are disjoint then the separating hyperplane (in finite dimension) can be used to design an
efficient algorithm for solving (v, 5)-Max-CSP(F) (for all instance lengths!). Finally we show that
if the sets overlap, then a point in the intersection can be used to show hardness of the streaming
problem in the dynamic setting via a sequence of communication complexity results. We note that
while this framework remains the same in this work, each step has substantial differences with
some non-obvious choices in each case, apart from technical hurdles. We elaborate on the details
below. We remark that the presence of multiple functions in F is not a serious issue and so in this
overview, fix F = {f} for simplicity.

Convex Set Framework. In the previous work, the convex sets live in k dimensions, and aim
to capture hard “weighted instances” on k variables. More specifically, we view an instance as a
distribution on constraints in a natural way. All constraints apply to the k variables z1,...,x; in
order (and the only variation is which variables are negated and which ones are not). The “Yes”
set KV represents the marginals (how often is a variable positively and how often negated) of
distributions for which the all 1s assignment satisfies at least v fraction of the constraints. The
“No” set KV is more subtle and represents the marginals of distributions for which no “symmetric
probabilistic assignment” satisfies more that g fraction of the constraints. Specifically for every
p € [0,1], assigning the variables independently according to Bern(p) is expected to satisfy at most
B fraction of the constraints. (Note in particular there may exist assignments satisfying many (even
all!) the constraints, but they would be not remain satisfying under permutation of the variables.)

In our setting, when negations are not allowed, the above does not make sense. Using the
“all 1s8” assignment as the canonical one does not work since there is no way to use negations of
variables to move this planted assignment. The key to our framework is to use kq variables z; , for
i € [k] and o € [g] which we view as a k x ¢ matrix. (Note that even for ¢ = 2 this does not lead
to the same convex sets as in [CGSV21].) Our distributions/instances involve constraints placed
on k-tuples of the form (x1,4,,...,%%q,) - S0 the ith variable in a constraint is always a variable
from the ith row. In our planted assignment the variable x;, is assigned the value o. This leads
to K¥ C R¥ representing the marginals (probability that the ith variable in a random constraint
involves variable x; ) of distributions on constraints where the planted assignment satisfies at least
~y-fraction of the constraints. Defining the set K turns out to be more subtle than in the previous



work, but the correct answer turns out to be: KV consists of the marginals of distributions where
no “column-symmetric probabilistic assignment” to the variables satisfies more than § fraction of
the constraints. In other words we pick ¢ distributions P, supported on [g], one for each o € [q],
then assigning z; » according to P, independently for each ¢ and o, does not satisfy more than j3
fraction of the constraints. Choosing the distribution of each variable to be completely arbitrary
does not work (we can not design an algorithm in this case), while choosing the distributions to
be all identical also does not work (we can not prove the lower bounds). The “column-symmetric”
option turns out to be the sweet spot where both sides work!

Approximation algorithm. The challenge for the algorithmic result is turning the linear sep-
arability of K and K% to get an algorithm for instances of any length. [CGSV21] approach this
question by using the linear separator to define, for an instance ¥ on n variables, a vector they
call the “bias” vector bias € R™ and showing that the ¢; norm of bias gives a good approximator
to the maximum number of satisfiable constraints. The latter step is in hindsight natural given
that both the ¢; norm bias and Max-CSP(F) are optimization problems whose solution space is
{—1,1}". The algorithmic result follows since ¢; norms can be estimated efficiently in polylog
space [Ind00, KNW10].

In our setting we show how to use the linear separator to define an n x g bias matriz bias and
show that the || - ||1 00 norm of this matrix (i.e, the the ¢; norm of the vector whose coordinates are
the /o norms of the rows of bias) gives a good approximator to the maximum number of satisfiable
constraints. Fortunately estimation of a wide variety of norms have been explored in the streaming
setting, and in particular the || - ||1,c0o-norm is also known to be approximable in polylogarithmic
space and this yields our upper bound. Thus the novel part here is in the determination of the right
matrix and the right norm to look at, and then the rest follows naturally from previous works.

Lower bounds. Finally we turn to the lower bounds. We start with the negative result estab-
lishing the dichotomy in the dynamic setting. Here we are given that there are two distributions
Dy and Dy on constraints that have the same one-wise marginals. The distributions on constraints
can be viewed as distributions on [¢]¥ (or {0,1}* in the setting ¢ = 2). In [CGSV21] they create
a communication problem called “Randomized Mask Detection (RMD)” based on the two distri-
butions and prove it is hard for one-way communication and the streaming lower bound follows.
In this RMD problem, Alice gets a vector x € {0,1}"™ and Bob gets a set S C [n] and a randomly
masked (XOR-ed) copy of z|g where the mask is either derived as a concatenation of strings drawn
independently from Dy or from Dy, and they have to determine which of the two conditions holds.
A one-way communication lower bound of s for RMD with Dy and Dy whose marginals are equal
and contained in K¥ N K% implies an Q(s) lower bound for (v, 3)-Max-CSP(F). [CGSV21] give
an Q(y/n) lower bound for this problem in two steps: First they use Fourier analysis of Boolean
functions to show hardness of RMD for a restricted class of distributions (Dy,Dy). They then
reduce this class of hard problems to RMD for every pair. To highlight our challenges, note that
negations and Booleanity occur everywhere including in the very definition of RMD (due to the
XOR masking), the Boolean Fourier analysis, and even in the reduction which uses properties of
the hypercube {—1, 1}’“. (In particular they use the simple feature that the cube decomposes into
two smaller subcubes.)

We overcome these obstacles by a mix of steps. First, we work with a “harder”? communication

2By “harder” we mean that the communication task is harder so our task of proving lower bounds on communi-



problem called Signal Detection (SD) — where rather than getting an entire XOR mask of z|g with
m strings drawn independently according to Dy or Dy, Bob gets weak signals indicating “Does z
equal the ith masking string, on the appropriate coordinates?” This problem does not use XORs
in the definition and so generalizes to g-ary alphabets and does not need negations either. It also
continues to be reducible to the streaming problem of interest, so we still get space lower bounds
from this. The main challenge now is proving hardness of the SD problem for distributions Dy
and Dy over [¢]* with matching marginals. For this part we switch back to the Boolean RMD
problem, and create a variant where Alice and Bob get some additional advice. We extend the
Fourier-analytic proof of the previous work (which goes back to [GKK™'09]) to show hardness of our
Boolean advice-RMD problem. The advice in the Boolean problem now allows us to get hardness
for general g-ary SD problems using combinatorial methods. While the natural combinatorial
domain would have been [¢]*, we work with the more general product sets [q1] x - - - x [gx] and this
set turns out to have the right decomposability for us. Putting these ingredients together gives a
Q(y/n) lower bound on the communication complexity of SD whenever Dy and Dy have matching
marginals.

From this point onwards our proof follows roughly the same outline as in [CGSV21]. To get hard-
ness in the dynamic setting, we translate the hardness of the two player one-way communication SD
problem into the hardness of a many (but constant) player simultaneous communication problem.
This allows us to use the framework and powerful results of Li, Nguyen and Woodruff [LNW14] and
Ai, Hu, Li and Woodruff [AHLW16] to get a space y/n lower bound for every (v, 5)-Max-CSP(F)
whenever the corresponding KY and K% intersect. For the hardness result in the insertion only
setting, the lower bound on the simultaneous communication problem no longer suffices. So here
we craft our own reduction to a T-player one-way communication problem which reduces in turn
to (v, 8)-Max-CSP(F) in the insertion-only streaming setting. Unfortunately this step works only
in some restricted cases (for instance if Dy is the uniform distribution on [¢]*¥) and this yields our
lower bound (Theorem 2.17) in the insertion-only setting.

2 Results

We let N denote the set of positive integers. We let [n] denote the set {1,...,n}. For a finite set
Q, let A(Q2) denote the space of all probability distributions over €, i.e.,

A(Q):{D:Q%RZN ZD(W):1}.

weN

ol

We view A(Q) as being contained in R, We use X ~ D to denote a random variable drawn from

the distribution D.

2.1 Main Notions

We start with some definitions and notations crucial to describe the central objects of our study,
which are distributions of constraints applied to a special set of variables. We start with the
variables, and the planted assignment, before turning to notions about distributions.

cation complexity is easier.



In this part we consider distributions of constraints over a set of kg variables denoted x =
(zig|i € [k],o0 € [q]). (We think of the variables as sitting in a k X ¢ matrix with ¢ indexing
the rows and ¢ indexing the columns.) For f € F and a € [g]*, let C(f,a) denote the constraint
f(T1415- -+ Tha,). For an assignment b = (b, |i € [k],0 € [g]) € [¢]*? we use the notation
C(f,a)(b) to denote the value f(b1q,,---,bka,). We let I € [g]* denote the assignment I; , = o.
(In the following section we will use I as our planted assignment.)

We now turn to defining the “marginals” of distributions. For D € A(F x [¢]¥), we let u(D) =
(Kf,i0) feF iclk],oclq Pe given by pyri, = Prga)plg = f and a; = o]. Thus the marginal (D)
lies in RF1X9  We often reduce our considerations to families F containing a single element.
In such cases we simplify the notion of a distribution to D € A([q]¥). For D € A([q]*), we let
p(D) = (Ki,o)ic[k] oclq Pe given by 1o = Prawpla; = ol.

Next we introduce our family of distributions that capture our “Yes” and “No” instances. “Yes”
instances are highly satisfied by our planted assignment, while “No” instances are not very satisfied
by any “column-symmetric”, independent, probabilistic assignment. The fact that we only consider
distributions on kg variables makes this a set in finite-dimensions.

Definition 2.1 (Space of YES/NO distributions). For ¢,k € N, v € [0,1] and F C {f : [¢)* —
{0,1}}, we let

Sy (F) = {D cAF x| E _[C(fa)D] = v}~
(f,a)~D

For B €0,1] we let

Sy (F) = {D € AF x [q]) | Y(Ps € Al[a)oeg): [C(f, a)(b)]] < ﬁ} :

E [ E
(f,a)~D | b,b; o~Ps
By construction, for 8 < «, the sets S}Y/ (F) and Sév (F) are disjoint. (In particular for any
De S}Y/ (F), I corresponds to a (deterministic!) column symmetric assignment that satisfies v >
fraction of constraints, so D ¢ Sév (F).) The key to the analysis of low-space streaming algorithms
is that they only seem to be able to estimate the marginals of a distribution — so we turn to
exploring the marginals of the sets above.

Definition 2.2 (Marginals of Yes/NO Distributions). For+, 8 € [0,1] and F C {f : [¢]* — {0,1}},
we let

KY(F) = {w(D) e RF* | D € SY(F)} and K} (F) = {u(D) € RF* | D € SF(F)}.

See Section 2.5 for some examples of the sets S}y/(}"), Sév(}"), K%f(}"), Kév(]-")

2.2 Results in the dynamic setting

The following theorem now formalizes the informal statement that low space algorithms can only
capture the marginals of distributions in the dynamic setting.

Theorem 2.3 (Dynamic Dichotomy Theorem). For every q,k € N, every family of functions
F CA{f:[q)* — {0,1}} and for every 0 < B < v < 1, the following hold:
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1. If KX(]:)OKéV (F) =0, then (v, 5)-Max-CSP(F) in the dynamic setting admits a probabilistic

streaming algorithm that uses O(log3 n) space® on instances on n variables.

2. If K%/(]:) N Kév(]:) # 0, then for every e > 0, the (v — e, 8+ ¢)-Max-CSP(F) in the dynamic
setting requires Q(y/n) space* on instances on n wariables. Furthermore, if v = 1, then
(1,5 + €)-Max-CSP(F) in the dynamic setting requires 2(/n) space.

Theorem 2.3 is proved in two parts: Theorem 4.1 proves Theorem 2.3, Part 1 while Theorem 5.1
proves Theorem 2.3, Part 2.

2.2.1 Decidability of the Classification

We now complement Theorem 2.3 by showing that the condition K}Y/ (F)N K év (F) = 07 can be
decided in polynomial space given v and [ as ratios of ¢-bit integers and members of F as truth
tables. (So the input is of size O(£ + |F| - ¢*) and our algorithm needs space polynomial in this
quantity.)

Theorem 2.4. For every k,q € N F C {f : [q]* — {0,1}}, and £-bit rationals B, € [0,1] (i.e.,
B and vy are expressible as the ratio of two integers in {—2¢,...,2'}), the condition “K}Y/(}') N

Kév(]:) = 0?” can be decided in space poly(|F|,q*, ) given truth tables of all elements of F and y
and B as £-bit rationals.

We prove Theorem 2.4 in this section. Our analysis mimics that of [CGSV21] in a straightfor-
ward manner, given the definition of KX (F) and K év (F). The following lemma states some basic

properties of the sets S%/(]-') 5’5 (F), KY(]:) and Kév(]-") and uses them to express the condition
"KY (F)N KR (F) =07 in the quantified theory of reals.

Lemma 2.5. For every k,q € N B,v € [0,1] and F C {f : [¢f* — {0,1}}, the sets
S%/(}") SB (F), KY(]-") and Kév(]-") are bounded, closed, and convex. Furthermore, the condition
KX(}")HKN (F) = 0 can be expressed in the quantified theory of reals with 2 quantifier alternations,
O(|F|¢* + ¢?) variables, and polynomials of degree at most k + 1.

Proof. We start by observing that A(F x [¢]¥) is a bounded convex polytope in RI¥ xla* " Further-
more, viewing D as a vector in R¥1X4" for any given b € [¢]* the quantity E(f,0)~plC(f,a)(b)]
is linear in D. Thus Sg/ (F) is given by a single linear constraint on A(F x [¢]¥) making it a
bounded convex polytope as well. Sév (F) is a bit more complex - in that there are infinitely
many linear inequalities defining it (one for every distribution (P,)s¢|q). Nevertheless this leaves
Sév (F) bounded, closed (as infinite intersection of closed sets is closed), and convex (though it may
no longer be a polytope). Finally since K}Y/ (F) and K év (F) are linear projections of S%f (F) and
Sév (F) respectively, they retain the features of being bounded, closed and convex.

Finally to get an effective algorithm for intersection detection, we express the intersection
condition in the quantified theory of the reals. To get this, we note that (Py)¢[q can be expressed
by ¢? variables, specifically using variables P,(7) for every o,7 € [q] where P,(7) denotes the

3In particular, the space complexity is O(log®n) bits, or O(log?n) cells where each cell is O(logn) bits long.
Crucially while the constant in the O(-) depends on k, v and S, the exponent is a universal constant.
4Again, the constant hidden in the © notation depends on k, v and 5.
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probability of 7 in P,. In terms of these variables (which will eventually be quantified over) the
condition E(f a)~p [Ebbi’dwpd [C(f, a)(b)]] < (3 is a multivariate polynomial inequality in (P, ), and
D. (Specifically we get a polynomial of total degree at most k in (P,),, and of total degree at
most one in D.) This allows us to use the following quantified system to express the condition
KX(]—") ﬂKéV(}") #

IDy, Dy € R w((P,),) € RY si.t.

Dy,Dn, (Py)s, Vo € [q] are distributions, (2.6)
Vo€ F,Vie€lk],T € Pr =foanda;=7]= Pr = fo and a; = 7|, 2.7
fo (k] [q] (f,a)NDY[f fo ] (f’a)NDN[f fo ] (2.7)
E _[C(f,a)D)] >, (2.8)
(fva)NDY

[C(/; a)(b)]] < p. (2.9)

E [ E
(f,a)~DN b,bi,o’N,P(J'

Note that Egs. (2.6) to (2.8) are just linear inequalities in the variables Dy, Dy. As noticed above
Eq. (2.9) is an inequality in the P,s and Dy, of total degree at most k + 1.

We thus get that the intersection problem can be expressed in the quantified theory of the
reals by an expression with two quantifier alternations, 2|F|¢* 4+ ¢* variables and O(|F|¢* + ¢?)
polynomial inequalities, with polynomials of degree at most k + 1. (Most of the inequalities are of
the form Dy (b) > 0 or Dy(b) > 0. We also have O(|F|kq) equalities (saying probabilities must
add to one and matching the marginals of Dy and Dy ). Of the two remaining, Eq. (2.8) is linear,
only Eq. (2.9) is a higher-degree polynomial. O

As in [CGSV21] we now appeal to the following theorem on the complexity of the quantified
theory of the reals.

Theorem 2.10 ([BPR06, Theorem 14.11, see also Remark 13.10]). The truth of a quantified for-
mula with w quantifier alternations over K variables and polynomial (potentially strict) inequalities
can be decided in space KOW) and time QKO

Specifically, Theorem 14.11 in [BPRO6] asserts the time complexity above, and Remark 13.10
yields the space complexity. We are now ready to prove Theorem 2.4.

Proof of Theorem 2.J. The quantified polynomial system given by Lemma 2.5 yields parameters
K = O(|F|¢* + ¢?) for the number of variables and w = 2 for the number of alternations. Applying
Theorem 2.10 with these parameters yields the theorem. O

2.2.2 Approximation resistance in the dynamic streaming setting

We now turn to the notion of “approximation resistant” Max-CSP(F) problems. We start with
a discussion where F = {f}. In the setting where constraints are applied to literals rather than
variables, the notion of approximation resistance is used to refer to problems where it is hard to
outperform the uniform random assignment. In other words if p(f) is defined to be the probability
that a random assignment satisfies f, then Max-CSP(f) is defined to be approximation resistant
if (1 —e,p(f)+ ¢)-Max-CSP(f) is hard. In our setting however, where constraints are applied to
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variables, this notion is a bit more nuanced. Here it may be possible to construct functions where a
random assignment does poorly and yet every instance has a much higher value.® In our setting the
correct notion is to consider the probability of satisfying f maximized over all i.i.d. distributions for
variables. If this quantity is defined to be p(f), then clearly every instance of Max-CSP( f) achieves
value p(f). And now approximation resistance can be defined as beating this trivial lower bound.
Below we formalize the above discussion while also extending to general F.

Definition 2.11 (Approximation resistance). For F C {f : [¢]* — {0,1}}, we define

min F) =1 inf by }.
P ( ) m U instance })?Max—CSP(]:){Va \Il}

We also define
F) = i a E a .
A7) =5 e {DénA(}[{q]){ joppai ! )]}}

We say that Max-CSP(F) is streaming-approximation-resistant in the dynamic setting (insertion-
only setting) if for every € > 0 there exists 6 > 0 such that (1 — e, p(F) + €)-Max-CSP(F) requires
Q(n?) space in the dynamic setting (resp. insertion-only setting).

Proposition 2.12. For every ¢,k € N, F C {f : [¢]* — {0,1}} we have pmin(F) = p(F).

Proof. We start by showing p(F) < pmin(F). Fix an instance ¥ of Max-CSP(F) and let Dr be
the distribution on F obtained by picking a random constraint of ¥ and looking at the function
(while ignoring the variables that the constraint is applied to). By definition of p(F), there exists
a distribution D € A([q]) such that E; p apr[f(a)] = p(F). Now consider a random assignment
to the variables of ¥ where variable x; is assignment a value independently according to D. It can
be verified that Ex|[valg(x)] > p(F) and so valg > p(F). We thus conclude that p(F) < valg for
all ¥ and so p(F) < pmin(F).

We now turn to the other direction. We prove that for every € > 0 we have pyin(F) < p(F) +¢
and the inequality follows by taking limits. Let D be the distribution achieving the minimum in
the definition of p(F). Given € > 0 let n be a sufficiently large integer and let m = O(n¥/e). Let
U be the instance of Max-CSP(F) on n variables with m constraints chosen as follows: For every
j € [n]* with distinct coordinates and every f € F we place |Dx(f)/e] copies of the constraint
(.3)

We claim that the ¥ generated above satisfies valy < p(F) +¢/2+ O(1/n) and this suffices for
the proposition. To see the claim, fix an assignment v € [¢]™ and let D € A([q]) be the distribution
induced by sampling ¢ € [n] uniformly and outputting ;. On the one hand we have from the
definition of p(F) that E;. p, awpr [f(2)] < p(F). On the other hand we have that the distribution
obtained by sampling a random constraint (f,j) of ¥ and outputting (f,v|;) is €/2 4 O(1/n) close
in total variation distance to sampling f ~ Dr and a ~ D¥. (The /2 gap comes from the rounding
down of each constraint to an integral number, and the O(1/n) gap comes from the fact that j is
sampled from [n] without replacement.) We thus conclude that

valyg (v) < E [f(a)]+e/2+01/n) < p(F)+e/2+0(1/n) < p(F) +e.
f~Dz,a~Dk
Since this holds for every v we conclude that this upper bounds valy as well thus establishing the
claim, and hence the proposition. ]

®Take for instance f(x1) = 1 iff 2; = 1. The random assignment satisfies f with probability 1/¢ while every
instance is satisfiable!
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As defined ppin(F) is not immediately even computable, but using the equivalence to p(F) we
get a polynomial space algorithm as shown next.

Theorem 2.13. There is an algorithm A that, on input F C {[q]* — {0,1}} presented as |F]|
truth-tables and T € R presented as an £-bit rational, answers the question “Is pmin(F) < 7727 in
space poly(|F], ¢", 0).

Proof. By Proposition 2.12 we have

min(F) = p(F) = min ma. E a )
pmin(F) = p(F) Dfem){DGA@D{MF,MDJﬂ >]}}

Viewing Dr € R¥1 and D € RY and noticing that the inner expectation is a degree k + 1
polynomial in D and D we get, again using Theorem 2.10, that there is a space poly(|F|, ¢*, ¢)
algorithm answering the question “Is ppin(F) < 777. O

Theorem 2.3 immediately yields a decidable characterization of approximation resistant
Max-CSP(F) problems in the dynamic streaming setting.

Theorem 2.14. For every ¢,k € N, for every family F C {f : [¢]F — {0,1}}, Max-CSP(F) is
approximation resistant in the dynamic setting if and only if Kf (F) ﬂKé\([]_-) (F) # 0. Furthermore,
if Max-CSP(F) is streaming-approzimation-resistant in the dynamic setting, then for every e > 0
we have that (1, p(F) + €)-Max-CSP(F) requires Q(y/n) space. If Max-CSP(F) is not streaming-
approximation-resistant, then there exists € > 0 such that (1—¢, p(F)+¢)-Max-CSP(F) can be solved
in polylogarithmic space in the dynamic setting. Finally, given the truth-table of the functions in
F there is an algorithm running in space poly(q*|F|) that decides whether or not Max-CSP(F) is
streaming-approrimation-resistant in the dynamic setting.

Proof. By Theorem 2.3 we have that Max-CSP(F) is approximation-resistant if and only if

KY (F)n Kl]?\(ff)+5(f) # () for every small ¢ > 0. Taking limits as ¢ — 0, this im-

plies that Max-CSP(F) is approximation resistant if and only if K7 (F) N Ké\(f}-) (F) #0 . If
K (F)n KZ)\([}-) (F) = 0, then by the property that these sets are closed (see Lemma 2.5), we have
that there must exist ¢ > 0 such that K} __(F) N Ké\éf)ﬁ(]:) = (. In turn this implies, again by
Theorem 2.3, that the (1 — ¢, p(F) + €)-approximation version of Max-CSP(F) can be solved by a
streaming algorithm with O(log®n) space.

To get the decidability result, we combine the ingredients from the proof of Theorems 2.4
and 2.13. (We can’t use them as blackboxes since ppyin(F) may not be rational.) We create
a quantified system of polynomial inequalities using a new variable called p and expressing the
conditions p = p(F) (with further variables for Dr and D as in the proof of Theorem 2.13) and
expressing the conditions K{ (F) N K év (F) # 0 as in the proof of Theorem 2.4. The resulting
expression is thus satisfiable if and only if F is approximation resistant, and this satisfiability can
be decided in polynomial space in the input length ¢*|F| by Theorem 2.10. O

2.3 Results in the insertion-only setting

We now turn to some special classes of functions where we can prove lower bounds in the insertion
only setting matching the algorithmic results in the dynamic setting. To define these classes we
need some definitions.
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We start by defining the notion of a “one-wise independent” distribution D € A(F x [¢]¥).
(We note that this is somewhat related to, but definitely not the same as the notion of a family F
that supports one-wise independence which was defined informally in Section 1. We will recall that
notion shortly.) We also define the notion of a “padded one-wise pair” of distributions”.

Definition 2.15 (One-wise independence and Padded one-wise independence). For D € A(F x
[q)%) we say that D is one-wise independent (or has “uniform marginals”) if its marginal u(D) =
(:uf,i,a)fé]:,ie[k},cre[q] satisfies Kfio = Hfio! for every f € F, i€ [k] and 0,0’ € [Q]

We say that a pair of distributions (D1, D2) form a padded one-wise pair if there exist Dy, D}, Dj
and T € [0,1] such that for every i € {1,2} we have D, is one-wise independent and D; = 7Dy +
(1-7)D..

Our main lower bound in the insertion-only setting asserts that if SX (F) x Sév (F) contains a
padded one-wise pair (Dy, D) then (v, 3)-Max-CSP(F) requires Q(y/n)-space.

Theorem 2.16 (Streaming lower bound in the insertion-only setting). For every ¢,k € N, every
family of functions F C {f : [q]* — {0,1}} and for every 0 < B < ~ < 1, if there exists a
padded one-wise pair of distributions Dy € SX(}") and Dy € Sév(]-") then, for every e > 0, the
(v — &,8 + €)-Max-CSP(F) requires Q(y/n) space in the insertion-only setting. Furthermore, if
v =1, then (1,8 + ¢)-Max-CSP(f) requires Q(\/n) space in the insertion-only setting.

Theorem 2.16 is proved in Section 5.2.4. As stated above the theorem is more complex to
apply than, say, Theorem 2.3, owing to the fact that the condition for hardness depends on the
entire distribution (and the sets S%/ and Sév ) rather than just marginals (or the sets K}Y/ and K év ).
However it can be used to derive some clean results, specifically Theorem 2.17 and Theorem 1.3,
that do depend only on the marginals. We prove these (assuming Theorem 2.16) below.

We say that f : [¢]* — {0,1} supports one-wise independence if there exists a distribution D
supported on f~!(1) whose marginals are uniform on [q]. We say that a family F strongly supports
one-wise independence if every function f € F supports one-wise independence. We say that a
family F weakly supports one-wise independence if there exists F' C F satisfying p(F') = p(F)
and every function f € F’ supports one-wise independence.

Theorem 2.17. For every ¢,k € N and F C {f : [¢]* — {0,1}} such that F weakly supports
one-wise independence, Max-CSP(F) is approximation resistant in the insertion-only setting. In
particular, for every e >0, (1, p(F) 4 €)-Max-CSP(F) requires (y/n) space.

Remark 2.18. We note that Theorem 1.2 differs from Theorem 2.17 in two ways. First our defi-
nition of approximation resistance implies hardness of (1, p(F))-Max-CSP(F) whereas the informal
discussion before Theorem 1.2 asserted hardness of (1, pmin(F))-Max-CSP(F). But Proposition 2.12
asserts p(F) = pmin(F). A second difference is that Theorem 1.2 asserted hardness for F that
strongly supports one-wise independence whereas Theorem 2.17 asserts hardness for F that weakly
supports one-wise independence. Thus Theorem 2.17 is stronger and implies Theorem 1.2.

Proof. Let F' C F be a family satisfying p(F’) = p(F) such that every function f € F’ supports
one-wise independence. Furthermore let D € A(F) minimize maxpea(jq) {Ejup, avpr[f ()]}
For f € F' let Dr € A([q]*) be the distribution with uniform marginals supported on f~1(1). Now
let Dy be the distribution where (f,a) ~ Dy is sampled by picking f € Dr (where Dr is being
viewed as an element of A(F)) and then sampling a ~ Dr. Now let Dy = Dr x Unif([¢]¥). Note
that Dy and Dy are one-wise independent distributions with p(Dy) = p(Dy). In particular this
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implies that (Dy, Dy) are a padded one-wise pair. We claim that Dy € S} (F) and Dy € Sé\(f 7
The theorem then follows immediately from Theorem 2.16.

To see the claim, first note that by definition we have that (f,a) ~ Dy satisfies C(f,a)(l) =
f(a) = fo(d) = 1 with probability 1. Thus we have E fa)ND[ (f,a)(I)] = 1 and so
Dy € SY(F). Now consider (f,a) ~ Dy. To show Dy € Sp( )(]:) we need to show
E(f,a)~D [Ebp, ,~P, [C(f,a)(b)]] < p(F) for every family of distributions (P, € A([q])),efq- Now
let P be the distribution where 7 ~ P is sampled by picking o ~ Unif([g]) and then sampling
T ~ P,. We have

(F)-

C(f, a)(b)]] = [C(f, a)(b)]]

(f,a)ND bvbi,oNPo' fN'Df,aNUnlf([q]k) bybi,aNPU

- E | E @]

f~Dr La~Pk
< p(F)
= p(F).

This proves Dy € S/])\(f ) (F) and thus proves the theorem. O

We now turn to the proof of Theorem 1.3. Indeed we prove a more detailed statement along the
lines of Theorem 2.3 in this case. For this part we use the fact, which extends a similar statement
in [CGSV21] that every pair of distributions Dy, Dy € A(F x [2]?) with matching marginals form
a padded one-wise pair.

Proposition 2.19. If Dy, Dy € A(F x[2)?) satisfy u(Dy) = u(Dy) then (Dy,Dy) form a padded
one-wise pair.

Proof. We use [CGSV21, Proposition 2.12] which proves this proposition for the special case of
|F| = 1. For g € F, let P(g) denote the probability of sampling a constraint (f,j) ~ Dy with
function f = g and let P denote this distribution. (Note that since u(Dy) = u(Dy), Dy also
samples g with the same probability.) Let Dy, denote Dy conditioned on f = g. Similarly let
Dy, denote Dy conditioned on f = g. Since Dy, and Dy, are distributions from A({g} x [2]?)
with matching marginals we have from [CGSV21, Proposition 2.12] that there exist Dy, Dgflg and
D?V‘ and 74 such that (1) Dy, = 74Dgjg + (1 — )D§,|g, (2) Dnyg = 7¢Dojg + (1 — Tg)DMg and (3)
Dg,l and D Ng ATe one-wise independent.

Now let 7 = Efp[rs], and Dy € A(F x [g]¥) be the distribution where a = (f,b) € {F} x [2]?

is sampled with probability M, where Dy ¢(a) is the probability of sampling a from Dy

Note that this is a valid probability distribution as

Sy PR 5 UL S e

fEF be[2)? feF be(2)?

P(f)-(1—74) D% . (a
Similarly define D, and D) such that a is sampled with probability () 1f) vy (®)

-7

P(f)-(1—74)-D,
and 2 le)T NS (a), respectively. It can be verified that these choices satisfy
(1) Dy =Dy + (1 —7)D%, (2) Dn = 7Dy + (1 — 7)Dy and (3) D§ and D), are one-wise in-
dependent. It follows that Dy and Dy form a padded one-wise pair. ]
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Combining Proposition 2.19 and Theorem 2.16 we immediately get the following theorem, which
in turn implies Theorem 1.3.

Theorem 2.20. For every family F C {f : [2]> — {0,1}}, and for every 0 < B < v < 1, the
following hold:

1. If KY(F)n Kév(]:) = 0, then (v, 8)-Max-CSP(F) admits a probabilistic dynamic streaming
algorithm that uses O(log®n) space.

2. IfKé/(]:)ﬂKéV(]:) # (0, then for everye > 0, then (y—¢, B+¢)-Max-CSP(F) in the insertion-
only setting requires Q(y/n) space®. Furthermore, if v = 1, then (1, + ¢)-Max-CSP(F) in
the insertion-only setting requires (y/n) space.

Proof. Part (1) is simply the specialization of Part (1) of Theorem 2.3 to the case k = 2. For
Part (2), suppose p € Kg/ N Kév Let Dy € S%/ and Dy € Sév be distributions such that pu(Dy) =
w(Dy) = p. Then by Proposition 2.19 we have that Dy and Dy form a padded one-wise pair, and
so Theorem 2.16 can be applied to get Part (2). O

2.4 Some Examples

We consider three basic examples of general ¢-CSP and illustrate how to apply Theorem 2.16 to
determine their approximability.

The first example is Max-DICUT described below. Since Max-DICUT does not allow constraints
to be applied on negations of variables, the previous work [CGSV21] does not capture it.

Example 1 (Max-DICUT).

Let f(z,y) : [2]> — {0,1} with f(z,y) = 1 if and only if z = 2 and y = 1. Note that
Max-DICUT = Max-CSP({f}) with ¢ = k = 2. Observe that for every distribution D €
A([q]*) with probability density vector ¢(D) = (¢a2, P21, P12, $11), We have for every 0 <
7,8 <1

SY(F) = {D | ¢m1 > 7}

and

S5 (F) = {D! pffé?éﬁ]p(l —p) - $22+pq-pa1+ (1 —q)(1 —p)- P12+ (1 —¢q)g- P11 < 6} :

Also, note that the marginal vector u(D) = (pe2, po1, 12, #11) and ¢(D) satisty the following
relations:

po2 = d12 + P22

po1 = ¢11 + P21

p12 = G21 + P22

p11 = é11 + P12

Note that for every D € A([q]¥), we have D € S{\; 4 In particular, the uniform distribu-

tion Unif([2]?) € S{\;4. Since the distribution given by the density vector (¢oo = 0,21 =

5The constant hidden in the Q notation may depend on k and e.
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1/2,¢12 = 1/2,¢11 = 0) also has uniform marginals and belongs to Sf/Q, we have that for
every > 1/4, Kf/z N Kév(]:) # (. So it suffices to focus on the case where v > 1/2.

Fix v > 1/2, we want to compute the minimum S such that K}Y/(}') N Kév(]:) # (. The
kernel of the mapping from probability density ¢ to the marginal vector p is spanned by
(1,—1,—1,1). Then simple calculations show that the minimum S is achieved when p =
(I —~v,7,7,1—7) with (0,7,1 —~,0) € S};(]—") and (1 —~,2y —1,0,1 — ) € Sév(}").
Specifically,

g= pzré?gl](p(l —-p)+q(1-q) - (1—7)+pg-(2y-1)

B (1-7?% 3-4y 1-v\? 1-7\?\ _ (@y-1 2
~ paclod] 3 — 4y 2 er47_3 + Q+47_3 5 (r—q).

When v > 2/3, the expression is maximized by p = ¢ = 1 and hence f = 2y — 1. When
1/2 < ~ < 2/3, the expression is maximized by p = ¢ = (1 — 7v)/(3 — 4) and hence

B=(1-7)?%/(3-4y).
We thus get that the set H" = {(v,3) € [0, 1]2|K$/ N Kév # (0} (of hard problems) is given
by (see also Figure 1):

o — [07 ﬂ X [1,1]
U {(W)he Bﬂ Be {(;:Zfl]}

U {(%ﬁ)lv € [21} ,BE 27— 1,1]}.

(We note that [CGSV21, Example 1] gives exactly the same set as the hard set of Max-2AND,
which is a related but not identical result.)

Figure 1: A plot of H".

Finally, over v € [2/3,1], /v is minimized at (v,3) = (2/3,1/3) and B/y = 1/2; over
v € [1/2,2/3], B/~ is minimized at (v,8) = (3/5,4/15) and B/y = 4/9, yielding 4/9 as
the approximability threshold. Specifically, Proposition 2.19 gives us that any pair of dis-

tributions Dy, Dy € A(F x [2]),Dy € 5’35,//5,193/ € Si\/fw witnessing Kgf/f) N KZ/B # 0

18



forms a padded one-wise pair. Finally, Theorem 2.16, applied to the padded one-wise pair
(DY, D), implies that Max-DICUT cannot be approximated better with a factor (4/9+¢) in
space o(y/n) in the insertion-only setting, which is consistent with the findings in [CGV20]
for the Max-DICUT problem.

Next, we consider Unique Games (UG) to be an example with larger alphabet which the previous
work [CGSV21] does not capture.

Example 2 (Max-gUG).

Let k = 2 and ¢ > 2. Let F = {f : [¢/*> — {0,1}|f71(1) is a bijection}. Note that
Max-gUG = Max-CSP(F). We claim that the quantity o = infg a(8) = 1/q where o(5) =
Supy\K}Y’ﬂKéV:(Z){/B/fV}' First, note that D € SIJ\;q for every D and hence implies o > 1/gq.

For simplicity we work with the alphabet Z, = {0,...,q — 1} instead of [¢g]. For 7 € Z, let
f- € F be the constraint f,(z,y) = 1 if and only if z —y = 7 (mod ¢). Let DY be the
uniform distribution over {(f, 0,0 +7)| 0,7 € Z,}. Note that obviously we have DY € S7 .
Now let DV be the uniform distribution over {f, |7 € Z,} x Zg. Note that for any assignment
to two variables x1 4,, %25, the probability over 7 that it satisfies f;(214,,%2,4,) is exactly
1/q. If follows that any assignment to (z; )i, satisfies exactly 1/q fraction of the constraints
in DV and so DV € Sf\;q. Observe that the marginals of DY and DY are the same, i.e.,
p(DY) = u(DN) = p(Unif({f;} x Z2)). This gives us p(Unif({f;} x [¢]*)) € K} N Kf\;q SO
we have a(f) = g for § > 1/¢. Minimizing this over /3, Theorem 2.16, applied to the one-
wise independent distribution DY and D, gives that the problem can not be approximated
better than 1/q in space o(y/n) in the insertion-only setting, which is consistent with the
findings in [GT19] for the Max-gUG problem.

Example 3 (Max-¢Col)

Let k =2and g > 2. Let F = {f.} where f : [¢]* — {0,1} isgiven by f.(z,y) =1 & z # y.
Note that Max-gCol = Max-CSP(F). We claim that the quantity o = infga(8) =1 —1/q
where «o(f) = sup,y‘K%/mKév:@{ﬂ/’y}. First, note that D € S{\il/q for every D and hence
implies a > 1 — 1/q. We now show this is also the upper bound by exhibiting DY and DY .
Let DY be the uniform distribution over {(f,0,7)|o # 7 € [q]}. Note that obviously we
have DY € SY. Now let DV be the uniform distribution over {f.} x [g]?>. This leads to
B = maxp,{Ef,a,,a0)~DN [EanPa, y~Pa, [f (@, y)]]}. The independence of a; and ap in DN
allows us to simplify this to maxpea (g {Ee,y~P[f£(7,y)]} and the latter is easily seen to be
at most 1 —1/q. Thus we conclude DV € S{V_ 1/q" Since the marginals of DY and DY are the
same, i.e., u(DY) = (DY) = p(Unif ({ £} x[2] x[q])), this gives us p(Unif ({f} x[2]x[q])) €
K{n Kf\;q so we have a(f) = 8 for § > 1 — 1/q. Minimizing this over 3, Theorem 2.16,
applied to the one-wise independent distribution DY and DY, gives that the problem can
not be approximated better than 1 — 1/¢ in space o(y/n) in the insertion-only setting.

Another example along the same vein is analyzed in a subsequent work by Singer, Sudan and

19



Velusamy [SSV21] who show that (1—-1/¢, (1/2)(1—1/q))-Max-CSP(F) is hard for F = { f-} where
f< :[q)*> — {0,1} is given by f-(x,y) = 1 if and only if z < y. This analysis forms a critical step
in their improved analysis of the Maximum Acyclic Subgraph Problem (which is not captured in
our framework).

2.5 Classification of exact computability

Finally for the sake of completeness we show that all “non-trivial” CSPs are hard to solve exactly.
“Trivial” families are those where all satisfiable constraints are satisfied by a constant assignment,
as defined precisely below.

Definition 2.21 (Constant satisfiable). For o € [q] and F C {f : [¢]* — {0,1}} we say that F is
o-satisfiable if for every f € F\ {0} we have that f(o*) = 1. We say F is constant-satisfiable if
there exists o € [q] such that F is o-satisfiable.

Our theorem below asserts that constant satisfiable families are the only ones that are solvable
exactly. And for additive € approximations to the maximum fraction of satisfiable constraints, they
require space growing polynomially in e7!.

Theorem 2.22. For every q,k € N, every family of functions F C {f : [q]* — {0,1}} the following
hold:

1. If F is constant satisfiable, then there exists a deterministic dynamic streaming algorithm
that uses O(logn) space and solves Max-CSP(F) exactly optimally.

2. If F is not constant satisfiable, then the following hold in the insertion-only and dynamic
settings:

(a) Every probabilistic algorithm solving Max-CSP(F) exactly requires 2(n) space.

(b) For every e = ¢(n) > 0, (1,1 — €)-Max-CSP(F) requires Q(min{n,e~1})-space’ on suffi-
ciently large inputs.

(¢) For pmin(F) defined in Definition 2.11, for every pmin(F) < v < 1 and every e = e(n) >
0, (7,7 — €)-Max-CSP(F) requires Q(min{n,e2})-space’ on sufficiently large inputs.

Theorem 2.22 is proved in Section 9.

Organization of the rest of the paper. In Section 3 we introduce some basic notation and
review some probability theory and Fourier analytic basics. In Section 4 we describe our algorithm
for approximating Max-CSP(F) in the tractable cases, giving the positive part of Theorem 2.3. In
Section 5 we introduce our communication problem, state a lower bound (Theorem 5.4) and prove
our streaming lower bounds in the insertion-only and dynamic settings (Theorem 2.16 and the
negative part of Theorem 2.3) modulo this lower bound. We prove Theorem 5.4 in Sections 6 to 8.
In Section 9 we prove Theorem 2.22 giving the characterization of Max-CSP(F) problems exactly
solvable in logarithmic space.

" The constant hidden in the Q depends on F, but (obviously) not on e.
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3 Preliminaries

We will follow the convention that n denotes the number of variables in the CSP as well as the
communication game, m denotes the number of constraints in the CSP, and k denotes the arity of
the CSP. We use N to denote the set of natural numbers {1,2,3,...} and use [n] to denote the set
{1,2,...,n}. By default, a Boolean variable in this paper takes value in {—1,1}.

For variables of a vector form, we write them in boldface, e.g., x € [¢|", and its i-th entry is
written without boldface, e.g., x;. For variable being a vector of vectors, we write it, for example,
as b = (b(1),b(2),...,b(m)) where b(i) € [¢]*. The j-th entry of the i-th vector of b is then
written as b(i);. Let x and y be two vectors of the same length, x ©® y denotes the entry-wise
product of them.

For every p € [0, 1], Bern(p) denotes the Bernoulli distribution that takes value 1 with proba-
bility p and takes value —1 with probability 1 — p.

3.1 Approximate Constraint Satisfaction

Max-CSP(F) is specified by a family of constraints F, where each constraint function f € F is
such that f : [¢]¥ — {0,1}, for a fixed positive integer k. Given n variables z1,xs,...,2,, an
application of the constraint function f to these variables, which we term simply a constraint, is
given by a k-tuple j = (j1,..., i) € [n]F where the j;’s are distinct and represent the application of
the constraint function f to the variables x;,,...,z;,. Specifically an assignment b € [¢]" satisfies
a constraint given by (f,j) if f(bj,,...,b;,) = 1. An instance ¥ of Max-CSP(F) consists of m
constraints C1, ..., Cy, with non-negative weights wy, ..., w,, where C; = (f;,j(¢)) and w; € R for
each i € [m]. For an assignment b € [¢]", the value valg(b) of b on W is the fraction of weight of
constraints satisfied by b, i.e., valy(b) = > icfm) Wi fi(blji)), where W = Yo, w;. The optimal
value of ¥ is defined as valg = maxbe[q]n{valq,(b)ﬂ. The approximation version of Max-CSP(F) is
defined as follows.

We first describe how instances ¥ = (Cy,...,Cyp;wi,. .., wy,) are presented in the streaming
setting.

Remark 3.1. In the insertion only setting we only consider the unweighted case. (Note this
is a setting we only use for our lower bounds, so this makes our results stronger.) Here the
input ¥ = (Cy,...,Cy,) is presented as a stream oq,...,0, with o; = C; where the C;’s are
distinct. In the dynamic setting, the input ¥ = (C,...,Cp; w1, ..., wy,) is obtained by inserting
and deleting (unweighted) constraints, possibly with repetitions and thus leading to a (integer)
weighted instance. Formally ¥ = (Cy,...,Cyiwi, ..., wy,) is presented as a stream oy,...,0y
where o = (C},w}) and w; € {—1,1} such that w; = D telt:Ci=C! wy. For the algorithmic results
we require that w;’s are non-negative at the end of the stream. The lower bounds however work in
the “strict turnstile” model where at all times, the weight of every constraint is non-negative, i.e.,
for all ¢ < ¢ and for all constraints C' we have 2 _tel):c=C! wy > 0. Given such representations of
our instance, we now describe our streaming task.
Definition 3.2 ((v,)-Max-CSP(F)). Let F be a constraint family and 0 < g < v < 1.
For each m € N, let Ty, = {¥ = (C1,...,Cniwi,...,wp)|valy > ~} and By, = {¥ =
(C1,...,Cpywi, ..., wy) | valy < B}

The task of (7, B)-Max-CSP(F) is to distinguish between instances from I' = U< popy(nyI'm and
instances from B = Uy, < poly(n)Bm- Specifically we desire algorithms (in the dynamic/insertion-only
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setting) that output 1 w.p. at least 2/3 on inputs from I' and output 1 w.p. at most 1/3 on inputs
from B.

3.2 Total variation distance

The total variation distance between probability distributions plays an important role in our anal-
ysis.

Definition 3.3 (Total variation distance of discrete random variables). Let Q be a finite probability

space and X,Y be random variables with support €. The total variation distance between X and
Y is defined as follows.

IX = Y|pq := = Z\Pr —Pr[y =u]|.
wGQ

We will use the triangle and data processing inequalities for the total variation distance.
Proposition 3.4 (E.g.,[KKS15, Claim 6.5]). For random variables X,Y and W:
o (Triangle inequality) || X — Y |ltwa > [| X — Wlltwa — Y — W |twa-

e (Data processing inequality) If W is independent of both X and Y, and f is a function, then
Hf(Xv W) - f(Y7 W)Htvd < ||X - Y”tvd-

3.3 Concentration inequality

We will use the following concentration inequality which is essentially an Azuma-Hoeffding style
inequality for submartingales. The form we use is based on [KK19, Lemma 2.5], and allows for
variables with different expectations. The analysis is a very slight modification of theirs.

Lemma 3.5. Let X = Zie[N] X, where X; are Bernoulli random variables such that for every
k € [N], E[Xk| X1,..., Xx_1] < pi for some p; € (0,1). Let p = Z,ivzlpk. For every A > 0, we
have:

2

Proof. Let v=A/(pn+ A) and u = In(1 4+ v). We have

N

N N— N
H A < (L4 pa(e = 1)) H X §H1+pk —1) =[]0 +pro) < e,
k=1 k=1 =1

=1

where the final inequality uses 1 4+ x < e” for every x (and the definition of p). Applying Markov’s
inequality to the above, we have:

Pr [X > M+A] - Pr [euX > eu(,u,—l—A)} < ]E[euX]/eu(,LH-A) < ev,u—u,u,—uA'

From the inequality evv?/2 < 1+ v we infer u > v —v?/2 and so the final expression above can be
bounded as: , )
v A
PriX >+ A] < vl < o7 (WA =vA — T ata) |
where the final equality comes from our choice of v. O
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3.4 Fourier analysis

We will need the following basic notions from Fourier analysis over the Boolean hypercube (see, for
instance, [0’D14]). For a Boolean function f : {—1,1}* — R its Fourier coefficients are defined by
f(V) = Eaci—113:[f(a) - (=1)¥ 2], where v € {0,1}*. We need the following two important tools.

Lemma 3.6 (Parseval’s identity). For every function f{—1,1}*¥ =R,
1 ~
A1 = 55 Yo o f@i= ) fw)r
ac{—1,1}* ve{0,1}¢
Note that for every distribution f on {—1, 1}*, f(Ok) = 2%, For the uniform distribution U on
{—1,1}*, U(v) = 0 for every v # 0*. Thus, by Lemma 3.6, for any distribution f on {—1,1}*:
~ ~ 2 ~

IF-vlg=> (Fm-0m) = > Jw* (3.7)

ve{0,1}k ve{0,1}+\{0*}

Next, we will use the following consequence of hypercontractivity for Boolean functions as given
in [GKK'09, Lemma 6] which in turns relies on a lemma from [KKL88].

Lemma 3.8. Let f: {—1,1}" — {-1,0,1} and A = {a € {-1,1}"| f(a) # 0}. If |[A| > 2""¢ for
some ¢ € N, then for every ¢ € {1,...,4c}, we have

4

<

|A|2 Z fv) —( / ) :

vel{o,1}n
Ivili=¢

4 A Streaming Approximation Algorithm for Max-CSP(F)

In this section we give our main algorithmic result — a O(logn)-space streaming algorithm in the
dynamic setting for the (v, 3)-Max-CSP(F) if KY = K (F) and Kév = Kév(]:) are disjoint. (See
Definition 2.2.)

We state our main theorem of this section which simply repeats Part (1) of Theorem 2.3.

Theorem 4.1. For every ¢,k € N, every family of functions F C {f : [¢]* — {0,1}} and for every
0<pB<y<1if K}Y/(}") N Kév(]:) =0, then (v, 3)-Max-CSP(F) in the dynamic setting admits a

probabilistic streaming algorithm that uses O(log3 n) space.

We start with a brief overview of our algorithm. Roughly, given an instance ¥ on n variables
with m constraints, our streaming algorithm (implicitly) works with an n x ¢ bias non-negative
matrix bias whose (i, o)th entry tries to capture how much the ith variable would like to be assigned
the value o (according to our approximation heuristic). Note that any such matrix is too large
for our algorithm, so the algorithm does not explicitly maintain this matrix. Our heuristic ensures
that bias is updated linearly by every constraint and so the rich theory of norm-approximations
of matrices under linear updates can be brought into play to compute any desired norm of this
matrix. Given the intuition that bias; , represents the preference of variable i for value o, a natural
norm of interest to us is ||bias|[10c £ Y1 ;{max,c[g{biasi}}. This norm, fortunately for us, is
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well-known to be computable using O(qlog®n) bits of space [AKO11] (assuming bias is updated
linearly) and we use this algorithm as a black box.

The question then turns to asking how bias should be defined. On input a stream o7q,...,0y
representing an instance U = (Cy,...,Chp;wi,...,wy) (as in Remark 3.1) with o; = (C] =
(j(2),b(7)),w}), how should bias be updated? Presumably the i-th update will only involve the
rows j(i)1,...,j(i)x but how should these be updated and how should this update depend on the
function f;? Here is where the disjointness of K and KV comes into play. (We suppress F and v
and 3 in the notation of the sets S%f , Sév and K%/ and K éV in this overview.) We show that these
sets are convex and closed, and so there is a hyperplane (with margin) separating the two sets.
Let XA = (Afi0) rer,iclk],oclq Pe the coefficients of this separating hyperplane and let 7y < 7y be
thresholds such that (X, u) > 7y for p € KY and (A, u) < 7y for p € KV, It turns out that the
coefficients of A give us exactly the right information to determine the update to the bias vector:
Specifically given an element o; of the stream with constraint C} = (f;,j(i)) and weight w} and
¢ € [k] and o € [q], we add Ay, ¢, - wj to bias;(;), ,. We are unable to provide intuition for why these
updates work but the proof that the algorithm works is nevertheless quite short!

We now turn to describing our algorithm. We note that from this point on, our writeup closely
follows [CGSV21] with main change being in Definition 4.3, Theorem 4.4, and Lemma 4.9. Recall
by Lemma 2.5 that the set SY, SN, KY K% are all convex and closed. This implies the existence
of a separating hyperplane when KY and KV do not intersect. We use a mild additional property
to conclude that the coefficients of this hyperplane are non-negative, and we later use this crucially
in the computation of the bias of the instance.

Proposition 4.2. Let 8,7 and F be such that 0 < § <y <1 and KY (F) N Ky (F) = 0. Then
there exists a non-negative vector X = (Afi o) feF ick,oclg @nd real numbers Ty > 7y such that

Vpe KX (F), (A p)>1v and Ype K (F), (Ap)<7n.

Proof. The existence of a separating hyperplane follows from standard convexity (see, e.g., [BV04,
Exercise 2.22]). For us this implies there exists A’ € R¥1** and 74, < 7, such that

Vp e KX (F), (N,p)>7y and Vp e KR (F), (N,pu) <7y.

But X’ is not necessarily a positive vector. To remedy this we use the fact that KY (F) UK év (F) is
contained in a hyperplane whose coefficients are themselves positive. In particular we note that for
every D € A(F x [q]¥) we have (u(D),1) = k where 1 € RI1Xk is the all ones vector, as verified
below:

(w(D),1) = Z Ko = Z Z Lrio | = Z 1=k.
fEF iclk],0€]q] i€lk] \fEeF,0€q] 1€[k]
Let )\

min

=ming, )‘/ﬁt,a' Now let A, 7y and 7y be given by:
Af7tzo- = )\/f:t,cr + ‘)‘inln‘ y TY = Tll/ + k- ’)‘;mn’ and TN = 7_]/\f +k- P‘inm‘ :
Observe that A is a non-negative vector and 7y > 7. We also have:

VIJ’ S K}y/("r)’ <A7 H’> - <>‘/7H‘> + ‘)‘inln’ > (17N> > T}// + kp‘émn‘ =Ty

as desired. Similarly also get Vu € K év (F), (A, ) < 7pn, concluding the proof. O
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To use the vector A given by Proposition 4.2 we introduce the notion of the bias matrix and
the bias of a Max-CSP(F) instance .

Definition 4.3 (Bias (matrix)). For a non-negative vector A = (Ayi o) feF,ic[k,oclq € RV and
instance ¥ = (C1,...,Cpiwi,...,wy) of Max-CSP(F) where C; = (f;,j(i)), where f; € F and
j(i) € [n]*, we let the A-bias matrix of ¥, denoted biasy(¥), be the matriz in R™ 9 given by

. 1
bIaS)\(\I’)g’o— = W . Z )\fi,t,a C Wi,

ielml telk]:j(@)e=¢
for £ € [n] and o € [q], where W = "oy wi. The A-bias of W, denoted Bx(V), is defined as
B)\(\If) = E?:l maxae[q] bl'aS)\(\I’)&U.

Key to our algorithm for approximating Max-CSP(F) is the following algorithm to compute
the /1 o norm of a matrix. Recall that for a matrix M € R%*b the /1,00 norm is the quantity
[M[1,00 = o) {maxjepe {| M)} }-

Theorem 4.4 (Implied by [AKO11, Theorem 4.5]). There exists a constant ¢ such that the {1 o

norm of an n x q matrix M can be estimated to within a multiplicative error of (1 + €) in the
turnstile streaming model with O(e=¢ - q - log®n) words (or with O(s~¢ - ¢ -log®n) bits).

We note that Theorem 4.5 in [AKO11] is much more general. Theorem 4.4 is the special case
corresponding to X = ¢, and Ex being simply the identity function. «(---) in this case turns out
to be O(logn) leading to the bounds above [And20].

Note that there is a slight distinction between the definitions of By (V) and ||biasx(¥)||1,00, but
these quantities are equal since biasy is a non-negative matrix (which in turn follows from the fact
that A is non-negative). We thus get the following corollary.

Corollary 4.5. There exists a constant ¢ such that for every k,q,F and € > 0, there exists a
streaming algorithm running in space O(e~¢-log®n) that on input a stream o1, . .., 0y representing a
Max-CSP(F) instance ¥ = (C1,...,Cp;wi, ..., Ws) onn variables, outputs a (1£e) approximation
to B)\(\I/)

We are now ready to describe our algorithm for (v, 5)-Max-CSP(F).

Algorithm 1 A streaming algorithm for (v, 5)-Max-CSP(F)
Input: A stream oy,..., 0y representing an instance ¥ of Max-CSP(F).
1: Let A € RF¥15 75 and 7y be as given by Proposition 4.2 separating Ky(f) and Kév(f), SO A
is non-negative and 7y < Ty

. — TY —TN
2: Let e = oy Frn)

3: Using Corollary 4.5 compute a (1 + £) approximation B to Bx(D), i.e.,

(1 —¢)Bx(¥) < B < (14 ¢)Bx(¥) with probability at least 2/3.

1: if B<7yn(1+¢) then
Output: NO.

5: else
Output: YES.

Given Corollary 4.5 it follows that the algorithm above uses space O(log3 n) on instances on n
variables. In what follows we prove that the algorithm correctly solves (v, 3) — Max-CSP(F).
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4.1 Analysis of the correctness of Algorithm 1

Lemma 4.6. Algorithm 1 correctly solves (v, 3)-Max-CSP(F), if K}Y/(}") and Kév(}") are disjoint.
Specifically, for every U, let 7v,7n,€, A, B be as given in Algorithm 1, we have:

valy >~ = Bx(¥)>71y and B> 75(1 +¢),
and valy < = Bx(¥) <7y and B <7y(1+¢),

provided (1 — €)By\(¥) < B < (14 )By(¥).

In the rest of this section, we will prove Lemma 4.6. The key to our analysis is a distribution
D(UP) € A(F x [q]F) that we associate with every instance ¥ and assignment b € [¢]" to the
variables of W. If U is y-satisfied by assignment b, we prove that u(D(¥P)) € K“}v/ (F). On the other
hand, if ¥ is not SB-satisfiable by any assignment, we prove that for every b, u(D(¥P)) € K év (F).

Finally we also show that the bias By (¥) relates to A(D(¥P)) £ (u(D(TP), X), where the latter
quantity is exactly what needs to be computed (by Proposition 4.2) to distinguish the membership
of u(D(¥P)) in KXY (F) versus the membership in Kév(}")

We note that the analysis follows the same route as in [CGSV21]. The key step is the definition
of these distributions that allows the remaining steps (esp. Lemma 4.9) to be extended, which we
present now.

Given an instance ¥ = (C4,...,Cp;wi,...,wy) on n variables with C; = (f;,j(i)) and an
assignment b € [¢]?, the distribution D(¥P) € A(F x [¢]*) is sampled as follows: Sample i € [m]
with probability w;/W where W =}, w;, and output (f;, b [5))-

We start by relating the bias Byy) to D(V).

Lemma 4.7. For every vector b € [q]", we have X(D(¥P)) = 3"\, biasx(V)syp,. Consequently we
have Bx(V) = 3" max,¢(q biasx(¥)s,e = maxpe(gn {A(D(¥P))}.

Proof. We start with the first equality. Fix b € [¢]". Given f € F, t € [k], and o € [g], we have
M(D(\I/b))ﬁt,o = % ZZZI wj - :[l[fZ = f, bj(i)t = O']. Hence,

A(D(¥P)) = > wDEP)e Ao
fEeF telk],o€]q]

S > wi-Lfi = £ibje, =0] At

fEF telk],o€]q] i€[m)]

Z wj - Afi,t,o

i€[m],te[k],o€lql:b;y, =0

1
W > Wi+ Af by

1 1€lm),t€[k]:7(3) =l

Sl

Sl

I
~
s 0 M:

biaS)\(\If)zjbe .

)
X
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For the final equality, observe that

Zmax biasy (¥

o€lq]

to = bi
gg{:ﬁglz iasy (W

The following lemmas relate valg to the properties of D(¥?).

Lemma 4.8. For every ¥ € Max-CSP(F) and b € [q]", if valy(b) >~ then D(¥P) € SX(}').

Proof. Follows from the fact that

E [C,
(f2)~D(¥)

implying D(¥P) € SY (F).

ebé = maX {A(D (‘I’b))}~

be[q]”

b ’](Z = Vaqu(b) > Y,

O]

Lemma 4.9. For every ¥ € Max-CSP(F), if valy < B, then for all b € [q]", we have D(¥P) €

SN (F).

Proof. We prove the contrapositive.

We assume that b €

[¢]* such that D(TP) ¢

Sév(}') and show this implies valy > (. Then there exists (P, € A([g]))se[q such that

E(f,a)~D(wP) [Ec,ci’[,/\z??a [C(f, a)(c)]] > .

We thus have

(f,a)

c,c;, JNPU

I
ST
s

(2

I
=~

(2

x (BENPbZ

= E

ND(\I/b) |:Cac7l,d’\"7)cr

E [ E
C,Ci, o~Po (f,a)N'D(\Ilb)

[ sz fz t,b](z)t)te )]

1

1

B a)(c)]}

c(f, a)(C)]]

x,mgw’sz

[Vahlf( )]

xX,20~P,

< max valg(x)

x€|q]™

= Va|\p

[ Zwﬁ fil(z0y,) te[k])]

wi CiiENPG [fi((ct,bjmt )te[k})}
wi+ B [fill@ie)em)]

which contradicts the assumption that valy < 8. This concludes the proof of the claim and hence

the lemma.
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As in [CGSV21], the key step among the equalities above is the one asserting % o wj -

Ee,cionPs fi((Ct,bj(i)t)te[k]) = % Yo w Ex,z~Py, [fi((ﬂfj(i)t)te[k])] which relies crucially on col-
umn symmetry of the distributions used in the definition of Sév (F) in Definition 2.1. Without this
restriction, or even more stringent ones, this step of the rounding would fail. And the reason we
can’t use a more stringent restriction will become clear in the proof of Theorem 2.16 (and is specifi-
cally used in the proof of Lemma 5.8). We also note that this key equality relies on the assumption
that the variables in a single constraint are distinct. In particular the left hand side assumes c¢; »S
are drawn independently whereas the right side allows this only for the distinct variables x; in a
constraint.

5 Streaming Space Lower Bounds for Max-CSP(F)

In this section, we prove our two lower bound results, modulo a communication complexity lower
bound which is proved in Sections 6 to 8. We start by restating the results to be proved. Recall
(from Definition 2.15) the notion of a padded one-wise pair of distributions: (Dp,Ds) is a padded
one-wise pair if there exist Dy, D}, Dy and 7 € [0, 1] such that for every ¢ € {1,2}, D} is one-wise
independent, and D; = 7Dy + (1 — 7)D}.

The first theorem we prove is the lower bound in the insertion-only setting for padded one-wise
pairs of distributions. We restate the theorem below for convenience.

Theorem 2.16 (Streaming lower bound in the insertion-only setting). For every q,k € N, every
family of functions F C {f : [q]* — {0,1}} and for every 0 < B < ~ < 1, if there exists a
padded one-wise pair of distributions Dy € S}//(}") and Dy € Sév(]-") then, for every e > 0, the
(v — &,8 + €)-Max-CSP(F) requires Q(y/n) space in the insertion-only setting. Furthermore, if
v =1, then (1,8 + ¢)-Max-CSP(f) requires Q(y/n) space in the insertion-only setting.

We also restate the lower bound in the dynamic setting from Theorem 2.3 as a separate theorem
below.

Theorem 5.1 (Streaming lower bound in the dynamic setting). For every q,k € N, every family
of functions F C {f : [q]* — {0,1}} and for every 0 < B < v <1, ifK}Y/(}')ﬁKéV(.F) # (0, then for
every € > 0, the (v — €, + €)-Max-CSP(F) problem requires 2(y/n) space in the dynamic setting.
Furthermore, if v = 1, then (1, 8 + €)-Max-CSP(F) requires Q(y/n) space in the dynamic setting.

To prove both theorems, we introduce a new communication game we call the Signal Detection
(SD) in Section 5.1. In Theorem 5.4 we state a lower bound on the communication complexity of
this problem. This lower bound is established in Sections 6 to 8. We then use this lower bound to
prove Theorem 2.16 in Section 5.2 and to prove Theorem 5.1 in Section 5.3.

5.1 The Signal Detection Problem and Results
In this section we introduce our communication game and state the lower bound for this game. We
start with the definition of a general one-way communication game.

Definition 5.2 (One-way communication game). Given two distributions Y and N, an instance
of the two-player one-way communication game is a pair (X,Y) either drawn from Y or from N .
Two computationally unbounded parties, Alice and Bob, receive X and Y, respectively. A protocol
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Communication games Streaming problems

Simultaneous-SD lower bound
(Definition 5.16 & Lemma 5.18)

1
1
I(Lemma 5.17) :
1
1

SD lower bound
(Definition 5.3 & Theorem 5.4)

Streaming-SD mmmp (Dynamic lower bound
(Definition 5.7 & Lemma 5.8) (Theorem 5.1)

Padded-Streaming-SD - Insertion-only lower bound
(Definition 5.5 & Lemma 5.8, 5.14) (Theorem 2.16)

I(Polarization)
\ Polarization
[Boolean SD lower bound]

1
(Definition 6.3 & Theorem 6.4) '
1
t |
1
1
1
1
1
1

[Advice-RMD lower bound]

Indistinguishability of polarization step
(Definition 7.3 & Theorem 7.4)

Finite polarization length
(Definition 6.1 & Theorem 6.2)

(Definition 7.5 & Lemma 7.6)

Figure 2: The roadmap of our lower bounds. The top two rows describe the results of this section,
while the remaining rows describe notions and results from Sections 6 to 8.

IT = (ITa,1IB) is a pair of functions with I14(X) € {0,1}¢ denoting Alice’s message to Bob, and
Ip(ITA(X),Y) € {YES, NO} denoting the protocol’s output. We denote this output by II(X,Y).
The complexity of this protocol is the parameter ¢ specifying the maximum length of Alice’s message
I14(X). The advantage of the protocol 11 is the quantity

Pr [II(X,Y)=YES]— P I(X,Y)= YES]| .
ok I Y) = P AT Y) S|
We now define the specific game we are interested in.

Definition 5.3 (Signal Detection (SD) Problem). Let n,k,q € N, € (0,1), where k, q and « are
constants with respect to n, and an is an integer less than n/k. Let F be a finite set. For a pair Dy

and Dy of distributions over F X [q]k, we consider the following two-player one-way communication
problem (F,Dy,Dn)-SD.

o The generator samples the following objects:

1. x* ~ Unif([q]"™).

2. M € {0,1}kem>" s chosen uniformly among all matrices with exactly one 1 in each row
and at most one 1 in each column. We let M = (M, ..., Myy,) where M; € {0, 1}F*" is
the i-th block of rows of M, where each block has exactly k rows.

3. b= (b(1),...,b(an)) is sampled from one of the following distributions:

— (YES) each b(i) = (f;,b(i)) € F x [q|* is sampled according to Dy-.
— (NO) each b(i) = (fi,b(i)) € F x [q]F is sampled according to Dy .

4. z = (z(1),...,2z(an)) is determined from M, x* and b = (b(1),...,b(an)) as follows.

Recall that b(i) = (fi,b(i)). We let z(i) = (fi,z) € F x {0,1} where z; = 1 iff
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o Alice receives xX* as input.
e Bob receives M and z as input.

In the special case when the set F contains just one element, |F| = 1, we call the corresponding
communication problem (Dy, Dy )-SD.

Theorem 5.4 (Communication lower bound for (F, Dy, Dy)-SD). For every k,q, every finite set
F, every pair of distributions Dy, Dy € A(F x [q]F) with u(Dy) = u(Dy) there exists ag > 0
such that for every 0 < a < ag and § > 0 there exists T > 0 such that the following holds: Every
protocol for (F,Dy,Dn)-SD achieving advantage 6 on instances of length n requires T+/n bits of
communication.

Sections 6 to 8 are devoted to proving Theorem 5.4. The specific proof can be found in Sec-
tion 7.3. In the rest of this section we assume this theorem to prove Theorems 5.1 and 2.16.

5.2 The insertion-only lower bound

In this section we introduce two streaming problems, the (F, Dy, Dy, T')-streaming-SD problem and
the (F,Dy,Dn, T, Dy, 7)-padded-streaming-SD problem in Definitions 5.5 and 5.7, where the new
parameter 7' is an integer (a large constant) that represents the number of “parts” in a stream.
We then show how to reduce these problems to Max-CSP(F) problems so that membership of
Dy € ng (F) and Dy € Sév (F) leads to a gap in the value of the instances produced by this
reduction for large 7. (See Lemma 5.8.) We then show that the lower bounds on the one-way
communication complexity of (F, Dy, Dy)-SD translate into lower bounds on the space complexity
of (F, Dy, Dy, T)-streaming-SD. (See Lemma 5.12.) Combining these lemmas leads immediately to
a proof of Theorem 2.16 in Section 5.2.4.

5.2.1 The (Padded) Streaming SD Problem

Definition 5.5 ((F,Dy,Dn,T)-streaming-SD). For k,q,T € N, a € (0,1/k], a finite set F and
distributions Dy, Dy over F x [q]¥, the streaming problem (F,Dy,Dn,T;a,k,q)-streaming-SD is
the task of distinguishing, for every n, o ~ Vsireammn from o ~ N, stream,n Where for a given length
parameter n, the distributions Vsyeam = Ystreamn 0nd Nitream = Nitreamn are defined as follows:

o Let Y be the distribution over instances of length n, i.e., triples (x*, M, z), from the definition
of (F,Dy,Dn)-SD. For x € [q|", let V|x denote the distribution Y conditioned on x* =
x. The stream o ~ Ysyream s sampled as follows: Sample x* uniformly from [q]". Let
(MDD 20 (MTD) 2D be sampled independently according to Y|x-. Let o® be the
pair (M®), 21 presented as a stream of edges with labels in F x {0,1}, i.e., z8) = (fi, %).
Specifically for t € [T] and i € [an], let B (i) = (M (i),21 (i) where e® (i) is the i-th
hyperedge of M® d.c., eM(i) = (O (k(i —1) +1),...,iD (kG — 1) + k) and jD (L) is the
unique index j such that Mj,té = 1. Finally we let 0 = oM o--- 06T be the concatenation
of the o®s.

o 0 ~ Ntream 18 sampled similarly except we now sample (M(l), z(l))7 . (M(T), Z(T)) indepen-
dently according to N|x= where N|x is the distribution N condition on x* = x.
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Again when «,k,q are clear from context we suppress them and simply refer to the
(F, Dy, Dy, T)-streaming-SD problem.
Remark 5.6. We note that when Dy = Dr x Unif([¢]*) for some Dr € A(F), then the distri-
butions M| are identical for all x* (and the variables z(*)(i) are distributed as Dr x Bern(q~*)
independently for every t,1).

For technical reasons, we need the following padded version of streaming-SD to extend our
lower bound techniques in the insertion-only setting beyond the setting of one-wise independent
distributions.

Definition 5.7 ((F,Dy,Dy,T, Dy, 7)-padded-streaming-SD). For k,q, T € N, a € (0,1/k|,

7 € [0,1), a finite set F, and distributions Dy,Dn,Do over F x [q|¥, the streaming prob-

lem (F,Dy,Dn,T,Dy,T;a,k,q)-padded-streaming-SD ‘is the task of distinguishing, for every n,

o ~ Ypad-streamn from & ~ Npad streamn Where for a given length parameter n, the distributions

ypad—stream = ypad—stream,n and Npad-stream = pad-stream,n AT€ deﬁned as fOllO'LUS.‘ Sample x* fmm
T

[q]" uniformly. For each i € [{==anT], uniformly sample a tuple eOG) = (iq,...,i) € ([Z])

and (fhb(o) (2)) ~ Do, l@t 0'(0) (1) = (6(0) (Z), (f“ 1b(0)(i):x*| (O)<4)
cording to the Yes and No distribution of (F,Dy,Dn,T)-streaming-SD respectively. Finally, let
oc=000o...00@ be the concatenation of the oWs.

)). Neat, sample oW, .., 6@ gc-

Again when «,k,q are clear from context we suppress them and simply refer to the
(F,Dy,Dn, T, Dy, 7)-padded-streaming-SD problem. Note that when 7 =0, (F, Dy, Dy, T, Do, T)-
padded-streaming-SD is the same as (F, Dy, Dy, T')-streaming-SD.

5.2.2 CSP value of padded-streaming-SD

There is a natural way to convert instances of padded-streaming-SD to instances of a Max-CSP(F)
problem. In this section we make this conversion explicit and show to use properties of the under-
lying distributions Dy, Dy, Dy to get bounds on the value of the instances produced.

Note that an instance o of padded-streaming-SD is simply a sequence (o(1),...,0(¢)) where
each o(i) = (j(i),2(i)) with j(i) € [n)¥ and z(i) = (f;, Z;) € F x {0,1}. This sequence is already
syntactically very close to the description of a Max-CSP(F) instance. Formally, we define an
instance ¥ (o) of Max-CSP(F) as follows. For each o; = (j(i),z(i)) with z(:) = (fi, Z), if Z; = 1 we
add the constraint f;(x|;;)) to ¥(a); otherwise, we do not add any constraint to the formula.

In what follows we show that if Dy € S}Y/ then for all sufficiently large constant T', and sufficiently
large n, if we draw & ~ YVpad-stream,n, then with high probability, ¥ (o) has value at least v — o(1).
Conversely if Dy € Sév , then for all sufficiently large n, if we draw o ~ Npad-stream,n, then with
high probability (o) has value at most 3 + o(1).

Lemma 5.8 (CSP value of padded-streaming-SD). For every ¢,k € N, F C {f : [¢]* — {0,1}},
0<B<y<1,e>0,7=][0,1), and distributions Dy, Dy, Dy € A({—1,1}*) there exists ag such
that for every a € (0, ] the following hold for every sufficiently large T':

1. If T/Dy+(1—7)Dy € S}//, then for every sufficiently large n, the (F,Dy,Dn, T, Do, T)-padded-
streaming-SD YES instance o ~ Vpad.-streamn Satisfies Prlvaly oy < (v —€)] < exp(—n).®

8In this lemma and proof we use exp(—n) to denote functions of the form ¢~ for some ¢ > 1 that does not depend
on n or T, but may depend on all other parameters including ¢, k, Dy, Dn, Do, 3,7, €.
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2. If T/Dy+(1—7)Dy € Sév, then for every sufficiently large n, the (F, Dy, Dy, T, Dy, T)-padded-
streaming-SD NO instance o ~ Npad.streamn Satisfies Prlvaly(o) > (B +¢)] < exp(—n).

Furthermore, if v =1 then Pro~y,.i reamn [va/g,(a) = 1] =1.

Proof. We assume ¢ < 1/2 (and if not we prove the lemma for &/ = % and this implies the lemma

also for €). We prove the lemma for ag = m and Ty = 1000/(2a). In what follows we set
n= 20;(1’“'
In what follows we let No = Z22L N, = an for ¢t € [T] and N = Ny + TN;. Recall that an
0)

instance of (F,Dy, Dy, T, Dy, 7)-padded-streaming-SD consists of a stream o = ¢(® o ... 0 (™)

where o®) = (6 (i)]i € [Ny]) and a® (3) = (e®(4), (fi(t), 2 (4)) where e® (i) denotes a k-uniform
hyperedge on [n] and f®)(i) € F and ) (i) € {0,1}. Finally recall that () ~ Y|4 in the YES
case and o) ~ N |x+ in the NO case independently for each ¢, where x* ~ Unif([¢]") is common
across all t. We use Z = ({0} x [Tp]) U([T] x [T1]) to denote the set of legal pairs of indices (t,7). We
let m denote the total number of constraints in ¥(o) with m; denoting the number of constraints
from o®) for 0 <t < T. (Note that m and the m;’s are random variables.)

For n > 0, define x* to be n-good if for every o € [¢], we have |{i € [n] | x] =0} € [(1 —17) -
%, (14+n)- %] A straightforward application of Chernoff bounds shows that for every n > 0 the
vector x* is n-good with probability 1 — exp(—n).

Below we condition on a good x* and prove the following: (1) We show the expected value of
m is roughly ¢~% - N and furthermore m is sharply concentrated around its expectation. (2) In
the YES case we prove that the expected number of constraints satisfied by x* is roughly at least
v-q~ % - N and again this variable is sharply concentrated around its expectation. (3) In the NO
case we prove that the expected number of constraints satisfied by any assignment is roughly at
most 5-¢~ - N and again this variable is sharply concentrated around its expectation. We note that
the sharp concentration part is essentially the same in all cases and it is bounding the expectations
that is different in each case. That being said the analysis of the NO case does require sharper
concentration since we need to take a union bound over all possible assignments.

Bounding the number of constraints. We start with step (1). Fix an n-good x*. Note that
M = 3 icIN] (1) (4) for every 0 < t < T. We divide the analysis into two subparts. In step (1a)
we bound p £ E[2()(:)] (in particular this expectation does not depend on i or t). Note that
m= Ztho D ie[N] 2" (4) and so bounding p bounds E[m] = p- N. Then in step (1b) we show that
m is concentrated around its expected value.

For step (1a), let p, denote the fraction of occurrences of the letter o in x*, i.e., p, = %]{z €
[n]|x; = o}|. Note that given a sequence b (i) = a € [¢)*, the probability that 2 (i) = 1
over a random choice of e(®) (i) depends on a as well as the p,’s. (Specifically this probability
is H§:1 pa; = O(k?/n), where the additive correction term accounts for the sampling without
replacement in the choice of e()(i).) However if the vector x* is good, this dependence has little
quantitative effect. In particular, if x* is n-good, we have pu € (% +1)% + O(k*/n) and thus we get
q % —2kn < p < 7%+ 2kn provided n < 1/(4kq) and n is sufficiently large. This simplifies further
to p € (14 35)q " using n < ¢ *¢/(20k). Summing up over (¢,7) € T we get E[m] € (1+ 5)q " N.

We now turn to step (1b), i.e., proving that m is concentrated around its expectation. (In this
part we work a little harder than necessary to prove that the failure probability is exp(—nT') rather
than exp(—n). This is not necessary, but will be needed for the similar step in step (3).) Let Z
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denote the set of random variables {2 (i)|(t,7) E I} and for (t,i) € T, let Z_ (t,0) =7\ {ZW(@)}.
We first show that for every (t,4) € Z we have E[2() (i) | Z_ iyl € (1£5) E[z(t)( )] Let B; denote
the t-th block of variables, i.e., By = {2 (i)|i € [IV{]}. Now note that the only dependence among
the 2V (i)’s is among the variables within a block while the blocks themselves are independent.
Furthermore the variables in the block By are independent of each other. Thus for i € [Ny] we have
E[z(© () Z_(0,)] = E[2(°)(i)]. For t > 0, we have the variables from block B; may depend on each
other due to the constraint that the underlying set of hyperedges are vertex disjoint. Fix (¢,71) € Z
with £ > 0 and let S be the set of variables touched by the hyperedges from block By, excluding
e® (7). Now consider picking a hyperedge uniformly from [n] and let 1) be the probability that this
hyperedge touches S. We clearly have ¢ < k|S|/n < ka. On the other hand, v also upper bounds
the difference between E[z(M)(3) | Z_ (7)) and E[Z ®)(1)], so we have:
—k

E206) | Z-0] - BEOG)] < ¥ < ko < = < g0
Applying Lemma 3.5 to the variables of Z (arranged in some arbitrary order) we have Pr[m ¢
(g% - (1 £¢/10)%] < exp(—nT). Using (14¢/10)% C (1 £¢/2) for € < 1 we get:

Prlm ¢ (1+¢/2)- ¢ *N] < exp(—nT) (5.9)

Lower bounding the number of satisfied constraints in the YES case. Let Z(!)(i) be the
indicator variable for the event that the i-th element of o(!) produces a constraint that is satisfied
by x*, ie Z(t)(‘) F0 @) - fi(x*s j0(i))- Note that the number of constraints satisfied by x* is

>DtierZ (®)(7). Note further that Z()(3)’s are identically distributed across i € [Ny], and Z®) (i) are
also identically distributed across ¢t € [T] and i € [No]. By construction (see Definition 5.7) we have
E[Z© (1)) = E(b)~D, Lf (b) - Ej[1(x*[; = b)]]. By the n-goodness of x*, we have that for every b €
[a)", B5[L(x*]; = b)] > (1—5)¢~*. Thus we get E[ZV(i)] > (1—5)q " E(sb)~p, [f(b)]. Similarly

for t > 0 we have E[Z"(i)] = E(jp)~py [f(b) - B5[L(x"[; = b)]] > (L — {5)a " - Esp)~ny [f(D)].
Using linearity of expectations we now get

E| Y 296)| = NE[ZO )] + TN E[ZV(1)
(t1)eZ

SV N (r _
> (1-g5) "N B UOI+0-1) B (D)
—(1-2) "N
=(1-5g) N oy )

€
> -1—7> —k N
_’y( 5) N

where the final inequality uses 7Dy + (1 — 7)Dy € SY(]-' ). The concentration can be analyzed
exactly as in step (1b). In particular if we let Z denote all variables Z(®)(i)’s, then we have

E[ZY0)|Z\{Z9(D)}] > E[Z )] - o "

3e _ _
Pr| > zW4) < (r=15) N <~- (1—5) kN — 5 ¢ FN| < exp(—nT). (5.10)
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Upper bounding the number of satisfiable constraints in the NO case. Fix an assignment
v € [g]¥ and consider the expected number of constraints satisfied by v. (We will later take a union
bound over all v.) Let W) (i) be the indicator variable for the event that the i-th element of o®
produces a constraint that is satisfied by v, i.e., W (i) = 2(0)(j) . fi(u|j(t>(i)). Note once again
that W) (i)’s are identically distributed across i and W) (i) are identical across t > 0 and i. Let
po = E[W©(1)] and py = E[W®(1)]. Note that the expected number of satisfied constraints is
ER ez W® (@) = N - (tuo + (1 — 7)), so we bound pg and . By construction we have

p=E_[f@h) 1 =b]= E [1[=b] E_[f])]|16];=b)
(b Po. (/:0)~Do.j (f:6)~Do.j

where j is a uniform random sequence of k distinct elements of [n]. As argued earlier for every b
we have [j[1(x*|j = b)] < (1+ 5)g " for n-good x*. So we turn to bounding the second term.

For o,p € [g] let P,(p) be the fraction of coordinates in v that take the value p among those
Hi€nllvi=p & x;=0}|
[{i€n]x; =0}l
probability distribution in A(g). Furthermore, conditioning on x*[;(¢) = b(¢), the distribution
of v|j(€) is given by Ppy. Thus the joint distribution of v|j is O(k?/n)-close in total variation

distance to Pp(1) X - -+ X Pp(r). We thus have

coordinates where x* is o, i.e., Py(p) = Note that for every o, P, is a

[ E_ [f(©)ll+ O /n)

Do c)cl’\’,Paé

E_ [f(v]) [ 1(x"; =b)] <
(fb)~Do j (,

E
a)~
= E [ E _[C(fa)(d)]+O0(k/n),
(f,2)~Do d.di,0~Po

where ¢ € [¢]* and d € [¢]**?. Note that the final expression is simply a change of notation applied
to the middle expression above to make the expression syntactically closer to the notation in the
definition of Sév (F). Combining with the bound on E;[1(x*|j = b)] above we get

po< (4 )a (B[ O a)@]) +Ok/n).
(fva)NDO dvdl,o"\/P(r
Similarly we get
€\ —k
py (@t qga (B LR @) +Ok/n)

Now combining the two conditions above we get

(tro+ (1 —1)un) < (1+ i)q—k )

10 [C(f, a)(d)H) +O(k?/n)

( E [ E
(fua)NTDO+(1_T)DN dvdZ,o'NPU

<B-(1+ 15)a " + Ok /)

E\ —k

where the final inequality uses the fact that n is sufficiently large. We thus conclude the the
expected number of constraints satisfied by v is at most 3 - (1 + %)q*kN . Concentration around
the mean is now similar to before. In particular if we let W denote the set of all W) (i)’s then
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we still have If we E[W® (&)W \ {W®(i)}] < EWO(5)] + ka < BEWO ()] + £q "N, and so by
Lemma 3.5 we get

2
Pri Yy w6 =6+ 55) g "N = B(1+¢/9)q "N + %q"“N < exp(—nT).
(t0)eZ

In particular by using 71" sufficiently large, we get that the probability that more than (8+ %) g kN
constraints are satisfied by v is at most ¢~" for some ¢ > ¢. So by a union bound over all possible
v’s we get the following:

2
Pr [EV € [g]* s.t. v satisfies more than (8 + EE) ¢ *N constraints| < exp(—nT). (5.11)

Putting it together. Putting the above together we get that in the YES case with probability
1 — exp(—n) we have that x* is good and the number of constraints is at most (1 + 5)g~*N (by
Eq. (5.9)) while the number of satisfied constraints is at least (y — 35) - ¢ *N (by Eq. (5.10)).

Taking ratios we get
3e

Val\Il(a') > 1+1§0 27_5
2

Similarly in the NO case we have with probability at least 1 —exp(—n) we have that x* is good,
and the number of constraints is at least (1 — 5)g *N (by Eq. (5.9)) while the number of satisfied
constraints is at most (8 + %) - ¢ *N (by Eq. (5.11)). Taking ratios we get

=

+
1—

<l

VaI\I/(cr) < <B+e

[Nel10)

This proves the main part of the lemma.
The furthermore part follows from the fact that if v = 1 then every constraint in the YES case
is satisfied by x*. O

5.2.3 Reduction from one-way (Dy,Dy)-SD to padded-streaming-SD

We start by reducing SD to padded-streaming-SD in the special case where Dy is “uniform on the
variables” in the sense defined next. We say a distribution D € A(D x [q]¥) is uniform on the
variables if there exists a distribution Dy € A(F) such that D = D; x Unif([g]*). The following
lemma implies that in this special case padded-streaming-SD is hard. Since this holds for all one-
wise independent distributions Dy, by applying the lemma twice we get that padded-streaming-SD
is hard for all one-wsie independent Dy and Dy.

Lemma 5.12. Let F be a finite set, T,q,k € N, a € (0,a9(k)], 7 € [0,1), and Dy,Dn,Dy €
A(F x[q]*) with Dy being one-wise independent and Dn = Dy x Unif([q]*) for some Dy € A(F) and
w(Dy) = u(Dy). Suppose there is a streaming algorithm ALG that solves (F,Dy,Dn,T, Dy, T)-
padded-streaming-SD on instances of length n with advantage A and space s, then there is a one-
way protocol for (F,Dy,Dn)-SD on instances of length n using at most sT bits of communication
achieving advantage at least AJT.
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Our proof is essentially the same as that of [CGSV21] with some minor modifications. We note
their proof was based on the proof of [CGV20, Lemma 4.11] and the proof of [KKS15, Lemma 6.3].

Proof of Lemma 5.12. Note that since we are interested in distributional advantage, we can fix the
randomness in ALG so that it becomes a deterministic algorithm. By an averaging argument the
randomness can be chosen to ensure the advantage does not decrease. Let I' denote the evolution
of function of ALG as it processes a block of edges. That is, if the algorithm is in state s and
receives a stream o then it ends in state I'(s, o). Let sy denote its initial state.

We consider the following collection of (jointly distributed) random variables: Let x* ~
Unif({—1,1}"). Denote Y = Vpad-stream,n a0nd N = Npad-streamn- Let (o'gf), a’§,1), cel o'g)) ~ Ylxx
Similarly, let (0'](3), 0'](\}), cey U](\,T)) ~ N|x+. Recall by Remark 5.6 that since Dy = Dy x Unif([q]*),
we have N|x+ is independent of x*, a feature that will be crucial to this proof.

Let S} denote the state of ALG after processing Ug)), . ,ag), ie, Sy = I‘(so,ag))) and

Sy =T1(SY,, Ugf)) where sq is the fixed initial state (recall that ALG is deterministic). Similarly

let S}V denote the state of ALG after processing a](\?), ey a](\t,). Note that since a$ ) has the same

distribution (conditioned on the same x*) as 0'](\?) by definition, we have ||Sy" — S3||¢wq = 0.

Let SZ,/:I) denote the sequence of states (SY,.. .,Sg/) and similarly for Sé\fb. Now let A; =
1Sy, — S8 lltwa- Observe that Ag = 0 while Az > A. (The latter is based on the fact that ALG
distinguishes the two distributions with advantage A.) Thus A < Ap — Ay = Z:Ol(AtH —Ay)
and so there exists t* € {0,1,...,7 — 1} such that

A1t*+1 — A = Hsgft*-i-l - S(]J\:;*JrlHtvd - HS(})/:t* - Sé\:]t*Htvd >

N>

Now consider the random variable S = sy, a](\t,“rl)) (so the previous state is from the YES

distribution and the input is from the NO distribution). We claim below that ||Sk ; — Sltva =

EanysY [HSKH\ng A S\ng _alltwa] = A¢=41 — A=, Once we have the claim, we show how to
¥ it* it

get a space T - s protocol for (F, Dy, D,,)-SD with advantage A1 — Ay concluding the proof of

the lemma.

Claim 5.13. ||SY.; — S|ltwad > Apri1 — Aps.

Proof. First, by triangle inequality for the total variation distance, we have

15811 = Sliewa > 18311 = Sy llewa = 15 = S lewa

Recall that S = I‘(Sg:,a%*ﬂ)) and S, = F(Sﬁ,a%*Jrl)). Also, note that a%*ﬂ) follows the
product distribution (Dy x Bern(¢~*))®" and in particular is independent of S and S¥. (This is
where we rely crucially on the property Dy = Dy x Unif([g]*).) Furthermore I is a deterministic
function, and so we can apply the data processing inequality (Item (2) of Proposition 3.4 with

X=8,Y=8Y W= U](\tf*ﬂ), and f =T') to conclude
15 =S¥ 41 llewa = TS, o ™) = T(SE, 0§ ) lwa < 15% — ¥ lewa.

Combining the two inequalities above we get
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HSt}:—l—l - §||tvd > ||SY*+1 - St]XHHtvd - ||St}: - SL{Y tod = Aprp1 — Ay

as desired.
O

We now show how a protocol can be designed for (F,Dy,Dy)-SD that achieves advantage
at least 6 = EA~,sY (1S5 1180, =4 — S|Spe=Aalltwa) = Ap=41 — A= concluding the proof of the
¥ : .
lemma. The protocol uses the distinguisher T4 : {0,1}* — {0,1} such that E, ov  g[Ta(S¥x 1) —
Wpx 1

E[T4(S)] > 6 which is guaranteed to exist by the definition of total variation distance.

Our protocol works as follows: Let Alice receive input x* and Bob receive inputs (M, z) sampled
from either Vsp|x+ or Nsp|x+ where Ysp and Nsp are the Yes and No distribution of (F, Dy, Dy )-SD
respectively.

1. Alice samples (¢, 6M ... M)~ Y
A to Bob.

<= and computes A = SY,. € {0,1}('*1s and sends

2. Bob extracts SY from A, computes S = I'(SY, o), where o is the encoding of (M,z) as a

~

stream, and outputs YES if T4(S) = 1 and NO otherwise.

Note that if (M, z) ~ Ysplx- then § ~g S’i+1|53{t*:14 while if (M, z) ~ Nsp|x- then S ~ Sev _4-

_ T0ux*
It follows that the advantage of the protocol above exactly equals E 4 [TA(Sﬁl)] —Ea[Ta(S)] >0 >
Apy1 — Ay > A/T. This concludes the proof of the lemma. O

By combining Lemma 5.12 with Theorem 5.4, we immediately have the following consequence.

Lemma 5.14. For k € N let ag(k) be as given by Theorem 5.4. Let T € N, a € (0,a9(k)],
7 €[0,1), and Do, Dy, Dy, € A(F x [q]*) where Dy and Dy are one-wise independent distributions
with u(Dy) = u(Dy). Then every streaming algorithm ALG solving (F, Dy, Dn, T, Dy, T)-padded-
streaming-SD in the insertion-only setting with advantage 1/8 for all lengths n uses space Q(\/n).

Proof. Let ALG be an algorithm using space s solving (F, Dy, Dy, T, Dy, T)-padded-streaming-
SD with advantage 1/8. For g € F, let p; = Pr(s,)p,[f = g] and let Dy be the dis-
tribution given by Df(g) = pg. Let Dy = Dy x Unif([g]¥). Note that Dy is uniform on
the variables and satisfies u(Dyr) = pu(Dy) = p(Dy). Then by the triangle inequality ALG
solves either the (F, Dy, Dy, T, Dy, 7)-padded-streaming-SD with advantage 1/16 or it solves the
(F,Dn,Dur, T, Dy, 7)-padded-streaming-SD with advantage 1/16. Assume without loss of generality
it is the former. Then by Lemma 5.12, there exists a one-way protocol for (F, Dy, Dys)-SD using
at most sT bits of communication with advantage at least 1/(167"). Applying Theorem 5.4 with
d =1/(16T) > 0, we now get that s = Q(y/n). O

5.2.4 Proof of the insertion-only lower bound

We are now ready to prove Theorem 2.16.

Proof of Theorem 2.16. We combine Theorem 5.4, Lemma 5.14 and Lemma 5.8. So in particular
we set our parameters a and 1" so that the conditions of these statements are satisfied. Specifically k
1) 2)

and € > 0, let oy’ be the constant from Theorem 5.4 and let a5’ be the constant from Lemma 5.8.
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Let a9 = min{a(()l), ozé2)}, Given a € (0, ap) let T be the constant from Lemma 5.8 and let T = Tj.
(Note that these choices allow for both Theorem 5.4 and Lemma 5.8 to hold.) Suppose there exists
a streaming algorithm ALG that solves (v —¢, 8 + ¢)-Max-CSP(F). Let 7 € [0,1) and Dy, Dy, Dy
be distributions such that (i) Dy and Dy are one-wise independent, (ii) 7D+ (1 —7)Dy € SX (F),
and (iii) 7Dy + (1 — 7)Dy € Sév(f). Let n be sufficiently large and let Vstream,n and Ngream,n
denote the distributions of YES and NO instances of (F, Dy, Dy, T, Dy, 7)-padded-streaming-SD
of length n. Since o and T satisfy the conditions of Lemma 5.8, we have for every sufficiently large
n
UNyE};am’n [valy(p) < (y—€)] =o(1) and O'NN:E:rreatn,n Valy(e) > (B+¢)] =o(1).

We conclude that ALG can distinguish YES instances of Max-CSP(F) from NO instances
with advantage at least 1/4 — o(1) > 1/8. However, since Dy, Dy and « satisfy the conditions
of Lemma 5.14 (in particular Dy and Dy are one-wise independent and a € (0, «g(k))) such an
algorithm requires space at least Q(y/n). Thus, we conclude that any streaming algorithm that
solves (7 — g, 8 4 £)-Max-CSP(F) requires Q(/n) space.

Finally, note that if v = 1 then in Lemma 5.8, we have valg = 1 with probability one. Repeating
the above reasoning with this information, shows that (1,5 4 €) — Max-CSP(F) requires Q(/n)-
space.

0

5.3 The dynamic lower bound

As in [CGSV21] we use the work of Ai, Hu, Li and Woodruff [AHLW16] (building up on Li,
Nguyen and Woodruff [LNW14]) to use the hardness of SD to show the hardness of Max-CSP(F)
in the general case, in the dynamic streaming setting. To do so, we introduce a family of T-
player simultaneous communication games, which we call (Dy,Dy,T')-simultaneous-SD, arising
from applying their framework to our problems. (See Definition 5.16.) We then show a simple
reduction from (Dy,Dy)-SD to (Dy,Dn,T)-simultaneous-SD. Combining this reduction with our
lower bounds on SD and the reduction from (Dy, Dy, T')-simultaneous-SD to streaming complexity
leads to the proof of Theorem 5.1.

5.3.1 The framework of [AHLW16]

The work [AHLW16] considers problems and algorithms in the “strict turnstile” model which we
define below. (The text below is reproduced from [CGSV21].)

In the turnstile streaming model, a problem is given by a pair of disjoint sets (A, B), A, B C ZN.
An input to the problem is a vector x € Z represented as a data stream o = (01, 09,...,07)
such that x = Zle o; where o; € {feq,...,+en} C ZN and e; denotes the indicator vector
for the i-th coordinate. The goal of the problem is to distinguish x € A from x € B. We say
that an algorithm ALG solves the problem (A, B) with advantage A if min,c4 Pr[ALG(a) =
1] — maxpep Pr[ALG(b) = 1] > A.

In the strict turnstile streaming model, we require the underlying vector to be non-negative at
all points of the input data stream, i.e., for every i € [L], >, ;0 > 0V (where the final inequality
is interpreted coordinatewise). For every m € N, let A%, = {o[Vi € N, >, .00 > 0& || Y, 0illoo <
m} be the set of strict turnstile data stream with magnitude at most m. The results of [AHLW16]
hold even when inputs are restricted to the AJ,.
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To state their result we need one more notion — which of a linear sketching algorithm. We say
that a positive vector ¢ = (q1,...,qr) € Z" is an s-bit vector if ) ;_,log, ¢; < s. We say that an
algorithm ALG is a space s randomized linear sketching algorithm if there exists an s-bit integer
vector ¢ € Z" and a distribution over matrices A € Z"*", and a function P : Z" — {0, 1} such that
for all x € Z™ and for all streams o representing x we have ALG(x) ~g P(Ax (mod ¢)). In other
words ALG picks a random A and then produces its output by maintaining A- (>, ., o4 (mod q)
and outputting P(A -x (mod ¢)) at the end. -

Now, we are able to restate Theorem 4.1 in [AHLW16] as follows.

Theorem 5.15 ([AHLW16, Theorem 4.1]). Suppose there is a 1-pass randomized streaming algo-
rithm that solves a problem (A, B) with A, B C ZY on A}, with space complezity s only depending
on N and with advantage at least 1 —§. Then there exists a space O(s) linear sketching algorithm
that solves (A, B) on A}, with advantage at least 1 — 126.

5.3.2 T-Player Simultaneous Version of SD

In this section, we consider the complexity of T-player number-in-hand simultaneous message
passing communication games (abbrev. T-player simultaneous communication games). Such
games are described by two distributions ) and N. An instance of the game is a T-tuple
(XW ..., XDy either drawn from Y or from N and X®) is given as input to the t-th
player. A (simultaneous communication) protocol II = (II(M, ... TIT) L) is a (T + 1)-tuple
of functions with II®(X®) € {0,1}° denoting the t-th player’s message to the referee, and
e (MIM(X M), TIT(X ™)) € {YES,NO} denoting the protocol’s output. We denote this
output by II(X W, X (T)). The complexity of this protocol is the parameter ¢ specifying the
maximum length of M (XM) ... I™ (X)) (maximized over all X). The advantage of the
protocol II is the quantity

Pr mx®, ..., xM) =YES] - Pr mx®, ..., xM)=YES]|.
(XMW, XTHY (XD, XTHYAN

Definition 5.16 ((F,Dy,Dy,T)-simultaneous-SD). For k,T € N, a € (0,1/k], a finite set
F, distributions Dy, Dy over F x [q|F, the (F,Dy, Dy, T)-simultaneous-SD is a T-player com-
munication game given by a family of instances (ysz-mul,n,Nsimul,n)nemzlm where for a given
n, Y = Vemuin and N = st‘mul,n are as follows: Both Y and N are supported on tuples
(x*, MO . MTD 7D 2D where x* € [q]", M® € {0,1}Fe and 2 € (F x {0,1})kn,
where the pair (M(t), z0) are the t-th player’s inputs for all t € [T]. We now specify the distribu-
tions of x*, M®, and z® in' Y and N :

e In both Y and N, x* is distributed uniformly over [q]|".

o In both Y and N the matriz M®) € {0,1}+7X" js chosen uniformly (and independently of
x* ) among matrices with exactly one 1 per row and at most one 1 per column.

o The vector z®) is determined from M and x* as follows. Sample a random vector b®) (Fx
[q]F)**™ whose distribution differs in' Y and N'. Specifically, let b® = (b®)(1),... . b® (an))
be sampled from one of the following distributions (independent of x* and M ):

— Y: Each bW (i) = (fi,b(i)) € F x [q]* is sampled independently according to Dy .
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— N: Each bW (i) = (fi,b(i)) € F x [q]* is sampled independently according to Dy .
We now set z0 = (fi, ) where z; = 1 iff = (M®x*) = b®) (4).

If F C{f: [q* = {0,1}}, then given an instance o = (x*, MM ... . MT) 7z 2D we will
let U(o) represent the associated instance of Max-CSP(F) as described in Section 5.2.2.

Note that the instance W(o) obtained in the YES and NO cases of (F,Dy,Dn,T)-
simultaneous-SD are distributed exactly according to instances derived in the YES and NO cases
of (F,Dy,Dn,T,Dy, 7 = 0)-padded-streaming-SD and thus Lemma 5.8 can still be applied to con-
clude that YES instances usually satisfy valye) > v — o(1) and NO instances usually satisfy
valy () < 8 —o(1). We will use this property when proving Theorem 5.1.

We start by showing the simultaneous-SD problems above do not have low-communication pro-
tocols when the marginals of Dy and Dy match.

Lemma 5.17. Let F be a finite set, k,q,T € N, Dy, Dy € A(F x [q]F), and let o € (0,1/k].
Suppose there is a protocol 11 that solves (F, Dy, Dy, T)-simultaneous-SD on instances of length n
with advantage A and space s, then there is a one-way protocol for (F,Dy,Dn)-SD on instances
of length n using at most s(T — 1) bits of communication and achieving advantage at least A/T.

Proof. Let us first fix the randomness in II so that it becomes a deterministic protocol. Note that
by an averaging argument the advantage of II does not decrease. Recall that ) and N are Yes and
No input distribution of (F, Dy, Dy, T)-simultaneous-SD and we have

Pr [[I(X) = YES] — Pr [[I(X) = YES] > A.
XY X~N
Now, we define the following distributions Dy,...,Dy. Let Dy = )Y and Dy = N. For each
t € [T — 1], we define D, to be the distribution of input instances of (F, Dy, Dy, T')-simultaneous-
SD by sampling b(*) (i) independently according to Dy (resp. Dy) for all ' <t (resp. t' > t) and
i (see Definition 5.16 to recall the definition). Next, for each ¢ € [T, let

A= Pr [[(X)=YES]- Pr [I(X)=YES].

X~Dy X~Di_1

Observe that ¢y A¢ = A and hence there exists t* € [T7] such that Ay > A/T.

Now, we describe a protocol II' for (F,Dy,Dy)-SD as follows. On input (x*, M, z), Alice re-
ceives x* and Bob receives (M, z). Alice first samples matrices M ... ME =D pr@+1) 0 pr(T)
as the second item in Definition 5.16. Next, Alice samples b®)(i) = (f;,b*)(i)) according
to Dy (resp. Dy) for all ' < t* (vesp. t > t*) and i € [anT] and sets z)(i) = (fi, %)
as the third item in Definition 5.16. Note that this is doable for Alice because she pos-
sesses x*. Finally, Alice sends {II(*)(M (tl),z(tl))}tle[T}\{t*} to Bob. After receiving Alice’s mes-
sage (XM, ... x@=0) x@+D X)) Bob computes II*')(M,z) and outputs II'(M,z) =
(XD, XED 1IN (M, 2), XE+D X)),

It is clear from the construction that the protocol II' uses at most s(T° — 1)
bits of communication. To see II' has advantage at least A/T, mnote that if
(x*,M,z) is sampled from the Yes distribution Ysp of (F,Dy,Dy)-SD, then
(MO 20y, (ME=D g =D) (M, z), (MEHD 20y (M ™) 2(T))) follows the dis-
tribution Dy«. Similarly, if (x*, M, z) is sampled from the No distribution Nsp of (F,Dy,Dy)-SD,
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then (MW, zMW), . (ME=D g =D) (M, z), (ME+D 2640y (M) 2(T)) follows the
distribution Dy« _1. Thus, the advantage of IT' is at least

Pr [II'(M,z) = YES] — Pr [II'(M,z) = YES]
(M,z)~Ysp,II' (M,2)~Nsp, Il
— Pr [II(X)=YES]— Pr [[(X)=YES]=A.>A/T.
XDy X~Dys_;

We conclude that there is a one-way protocol for (F,Dy,Dy)-SD using at most s(T' — 1) bits of
communication achieving advantage at least A/T. O

As an immediate consequence of Theorem 5.4 and Lemma 5.17 we get that (F,Dy,Dy,T)-
simultaneous-SD requires §2(y/n) bits of communication when the marginals of Dy and Dy match.

Lemma 5.18. For every k,q € N, there exists g > 0 such that for every a € (0,ap) and 6 > 0
the following holds: For every finite set F and T € N and every pair of distributions Dy, Dy €
A(F x [q]F) with u(Dy) = u(Dy), there exists T > 0 and ng such that for every n > ng, every
protocol for (F, Dy, Dy, T)-simultaneous-SD achieving advantage § on instances of length n requires
T+/n bits of communication.

We are now ready to prove Theorem 5.1.

5.3.3 Proof of Theorem 5.1

Proof of Theorem 5.1. The proof is a straightforward combination of Theorem 5.15, Lemma 5.8,

and Lemma 5.18 and so we pick parameters so that all these are applicable. Given ¢ and k, let oz(()l)

be as given by Lemma 5.8 and let a(()2) be as given by Lemma 5.18. Let o = min{a(()l), a(()z)}. Given
this choice of «, let Ty be as given by Lemma 5.8. We set T = Tj below. Let n be sufficiently large.

Throughout this proof we will be considering integer weighted instances of Max-CSP(F) on n
variables with constraints. Note that such an instance ¥ can be viewed as a vector in Z" where
N = O(|F| x n¥) represents the number of possibly distinct constraints applications on n variables.
Let I' = {¥U|valy > v —¢c}. Let B = {¥|valy < 8+ e}. Suppose there exists a dynamic streaming
algorithm ALG; in the strict turnstile model that solves (v — ¢, 8 + €)-Max-CSP(F) using at most
s(n) bits of space. Note that ALG; must achieve advantage at least 1/3 on the problem (T, B).
By running several independent copies of ALG; and thresholding appropriately, we can get an
algorithm ALG, with space O(s) and advantage 1 — 135 solving (I, B).

Now, by Theorem 5.15 we get that there exists a linear sketching algorithm ALGs3 to solve to
solve the (T', B) distinguishing problem with advantage at least 1 — 12/100. Let g, A and P be
as given by this linear sketching algorithm. We use these to design a protocol for (F, Dy, Dy, T)-
simultaneous-SD as follows.

Let (M®), z®) denote the input to the t-th player in (F, Dy, Dy, T)-simultaneous-SD. Each

player turn his/her inputs into () = (C{t), .. ,C,(qf,,)t) where Ci(t) corresponds to the constraint
GD (@), fi(t)) with jz(»t) € [n]* the indicator vector for the i-th hyperedge of M®. Next, the players
use the shared randomness to sample a linear sketch matrix A and send A, CZ-(t) (mod g) to the

referee. Finally, the referee outputs P(>, A, C’i(t) (mod q)).
To analyze the above, note that the communication is O(s). Next, by the advantage of the
linear sketching algorithm, we have that

in[ALG3(¥) = 1] — max[ALGs(¥) = 1] > 1 — 12/100. 1
min[ALG3(?) = 1] -~ max[ALG5(¥) = 1] 2 /100 (5.19)
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Now we consider what happens when ¥ ~ YVimul,, and ¥ ~ /\fsimul,n. By Lemma 5.8 we have that
Pro y . ¥ € Il > 1 —0(1) and Pry.a; [ € B] > 1—0(1). Combining with Eq. (5.19) we
thus get

imul,n

o Pr [ALG3(¥)=1]—- Pr J[ALG3(¥)=1]>1-12/100—-0o(1) >1/2,
~Vsimul,n ~/Nsimul,n
We thus get that there is a O(s) simultaneous communication protocol for (F,Dy,Dy,T)-
simultaneous-SD with at least advantage 1/2.

Now we conclude by applying Lemma 5.18 with 6 = 1/2 to get that s = Q(y/n)/T = Q(/n),
thus yielding the theorem. O

6 Hardness of Advice-Signal-Detection with Uniform Marginals

The goal of this section is to prove a variant of Theorem 5.4 that will be used in Section 7 and
Section 8 for a proof of the general case of Theorem 5.4. Recall that in the (Dy,Dy)-SD problem
|F| =1, so we omit F. The main result of this section, presented in Theorem 6.4, gives an (y/n)
lower bound on the communication complexity of (Dy,Dy)-SD for distributions with matching
marginals p(Dy ) = u(Dy) for the case when (i) the alphabet is Boolean {—1,1} ?, (ii) the marginals
are uniform p(Dy) = p(Dy) = 0%, but (iii) both players also receive a specific advice vector a. We
define the corresponding Advice-SD communication game below.

In order to prove the hardness of Advice-SD, we first recall the Randomized Mask Detection
(RMD) communication game [CGSV21], define its version with advice, Advice-RMD, and prove an
Q(y/n) lower bound on the communication complexity of this game in Theorem 6.2. The proof of
the main result of this section, Theorem 6.4, will then follow from the corresponding lower bounds
for Advice-RMD in Theorem 6.2.

6.1 Hardness of Advice-RMD

In this section we state a theorem that establishes hardness of RMD in the Boolean setting and with
uniform marginals while allowing for advice. The proof of this theorem is postponed to Section 6.3.
First we define the Advice-RMD one-way communication game.

Definition 6.1 (Advice-RMD). Let n,k € Ny« € (0,1), where k and « are constants with respect
ton, and an is an integer less than n/k. For a pair Dy and Dy of distributions over {—1,1}*, we
consider the following two-player one-way communication problem (Dy, Dy )-Advice-RMD.

o The generator samples the following objects:

1. x* ~ Unif({—1,1}").
2. T € S, is chosen uniformly among all permutations of n elements.

3. We let M € {0,1}F"*" be q partial permutation matriz capturing T =1(4) for j € [kan].
Specifically, M;; = 1 if and only if j = I'(i). We view M = (M, ..., May) where each
M; € {0,1}**" is a block of k successive rows of M.

4. b= (b(1),...,b(an)) is sampled from one of the following distributions:

— (YES) each b(i) € {—1,1}* is sampled according to Dy .

9Throughout this section we use {—1,1} to denote the Boolean domain.
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— (NO) each b(i) € {—1,1}* is sampled according to Dy
5. z = Mx" ®b, where ® denotes the coordinate-wise product of the elements.

6. Define a vector a € [k|" as a; =i where i = '"1(j) (mod k) for every j € [n].
e Alice receives X* and a as input.
e Bob receives M, z, and a as input.

We follow the approach of [GKKT09, CGSV21] to prove the following theorem showing a Q(y/n)
communication lower bound for Boolean Advice-RMD. We postpone the proof to Section 6.3.

Theorem 6.2 (Communication lower bound for Boolean Advice-RMD). For every k € N, and
every pair of distributions Dy, Dy € A({—1,1}*) with uniform marginals u(Dy) = pu(Dy) = 0
there exists ag > 0 such that for every a < ag and § > 0 there exists T > 0 such that every protocol
for (Dy, Dn)-Advice-RMD achieving advantage § requires T+/n bits of communication on instances
of length n.

6.2 Hardness of Advice-SD

Let us first extend the definition of the Signal Detection (SD) problem to the following Advice-SD
one-way communication game.

Definition 6.3 (Advice-SD). Let n,k,q € N, € (0, 1), where k, q and o are constants with respect
to n, and an/k is an integer less than n. For a pair Dy and Dy of distributions over [q]F, we
consider the following two-player one-way communication problem (Dy, Dy )-Advice-SD.

o The generator samples the following objects:

1. x* ~ Unif([q]™).
2. T' € S, is chosen uniformly among all permutations of n elements.

3. We let M € {0,1}F"*" be o partial permutation matriz capturing T=1(5) for j € [kan).
Specifically, M;; = 1 if and only if j = T'(i). We view M = (M, ..., Man) where each
M; € {0,1}**™ is a block of k successive rows of M.

4. b= (b(1),...,b(an)) is sampled from one of the following distributions:
— (YES) each b(i) € [q]* is sampled according to Dy .
— (NO) each b(i) € [q]* is sampled according to Dy

5. 2=1(21,...,%an) € {0,1}?" is determined from M, x* and b as follows. We let z; = 1
if Mix* =b(i), and z; = 0 otherwise.

6. Define a vector a € [k]" as a; =i where i =T"1(j) (mod k) for every j € [n].
e Alice receives x* and a as input.
e Bob receives M, z, and a as input.

Almost immediately we get the following corollary for the Advice-SD problem from Theorem 6.2.
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Theorem 6.4 (Communication lower bound for Boolean Advice-SD). For every k € N, and every
pair of distributions Dy, Dy € A({—1,1}*) with uniform marginals u(Dy) = pu(Dxn) = 0F there
exists ag > 0 such that for every 0 < a < ag and & > 0 there exists T > 0, such that every protocol
for (Dy, Dn)-advice-SD achieving advantage 0 requires T+/n bits of communication on instances of
length n.

Proof. We show that a protocol achieving advantage ¢ in the (Dy,Dy)-Advice-SD game with s
bits of communication implies a protocol achieving advantage § for the (Dy,Dy)-Advice-RMD
game with s bits of communication. Then the lower bounds of Theorem 6.2 for distributions with
matching marginals will finish the proof.

Assume that there exists Bob’s algorithm B(M, z, a, Alice’s message) that distinguishes b; ~ Dy
and b; ~ Dy with advantage § in the Advice-SD game. For the Advice-RMD game, we keep the
same algorithm for Alice, and modify Bob’s algorithm as follows. Bob receives M € {0, 1}*enxn 7z ¢
{—1,1}**" a and Alice’s message, and partitions z = (z1, ... ,%qa,) Where z; € {—1,1}*. For each
i € [an], Bob computes Z; € {0,1} as follows: Z; = 1 if and only if z; = 1¥. Now Bob sets
7z = (Z1,..-,Zan) € {0,1}*", and outputs B(M, 7', a, Alice’s message). It is easy to see that in
both YES and NO cases, the distribution of the vectors z’ computed by Bob is the distribution of
vectors z sampled in the (Dy, Dy )-Advice-SD game. Thus, the protocol achieves advantage § for
the (Dy, Dn)-Advice-SD game using s bits of communication as desired. O

6.3 Proof of Theorem 6.2

In order to prove Theorem 6.2 we follow the approach of [GKKT09, CGSV21] with the main
difference in the analysis of a certain combinatorial problem in Lemma 6.9.

Without loss of generality in the following we assume that n is a multiple of k. A vector a € [k]”
is called an advice vector if for every i € [k], [{j: a;j = i}| = n/k. For an advice vector a € [k]",
we say that a partial permutation matrix M € {0, 1}ka”X” of a permutation I' is a-respecting if
for every i € [kan] and j € [n], M;; = 1 if and only if a; =i (mod k). Intuitively, a is the advice
vector that tells you which congruence class I'(j) lies in.

For each advice vector a € [k]", each a-respecting partial permutation matrix M € {0, 1
distribution D over {—1,1}*, and a fixed Alice’s message, the posterior distribution function p MD.a -

{—1,1}*ke" —[0,1] is defined as follows. For each z € {—1,1}**" et

}komxn,

= P =(Mx*)Ob | M Alice’ = 1, (rx*
PM,D,a(2) x*e{_rl’l}n[z (Mx*)®b | M, a, Alice’s message] x*EA bN[%an[ 2=(Mx*)ob) ;
bNDan

where A C {—1,1}" is the set of Alice’s inputs that correspond to the message.

Let U be the uniform distribution over {—1,1}*. Lemma 6.4 in [CGSV21] bounds from above
the expression Ens, u is a-resp. [||Pa.D,a — Unif ({—1, 1}#2m)||2 ] for the case without the advice vector
a using a combinatorial quantity. An inspection of the proof of Lemma 6.4 in [CGSV21], reveals
that an analogous statement holds in the case when the advice vector a is present. We provide a
proof of this bound for completeness in Lemma 6.5 below.

Lemma 6.5 (Lemma 6.4 in [CGSV21)). Let a € [k]", A C {—1,1}", and f: {—1,1}" — {0,1} be
the indicator function of A. Let k € N and o € (0,1/100k). Let D be a distribution over {—1,1}*
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such that Eqpla;] =0 for all j € [k].

92n kan R
E [”pM,'D@ - UHt2'Ud] < 2 E h(ﬁ) : E f(V)2 )
M A
M is a-resp. £>2 ve{0,1}"

|v|=¢
where U ~ Unif({—1,1}%") and for each ¢ € [n],

h(l) = P Js € {0, 1}Fam\ {okaor N #1Vi, M's = .
()= mox  Pro[3€ (00805 Js(i)] £ 10 MTs=vi]

[ve|=¢ Mis a-resp.

Here for a vector s € {0,1}*9" and integer i € [an], s(i) € {0,1}* denotes the i-th group of k
coordinates of s.

Proof. Observe that

Ipspa-UlR= Y (upal)-0) = 3 upals)’

SE{OJ}ICQn Se{o7l}kan\{0kan}
Now by the Cauchy—Schwarz inequality we have that

E - (lpuoa—UlRd <2% & [Ipsoa—Ul3]

Mis a-resp. Mis a-resp.

_ 22kan ]% Z @(5)2 . (66)
Mis a-resp. | s€{0,1}kan\{0okan}

The following claim shows that the Fourier coefficients of the posterior distribution py;p a can
be bounded from above by a certain Fourier coefficient of the indicator function f. Let’s define
GOOD := {s € {0, 1} | |s()| # 1 Vi}.

Claim 6.7.
2 22n T )2
B (lpupa-Ulkd < o 2 E - |fMTe? .

Al? M
Mis a-resp. sEGOOD\{0%k2"} M is a-resp.

Proof. Observe that

— 1 .
PMDa(s) = Shan Y pupalz ] z0);
ze{—1,1}kan i€lan],j€[k]
s(i);=1

Recall that pasp.a(z) = Ex<ca Ebpan [1,=Mx+ob), the equation becomes

1 . .
= Shan *]EA H (Mx )z‘,j bNI%an H b(l)j
x i€lan],je(k] i€lan],j€[k]
s(i);=1 s(i);=1
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Since Ea~p[a;] = 0 for all j € [k], the right most sum is 0 if there exists ¢ such that [s(i)| = 1. This
equation becomes

1 *
< ofan | E H (Mx*)ij || 1secooD -
x*€A | . .
i€lan],j€[k]
| s();=1

Note that as each row and column of M has at most 1 non-zero entry, we have

1
= Skan le‘éA H x; | | - Lsecoop
i€[n]
(M Ts);=1

Now we relate the above quantity to the Fourier coefficients of f. Recall that f is the indicator
function of the set A and hence for each v € {0,1}", we have

f(V):2TLZf(X) H Xz‘:?nz H X -
x* i€[n]v;=1 x*€Aien]w;=1
Thus, the Fourier coefficient of pj; can be bounded as follows.
I 1 2" ~

PMDa(s) < Sokn m (MTS) - LseGooD - (6.8)

By plugging Eq. (6.8) into Eq. (6.6), we have the desired bound and complete the proof of Claim 6.7.
O

Next, by Claim 6.7, we have

92n R

E llwoa-Ulhd<m 2 E|Ja7s?)
Mis a-resp. s€GOOD\{0%*"} Mis a-resp.
Since for a fixed M, the map M is injective, the right hand side of the above inequality has the

following combinatorial form.

~

22" kan Ta 2
= AP Z | l;[r [Hs € GOOD\{0"*"}, M 's = v} f(v)”.
ve{0,1}7\{0"} Mis a-resp.

By symmetry, the above probability term will be the same for v and v’ having the same Hamming
weight. Recall that

= kan T _
W)= max =~ Dr [3s € GOOD\{0""}, MTs =, ,
‘VZ|ZZ Mis a-resp.

this equation becomes

22n ™ R
< 142 Z h(¢) - Z (v)?.
>1 ve{o,1}n
|v|=¢
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Note that for £ = 1 and every ¢ > akn, h({) = 0 by definition. Thus, this expression simplifies to
the following.

22n akn R
:th(f)' Z f(V)2~
£>2 ve{0,1}"
|v|=¢
This completes the proof of Lemma 6.5. O

Now we bound from above the combinatorial quantity h(¢) from Lemma 6.5.

Lemma 6.9. For every 0 < a € (0,1/100k?) and ¢ € [kan], we have

/2
W= me B [0 k21w s < (£) " oy

[ve|=¢ Mis a-resp.

Proof. By symmetry, without loss of generality we can fix the advice vector a = (1%/k2n/k _|n/k),
For non-negative integers /1, ..., 0, we say that v, € {0,1}" is an (¢1,...,#x)-vector if for every
i € [k], v has exactly ¢; entries equal 1 in the ith group of n/k coordinates. For fixed values of ¢;,
let us define

h(ly,... . 0) = PA’/Ir [Els 40, |s(i)| #1Vi, M'sisa ({1,... ,Kk)-vector] .

Mis a-resp.

We note that

h(f) = , max h(l1,...,0) . (6.10)
2 b=t

An equivalent way to compute the probability h(¢1, ..., ¢) is to fix the matching M = {(i,n/k+
iy...,(k—=1)n/k+1i)|i € [an]}, and to let v be a random (1,...,¥f;)-vector . Then

_ i

h(bi,...,0y) =  Pr Is£0, [s(i)| #1Vi, M's=v| = ik

vis (€1,...,0k)

(6.11)

where V' C {0,1}" is the set of all ({1,...,¢)-vectors, and U = {u € V:3s # 0, [s(i)| #
1Vi, M"s =u}. From ¢, + ...+ €, = £, the number of (¢1,...,¥¢)-vectors is

V| = ﬁ (ng/z ) > (Zi/k&) = (n£k> > (%)Z : (6.12)

i=1 =1

where the first inequality uses that n/k > kan > ¢ for a < 1/k?.

For a vector s € {0,1}%" let Ty = {i: |s(i)| > 0} be the set of indices of non-zero blocks of
s. In order to give an upper bound on the size of U, first we pick a set T, and then we choose a
vector u such that M "s = u for some s corresponding to the set Ty. Note that since for each i € T,
s(i) > 0 and s(i) # 1 by the definition of h(¢), the size of t = |T'| < k/2. For every ¢, the number of
ways to choose T is (O‘t”). For a fixed T, it remains to choose the ¢ coordinates of u among at most
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kt non-zero coordinates of s. For a vector s € {0, 1}*" let Ty = {i € [an]: |s(i)| > 0} be the set of
indices of non-zero blocks of s. In order to give an upper bound on the size of U, first we pick a set
T, and then we choose a vector u such that M s = u for some s with (i) |s(i) # 1| for all 4 and (ii)
Ts = T. Note that since for each i € T, s(i) > 0 and |s(¢)| # 1, the size of t = |T'| < ¢/2. For every
t, the number of ways to choose T is (O‘t"). For a fixed T, it remains to choose the ¢ coordinates of
u among at most kt non-zero coordinates of s. This gives us the following upper bound on the size

of [U].
an) [kt
< . 1
o= s () () .

The second term of the upper bound in Eq. (6.13) can be bounded from above by

kt ekt\©  [ekt/2\" [ek\’

< | — < N
) =\ ¢ - L 2

Now we’ll show that the first term of the upper bound in Eq. (6.13) can be bounded from above
by (M%)eﬂ. If £ > 2an, then

/2
(a:) < 9om < 9l/? < <2€lzom> 7

where in the last inequality we use ¢ < kan. If £ < 2an, then ¢t < £/2 < an, and

an <<@>t< 2ean K/2< 2ekan t/2
t )~ t - / / '

The above implies that

an ek 2ekan \ /> n\¢/2
= t<m£3}7§£/2} ( t )( > <2> < > = (?) (ePak?)'72. (6.14)

Finally, from Egs. (6.10) to (6.12) and (6.14),
z 2 /2
h(€) = max_ h(ly,... 0k (k> " / (egak?’)eﬂ < <€> (63ak5)é/2.
E n n

O]

In Lemma 6.15 below we give the final ingredient needed for the proof of Theorem 6.2. If U is
the uniform distribution over {—1,1}*, then we show that for every large set A C {0,1}" of inputs
x corresponding to a fixed Alice’s message (and a fixed advice &), Ens,asis aresp. [||[Pa D0 — Ul2,,4] is
small.

Lemma 6.15. For every k € N there exists ag > 0 such that for every 0 < a < o, d € (0,1), and
c < 103% the following holds for all large enough n. If D is a distribution over {—1,1}* such
that for all j € [k], Ea~plaj] =0, and A C {—1,1}" is of size |A| > 2"~¢, then

52
=16

E lparpa — Ullfal <

Mis a-resp.

where U ~ Unif ({—1, 1}Fon).
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Proof. Lemma 6.5 and Lemma 6.9 imply that for every A of size |A| > 2"7¢,

=V 3 1 5\0/2 ARy

E o Ulkd < o> (1) @a”? 3 Fw)
Mis a-resp. £>2 ve{0,1}"™
[vi=¢

For every ¢ € [4c|, Lemma 3.8 implies that

¢
22n ~ 4/ 2¢
4P Z f(V)2§< 7 )
e
v|=~¢

By the Parseval identity, Y J?(V)2 < 1. This gives us that

4c /2 ¢ o 02
¢ 4v2¢ 2 4
12 1< v 3, 1.5V6/2 . v 3ak2)02 4
E  (lprpa=Ullhd < <n> (e"ak?) < 7 ) e 462%2?&”{( ) (e"ak?) }

n
Mis a-resp. £>2

3V 1 .
Recall that ¢ < TN Let ap = 575. Then for every a < ap, the max term on the right hand
side is maximized by ¢ = 4c¢ 4 1 for all large enough n,

Z <32e akde 2) 42 N <8e3cak5>20
- n

>2
2\ ¢/2 3 2¢
~ 4 \30 100vk3/n
52
< TG

We are ready to finish the proof of Theorem 6.2.

Proof of Theorem 6.2. Let us set 7 = m, and let ag be as set in Lemma 6.15. Suppose that
there exists a one-way communication protocol for (Dy, Dy )-Advice-RMD that uses s = 74/n bits
of communication and has advantage at least 4. By the triangle inequality there must exist a
protocol with advantage ¢/2 and s bits of communication for either the (Dy, Dyy;f)-Advice-RMD
or the (Dn, Dynif)-Advice-RMD problem. Without loss of generality, we assume that (Dy, Dynif)-
Advice-RMD can be solved with advantage §/2. Then,

>

HPM,D% — PM,D

1\9\0«.

Without loss of generality, we can assume that Alice’s protocol is deterministic. In other words,
for every a, Alice’s s-bit communication protocol partitions the set of {—1,1}" of inputs z into 2°
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sets Ay, ..., Ass C {—1,1}" according to the message sent by Alice. Therefore, at least (1 — §/4)-
fraction of inputs = € {—1,1}" belongs to sets A; of size |A4;| > % 22" > 2" C for ¢ = s+ 1 —logd.
By Lemma 6.15, for every A; of size |A4;| > 2"~¢,

IPrroy 2 =Py s allwdeea; = B llpypa = Ullwdlxea] < 0/4.

Mis a-resp.

Finally,

|PrM.Dy .2 = PMDyisalliva < Prlz € Aj: |A;] <277
+Prlz € A;: [Ail > 2" - lppmpy .a — PMDyip alltvd
< 5/A+(1—05/4)-5/4
<d/2.

X*EA;

7 Hardness of Signal Detection

In this section we extend the hardness result of the SD problems for the special distributions
described in Section 6 to the fully general setting, thus proving the following theorem.

Theorem 5.4 (Communication lower bound for (F, Dy, Dy)-SD). For every k,q, every finite set
F, every pair of distributions Dy,Dy € A(F x [q]¥) with u(Dy) = u(Dy) there exists ag > 0
such that for every 0 < a < ag and d > 0 there exists T > 0 such that the following holds: Every
protocol for (F,Dy,Dn)-SD achieving advantage § on instances of length n requires T+/n bits of
communication.

The bulk of this section is devoted to proving that for every pair of distributions Dy and Dy,
we can find a path (a sequence) of intermediate distributions Dy = Dy, Dy, ..., Dr, = Dy such that
adjacent pairs in this sequence are indistinguishable by a “basic” argument, where a basic argument
is a combination of an indistinguishability result from Theorem 7.4 and a shifting argument. We
note here that the ideas and proofs in this section are based directly on [CGSV21, Section 7]. The
main change is to move from working with “cubes” (i.e., {—1,1}* for various k) to working with
general product sets (i.e., [q1] X - -+ X [gg] for various k, q1, ..., q).

Our proof comes in the following steps:

1. For every marginal vector p, we identify a canonical distribution D,, that we use as the
endpoint of the path. So it suffices to prove that for all D, D is indistinguishable from D,,(p),
Le., there is a path of finite length from D to D, (p).

2. We give a combinatorial proof that there is a path of finite length (some function of k) that
takes us from an arbitrary distribution to the canonical one.

Putting these ingredients together, along with a proof that a “basic step” is indistinguishable gives
us the final theorem.

Let Q = [q1] X" - - [qr] where Vi, ¢; € N. We start with the definition of the chain and the canonical
distribution. For a distribution D € A(Q), its support is the set supp(D) = {a € Q|D(a) > 0}.
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For D € Q, we define the marginal vector u(D) = (fti0)ic[k],oe[q] a5 Hio = Pra~pla; = o]. Next,
we consider the following partial order on Q. For vectors a,b € Q we use the notation a < b if
a; < b; for every i € [k]. Further we use a < b if a <b and a # b.

Definition 7.1 (Chain). We refer to a sequence a(0) < a(l) < --- < a(¥), a(i) € Q for every
i €{0,...,¢}, as a chain of length . Note that chains in Q have length at most Zle(qi —1).

Lemma 7.2 (Canonical distribution). Given a vector of marginals p = (fti0)ic(k),cclq:], there exists
a unique distribution D with matching marginals (u(D) = p) such that the support of D is a chain.
We call this the canonical distribution D,, associated with p.

Proof. We will prove the proposition by applying induction on Z?Zl q;- In the base case when
Zle ¢; = k, there is only one point in the support of the distribution and the claim holds trivially.
For Zle ¢ > k, define h = argmin;cy) plig; and 7 = ppgq,. Let ¢ = g¢n — 1 and ¢ = g, for
i # h. Define a vector of marginals fi = (fli,¢)ic[i],oelg) s follows: fi; o = (pio —7)/(1 — 7) if
i # h and 0 = ¢;, and fij» = i s/(1 — 7) otherwise. By the induction hypothesis, there exists a
unique distribution D supported on a chain such that u(ﬁ) = 1. Observe that the distribution
D= (1-7)D+7{(q1,...,q)} has marginal p and is supported on a chain. We will now show
that D is the unique distribution with these properties. For a distribution D € A([g1] X - -+ X [gx])
and v € [q1] X -+ X [qx], we define D(v) = Preoplc = v]. Note that it suffices to prove that if
D' € A([q1] x - -+ x [gx]) is supported on a chain and u(D’) = w, then D'(q1,...,q;) = 7. Clearly
D'(q1,-.-,qx) < 7. Let u be lexicographically the largest vector smaller than (qi,...,qx) in the
support of D’. Let r be an index where u, < g,. Since D’ is supported on a chain, D’(v) = 0 for
v € [q1] x -+ x [gg] such that v, = ¢, and v # (q1,...,qx). Hence p,q. = D'(q1,...,qx). Since

T = MiNje ) Mg, We have 7 < gy g =D (q1, - -, @)
O
For u,v € Q, let u' = min{u,v} = (min{uy,v1},...,min{ug,vx}) and let v/ = max{u,v} £
(max{ui,vi},..., max{ug, vy }). We say u and v are incomparable if u £ v and v € u. Note that

if u and v are incomparable then {u,v} and {u’,v'} are disjoint!".

Definition 7.3 (Polarization (update) operator). Given a distribution D € A(Q) and incomparable
elements u,v € Q, we define the (u,v)-polarization of D, denoted Dy, to be the distribution as
given below. Let ¢ = min{D(u),D(v)}.

D(b)—¢e , be{u,v}
Dyv(b) =1 D(b)+¢e , be{u, v}
D(b) , otherwise.

We refer to e(D,u,v) = min{D(u),D(v)} as the polarization amount.
It can be verified that the polarization operator preserves the marginals, i.e., (D) = p(Duy,v)-
Note also that this operator is non-trivial, i.e., Dy = D, if {u, v} Z supp(D).

Theorem 7.4 (Indistinguishability of the polarization step). Let n,k,q € N, a € (0,1) where
k,q,a are constants with respect to n and an is an integer less than n/k. For a distribution
D € A([q]¥), incomparable vectors u,v € [q]F, and § > 0, there exists T > 0 such that every protocol
for (D, Duv)-SD achieving advantage ¢ requires T+/n bits of communication.

We defer the proof of this theorem to Section 8.2 and focus instead on the number of steps

%To see this, suppose u = u’, then we have u; = min{u;,v;} for all j € [k] and hence u < v, which is a
contradiction. The same analysis works for the other cases.
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7.1 Finite upper bound on the number of polarization steps

In this section we prove that there is a finite upper bound on the number of polarization steps needed
to move from a distribution D € A(Q) to the canonical distribution with marginal p(D), i.e., Dy (p)-
Together with the indistinguishability result from Theorem 7.4 this allows us to complete the proof
of Theorem 5.4 by going from Dy to D, p,) = Dypy) and then to Dy by using the triangle
inequality for indistinguishability.

In this section we extend our considerations to functions A : @ — R=Y. Let F(Q) = {A :
Q — R} For A € F(Q) and i € [k], let po(A) = > ,coA(a). Note A(Q) C F(Q) and
A € A(Q) if and only if A € F(Q) and uo(A) = > ,coA(a) = 1. We extend the definition of
marginals, support, canonical distribution, and polarization operators to F(Q). In particular we
let p(A) = (1o, (Wi0)ick),oelq)]) Where lig = D co.m,—0 A(@). We also define canonical function
and polarization operators so as to preserve p(A). So given arbitrary A, let D = m - A. Note
D € A(Q). For p = (po, (Wi, )ick),oelq)) Where Vi, 3, o1 i = pio, we define Ay, = pig- Dy where
p' = (fio/10)ici],oclq) tO e the canonical function associated with p.
Definition 7.5 (Polarization length). For distribution A € F(Q), where Q = [q1] X - -+ X [qg], let
N(A) be the smallest t such that there ezists a sequence A = Ay, Ai,...,As such that Ay = A,
Ay = Ayay is canonical and for every i € [t] it holds that there ewists incomparable u;,v; €
supp(Ai-1) such that A; = (Ai—1)u; v, If no such finite sequence exists then let N(A) be infinite.
Let N(k,q1,. .., qr) = supacro)iN(A)}, and N(Q) = maxy 4, . 4| 3. 4i=Q N(k,q1,...,q). Again,
if N(A) = oo for some A or if no finite upper bound exists, N(Q) is defined to be cc.

Note that if D € A(Q), so is every element in the sequence, so the polarization length bound
below applies also to distributions. Our main lemma in this subsection is the following:

Lemma 7.6 (A finite upper bound on N(Q)). N(Q) is finite for every finite Q. Specifically
N(Q) < (Q*+3)N(Q —1). Consequently for every k,q1,...,qx, N(qu,...,qx) is finite as well.

We prove Lemma 7.6 constructively in the following four steps.
Step 1: The algorithm POLARIZE. Let us start with some notations. For A € F([q1] X -- X [qx])
we let Al;,—q, denote the function A restricted to the domain [g1]x- - - X% [ge—1] % {qe} % [qe+1] % - - X [qi]-

Note that A|;,—q, is effectively a (k — 1)-dimensional function. We also define Al;,«4, as the
restriction of A to the domain [g1] X -+ X [gr—1] X [ge — 1] X [qr41] X -+ X [qx]..
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Algorithm 2 POLARIZE(-)
Input: A e F([q1] x -+ X [qx])-

1. if k=1 OR Ai: ¢; > 2 then

2 Output: A.

3: WLOG, let ¢ > 2.

e 0Q Y (-1 -1 QT « Y g - 1)

5: (AO)’$k<Qk — POLARIZE(A’$k<Qk) ) (AO)‘wk:% — POLARIZE<A‘I1€:%)
6: Let (1)* =a,(0) <--- < a;(Q7) = (q1,---,qk—1,qx — 1) be a chain supporting (A;)|z, <q,-
7
8
9

. Let ((1)* 1, qx) = be(0) < --- < b(QT) = (qu,-..,qx) be a chain supporting (A¢)|z;—g -
. while 3(4, j) with 7 < Q% s.t. max{a;(i),bs(7)} = (q1, ..., qx) and Ag(as(i)), A¢(b(j)) > 0 do
: Let (i, j:) be the lexicographically smallest such pair (i, 7).
10: Bt < (At)at(it),bt(jt)'
11: (At+1>‘$k<4k - POLARIZE(Bt‘ka]k); (At+1)|rk:% — <Bt)‘$k:q16'
12: t<—t+1.
13: Let (1)* = a;,(0) < --- < a;(Q7) = (q1,---,qx — 1) be a chain supporting (A;)|z, <q,-
14: Let ((1)*7% qx) = be(0) < -+ < be(Q1) = (g1, - -, qx) be a chain supporting (A¢)|u,—g-
15: Let £ € [k] be such that for every a € [g1] %« - - X [qr]\{(q1, - .., qx)} we have A;(a) > 0 = ay < ¢.
16: (At41) |z <q < POLARIZE(AY) |2, <q05 (Att1) o=, = (At)|zi=q,-
17: Output: Ay4q.

The goal of the rest of the proof is to show that Algorithm 2 terminates after a finite number
of steps and outputs A, (4).

Step 2: Correctness assuming POLARIZE terminates.

Claim 7.7 (Correctness condition of POLARIZE). For every A € F([q1] X -+ X [qx]), if POLARIZE
terminates, then POLARIZE(A) = A4y In particular, POLARIZE(A) has the same marginals as
A and is supported on a chain.

Proof. First, by the definition of the polarization operator (Definition 7.3), the marginals of A; are
the same for every t. So in the rest of the proof, we focus on inductively showing that if POLARIZE
terminates, then POLARIZE(A) is supported on a chain.

The base case where k = 1 is trivially supported on a chain as desired.

When k& > 1, note that when the algorithm enters the Clean-up stage, if we let m and n
denote the largest indices such that A;(a;(m)), A¢(bi(n)) > 0 and A;(bi(n)) # (q1,-..,qk), then
the condition that max{a;(m),bs(n)} # (qi1,...,qr) implies that there is a coordinate ¢ such that
a;(m)y < qo and by(n)y < qp. Since every c¢ such that A:(c) > 0 and ¢ < g satisfies ¢ < a;(m),
we have Ay(c) > 0 implies ¢; < qp. Similarly for every ¢ # (qi1,...,qx) such that ¢ = g, we have
Ai(c) > 0 implies ¢; < gg. We conclude that Ay is supported on {(q1,...,qx)} U{c|cs < q¢}. Thus,
by the induction hypothesis, after polarizing (A¢)|z,<q, and leaving (A¢)|z,—¢, unchanged, we get
that the resulting function A;1 is supported on a chain as desired and complete the induction. We
conclude that if POLARIZE terminates, we have POLARIZE(A) = A, (4).- O

Step 3: Invariant in POLARIZE. Now, in the rest of the proof of Lemma 7.6, the goal is to show
that for every input A, the number of iterations of the while loop in Algorithm 2 is finite. The
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key claim (Claim 7.11) here asserts that the sequence of pairs (i, j;) is monotonically increasing
in lexicographic order. Once we establish this claim, it follows that there are at most Q= - Q"
iterations of the while loop and so N(Q) < (Q?+3)N(Q — 1), proving Lemma 7.6. Before proving
Claim 7.11, we establish the following properties that remain invariant after every iteration of the
while loop.

Claim 7.8. For every t > 0, we have (A¢)|z,=q, and (A¢)|z,<q. are both supported on chains.

Proof. For (A¢)|z,<q,» the claim follows from the correctness of the recursive call to POLARIZE. For
(At)|zp=q, » We claim by induction on ¢ that the supporting chain b(0) < - -+ < by(Q™) never changes
(with ¢). To see this, note that by(k—1) = (q1, ..., ax) is the only point in the support of (A¢)|z, =g,
that increases in value, and this is already in the supporting chain. Thus b;(0) < --- < by(Q™)
continues to be a supporting chain for (Asy1)|z,=q,- O

For ¢ € [q1] x --- X [qx], we say that a function A : [¢1] x --- x [qx] — RZ0 is c-respecting if for
every ¢’ such that A(c’) > 0, we have ¢’ > c or ¢/ < ¢. We say that A is c-downward-respecting if
A is c-respecting and the points in the support of A above ¢ form a partial chain, specifically, if
u,v > ¢ have A(u), A(v) > 0, then either u > v or v > u.

Note that if A is supported on a chain then A is c-respecting for every point c in the chain.
Conversely, if A is supported on a chain and A is c-respecting, then A is supported on a chain that
includes c.

Claim 7.9. Let A be a c-respecting function and let/i be obtained from A by a finite sequence
of polarization updates, as in Definition 7.3. Then A is also c-respecting. Furthermore if A is
c-downward-respecting and w > ¢ then A is also c-downward-respecting and A(w) = A(w).

Proof. Note that it suffices to prove the claim for a single update by a polarization operator since
the rest follows by induction. So let A = Ay,v for incomparable u,v € supp(A). Since A is c-
respecting, and u, v are incomparable, either u < ¢,v < c or u > ¢,v > c. Suppose the former
is true, then max{u,v} < ¢ and min{u,v} < c, and hence, A is c-respecting. Similarly, in the
case when u > ¢,v > ¢, we can show that A is c-respecting. The furthermore part follows by
noticing that for u and v to be incomparable if A is c-downward-respecting and A(u), A(v) > 0,
then u,v < ¢, and so the update changes A only at points below c. O

The following claim asserts that in every iteration of the while loop, by the lexicographically
minimal choice of (i, j;), there exists a coordinate h € [k — 1] such that every vector ¢ < ay(is)
in the support of A;, By, or Ayt has ¢, < gp, and every vector ¢ # (qi1,...,qx) in the support of
(At)|z,=q, has cn < gp.

Claim 7.10. For every t > 0, 3h € [k — 1] such that Vc € [q1] x --- X [qx], if ¢ € supp(A:) U
supp(By) U supp(As11), then the following hold:

o Ifc < a(iy), then cp < qp.

o Ifcy =qr andc# (q1,---,qx), then cp < qp.

Proof. Since (i, j;) is lexicographically the smallest incomparable pair in the support of Ay, for
i <1y j < QF, and Ay(a(i)), Ay(b(j)) > 0, we have max{a(i),b(j)} # (q1,-..,qx). Let m be the
largest index smaller than i; such that A;(a;(m)) > 0. Similarly, let n < QT be the largest index
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such that A:(b¢(n)) > 0. Then the fact that max{a;(m),bs(n)} # (¢1,...,qx) implies that there
exists h € [k — 1] such that a;(m), < ¢ and by(n)y, < gn. Now, using the fact (from Claim 7.8)
that (A¢)|z,<q, is supported on a chain, we conclude that for every ¢ < a;(i¢), A¢(c) > 0 implies
that ¢ < ay(m) and hence, ¢, < q. Similarly, for every vector ¢ # (q1,-..,qx) in the support of
(At)|zp=qy, by the maximality of n, we have ¢, < gp.

We now assert that the same holds for B;. First, recall that supp(B;) C supp(A4:) U
{(q1; .-, qr), min{a;(i¢), be(jr)}} since By = (At)a,(i)bi(jr)- Next, note that the only point
(other than (q1,...,qx)) where By is larger than A; is min{a;(i;),b:(j;)}. It suffices to show
that min{a;(i¢), be(ji)}n < qn. We have min{a;(i;), bi(jr)} < bi(jr) < bi(n) and hence
min{a¢(i¢), bt (je) }n < qn-

Finally, we assert that same holds also for A;11. Since Ay11|z,—q, = Btla,=q,, the second item
in the claim follows trivially. To prove the first item, let us consider a’ € [g1] x -+ X [gx] defined
as follows: aj, = g, — 1 and a]. = a;(i;), for r # h. Note that By, <q, is a:(i¢)-respecting since
potentially the only new point in its support (compared to A¢|q, <q,.) is min{as(is), by (jr) } < a(iy).
From the previous paragraph we also have that if Bi(c) > 0 and ¢ < a;(i;), then ¢, < g and
hence, ¢ < a’. On the other hand, if Bi(c) > 0 and ¢ > a;(it), then ¢ > a’. Therefore, B|z, <q,
is a’-respecting. By applying Claim 7.9, we conclude that (Asy1)|z,<q, 1S also a’-respecting. It
follows that if ¢ < a(i;) and As1(c) > 0, then ¢ < a’ and so ¢, < gp. O

Step 4: Proof of Lemma 7.6. The following claim establishes that the while loop in the
POLARIZE algorithm terminates after a finite number of iterations.

Claim 7.11. For every t >0, (i, ji) < (it+1, ji+1) in lexicographic ordering.

Proof. Consider the chain a;y1(0) < -+ < a;41(Q~) supporting A¢y1|z,<q.- Note that for i > iy,
Aii1|ap<q, 18 a¢(i)-respecting (since A¢|y,<q, and By, <q, were also so). In particular, Az, <q,
is a;(i)-respecting because it is supported on a chain containing a;(i). Next Bi|y, <q, 15 a:(i)-
respecting since potentially the only new point in its support is min{a;(i;), b(j;)} < a;(i). Finally,
At i1)z,<q, 1s also a;(i)-respecting using Claim 7.9. Thus we can build a chain containing a¢ (i) that
supports Ay 1|z, <q,- It follows that we can use a;y1(7) = a;(¢) for i > i;. Now consider ¢ < i;. We
must have a;4+1(7) < az+1(4) = a¢(iy). By Claim 7.10, there exists h € [k — 1] such that for i < i,
a;11(4)n < qn.

We now turn to analyzing (iry1,j¢+1). Note that by definition, Asyi(ag41(iz+1)) > 0 and
Apy1(bey1(bey1)) > 0. First, let us show that iy < i;41. On the contrary, let us assume that i;41 < 4.
It follows from the above paragraph that a;y1(iz+1)n < qn. Also, for every by 1(j) with j < QT
and Azr1(biyi1(j)) > 0, we have bep1(j)n < gn. Therefore, max{a(it+1), b(ji+1)} # (q1,- .., qx) (in
particular max{a(i;+1),b(js+1)}n < qn), which is a contradiction.

Next, we show that if 4,41 = 4, then jiy1 > j;. By the minimality of (i, j¢) in the ¢-th
round, for j < j; such that A;(b:(j)) > 0, we have max{a;(i¢), b:(j)} # (q1,- -, qr). Since 4441 = iz,
at1(it+1) = arr1(it) = at(i). We already noted in the proof of Claim 7.8 that b;(0) < --- < bs(Q™)
is also a supporting chain for (A;y1)|z,=q,- The only point where the function Aiiq|y,—q, has
greater value than A¢|z,—q, is (q1,...,qx). Therefore, for j < j; such that Ayy1(bey1(j)) > 0, we
have max{a;y1(i141),be+1(43)} # (q1,- - -, qx) and hence, ji11 > j;.

So far, we have established that (i¢41,ji+1) > (it, i) in lexicographic ordering. Finally, we will
show that (it41,ji+1) # (it,j¢) by proving that at least one of Aspq(ary1(ir)) and Apr1(beyi(je))
is zero. The polarization update ensures that at least one of Bi(a;(i;)) and Bi(b:(ji)) is zero.
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If Bt(bt(]t)) = 0, then by deﬁnition, we have At—i—l(bt—‘rl(jt)) = At—i-l(bt(jt)) = 0. Flnally to
handle the case Bi(a(it)) = 0, let us again define a’ as: aj, = ¢, — 1 and a, = a;(i;), for
r # h, where h is as given by Claim 7.10. We assert that Bi|;, <, is a’-downward-respecting. As
shown in the proof of Claim 7.10, we have Bi|y, <, is @’-respecting. The support of Bi|s, <q, is
contained in {a;(0),---,a:(Q7)} U {min{as(it),b:(j+)}} and min{a;(it),b:(js)} < a:(i), and by
Claim 7.10, min{a;(i;), b¢(j¢)} < a’. It follows that By, <, is a'-downward-respecting. Finally, by
the furthermore part of Claim 7.9 applied to By|z, <q, and w = ay(i;), we get that A1 (aw1(it)) =
At+1(at(it)) = Bt(at(it)) = 0. It follows that (it+1ajt+1) 75 (it7jf,‘)' J

Proof of Lemma 7.6. By Claim 7.7, we know that if Algorithm 2 terminates, we have
POLARIZE(A) = A, (4). Hence, the maximum number of polarization updates used in POLARIZE (on
input from F([q1] X - - - X [q&])) serves as an upper bound for N (Q), for Q = Zle qr- By Claim 7.11,
we know that there are at most Q? iterations of the while loop and so N(Q) < (Q* + 3)N(Q — 1)
as desired. O

7.2 Reduction from single function to a family of functions

In this subsection, we prove the following lemma that reduces an SD problem for a single function
to an SD problem for a family of functions.

Lemma 7.12. Suppose there exists F,Dy,Dy, 6 > 0 with u(Dy) = u(Dy) and a ¢ = ¢(n)-
communication protocol achieving advantage 6 solving (F,Dy,Dn)-SD on instances of length n
for every n > no. Then there exist D1, Dy € A([q)*) with u(D1) = u(Dz), & > 0, nf), and a
c-communication protocol achieving advantage §' solving (D1, D2)-SD on instances of length n > ny,
using O(s) bits of communication.

We prove the lemma by a hybrid argument, where we slowly change the distribution Dy to
Dp by considering one function from F at a time. The crux of the lemma is in showing that two
adjacent steps in this sequence are at least as hard as some single-function SD problem, which
follows from the following lemma.

Lemma 7.13. Let n,k,q € N, o € (0,1) where k,q,a are constants with respect to n and an
is an integer less than n/k. Let F C {f : [q]* — {0,1}} For every ¢,6 € (0,1], there exist
n' = Q(n) and constants o', 8 € (0,1) such that the following holds. For every distributions
Dy,Dn, Do, D1, Dy € A(F x [q]F) such that Dy = (1 —&)Dy + Dy and Dy = (1 — €)Dy + Do
and for every ¢ € N, suppose there exists a protocol for (F,Dy,Dy)-SD with parameters n and
a using ¢ bits of communication with advantage 6, then there exists a protocol for (F, Dy, Dy)-SD

with parameters n' and o/ using c bits of communication with advantage ¢§'.

The proof idea of Lemma 7.13 is very similar to that of Theorem 7.4. We defer the proof
to Section 8.2 and turn to showing how Lemma 7.12 follows.

Proof of Lemma 7.12. Let ALG(x*; M,z) be the c-bit protocol for (F,Dy,Dy)-SD achieving
advantage 0 guaranteed to exist by the theorem statement. Let F = {fi1,...,fe}. Since
w(Dy) = u(Dy) for each i € [m], we have that Pr[f = f;: (f,b) ~ Dy] =Pr[f = fi: (f,b) ~ Dn].
Let us denote this probability by w®, w® = Pr[f = fi: (f,b) ~ Dy] = Pr[f = f;: (f,b) ~ D]
for each i € [¢]. For each i € [{], let Dg;) be the distribution of a random variable b € [¢]¥ that
is sampled from (f,b) ~ Dy conditioned on f = f;. Similarly, for each i € [{], let D](\l,) be the
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distribution of b € [¢]* from (f,b) ~ Dy conditioned on f = f;. This way we have that Dy and
Dy are the mixture distributions: Dy = Zz’e[ﬁ] w® -Dgf) and Dy = Zz’e[ﬁ] w® -D%).

For every i € {0,...,0}, we define a distribution D) as the following mixture distribution:
D) — Z w@) _p](\ﬂf') + Z w@) _Dg)_
je{l,...i} je{i+1,...0}

Let p; = Pr[ALG(x*; M,z) = YES: (f,b) ~ D] for every i € {0,...,¢}. Observe that py =
Pr[ALG(x*; M,z) = YES: (f,b) ~ Dy] and p; = Pr[ALG(x*; M,z) = YES: (f,b) ~ Dy].
Since the advantage of ALG in distinguishing Dy and Dy is at least ¢, we have that

S=lpo—pd =] >, i—pir))|< D, Ipi—pinl.

i€{0,....—1} i€{0,...,6—1}

Let ¢ = 6/¢. We have that at least one term of this sum is |p; — p;41| > ¢’. From this we conclude
that for some i € {0,...,¢ — 1}, ALG achieves advantage at least & for (F, D@, D+1D)-SD.

It remains to show that if one can distinguish D) and DU*Y that differ only for (f,b) with
f = fix1, then one can also distinguish D; = D§;+1) and Dy = D%H). Since pu(D;1) = u(D>), this
will finish the proof. We show that D; and D, are distinguishable using Lemma 7.13.

Let us define & = w41, D = 11 <Z 3 wl) . DJ(\Jr) + ey w) . Dgf)), Now observe

that D) = (1 — &)D + Dy and D) = (1 — £)D + eDy. Now by Lemma 7.13, a protocol
that distinguishes D® and D+D implies a protocol for (D1, D3)-SD with advantage §” > 0 and
communication complexity O(s). O

7.3 Putting it together

We now have the ingredients in place to prove Theorem 5.4 which we recall below for convenience.

Theorem 5.4 (Communication lower bound for (F, Dy, Dy)-SD). For every k,q, every finite set
F, every pair of distributions Dy,Dy € A(F x [q]F) with u(Dy) = u(Dy) there exists ag > 0
such that for every 0 < a < ag and § > 0 there exists T > 0 such that the following holds: Fvery
protocol for (F,Dy,Dn)-SD achieving advantage 6 on instances of length n requires T+/n bits of
communication.

Proof of Theorem 5.4. Fix F C {f : [¢)* — {0,1}} and distributions Dy,Dy € A(F x [q]¥)
with u = p(Dy) = pu(Dy). Lemma 7.12, applied to (F,Dy,Dy), gives us ng,d’, and distribu-
tions D}, Dy € A([g]¥) with g/ = u(D}) = p(D)y) such that any c-communication protocol for
(F,Dy,Dy)-SD with advantage ¢ implies a c-communication protocol for (D5, D},)-SD with ad-
vantage ¢’ for all n > ng. Now we’ll focus on proving a lower bounds for the problem (D}, D))-SD.
Lemma 7.6, applied to Dg/, gives us Dy = Dg,, Dy,...,Dy = Dy such that Dj; 1 = (Di)u(i),v(i)7
i.e., D; is an update of D;, with t < N(Q) < oo, for Q = Zle qr- Similarly Lemma 7.6, applied to
Dly, gives us Dy = Dy, Di,..., Dy = Dy such that D,y = (D))u(p) v with ¢ < N(Q) < oc.
Applying Theorem 7.4 with 6" = ¢§'/(2N(Q)) to the pairs D; and D;;1, we get that there
exists 7; such that every protocol for (D;, D;+1)-SD requires 7;4/n bits of communication to achieve
advantage 0”. Similarly applying Theorem 7.4 again with §” = §'/(2N(Q)) to the pairs D} and
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Dj ., we get that there exists 7; such that every protocol for (Dj, D; )-SD requires 7;/n bits of
communication to achieve advantage ¢”.

Letting 7/ = min {minie[t}{n}, min, e {7 }}, we get, using the triangle inequality for indistin-
guishability, that every protocol II' for (D5, D))-SD achieving advantage (t + t')é"” < ¢’ requires
7’y/n bits of communication. Finally, by Lemma 7.12, every protocol II for (F, Dy, Dy )-SD achiev-
ing advantage ¢ requires 7'4/n bits of communication. O

8 Indistinguishability of the Polarization Step

Recall that in Definition 7.3 we define a polarization operator that polarizes a distribution D €
A([q]*) to Duv € A([g]*) for every incomparable pair (u, v). In this section, we show that (D, Dy,v)-
SD requires ©(y/n) communication.

Theorem 7.4 (Indistinguishability of the polarization step). Let n,k,q € N, a € (0,1) where
k,q,a are constants with respect to n and an is an integer less than n/k. For a distribution
D < A([q])¥), incomparable vectors u,v € [q]¥, and § > 0, there exists T > 0 such that every protocol
for (D, Dy )-SD achieving advantage ¢ requires T+/n bits of communication.

Let uV v,u Av € [¢]f be given by u; V v; = max{u;,v;} and u; A v; = min{u;,v;}. Let
Ay = Unif({u,v}) and Ay = Unif({uV v,u Av}). We prove Theorem 7.4 in two steps. First,
we use the Boolean hardness in Theorem 6.4 to show in Lemma 8.1 that the hardness holds for
the special case (Ay, An)-SD. Next, we use a similar reduction as in the proof for Lemma 7.7
in [CGSV21] to reduce (Ay, Ay )-advice-SD to (D, Dy v)-SD for arbitrary distribution D € A([q]).

8.1 Reduce a Boolean SD problem to a non-Boolean SD problem

In this subsection, we consider a special case of u,v € [q]* where u; # v; for every i € [k]. The
following key lemma of this subsection establishes the hardness of (Ay,.Ax)-SD via a reduction
from a Boolean SD problem to a non-Boolean version.

Lemma 8.1. Let n,k,q € N, a € (0,1) where k,q,« are constants with respect to n and an
is an integer less than n/k. For u,v € [q|F satisfying u; # v; for alli € [k] and 6 > 0, there
exists T > 0 such that every protocol for (Ay, An)-SD achieving advantage § requires T+/n bits of
communication.

We prove Lemma 8.1 by a reduction. For such u,v, let u,v € {0, 1}’“ be the Boolean version
given by (u;,v;) = (0,1) if w; < v; and (@, v;) = (1,0) if w; > v;. Let Ay = Unif({@,v}) and
An = Unif({i1V ¥,@ A v}). Note that both Ay and Ay are distributions on Boolean domain with
uniform marginals. Thus, Theorem 6.4 shows that any protocol for (Ay, Ay)-advice-SD requires
Q(y/n) bits of communication. In the rest of this subsection, we reduce (Ay, Ay )-advice-SD to
(Ay, An)-SD.

For every n,k,&,q,0, let n = 2¢gn and o = ¢" 12 *+2)q. Let T = (x,I,b, M,Zz,a) denote
an instance of (Ay, Ay)-advice-SD of length 7 with parameter &. We show below how Alice and
Bob can use their inputs and shared randomness to generate an instance I = (x,T', b, M, z,a) of
(Ay, An)-advice-SD of length n with parameter a “locally” and “nearly” according to the correct
distributions. Namely, we show that with high probability if I is a Yes (resp. No) instance of
(Ay, An)-advice-SD, then I will be a Yes (resp. No) instance of (Ay, An)-SD.
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Step 1: Specify the shared randomness. The common randomness between Alice and Bob is
an instances Ir = (xg,'r, bgr, Mg, zr,ar) drawn according to the Yes!! distribution of (Ay, Ay)-
advice-SD of length n with parameter a. For j € [an], let V; denote the set of variables in
the j-th constraint, ie., V; = {{ € [n]|Tr(¢) € {k(j — 1)+ 1,...,k(j — 1)+ k}}. Fori € [k],
let T; be the set of variables that are in the i-th partition and take on values in {u;, v;}, i.e.,
T; ={j € [n]|a; = i& (xr)i € {us,vi}}. Let U C [an] be the set of constraints that work on
variables in Tj, i.e., U = {j € [an]|V; C U;T;}. See Fig. 3 for an example.

Vif2] 8 (ug,v)) = (1,3); (up,vz) = (3,2)

21716

VZ ] 4 (xp)1| Kp)z| (xp)s | (XR)a | (XR)s| (Xpds| Xr)7 | (Xr)s| (Xr)o|(Xr)10|(Xp)12|XR)12
: 1‘3|2|3|1|2|3|1|1|3|2|2
Vol 3| 5

12011 T=(27100 X, ={17} W, ={210} S, ={17,10}

U= {23}

10| 9 T, = {45611} X, ={46} W,={511} S,={4,6,11}

Figure 3: An example of shared randomness used in Lemma 8.1. Here n = 12, k = 2, ¢ = 3, and
a = 1/3. The value of xp € [¢]" is listed in a table. Consider (u;,v1) = (1,3) and (u2,v2) = (3,2).
The variables in sets 711, T are marked grey. The variables correspond to the set U are circled with
red lines and the variables correspond to sets Sp, .52 are circled with yellow dashed lines.

If [U| > an we say an error of type (1) has occurred. For i € [k], let X; C T; be the set
of variables that operate on constraints in U, i.e., X; = T; N (UjeryV;). Let W; C T; be a set of
variables that do not participate in any constraint, i.e., W; = T; \ (Uje[an)V;)- Finally let S; be any
set satisfying |S;| = n/k with X; C S; C X; U W; if such a set exists. If no such set exists we say
an error of type (2) has occurred.

Step 2: Specify the reduction. If there is an error, we simply set I = Ig. If no errors have
occurred, our reduction will embed I into I by replacing the constraints in U and the variables
in U;S; as described next. Note that we have to specify variables (x,I',b, M,z). In particular, we
want the private inputs can be computed locally. We verify the local property of the reduction
in Claim 8.2 and prove the correctness of the reduction in Claim 8.3.

e x: Let p: [n] = U;S; be a bijection satisfying a; =i = p(j) € S;. We now define x € [¢|" as

follows:
(xr)j if j & Uic)Si
U T j € S; for some i € [k] and u; < v; and Z; =0
) j € S; for some i € [k] and u; > v; and 7; =1
v; j € S; otherwise

e "and M: Let V. ={V(1),...,V(n)} with V(j) < V(j+1) be such that V' = {j € [n][Tr(j) €

"The reduction also works if we used No distribution. However, the mapping between Yes and No instances would
get flipped. Namely, if I is a Yes (resp. No) instance of (Ay, An)-advice-SD, then I will be a No (resp. Yes) instance
of (Ay, An)-SD.
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ic[k]Si}- For j € [n] we let
N _ [ Tr(j) ifjeV
r0)={ 50y 1o

It may be verified that I' is a permutation and furthermore the constraints in I' corresponding
to j € U are derived from constraints of I. M is then defined as the partial permutation
matrix capturing I'"1(j) for j € [kan).

e b: Since b is a hidden variable and won’t be given to Alice and Bob, we postpone the
specification of b to the proof of Claim 8.3.

o z: Let z(j) =2(V(j)) if j € U and z(j) = zr(j) otherwise.

Step 3: Correctness of the reduction assuming no error occurs.

Claim 8.2 (The reduction can be computed locally). Let I = (x,T,b,M,z,a) be an instance
of (Ay, An)-advice-SD and Ir = (xg,I'r,br, MR, 2R, ar) be the shared randomness of Alice and
Bob. The above reduction satisfies the following local properties:

o Alice can compute x using Ir and (X, a).
e Bob can compute (M, z) using Ir and (M, z,a).
Proof.

e Note that from the construction, it suffices to have {S;}, a, X to compute x. Since {S;} can
be obtained from I, we conclude that Alice can compute x using I and (X, a).

e Note that from the construction, it suffices to have {S;}, I'r, ['(j) where j € [kan] to compute
M. Since I'(j) is encoded in M for every j < kan, and the other information can be obtained
from I, we know that M can be computed from Iz and M. Finally, since z = 2/, z can also
be computed from . We conclude that Bob can compute (M, z) using Ir and (M, 7, a).

O

Claim 8.3 (The distribution of I). Let I = (X,T,b, M,%,a) be an instance drawn from either the
Yes or No distribution of (Ay, An)-advice-SD and Ir = (xg,T'r,br, Mg, zr,ar) be a instance
drawn from the Yes distribution of (Ay, An)-advice-SD. Let I = (x,T',b, M, z,a) be the result of
applying the above reduction on I and Ir. Then the following hold.

o x ~ Unif([g]").

e M is a uniformly random partial permutation matrixz as required in the item 3 of Defini-
tion 6.3.

e Suppose there is no error happening in the reduction.

— If I is a Yes instance, then Pr[z(j) = 1] = Pry(j) a[(Mx)(j)
— If I is a No instance, then Pr(z(j) = 1] = Pryja[(Mx)(j)

b(j)| for every j € [an].
b(j)] for every j € [an].
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Namely, if I is a Yes (resp. No) instance of (Ay, An)-advice-SD, then I is a Yes (resp. No)
instance of (Ay, An)-SD.

Proof.

e To prove x ~ Unif([q]™), observe that x is obtained from xg by flipping some of the u; to v;
(and vice versa). In particular, (i) xg ~ Unif([g]") and (ii) the flipping is decided by X, which
is uniformly sampled from {0,1}" and is independent to xr. Note that for a fixed xg, S;,
and j € S;, the probability of x; being set to u; is the same as being set to v;. As a result,
by symmetry of u; and v;, we conclude that x ~ Unif([¢]").

e By the symmetry of the n variables, M is a uniformly random partial permutation matrix as
required in the item 3 of Definition 6.3.

e Suppose there is no error happening in the reduction. We consider the following two cases:
(i) j € [an]\U and (ii) j € U.

(i)

(i)

For each j € [an]\U, by the construction we have z(j) = zg(j) and hence when fixing
Xg, Mg, we have Pr[z(j) = 1] = Pr[zr(j) = 1] = Prygj)~al(Mrxg)(j) = br(j)]-
We set b(j) = bg(j) and note that b(j) ~ Ay (resp. b(j) ~ Ay) if b(j) ~ Ay
(resp. b(j) ~ Ap) for every j € U. Finally, since j ¢ U, there exists i € [k] such

that (Mpxr(j))i = (Mx()); ¢ {ui, v} and hence Pry, o ay [(Mex)(j) = br(j)] =
Pr[(Mx)(j) = b(j)] = 0. So we have Pr[z(j) = = 1] = Pry,; )NAY[(MX>( i) = b(j)] (resp.
Pr[z(j) = 1] = Prp(jyoa, [(Mx)(5) = b(j)]) if I is a Yes (resp. No) instance as desired.

For each j € U, by construction we have z(j) = z(V (j)). We set

u; if u; < v; and l:)(V(]))z =0

v;  otherwise.
First, observe that z(j) = 1 iff (Mx)(j) = b(j). To see this, note that

z(j) =1 z(V(j)) =1
& (M%)(V(5)) =b(V(4))

For each i € [k], if u; < v; and b(V (§)); = (Mx)(V(j)); = 0, we have b(j); = (Mx)(j); =
u;. Similarly, for all the other situations we have b(j); = (Mx)(j) and hence the equation
becomes

)=
V(i

& (Mx)(j) = b(j)

as desired.
Next, observe that if I is a Yes (resp. No) instance, then b(j) ~ Ay (resp. b(j) ~ Ay).
We analyze the two cases as follows.

— If I is a Yes instance, we have b(V(j)) ~ Ay = Unif({i1,v}). Recall that (u;, ;) =
(0,1) if u; < v; and (u;,7;) = (1,0) otherwise. Now observe that, by the above
choice of b(j), we have b(V (j)) = 1 iff b(j) = u (resp. b(V (5)) = v iff b(j) = v).
Thus, we have b(j) ~ Ay as desired.
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— If I is a No instance, we have b(V(j)) ~ Ay = Unif({@ vV v,a A v}). Recall that
for each i € [k], uw; V v; = max{u;,v;} and u; A v; = min{u;,v;}. Now observe
that, by the above choice of b(j), we have b(V(j)) = @V v iff b(j) = uV v (resp.
b(V(j)) = a A v iff b(j) = u A v). Thus, we have b(j) ~ Ay as desired.

To sum up, for each j € U, we have Pr[z(j) = 1] = Pry(joa, [(Mx)(j) = b(j)] (resp.
Pr(z(j) = 1] = Pry(j)oa, [(Mx)(j) = b(j)]) if I is a Yes (resp. No) instance as desired.

O]

Step 4: An error occurs with low probability.

Claim 8.4. When n is sufficiently large, the probability of an error happening in the reduction is
at most 2~ H(2/9)* an)

Proof. Recall that for given i, k, @, ¢, 5, we let n = 2¢n and o = ¢F—12-(*k+2)g,

Note that U is a sum of an ii.d. Bern((2/¢)*). So by concentration inequality, we have
Pr[|U| > 2(2/q)Fan] < 2-2((2/9)**an) - By the choice of parameters, we have 2(2/q)kan < an.
Thus, type (1) error happens with probability at most 9—SU(2/q)*"an)

Note that by the choice of parameters, we have |X;| = |U| < n/k and hence type (2) error
happens only when |U| + |W;| < n/k for some i € [k]. For each i € [k], note that |W;| is a sum
of n/k — an iid. Bern(2/q). So by concentration inequality, we have Pr[|W;| < (n/k — an)/q] <
2-(1/9)*(n/k—am)) ' By the choice of parameters, we have (n/k—an)/q > 7i/k. Thus, type (2) error

happens with probability at most 2-(1/9)*(n/k—an)) < 2~ SU(2/q)*"an) O

Step 5: Proof of Lemma 8.1.

Proof of Lemma 8.1. For every i, k, &, q,0, we let n = 2¢ii and o = ¢* 2= +2a. Suppose there
is a protocol for (Ay, Ax)-SD using C(n) bits of communication and achieving advantage J. We
show that how to get a protocol II for (Ay, Ay)-advice-SD with parameters (n, @) using C(n) bits
of communication and achieving advantage ¢/2.

Let I = (x,I',b,M,z,a) be an instance drawn from either the Yes or No distribution of
(Ay, An)-advice-SD where (X,a) is Alice’s private input and (M,z,a) is Bob’s private input. The
protocol IT works as follows. Alice and Bob first use their private input and the shared randomness
to compute x and (M, z) respectively. This can be done due to Claim 8.2. Next, Alice and Bob
simply invoke the protocol II on the new instance x and (M, z) and output the result accordingly.

It is immediate to see that I only uses C(n) bits of communication. To show that IT has
advantage at least /2, we first show that the joint distribution of (x, M,z) is the same as that
from an instance of (Ay, Ax)-SD if there is no error in the reduction. By Claim 8.3, x ~ Unif([¢]™)
and M follows the distribution as required in the item 3 of Definition 6.3. When there is no
error in the reduction and I is sampled from the Yes (resp. No) distribution of (Ay, Ay )-advice-
SD, Claim 8.3 implies that z follows the conditional distribution (conditioned on x and M) of a Yes
(resp. No) instance of (Ay, Ax)-SD as required in the item 5 of Definition 6.3. Next, Claim 8.4
shows that the probability of an error happening in the reduction is at most /2. Finally, by triangle
inequality, we conclude that IT has advantage at least §/2 in solving (Ay, Ay )-advice-SD.

To conclude, by Theorem 6.4, any protocol for (Ay, Ay )-advice-SD with advantage §/2 requires
7/ bits of communication. Thus, we have C(n) > 7v/n > 7/n for some constant 7 > 0. O
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8.2 Indistinguishability of shifting distributions

In this subsection, we prove the following lemma which was used in Section 7.2 for reducing a
single-function SD to a multi-function SD, and will be used in Section 8.3 for reductions between
various SD problems.

Lemma 7.13. Let n,k,q € N, a € (0,1) where k,q,a are constants with respect to n and an
is an integer less than n/k. Let F C {f : [q]* — {0,1}} For every ¢,6 € (0,1], there ewist

"= Q(n) and constants o/, € (0,1) such that the following holds. For every distributions
Dy ,Dn,Dy,D1,Dy € A(]:‘ X [q]k) such that Dy = (1 — E)Do + D1 and Dy = (1 - €)D0 + €Dy
and for every ¢ € N, suppose there exists a protocol for (F,Dy,Dn)-SD with parameters n and
a using ¢ bits of communication with advantage 6, then there exists a protocol for (F, Dy, Ds)-SD
with parameters n' and o using c bits of communication with advantage §'.

Proof. Given the parameters n,« and ¢ € (0, 1), define n’ = en and o/ = 2a.

Let (x/,M’,b’,Z') be an instance of the (F,Dj, Dy)-SD problem where x' € [¢]", M’ €
{0, 1}ka/n’>xn’ e gk’ 5! € {0,1}*". Let R’ be the shared randomness defined later. We
specify the map (x', M’,b’,z', R') — (x, M,b,z) where x € [q]*, M € {0,1}}enxn b ¢ [g]Fo",
z € {0,1}".

A reduction from (F,D;,D;2)-SD to (F,Dy,Dy)-SD

Let y ~ Unif([g]*™™), w ~ Bern(2¢)®™. Let I" € {0,1}™*" be a uniform permutation matrix.
Let ¢ = (¢(1),...,c((n —n')/k)) where c(i) ~ D are chosen independently.

e Let R = (y,w, T, c) be the shared randomness.

Let #4,(7) = |{] € [i]|w; = 1}| denote the number 1’s among the first ¢ coordinates of w. If
#u(an) > o'n’ or if an — #,(an) > (n—n')/k we declare an error, Note E[#.,(n)] = o'n’/2
so the probability of error is negligible (specifically it is exp(—n)).

Given (x', M',b', 7', R"), we now define (x, M, b, z) as follows.

e Let x =T'(x/,y) so x is a random permutation of the concatenation of x" and y.

o Let M/ = (M],..., M, ,) where M! € {0,1}**"". We extend M! to N; € {0,1}kxn

an

by adding all-zero columns to the right. For i € {1,. n')/k}, let P; € {0,1}F>x"
be given by (P;)j, = 1 if and only if £ = n’ + (i — l)k: +] Next we define a matrix
M € {0, Lphanxn — (M, ..., M) where M; € {0,1}#*" is defined as follows: If w; = 1
then we let M; = Ny ;) else we let M; =P, #,(i)- Finally we let M = M-T7L

e Let b = (b(1),...,b(an)) where b(i) = b/(#(4)) if w; = 1, otherwise b(i) = ¢(i —
#uw(7))-

o Let z; =1 if and only if M;x = b(i) for every i € [an].

Now, we verify that the reduction satisfies the following success conditions.
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Success conditions for the reduction

(1) The reduction is locally well-defined. Namely, there exist random strings R’ so
that (i) Alice can get x through a map (x/, R') — x while Bob can get (M, z) through
amap (M',z',R') — (M,z).

(2) The reduction is sound and complete. Namely, (i) z; = 1 if and only if M;x = b(7)
for all i € [an]. (i) If b’ ~ D™ then b ~ D", Similarly if b’ ~ D§™ | then b ~ D{.
(iii) x ~ Unif([g]™) and M is a uniformly random matrix conditioned on having exactly
one “1” per row and at most one “1” per column.

Claim 8.5. If #,(an) < o&'n’ and an—#,(an) < (n—n')/k, then the second map in the reduction
is locally well-defined, sound, and complete. In particular, the error event happens with probability
at most exp(—(n)) over the randomness of R'.

Proof. To see the reduction is locally well-defined, first note that Alice can compute x = I'(x',y)
from x’ and the shared randomness R’ locally. As for Bob, note that the maximum index needed
for N and b’ (resp. P and c) is at most #(an) (resp. an — #,(i)). Namely, if #,(an) < o'n’
and an — #4(an) < (n —n')/k, then M and b are well-defined. Note that this happens with
probability at least 1 — 27" Also, one can verify from the construction that M and b can be
locally computed by M’, b’, and the shared randomness R'.

To see the reduction is sound and complete, (i) z; = 1 if and only if M;x = b(i) for every
i € [an] directly follows from the construction. As for (ii), if b’ ~ D™, Now, for each i € [an],
b(i) = b'(#(i)) with probability e and b(i) = ¢(i — #4,(i)) with probability 1 —e. As b'(i’) ~ Dy
for every ¢’ € [o/n/] and ¢(i') ~ Dy for every i’ € [(n—n')/k], we have b(i) ~ (1—¢)Dy+¢eD; = Dy
as desired. Similarly, one can show that if b’ ~ D™, then for every 7’ € [a/n/] we have b(i’) ~ Dy.
Finally, we have x ~ Unif([¢]") and M is a uniformly random matrix with exactly one “1” per
row and at most one “1” per column (due to the application of a random permutation I') by
construction.

This completes the proof of the success conditions (1)-(2) for the reduction. O

To wrap up the proof of Lemma 7.13, suppose there is a protocol II for (F, Dy, Dy)-SD with
parameters n and « using c bits of communication with advantage §. We describe a protocol II' for
(F,D1,Ds)-SD with parameters n’ and o' using ¢ bits of communication with advantage at least
§ —27%n),

Let (x/,M’,b’,2') be an instance of the (F,Dj, D3)-SD problem where x' € [¢]", M’ €
{0, 1}ke'n"xn’ e [g]Re' gl e {0,1}*". Let R’ be the shared randomness defined above.
In the new protocol IT', Alice and Bob computes their private inputs x and (M, z) respectively.
By Claim 8.5, the computation can be done locally with their original private inputs and the shared
randomness. Also, with probability at least 1 — 27" the Yes (resp. No) instance of (F, Dy, D2)-
SD is mapped to the Yes (resp. No) instance of (F, Dy, Dy)-SD. Namely, by directly applying II
on the new inputs, Alice and Bob can achieve § — 272" advantage on (F, D1, Ds) using the same
amount of communication as desired. O

8.3 Proof of Theorem 7.4
Let u, v be incomparable, let S = {i € [k] |u; # v;}, and let k" = |S|.
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Step 1: Specify the auxiliary distributions.

o Let Ay = Unif({uls, v|s}) and Ay = Unif({(uls) V (v]s), (u]|s) A (v|s)}). By Lemma 8.1,
(Ay, An)-SD requires 7+/n space.

e Let Dy = Unif({u,v}) and Dy = Unif({uV v,u A v}).
e Finally, there exists Dy such that we have D = (1—-2¢)Dy+2eD; and Dy v = (1—2¢)Dy+2eDs.

In the following, we are going to describe reduction from (Ay,Ayx)-SD with parameters
(n”,a" k") to (D1, D3)-SD with parameters (n/,a’,k). And by Lemma 7.13, there exists a re-
duction from (Dy, D2)-SD with parameters (n', o/, k) to (D, Dy,v)-SD with parameters (n, a, k).

Step 2: Overview of the reduction from (Ay, Ay)-SD to (D, Dyy)-SD. Let II be a protocol
for (D, Dy v)-SD with parameter oo < 1/(200k) using C'(n) communication bits to achieve advantage
d on instances of length n. We let n” = (k"¢/k)n, o = (2k/k")a and design a protocol 11" for
(Ay, An)-SD with parameter o achieving advantage at least §/2 on instances of length n” using
C"(n") = C(n) communication. Thus, by Lemma 8.1, there exists a constant 7”7 > 0 such that
C(n) = C"(n") > 7"V/n" = 7"\/(k'e/k)y/n as desired.

To construct such reduction, we first reduce the above instance of (Ay, Ax)-SD to an instance
of (D1, D3)-SD with parameters n’ = kn”/k” and o/ = o/'n”/n/. Next, we invoke Lemma 7.13
to get a protocol II' (from II) which achieves § — 27" advantage on (D, D2)-SD using C(n)
communication.

Without loss of generality, we assume II' is deterministic and our new protocol II” for
(Ay, An)-SD uses shared randomness between Alice and Bob. The protocol II” consists a map:
(X”, M" b 7", R//) s (X/7 M/7b,,Z/).

Before describing the map, let us first state the desired conditions.

Success conditions for the reduction

(1) The reduction is locally well-defined. Namely, there exist a random string R” so
that (i) Alice can get x’ through the maps (x”, R”) — x’ while Bob can get (M’,z’)
through the map (M”,z", R") — (M',2/).

(2) The reduction is sound and complete. Namely, (i) z; = 1 if and only if M/x' =

"1 1o 1!

b/ (i) for all i € [/n]. (ii) If b” ~ AL™ then b’ ~ DY, Similarly if b” ~ A% ™" then
b’ ~ Dg". (iii) x ~ Unif([¢]") and M’ is a uniformly random matrix conditioned on
having exactly one “1” per row and at most one “1” per column.

Step 3: Specify and analyze the reduction from (Ay, Ay)-SD to (D1, D3)-SD. We now
specify the first map mentioned above and prove that it satisfies conditions (1)-(2).
A reduction from (Ay, Ayx)-SD to (D, D2)-SD

e Let R” ~ Unif([¢]” ") be the shared randomness.
Given (x", M" b",z" R") we define (x', M',b’,z’) as follows. To get M’, z’ and b’ we need

some more notations. First, note that a//n” = o/n’ due to the choice of parameters.
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o Let x' = (x",R").

e M’ can be viewed as the stacking of matrices MY, ..., M”,, , € {0, 1} *"". We first
extend M/ by adding all-zero columns at the end to get N/ € {0, 17x1"  We then
stack N/ on top of P! € {0,1}(F=F")x1" to get M!, where (P!)j; = 1 if and only if
¢=n"+(i—1)k+ j. Welet M’ be the stacking of M{,..., M/, ..

e Let b’ = (b"(1),---,b"(a/n’)). Let &« = (ugryq,...,ux) denote the common parts of
u and v. We let b’(i) = (b”(i), 1) and b’ = (b/(1),--- ,b/(/n’)).

e Let z/ =1 if and only if M/x" = b/(4) for all i € [&/n’] as required.

Claim 8.6. The above reduction is locally well-defined, sound, and complete.

Proof. To see the map is locally well-defined, note that Alice can compute x' = (x”, R”) locally.
Similarly, Bob can compute M’ locally by construction. As for z’, note that for every i € [a/n'],
z; =1 if and only if 2/ = 1 and P/x’ = 1. Since Bob has z’ and can locally compute P/x’ for every
1, her can also compute z’ locally.

To see the map is sound and complete, (i) z; = 1 if and only if M/x" = b/(i) follows from
the construction. As for (ii), for each i € [o/n'] = [&/'n"], if b ~ Ay = Unif({ulg,v|s}), then
b, ~ Unif({(uls, 1), (v|s,a)}) = Unif({u,v}) = D; as desired. Similarly, one can show that if
b” ~ Ay, then b} ~ D;. Finally, we have x’ ~ Unif([¢]"™) by construction and hence (iii) holds.

This completes the proof of conditions (1)-(2) for the reduction. O

Step 4: Proof of Theorem 7.4.

Proof of Theorem 7.4. Let us start with setting up the parameters. Given k € (0,1/(200k)), o, n, D,
and incomparable pair (u,v) € supp(D) and polarization amount ¢ = (D, u,v), let ¥’ = |{i €
(k] |ui # vi}|, n" = (K'e/k)n, /" = 2k/E" ), ' = kn" /K", o = o/'n'/n/, and §" = §/2.

Now, for the sake of contradiction, we assume that there exists a protocol IT = (II4,1Ip) for
(D, Du,v)-SD with advantage ¢ and at most 71/n bits of communication.

First, by Claim 8.6, if (x”, M",2") is a Yes (resp. No) instance of (Ay, An)-SD, then the output
of the reduction, i.e., (x’, M’ z’), is a Yes (resp. No) instance of (D1, D3)-SD. Next, Alice and Bob
run the protocol I’ from Lemma 7.13 on (x’, M’,z’). By the correctness of the reduction as well as
the protocol I, we know that Alice and Bob have advantage at least § — exp(—Q(n)) > §/2 = ¢”
in solving (Ay, An)-SD with at most 7v/n = 7+/(k/(k"e))n” bits of communication.

Finally, by Lemma 8.1, we know that there exists a constant 7y > 0 such that any protocol for
(Ay, An)-SD with advantage 6" requires at least 79v/n” bits of communication. This implies that
T > 19+/k"e/k. We conclude that any protocol for (D, Dy, )-SD with advantage d requires at least
74/n bits of communication. O

9 Dichotomy for exact Computation

In this section we prove Theorem 2.22. For this, we will use tight bounds on the randomized
communication complexity of the Disjointness (Disj) and Gap Hamming Distance (GHD) problems.
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Definition 9.1 (Disjointness (Disj)). In the Disj, problem, Alice and Bob receive binary strings
z,y € {0,1}" of Hamming weight A(x) = A(y) = n/4, respectively. If the Hamming distance
A(z,y) = n/2 the players must output 1, if A(z,y) < n/2 they must output 0.

Definition 9.2 (Gap Hamming Distance (GHD)). In the GHD,, ;4 problem, Alice and Bob receive
binary strings x,y € {0,1}", respectively. If the Hamming distance A(x,y) > t+ g the players must
output 1, if A(z,y) <t — g they must output 0, otherwise they may output either 0 and 1.

The following results give tight bounds on the randomized communication complexity of Disj
and GHD.

Theorem 9.3 ([KS92, Raz90]). For all large enough n, any randomized protocol solving Disj,, with
probability 2/3 must use Q(n) bits of communication.

Theorem 9.4 ([CR12, Vid12, Shel2]). For every a € (0,1/2] and every g > 1, and all large
enough n the following holds. If t € [an, (1 — a)n], then any randomized protocol solving GHDy, ¢ 4
with probability 2/3 must use Q(min{n,n?/g*}) bits of communication.

Equipped with these results, we are ready to prove Theorem 2.22.

Theorem 2.22. For every q,k € N, every family of functions F C {f : [q]* — {0,1}} the following
hold:

1. If F is constant satisfiable, then there exists a deterministic dynamic streaming algorithm
that uses O(logn) space and solves Max-CSP(F) exactly optimally.

2. If F is not constant satisfiable, then the following hold in the insertion-only and dynamic
settings:

(a) Every probabilistic algorithm solving Max-CSP(F) exactly requires 2(n) space.

(b) For every ¢ = e(n) > 0, (1,1 — )-Max-CSP(F) requires Q(min{n,e=1})-space'? on
sufficiently large inputs.

(¢) For pmin(F) defined in Definition 2.11, for every pmin(F) <y < 1 and every ¢ = (n) >
0, (7,7 — €)-Max-CSP(F) requires Q(min{n,c=2})-space’ on sufficiently large inputs.

While this theorem doesn’t give tight bounds on the space complexity of Max-CSP(F) in terms
of n, the dependence on ¢ is tight. For every family of functions F, if we sample O(n/e?) random
constraints, then by the Chernoff bound we preserve the values of all assignments within a factor
of 1 e.

Proof. For the first item of the theorem, we note that the maximum number of simultaneously
satisfiable constraints in a o-satisfiable formula is the number of non-zero constraints f € F \ {0}
in it. This can be computed in space O(logn).

Now we turn to the proof of the second item of the theorem in the insertion-only setting (and
this implies the same lower bound in the dynamic setting). To this end, first we prove that there
exists an unsatisfiable instance I of Max-CSP(F \ {0}). Let I be an instance on kq variables that
has every constraint from F \ {0} applied to every (unordered) k-tuple of distinct variables. Any
assignment v € [¢]* has at least k equal coordinates. That is, there exists o € [q] such that

12 The constant hidden in the Q depends on F, but (obviously) not on .
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Y = {i: v; = o} has size |X| > k. Since F is not o-satisfiable, there exists a function f € F\ {0}
that f(o*) # 1. Thus, the corresponding constraint of I is not satisfied by v.

Now we pick a minimal unsatisfied formula J on kq variables with constraints from F \ {0},
that is a formula such that all proper subsets of the constraints of J can be simultaneously satisfied.
Since J doesn’t have zero-constraints, J must have at least two constraints. We partition J into
two arbitrary non-empty subsets of constraints J = J4 U Jp. Note that by minimality of J, J4 and
Jp are both satisfiable.

Observe that item 2(a) of the theorem follows from 2(b) by setting ¢ = O(1/n). In order to
prove the item 2(b), we reduce Disj,, for m = |J|7'e~! to Max-CSP(F) on n variables. We can
assume that ¢ > %, as for smaller € the optimal lower bound of Q(n) is implied by this setting.
We partition the n variables of Max-CSP(F) into at least m groups of size kq. Let ,y € {0,1}™ be
the inputs of Alice and Bob in the Disj,, problem. If z; = 1, then Alice applies the constraints Jy4
to the ith block of kq variables of the formula. Similarly, if ; = 1, then Bob applies the constraints
Jp to the ith block of kq variables. Let C4 and Cp be the sets of constraints produced by Alice
and Bob, respectively, and let ¥ = C4 U Cp. Since A(x) = A(y) = m/4, the total number of
constraints in the formula |¥| = |J|m/4. Note that ¥ is satisfiable if and only if Disj(x,y) = 1.
Therefore, if z and y are disjoint, then val(Cy U Cp) = 1, otherwise

4
val(¥) <1 Jim <l-e.
Any streaming algorithm that receives constraints C'4 and Cp and solves (1,1 — £)-Max-CSP(F)
with probability 2/3, also solves the Disj,, problem. Therefore, by Theorem 9.3, such an algorithm
must use space Q(m) = Q(1/e).

In order to prove item 2(c), we reduce the GHD,, ; ;, problem to Max-CSP(F) on nkq+ O(1) =
O(n) variables, where t = n(1 —~) and g > 1 will be determined later. We will create two groups
of constraints: the first group of constraints C4 U Cp will have value 1 — O(A(x,y)/n), and the
second group of constraints will have value close to pnin. By taking a weighed combination of these
two groups we will get a formula whose value is less than v — ¢ for A(z,y) > t + g, and value is at
least v for A(z,y) < t.

Again, we start with a minimal unsatisfiable formula on kq variables. If |J| = 2d is even, then
we arbitrarily partition J into two sets of d constraints J4 and Jp. If |J| is odd, then we add one
constraint to |J| as follows. By minimality, there is an assignment that satisfies |J| — 1 constraints
of J, let ¢ be one of these constraints. We add another copy of ¢ to J, and partition J into two
sets of d constraints J4 and Jg. Note that while J4 and Jp are satisfiable, only 2d — 1 constraints
of J4 U Jp can be satisfied simultaneously.

Let z,y € {0,1}" be the inputs of Alice and Bob in the GHD,, ; ; problem. If z; = 1, then Alice
applies the constraints J4 to the ith block of kg variables of the formula, otherwise Alice applies
the constraint Jp to these variables. Similarly, if y; = 1 or y; = 0, then Bob applies the constraints
Ja or Jp to the ith block of kq variables. Let C4 and Cpg be the sets of constraints produced by
Alice and Bob, respectively. Observe that |C'4| = |Cp| = nd. The set of constraints added by Alice
and Bob when processing their ith coordinates is satisfiable if and only if x; = y;. When x; # y;,
then by the construction of J, exactly 2d — 1 constraints are satisfiable. Therefore,

Az, y)
2dn

val(C4,UCp) =1 —
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Let v = (7 4 pmin)/2 < 7. By the definition of pyin(F), there exists ng and a formula @’ of
Max-CSP(f) such that val(®’) = +'. By taking several copies of ®' on the same ng variables, we
get an instance ® with D = |®| = % = O(n) constraints and value val(®) = 7'

Now we output an instance W of Max-CSP(F) on nkq + ng variables that is simply a union of
CaUCp and ® on disjoint sets of variables. By construction.

(2dn — A(z,y)) ++'D '

val(?) = 2dn + D

In the case when A(x,y) <t = (1 —v)n, we have

2dn — (1 —y)n++'D
I(¥) > =
val(?) = 2dn + D 7

And for the case of A(x,y) >t+ g = (1—v)n+ g, we have that

(2dn — (1 —y)n—g)++'D g
val(¥) < 2dn + D T %dn+D ¢

for g = e(2dn + D) = ©(ne).

Therefore, any streaming algorithm for (7,7 — €)-Max-CSP(F) will imply a protocol for
the GHD,;, problem. By Theorem 9.4, any such streaming algorithm must use at least
Q(min{n,n?/g*}) = Q(min{n,e=2}) bits of communication. O
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